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A precise characterization of the magnetic properties of LISA Pathfinder free falling test-masses is of
special interest for future gravitational wave observatory in space. Magnetic forces have an important
impact on the instrument sensitivity in the low frequency regime below the millihertz. In this paper we
report on the magnetic injection experiments performed throughout LISA Pathfinder operations. We show
how these experiments allowed a high precision estimate of the instrument magnetic parameters. The
remanent magnetic moment was found to have a modulus of (0.245 & 0.081) nAm?, the x-component of
the background magnetic field within the test masses position was measured to be (414 + 74) nT and its
gradient had a value of (—7.4 & 2.1) pT/m. Finally, we also measured the test mass magnetic susceptibility
at 5 mHz to be (—3.3723 & 0.0069) x 1073 All results are in agreement with on-ground estimates.

DOI: 10.1103/PhysRevD.111.042007

I. INTRODUCTION

LISA Pathfinder (LPF) [1,2] was an ESA mission
designed as a technology demonstrator for the future
gravitational wave observatory in space, LISA [3]. The main
goal of the mission was to demonstrate key technologies
required to detect gravitational waves in space. In order to do
so, the instrument on-board had to demonstrate a relative
acceleration noise between its two test masses (TMs) in
nominal geodesic motion atalevel of 3 x 10~ ms=2 Hz~!/2
at 1 mHz, a level of precision impossible to achieve with on
ground gravitational wave detectors.

LPF launched on December 3rd, 2015 and started its
scientific operations on the March 1st, 2016 after reaching
the Lagrange point L1 of the Earth-Sun system. The
mission was divided into two different experiments on-
board, the European Space Agency LISA Technology
Package (LTP) and the NASA Disturbance Reduction
System (DRS). After seventeen months of scientific oper-
ations, the mission successfully demonstrated its main
scientific goal, surpassing its requirements and achieving
a level of acceleration noise below the LISA requirements
in its entire measurement frequency band [4,5].

As important as achieving this demanding level of
geodesic free fall was the development of an understanding
all the different contributions that build the noise model of
the instrument. Several experiments were planned during
the LPF operations in order to isolate and evaluate the most
important contributions to the acceleration noise budget.
With that objective, LISA Pathfinder carried the Data and
Diagnostics Subsystem (DDS), which included a temper-
ature measurement subsystem [6,7], a magnetic diagnostic
subsystem [8,9] and a radiation monitor [10-13].

In this work we will focus on the results of the magnetic
diagnostics and, specifically, on the experiments run to
characterize the magnetic parameters of the test masses on-
board LPF. Precise knowledge of such values is crucial for
the future space-borne gravitational wave observatories,
since any magnetic perturbation can have a potential impact
on the instrument performance through magnetic parasitic
forces.

This work is organized as follows. In Sec. II we describe
the magnetic diagnostic system on-board designed to study

and disentangle the nature of the magnetic forces, intro-
duced in Sec. III, that can perturb the test mass motion.
In Sec. IV we describe the in-flight magnetic experiments
performed to extract the TMs magnetic parameters and we
present our conclusions in Sec. V.

II. EXPERIMENTAL SETUP

A. The magnetic diagnostics subsystem

The magnetic diagnostics subsystem on-board LISA
Pathfinder was responsible for monitoring the magnetic
environment and creating controlled magnetic fields to
perturb the test mass motion in order to properly character-
ize the contribution of magnetic forces to the total instru-
ment noise budget. To achieve these goals, the subsystem
was composed by four triaxial magnetometers and two
induction coils.

The coils—see Fig. |—were able to produce a controlled
magnetic field at the TM locations as well as in the
magnetometers closest to them. Both circular induction
coils, with an average radius of 56.5 mm, were located
85.5 mm away from the test masses and they were attached to
the external wall of each vacuum enclosure. The wire
winding used to build up the coils were made of a

FIG. 1. Coordinate reference system for the coil and the test
mass. The convention used for the three angles of rotations along
each test mass axis is also shown.
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Titanium alloy (TigAl; V) and loop around the structure for a
total of 2400 turns. The centers of both coils were aligned
with the axis, x, joining both TMs centers so that the induced
magnetic field had axial symmetry. The four magnetometers
were aligned by pairs in the x—y plane of the TMs in order to
be able to measure gradients within the spacecraft in both the
x and y directions. Magnetic field gradients along the
z direction could not be measured. The magnetometers
continuously measured the evolution of the on-board mag-
netic field with a precision of 10 nT Hz~!/2. Each fluxgate
magnetometer measurement axis consisted of a sensing coil
surrounding a second inner drive coil around a high per-
meability magnetic core material. This meant that all four
magnetometers contained active magnetic sensors that had to
be located far enough from the test masses for them not to
contribute as a source of magnetic parasitic forces.

B. Magnetic environment on-board

The background magnetic field measured on-board was
completely dominated by the contribution from the elec-
tronics of the spacecraft units. Among them, the thruster
systems were a major contributor, both the cold gas high
pressure latch valves (the ones used by ESA) and the
colloidal thrusters (the ones operated by NASA). Cold gas
thrusters or, more precisely, some permanent magnets in the
cold gas thruster subsystem, contributed with roughly the
80% of the measured magnetic field. Although a strong
contribution, this remained constant throughout the mission
—partially thanks to the high thermal stability reached on-
board [7]. This was not the case for the colloidal thrusters,
where a persistent slow drift of around 150 nT in the span of
100 days was observed [9]. The main contribution of the
magnetic-induced force noise is below the millihertz [14].
In this frequency regime, magnetic field fluctuations are
dominated by the interplanetary magnetic field contribu-
tion, which can show an important non-stationary compo-
nent associated with changes in the interplanetary plasma.
For instance, variations in the range of 300-500 km s lin
the solar wind velocity were found to be correlated to
variations in the magnetic fields amplitude spectral density
in the range 20-50 pHz of around 170-750 nTHz'/2 [9].

