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Speckle effects on time-of-flight estimation of
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Abstract: Speckle effects particularly impact the performance of compact lidars. The surface
roughness and slope spread a received laser pulse to contain M, temporal speckle cells,
distorting the pulse shape and degrading the centroid-based time-of-flight (ToF) estimation.
Laser spectral broadening from repeated phase modulation increases M, and improves the ToF
estimation when the surface is significantly rough, but degrades the ToF estimation
moderately when the surface is smoother. The solar background and dark noise contributions
can be reduced by weighting the waveforms. Line-fitting and plane-fitting to multiple return
waveforms are analyzed for precision retrievals of the range rate, slope and range.

© 2025 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Future space missions call for more compact and efficient lidar instruments, preferably on
smaller spacecrafts for cost savings. Such lidars can measure the time of flight (ToF) of laser
pulses and the return laser pulse energy, to map the surface in 3-D and retrieve various
unknowns (e.g., the surface reflectivity). High efficiency is sought to achieve greater
coverage with better precision for the same power constraint. It is also highly desirable to
reduce the laser footprint size on the surface for higher spatial resolution. However,
illuminating an optically rough surface with a narrower laser beam leads to larger spatial
speckle size on the receiver telescope. Using a smaller receiver telescope on a smaller
spacecraft further reduces the number of spatial speckle correlation cells M, falling on the
receiver telescope, and thus further increases the speckle noise [1]. The speckle noise
degrades the performance of compact lidars that use narrow laser beams and small receiver
apertures (such as compact 3D imaging lidars for autonomous vehicles).

The relative variance of the return laser pulse energy arising from the speckle noise is
~1/AM,,M,) where M, is the number of temporal speckle correlation cells of the received pulse
and can be increased by laser spectral broadening [2, 3]. The return laser pulse energy
measurement can thus be improved by increasing M, [1] and broadening the laser linewidth
[2]. The optimal time-of-flight estimation is the maximum likelihood (ML) estimation that
requires prior knowledge of the mean received pulse shape. However, the surface profile is
often not known and the prior knowledge of the mean received pulse shape is not available.
Although suboptimal, the ToF can be estimated from the centroid of the received pulse
without requiring knowledge of the pulse shape. Such centroid-based ToF estimation is nearly
optimal for Gaussian pulses in the shot-noise limited case [4]. In this paper, we analyze
speckle effects on the centroid-based ToF estimation for a waveform lidar that transmits laser
pulses to the surface and directly detects the return pulses with a linear photon detector. Such
a waveform lidar can detect multiple photons simultaneously with single photon sensitivity by
using a nearly noiseless HgCdTe avalanche photodiode (APD) detector [5] to achieve close to
shot-noise limited performance.

The impact of spatial speckles on the centroid-based ToF estimation has been thoroughly
analyzed [4, 6-8], based on a time-resolved treatment of Gardner for large M,, [6]. However,
this treatment discounts the speckle noise reduction from the laser spectral broadening, in
disagreement with experimental results [2, 3]. In this paper, we extend Gardner's treatment to
include the effects of wavelength diversity for the ToF estimation as well as the pulse energy
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estimation (see section 2). We quantify speckle effects on the ToF estimation for spectrally
broadened laser pulses. To our best knowledge, this work has not been reported previously.
Unlike Gardner's treatment, our results remain valid for small M,, (hence relatively smaller
lidar footprints and receiver telescopes). It is often desirable to employ fiber laser amplifiers
with relatively small fiber cores to increase the wall-plug efficiency. However, the laser
lineshape tends to be broadened due to non-linear effects in such small core fibers. Our results
in section 3 confirm that such spectral broadening increases M, and improves the pulse energy
estimation. We further show that such spectral broadening improves the ToF estimation when
the surface is significantly rough, but degrades the ToF estimation by a tolerable amount
when the surface is smoother.

When the laser linewidth is broadened by repeated phase modulation, M, is the number of
coherent intervals contained within a correlation interval of the received pulse. For phase-
noise-induced laser spectral broadening, a similar interpretation of M, has been derived when
the received laser field is averaged over an ensemble of uncorrelated speckle patterns for each
laser phase noise realization [9]. In section 4, we show that this latter interpretation is not
applicable to practical lidar applications where such hypothetical laser field averaging does
not occur. Section 5 quantifies the impact of a surface slope on speckle effects. Effects arising
from other practical noise sources, including solar background, receiver circuitry, detector
dark current, and receiver response jitter are also summarized.

For lidar navigation, the relative speed of the lidar to the target can be derived from the
range rate. For 3-D imaging lidars, the range and surface gradient can be retrieved by plane-
fitting to lidar returns from laser footprints within a surface area. In section 6, the speckle
effects are included to quantify the precision of range rate estimation from multiple pulses
and the precision of the plane-fitting. More considerations for the lidar system are discussed
in section 7, and further details are provided in the appendix.

2. Treatment of received signal

In this section, we summarize and extend the treatment of Gardner [6]. The geometry of the
lidar and an optically rough surface are illustrated in Fig. 1 (left) and direct detection receiver
model is shown Fig. 1 (righf). To account for laser spectral broadening, we include a phase
modulation (PM) to the field u, (r,¢) of the laser beam at the transmitting aperture

ur(r,0) = ay (r)a(t) exp(j27v ),
a(t) =|a(t) |exp[jg, (D],

where ¢, (¢) represents the deterministic phase modulation that is synchronized to the

