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1. INTRODUCTION
As part of its Quesst mission,1 NASA will administer community noise surveys using X-59 low-noise

supersonic aircraft as a noise source. Survey participants will respond to noise from supersonic flyovers of the 
X-59 up to six times per day for about one month. Noise monitors sparsely placed throughout the communities
will  measure the noise levels of flyovers, and these measurements in combination with physics-based predictions 
will estimate the noise level at participant locations.2 One goal of the Quesst mission is to provide regulators
with noise-annoyance data from community studies to inform future supersonic aircraft noise certification
standards. The community noise survey data can be summarized with dose-response models, where noise level
is the dose and percent highly annoyed is the response.

Misestimating the dose, i.e., dose error, is known to cause attenuation bias in dose-response models, which 
manifests as a flattening of the summary curve slope.3-7 In community noise surveys, dose is commonly 
estimated because it can be impractical to directly measure the actual noise dose each participant experienced, 
i.e., the true dose. Estimated doses are prone to error from measurement and prediction uncertainties. The
attenuation bias from dose error is not alleviated by increasing the number of survey participants, i.e., the sample
size. Increased sample size improves precision but does not improve accuracy. On the other hand, having too
few participants can cause high sampling variability, where the dose-response curve of the sampled participants
is non-representative of the overall population. Results of one small sample of participants can significantly
differ from another sample.

This paper explores simulated community noise survey data to inform Quesst mission planning by analyzing 
the practical impacts of dose error and sample size on dose-response curves. The work focuses on single-event 
dose-response data and provides an estimate of the dose error magnitude that causes attenuation of practical 
significance. The number of participants to obtain a reasonably precise dose-response curve with minimal 
sampling variability is also identified. 

First, descriptions are provided of methods to generate dose-response data and fit a dose-response model, 
followed by assessments of dose error and sample size. Results include analyses of the effects of dose error and 
sample size on accuracy, precision, and sampling variability. Simulation limitations are given, followed by 
concluding remarks. The Appendices present methods to account for dose error in dose-response modeling and 
discuss results from additional simulations focused on cumulative daily noise doses rather than single-event 
doses from individual aircraft flyovers.  

2. METHODS
This section describes dose-response data simulation and dose-response modeling methods. Simulated data

enable exact knowledge of modeling parameters that describe the underlying population, which is otherwise 
unattainable. Simulated participants described in Sec. 2.A are subjected to known, true doses described in Sec. 
2.B. They respond probabilistically as highly annoyed or not to the true dose. The true doses are perturbed to
simulate estimated doses with error (also described in Sec. 2.B), and a multilevel model is fit to each dataset
(Sec. 2.C). A flow diagram (Figure 2) describing the data generation and modeling process is provided at the
end of Sec. 2.C.

A. POPULATION AND PARTICIPANT MODEL
Models describing the behavior of a community noise survey population and its individual participants are

used to generate simulated dose-response datasets. To produce the realistic datasets for this study, a population 
model8 from a previous NASA sonic boom community noise survey, Quiet Supersonic Flights 2018 (QSF18),9 
was utilized. The model assumes that participants provide binary responses (highly annoyed or not) to noise 
doses based on probability defined by a logistic function: 

.        (1) 

Here, Dose  is the noise level of the th sonic boom that the th participant experienced. Each participant is 
described by an intercept of annoyance onset, , a random effect (RE) that is normally distributed about the 
mean intercept, , with standard deviation, , i.e., ~ , . The participants share a common slope 
of increasing annoyance with dose, . The specific population parameter values are given in Table 1. Additional 
realism is simulated with survey withdrawal and (non)response rates that were observed in QSF18. These rates 
are described in greater detail in the next section. 
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Table 1. Parameters describing the QSF18-based simulation population. 

Population Model Parameters 19.0 0.153 2.451 

B. SIMULATED DATASET GENERATION
Simulated dose-response datasets were generated with varied number of participants and dose error

strengths. This section describes the process for generating the datasets. 
The first dataset generation step is to draw a random sample of participants from the population. For this 

study, the number of participants, , in each dataset was varied from 50 to 10,000. Each participant is 
assigned an ID number and defined by their , which is drawn from a normal distribution as described 
previously in Section 2.A. An example of individual dose-response curves is shown in Fig. 1b as a collection of 
solid gray lines. These individual dose-response curves are normally distributed about the average individual’s 
dose-response curve noted by the dashed black line. 