In what refers to our analysis in the following, we
assume that in all the in-flight experiments where we
induced magnetic fields with the coils, the background
magnetic field (either generated by the spacecraft or due to
the interplanetary contribution) can be safely neglected as it
was at least one order of magnitude smaller than the ones
induced by the coils. The same is true for the gradients of
the magnetic fields.

C. Forces on-board LPF

We evaluate the induced force in the test mass through
the Ag variable—the principal scientific output of the
mission—nominally defined as the differential acceleration

between the two TMs in their nominal position [4]. Since
the main objective of the Ag measurement is the evaluation
of the free fall of the test masses, those forces arising due to
the spacecraft dynamics control loop or other forces caused
by spacecraft non-inertial reference frame are subtracted in
the definition of this parameter [15]. We will assume that
during magnetic injections the dominant forces that TMs
will feel will be purely of magnetic origin. Ag, by
construction, is the difference in acceleration between
TMs along the axis joining them, the same as the spacecraft
x axis by definition and aligned with the x axis from Fig. 1,

F2,x Fl,x

Ag = - ,
My

MTM]

(1)

where My, is the mass of each TM and F is the total force
each one feels. When calculating the force measured by
each TM during magnetic injections, we assume that the
TM furthest from the injecting coil will feel a negligible
force when compared to the one nearest to the coil. So,
when injecting magnetic signals with the coils, we will
estimate the magnetic force that the nearest TM feels
as F, = MryAg.

The same is true for the torque such that N, 4 = [Ag, 4,
where 7 is the moment of inertia of a cube and Ag, ,, are the
angular accelerations measured by the interferometric
system. Only rotations along the y and z axes, n and ¢
respectively in Fig. 1, are obtainable since the instrument is
not sensitive to rotations around the x axis as it is aligned
with the laser beam.

III. MAGNETIC-INDUCED FORCES AND
TORQUES IN A FREE FALLING TEST MASS

Magnetic fluctuations can couple into the dynamics of
the free falling test masses on-board the satellite. In the
following we develop the basic equations needed to
describe the experiments carried out with the induction
coils in LISA Pathfinder.

A. A magnetic dipole in a surrounding magnetic field

In a first approximation, the free-falling test masses
inside LISA Pathfinder can be considered as a magnetic
dipole with total magnetic moment density m inside of a
surrounding magnetic field B. Parameters in bold refer to
vectors. The dipole would therefore feel an associated force
and torque given by

F=((m-V)B)V, (2a)
N=mxB+rx (m-V)B)V, (2b)

where r denotes the distance to the TM with respect to the
coil. We use the convention (...) =3 [y (...)d>x to denote
the average of the enclosed quantity over the TM volume, V.
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The total magnetic moment density m is the sum of two
components: the remanent magnetic moment density m,.
which depends on the material and manufacturing process
and the induced magnetic moment density, m;. The induced
magnetic dipole density of any material is proportional to the
applied magnetic field, i.e.

m; = y/u,B, (3)

where y is the magnetic susceptibility and , is the vacuum
permeability. The test mass composition is 73% gold,
diamagnetic, and 27% platinum, paramagnetic. Given that
the dominant material is gold we should expect the TM to
behave like any diamagnetic material, opposing the external
magnetic field thus, having a negative magnetic susceptibil-
ity. Despite this, we leave the sign undetermined in the
following derivation. Also, we have implicitly assumed here
an isotropic test mass which allows the use of a scalar
susceptibility in the previous equation. Next, we assume the
test mass magnetized by a slowly oscillating field

B(t) = BACsin(wt), (4)

where BAC is the amplitude of the oscillating magnetic field
and w its angular frequency, we will obtain a magnetization
that varies with time accordingly, m; (7). In diamagnetic,
paramagnetic, and many ferromagnetic materials, the mag-
netization also varies sinusoidally and in phase with the
applied magnetic field with a constant ratio given by the
magnetic susceptibility. However, some ferromagnetic mate-
rials show a delayed response that is not in phase with the
applied field. This phenomena is typically described by
considering the in-phase or real, y,, and the out-of-phase or
imaginary, y;, components of the magnetic susceptibility

such that y = y, + iy,, where i = v/—1. For the case of LPF
experiments the most relevant physical mechanism involved
in the imaginary susceptibility are eddy currents since this
contribution becomes increasingly important with increasing
conductivity of the material. However, for most of the
experiments in the low frequency regime this component
is expected to be orders of magnitude smaller than the real
part thus, its contribution can be neglected. In the following,
therefore, we refer to the magnetic susceptibility y as
equivalent to its real component y,, unless explicitly stated
otherwise.

Considering both contributions of the magnetization (the
remanent and the induced magnetic moments) we expand
Egs. (2) into

F— <(mr-V)B +%[(B-V)B]>V, (5a)
N= <mr X B+ x {(mr-V)B +M£O(B.V)B] >v. (5b)

In order to describe our experiments in the following
sections, we need to develop the equations further. First,
we will consider the magnetic field as composed by an
applied, oscillating magnetic field BA¢, and a stable
magnetic field B, divided into an applied time independent
DC magnetic field BP¢ and some environmental back-
ground B, ;.