M

amplitude modulation (AM) |a(¢)|, r =(x,y) is the transverse coordinate vector, v, =c/ 4,
the mean laser frequency, A, the mean laser wavelength, and c the speed of light. Here the

pulse intensity waveform is normalized (i.e., J. N |a(t)|2 dt=1) with a rms width of o,. The

effects of random phase noise is discussed in section 4. For lidar applications of interest, the
random laser phase noise is relatively small and its speckle effects are negligible. The
transmitted laser beam is scattered back to the receiver by an optically rough surface at a
distance z with a surface profile /(p) where p=(p,,p,) is the transverse coordinate vector
on the surface. /(p) can be expressed as I(p)=<~&(p)+e(p) where £(p) represents the
macrostructure of the surface profile and £(p) the zero-mean random microstructure with a
rms value larger than the laser wavelength 4,. The laser field is assumed to be polarized and

the results can be extended for field with arbitrary degree of polarization [9]. Throughout this
paper, x represents the ensemble average of x and x=x—-Xx denotes the deviation from
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the mean X . The mutual coherence function J,(r,,t;x,,t,)=u (1,2t )u(r,,z,t,) of the
received optical field u(r,z,¢) at the receiving aperture becomes (ignoring some phase
factors)

T} . 27
Ju(rl,zl;rz,tz)ﬂz—f’ [@p1a0.2)F a4~y )alt ~y)explj - (x, =) @)
0

where a,(p,z) is the complex amplitude of the laser field impinging on the target surface, 7,
the one-way atmospheric transmittance, [, the averaged surface reflectivity (in st™),
l//=(2/C)(Z+2p2 —g“(p)) is a time delay that varies with surface location p. Eq. (2) is

arrived by neglecting the spatial correlation interval of the surface height that is typically less
than 0.1 mm [1]. It can be shown that Eq. (2) remains valid as long as the broadened

linewidth of the transmitted laser pulse is much smaller than cz/ 4, and v,\/4, / 4, , where

A, and A, are aperture areas of the transmitter and receiver, respectively.

Receiving Transmitting
telescope telescope Receiving Linear Transimpedance
telescope detector amplifier
\ ~. /
Z Optical
Surface pulse $f I f ‘: f

Photon rate ~ Current voltage

A i(1) w0

Fig. 1. (left) Geometry of the lidar and surface target for normal incidence; (right) Block
diagram of the direct detection receiver for the pulsed waveform lidar.

As illustrated in Fig. 1 (right), the returned photons are collected by a receiving telescope
and detected by a linear analog detector, such as an APD, with a mean gain of M, and a
excess noise factor of F,. The amplified photocurrent i(f) from the detector is further
amplified by a transimpedance amplifier (TIA). The voltage output v(f) of the TIA is
subsequently digitized and processed to retrieve the ToF, pulse energy and other unknowns.
W(£) = v(f) + Vpea Where v(f) arises from the signal photons and vy, arises from the solar
background radiation and the detector dark noise (including the detector dark current and
circuitry noise). The signal voltage v, () = A (#) ® A(?) is a convolution of the received signal

photon rate A () and the receiver impulse response A(¢) . A(t)=h,, ()@ h (1) is a

convolution of the detector impulse response 4, (¢) and the TIA impulse response /(7). The

et

total receiver gain is denoted as G=f h(t)dt, the impulse delay as

T, = Jm h(t)tdt/J.x h(t)dt, and variance of A(t) as O',f = le (t—z'h)2 h(t)dt/.ro h(t)dt.
Denoting an estimation of v () as v (¢) =v(¢) —v,,, , we estimate the ToF of the laser pulse,

denoted as 7, , from the centroid of v (7). # =0 is set at the centroid of the transmitted pulse
la()| so that J.jo tla(o)[ de=0.

The mean received photon rate A (¢) is
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A0 = af d’rJ, (r,t0,0m(r) = K, [ d*pb, (p,2) |a(t—y) I, (3)

where b,(p,z)=a,(p,z) /Idzp |a,(p,z)[" is the normalized beam intensity incident onto the
surface, w(r) the intensity transmittance of the receiver aperture that equal to 1 for r inside
the aperture and zero otherwise, a=mn/(hv,) is proportional to the detector quantum
efficiency 5 and / is the Planck constant, and K = j:) A ()t = aT,? .4, /zzjdzp la,(p,z) [
is the expected number of detected signal photons per pulse. The covariance C, .(7,1,) of

A,(¢) (conditioned on a given surface macrostructure £(p) ) can be expressed as [6]

C, o (t,1y) = azjdzrljdzrz |, (5, 1305,8,)  w(r))w(r,). 4)

Eq. (4) is valid when the received field remains to be a circular complex Gaussian process,
which is the case despite the repeated AM and PM modulation (see section 4 for details). We
now extend Gardner's treatment without making further approximation. From Eq. (2), we
arrive at

Ce(tnty) =K, [ d*p[ d*Apb, (p. 2)b, (p + Ap.2) | F, (Ap)f
xa*(t, —y(p)a(t,—y(p+Ap)a(t, —y(p)a*(t, —y(p+Ap)),

)

where F,(Ap) =Jd2rw(r1)exp( J2mAp-x/(z4y)) / J. d*rw(r;) represents the normalized
Fraunhofer diffraction pattern of the receiving aperture [1]. For a uniform circular aperture

Fw(Ap)| is a Airy pattern with most of its power contained within its

with a radius of R,,

first zero Ap =0.61z4, / R;. The covariance C, .(t,,1,) of the signal voltage v, () becomes

C,o(tut,) = FK, [d*pby(p.2)[ dz|a(z—y) [ h(t, ~)h(t, —7)

