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ABSTRACT

Geometric tortuosity — the ratio of arc length to the straight-line distance between its endpoints
— is among the key parameters needed to predict a porous material’s acoustic properties. Here,
we adapt the heat method, commonly used for surface calculations, to measure tortuosity within
the fluid volume of complex three-dimensional porous lattice unit cells of acoustical materials.
Our implementation in Python relies on the open-source scikit-fem library to handle finite element
operations on a hexahedral mesh of the fluid domain. We apply adiabatic boundary conditions
at both the fluid-solid interfaces and the unit cell faces, allowing heat to flow from an inlet face
through the fluid domain for a brief period. Poisson’s equation is then solved using the resulting
temperature gradient field. Tortuosity is evaluated at a discharge face opposite the inlet, and
path-lines through the gradient field are visualized. We also generate a histogram and spatial map of
tortuosity values on the discharge face, revealing a strong dependence on local geometric features,
including through-holes. Overall, our results show that the heat method offers a viable computational
alternative to estimating the tortuosity of porous acoustical materials.
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1. INTRODUCTION

Bulk acoustic absorbers are porous and fibrous materials used as liners for reduced sound reflection
within a space or transmission to other spaces. Bulk absorbers have intricate, often anisotropic
internal structures. While key to sound absorption, the complexity of the pore space poses significant
challenges for characterizing the acoustic behavior. Biot poroelasticity theory models wave
propagation in both solid and fluid domains of a porous material [1,2]. Above a phase decoupling
frequency, it can be assumed that the solid phase is not excited by acoustic disturbances [3]. This
decoupling frequency is 100 Hz or lower for bulk materials. It is therefore possible to represent
a motionless skeleton bulk material as an equivalent fluid with dynamic (frequency-functioned)
density and bulk modulus. Researchers have used semi-empirical models like that developed
by Johnson [4], Champoux and Allard [5] (the JCA model), and its improvements by Lafarge [6]
(JCAL) and Pride [7] JCALP or JCAPL) to relate these dynamic properties to a set of scalar transport
parameters. These transport parameters are solely dependent on the geometry of the pore structure.
For instance, the open porosity is the volume fraction of the material available for saturating fluids,
and the thermal and viscous characteristic lengths are related to the size of pores and constrictions
within the material. In this paper, our focus is the extraction of one particular transport parameter:
the high-frequency limit of tortuosity.

Dynamic tortuosity is the ratio between the effective density of equivalent fluid and the density of
air. The value as frequency approaches infinity is the high-frequency limit of tortuosity (hereafter
referred to simply as tortuosity). There are three primary approaches to estimate tortuosity and the
other transport parameters. It is possible to directly measure all the transport parameters used in the
JCAL model, with tortuosity being found via ultrasonic testing [8]. Another approach is inverse
characterization from an impedance tube measurement: an optimization routine seeks transport
parameter values that minimize error between measured and predicted absorption coefficient [9, 10].
Finally, finite element (FE) software can be used to solve simplifications of the governing Navier-
Stokes equations. For tortuosity, Laplace’s electric conductivity problem is solved through a
FE representation of the pore structure (an equivalency exists between this problem and inviscid
flow [11]), and tortuosity can be found as an expression involving the electric field [12].

The direct measurement and inverse characterization techniques are limited to the analysis of
physical or as-manufactured porous media. The numerical method can only be applied on digital
representations of pore structures, and typically also requires periodicity. No contemporary method
can analyze both physical and digital geometries, and the aforementioned methods have additional
limitations that impact accuracy and versatility. The driving motivation behind this work is to
find an alternative that bridges the physical-digital gap. This is especially important for additively
manufactured materials. 3D-printing enables the realization of complex, layered, and anisotropic
materials for use as sound absorbers [13, 14], but the manufactured geometry does not exactly match
the designed topology. Consequently, differences between acoustic performance predicted from
designed geometry and measured from manufactured samples have been observed [15].

