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ABSTRACT
This paper demonstrates methods of aircraft sizing, flight dynamics modeling, and performance analysis using a

lift+cruise concept vehicle with an electric powertrain and variable-speed rotors. The central focus is the develop-

ment of methods to relate the aircraft design sizing constraints to achievable maneuverability and predicted handling

qualities. A toolchain is demonstrated that performs aircraft sizing, mass moment of inertia estimation, powertrain

modeling, trim optimization, dynamics linearization, handling qualities prediction, and quantification of achievable

maneuverability under both nominal conditions and control effector failures. A convex optimization problem frame-

work is introduced to compute agility bound estimates without requiring control system design or control allocation,

potentially supporting rapid design iteration as well as early detection of deficiencies and undesirable operating condi-

tions. This analysis is supplemented with more conventional methods of analysis to provide additional perspective and

observations. Overall, the results suggest that each modeling and analysis element in the demonstrated toolchain adds

significant value, with the combined approach supporting a more efficient and comprehensive exploration of trade-offs

within the design space.

NOTATION

Electric Motor Modeling
b Viscous damping coefficient ( ft·lb·s

rad )
b Superscript indicating motor base condition

Ginv Inverter voltage output gain

Gr Gear ratio

Iq Q-axis stator current (A, peak)

Ld D-axis rotor self-inductance (H)

Lq Q-axis rotor self-inductance (H)

M Modulation ratio
nl Superscript indicating motor no-load condition

np Number of pole pairs

Pp
L Peak load power ( ft·lb

s )
r Superscript indicating motor rated condition

Rs Stator resistance (Ohm)

Vb Battery voltage at inverter terminal (V)

Vd D-axis stator voltage (V, peak)

Vm Motor design voltage (V)

Vq Q-axis stator voltage (V, peak)
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λ Motor flux linkage (Wb)

τc Coulomb friction loss (ft · lb)

τL Motor torque load (ft · lb)

ωm Motor speed ( rad
s )

Vehicle Dynamics Modeling
a Amplitude of sinusoidal motion (rad/s)

A,B,C,D Linear model matrices; subscript c indicates con-

tinuous time, otherwise discrete-time

B Control effectiveness mapping or matrix

Ix, Iy, Iz Moment of inertia in body coordinates (slug · ft2)

Ixz Product of inertia in body coordinates (slug · ft2)

mlin,blin Slope and intercept of linear model

nsteps Number of discrete trajectory solution steps

p,q,r Angular velocity states of aircraft (rad/s)

r(t),ri A reference trajectory, subscript for sample index

Δt Time between discrete steps (s)

TF Total time for attitude tracking task (s)

u,x,y Linear model input, state, output vectors

δ Control inputs, subscript indicates name

m Moment vector

ε Allowable error fraction

ω Frequency of sinusoidal motion (rad/s)

Ω,Φ Allowable input and attainable moment subsets
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INTRODUCTION

Background

Continuing advancements in electric vertical takeoff and land-

ing (eVTOL) technology have led to the development of a

variety of prototypes, progress towards certification (Ref. 1),

and flight test demonstrations. Many eVTOL designs incor-

porate rotorcraft and fixed-wing vehicle characteristics to en-

able hover, transition, and forward flight modes. Various

configurations have emerged including lift+cruise, tilt-wing,

and tilt-rotor designs, with many of them integrating elec-

tric powertrains with advanced fly-by-wire control systems. A

broad range of control effectors are utilized for these aircraft,

including rotors with collective pitch, cyclic control, tilting

mechanisms, and fixed-pitch with variable speed (i.e, “rpm-

controlled”). While these new technologies offer attractive

solutions to Urban Air Mobility (UAM) and Advanced Air

Mobility (AAM) applications, they also present design chal-

lenges related to their performance, efficiency, and safety.

The availability of flight dynamics models offers many ben-

efits to the conceptual design process. Take as an example

a lift+cruise aircraft relying on fixed-pitch variable-speed ro-

tors for hover maneuvering. If reasonably accurate models

of the powertrain and flight dynamics are not available, it

may be difficult to ensure the rotors will be supplied with

enough power to generate adequate control responsiveness,

especially if the aircraft must be able to continue flight follow-

ing motor or actuator failures. Many eVTOL aircraft also pos-

sess redundant control effectors during some phases of flight,

with designs incorporating various combinations of lifting ro-

tors, tilting mechanisms, and trailing edge control surfaces.