+E2jd2p [@>Apb,(p.2)b,(p + Ap,2)|F, (Ap)] ji dr, j“; dr, (©6)
xa*(t, —y(p)a(t, —y(p+Ap)a(t, —w(p)a* (t, —y(p+Ap)A(t, —7)h(t, —7,)
In Gardner's treatment, y(p+Ap) and b,(p+Ap,z) are in effect approximated by y(p) and
by(p,z) for large M, thus the surface height fluctuations (¢ /2) (y (p + Ap) —w (p)) are

neglected. However, the Airy patterns for practical lidars are much larger than the 0.1 mm
correlation interval of the surface height fluctuations so that (¢ /2) (w (p + Ap)—w (p))

are not negligible.
3. Estimation of time of flight and pulse energy

The received laser pulse energy is proportional to the integral of the received signal v,(¢)

my &= [ v (di=K,G. ()

The variance of m, | £ arising from the signal v () can be calculated from Eq. (6):
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Var(m|&),, =[my |E-my 1] = [ dn [ di,C, . (1.1)

= F,K.G*+K, G*[d*p[d*Apb,(p.2)b,(p+ Ap.2)|F, (Ap)]

2 ®)
ya(TA§)| b

where y,(7,.) = f dAra*(Atr)a(At+7,,) is a normalized autocorrelation of the laser pulse

modulation a(?), and the time delay 7,. =w(p+Ap)—w(p) arises from the surface height
difference AS=E&(p+Ap)—<(p). 7, =2AS/c for a narrow laser beam. Assuming a

* where F (f)represents the Fourier transform of

Gaussian laser lineshape L (f)=
a(o),

2, . .
7, (T, §)| is also Gaussian as given below

v = exp(— 7, / (2%22)), )

where o, is the standard deviation of

va

}/a(rAg)| —1/(2fﬂaa) where o, is the

standard deviation of the laser lineshape L, (f). To gain some physical insight, we assume

hereafter the surface height profile is a stationary and ergodic random process. Consequently,
the average of A& over the laser beam footprint can be evaluated by means of an ensemble

average. The unconditional Var(m,),, can be obtained by averaging Var(m0|(§)ﬂ.g over an

ensemble of surface profile &(p) :

— —(F 1
Var(m,),, = Var(m,|£),, =(m, (TMFM m J (10)
s spt 0

where M,, = 1/ V. (T, §)|2 is the number of temporal speckle cells arising from the surface

roughness and laser spectral broadening, M, = 1/ Id *ApR,,(Ap, Fw(Ap)|2 is the number

of spatial speckle cells [1] and Rbb(Ap,z):jdzpbz(p,z)bz(erAp,z) is a normalized

autocorrelation function of the laser intensity on the surface. The first term of Var(m,),,

arises from the signal photon shot noise and APD gain noise, and the second term from
speckle-induced photon flux fluctuations. As to be shown in section 5, M, is approximately

the ratio of the receiver aperture area to the speckle correlation area when M, >>1. We

further assume the surface height £(p) is a Gaussian process with negligible correlation
between <&(p+Ap) and &(p). Consequently, A& is also a Gaussian process and

2 2
o, =20.. M, then becomes
S S

M

— (11)

ya2

0= J—jj [ dng

M, in Eq. (11) agrees with Eq. (6.111) in [2] and M,, = 1 when the surface height
fluctuations are negligible.

7a(TA§)| exp( (A§) j} — 1+M

O

The phase delay 47&(p)/ A of each tiny surface scatterer changes by 2z when the laser
frequency is changed by c/(2£(p)). Correspondingly, the speckle pattern decorrelation
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occurs when the laser frequency is changed by ¢/(20;) [2]. Consequently, broadening the

laser lineshape increases M,,. To increase M, to V2 for a rough surface of o, =5 mm,

for example, the FWHM laser linewdith needs to be broadened to 4 GHz (13 pm for
A, =1pum). Further interpretation of M, is deferred to section 5.

We now turn to the ToF estimation. The mean ToF for a given &(p) is [6]

2
O;

T1E=]" 0/ jf;ﬁs(ndr=7,,+Id2pb2<p,z>w(p,z)=5+%+—"—§<§2>, (12)

cz

where o Ejdzppzbz(p,z) and <§2>=Id2p§(p)b2(p,z). Here the mean receiver response

&—1,. o/ is negligible for a narrow

delay Z contributes to 7,|& and the optical ToF is 7,

laser beam. The expected value of the mean square pulse width o is given by [6]:

— 4 2

2 — hZ a2 - 2 -2 d2 bz , 2 _ ,-2 ,
o =0, +0 +_c o +(cz) j pb, (p z)(p o ) 13
ol = j d’pb,(p.2)(£(p) (&) -

The unconditional variance Var(7,) of 7, is the sum of three terms: Var(T,|&)

4ig Arising

from noise in the signal vy(?), Var(T),,, from the noise in vy, and Var(7)) from the jitter

Jitter
of the receiver response delay 7,. The latter two terms will be incorporated in section 5.
Var(T;' ‘ é)sig iS

1

Var(T, |§)sig = WJ: dr, ji dr, (tl _m)(tz _m) Cvs\é(tl’tQ)

Fp)] (14

B % (0“2 +Id2pb2(p’z)(5W)2 ) - IdzpjdzAsz(p,Z)bz(p +Ap,2)

s

o @ R 00 (R 1)+ R *010) 110 |

where R, (7,:) Ef dAtAta*(At)a(At+7,.) is a cross-correlation function between fa(?)

taa

and a(¢), and Sy =y (p)+7,-T, |&. Sy =2&(p)/c+(z, —7,) for a narrow laser beam. The
receiver response jitter (7, —7,) is neglected for now and will be included in section 5.