B = B, + BACsin(wr)

= (Bpaer + BPC) + B4 sin(w1). (6)

By substituting in Eq. (5a) and factoring out the compo-
nents in terms of their frequency response to the input
signal, we find that the force can be divided into three
components: a constant DC term, a term that oscillates at
the same frequency of the induced magnetic field 1o and a
term oscillating at twice the frequency 2w

F= FDC + Flw =+ FZa)v (7)

with

Foe = [<<Mr V)By)

2 (g by + (09 )| (s

Fy, — [«Mr W)Bi) AV (B, v)BAC)

Ho
+ ((BAC . V)B()))} sin(wr), (8b)
Py, — {—%((B“C . V)BAC>] cos(201), (8¢)

where M, = m,V is the remanent magnetic moment and
we have assumed homogeneity and stationarity of the test
mass properties. Considering that the relative acceleration
measurements in LISA Pathfinder are in the x direction, the
only component of the force from Eq. (7) that will be
needed is its x component. Analogously, if we manipulate
the torque equations a similar result with the three terms
before mentioned should appear.

B. Estimate of test mass magnetic parameters

The evaluation of both the force and torque expressions,
Egs. (5a) and (5b) respectively, implies the calculation of
the average of an external magnetic field and its gradient
within the TMs volume as expressed by (...). Making use
of the induction coils from Fig. 1 we can control the
injected field (BAC-P¢ and VBAC-PC) as it can be calculated
by means of Ampere’s induction laws under the assump-
tions of coils with negligible thickness and a wire winding
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of N turns. Thanks to the symmetry of our system, only the
x components of the averaged induced fields are non-zero,
(BEEPCY, and their gradients along the y and z axes
are 3 orders of magnitude smaller than (V, By<PC).
Furthermore, the magnetic field in the x direction and its
gradient along x are proportional to one another at any
given point in space, that is: (BY<PC) = k(V, ByPC).
This factor constant x only depends on the coil dimensions
and the distance from the coil center. Its value can be found
analytically for the simple on-axis magnetic field of a coil
but it is harder to obtain for the general off-axis magnetic
field formula involving elliptic integrals. Thus, its value
was calculated numerically to be k = —0.04487 m for our
particular configuration, with negligible uncertainty origi-
nated only due to numerical error. We refer the interested
reader to Appendix A for more detail on the calculations
involved at the TMs location. Finally, the magnetic force is
obtained by applying a heterodyne demodulation at the
different frequencies of interest of the on-board measure-
ments of the stray TM force (more detail on this in the
upcoming section) resulting in the estimators F DCoxs F lox
and F 20x- We now proceed to describe how we will
estimate the test mass magnetic parameters from the
previous generic expressions.

1. Magnetic susceptibility

The coupling between an induced magnetic field and its
gradient with the magnetic susceptibility of the test mass is
responsible for the appearance of a force component at
twice the injected modulation frequency in Eq. (8c). Our
analysis can take advantage of this by extracting the signal
at 2w from the measured test mass force, i.e.

¥ _ _% ﬁZw,x (9)
27V (BAC) - (V,BIC)

This equation provides a direct estimate of the test mass
susceptibility decoupled from any other of the magnetic
parameters. The notation in Eq. (9) shows explicitly that the
estimate of the susceptibility is obtained at twice the
injected frequency by demodulating the encoded informa-
tion in Ag and comparing it with the predicted TM average
magnetic field and gradient.

We notice that, in principle, we could use the signal at 2w
to obtain both real and imaginary contributions to the
magnetic susceptibility. To estimate the imaginary contri-
bution we would need to look for a 2w contribution with a
7/2 phase shift with respect the original injection. We will
explore this in the discussion of our results in Sec. IV.

2. Remanent magnetic moment

The component of the force at the injection frequency,
Fi,.x,» depends on all the magnetic parameters of the TM.
Taking advantage of the fact that all terms in Eq. (8b)

depend on (B4€) or (V. B4C), we can rewrite the expres-
sion as follows

. \%4
F]w,x = Mr,x +L (BU.x + KvaO,x) <VXB§C> (10)

Ho

The term in brackets can be related to an effective magnetic
moment such that

xV
Mefff.x = Mr,x + % [(Bback.,x + <BEC>)

+Kvx(Bback.Vx + <B)lc)c>)]’ (11)

where we have expanded B, as explained in Eq. (6).
Bpucr.x can be considered negligible compared to the
injected magnetic field (BPC) as its value is expected to
be an order of magnitude smaller than the injected fields
through the coils. Thus, we have

2V
Meff,x zch +ﬂ—<B?C> (12)
0

If the only variable in Eq. (12) is (B?C), then plotting
Eq. (10), we will obtain a straight line with an offset that
corresponds to the remanent magnetic moment M, , and a
slope that is proportional to the magnetic susceptibility y at
lw. Furthermore, when we induce a magnetic field in the
TM position, using the coils, apart from direct forces in the
x direction, we are also generating torques, as described in
Eq. (5b). Due to the symmetry of the system the term
involving the cross product with r will integrate to zero
accross the TM volume due to the alignment between the
coil axis and the TMs center resulting in only two
components, see Appendix B for details, where only the
lo term will be of interest leading to the following
equations

Ngb,lw = _Mr,y<ch‘C>; Nq,lw = Mr.z<BQC>' (13)

We can conclude that the 1@ oscillation of the torque in
¢ is directly related to the remanent magnetic moment
along y, M, ,, while the 1o oscillation of the torque in 7 is
directly related to the remanent magnetic moment along z,
M, .. Therefore, by demodulating the torque at 1w for 7 and
¢ and considering the values of the injected magnetic field
(B£€), we will be able to determine M,, and M, ..