As a result of this added complexity, designers may need to

consider advanced methods for control allocation to optimize

power usage, maximize control authority and vehicle respon-

siveness, ensure safety, and maintain failure tolerance wher-

ever possible. Addressing these interconnected systems at the

conceptual design stage is an attractive strategy towards max-

imizing performance and ensuring the success of a particular

eVTOL aircraft design.

A substantial portion of stability and control analysis often

occurs later in the design process, such as during wind-tunnel

testing or flight-testing phases. In the case for eVTOL air-

craft, this is partially due to the challenges of developing ac-

curate aerodynamic models for flight dynamics simulations.

Additionally, eVTOL aircraft often possess redundant con-

trol effectors and utilize novel distributed electric propulsion

(DEP) systems, motivating the development of new methods

to analyze the relationship between aircraft sizing and achiev-

able control system performance. To address these gaps, there

have been numerous research efforts to improve sizing and

performance analysis methodologies (Refs. 2–5) and aero-

propulsive modeling capabilities that capture complex aero-

dynamic interactions (Refs. 6–11).

NASA has also engaged in research efforts to develop tools

that enable rapid stability, control, and performance analy-

sis. A physics-based modeling tool called SIMPLI-FLYD

(Simplified Flight Dynamics for Conceptual Design) was pre-

sented by Lawrence et al. (Ref. 12) to assess flying qualities

early in the design cycle. Further research was conducted

to adapt methods from SIMPLI-FLYD to enable analysis of

vehicles that utilize variable-speed motors (Refs. 13, 14) and

assess electric motor power consumption (Refs. 15, 16). Re-

cently, Malpica et al. (Ref. 17) demonstrated conceptual de-

sign exploration of an rpm-controlled hexacopter concept ve-

hicle which included aircraft sizing, flight dynamics model-

ing, and analysis of pilot induced oscillation (PIO) predic-

tion metrics. Selected methods and capabilities from these

efforts are being integrated into an updated tool called Flight-

CODE (Flight dynamics and control modeling tools for COn-

ceptual DEsign), and these include methods for uncertainty

quantification (Ref. 18) and analysis of off-nominal condi-

tions (Ref. 19). In addition to tool development, several pi-

loted simulation campaigns have been conducted for quad-

copter, hexacopter, and lift+cruise concept vehicles to vali-

date predicted handling qualities metrics used in early design

phases (Refs. 20, 21).

Preceding research efforts have demonstrated useful method-

ologies to relate eVTOL aircraft sizing with flying qualities

analysis, and to develop aero-propulsive models for flight dy-

namics simulation. However, there remains a need for further

development of these methods, particularly as they relate to

aircraft with redundant control effectors subject to saturation

and rate limitations. This research aims to enhance the ca-

pabilities of previously developed NASA aircraft sizing and

flight dynamics modeling tools while also potentially reduc-

ing the need for time-consuming control system analysis dur-

ing conceptual design.

Objectives

This paper presents a sizing and design suitability analysis

of a turbo-electric lift+cruise concept vehicle, with a focus

on the development and demonstration of tools and meth-

ods. The primary objectives were to identify connections be-

tween aircraft sizing conditions, trim selection, electric motor

power limits, and achievable vehicle maneuverability. Begin-

ning from a baseline configuration, design variants were gen-

erated by modifying a constraint in the sizing task to increase

the power margin of the electric motors. Each design variant

contains increasingly powerful motors that are used to con-

trol the speed of the lifting rotors. The analysis incorporates

optimal control allocation for redundant control effectors and

motor failure scenarios. Additionally, control system design

and analysis was accomplished using existing rotorcraft flying

qualities specifications.

The remainder of this paper is organized as follows. First, the

baseline lift+cruise concept vehicle design is presented. Next,

an approach to generate design variants is outlined, including

an overview of the software and modeling methods used to

compute optimal trim conditions, generate linear models, and

calculate motor power limits. Following this is a description

of the analysis techniques used for evaluating flight dynamics

and control characteristics. The results section demonstrates
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an analysis of the design variants in hover conditions under

nominal and motor failure scenarios. Lastly, the conclusion

section summarizes the key findings.