Evaluating R, (7,:) also requires knowledge of the phase modulation, in addition to the

taa

lineshape L,(f). We assume the following chirped Gaussian pulse to approximate the laser
self phase modulation, to provide physical insight:

1 1
a(t) = ————=exp| -t [—-i-jﬂ'ka H, (15)
\J2ro, { 4O'a2

where k, is the rate of the linear frequency chirp. This pulse has a Gaussian lineshape L, (1)

and l/aya22=l/(20'u2)+1/0'y where 1/0, ,>=8(rk,0,)* arises from the phase

2
pm2 ypm
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modulation. With the AM modulation |a(t)| alone, o, =\/§O'u. Averaging Var(7, | &)

over an ensemble of surface macrostructures &(p) , we arrived at

sig

Var(7,),, = %(o +[@pby(p,2)(6W) )+ [ 0] d*Apby (9,210, (P + Ap.2)
S (16)

2
Va (TA¢)| +

x|F, (ap)[ [«w R (@) +39(Ryu(r) + R, * (rAf))m%)}.

For normal incidence, @ya(rAg)(Rm(rAg)+Rm*(z’Af)) can be neglected because both

factors Sy and )/Q(TAQE)(RW(TM)+RW *(rAé)) are approximately zero. Assuming a(¢) is
nearly symmetric, 7, (rAg)(Rtﬂa(rA§)+R,aﬂ *(7, é)) becomes an odd function of 7,, and thus

averaged to zero. oy depends only on p and is uncorrelated to 7, so that oy and €%

are averaged separately. For normal incidence, Var(7,), is found to be

Sig

. (20, /¢)? N (MtOZ _l)o'uz

amn
MsthO Q’MsthO3

Var(T)),, = % [0'“2 + (20‘5 /0)2}

Setting M,y = 1, Egs. (10) and (17) are reduced to Gardener's Formulas [6] where the
contribution of A&(Ap) to M,y is neglected. Further explanation of Eq. (17) is deferred to

section 5.
4. Effects of random laser phase noise

The laser spectral broadening from a random phase noise can be included by multiplying
up(r,t)in Eq. (1) with exp[jg,(¢)] where the phase noise ¢,(¢) is assumed to be a wide-

sense stationary random  process. Thus the autocorrelation function

v, (r)=exp[j(4,(t,)—¢,(1,))] depends only on the time difference z=¢, —¢. The mutual
coherence function of the received optical field u(r,z,t) can be obtained by replacing
J,(r,t5x,,t) with y, (8, —t)J ,(x,,4;1,,8,) in Eq. (2). When the underlying field remains to
be a circular complex Gaussian process, Eq. (4) remains valid provided that | J, (r,,#;1,,5) [
is replaced by |y, (t, —t,)['|J,(x,.t;1,,,) [ . For analytical convenience, we further assume
¢, () is Gaussian process with |y, (7) ['=exp[-z° / (20'yn22)]. Including such a phase noise, it

can be shown that M, in Eq. (10) becomes

2
202 20,../c
M, = 1+L"2+[A—6J, (18)
O-ynl 0-72

where 1/ O'yz2 =1/Qc)+1/ Gypmf +1/ sz includes the additional spectral broadening

from the phase noise. When (20,./c¢)/ 0o, is negligible, M, = [1+2(7a2/0'm2 can be

interpreted as the number of rms laser coherent intervals 1/\/1/ (20'a2)+l/ 0'7”22 contained
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within a rms correlation interval \/Eaa of |a(?)|. Similar M, has been shown for a top-hat

pulse (see, for example, section 6.1.1 of [9]).

In deriving Eq. (18), the underlying received field is assumed to be a circular complex
Gaussian process and averaged independently from the phase noise averaging. This requires
the field to be scrambled across an ensemble of uncorrelated speckle patterns during each
phase noise realization. However, this is not the case for practical lidar applications where the
surface profile (hence the speckle pattern) is essentially unchanged during each short pulse
(i.e., each realization of ¢,(¢) ). Thus M, given by Eq. (18) is not applicable for such lidar
applications. This can be further explained as follows. When (20, /¢)/ 0,, is negligible, the
phase noise and phase modulation do not change the phase delay 47&(p)/ A of each tiny

surface scatterer of a surface realization during each short pulse. The phase noise and phase
modulation simply add a phase change ¢,(¢)+ ¢, () to the received field without affecting the
intensity for a surface realization during each short pulse, and thus do not change the
covariance of the laser intensity and hence C, .(¢,t,) in Eq. (4). As a result, M,, =1 rather

2
yn2

than \[1+20,% /o

The statistics of u(r,z,¢) observed by a practical lidar can be analyzed as follows. Let
u(r,z; f)exp[j2z(v, + f)t] represents the received field when the illuminating laser
frequency isv, + f. u(r,z;f) is a circular complex Gaussian process. The total received
field wu(r,z,t)= A(r,z,t)exp(j2zv,t) is found by integrating u(r,z; f)explj27z(v,+ f)t]
over frequency, with the Fourier transform F, (f) of a(¢)exp[jd,(¢)] as the weighting
factor. Thus

Ar,z,0 = [ ulr,z )F, (/) exp(j27 fi)df (19)

With repeated AM and PM modulation, F,

an

(f) remains unchanged from pulse to pulse for
different surface realizations so that A(r,z,7) remains to be a circular complex Gaussian

process. This is because a linear combination of Gaussian variables remains to be Gaussian
and the analytical signal representation A(r,z,¢) of the zero-mean process is circular [9]. This

is not the case when the random phase noise becomes significant so that F, (/) changes
randomly from pulse to pulse for different surface realizations. When F, (f) is random,
A(r,z,t) becomes noisier than a circular complex Gaussian process and Eq. (18) is no longer
valid. For lidar applications of interest, the laser spectral broadening from the phase noise is

relatively small (i.e., 1/0'7”22<<1/(20'a2)+1/0'y >and o0,,>20,,/c) and thus the

pm2 yn2

effects of random laser phase noise will be neglected in the rest of this paper.
5. Impact of surface slope and additional noise sources