3. Background estimates

Similarly to the lw term, in Eq. (8a), the expression of
the DC force component of the signal involves again all the
unknown parameters. If we group all the terms of Eq. (8a)
as a function of (BPC), we can rewrite it as

042007-5
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Foc.= (2) 820y

HoK

{ Bback X ﬂ [3Bback,xvaback,x
Ho
1
5 B8 (14)

where M, =M,,+M,,+M,.. We have made the
assumption that the background magnetic field is the same
in all directions, Bjqcx « = Bpaci,y = Bpack,-» because we do
not have any a priori information about its value. We also
assume that the three components of VB, , are equal:
Vi Bpackx = VyBpgerx = V. Bpgcrx» Which is a worst case
scenario since all components contributing to the back-
ground gradient would add up when in reality they could
partially cancel each other. If the only variable is (BP€), we
can observe that F pc.x has a quadratic form.

IV. IN-FLIGHT EXPERIMENTAL CAMPAIGN

Soon after LPF started scientific operations, on March
1, 2016, magnetic experiments were scheduled to extract
the magnetic parameters related to the TMs. The experi-
ments consisted in applying an electric current through the
coils to induce a magnetic field in the position of the
TMs. The applied current in the coils was a sinusoidal
signal I(1) = IPC + I sin(wt), where I was a constant
offset, IC the amplitude of the sinusoidal signal and @
its angular frequency. The current induces a magnetic
field in the surroundings of the coil of the same type
B(t) = BPC + BAC sin(wt).

At the beginning of the commissioning period, all sub-
systems went through an initial checkout procedure. In this
initial phase, coil 2—the one closest to TM2—showed a
malfunction. Due to this fact, the injections performed during
the operations period were on coil 1, and the only set of
injections performed in coil 2 were done with low currents to
prevent any possible current leak to other systems. This
resulted in a reduction of the precision achievable with coil 2
experiments. Thus, most of the results that will be shown here
will be for TM1 if not specified otherwise.

We carried out a total of three sets of magnetics
injections. The first set was performed on April 28 and
29, 2016. The injections of April 28 consisted of applying a
sinusoidal signal through the coil 1 with different DC
offsets and different AC amplitudes. The injections of April
29 were exactly the same but through coil 2. The second set
of injections were done on June 18, 2016. They consisted of
a series of sinusoidal injections at a wider range of both DC
offsets and AC amplitudes than the previous ones but
performed exclusively in coil 1. The third, and last, set of
injections were performed on March 14, 15, and 16, 2017.

|

Bx [uT]

Ag [pm/s?]

-1.234 -10

Agp [nrads—2]

FIG. 2. Experiments with coil 1, June 18, 2016. Top: B, as
measured in the magnetometer closest to the coil, PX. Middle:
Ag. Bottom: angular acceleration along the rotation angle #.

They consisted of very long-lasting signals at high DC
offsets and with small AC amplitudes applied exclusively
through coil 1. The complete list of experiments is shown in
Appendix C.

A typical run of magnetic experiments is shown in Fig. 2,
where we show the results from the third set of injections
during June 18. The applied currents through the coil at
5 mHz can be seen in the Appendix within Table IV. The
three panels display the main variables of interest in our
analysis, these are the magnetic field in the x direction, as
measured by the closest magnetometer to each coil, the
acceleration produced between the TMs due to the presence
of these injections and the torque being induced between
both TMs along the y axis.

The estimation of magnetic forces experienced by the
test masses during the magnetic injections is performed by
demodulating the Ag measurements. Terms F DC.xs F o
and £ 20.x Previously defined in Sec. III B are estimated by
applying a heterodyne demodulation at the corresponding
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frequencies and rescaling the amplitudes obtained by
means of the mass of the TMs, Mrpy = (1.928+
0.001) kg. Analogously, the same procedure can be
extrapolated to the torque by using the moment of inertia
of a cube with the side length of the TMs, Iy =
(46.000 £ 0.005) mm.

Since the magnetic field cannot be directly measured in
the test mass position we must refer to the magnetometers
read-out for calibration. We measured the amplitude in the
+x magnetometer of each of the 20 injections of June 18,
2016 for coil 1. To do so we demodulate the read-out at the
injection frequency. By comparing these amplitudes to the
ones predicted by Ampere’s law with origin at the coil
location we found a systematic discrepancy of 11.85+
0.45%, with the predicted magnetic field being larger than
the measurements from the magnetometers. This system-
atic discrepancy can have many origins. For the magnetic
field prediction, we are assuming a perfect alignment of
both the coil and magnetometer, as well as no tilts. In
reality, during both manufacturing and integration of the
magnetic diagnostics items (coils and magnetometers) there
are unavoidable mechanical tolerances. Furthermore, the
launch itself adds more uncertainty on the relative distance
and tilts between the diagnostics items, being this a
systematic error that is difficult to quantify a priori. All
the effects combined can add up to the value reported. Since
the magnetometer accuracy is 0.5%, we assume that the
mismatch originates in the generation of the magnetic field
by the coils and we apply this correction to all the
calculated magnetic field values that intervene in all the
equations derived in the previous section, redefining them
for simplicity, i.e. BAC = 0.8815(B4°).

