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Abstract: Speckle effects particularly impact the performance of compact lidars. The surface 6 
roughness and slope spread a received laser pulse to contain Mt temporal speckle cells, 7 
distorting the pulse shape and degrading the centroid-based time-of-flight (ToF) estimation. 8 
Laser spectral broadening from repeated phase modulation increases Mt and improves the ToF 9 
estimation when the surface is significantly rough, but degrades the ToF estimation 10 
moderately when the surface is smoother. The solar background and dark noise contributions 11 
can be reduced by weighting the waveforms. Line-fitting and plane-fitting to multiple return 12 
waveforms are analyzed for precision retrievals of the range rate, slope and range.  13 
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1. Introduction 15 

Future space missions call for more compact and efficient lidar instruments, preferably on 16 
smaller spacecrafts for cost savings. Such lidars can measure the time of flight (ToF) of laser 17 
pulses and the return laser pulse energy, to map the surface in 3-D and retrieve various 18 
unknowns (e.g., the surface reflectivity). High efficiency is sought to achieve greater 19 
coverage with better precision for the same power constraint. It is also highly desirable to 20 
reduce the laser footprint size on the surface for higher spatial resolution. However, 21 
illuminating an optically rough surface with a narrower laser beam leads to larger spatial 22 
speckle size on the receiver telescope. Using a smaller receiver telescope on a smaller 23 
spacecraft further reduces the number of spatial speckle correlation cells Msp falling on the 24 
receiver telescope, and thus further increases the speckle noise [1]. The speckle noise 25 
degrades the performance of compact lidars that use narrow laser beams and small receiver 26 
apertures (such as compact 3D imaging lidars for autonomous vehicles). 27 

The relative variance of the return laser pulse energy arising from the speckle noise is 28 
~1/(MspMt) where Mt is the number of temporal speckle correlation cells of the received pulse 29 
and can be increased by laser spectral broadening [2, 3]. The return laser pulse energy 30 
measurement can thus be improved by increasing Msp [1] and broadening the laser linewidth 31 
[2]. The optimal time-of-flight estimation is the maximum likelihood (ML) estimation that 32 
requires prior knowledge of the mean received pulse shape. However, the surface profile is 33 
often not known and the prior knowledge of the mean received pulse shape is not available. 34 
Although suboptimal, the ToF can be estimated from the centroid of the received pulse 35 
without requiring knowledge of the pulse shape. Such centroid-based ToF estimation is nearly 36 
optimal for Gaussian pulses in the shot-noise limited case [4]. In this paper, we analyze 37 
speckle effects on the centroid-based ToF estimation for a waveform lidar that transmits laser 38 
pulses to the surface and directly detects the return pulses with a linear photon detector. Such 39 
a waveform lidar can detect multiple photons simultaneously with single photon sensitivity by 40 
using a nearly noiseless HgCdTe avalanche photodiode (APD) detector [5] to achieve close to 41 
shot-noise limited performance. 42 

The impact of spatial speckles on the centroid-based ToF estimation has been thoroughly 43 
analyzed [4, 6-8], based on a time-resolved treatment of Gardner for large Msp [6]. However, 44 
this treatment discounts the speckle noise reduction from the laser spectral broadening, in 45 
disagreement with experimental results [2, 3]. In this paper, we extend Gardner's treatment to 46 
include the effects of wavelength diversity for the ToF estimation as well as the pulse energy 47 



estimation (see section 2). We quantify speckle effects on the ToF estimation for spectrally 48 
broadened laser pulses. To our best knowledge, this work has not been reported previously. 49 
Unlike Gardner's treatment, our results remain valid for small Msp (hence relatively smaller 50 
lidar footprints and receiver telescopes). It is often desirable to employ fiber laser amplifiers 51 
with relatively small fiber cores to increase the wall-plug efficiency. However, the laser 52 
lineshape tends to be broadened due to non-linear effects in such small core fibers. Our results 53 
in section 3 confirm that such spectral broadening increases Mt and improves the pulse energy 54 
estimation. We further show that such spectral broadening improves the ToF estimation when 55 
the surface is significantly rough, but degrades the ToF estimation by a tolerable amount 56 
when the surface is smoother.  57 

When the laser linewidth is broadened by repeated phase modulation, Mt is the number of 58 
coherent intervals contained within a correlation interval of the received pulse. For phase-59 
noise-induced laser spectral broadening, a similar interpretation of Mt has been derived when 60 
the received laser field is averaged over an ensemble of uncorrelated speckle patterns for each 61 
laser phase noise realization [9]. In section 4, we show that this latter interpretation is not 62 
applicable to practical lidar applications where such hypothetical laser field averaging does 63 
not occur. Section 5 quantifies the impact of a surface slope on speckle effects. Effects arising 64 
from other practical noise sources, including solar background, receiver circuitry, detector 65 
dark current, and receiver response jitter are also summarized.  66 

For lidar navigation, the relative speed of the lidar to the target can be derived from the 67 
range rate. For 3-D imaging lidars, the range and surface gradient can be retrieved by plane-68 
fitting to lidar returns from laser footprints within a surface area. In section 6, the speckle 69 
effects are included to quantify the precision of range rate estimation from multiple pulses 70 
and the precision of the plane-fitting. More considerations for the lidar system are discussed 71 
in section 7, and further details are provided in the appendix.  72 