The results of previous sections can be adapted to include the effects of the surface slope if
the shadowing effects can be neglected. Without losing generality, the surface slope shown in
Fig. 2 is along p,_ direction and the surface height is £'(p) = p, tangd+E(p')/cos¢ where

p.=p. /cosg+E(p)tang and ¢ is the slope angle. The surface height difference becomes
A& =A&/cosg+Ap tangd. We also assume a Gaussian laser beam profile

2

L } (20)

by( z)—;ex -—r
) a6, P 2(ztan6, )
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where 6, is the half divergent angle corresponding to the rms width of the laser intensity. M,,
will be reduced if the effective target surface is smaller than the laser beam. Replacing & with
&', the unconditional mean of 7 becomes

- — 2 1 — 2
T =1, + 245 =1, +—z(l+tan’ 4,), (21)
c

s 1

C cz

and the unconditionally expected value of the mean square pulse width &,” is [6]

o’=0+0, +(2/¢) (ag/cos ¢)2 +(2/¢) 22 (tan2 0, tan> ¢+ tan* 6'T). (22)

Lidar

z )
&)
() ;
L

y—— ,

Fig. 2. Geometry of the lidar and surface target for non-normal incidence.

We now evaluate the impact of surface slope on Var(m,), and Var(T)),,. For the
Gaussian laser beam, R,, (Ap,z) is
(Ap)’
R - S S oA 23
W)= and, ) p( (2ztand, 3)
The Gaussian probability density of surface height difference A" becomes
(A&-Ap tan¢)2
- - . (24)

1
AE) =
g(as) «/ﬁ(qg/cosgé)exp 2(0A92/005¢)2

in Var(m,) now depends on Ap_ due to the slope, as shown below:

2
Va (ij)

7 ancre| ~CAET | - L (Ao, tang)
7| =] dag "Xp{ 202 FA 70 aenye g |

ya2 t0

where M’ is the same as M, given by Eq. (11), except that o, is replaced by o,/ cos¢.

Fw(Ap)|2 of a uniform circular aperture can be

For analytical convenience, the Airy pattern

approximated by a Gaussian function:

2
2J,(27RAp [ 22) [ exp| (80’
2R Ap | Az B 20,7 )

w

F,(8p) { (26)

where o, = \/E/loz /(27 R;) to preserve Jd *Ap Fw(Ap)|2. This in effect replaces the uniform

circular receiver aperture w(r)=cir(r/R,) with a circular Gaussian aperture

w(r) = exp(—2r2 /R’ ) With this approximation, M, becomes
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1/jd APR,,(Ap,2)|F, (Ap)[ =1+ (7R, tan6, /7)) =1+ A /4, @7)

where the speckle correlation area 4, = 7w, is the beam waist area of the transmitted
Gaussian laser beam with a waist radius of @), = 4, /(27 tan @, ). This confirms that M, is

essentially the number of speckle correlation area falling on the receiver aperture area A, .
The relative variance of the received pulse energy is found to be

€

(m—0)2 K MM,

Var(m,),, F, N 1

>

! i (28)
M, = \/M’ ’ 2O'A§¢ ) /aya2 ,
where 0,,’ =2(ztan6, tang)’ /M. Var(T,),, is found from Eq. (16) to be
E| . (2o :
Var(T, o +— +(2/¢) (ztan @, tan + Var(T ,
( )Slg KS [ a cos ¢ ( ) ( T ¢) ( s).vpec
2 2 2 (29)
(2/0) o, M' )’ +2 |(ztan 6, tan g) (Mt _1)2O'a
Var(T)),,,. = —+| 1+ > + 3
7 MM, cos’ ¢ MM, 2M M, AM M,

The shot noise contribution Var(7,),,, is the first term divided by F,, and the remaining

shot
fraction (F,—1)/F, of the first term arises from the APD gain noise. The second term
Var(T))

coherent intervals o,,, contained within a rms correlation interval of the received laser pulse

arises from the speckle noise. M, can be interpreted as the number of rms

spec

2
\/O'WQ +(2/¢ey [(O'Ag /cos¢) +O'A§¢2:| . When a received laser pulse is broadened by the

surface height variations to contain M, temporal speckle cells, the photon flux within each

cell is uncorrelated to that of any other cell. This in effect distorts the pulse shape and thereby
degrades the ToF estimation. M, increases with the slope due to additional variance of the

2

surface height difference o,.,". AS(Ap) and the slope contribute to M, within the Airy

pattern. By contrast, £(p) and the slope contribute to the surface height variance within the

laser footprint. When M, >>1, o, @,2 /2 is much smaller than the additional surface height
variance (ztan@, tang)’ arising from the slope and o, 4 =0, tangd. The factor

(M’to2 +2) / (M‘vatz) in the second term of Var(7)),, is less than 3/ M , and becomes

spec

negligible when M is large. The last term in Var(T),,,. vanishes when M, =1. Its

spec
numerator (M,2—1)20'a2 can be expressed as (2/c)’ (O'A§Z+GA§¢2)(\/EGQ/O'7Q2)2,

increasing quadratically with the normalized laser spectral linewdith x/EO'a /©,,, (normalized

by the transform-limited laser pulse spectral linewidth). For the uniform circular aperture
w(r) =cir(r/ Ry), the actual Var(m,),, and Var(T,),,. are somewhat smaller than derived

sig spec
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above for the Gaussian aperture because the Gaussian approximation of |FW(Ap)| reduces the

extend of Ap by squeezing the outer rings of the Airy pattern into the central lobe.
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Fig. 3. Var(T}),,. (normalized by Var(Zy),, at K_S: Mg, ) as functions of the normalized

laser pulse linewidth: (leff) for various values of (2/ 0)20';z / 0'”2 under normal incidence;

(right) for non-normal incidence at various slope values, and fixed parameters shown in the
insert. See text for more details.