Figure 1. a) 86 Single event ( booms ) dose design and b) single event true population response in percent 
highly annoyed (%HA) with the true single event dose range shown as the horizontal black line.  

The next step is to expose the participants to known noise doses, referred to as true doses, and observe their 
probabilistic binary responses to each true dose. Each simulated participant was exposed to 86 true doses over 
the Perceived Level (PL) range of 70 to 87 dB as shown in Fig. 1a.10 This exposure design was an initial candidate 
design for the X-59 community tests.11 The range of true doses is also illustrated as the black horizontal line in 
Fig. 1b. The corresponding binary response is simulated at each true dose based on the given probability of high 
annoyance to the dose,  from Eq. 1. For each dose, a random draw from a uniform distribution from 0 to 1, 

, is compared to . If , then the binary response is recorded as a 1 for highly annoyed and a 0 for 
not highly annoyed otherwise. 

Simulated dose error is now inserted into the data. A random draw from a mean-zero normal distribution is 
added to each true dose resulting in a set of “estimated” doses. For this study, datasets were generated with no 
dose error and with dose error of standard deviation, , from 2 to 8 dB. For reference, two previous NASA 
sonic boom community tests estimated  to be 3.7 and 4.9 dB.12,9  

At this point, the datasets have 100% participation, i.e., every participant provided an annoyance response 
to every noise exposure. To produce more realistic results, participants and responses are eliminated from the 
datasets to account for anticipated withdrawal and (non)response rates. A withdrawn participant is one who 
signed up to participate in the survey but never provided any responses. Non-withdrawn participants provide 
some responses but may not respond to every available survey.  

Withdrawal and response rates observed in QSF18 are used in this study, with a probability of withdrawal 
of 0.258 and a probability of 0.469 that a non-withdrawn participant responds to any given survey. To model 
survey withdrawal, all responses from a random selection of participants are removed, corresponding to the 
withdraw rate. This dataset still has a 100% response rate, but now only contains non-withdrawn participants. It 
is referred to as the “realistic withdraw with 100% response rate” dataset in Fig. 2. Subsequently, a random 
selection of responses is removed, corresponding to 1 minus the response rate. This results in a dataset that is 
missing responses from some participants entirely and has a varying number of responses for each of the non-
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withdrawn participants. It is referred to as the realistic participation dataset. The 100% participation, realistic 
withdraw with 100% rate, and realistic participation rate datasets were stored and analyzed separately, but the 
realistic participation datasets are the focus of this paper. 

To demonstrate sampling variability, 30 replicate datasets were generated for each combination of factor 
and level (i.e., 7 levels of number of participants, 3 levels of participation, and 5 levels of dose error) noted in 
Table 2. The dose-response curves for replicate datasets should match when the sample size is sufficiently large. 
A total of 3,150 datasets were generated and analyzed for this study. 

Table 2. Dose-response dataset factors and levels. 

Factor Levels 
Number of participants 50, 500, 2500, 3000, 5000, 7500, 10000 

Level of participation 

0% withdrawal and 100% response rate (100% participation), 
25.8% withdrawal and 100% response rate (realistic withdraw with 
100% response rate), 
25.8% withdrawal and 46.9% response rate (realistic participation) 

Dose error standard deviation  0, 2, 4, 6, 8 dB 
Replicate datasets 30 

C. REGRESSION MODEL
This section describes the dose-response regression model. Using a model with the same mathematical form

as the participant population model allows comparison between the known population parameters (Table 1) and 
those estimated by the model.  

A multilevel logistic regression (MLR) model was fit to each simulated dose-response dataset. In the R 
programing language,13 the glmer function from the lme4 package14 was used to fit the models as follows: 
mod=lme4::glmer(response~dose+(1|participant_id),data=dat,family=binomial,nAGQ = 25) 

The input data dat contains the participant’s ID number participant_id, the true or estimated dose to which 
they responded dose, and their response (highly annoyed=1 or not=0) response. Following model accuracy 
and stability recommendations from Cruze et al.,15 25 quadrature nodes nAGQ are used. The function returns the 
MLR model mod, which includes the , , and  fit parameters, standard error of  and  (notated as 

and ), and the correlation between  and  (notated as ). The runtimes are reasonable to fit the model 
to the datasets using a modern laptop computer, ranging from less than a second for the 50 participant datasets 
to about 30 minutes for the 10,000 participant datasets. 