A. Remanent magnetic moment

The estimate of the remanent magnetic moment is obtained
through the dependence with the 1w component of the force
expressed in Eq. (10) together with the approximation of
Eq. (11), that we recall here for convenience:

. 24V
Fl(u,x = |:Mr,x + KB?C:| vaﬁc-

In order to evaluate this term, during the June 18 run
several injections with different AC field gradients were
applied to the TMs. By doing so we can evaluate the term in
brackets above at different values of the gradient V B4C.
This is shown in Fig. 3 where we display how the 1w
component of the force changes depending on the intensity
of the injected AC magnetic field gradient, for fixed DC
offsets. Each result in the plot represents an injection
at 5 mHz with AC amplitudes applied to the coil of
A€ =0.5,0.8,1.0, 1.5 mA.

As explained in Sec. III B, by running the experiment
at different DC levels we can further disentangle the
dependencies of the parameters inside the brackets and

Fru,x [pN]

—120 ~100 ~80 ~60 —40
VBAC [uT/m]

DC=020mA} DC= -0.10 mA

DC=0.10mA  DC= -0.20 mA$

{ DC=150mA¢
t DC=075mA¢

DC =-0.75 mA
DC =-1.50 mA

FIG.3. F 1o 0N TM1 as a function of the applied AC magnetic
field gradient. The different colors correspond to fixed DC values
of the injected signal.

obtain the estimate for the remanent magnetic moment.
Table I gathers the linear fits to the results that we also show
in Fig. 4. The offset parameter corresponds to the remanent
magnetic moment of test mass 1 in the x direction,
M, = (0.140 £ 0.138) nAm?. The slope parameter is
directly related to the magnetic susceptibility at lw.
However, the values that were used for DC offsets of
+0.1, 0.2 mA came from the injections of April 28 which
were performed at different frequencies (3 mHz), than the
rest at 5 mHz. Thus, to obtain the value of the susceptibility
at 5 mHz, we will use the fit from Fig. 4, but with only the
DC values of +0.75, 1.5 mA giving a result of y5 g, =
(=3.3723 £ 0.0069) x 107>,

Analogously, to obtain M, , and M, ., we demodulate the
amplitudes of the torque measurements around the required
angles and apply Eq. (13) for the respective injected

Meff,X [AmZ]
o
/2

NS o N © ©
N N N N N PN P NS

2u51VBOC [Am?] %1073
FIG. 4. Effective remanent magnetic moment plotted as a
function of the injected DC magnetic field. The result of the
fit, for an equation of the type y = mx + n, is m = (—=3.380 £
0.027) x 107 and n = (0.140 4 0.138) x 10™° Am?.
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TABLE 1. Coeftficients of the fitted lines of Fig. 3 of the type
y = Ax + B. The errors of the fits for /°¢ = £0.1, 0.2 are 0
because there were only two points to fit the line.

IP€ [mA] A [nAm?] B [fN]
1.50 (=31.24 +0.25) (=31 +23)
0.75 (—15.48 +0.15) (=13 £13)
0.20 (=439 +0) (=23 +0)
0.10 (=2.04+0) (—14+0)
—0.10 (2.60 £ 0) (-1.3£0)
-0.20 (5.00 £0) (13+0)
~0.75 (15.58 £ 0.21 (=12 £ 19)
—1.50 (31.09 £ 0.23) (-1.3+21)

magnetic fields. This way, we obtained M, , = (0.178 &
0.025) nAm?> and M, = (0.095+0.010) nAm> which
we will need for the background estimations. Note the
large uncertainty obtained for M, , compared with M, , and
M, .. The difference is due to the different methods used to
extract them. The former is calculated indirectly as the
offset of the linear fit of the slopes of the force at 1w while
the other two components of the remanent magnetic
moment are calculated directly from the measured torques
along 7 and ¢. Rotations along 6 would have allowed a
more precise value for M, , but the interferometric system
is not sensitive along such axis as it is aligned with the laser
beam. The results lead to a total remanent magnetic
moment of: |[M,| = (0.245 + 0.081) nAm?.

B. Background magnetic field

The induction of forces in the test mass by means of the
controlled injection of magnetic fields allow the determi-
nation not only of the test mass magnetic parameters but
also of environment parameters that contribute to the
magnetic force, which is the case of the background

4+ AC=15mA

BPC[uT]

FIG. 5. F pcx on TMI1 as a function of the injected DC
magnetic field together with their respective fits to an equation
of the type y = Ax?> + Bx + C. The different colors correspond to
fixed AC values of the injected signal.

TABLE II. Coefficients of the fitted parabolas of Fig. 5 of the
type y=Ax>+Bx+C.

A€ [mA] A [N/T?](1072) B [N/T](107%)  C [N](107'?)

L5 (5.99+0.11)  (-0.67+£0.39)  (1.047+0.025)
1.0 (6.003£0.025)  (0.26540.089) (0.4948 £0.0058)
0.8 (5.64+0.16)  (-=1.73£0.58)  (0.323+0.038)
0.5 (5.50+£0.22)  (-2.46+0.79) (0.144+£0.052)

magnetic field in the test mass position. We emphasize
here that this is the way to estimate of this parameter since
the magnetometers are located too far away from the test
masses to guarantee a precise estimate of this variable.

In order to do so we evaluate Eq. (14) using the injections
of June 18, 2016. We express the information provided by
these runs by displaying the DC component of the
measured force as a function of the DC component of
the applied magnetic fields. As predicted, we obtain the
parabolas in Fig. 5 for different values of the AC amplitude
from where we derive the parabola coefficients of Table II.

As derived from Eq. (14), the A coefficient provides a
direct estimate of the magnetic susceptibility

SR

which, in contrast with other alternative estimates, is not
dependent of the injection modulation frequency. The value
obtained using Eq. (15) is ypc = (=3.35 £0.15) x 107.