We investigate the use of an alternative definition of tortuosity from a geometric perspective. The
ideal gas law and sound speed equations can be used to show the equivalence of tortuosity to the
squared ratio of sound speeds. Given that sound speed is a ratio between the distance traveled and
time of propagation, we can express the high-frequency limit of tortuosity, @e:
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where [ is the thickness of the acoustic material along the incident wave direction, and [.¢; is
the length of the tortuous propagation path within the material. Researchers have used pathfinding
algorithms to extract paths through the fluid domain of a structure, and calculate the tortuosity of
these paths [16, 17]. Others have used simplified skeletal or pore-network representations of the
bulk structure and used Dijkstra’s or similar methods to generate paths [18, 19]. These pathfinding
methods are agnostic to the periodicity or isotropy of the pore structure, and thus can be applied to
more structures than the contemporary finite-element process. Further, digital geometries obtained
from non-destructive means, such as micro-computed tomography (uCT), can be analyzed. Thus,
as-manufactured and as-designed pore structures can be investigated using the same tool.

Calculated tortuosity is highly dependent on the specific path taken. Standard pathfinding
algorithms applied to an unmodified pore space often yield routes that cling closely to the walls when
navigating through bends, minimizing the overall path length. Consequently, the tortuosity values
obtained this way are consistently lower than those estimated using skeletonization or pore-network
approaches. Moreover, the precise nature of the actual path relevant to sound propagation in these
structures is still unclear. More research is needed to understand sound propagation within the pore
space and to adjust these methods to more accurately reflect that behavior.

In this paper, we apply the heat method for distance calculation as an alternative to traditional
pathfinding methods, which differentiates itself by the simulation of thermal energy propagation to
find tortuous paths through a domain. In Sec. 2, we elaborate on the heat method. In Sec. 3, we
describe porous absorber unit cells investigated in this study. The heat method is applied to these
structures and Sec. 4 contains the resulting field visualizations and tortuosity distributions. The
significance of the findings and future use of the method are discussed in Sec. 5

2. THE HEAT METHOD

Varadhan’s formula relates the distance ¢ between two points x; and x, on a curved domain if the
heat kernel &, ,, is known [20]:
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where t is time. Varadhan’s formula can be interpreted as follows: for heat to have diffused from
X1 to x, in an arbitrarily small timescale, the diffusion path must have been the shortest possible route.
The drawback of this formula is the precise reconstruction of the heat kernel necessary for accurate
distance calculations. The heat method captures the intuitive behavior of Varadhan’s formula while
only requiring a function whose gradient is parallel to the gradient of the true distance field at all
points.

The heat method process as outlined by Crane et al. [21] consists of four steps. First, thermal
boundary conditions are applied: a nonzero temperature is assigned to the regions from which distance
is to be calculated. In our study, we impose this condition on the fluid domain elements located on
one of the six face outer faces of the unit cell, hereafter referred to as the inlet face. This approach
allows distances to be computed from entire regions rather than from a single point. Second, heat
is allowed to propagate throughout the domain for a finite period, resulting in a temperature field.
The duration of this propagation period affects the outcome: vanishingly short times yield better
approximations of geodesic paths, whereas longer times produce smoothed paths (see Fig. 14 in [21]).
Third, the gradient of the resulting temperature field is computed, and the corresponding vector field
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Figure 1: Gyroid (a) and Diamond (b) TPMS unit cells with no wall thickness.

is normalized such that vector magnitude at all points is unity. This normalization is crucial because
the distance calculation is independent of the magnitude of the temperature change; only the direction
in which the temperature decreases is relevant. Fourth, Poisson’s equation is solved on the normalized
vector field F:

V’¢=V.F. 3)

In other words, the divergence of the normalized vector field F equals the Laplacian of the distance
function approximation ¢, which is a scalar field defined at each point in the domain. In Poisson’s
equation, F could be any vector field, however in the heat method it is the normalized temperature
gradient field found in step three. Crane et al. [21] focused on demonstrations of the heat method on
curved surfaces; however, the heat method is not limited to thin domains. In this work, we extend the
application of the heat method to a volume, specifically the fluid domain of a porous media.