The model parameters  and  describe the average participant and not the overall population. An 
additional step is required to achieve a population summary dose-response relationship, as depicted by the blue 
line in Fig. 1b. The integration method of Pavlou et al.16 is used and modified to develop confidence intervals 
and account for the error in and correlation between  and . 

The Pavlou method integrates over the  random effect, and the integrand is the product of the logistic 
probability of observing high annoyance from participant with intercept  to a given dose and the normal 
probability of observing a participant with intercept . This results in the simulation population’s average 
probability of high annoyance to a dose: Dose    . (2) 
This integral does not have an analytical solution, so it must be solved numerically. For this work, Eq. 2 was 
approximated by brute-force, by averaging a large sample of logistic functions with normally distributed  
random intercepts based on  over a dose range of interest. The brute-force approximation converged using 
50,000 normally distributed participant  draws, resulting in the average of 50,000 corresponding logistic 
functions per solve of Eq. 2. For this paper, the evaluated dose range was 50 to 150 dB, which encompasses 
20 dB below the true dose range and about 30 dB above the dose that elicits 50% high annoyance in the average 
participant. The choice is somewhat arbitrary but was selected so the full S-shape character of the curve could 
be visualized as in Fig. 1b. 
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The dose-response curve from a single solve of Eq. 2 ignores the fact that there is error in and correlation 
between model fit parameters. This paper extends Pavlou’s method to account for these using a bootstrap method 
that yields a more robust population summary curve estimate and a confidence interval. The bootstrap method 
converged using a set of 1,000 correlated pairs of  and , which are normally distributed based on their 
standard error values of  and  and whose correlation is . Then, Eq. 2 is solved numerically as previously 
described for each of the 1,000 correlated pairs, resulting in 1,000 population summary curve estimates. The 
final population dose-response relationship for a given dataset replicate is the mean of the 1,000 curve estimates. 
These final curves are shown for each replicate in the sampling variability Sec. 3.C below. The confidence 
intervals for a replicate dataset are the 2.5th and 97.5th percentile of the 1,000 estimates. The mean of 30 replicates 
and the mean confidence interval are shown for the various combinations of participant number and dose error 
in Sec. 3.A. 

Figure 2. Flow diagram describing the simulation dataset generation and regression processes. 

3. RESULTS
Results of the MLR model fit are given to determine the practical impact of dose error and sample size on

dose-response curves. First, impacts on model parameter accuracy are shown, then effects on precision. 
Sampling variability is demonstrated, followed by a discussion of limitations of the simulations and results. 

A. ACCURACY
Dose error causes misestimation of model parameters that describe the population. Box and whisker plots

in Figure 3 show the impact of increasing amounts of dose error on model parameters, with  in Fig. 3a,  in 
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Fig. 3b, and  in Fig. 3c. Color is used to depict the dose error strength from 0 to 8 dB. Each box and whisker 
depicts the range and quartile values of parameter estimates for the 30 replicate datasets. The true parameter 
value is noted by a horizontal dashed black line. Results are shown for several different number of (non-
withdrawn) participants. For these datasets, the dose error impact on model estimates has distinct linear trends,a 
where  and . The trend for  appears to be proportional to  but is less distinct.  

The impacts of sample size are also observed in Figure 3. Moving along the abscissa, increasing the number 
of participants reduces the box and whisker range, indicating lower sampling variability because the model 
estimates of the parameter are more similar between replicates. The reduction in whisker range becomes 
minuscule beyond a sample size of 2,000 participants, which suggests there is little benefit to sampling more 
than 2,000 participants. However, inaccurate parameter estimation persists in the presence of dose error 
regardless of the number of participants, illustrated by deviations of the parameters from the black dashed line.  

Figure 3. Model fit parameters as a function of sample size and dose error standard deviation, . Box and whiskers 
depict percentile values of the parameter fits from 30 replicate datasets. The dashed black line shows the true value. 