2. Treatment of received signal 73 

In this section, we summarize and extend the treatment of Gardner [6]. The geometry of the 74 
lidar and an optically rough surface are illustrated in Fig. 1 (left) and direct detection receiver 75 
model is shown Fig. 1 (right). To account for laser spectral broadening, we include a phase 76 
modulation (PM) to the field ( , )Tu tr  of the laser beam at the transmitting aperture 77 
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where ( )m t represents the deterministic phase modulation that is synchronized to the 79 

amplitude modulation (AM) | ( ) |a t , ( , )x yr  is the transverse coordinate vector, 0 0/c   80 

the mean laser frequency, 0  the mean laser wavelength, and c the speed of light. Here the 81 

pulse intensity waveform is normalized (i.e., 
2

( ) 1a t dt



 ) with a rms width of .a  The 82 

effects of random phase noise is discussed in section 4. For lidar applications of interest, the 83 
random laser phase noise is relatively small and its speckle effects are negligible. The 84 
transmitted laser beam is scattered back to the receiver by an optically rough surface at a 85 
distance z with a surface profile ( )l ρ  where ( , )x y ρ  is the transverse coordinate vector 86 

on the surface. ( )l ρ  can be expressed as ( ) ( ) ( )l   ρ ρ ρ  where ( ) ρ represents the 87 

macrostructure of the surface profile and ( ) ρ  the zero-mean random microstructure with a 88 

rms value larger than the laser wavelength 0.  The laser field is assumed to be polarized and 89 

the results can be extended for field with arbitrary degree of polarization [9]. Throughout this 90 
paper, x  represents the ensemble average of x and x x x     denotes the deviation from 91 



the mean x . The mutual coherence function 1 1 2 2 1 1 2 2( , ; , ) ( , , ) ( , , )aJ t t u z t u z tr r r r  of the 92 

received optical field ( , , )u z tr  at the receiving aperture becomes (ignoring some phase 93 

factors) 94 
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where ( , )ia zρ  is the complex amplitude of the laser field impinging on the target surface, aT96 

the one-way atmospheric transmittance, r  the averaged surface reflectivity (in sr-1), 97 

   22 / 2 ( )c z     ρ  is a time delay that varies with surface location .ρ  Eq. (2) is 98 

arrived by neglecting the spatial correlation interval of the surface height that is typically less 99 
than 0.1 mm [1]. It can be shown that Eq. (2) remains valid as long as the broadened 100 

linewidth of the transmitted laser pulse is much smaller than / Tcz A  and 0 /T RA A , where 101 

TA  and RA  are aperture areas of the transmitter and receiver, respectively.  102 

 103 
Fig. 1. (left) Geometry of the lidar and surface target for normal incidence; (right) Block 104 
diagram of the direct detection receiver for the pulsed waveform lidar.  105 

As illustrated in Fig. 1 (right), the returned photons are collected by a receiving telescope 106 
and detected by a linear analog detector, such as an APD, with a mean gain of Me and a 107 
excess noise factor of Fe. The amplified photocurrent i(t) from the detector is further 108 
amplified by a transimpedance amplifier (TIA). The voltage output v(t) of the TIA is 109 
subsequently digitized and processed to retrieve the ToF, pulse energy and other unknowns. 110 
v(t) = vs(t) + vbgd where vs(t) arises from the signal photons and vbgd arises from the solar 111 
background radiation and the detector dark noise (including the detector dark current and 112 
circuitry noise). The signal voltage ( ) ( ) ( )s sv t t h t   is a convolution of the received signal 113 

photon rate ( )s t  and the receiver impulse response ( )h t . det( ) ( ) ( )Th t h t h t   is a 114 

convolution of the detector impulse response det ( )h t  and the TIA impulse response ( ).Th t  The 115 

total receiver gain is denoted as ( ) ,G h t dt



   the impulse delay as 116 

( ) ( ) ,h h t tdt h t dt
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Denoting an estimation of ( )sv t  as ˆ ) ( ) ( bgdsv t v vt  , we estimate the ToF of the laser pulse, 118 

denoted as sT , from the centroid of ˆ ( )sv t . t = 0 is set at the centroid of the transmitted pulse 119 

2
( )a t  so that 

2
( ) 0.t a t dt




  120 

The mean received photon rate ( )s t  is   121 
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where 2 2 2
2 ( , ) ( , ) | / | ( , ) |i ib z a z d a z ρ ρ ρ ρ  is the normalized beam intensity incident onto the 123 

surface, ( )w r  the intensity transmittance of the receiver aperture that equal to 1 for r inside 124 

the aperture and zero otherwise, 0/ ( )h   is proportional to the detector quantum 125 

efficiency η and h is the Planck constant, and  2 2 2 2( ) / | ( , ) |s s a r R iK t dt T A z d a z  



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is the expected number of detected signal photons per pulse. The covariance | 1 2( , )
s

C t t   of 127 

( )s t  (conditioned on a given surface macrostructure ( ) ρ ) can be expressed as [6] 128 

 2 2 2 2
| 1 2 1 2 1 1 2 2 1 2( , ) | ( , ; , ) | ( ) ( ).
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Eq. (4) is valid when the received field remains to be a circular complex Gaussian process, 130 
which is the case despite the repeated AM and PM modulation (see section 4 for details). We 131 
now extend Gardner's treatment without making further approximation. From Eq. (2), we 132 
arrive at  133 
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where  2 2
1 0 1( ) ( )exp 2 / ( ) ( )wF d w j z d w     ρ r r ρ r r r represents the normalized 135 