3. TRIPLY PERIODIC MINIMAL SURFACES

The heat method can be applied to any pore network, whether derived from existing structures
or designed anew. In this work, we first investigate triply periodic minimal surfaces (TPMS). It is
straightforward to tune the porosity of these structures, which greatly impacts pore space geometry
and therefore acoustic performance. TPMS are also generally amenable to additive manufacturing.
Moreover, TPMS exhibit attractive properties for multifunctional applications, including (but not
limited to) mechanical energy absorption, thermal exchange, use as bioscaffolds, and acoustic energy
absorption.

A minimal surface has zero local mean curvature everywhere. Representative unit cells of the
TPMS — visualized in Fig. 1 — are repeated in all three Cartesian directions (i.e., triply periodic). Each
TPMS is defined by a trigonometric equation. For instance, the Gyroid and Diamond isosurfaces are
given by [22]:



fc = sin(x) cos(y) + sin(y) cos(z) + sin(z) cos(x) — cg, 4)

Jfp = sin(x) sin(y) sin(z) + sin(x) cos(y) cos(z)
+ cos(x) sin(y) cos(z) + cos(x) cos(y) sin(z) — ¢p.
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To achieve a desired porosity, the isosurface is thickened by subtracting a scalar ¢ (i.e., ¢ or ¢p),
computed as a function of the desired porosity 6:

cg =3(6-0.5), 6)

cp = 1.51776° = 3.79416"* + 4.31686° — 2.68106* + 3.20146 — 1.2803. (7)

In this study, we use a Gyroid unit cell at 50% porosity, as well as Diamond unit cells designed
with porosities of 40%, 50% and 60%.

Each unit cell’s fluid phase is represented by a regular hexahedron mesh with a side length equal
to 51—0 of the overall unit cell’s length. An element in the 50 x 50 X 50 grid is included if the
function fp from Eqn. 4 or Eqn. 5, evaluated at the element’s centroid, is negative. This approach is
analogous to a stack of images, the format used by uCT data. Since binarized uCT data can be easily
converted to this format, it can be analyzed using the same method, mesh format, and mesh size as
digitally constructed unit cells. Consequently, comparisons between as-designed and as-manufactured
materials are possible with minimal meshing-induced differences. In preparation for future research
on these comparisons, we have chosen this meshing approach over traditional tetrahedral elements.

This unit cell construction and meshing process is implemented in Python with the assistance of
the VTK package [23]. The generated hexahedron meshes are then used in the heat method of Sec. 2,
which is made possible by the scikit-fem package [24]. Paraview [25] visualizations give insight into
the nature of the resulting distance fields.

4. RESULTS

Gyroid (left) and Diamond (right) TPMS unit cells designed to 50% porosity are shown in Fig.
2. In these figures and all following unit cell representations, the inlet is the top face of the sample,
and the discharge face is the bottom (being directly opposite to the inlet). Each voxel in the fluid
domain is translucent and is colored based on the tortuous distance from any voxel on the inlet face,
normalized to the unit cell length. The same color scale is used for isosurfaces of tortuous distance,
representing distances of one-third, two-thirds, and the full length of the unit cell, as well as for paths
seeded through the fluid domain. These paths follow the gradient of the distance field, with starting
points randomly seeded across the inlet face. There is a clear distinction between paths extracted using
traditional pathfinding algorithms and the seeded paths illustrated in Fig. 2. Conventional algorithms
tend to produce paths that cling closely to the fluid—solid interfaces to minimize the distance. In
contrast, the seeded paths of Fig. 2 generally run parallel to the nearest fluid—solid boundary while
still advancing toward the discharge region. This behavior is also evident in the distance isosurfaces
which, near the inlet, appear nearly normal to the axes of the fluid network’s throats.