BASELINE VEHICLE DESCRIPTION

The baseline conceptual vehicle for this research was the

NASA-designed turbo-electric lift+cruise (Refs. 22,23). Ren-

derings of the vehicle are shown in Figure 1. Rotor and motor

numbering, rotational direction, and cant angle of the inboard

rotors relative to the body-axes are also indicated.

(a) Isometric view

(b) Top view

(c) Front view

Figure 1: Rendering of baseline lift+cruise vehicle.

This lift+cruise concept blends a fixed-wing airframe with

eight variable-speed lifting rotors and a variable-pitch pusher

propeller. In forward flight, the vehicle operates in an air-

plane mode which utilizes conventional trailing edge control

surfaces including elevator, ailerons, and rudder for control.

The four inboard motors are canted outwards by 8°, which

is intended to help increase the achievable yaw moment. All

lifting rotors are fixed-pitch, hingeless, and two-bladed. Each

rotor has a dedicated electric motor connected to the rotor

through a gearbox. Adjacent rotors rotate in opposite direc-

tions, which is intended to reduce coupling between attitude

and heading control. The baseline rotor properties, main-wing

and tail dimensions, and aircraft mass properties are listed in

Table 1.

Table 1: Baseline lift+cruise design parameters.

Parameter Value
Mass and Inertial Data

Design gross weight 6,650 lb

Ix 11,060 slug · ft2
Iy 11,530 slug · ft2
Iz 20,300 slug · ft2
Ixz -1,800 slug · ft2

Main Wing
Span 48.3 ft

Chord 4.0 ft

Area 192.8 ft2

Horizontal Tail
Span 12.2 ft

Chord 2.8 ft

Area 34.6 ft2

Vertical Tail
Span 5.3 ft

Chord 4.5 ft

Area 23.9 ft2

Lifting Rotors
Number of rotors 8

Blades per rotor 2

Rotor radius 5 ft

Blade flap inertia 7.92 slug · ft2
Blade twist -15◦
Blade pitch at 0.75R 16.5◦
Chord taper ratio 0.75

Thrust-weighted chord 1.38 ft

Powertrain
Peak power (per motor) 150 hp

Specification speed 8,000 rpm

Transmission gear ratio 7.62:1

Battery capacity 194 MJ

The original files containing design parameters are available

on the NASA Systems Analysis and Concepts Directorate

webpage (Ref. 24). The design is supplied as NASA Design

and Analysis of Rotorcraft (NDARC) software (Ref. 25) files.

For the work presented in this paper, version 1.18a of NDARC

was used. Several minor modifications were made to the orig-

inal aircraft design supplied in an NDARC “.list” file for the

lift+cruise aircraft:

1. The cant angle defined for the inboard rotors was cor-

rected for a typo that reversed the sign. The cant angle

now matches the original design intent as illustrated in

Figure 1(c).

2. Control connections to ailerons, elevator, rudder, flaps,

and lifting-rotor speeds were revised to allow indepen-
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dent articulation of these controls, allowing for more

flexible trim optimization.

3. The main wing incidence angle was modified to +2°, and

the horizontal stabilizer incidence angle was modified to

-5°, improving cruise trim conditions.

The default control mixing applied for trimming in NDARC

at hover conditions is given by Eq. 1, normalized for clarity to

a per-column maximum of 1.⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ωm,1

ωm,2

ωm,3

ωm,4

ωm,5

ωm,6

ωm,7

ωm,8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 1

1 1 1 −1

1 1/2 −1 −1

1 1/2 1 1

1 −1/2 −1 1

1 −1/2 1 −1

1 −1 −1 −1

1 −1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎣

δcoll
δlatcyc
δlngcyc
δpedal

⎤
⎥⎥⎦ (1)

Note that in Eq. 1 the rank of the mixing matrix is 4, equal

to the number of columns. One practical consequence of this

is that there exist combinations of rotor speeds that cannot be

generated using the available inputs if this mixing is enforced.

Thus, avoiding enforcement of a fixed mixing strategy like

Eq. 1 when optimizing trim conditions can increase flexibility,

which might be especially important following failures.

DESIGN VARIANT SIZING AND
MODELING

The process for generating the aircraft design variants with

different powertrain sizes is illustrated in Figure 2. The re-

quired inputs are a set of initial design parameters and a siz-

ing task. These serve as the starting point for a toolchain that

supports aircraft sizing, trim optimization, and aircraft flight

dynamics and powertrain performance modeling.