Fraunhofer diffraction pattern of the receiving aperture [1]. For a uniform circular aperture 136 

with a radius of ,RR  
2

( )wF ρ  is a Airy pattern with most of its power contained within its 137 

first zero 00.61 / .Rz R    The covariance | 1 2( , )
svC t t of the signal voltage ( )sv t  becomes 138 
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In Gardner's treatment, ( )  ρ ρ and 2 ( , )b z ρ ρ  are in effect approximated by ( ) ρ and 140 

2 ( , )b zρ  for large Msp, thus the surface height fluctuations  ( / 2 ) ( ) ( )c    ρ ρ ρ  are 141 

neglected. However, the Airy patterns for practical lidars are much larger than the 0.1 mm 142 
correlation interval of the surface height fluctuations so that  ( / 2 ) ( ) ( )c    ρ ρ ρ  143 

are not negligible.  144 

3. Estimation of time of flight and pulse energy 145 

The received laser pulse energy is proportional to the integral of the received signal vs(t)  146 

 0 | ( ) .s sm v t dt K G



   (7) 147 

The variance of 0 |m   arising from the signal ( )sv t  can be calculated from Eq. (6): 148 
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where ( ) *( ) ( )a d a a      


 
      is a normalized autocorrelation of the laser pulse 150 

modulation ( ),a t  and the time delay ( ) ( )      ρ ρ ρ  arises from the surface height 151 

difference ( ) ( ).      ρ ρ ρ 2 / c     for a narrow laser beam. Assuming a 152 

Gaussian laser lineshape 
2

( ) ( )a aL f F f  where ( )aF f represents the Fourier transform of 153 

( ),a t
2

( )a    is also Gaussian as given below 154 
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where 2a is the standard deviation of 
2

( ) .a    2 1 / (2 2 )a a    where a  is the 156 

standard deviation of the laser lineshape ( ).aL f  To gain some physical insight, we assume 157 

hereafter the surface height profile is a stationary and ergodic random process. Consequently, 158 
the average of   over the laser beam footprint can be evaluated by means of an ensemble 159 

average. The unconditional 0Var( )sigm can be obtained by averaging 0Var( )sigm   over an 160 

ensemble of surface profile ( ) ρ : 161 
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where 
2

0 1 ( )t aM    is the number of temporal speckle cells arising from the surface 163 

roughness and laser spectral broadening, 
221 ( , ) ( )sp bb wM d R z F    ρ ρ ρ  is the number 164 

of spatial speckle cells [1] and 2
2 2( , ) ( , ) ( , )bbR z d b z b z   ρ ρ ρ ρ ρ is a normalized 165 

autocorrelation function of the laser intensity on the surface. The first term of 0Var( )sigm  166 

arises from the signal photon shot noise and APD gain noise, and the second term from 167 
speckle-induced photon flux fluctuations. As to be shown in section 5, spM  is approximately 168 

the ratio of the receiver aperture area to the speckle correlation area when 1.spM   We 169 

further assume the surface height ( ) ρ  is a Gaussian process with negligible correlation 170 

between ( )  ρ ρ  and ( ). ρ  Consequently,   is also a Gaussian process and 171 
2 22 .     0tM  then becomes  172 

 
2

1
22

2

0 2 2

(2 / )1 ( )
( ) exp 1 .

22
a

t a

c
M d








  
 


 




  
          

  (11) 173 

0tM in Eq. (11) agrees with Eq. (6.111) in [2] and 0tM = 1 when the surface height 174 

fluctuations are negligible. 175 

The phase delay 4 ( ) / ρ  of each tiny surface scatterer changes by 2 when the laser 176 

frequency is changed by / (2 ( )).c  ρ  Correspondingly, the speckle pattern decorrelation 177 



occurs when the laser frequency is changed by / (2 )c   [2]. Consequently, broadening the 178 

laser lineshape increases 0.tM  To increase 0tM  to 2  for a rough surface of    5 mm, 179 

for example, the FWHM laser linewdith needs to be broadened to 4 GHz (13 pm for 180 

0 1μm).   Further interpretation of 0tM  is deferred to section 5. 181 

We now turn to the ToF estimation. The mean ToF for a given ( ) ρ is [6] 182 
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2 2( ) ( , ).d b z   ρ ρ ρ  Here the mean receiver response 184 

delay h  contributes to sT   and the optical ToF is .s hT    2
i is negligible for a narrow 185 

laser beam. The expected value of the mean square pulse width 2
s  is given by [6]: 186 
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The unconditional variance Var( )sT  of sT  is the sum of three terms: Var( | )s sigT  arising 188 

from noise in the signal vs(t), Var( )s bgdT from the noise in vbgd, and Var( )s jitterT  from the jitter 189 

of the receiver response delay .h  The latter two terms will be incorporated in section 5.190 

Var( | )s sigT  is  191 
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where ( ) *( ) ( )taaR d t ta t a t  
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       is a cross-correlation function between ( )ta t  193 

and ( ),a t  and ( ) | .h sT     ρ  2 ( ) / ( )h hc     ρ  for a narrow laser beam. The 194 

receiver response jitter ( )h h   is neglected for now and will be included in section 5. 195 

