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ABSTRACT

A method for the parameterization of an arbitrary airfoil using a transformation and Chebyshev polynomial interpo-
lation is investigated. The airfoil was transformed into a continuous function using the Class Shape Transformation.
A square root spacing was used to smooth out the slope discontinuity found at the origin. This mapping reduces
oscillations in the polynomial interpolation caused by the slope discontinuity at the origin. Interpolating a range of
NACA 4-digit series airfoils showed that these airfoils could be accurately represented with as little as 10 polynomial
terms. However, problems arise with the Class Shape Transformation when trying to parameterize non-analytically
defined airfoils. The transformation expects the behavior of the leading edge to be perfectly elliptic, and any deviation
from this requirement leads to the divergence of the Class Shape Transformation. As a result, parameterizing with
polynomials becomes infeasible for some airfoils. To address this, a conformal mapping-based unwrapping method is

suggested.

INTRODUCTION

Many mid-fidelity tools used for aerodynamic predictions
of rotorcraft heavily rely on blade element momentum-type
methods. These methods traditionally use airfoil tables to
provide the performance characteristics of the blade at dif-
ferent spanwise locations. Typically, these airfoil tables use
Mach number and angle of attack to define performance char-
acteristics of the airfoil, which do not explicitly account for
Reynolds number variations. This may be problematic when
characterizing airfoil performance or capturing performance
losses due to low-Reynolds-number effects, such as laminar
separation bubbles. For advanced air mobility vehicles, this is
especially important, as their rotors may operate at lower tip
speeds and Reynolds numbers when compared to traditional
rotorcraft (Ref. 1).

Airfoil tables are usually generated using airfoil panel method
codes, computational fluid dynamics (CFD), or data from
wind tunnel tests. Fortunately, analysis with airfoil panel
method codes is not as computationally expensive as it once
was, due to advances in computing. However, when higher-
order methods are required, costs can still accumulate. large
eddy simulations (LES) and direct numerical simulations
(DNS) are computationally expensive and could be unreason-
able for simulations at high Reynolds numbers. Wind tunnel
tests are also expensive due to manufacturing costs and testing
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overhead. When incorporating new airfoils into simulations,
a new table needs to be created, which requires new analysis
to be performed. To avoid these costs, a surrogate model can
be developed to predict aerodynamic performance data from a
variety of airfoils without requiring additional experimental or
computational studies. As an additional benefit, this surrogate
model could be used in reverse for airfoil design. To enable
the creation of a surrogate model, an appropriate method to
parameterize airfoils first needs to be developed.

Existing parameterization methods for airfoils fall under two
categories, deformative or constructive. Deformative methods
take a base airfoil and then deform that geometry to create
a new airfoil. Constructive methods define an airfoil purely
based on a set of parameters. Polynomials, partial differen-
tial equations, and singular value decomposition have all been
previously used to constructively define airfoils (Ref. 2).

This paper analyzes the use of Kulfan’s Class Shape Transfor-
mation (Ref. 3) and the parameterization of the resulting shape
function with Chebyshev polynomial interpolation. A range
of NACA 4-digit airfoils were initially used to determine how
well this method parameterizes airfoils. The interpolated air-
foils were reconstructed with varying amounts of polynomial
modes and compared to the base airfoil both geometrically
and through performance data obtained from XFOIL (Ref. 4).
XFOIL was used to generate pressure distributions, nondi-
mensional coefficients, and trailing edge boundary-layer val-
ues. The parameterization of airfoils that are not defined by
equations was also investigated.



CLASS SHAPE TRANSFORMATION

Standard Definition

Kulfan’s Class Shape Transformation (CST) (Ref. 3) trans-
forms an airfoil into a function space that can be more easily
represented using parametric definitions. This transformation
begins by defining a general class function, C(x), where x are
the chord-normalized abscissas,

Clx) =M (1-x)V2, (1)

with which a shape function, S(x), can be used to separately
construct the upper and lower surfaces of the airfoil as
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In this expression, y are the chord-normalized ordinates and
Ayrg is the normalized trailing-edge thickness. The expo-
nents N1 and N2 are set to 0.5 and 1.0 respectively for round
nose airfoils with sharp trailing edges.

At x = 0 and 1, the class function is zero; however, the value
of Eq. 2 nominally approaches a well-defined limit. At the
leading edge, the value of the shape function directly relates
to the airfoil nose radius as,

S(0) :i,/zl%, 3)

where R is the radius of curvature at the leading edge and ¢
is the chord length. The limit at the trailing edge is found to

be
Ayrg

)
C

S(1) =tanf + “)
where f is the boattail angle. The boattail angle for the upper
or lower surface is the angle that the upper or lower surface
forms at the trailing edge with respect to the horizontal.