With two remaining terms, B and C, we can build a
system of equations, being the two unknowns the param-
eters that define the background magnetic field in the test
mass position, i.e. Byt and V, Bygcr

xV 1
C= M+vaback,x +% |:3Bback,xvaback,x +§B?Cva?C ’

M \%4 B
B= ’:X +)/Z_0 |:vaback,x + b(;:kvxj| . (16)

Solving this quadratic system of equations, we obtain an
expression for the background magnetic field and its gradient
in the x direction at the location of the TMs that we can
evaluate for each of the four fit values. From the two
mathematically available solutions we select the one closer
to the estimates of the magnetic field and field gradient
obtained during on-ground characterization of the spacecraft,
which were 267 nTand —7575 nT/m, respectively [16]. The
values that we obtain for the in-flight estimates are By, , =
(414 £74) nT and V, By, = (=7400 +2100) nT/m.

C. Magnetic susceptibility

We have already estimated the test mass magnetic
susceptibility as a by-product of the estimate of the
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TABLE III.  Susceptibility values of both TMs obtained at 2w
using Eq. (9) for all the injection frequencies.

Frequency [mHz] X (107%) vz (107)
DC (=3.35+0.15) e

2 (—3.43 £ 0.58) (—4.0£2.3)

5 (—3.3723 4+ 0.0069) e

6 (—2.65 £ 0.62) (—2.64 +£0.92)
10 (-3.35+0.12) (—3.833 £ 0.057)
30 (—4.73 £ 0.34) e

remanent magnetic moment and the background magnetic
field and field gradient.

The DC value of the susceptibility, that is the frequency
independent part, was obtained in Sec. IV B and the value
of the susceptibility at 5 mHz was measured in Sec. IVA.
The rest of the measurements of the magnetic susceptibility
of the TMs have been obtained using the 2w component of
the force and Eq. (9). These values correspond to twice the
frequency at which the injection was performed. The results
of the susceptibilities can be seen in Table III with the value
of the frequencies at which they correspond. Using all the
injections, from the three different magnetic experiments
runs, the frequencies that could be calculated for the
magnetic susceptibility were 2, 5, 6, 10 and 30 mHz. In
coil 2, for TM2 results, only the injections from the 29th of
April were performed, which were at frequencies 1, 3,
5 mHz meaning that only three susceptibility values could
be obtained at twice their frequency.

According to [17], the AC magnetic susceptibility of
LPF TMs can be approximated at low frequencies as

—iwrt,

_—, 17
1+iwrt, (17)

x(@) = ype +
where y is the frequency independent term of the suscep-
tibility and with 7, being the magnetic susceptibility cut,
i.e., the frequency at which the real and imaginary part
of the magnetic susceptibility have the same value. For
LPF, this value was measured on-ground to be 7, =
(27630)~! Hz™! [18].

If we now plot the measured values of the magnetic
susceptibility for TMs 1 and 2 along with the curve in
Eq. (17), we obtain the plot shown in Fig. 6. We can see that
all magnetic susceptibility results from Table III are
compatible within their uncertainty ranges as predicted
from Eq. (17), except for the one at 30 mHz. There were
only three signal injected at 15 mHz, which had a low SNR
and, also, showed an unexpected linear drift that had to be
subtracted. We think this explains the systematics affecting
the demodulation of its second harmonic at 30 mHz. With
respect to the results for TM2, we computed them for
completeness but we recall that coil 2 suffered a malfunc-
tion at the beginning of operations which could explain the
systematic error observed in the derived parameters.

0.0

—— Model
-4- TM2
—0.2 -4- TM1
__—0.44
=
: ;
—0.6 21
s TN S
\\
Y
_0.8_

-1.04{ 1073 1072 1071

10 102 10! 10° 10! 10 10° 104 105 106
Frequency [Hz]

FIG. 6. Magnetic susceptibility of both test masses at different
frequencies together with the model predicted by Eq. (17).

The results shown were obtained by heterodyne demodu-
lation of the Ag signal with a sinusoidal signal in-phase.
However, if we made the latter be out of phase by z/2
one would expect the amplitudes measured by this method
to be zero only if there were no imaginary component.
Thus, the imaginary susceptibility can be obtained
demodulating at 2w, in quadrature. In the frequency regime
that we are working in, this value is expected to be orders of
magnitude smaller than the real susceptibility. The results
that we obtain for the imaginary susceptibility at 10 mHz
were consistent with zero, y; = (0.0 + 1.8) x 1076, With
the limits determined by the force sensitivity of the
demodulation around the tenths of femtoNewtons. Thus,
we can only confirm that the values of the imaginary
susceptibility of the TMs are below |y;| < 1.8 x 107 at
10 mHz. At the rest of frequencies the result gave a less
precise upper bound for the imaginary susceptibility.

Finally, we can evaluate the prediction of our force
model from Eq. (7) in comparison with the measured
acceleration during injections by making use of the
extracted magnetic parameters within this article. To do
so, we have selected a single injection from all the ones of
June 18, 2016 with a DC offset of 0.75 mA and an AC
amplitude of 1.5 mA. We have used these values for the
corresponding magnetic field DC and AC calculations
together with the magnetic parameters found in the
previous sections and substituted into Egs. (8). The results
can be seen in Fig. 7 where, together with the total model
force, we can see plotted the different force contributions
Fpc, Fy, and F,,. The predicted force and the data
match with a residual difference between them of
(0.041.9) x 10713 N. Due to the presence of a linear
drift within the data originated from the desynchroniza-
tion between the clocks of the LPF measurement systems,
one for the diagnostics and a different one for the optical
metrology system, we are able to observe a leftovers
signal within the residual data.
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FIG. 7. Detrended force segment of the June injections at
IP€ = 0.75 mA and I = 1.5 mA compared with the predicted
force model together with the three contributions at different
frequencies. Below we can see the residual between the mea-
surements and the theoretical prediction.