Evaluating ( )taaR   also requires knowledge of the phase modulation, in addition to the 196 

lineshape ( ).aL f  We assume the following chirped Gaussian pulse to approximate the laser 197 

self phase modulation, to provide physical insight: 198 
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where ak  is the rate of the linear frequency chirp. This pulse has a Gaussian lineshape ( )aL f200 

and 2 2 2
2 21/ 1/ (2 ) 1/a a pm      where 2 2
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modulation. With the AM modulation ( )a t  alone, 2 2 .a a  Averaging Var( | )s sigT   202 

over an ensemble of surface macrostructures ( ) ρ , we arrived at  203 
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For normal incidence,  ( ) ( ) *( )a taa taaR R         can be neglected because both 205 

factors   and  ( ) ( ) *( )a taa taaR R         are approximately zero. Assuming ( )a t is 206 

nearly symmetric,  ( ) ( ) *( )a taa taaR R         becomes an odd function of   and thus 207 

averaged to zero.   depends only on ρ  and is uncorrelated to    so that   and 2( )  208 

are averaged separately. For normal incidence, Var( )s sigT  is found to be  209 

    2 22
2 02

3
0 0

1(2 / )
Var( ) 2 / .

2

t ae
s sig a

sp t sp ts

McF
T c

M M M MK





 

      
  (17) 210 

Setting Mt0 = 1, Eqs. (10) and (17) are reduced to Gardener's Formulas [6] where the 211 
contribution of ( ) ρ  to Mt0 is neglected. Further explanation of Eq. (17) is deferred to 212 

section 5. 213 

4. Effects of random laser phase noise  214 

The laser spectral broadening from a random phase noise can be included by multiplying 215 
( , )Tu tr in Eq. (1) with exp[ ( )]nj t  where the phase noise ( )n t  is assumed to be a wide-216 

sense stationary random process. Thus the autocorrelation function 217 

2 1( ) exp[ ( ( ) ( ))]n n nj t t      depends only on the time difference 2 1.t t    The mutual 218 

coherence function of the received optical field ( , , )u z tr  can be obtained by replacing 219 

1 1 2 2( , ; , )aJ t tr r with 2 1 1 1 2 2( ) ( , ; , )n at t J t t  r r in Eq. (2). When the underlying field remains to 220 

be a circular complex Gaussian process, Eq. (4) remains valid provided that 2
1 1 2 2| ( , ; , ) |aJ t tr r  221 

is replaced by 2 2
2 1 1 1 2 2| ( ) | | ( , ; , ) | .n at t J t t  r r  For analytical convenience, we further assume 222 

( )n t is Gaussian process with 
2

2 2 2| ( ) | exp[ / (2 )].
nn 

      Including such a phase noise, it 223 

can be shown that 0tM  in Eq. (10) becomes 224 
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 (18) 225 

where 
2

2 2 2 2
2 21/ 1/ (2 ) 1/ 1/

na pm         includes the additional spectral broadening 226 

from the phase noise. When 2(2 / ) /c   is negligible, 
2

2 21 2 /
ntn aM


    can be 227 

interpreted as the number of rms laser coherent intervals 
2

2 21 1/ (2 ) 1/
na 

   contained 228 



within a rms correlation interval 2 a  of |a(t)|. Similar tnM  has been shown for a top-hat 229 

pulse (see, for example, section 6.1.1 of [9]). 230 
In deriving Eq. (18), the underlying received field is assumed to be a circular complex 231 

Gaussian process and averaged independently from the phase noise averaging. This requires 232 
the field to be scrambled across an ensemble of uncorrelated speckle patterns during each 233 
phase noise realization. However, this is not the case for practical lidar applications where the 234 
surface profile (hence the speckle pattern) is essentially unchanged during each short pulse 235 
(i.e., each realization of ( )n t ). Thus tnM  given by Eq. (18) is not applicable for such lidar 236 

applications. This can be further explained as follows. When 2(2 / ) /c   is negligible, the 237 

phase noise and phase modulation do not change the phase delay 4 ( ) / ρ  of each tiny 238 

surface scatterer of a surface realization during each short pulse. The phase noise and phase 239 
modulation simply add a phase change ( ) ( )n mt t   to the received field without affecting the 240 

intensity for a surface realization during each short pulse, and thus do not change the 241 
covariance of the laser intensity and hence | 1 2( , )

s
C t t   in Eq. (4). As a result, 0 1tM   rather 242 

than 
2

2 21 2 / .
na 

   243 

The statistics of ( , , )u z tr  observed by a practical lidar can be analyzed as follows. Let 244 

0( , ; ) exp[ 2 ( ) ]u z f j f t  r  represents the received field when the illuminating laser 245 

frequency is 0 .f   ( , ; )u z fr  is a circular complex Gaussian process. The total received 246 

field 0( , , ) ( , , ) exp( 2 )u z t A z t j tr r  is found by integrating 0( , ; ) exp[ 2 ( ) ]u z f j f t  r  247 

over frequency, with the Fourier transform ( )anF f  of ( ) exp[ ( )]na t j t  as the weighting 248 

factor. Thus 249 

 ( , , ) ( , ; ) ( )exp( 2 ) .anA z t u z f F f j ft df



 r r  (19) 250 

With repeated AM and PM modulation, ( )anF f remains unchanged from pulse to pulse for 251 

different surface realizations so that ( , , )A z tr  remains to be a circular complex Gaussian 252 

process. This is because a linear combination of Gaussian variables remains to be Gaussian 253 
and the analytical signal representation ( , , )A z tr  of the zero-mean process is circular [9]. This 254 

is not the case when the random phase noise becomes significant so that ( )anF f  changes 255 

randomly from pulse to pulse for different surface realizations. When ( )anF f  is random, 256 