Figure 1: Visualization of CST Parameters.

Unwrapped CST (uCST)

Typical application of the CST results in separate shape func-
tions for the upper and lower surfaces of the airfoil, each de-
fined on x = [0, 1]. Stanko (Ref. 5) recognized that both the
ordinate and abscissa of the lower-surface shape function can

be multiplied by —1 to obtain a continuous curve defined on
x = [—1,1]. This formulation is referred to as unwrapped CST
or uCST. The curve need only be continuous, not necessarily
smooth, at the origin, since the class of functions will recover
a twice-differentiable (or smoother) airfoil definition. Should
the uCST shape function be discontinuous at x = 0, the result-
ing airfoil will have a curvature discontinuity at x = 0. While
some practitioners forgo curvature discontinuity, cf. (Ref. 6)
and (Ref. 7), this will lead to unnecessary oscillations in the
pressure distribution.

In Kulfan’s original work, the shape functions were defined
(or deformed) using Bernstein polynomials; however, work
by Vassberg et al. (Ref. 8) found that increasing the order of
the Bernstein polynomial to add degrees of freedom results in
pronounced numerical stiffness that can stall an aerodynamic
design optimizer. Alternatively, the use of uCST opens up the
possibility of defining the airfoil with orthogonal polynomial
bases and improving the matrix conditioning. Stanko (Ref. 5)
applied Legendre polynomials to this task, as they are orthog-
onal with respect to a uniform weighting; however, the ex-
trema of the Legendre polynomials are not consistent in am-
plitude, which has excessive effect on the airfoil trailing edge.
Building on this work, Karman et al. (Ref. 9) used Cheby-
shev polynomials, which have a consistent amplitude across
the entire domain.

Persistent Leading-Edge Pathology

Although uCST is designed to analytically ‘unwrap’ the air-
foil and remove the high curvature at the leading edge, a
singular behavior generally persists in the shape functions at
x = 0. If one considers the general form of an NACA 4-digit
series thickness distribution,

N (x) = av/x+bx+cx® +dx’ + ex*, %)

the limiting behavior of the shape function is S(x) = a +
b+/x + higher-order terms as x — 0. Despite the intentions
of the CST methodology to remove the high curvature at the
leading edge introduced by +/x behavior in the thickness dis-
tribution, this functional behavior can nevertheless persist in
general shape functions. Despite their mathematical simplic-
ity, NACA airfoils are therefore not well represented using ra-
tional, finite-degree polynomials in the CST (or uCST) frame-
work. Additionally, using finite-degree polynomials artifi-
cially limits the leading-edge shapes that can be represented
using CST.

IMPROVED CHEBYSHEV
REPRESENTATION

Chebyshev polynomials form two related families, known as
the first and second kinds. In this work, Chebyshev polyno-
mials of the first kind were used to interpolate the shape func-
tions, in lieu of Legendre, Bernstein, or Chebyshev polyno-
mials of the second kind, because they have a constant mag-
nitude in the domain of [-1, 1]. For this range, Chebyshev



polynomials are also orthogonal with respect to a weighting

1
of V=t

Chebyshev polynomials of the first kind are defined by

T,,(x) = cos (narccos (x)), (6)

where n is the degree of the desired Chebyshev polynomial.
Using these polynomials, a function may be represented as a
linear combination,

N
fx) =Y aT,, 7
n=0

where a, are coefficients that are solved using a linear sys-
tem of equations. However, interpolations with higher-degree
polynomials through suboptimally spaced points are well-
known to be prone to oscillations known as Runge’s phe-
nomenon. This effect arises because the interpolating poly-
nomial needs to pass exactly through each interpolation point.
Therefore, the polynomial must oscillate between the points,
leading to increasingly large deviations, particularly near the
ends of the interval.

To guarantee the minimal oscillatory solution, points at the
Chebyshev nodes of the first kind, also known as Chebyshev
zeros, were used for interpolation (Ref. 10). Nodes for a
Chebyshev polynomial of degree n are given by the follow-
ing relation:

2k+1
2n

X = cos( ), k=0,..,n—1. (8)
Using Chebyshev zeros for the interpolation also allows for
the use of the discrete Chebyshev transform for calculating

the polynomial coefficients,

p N—1
ay = ﬁn Z u(xm)Tn(xm)a &)
m=0

where N is the number of coordinates to be used for interpola-
tion, u is the function to be approximated, and p,, is a function
that is 1 when n = 0 and 2 otherwise. This transform allows
for quick and efficient computation of the a,, coefficients with-
out the need for solving a linear system of equations.