The practical impact of the population parameter values on the estimated dose-response curve is not 
immediately intuitive.b To complement the discussion of parameter estimation results above, Figure 4 depicts 
the impact of dose error on population summary curve accuracy for a sample size of 7240 participants. The blue 
curve shows the modeled population summary curve relative to the true population in red. When  reaches or 
exceeds 2 dB, the modeled dose-response curve begins to differ from the true population.c Based on these results 
and given the limitations of the simulation approach (described later in Sec. 3.D), models that account for dose 
error should be considered for use during X-59 community tests if the estimated dose error is greater than 2 dB. 
Potential dose error correction methods that could be used are summarized in the Appendix. 

a Proportional relationships of model parameter misestimation as a function of increasing dose error is the basis 
to correct for the effects of dose error via Simulation Extrapolation (SIMEX), which is discussed in the Appendix. 

b It should be mentioned that the ratio , which corresponds to the dose that elicits 50% high annoyance 
(in both the population and average participant), and the dose  that elicits P% high annoyance (in the average 
participant only) are related by ln 100% 1  . Note that Eq. 2 must be used to find the high 
annoyance of the population. This nuance is shown in Fig. 1b, where the population and average participant curves 
intersect and match at 50% high annoyance but otherwise differ. 

c There appears to be a “pivot point” around 80 dB where the attenuated model curve intersects the true population 
curve. The model curve is accurate at this dose regardless of dose error and it separates the modeled curve between 
over and underestimation of the true population. One might be able to analytically derive the pivot point dose value 
based on the functional form of the true population curve and the true dose distribution. Further understanding of this 
concept may provide greater confidence in the point estimate of the model curve at the pivot point dose. It may also 
be interesting to explore artificially increasing the dose error strength and observing the pivot point in previous 
experimental data that is known to contain dose error such as QSF18. 
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Figure 4. Model estimated (blue) dose-response curves with increasing dose error standard deviation compared to 
the true (red) population. 

B. PRECISION
The sample size of the dataset determines the precision in the dose-response model. Having too few

participants or responses could produce large confidence intervals about the dose-response curve. Results with 
large confidence intervals may not be useful for developing noise regulations. However, there are diminishing 
returns with increasing sample size, as precision is inversely proportional to the square root of sample size. For 
the X-59 tests, budget also factors into sample size consideration as participants will receive monetary 
compensation for their participation in the community noise surveys. 

While the precision required for future supersonic noise regulations is unknown, trends and analysis of 
sample size and precision offer valuable insight. An illustration of precision as a function of sample size is given 
in Figure 5. The confidence intervals (blue dashed lines) decrease in width with more participants. One may 
reasonably assume that regulations could consider the dose that elicits X% high annoyance in the population. As 
an example, the dose that elicits 3% high annoyance (%HA) is examined here. For this simulated population, 
the population summary curve intersects 3%HA at 86.7 dB. Figure 6 shows the precision in the model estimate 
of this dose. Each blue dot and whisker represent the confidence interval width about the 86.7 dB point estimate 
from the 30 replicates. With increased number of participants, the precision plateaus, which shows the limited 
return on investment. With 1855 participants, the precision in the dose that elicits 3%HA is about ±2 dB. A four-
fold increase in participants to 7420 improves precision only marginally to ±1 dB. 

Figure 5. Precision in modeled dose-response curves as a function of sample size. 

Figure 6. Confidence interval widths showing precision in the dose (86.7 dB) that elicits 3% HA as a function of 
sample size. 
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C. SAMPLING VARIABILITY
Sampling variability occurs when the sample size is small, resulting in considerable variability in dose-

response models between samples. Low sampling variability is desirable for the X-59 community tests because 
each community will likely only be sampled once. Figure 7 illustrates sampling variability with no dose error 
and varying numbers of participants in Fig. 7a to 7c and 4 dB dose error and 7420 participants in Fig. 7d. Each 
of the blue curves corresponds to one dataset replicate. There is high sampling variability with 37 participants 
and low sampling variability with 7420 participants. With dose error present, Fig. 7d depicts similar sampling 
variability as in Fig. 7c, which has the same number of participants. The slope attenuation observed for the blue 
curves in the Fig. 7d also reinforces that increasing the number of participants does not alleviate the dose error 
impact. 

Figure 7. Demonstration of sampling variability and that the dose error impact is not alleviated by increased sample 
size. 

D. LIMITATIONS
As with any experiment, simulated or otherwise, there are limitations that should be discussed. The

representativeness of the population model is limited as it was based on the QSF18 modeling results, which is 
not nationally or globally representative. The population response of X-59 test communities is unknown and 
may differ. Furthermore, this work assumed withdrawal and participation rates that were observed in the QSF18 
test, and that randomly removed responses were not correlated to other quantities such as sound level. Care 
should be taken when interpreting results, and ongoing work aims to reduce the dependence on the QSF18-based 
population.17 The dose design utilized in this study is subject to change, and additional real-world effects on 
dose, such as geographic and atmospheric propagation-induced variability, are not included here. Additionally, 
the dose error was considered to be mean-zero and normally distributed with fixed variance at all doses. Dose 
error is likely to vary with level, with greater variability at low levels due to poor signal-to-noise ratio of sonic 
booms relative to ambient conditions. Present limitations are left for future work.  