The discharge face of the unit cells along with a histogram of the distance values for all voxels
on that face are displayed in Fig. 3. Because the discharge face is one unit cell length away from
the inlet face, these distance values directly represent the dimentionless geometric tortuosity (with the
denominator in Eqn. 1 equal to unity). Comparing Fig. 3 with the geometry in Fig. 2 reveals that
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Figure 2: Paraview visualizations of the distance field for the Gyroid (a) and Diamond (b) unit cells
at 50% porosity, including voxel shading, distance isosurfaces, and gradient-following paths.
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Figure 3: The visualizations and histograms of tortuosity on the Gyroid ((a) and (c)) and Diamond
((b) and (d)) 50% porosity unit cell discharge faces.
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Figure 4: Visualizations and discharge face tortuosity histograms for the Diamond 40% ((a) and (c))
and 60% ((d) and (b)) porosity unit cells.

regions exhibiting the highest tortuosity values lie directly beneath large solid features, necessitating
longer travel distances for the paths reaching these voxels.

The histogram shows that the tortuosity distribution spans from 1.03 to 1.22 for the Gyroid unit cell
and from 1.09 to 1.26 for the Diamond unit cell. Since the JCA, JCAL, and JCALP models require
a single scalar value for the tortuosity transport parameter, synthesizing the per-voxel tortuosity
distribution into a representative per-structure value (for instance, the square mean or median) may
be appropriate. Future research is needed to identify the most suitable metric, possibly through
comparisons with values obtained via direct measurement or inverse techniques.

The effect of porosity modification is illustrated via 3D visualizations and discharge face tortuosity
histograms in Fig. 4. As porosity decreases, the histogram shifts toward higher tortuosity values. This
is also evident from the distance isosurfaces, which move closer to the inlet face and to each other as
porosity decreases. Inverse proportionality between porosity and tortuosity is commonly observed in
bulk materials.

Lastly, we observe the impact of altering the time-scale in step two of the heat method. As noted
by Crane et al. [21], shorter time periods yield paths closer to the true geodesic, resulting in lower
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Figure 5: Visualizations ((a) and (b)) and discharge face tortuosity histograms ((c) and (d)) for the
Diamond 50% when using thermal propagation time periods of 1/10 ((a) and (c)) and 10 times ((b)

and (d)) that of Fig. 2.



tortuosity values. This behavior is evident in Fig. 5, which shows results for a timescale one-tenth
(left) and ten times (right) that of the 50% porosity Diamond unit cell in Fig. 2. Note that the four
faces parallel to the propagation direction do not have a periodic boundary condition; instead, they use
the same conditions as the fluid—solid interfaces. While this choice has minimal effect in the analysis
of a larger bulk material composed of many unit cells, it could impact the analysis of a single unit
cell. Further investigation into the implementation of these boundary conditions is needed to fully
understand their effects.

5. CONCLUSIONS

The heat method was applied to TPMS unit cells to extract and visualize geometric tortuosity at
the discharge face. Consistent with previous research, as unit cell porosity decreased, the tortuosity
distribution shifted to higher values. Similarly, as Crane et al. [21] noted, longer thermal propagation
times resulted in higher tortuosity.

Further development is required, including the extraction of a single representative tortuosity
metric and implementation of periodic boundary conditions. Clarification is also needed regarding
the relationship between acoustic and geometric tortuosity. Specifically, do acoustic disturbances
follow the most efficient paths as suggested by pathfinding algorithms, or do they take more natural
routes akin to those observed here or derived via pore skeletonization? How do geometric details such
as dead-end pores or rough surfaces impact acoustic wave propagation? A deeper understanding of
these issues would help determine which geometric approach best approximates actual behavior.

Overall, the heat method is a promising alternative for extracting geometric tortuosity. The
distribution of tortuosity values at the discharge region provides insight to the path differences within
the unit cell previously unseen. The method can be applied to as-designed and as-manufactured
geometries, an important capability if the impact of manufacturing defects is germane. The
dependence of path behavior on time-step selection can be leveraged by future research. A parametric
study of the time-step values comparing computed tortuosity values with direct measurements could
be performed, with results that align best potentially indicating the gradient field most accurate to the
true nature of acoustic propagation paths.
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