As described in the previous section, a general airfoil shape
function may have an infinite slope at x = 0. To robustly elimi-
nate this pathological behavior, a square root coordinate trans-
formation, similar to the one used by Masters et al. (Ref. 11)
is introduced,

E— 4/

Masters et al. (Ref. 1 1) use the square root function as a spline
parameterization centered at the leading edge to help increase
smoothness at the leading edge. In this work, this transforma-
tion expands the unwanted singular slopes into ones that are

(10)

finite. For instance, the form of the NACA thickness distribu-
tion can be rewritten as,

N (&) =a& +bE* +c&* +dE0 + eE® (11)

Granted, this coordinate transformation does not address
functional behavior of 1 (x) that can by expressed by x
where % <N<I.

Second, selecting the values of x according to the commonly
used cosine distribution results in the values of & being co-
incident with the Chebyshev extrema points when uCST is
employed. Therefore, using uCST with the proposed coor-
dinate transform and a cosine distribution of points leads to
the Chebyshev polynomials being a discretely orthogonal ba-
sis on &, which is a powerful property for representing the
geometry.

The proposed transformation has been found to significantly
improve the ability of uCST (and standard CST for that mat-
ter) to represent general airfoils. An illustrative example is in-
cluded as Figure 2, which compares the ability of a 10"-order
Chebyshev approximation to represent the shape function of
the NACA 2412. Without the transformation, the 10®-order
polynomial exhibits significant error and Runge phenomenon
(induced by the infinite slope). With the proposed transforma-
tion, the 10M-order approximation is remarkably improved.
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(a) Interpolation without coordinate transformation
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(b) Interpolation with coordinate transformation
Figure 2: Interpolation of the NACA 2412 airfoil shape

function with and without a square root transform before
interpolation.



AIRFOIL INTERPOLATION

Two ranges of NACA 4-digit series airfoils, from 1312 to
7720 and 0012 to 0020, were used as a test space for parame-
terization, because these ranges capture a wide range of thick-
nesses and cambers while remaining in the bounds of geom-
etry that could be used on aircraft. Additionally, the NACA
4-digit series is defined by equations, meaning coordinates
at specific values were able to be obtained without the need
for interpolation. Airfoils were parameterized using differ-
ent numbers of polynomial terms. These airfoils were then
compared to the original airfoil by taking the norm of differ-
ence between the coordinates for each reconstructed airfoil.
The mean of the norm was taken for all the airfoils and plot-
ted with respect to the number of polynomial terms used for
the reconstruction, shown in Figure 3. The figure shows that
with more modes, the interpolated airfoils match the original
airfoils more closely. This is to be expected, since the interpo-
lation was done at the Chebyshev nodes, and as the number of
polynomial modes approaches infinity, the interpolation be-
comes exact.

10°
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Figure 3: Average accuracy of the airfoil reconstruction
plotted as a function of Chebyshev Modes.

To discern how many terms are needed to capture the aerody-
namic characteristics of the airfoils, XFOIL simulations were
conducted at a Reynolds number of 500,000 and a Mach num-
ber of 0.2, with parameterized airfoils using 10, 15, 20, 30,
and 50 polynomial terms. XFOIL default values were used
for all parameters not mentioned. Additionally, the airfoil was
repaneled from 200 coordinate points to 200 panels using the
pane command, also using the default values.

Tables 1, 2, and 3 contain the average differences between
the of lift, drag, and pitching moment coefficients between
the base airfoil and the reconstructed airfoils. These differ-
ences are shown for angles of attack of 0, 5, and 10 degrees,
respectively. As the number of terms increases, the average
difference between the coefficient values decreases. This is to
be expected, because with more polynomial modes, the air-
foil can be reconstructed more accurately. Overall, the results

match well with the original airfoil with as little as fifteen
polynomial modes.

Table 1: Average differences of coefficients at o = 0°.

#of Terms Avg. Acl Avg. Acd Avg. Acm
10 0.01195  0.00022 0.00248
15 0.00516  0.00014 0.00100
20 0.00340  0.00007 0.00069
30 0.00144  0.00003 0.00028
50 0.00042  0.00001 0.00008

Table 2: Average differences of coefficients at o = 5°.

#of Terms Avg. Acl Avg. Acd Avg. Acm
10 0.01205  0.00036  0.00229
15 0.00783  0.00024  0.00144
20 0.00319  0.00011 0.00063
30 0.00173  0.00003 0.00033
50 0.00044  0.00001 0.00008

Table 3: Average differences of coefficients at & = 10°.