( , , )A z tr  becomes noisier than a circular complex Gaussian process and Eq. (18) is no longer 257 

valid. For lidar applications of interest, the laser spectral broadening from the phase noise is 258 

relatively small (i.e., 
2

2 2 2
21 / 1 / (2 ) 1/

n a pm    and 2 2 /n c   ) and thus the 259 

effects of random laser phase noise will be neglected in the rest of this paper. 260 

5. Impact of surface slope and additional noise sources  261 

The results of previous sections can be adapted to include the effects of the surface slope if 262 
the shadowing effects can be neglected. Without losing generality, the surface slope shown in 263 
Fig. 2 is along x  direction and the surface height is ( ) tan ( ) / cosx' '     ρ ρ  where 264 

/ cos ( ) tanx x' '      ρ  and  is the slope angle. The surface height difference becomes 265 

/ cos tan .x'          We also assume a Gaussian laser beam profile 266 
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where T  is the half divergent angle corresponding to the rms width of the laser intensity. Msp 268 

will be reduced if the effective target surface is smaller than the laser beam. Replacing  with 269 
', the unconditional mean of Ts becomes 270 

 2 22 1 2
(1 tan ),s h i h T

z
T z

c cz c
          (21) 271 

and the unconditionally expected value of the mean square pulse width 2
s  is [6] 272 

        22 22 2 2 2 2 2 42 / cos 2 / tan tan tan .s h f T Tc c z             (22)  273 

 274 
Fig. 2. Geometry of the lidar and surface target for non-normal incidence. 275 

We now evaluate the impact of surface slope on 0Var( )sigm  and Var( ) .s sigT  For the 276 

Gaussian laser beam, ( , )bbR zρ  is 277 
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The Gaussian probability density of surface height difference '  becomes  279 
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 (24) 280 

2
( )a     in 0Var( )m  now depends on x  due to the slope, as shown below:  281 
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  (25) 282 

where 0tM'  is the same as 0tM  given by Eq. (11), except that   is replaced by / cos .   283 

For analytical convenience, the Airy pattern 
2

( )wF ρ  of a uniform circular aperture can be 284 

approximated by a Gaussian function: 285 
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where 02 / (2 )w Rz R    to preserve 
22 ( ) .wd F  ρ ρ  This in effect replaces the uniform 287 

circular receiver aperture ( ) cir( / )Rw r r R  with a circular Gaussian aperture 288 

 2 2( ) exp 2 / .Rw r r R  With this approximation, spM  becomes 289 
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where the speckle correlation area 2
0sp TA  is the beam waist area of the transmitted 291 

Gaussian laser beam with a waist radius of 0T  0 / (2 tan ).T    This confirms that spM  is 292 

essentially the number of speckle correlation area falling on the receiver aperture area RA .  293 

The relative variance of the received pulse energy is found to be 294 
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 (28) 295 

where 2 22( tan tan ) / .T spz M     Var( )s sigT  is found from Eq. (16) to be  296 
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 (29) 297 

The shot noise contribution Var( )s shotT  is the first term divided by Fe, and the remaining 298 

fraction ( 1)e eF F  of the first term arises from the APD gain noise. The second term 299 

Var( )s specT  arises from the speckle noise. tM  can be interpreted as the number of rms 300 

coherent intervals 2a  contained within a rms correlation interval of the received laser pulse301 

 2
2 2 2

2 (2 / ) cosa c
    

 
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.  When a received laser pulse is broadened by the 302 

surface height variations to contain tM  temporal speckle cells, the photon flux within each 303 

cell is uncorrelated to that of any other cell. This in effect distorts the pulse shape and thereby 304 
degrades the ToF estimation. tM  increases with the slope due to additional variance of the 305 

surface height difference 2.  ( ) ρ  and the slope contribute to tM  within the Airy 306 

pattern. By contrast, ( ) ρ  and the slope contribute to the surface height variance within the 307 

laser footprint. When 1,spM   2 / 2  is much smaller than the additional surface height 308 

variance 2( tan tan )Tz    arising from the slope and tan .w     The factor 309 

   2 2
0 2t sp tM' M M  in the second term of Var( )s specT is less than 3 / spM  and becomes 310 

negligible when spM  is large.  The last term in Var( )s specT vanishes when 1.tM  Its 311 

numerator  2 21 2t aM   can be expressed as    2
2 2 2

2(2 / ) 2 / ,a ac       312 

increasing quadratically with the normalized laser spectral linewdith 22 /a a  (normalized 313 

by the transform-limited laser pulse spectral linewidth). For the uniform circular aperture 314 
( ) cir( / ),Rw r r R  the actual 0Var( )sigm  and Var( )s specT  are somewhat smaller than derived 315 



above for the Gaussian aperture because the Gaussian approximation of 
2

( )wF ρ  reduces the 316 

extend of   by squeezing the outer rings of the Airy pattern into the central lobe. 317 