The effects of laser spectral broadening on Var(7,)
Var(7,)

.is shown in Fig. 3 where traces of

spec
are normalized by the shot noise contribution Var(7,),, at fszM and

spec shot sp?

plotted as functions of the normalized linewidth \/Ecra /o,,,- Figure 3 (left) shows plots for
various values of the normalized surface roughness (2 / c)2a§2 /o under normal incidence.
Broadening the laser linewidth reduces Var(7),,. when (2/¢)o, > (o, / V2 ), but increases

the normalized Var(T)

spec

to a peak value when the surface is smoother. Figure 3 (right)

spec
shows plots for non-normal incidence at various slope values, under fixed parameters listed in
the insert. These parameters correspond to an Earth-orbiting lidar having a FWHM pulse
width of 1 ns, receiving aperture 2Rz = 0.5 m, footprint diameter 4ztan, = 12 m at z = 500

km and o, = 3.2 mm. When the surface slope angle is increased to a certain level ¢,
Var(7,)

so that the laser spectral broadening reduces Var(7,)

starts to decrease with increasing laser linewidth. In Fig. 3 (right), ¢, is only 1.5°

spec
gec fOr most of the terrains. Assuming
the same pulse width and o, for a lunar-orbiting lidar with 2Rz = 0.4 m, ¢, is increased to 20°
when the footprint diameter is reduced to 4ztan @, = 0.85 m at z = 50 km. As shown in Fig 3

(left), broadening the laser linewidth improves the worst case ToF measurement and thus
beneficial. The maximum increase in Var(7,) . with increasing laser linewidth is a small

fraction (<16%) of the quantum-limited Var(7}),,,, at K =M, and thus tolerable. The first

terms in Eqs. (28) and (29) are found by averaging over an ensemble of speckle patterns. The

spec

shot

mean of K_ under a dark speckle pattern may become much smaller than its global mean E

so that the contributions from the signal shot noise and APD gain noise may become much
larger than the first terms. Increasing the number speckle cells M, M, reduces such

scintillation effects on the first terms.

The additional noise contributions from v, for pulse energy estimation have been
summarized in [11]. Each returned pulse is measured in a duration 7" around its centriod. To
reduce the background variance, v,s can be measured in a longer duration ST between the
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pulse measurements, and subtracted from v(¢). The additional noise contribution from vy, to
the variance of the ToF is found to be

A, T
Var(];)bgd =2
12

p—

K, (30)

Apga = (1411 BY(E 2, +(aPyp) 12),

n—n

where 4,,, is a equivalent background noise rate, 4

n—n

is the mean detected solar photon

rate, P,;, is the single-sided noise-equivalent-power (in W /~/Hz ) of the detector that
accounts for the detector circuit noise and dark count rate. The effects the receiver response

delay jitter on Var(7,) enter through terms proportional to 5_1//2 and is found to be

Var(T), = [% +

s

MSth]sz(Th), (€2))

where o° (z,) is the variance of receiver response delay 7, for each detected photon. o(z,)

can be as high as 0.3 ns for HgCdTe APD detectors [5] and may impact precision range
measurement. In summary, the total ToF variance is given by

Var(]:') = Var(T; )sig + Var(Ts )bgd + Var(Ts )jitter‘ (32)
The variance of photon count per pulse is found to be
—\2 AT
Var(K,) = (KS ) R N Pl | (33)
Ky Msth Ks

6. Retrievals across multiple laser pulses

When the received photon count per pulse becomes insufficient, it is necessary to aggregate
multiple laser pulses to detect their returns and to improve the retrievals of the range and
other unknowns. For example, the average range and surface slope can be estimated by linear
least squares fitting to returns from consecutive laser footprints along track [12]. The relative
speed of the lidar to the target can also be estimated from the range rate using the same
concept. The least squares fitting can be extended to plane fitting to estimate the average
range and the surface gradient for 3-D imaging [13]. In this section, we quantify the
precisions of such estimations under the assumption that return signals of different laser
pulses are uncorrelated.

The speckle noise can be averaged down if the speckle noise of each pulse is uncorrelated
to that of other pulses. This can be achieved by keeping the laser footprints apart (center to
center) by a radius of the receiving aperture (or farther). This can be explained by the same
arguments for angle diversity [2]. Consider the worst case where the footprint separation is
much smaller than the footprint size so that an adjacent footprint essentially shares the same
set of surface scatterers. Then the illumination angle to each scatterer is slightly rotated for
the adjacent footprint. The observed speckle pattern is rotated by an amount equal and
opposite to the rotation of the illumination angle. For the adjacent footprint, a new set of
uncorrelated speckles falls on the receiving aperture. It has also been shown that the observed
speckle pattern moves in the opposite direction at the same speed of the lidar that moves in
parallel to a stationary surface [10]. Considering an Earth orbiting lidar with an orbiting speed
of 7 km/s, the speckle noise becomes uncorrelated when the laser pulses are 71 pus apart for a
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receiver telescope as large as 1 m. This is automatically satisfied because the lidar pulses need
to be 125 pus apart anyway to avoid cloud folding from clouds 20 km above the surface.
We first estimate the average range and the range rate from returns of 7, laser pulses. Let

QY“ )(t—1") represent the return waveform of pulse / that is transmitted at a centroid time of
1 (1=1,2, .., n,). The ToF of pulse / is denoted as 7, = J: dtﬁs”)(t)t/ji am (). Tt is
convenient to define <t(’ )> =y KO / D7 K" as the centroid of ¢ weighted by

photon count Ks(l) = EO dtﬁs(l)(t) / G, and denote At =" —<t(”>. As illustrated in Fig. (4)