V. CONCLUSIONS

The work in this paper presents the most detailed
characterization of the magnetic-induced coupling on
free-falling test masses in the context of gravitational wave
detection in space. The results and method showed here
were originated in the framework of the LISA Pathfinder
mission. As a technology demonstrator, LPF represented a
unique opportunity for an in-depth description of these
effects, which can be directly transferred to LISA and
future space-borne gravitational wave detectors.

In our results, we obtain the magnetic parameters defining
the response of the free-falling test masses under an external
magnetic field. According to our measurements, the test mass
remanent magnetic moment does not show any privileged
direction, which is in agreement with the hypothesis of an
isotropic, diamagnetic test mass. We have found the value of
its modulus to be: [M,| = (0.245 4- 0.081) nAm?, a result
with much better precision than any other on-ground tests
and also below the mission requirements of M| < 10 nAm?.
The background magnetic field, By ., = (414 £ 74) nT,
and its gradient, V By, = (—=7400 £ 2100) nT/m, cal-
culated at the location of the TMs are in agreement with the
values predicted by [16]. Moreover, the gradient is also below
the worst case scenario predicted by [19] which estimated a
value of V, By, = —11300 nT/m. The TMs magnetic
susceptibility results follow the model predicted by [17] and
they are also within the same magnitude when comparing the
on-ground estimations for the DC magnetic susceptibility
with values around —2.5 x 107> [20] with our in-flight DC
prediction for the magnetic susceptibility, ypc = (—3.35 £
0.15) x 107 and the most precisely characterized at 5 mHz
of ys muz = (—=3.3723 £0.0669) x 107>, Finally, the value
of the imaginary component of the magnetic susceptibility of
the TMs has been set to an upper bound at 10 mHz such
that: |y;| < 1.8 x 1076,

These in-flight results have been acquired with preci-
sions not achieved before with on-ground measurements.

They will be of great relevance for the design of future
missions with similar technologies to the ones used in
LPE.
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APPENDIX A: MAGNETIC FIELD
CALCULATION

When the magnetic field is created by an induction coil,
such as the case in Fig. 1, the laws of classical magnetic
theory can be applied to obtain formulas which produce the
values of the field and its gradient at any position in space.
For slowly varying coil currents and short distances,
radiative effects can be neglected.

The system has axial symmetry, hence only parallel (B,)
and transverse (B,) components of the magnetic field are
different from zero. Their analytical expressions can be
calculated by means of Ampere’s induction laws by
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assuming a coil of negligible thickness and a wire winding
of N turns. The result involves elliptic integrals of the first
[K(k)] and second kind [E(k)]. This numerical analysis
does not take into account mechanical tolerances in
the manufacturing and assembly; displacements and tilts
induced during launch and in-orbit operations or the
implicit calibration of the coil.

1. Elliptic integrals

For the calculation of the average of the magnetic field
and its gradient inside the TMs volume we discretized it
into 177 parts in all directions, involving the calculations
of B and VB in a grid of 177° points homogeneously
distributed. For each point within the grid cell of the TM,
the elliptic functions K (k) and E(k) can be evaluated there.
The equations to compute are the following, and they
should be evaluated in the specified order

p? =y + 7% (A1)
4ap
B=a—, A2
x>+ (a+p)? (A42)
/2
K(k) = / (1 — K%sin’gp)~"2dg, (A3)
0
/2
E(k) = / (1 — k%sin’g)'?dg, (A4)
0

where X, y, z are the cartesian coordinates of the grid cell
under calculation with respect to the coil center point, a is
the coild radius, p is the radial distance in cylindrical
coordinates and ¢ is the azimuth angle in cylindrical
coordinates.

2. Magnetic field components

The off-axis magnetic field components induced by the
coil can be found to be

B,(x.p) = A, ﬁ%F(k), (AS)
B.(x.p) = A~ PG(K) =B (x.p).  (A6)
where
L= Z—Z% (A7)
A, = gAp, (A8)
F(k) =k 11__"142 E(k) — K(k)], (A9)

k3
1ok

G(k) E(k). (A10)

From the Ilatter equations it is easy to derive the
components of the magnetic field in their Cartesian
components

y y
B,=~B,=——-B,, (A11)
y p 14 /y2+Z2 14

Z Z
B,=-B, =————B,. (A12)
Copt Vy2 "’

3. Magnetic field gradient components

Analytical functions for the gradients can also be
calculated. Thanks to the symmetry of the system only 5
components out of all 9 possibilities need to be calculated

% =Ap~3? {F(k) - %1& %] . (A13)
aal;”: ,,pf/z[—;F(k) x2+82;_p2k3F$)], (Al14)
where

G(k) K {4—2k2

dk  1-K|1-r E(k)—K(k)]. (A17)

Finally, we can compute the remaining gradient compo-
nents by the formulas

%:g%, (A18)
aaliz:;‘zifg (A19)
%\’ _ z_iaa_if’ ;—23/,, (A20)
%:ié(%_%&,). (A21)
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0B, 0B, y?