  318 

Fig. 3. Var( )s specT (normalized by Var( )s shotT at s spK M ) as functions of the normalized 319 

laser pulse linewidth: (left) for various values of 
2 2 2

(2 / ) /
a

c    under normal incidence; 320 
(right) for non-normal incidence at various slope values, and fixed parameters shown in the 321 
insert. See text for more details. 322 

The effects of laser spectral broadening on Var( )s specT is shown in Fig. 3 where traces of  323 

Var( )s specT  are normalized by the shot noise contribution Var( )s shotT at ,s spK M  and 324 

plotted as functions of the normalized linewidth 22 / .a a   Figure 3 (left) shows plots for 325 

various values of the normalized surface roughness 2 2 2(2 / ) / ac    under normal incidence. 326 

Broadening the laser linewidth reduces Var( )s specT  when (2 / ) ( / 2 ),ac    but increases 327 

the normalized Var( )s specT  to a peak value when the surface is smoother. Figure 3 (right) 328 

shows plots for non-normal incidence at various slope values, under fixed parameters listed in 329 
the insert. These parameters correspond to an Earth-orbiting lidar having a FWHM pulse 330 
width of 1 ns, receiving aperture 2RR = 0.5 m, footprint diameter 4 tan Tz  = 12 m at z = 500 331 

km and  = 3.2 mm. When the surface slope angle is increased to a certain level t, 332 

Var( )s specT  starts to decrease with increasing laser linewidth. In Fig. 3 (right), t is only 1.5o 333 

so that the laser spectral broadening reduces Var( )s specT for most of the terrains.  Assuming 334 

the same pulse width and   for a lunar-orbiting lidar with 2RR = 0.4 m, t is increased to 20o 335 

when the footprint diameter is reduced to 4 tan Tz  = 0.85 m at z = 50 km. As shown in Fig 3 336 

(left), broadening the laser linewidth improves the worst case ToF measurement and thus 337 
beneficial. The maximum increase in Var( )s specT  with increasing laser linewidth is a small 338 

fraction (<16%) of the quantum-limited Var( )s shotT  at s spK M  and thus tolerable. The first 339 

terms in Eqs. (28) and (29) are found by averaging over an ensemble of speckle patterns. The 340 

mean of sK under a dark speckle pattern may become much smaller than its global mean sK  341 

so that the contributions from the signal shot noise and APD gain noise may become much 342 
larger than the first terms. Increasing the number speckle cells sp tM M  reduces such 343 

scintillation effects on the first terms.  344 
The additional noise contributions from vbgd for pulse energy estimation have been 345 

summarized in [11]. Each returned pulse is measured in a duration T around its centriod. To 346 
reduce the background variance, vbgd can be measured in a longer duration βT between the 347 
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pulse measurements, and subtracted from v(t). The additional noise contribution from vbgd to 348 
the variance of the ToF is found to be 349 
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 (30) 350 

where bgd  is a equivalent background noise rate, n n   is the mean detected solar photon 351 

rate, NEPP is the single-sided noise-equivalent-power (in /W Hz ) of the detector that 352 

accounts for the detector circuit noise and dark count rate. The effects the receiver response 353 

delay jitter on Var( )sT  enter through terms proportional to 2 and is found to be  354 
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  (31) 355 

where 2 ( )h  is the variance of receiver response delay h  for each detected photon. ( )h 356 

can be as high as 0.3 ns for HgCdTe APD detectors [5] and may impact precision range 357 
measurement. In summary, the total ToF variance is given by  358 

 Var( ) Var( ) Var( ) Var( ) .s s sig s bgd s jitterT T T T     (32)  359 

The variance of photon count per pulse is found to be  360 
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  (33) 361 

6. Retrievals across multiple laser pulses 362 

When the received photon count per pulse becomes insufficient, it is necessary to aggregate 363 
multiple laser pulses to detect their returns and to improve the retrievals of the range and 364 
other unknowns. For example, the average range and surface slope can be estimated by linear 365 
least squares fitting to returns from consecutive laser footprints along track [12]. The relative 366 
speed of the lidar to the target can also be estimated from the range rate using the same 367 
concept. The least squares fitting can be extended to plane fitting to estimate the average 368 
range and the surface gradient for 3-D imaging [13]. In this section, we quantify the 369 
precisions of such estimations under the assumption that return signals of different laser 370 
pulses are uncorrelated. 371 

The speckle noise can be averaged down if the speckle noise of each pulse is uncorrelated 372 
to that of other pulses. This can be achieved by keeping the laser footprints apart (center to 373 
center) by a radius of the receiving aperture (or farther). This can be explained by the same 374 
arguments for angle diversity [2]. Consider the worst case where the footprint separation is 375 
much smaller than the footprint size so that an adjacent footprint essentially shares the same 376 
set of surface scatterers. Then the illumination angle to each scatterer is slightly rotated for 377 
the adjacent footprint. The observed speckle pattern is rotated by an amount equal and 378 
opposite to the rotation of the illumination angle. For the adjacent footprint, a new set of 379 
uncorrelated speckles falls on the receiving aperture. It has also been shown that the observed 380 
speckle pattern moves in the opposite direction at the same speed of the lidar that moves in 381 
parallel to a stationary surface [10]. Considering an Earth orbiting lidar with an orbiting speed 382 
of 7 km/s, the speckle noise becomes uncorrelated when the laser pulses are 71 µs apart for a 383 



receiver telescope as large as 1 m. This is automatically satisfied because the lidar pulses need 384 
to be 125 µs apart anyway to avoid cloud folding from clouds 20 km above the surface.  385 