(left), all waveforms are aligned by the centroids of the transmitted pulses. By minimizing the
following sum of squares of deviations

2
S an [ (1, v

S(]va s at ) = n 0
Z]; J:w dt\;x(l) (t)

) (34

The optimal slope ¢, and the intercept T oy at <t”)> " oK KO0 / Z " K, K" are estimated
to be

z"p At“)jw drs (1)(0, z"p K(”At‘”T(”
zp At(”) J‘ dm (’)(t) ZI’K(I)(At(”)

p J'°° d ‘”(t)t g (O )
T, = 2 = —o?t5<t”)>:—2’:1 s (l;‘ —&t5<t”)>.
" 0! "
z;jl le dtvs (t) =1 KS

G = 395

(36)

T s the averaged ToF starting from <t(’)> and the range rate is (c/2)q,. From the

parallel axis theorem, this is equivalent to line-fitting to data points @, TS.(”) with error bars
defined by Var(TS(l)). Reducing the retrieval errors can be visualized as constraining the
fitting line from rotating and shifting. The means of & and 7, are estimated from Eq. (34)
by replacing ﬁs(l)(t) with the mean waveforms W, or equivalently from Egs. (35) and

(36) by replacing K" with K.

<th> £ne)

Time of flight 7,()

-
R
| '|:|
e
Ll L

tn

i

7
. v ) 1
Centroid time of transmitted pulses Px Footprintat (0., p,")
Fig. 4. Tllustration of the least squares fitting to return waveforms of multiple pulses: (leff) line
fitting to retrieve the average range T, and range rate; (right) plane fitting to retrieve the
average range and surface gradient. Each solid dot represents the centroid of a return
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waveform and the corresponding rms error of 7, is depicted by the error bar (see text for
more details).

Denoting AT =7’ (T +a, At“)) as the deviation of T, 77 from the mean fitting

sav

line, the variance of the slope ¢, is found to be

s

- 22
K<’>) () var®y 3y (6] (A7) Var(k,)

Var(a,) = = 1(

(Z KO (At(”) jz (Z » KO (At(”) JZ

The first term arises from the variance of 7, and the second term from the deviations

(37

AT". When K., M M, and Var(T,'") are about the same for each pulse, The first term

—\2
is essentially Var(TS(”) / ZZ I(At” )) and the second term essentially amounts to increase the

surface height variance o, by > ( t”) AT, ATD / z t(’) . Further neglecting

AT, the rms range rate error G(C&, / 2) for a periodically pulsed lidar becomes

(e, 12)= (c/2)\/12Var(T”))/ T2, (38)

where T, is the averaging time and R, is the pulse repetition rate. For a practical navigation
lidar with a single-pulse rms range error of 3 cm at R, = 300 kHz, O'(cd / 2) = 0.6 cm/s for

T,, = 100 ms, satisfying stringent navigation requirements. The variance of Tm‘ is found to
be

Var( T )=

sav

= . (39)

S N T

The first term arises from the variance of TS.(” and the second term from the deviations

ﬁ Z;’;(W)ZVar( ) > Var(K”))(AT ”)

AT”. When K, MM, and Var(T,"") are about the same for each pulse, the first term
is essentially 1/n, of the ToF variance for a single pulse and the second term essentially

—_\2
. . . 2 n 1
amounts to increase the surface height variance o,.” by Z zi(ATs( )) / n,.

We now consider fitting a plane to multiple returns from a 2-D pattern of footprints
located at (p,"”,p, ") (I = 1, 2, ..., m,), as illustrated in Fig, 4 (right). It is convenient to

D=p® <px(1)> and Ap P =p P —<py(1)> where

<me> " K”)Px(”/z » Ks”) and <py(1)>:Z;’:lKs(l)py(l)/zjles(l)' The optimal

fitting parameters minimize the following sum of squares of deviations:

denote Ap,
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P —_ 2
lel J‘m dn;s”)(t) |:t - (va + a, Apx(l) + a,V Apy(l) ):|

o | dn )

T is the averaged ToF from the surface point (< px(”>, < py(”>) and (c/2)(@,,a,) is the

ST, a,)

(40)

sav

surface gradient. (&,,a,) is found to be

rr. —Frr rr._—r.r
L N a4 ty'xy  Tpylxx ' xy
((Zx,ay) - 2 2 | (41)
Fex rivy -1 xy 7 eryy - rxy
N () ) O\ _7 N () ) O _7
Where er = 21:1 Ks Apx (Ts - ]—;av )’ ’;y = ZI:I Ks Apy (Ts - T;av )’

NV () 0n\? N g O 0\ N DA, DAL (D A
rjx‘x :zlile (Apv ) > ryy :Z[leS (Apy ) > and rxy ZZILKS AID( Apy N Ts‘av 18

obtained by replacing —@,8 <t”)> in Eq. (36) with —&.0 <px(” >—0?y5 <py(” > The variance

A

T, is also given by Eq. (39) where AT, is the deviation of F from the mean fitting

sav

plane. We further consider a simplified case where the cross correlation 7, is negligible. This

is the case when the n, laser footprints have the same KS“) and form a rectangular 2-D array
on the target surface with equally-spaced rows along p  direction and equally-spaced

columns along the p, direction. In this case, &, (or &, ) becomes identical to &, in Eq. (35)
and the variance of &_(or dy ) becomes identical to Var(d,) in Eq. (37) provided that A¢")

is replaced by Ap,"’ (or Ap,"). The line fitting and plane fitting improve the ToF estimation

and also enable precision slope retrievals.