#of Terms Avg. AClI Avg. ACd Avg. ACm
10 0.01383 0.00054 0.00187
15 0.00733 0.00026 0.00104
20 0.00836 0.00029 0.00117
30 0.00281 0.00011 0.00039
50 0.00054 0.00002 0.00008

For a visual comparison, pressure distributions of the NACA
2414 at 10 and 15 degrees angle of attack are shown in Fig-
ures 4 and 5, respectively. It can be seen that, even with as
little as 10 polynomial terms, the pressure distribution of the
airfoil can be accurately captured with XFOIL. This may not
be the case when performing analysis with higher-order meth-
ods that are more sensitive to small features in the geometry,
such as oscillations introduced through the polynomial recon-
struction.
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Figure 4: ¢, distribution for NACA 2414 at & = 10°.
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Figure 5: ¢, distribution for NACA 2414 at & = 15°.

Non-Analytically Defined Airfoils

Airfoils not defined by analytical equations pose a particu-
lar challenge; in this paper, the VR-12 and RC-410 airfoils
will serve as examples. Since these airfoils are described
by discrete coordinates, the coordinate points need to be in-
terpolated to obtain points located at the Chebyshev zeros.
To maintain continuity at the leading edge, these coordinates
were interpolated using spline interpolation as a function of
the arc length. Since the coordinates at the precise Chebyshev
nodes cannot be exactly obtained, a mock Chebyshev interpo-
lation was used. This is where points that are close to Cheby-
shev nodes are chosen from a discrete set of data, which are
then used for interpolation. Following the procedure for mock
Chebyshev interpolation, a large number of points were gen-
erated along the spline and the points closest to the Chebyshev
nodes were chosen for interpolation.

Before interpolation, an iterative method was used to place
the leading edge of the airfoil, which was defined by spline
interpolation, at the origin to within 1le—16. The leading edge
in this paper was defined as the point furthest from the trail-
ing edge because this guarantees that one x value corresponds
to only one value on the upper surface and only one value on
the lower surface. Otherwise, the shape function cannot be
interpolated because it is not a one-to-one function. Further-
more, the class-shape transformation also requires a one-to-
one function.

Despite these efforts, some shape functions are not ideal for
interpolation. Figure 6 shows that there is a large jump dis-
continuity at the origin. On the other hand, some airfoils are
much better behaved, the RC-410, shown in Figure 7, for ex-
ample. However, there exists a hump to the left hand side
of the origin. Even when this region is removed, the inter-
polation accuracy, shown in Figure 8, is more than an order
of magnitude less converged than the average of the NACA
4-digit series used, shown in Figure 3.

Geometric convergence may not be the criterion for a param-
eterized airfoil when small oscillations are present, shown in
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Figure 6: VR-12 airfoil in uCST space.
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Figure 7: RC-410 airfoil in uCST space.

Figure 9. These small oscillations may be significant when
conducting simulations with higher-order methods, which
then requires more modes to damp out. Therefore, the sen-
sitivity of an analysis tool to these oscillations needs to be
understood before using this method. Furthermore, it is seen
in Figure 9 that the error is maximum near zero, stressing the
importance of adequately managing the slope discontinuity at
the origin.

CLASS SHAPE TRANSFORMATION
OBSERVATIONS

Unfavorable behaviors that occur when unwrapping non-
analytically defined airfoils can be attributed to how CST ad-
dresses the leading-edge behavior of the airfoil, for which the
N1 parameter is responsible. This parameter dictates the ex-
ponential behavior of the leading edge. A value of one-half
assumes that the leading edge of the airfoil is circular, while
values greater than one-half and less than one-half correspond
to sharper and blunter leading edges, respectively. This is a
key point in understanding why some airfoils do not cooper-
ate with the unwrapped CST method for a general value of
one-half for the N1 parameter.

Suppose that the leading-order term that describes the shape
of the leading edge of the airfoil takes the form of ax”, where
b is the exponent and a is a coefficient that scales the function
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Figure 9: Difference between the exact and approximated
shape functions of an RC-410.

in the y direction. When the CST is applied, the b exponent
determines whether the function will converge. If b is exactly
N1, the function will converge to the constant a. Alternatively,
if b > N1, the shape function will approach zero at the origin.
Conversely, when b < N1, the shape function will approach
infinity at the origin when viewed in uCST space. However,
airfoils without an analytical definition may have more com-
plex leading-edge behaviors. The VR-12 airfoil, shown in
Figure 6, converges to two different values at the origin. In
contrast, a rapid change in curvature on the lower surface of
the RC-410 causes a small hump to appear on the left side of
the origin, shown in Figure 7. The CST requires the domi-
nant leading-edge behavior to be of the form ax?, however,
this proves to be too reductive of a description for these cases.