4. CONCLUSIONS
This simulation study explored the effects of dose error and sample size on single-event dose-response

curves to better understand their practical impact on future X-59 community test data. The simulation population 
was based on population model parameters from the QSF18 survey data, and noise dose values came from an 
initial X-59 dose design. Model parameters and resulting dose-response curves begin to differ from the true 
population when the standard deviation of the dose error exceeds 2 dB. In X-59 community tests, it is 
recommended to utilize a modeling method that accounts for dose error if the dose error is estimated to exceed 
2 dB. A plateau in both precision and sampling variability occurs above about 2000 participants, which suggests 
the sample size of the X-59 community tests need not exceed 2000. This sample size leads to a precision of about 
±2 dB PL for the (single event) dose that elicits high annoyance in 3% of the population. While not shown 
explicitly for brevity, this same sample size results in about ±4 dB PLDNL for the daily cumulative dose 
(Appendix B has more details on the cumulative dose simulations). 
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APPENDIX A: SUMMARY OF DOSE ERROR MITIGATION METHODS 
This study demonstrates the need to consider measurement error in the Quesst mission. Various methods for 

mitigating the impact of dose error on dose-response relationships are being explored18 and are described briefly 
in this Appendix. Also of note is that methods to account for dose error are prone to error themselves. Applying 
a method to correct the dose error may still result in a poorly estimated dose-response relationship due to 
inaccurate or insufficient dose uncertainty quantification methods. 

The Simulation Extrapolation (SIMEX)19–21 method was alluded to in a Sec. 3.A. The SIMEX process 
requires an estimate of the dose error magnitude of the estimated doses, for example 2 dB, and relies on 
the fact that model parameter attenuation is functionally related to , e.g., . First, a model is fit to 
the estimated dose-response data. Next, the estimated doses are further perturbed with additional, simulated error 
(e.g., 1 dB), and a model is fit to the further-perturbed data whose fit parameters are further 
attenuated. This process is repeated many times for increasing dose perturbation . A function can then be fit 
to the increasingly attenuated model parameters, and extrapolated backwards to the no error, 0, case. 

Another method, Regression Calibration,22 has recently been explored by Horonjeff23-25 for community 
noise annoyance survey data.  This method requires an estimate of the distribution of true doses, the dose error 
distribution, and an estimated functional form of the responses, e.g., a logistic function. The response function 
is transformed by the distributions of true doses and dose error, and then the transformed function is fit to the 
estimated dose-response data. The transformed function fit still includes the parameters of the assumed 
functional form of the responses, so the final dose-response relationship uses these parameters. 

Bayesian methods are also available for accounting for dose error.26,27 These are probabilistic models that 
consider the estimated dose and estimated dose error to determine the true doses. These could be paired with the 
data cloning method, which aims to reduce the impact of the selection of a prior distribution.28 

APPENDIX B: CUMULATIVE DOSE-RESPONSE DATA 
While the main body focused on datasets representing a population responding to individual aircraft 

flyovers, i.e., single events, X-59 community tests will also include end-of-day summary surveys. These 
responses of participants’ overall annoyance to the current day’s flights constitutes cumulative response. A 
cumulative noise dose in Perceived Day-Night Level (PLDNL) is computed from the day’s single-event levels 
using the Day-Night Level calculation procedure: 10 log 10 49.4         (3) 

where  is the Perceived Level of the th single event of the day. 
An additional 3,150 cumulative event datasets were generated and analyzed for a QSF18-based cumulative 

event population defined by 10.3, 0.109, and 2.1117. The initial X-59 community test 
cumulative noise exposure design shown in Figure 8 was used with units in PL Day Night Level (PLDNL), 
based on the single event levels from Fig. 1a. Additionally, the withdraw rate is 0.15, and the participation rate 
0.6616. The cumulative results are omitted from the main body for brevity as trends are similar to the single-
event data. For a sample size of 2000 participants, the dose that elicits 3%HA has a precision of ±4 dB PLDNL. 

Figure 8. Cumulative dose design ( flight days ). 
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