We first estimate the average range and the range rate from returns of np laser pulses. Let 386 
( ) ( )ˆ ( )l l

sv t t  represent the return waveform of pulse l that is transmitted at a centroid time of 387 

( )lt  (l = 1, 2, ..., np). The ToF of pulse l is denoted as ( ) ( ) ( )ˆ ˆ( ) ( ).l l l
s s sT dtv t t dtv t

 
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convenient to define ( ) ( ) ( ) ( )
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t K t K
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    as the centroid of ( )lt weighted by 389 

photon count ( ) ( )ˆ ( ) ,l l
s sK dtv t G




   and denote ( ) ( ) ( ) .l l lt t t    As illustrated in Fig. (4) 390 

(left), all waveforms are aligned by the centroids of the transmitted pulses. By minimizing the 391 
following sum of squares of deviations 392 
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The optimal slope ˆt  and the intercept ŝavT  at ( ) ( ) ( ) ( )

1 1

p pn nl l l l
s sl l

t K t K
 

    are estimated 394 

to be 395 
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  (36)   397 

ŝavT  is the averaged ToF starting from ( )lt  and the  range rate is  ˆ( / 2) .tc   From the 398 

parallel axis theorem, this is equivalent to line-fitting to data points ( ) ( )( , )l l
st T  with error bars 399 

defined by ( )Var( ).l
sT  Reducing the retrieval errors can be visualized as constraining the 400 

fitting line from rotating and shifting. The means of ˆt and ŝavT  are estimated from Eq. (34) 401 

by replacing ( )ˆ ( )l
sv t  with the mean waveforms ( )ˆ ( ),l

sv t  or equivalently from Eqs. (35) and 402 

(36) by replacing ( )l
sK  with ( ).l

sK   403 

 404 
Fig. 4. Illustration of the least squares fitting to return waveforms of multiple pulses: (left) line 405 
fitting to retrieve the average range Tsav and range rate; (right) plane fitting to retrieve the 406 
average range and surface gradient. Each solid dot represents the centroid of a return 407 
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waveform and the corresponding rms error of Ts
(l) is depicted by the error bar (see text for 408 

more details). 409 

Denoting  ( ) ( ) ( )l l l
s s sav tT T T t      as the deviation of  ( )l

sT  from the mean fitting 410 

line, the variance of the slope ˆt  is found to be  411 
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 (37) 412 

The first term arises from the variance of ( )l
sT  and the second term from the deviations 413 

( ) .l
sT  When ( ) ,l

sK  sp tM M  and ( )Var( )l
sT  are about the same for each pulse, The first term 414 

is essentially  2
( ) ( )

1
Var( ) pnl l

s l
T t


 and the second term essentially amounts to increase the 415 

surface height variance 2
  by      2 2 2

( ) ( ) ( )

1 1
.p pn nl l l

sl l
t T t

 
     Further neglecting 416 

( ) ,l
sT  the rms range rate error  ˆ / 2tc  for a periodically pulsed lidar becomes 417 

     ( ) 3ˆ / 2 ( / 2) 12 Var( ) ,l
t s p avc c T R T     (38) 418 

where Tav is the averaging time and pR  is the pulse repetition rate. For a practical navigation 419 

lidar with a single-pulse rms range error of 3 cm at pR = 300 kHz,  ˆ / 2tc  = 0.6 cm/s for 420 

Tav = 100 ms, satisfying stringent navigation requirements. The variance of ŝavT  is found to 421 

be 422 
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 (39) 423 

The first term arises from the variance of ( )l
sT  and the second term from the deviations 424 

( ) .l
sT  When ( ) ,l

sK  sp tM M  and ( )Var( )l
sT  are about the same for each pulse, the first term 425 

is essentially 1/np of the ToF variance for a single pulse and the second term essentially 426 

amounts to increase the surface height variance 2
  by  2

( )

1
.pn l

s pl
T n


   427 

We now consider fitting a plane to multiple returns from a 2-D pattern of footprints 428 

located at ( ) ( )( , )l l
x y  (l = 1, 2, ..., np), as illustrated in Fig, 4 (right). It is convenient to 429 

denote ( ) ( ) ( )l l l
x x x      and ( ) ( ) ( )l l l

y y y      where 430 

( ) ( ) ( ) ( )

1 1

p pn nl l l l
x s x sl l
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    and ( ) ( ) ( ) ( )

1 1
.p pn nl l l l

y s y sl l
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 
    The optimal 431 

fitting parameters minimize the following sum of squares of deviations:  432 
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 (40) 433 

ŝavT  is the averaged ToF from the surface point  ( ) ( ),l l
x y   and ˆ ˆ( / 2)( , )x xc    is the 434 

surface gradient. ˆ ˆ( , )x y   is found to be 435 

 2 2
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 (41) 436 

where  ( ) ( ) ( )

1
,pn l l l

tx s x s savl
r K T T
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 2( ) ( )

1
,pn l l

xx s xl
r K 


    2( ) ( )

1
,pn l l

yy s yl
r K 


   and ( ) ( ) ( )