The previous conclusions also explain why the uCST works
exceptionally well for unwrapping the NACA 4-digit series
airfoil family. The equations for the camber line and thickness
distributions are defined by

o { PR, SUDRNE)
U e (1-2p)+2px—2), p<x<]

and

2(x) = 51(0.2969+/x — 0.1260x
—0.3516x> +0.2843x> —0.1015x%), (13)

respectfully, where p is the location of maximum camber, m
is the maximum camber, and ¢ is the maximum thickness.
Knowing that the square root term dominates near the origin,
the rest of the terms may be ignored for the purposes of this
analysis. Taking the limit shows that the shape function will
always converge to a value of 1.4845¢ at the origin. It will
always be continuous, but not necessarily smooth.

These peculiarities make the use of the uCST method for gen-
eral airfoil parameterization unruly because careful character-
ization and treatment of the leading edge would be required by
tuning the N1 parameter for a wide variety of airfoils. Even
with this tuning, the shape function can still be difficult to
interpolate, because the leading edge of the airfoil may have
different behavior on the upper and lower surfaces.

OUTLOOK AND FUTURE WORK

The CST method is not the best method for unwrapping an
airfoil where the leading-edge behavior does not comport
with the assumptions made by the class function. Therefore,
other, more general parameterizations should be explored.
One with great potential that has been identified builds on
the Theodorsen-Garrick method (Ref. 12) as implemented by
Coder (Ref. 13). In this approach, the airfoil (with an assumed
closed trailing edge) is subjected to an inverse Karman-Trefftz

transformation,
1
el
(-6 z—2]

where z is the complex coordinate in the airfoil plane, ¢ is the
complex coordinate of the transformed shape, and 7 is defined
by the trailing-edge included angle. In the { plane, the airfoil
maps to a pseudo-circle as shown in Fig. 10 (from (Ref. 13)).

(14)

Figure 10: Mapping an airfoil to a pseudo-circle (from
(Ref. 13)



The pseudo-circle, £, can be mapped to an exact circle, {r, us-
ing a stable fixed-point iteration described in (Ref. 12). Once
Cr is known, one can define, based on Eppler (Ref. 14),

P(¢)+i0(¢) =1n (;Z) —In (1—&), 15)

for which
1%
P(9)=—n |20 (16)
2 ’cos (% - a) ‘
contains the velocity distribution and
i dy\  9—9lo—0
1
= o e 1
op)=unt () - =3 ()

contains the geometry. These functions satisfy the Lighthill
constraints (Ref. 15), which may be expressed as

21
P(9)d =0 (18)
2n
[ P(0)cos(0)dp =7 (19)
2T
| P@)sin(e)do =o. (20)

Since P(¢) and Q (¢) are conjugate harmonic functions, sim-
ilar integral relations can be defined for Q(¢) that are ulti-
mately redundant. Every closed airfoil has a unique P (¢) and
Q(¢) that is periodic on ¢ = [0,27] and satisfies the Lighthill
constraints, and every periodic P(¢) and Q (¢) that satisfies
the Lighthill constraints yields a closed airfoil.

A representative example of the P(¢) function is shown in
Fig. 11. The behavior near ¢ = 7 is typical of leading edges
and is present in all airfoils, and the steep slope near ¢ = /2
is from an intentional design feature of this airfoil.
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Figure 11: Representative P (¢) function for an airfoil.

CONCLUSION

An improved Chebyshev representation using a square root
mapping for airfoil parameterization was introduced. The
Class Shape Transformation (CST) was first used to unwrap
NACA 4-digit series airfoils, which were then interpolated.
Using a square root mapping, which expands the region
around the origin, before interpolating greatly aided in reduc-
ing the Runge phenomenon. Interpolations showed that this
method can accurately parameterize a range of NACA 4-digit
airfoils using as few as ten Chebyshev polynomial modes,
yielding a mean error norm of 0.003. Analysis of the recon-
structed airfoils in XFOIL corroborated this conclusion. How-
ever, difficulties arise when trying to parameterize airfoils that
are not defined by equations, because the leading-edge shape
may not be exactly elliptic. An elliptic behavior of the lead-
ing edge is required for the parameters chosen for the CST
method in this paper. As a result, the behavior of the shape
function at the leading edge makes acquiring a parameteri-
zation difficult. Therefore, a more generalized unwrapping
method, which builds upon the Theodorsen-Garrick method,
is suggested. This method overcomes the lack of smoothness
at the origin found with CST method, which will aid in attain-
ing more accurate interpolations.
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