7. Discussion

To increase the lidar efficiency, it is desirable to reduce other noise contributions to achieve
close to shot-noise limited performance. The APD detector gain noise contribution is (£, —1)

For HgCdTe APD detector with F, =

1.2, this is only 20% of the shot noise contribution. A high transimpedance TIA is preferred
as the front-end to minimize the impact of circuit noise while allowing sufficient bandwidth.
With sufficient APD gain (e.g., > 300), the circuit noise contribution can be reduced to a
small fraction of the shot noise contribution.

It is often required for 3-D imaging lidars to map surfaces rapidly and precisely. This can
be achieved by transmitting stronger laser pulses and detecting the stronger returns with a
sensitive linear detector. This in turn requires higher M,,M, to keep the speckle noise
contribution a small fraction of the shot noise contribution. Stronger laser pulses also
overcome the solar background radiation and detector dark noise. The solar background
photons can be rejected spectrally with an optical bandpass filter, and spatially by limiting the
field of view of the receiver. The laser lineshape can be broadened to increase M,. M, can be
increased by using a receiver aperture significantly larger than the transmitting aperture. This
is not the case for an optical heterodyne lidar where M, is limited to < 4 for optimal coherent
detection efficiency [14].

times of the signal shot noise contribution Var(T})

shot *
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Although broadening of the electrical signal v _(¢) by the receiver does not increase the
noise contributions from the laser signal, the broadening increases the contribution from the
noise background v, The ToF variance from vy, is proportional to T ’, increasing 8 times
when T is doubled. The background noise contribution can be reduced by weighting v (¢)

iteratively with a window function around the centoid determined from the last iteration. Such
windowing techniques have been developed to compute centroids of 2D images [15, 16].

Similarly, each of the waveforms \3S(1) for the line fitting or plane fitting can also be weighted

iteratively by such a window function centered around the fitting line or fitting plane, to
reduce the background noise contribution and reject outliers [13].

8. Conclusions

Speckle effects particularly impact the performance of compact lidars that use narrow laser
beams and small receiver apertures. The surface roughness and slope spread the received laser
pulse to contain M, temporal speckle cells, distorting the pulse shape and degrading the ToF
estimation. When the linewidth is broadened from repeated phase modulation, A, is the
number of coherent intervals contained within a correlation interval of the received pulse.
Such laser spectral broadening increases M, and thereby improves the laser pulse energy
measurement. By contrast, such laser spectral broadening improves the ToF estimation when
the surface is significantly rough, but degrades the ToF estimation by a tolerable amount
when the surface is smoother. The surface roughness and slope contribute to M, within the
Airy pattern for the receiving aperture, but contribute to surface height variance within the
laser footprint. The solar background and detector dark noise contributions can be reduced by
weighting the return waveforms with window functions. The range rate can be retrieved
precisely by line-fitting to multiple return waveforms. The averaged range, along with the
surface gradient, can be retrieved more precisely by plane fitting to multiple return
waveforms.

9. Appendix

This appendix summarizes some intermediate steps leading the final results. The cross-
correlation function R, (7,.) in Eq. (16) is found to be

taa

2
ya2

2
0 T T
R, (t,)= | dAtAta*(At)a(At +7,,) = (-1+ j47r0'02kd)%exp(— 4;5 ] 42)

. . 2
For normal incident, the ensemble average of |Rm (T)| becomes

—_— 2 2
2 o, M, -1
[Rua(a)] = T 43)
This result is used in Eq. (16) to arrive at Eq. (17).
For non-normal incidence, [51//(,0x)]2 and ow(p,) depend on p, ., and |y, (7, §)|2,

Rm(z'Aé:)|2 and (Rm(rAf)+Rm *(TM))}/G(TM) depend on Ap,. The following results are

used in Eq. (16) to arrive at Eq. (29) . The following two integrals that contain [&//(px)]2
are found to be

Ry, = Idzpbz(p, z)[&//(px)]2 = (2/(:)2 (o—f / cos ¢)2 +(2/c)2 (ztan @, tang)’,  (44)
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Ryys,2(Ap) = [ d2pb, (p,2)b, (p + Ap, 2)[ Sy (p,)]

2 ) 2 24,02 2 2 45)
:[%j o ( —(Ap) ] (G§/005¢) +(ztan 6, )" tan ¢/2+ tan ¢(Apx) .
(2ztan @, )’ 7(2ztan @, )’ 4r(2ztan,)’

The following integral that contains ow(p,) are found to be

Ry, (Ap) = [ dpb, (p,2)b, (p+ Ap,2)SW ()
2 Aptang [_ (Ap)? J (46)

¢ 27(2ztan6, ) (2ztan6, )’

Rma(z'Ag)|2 is found to be

2 © ’ﬁ ,
|Rtaa (TA.f )| = I_wdAg |Rtaa (2A§ / c)| g(Aé )
| M1 (2Ap, tang/ ¢’ (28p, tang/c)’ (47)
=0 exp| — .
a 2M’103 2M’10507022 p 20 ZM’IOZ

ya2

(R (Tae)+ Ry *(242))7,(z,) is found to be

N 2 Ap, tang (240, tan;/ﬁ/c)2
(Rua(2ae) + Ry (TAr:))n(TAf):_Z e T | Y

ya2

The following term in Eq. (16) is no longer zero and is found to be

[dp[ d>Apb,(p, )b, (p+ Ap,2)0W( R,y (7,:)+ Ry *(2,)) 7, (2,0 F(Bp)]

=(2/¢)*(ztan 6, tan ¢)2/(MS[,2M,3 )

(49)

n

To arrive at Egs. (37) and (39), D" K" 67" =0 and )" A" K 5TV =0 are

invoked. Also, ¢, )" K"Ar” =0 and T, > K VA" =0 are invoked to derive Eq. (37)
and Eq. (39), respectively.
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