1
.pn l l l

xy s x yl
r K  


    ŝavT  is 438 

obtained by replacing ( )ˆ l
t t   in Eq. (36) with ( ) ( )ˆ ˆl l

x x y y       . The variance 439 

ŝavT is also given by Eq. (39) where ( )l
sT  is the deviation of ( )l

sT  from the mean fitting 440 

plane. We further consider a simplified case where the cross correlation xyr is negligible. This 441 

is the case when the np laser footprints have the same ( )l
sK  and form a rectangular 2-D array 442 

on the target surface with equally-spaced rows along x  direction and equally-spaced 443 

columns along the y direction. In this case, ˆx (or ˆ y ) becomes identical to ˆ t  in Eq. (35) 444 

and the variance of ˆx (or ˆ y ) becomes identical to ˆVar( )t  in Eq. (37) provided that ( )lt  445 

is replaced by ( )l
x (or ( ) ).l

y  The line fitting and plane fitting improve the ToF estimation 446 

and also enable precision slope retrievals. 447 

7. Discussion 448 

To increase the lidar efficiency, it is desirable to reduce other noise contributions to achieve 449 
close to shot-noise limited performance. The APD detector gain noise contribution is ( 1)eF 450 

times of the signal shot noise contribution Var( ) .s shotT  For HgCdTe APD detector with eF   451 

1.2, this is only 20% of the shot noise contribution. A high transimpedance TIA is preferred 452 
as the front-end to minimize the impact of circuit noise while allowing sufficient bandwidth. 453 
With sufficient APD gain (e.g., > 300), the circuit noise contribution can be reduced to a 454 
small fraction of the shot noise contribution.  455 

It is often required for 3-D imaging lidars to map surfaces rapidly and precisely. This can 456 
be achieved by transmitting stronger laser pulses and detecting the stronger returns with a 457 
sensitive linear detector. This in turn requires higher MspMt to keep the speckle noise 458 
contribution a small fraction of the shot noise contribution. Stronger laser pulses also 459 
overcome the solar background radiation and detector dark noise. The solar background 460 
photons can be rejected spectrally with an optical bandpass filter, and spatially by limiting the 461 
field of view of the receiver. The laser lineshape can be broadened to increase Mt. Msp can be 462 
increased by using a receiver aperture significantly larger than the transmitting aperture. This 463 
is not the case for an optical heterodyne lidar where Msp is limited to ≤ 4 for optimal coherent 464 
detection efficiency [14].  465 



Although broadening of the electrical signal ( )sv t  by the receiver does not increase the 466 

noise contributions from the laser signal, the broadening increases the contribution from the 467 

noise background vbgd. The ToF variance from vbgd is proportional to 3,T  increasing 8 times 468 

when T is doubled. The background noise contribution can be reduced by weighting ˆ ( )sv t  469 

iteratively with a window function around the centoid determined from the last iteration. Such 470 
windowing techniques have been developed to compute centroids of 2D images [15, 16]. 471 

Similarly, each of the waveforms ( )ˆ l
sv  for the line fitting or plane fitting can also be weighted 472 

iteratively by such a window function centered around the fitting line or fitting plane, to 473 
reduce the background noise contribution and reject outliers [13]. 474 

8. Conclusions 475 

Speckle effects particularly impact the performance of compact lidars that use narrow laser 476 
beams and small receiver apertures. The surface roughness and slope spread the received laser 477 
pulse to contain Mt temporal speckle cells, distorting the pulse shape and degrading the ToF 478 
estimation. When the linewidth is broadened from repeated phase modulation, Mt is the 479 
number of coherent intervals contained within a correlation interval of the received pulse. 480 
Such laser spectral broadening increases Mt and thereby improves the laser pulse energy 481 
measurement. By contrast, such laser spectral broadening improves the ToF estimation when 482 
the surface is significantly rough, but degrades the ToF estimation by a tolerable amount 483 
when the surface is smoother. The surface roughness and slope contribute to Mt within the 484 
Airy pattern for the receiving aperture, but contribute to surface height variance within the 485 
laser footprint. The solar background and detector dark noise contributions can be reduced by 486 
weighting the return waveforms with window functions. The range rate can be retrieved 487 
precisely by line-fitting to multiple return waveforms. The averaged range, along with the 488 
surface gradient, can be retrieved more precisely by plane fitting to multiple return 489 
waveforms. 490 

9. Appendix 491 

This appendix summarizes some intermediate steps leading the final results. The cross-492 
correlation function ( )taaR   in Eq. (16) is found to be 493 
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For normal incident, the ensemble average of 
2

( )taaR   becomes 495 
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This result is used in Eq. (16) to arrive at Eq. (17).  497 

For non-normal incidence,  2( )x  and ( )x   depend on ,x and 
2

( ) ,a    498 

2
( )taaR   and  ( ) *( ) ( )taa taa aR R         depend on .x The following results are 499 

used in Eq. (16) to arrive at Eq. (29) .  The following two integrals that contain  2( )x   500 

are found to be 501 
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 (45) 503 

The following integral that contains ( )x   are found to be 504 
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2
( )taaR    is found to be 506 
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 ( ) *( ) ( )taa taa aR R         is found to be  508 
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  (48) 509 

The following term in Eq. (16) is no longer zero and is found to be 510 
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To arrive at Eqs. (37) and (39), ( ) ( )
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invoked. Also, ( ) ( )
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   are invoked to derive Eq. (37) 513 

and Eq. (39), respectively.  514 
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