95; _ 295 A22
oz p*ap p (A22)

I

The averaged values obtained for a current value of 1 mA
are: (B,) =4.465 uT, (B, ) = 0327 T, (0B,/0x) =
—99.500 pT/m, (0B,/dy,z) = 30.119 nT/m. Hence, the
induced field can be considered to only have x components
at the TMs for both the magnetic field and its gradient as the
other ones are negligible. Moreover, we note that there is a
linear proportionality between (B, ) and (B, /0dx) such that
(B,) = k(0B,/ox). This gives a value k = —0.04487 m for
the location of the TM with respect to the coil (considering
its entire volume) which is independent of the induced
current through the coil and only depends on the coil
dimensions and the distance to its center point. This
constant factor can be determined analytically for the
simpler on-axis magnetic field of a coil

uoNIa?
B = 5B (A23)
9B, (x) N1
ax 2(x% + a?)%/? . (A24)
2, 0
k=B _ v ra (A25)
0B, /ox 3x

but is harder when involved with elliptic integrals. Thus, we
simply determined its value numerically by considering
different currents and distances and we obtained a numeri-
cal error many orders of magnitude below: 107'°,

APPENDIX B: MAGNETIC TORQUE

From Eq. (5b) we can obtain the torque along the three axis
of the TM: 6, i and ¢p. However, LPF interferometric system
i1s not sensitive to rotations around the x axis since itis the one
aligned with the laser beam (thus, such given rotations do not
affect the distance x between both TMs so we cannot observe
them with the Ag). Hence, we will only be able to extract
information from the two remaining terms N, ;. Without loss
of generality, we will analyze N, in detail as the same can be
done for the other one. For simplicity, assume the induced
magnetic field is only composed of an AC term such that
B = BACsin(wt), then

Nn = <Sin(wt) (mr,zB?C - mr,xBlqu» + <[rzgx - er'zD’
(B1)

where

Q = (m, - V)BA€ sin(wr)

e (1 - cos(2a)t)> (BACY)BAC,  (B2)
Ho 2

we note that the torque can have a component at twice the
injected frequency, 2w. In the previous section we saw that
the only non-negligible component of the induced magnetic
field BAC is in the x direction. Thus, in the first term of
Eq. (B1) the component proportional to B4€ can be removed.
Furthermore, we can see that the z component of Q, Q_,
depends on B¢ meaning that it will equal zero as well.
Finally, the element that depends on r, cannot be canceled so
easily but note that we are integrating over the TM volume
meaning that r, will take opposite signs due to the symmetry
of the system thus, averaging to zero. The same will be true
for ry (but not for r,, this component disappears thanks to
Q). We are left with

N, = (m, .BA) sin(wr). (B3)
The same can be done for N,
N, = (-m, ,B{) sin(wr). (B4)

This derivation also holds true if the induced magnetic
field includes some background or DC components. This
will result on the torque being composed of both a DC term
and another one proportional to 1w

N = Npc + Ny, (B5)

where
Npc = (m; x By), (B6a)
Ny, = (m, x BA€) sin(wt). (B6b)

APPENDIX C: MAGNETIC EXPERIMENTS

In Tables IV-VII we list the magnetic experiments
during LISA Pathfinder operations together with the
parameters used to command the coils on-board. DOY
stands for day of year and f refers to the injection frequency
of the current applied to the coil.
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TABLE IV. 1st set of injections, in coil 1 (April 28, 2016). TABLE VI. 3rd set of injections, in coil 1 (June 18, 2016).
DOY  f [mHz] IP¢ [mA] IAC€ [mA] Duration [s] DOY  f [mHz] 1P [mA] IAC [mA] Duration [s]
119 5 -0.2 1.0 1000 170 5 +1.5 1.5 4000
119 5 -0.1 1.0 1000 170 5 +1.5 1.0 4000
119 5 0.00 1.0 1000 170 5 +1.5 0.8 4000
119 5 +0.1 1.0 1000 170 5 +1.5 0.5 4000
119 5 +0.2 1.0 1000 170 5 +0.75 1.5 4000
119 3 -0.2 0.5 1000 170 5 +0.75 1.0 4000
119 3 -0.1 0.5 1000 170 5 +0.75 0.8 4000
119 3 0.00 0.5 1000 170 5 +0.75 0.5 4000
119 3 +0.1 0.5 1000 170 5 0.00 1.5 4000
119 3 +0.2 0.5 1000 170 5 0.00 1.0 4000
119 1 0.00 0.1 20000 170 5 0.00 0.8 4000
170 5 0.00 0.5 4000
170 5 -0.75 1.5 4000
170 5 -0.75 1.0 4000
170 5 -0.75 0.8 4000
TABLE V. 2nd set of injections, in coil 2 (April 29, 2016). 170 5 -0.75 0.5 4000
170 5 -15 15 4000
DOY  f[mHz]  I°¢ [mA]  [%¢ [mA]  Duration [s] 170 5 -1.5 1.0 4000
120 5 e 0 1000 170 5 -15 0.8 4000
120 5 0.00 1.0 1000
120 5 +0.1 1.0 1000
120 5 +0.2 1.0 1000 TABLE VIL  Last set of injections, in coil 1 (From March 14,
120 3 —0.2 0.5 1000 2017 to March 16, 2017).
120 3 -0.1 0.5 1000
120 3 0.00 0.5 1000 DOY  f[mHz] I [mA]  I%¢ [mA]  Duration [s]
120 3 +0.1 0.5 1000
120 | 0.00 01 20000 74 15 +0.5 0.07 75000
75 15 +1.0 0.07 75000
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