Aircraft Sizing

The inputs to NDARC were the initial aircraft design “.list”

file and the accompanying sizing task “.run” file, which con-

sists of a sizing mission and several sizing conditions. The

sizing mission properties for each segment are summarized

in Table 2, and the profile is illustrated in Figure 3. A com-

plete description and development of the sizing mission can be

found in Refs. 22, 23, and 26, with only selected highlights in-

cluded here. The sizing mission requires two identical flights,

each involving hover, transition, climb, cruise, and descent

phases. Each of the climb and cruise phases are 37.5 nautical

miles (nmi) in distance followed by a vertical descent and 30

second hover out of ground effect. An additional sizing re-

quirement applied to the battery of the turboelectric drivetrain

requires that the aircraft can cruise a distance of 20 nmi and

hover for 3 min using solely battery power in the event of a

turbine or generator failure. The mission profile is intended to

represent required mission capability for notional UAM oper-

ations (Ref. 26). It does not explicitly target a guarantee of

acceptable flying qualities, adequate motor torque margin for

Figure 2: Process used to generate design variants and as-
sociated dynamic models.

maneuvering, nor the feasibility of continued operations fol-

lowing the failure of one of the wing-mounted lifting rotors.

To generate design variants with increased power margin on

the lifting rotors and motors, an additional sizing condition

was added to the original sizing task that required the vehicle

to sustain a specified load factor along the body z-axis (nz)

while hovering at 6,000 ft International Standard Atmosphere

(ISA) conditions. The load factor requirement started from

the baseline design (nz = −1.00 g), and varied in magnitude

in increments of 0.05 g to nz = −1.75 g, with an additional

load factor design variant of nz = −1.77 g included as the

largest magnitude load factor for which the sizing task con-

verged. This resulted in 17 unique design variants considered.

The variants do not only differ by motor power; gross weight,

wing area, fuel capacity, etc., all vary as required such that

the vehicle design satisfies the original sizing mission plus

the added load factor constraint. For the remainder of the pa-

per the individual design variants are referred to by the load

factor used to size them, with the −nz direction implied, e.g.,

“1.35 g design variant” would refer to the design satisfying

nz =−1.35 g.

Moment of Inertia Estimation

NDARC version 1.18a outputs aircraft mass moments of in-

ertia (MOI) based on user-supplied radius of gyration values.

However, the implementation requires these values to be fixed

prior to sizing the aircraft, making it difficult to adequately

capture the effect of the sizing mission on the vehicle’s mass

moment of inertia and radius of gyration values. Additionally,
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Table 2: Sizing mission segments and properties.

Segments 1 2 3 4 5 6 7 8 9 10
Initial Alt. (MSL ISA) 6,000 6,000 6,050 6,050 10,000 6,050 6,050 6,050 6,000 10,000

Final Alt. (MSL ISA) 6,000 6,050 6,050 10,000 10,000 6,050 6,050 6,000 6,000 10,000

Time (s) 15 30 10 tclimb tcruise 10 30 30 15 1,200

Distance (nmi) - 0 0 Dclimb 37.5-Dclimb 0 0 0 0 -

Speed - - 0 Vx Vbr 0 0 - - Vbe
ROC (ft/min) - 100 0 ≥ 900 0 0 0 -100 - 0

% Power Available 10% 100% 100% Pclimb Pcruise 100% 100% 100% 10% Pcruise

Figure 3: Sizing mission profile.

the current approach to MOI computation neglects off-axis

terms in the inertia matrix that are sometimes relevant to the

vehicle’s flight dynamics characteristics. Because NDARC

sizing missions rarely include conditions with nonzero angu-

lar velocity, accurate MOI values are often not required for

NDARC’s sizing calculations. However, the analysis of air-

craft flight dynamics does require realistic mass MOI esti-

mates, and ideally these MOI estimates should be driven di-

rectly by variations in the design’s mass properties output by

NDARC. To address this limitation, a tool was developed us-

ing The MathWorks® MATLAB® (Ref. 27) software to parse

the NDARC aircraft design files for each variant and rapidly

estimate the mass MOI. The estimation is constructed based

on a component-wise analysis of the design, with user input

specifying appropriate assumptions for each component type.

For the lift+cruise design considered here, these assumptions

include modeling the wing-mounted motors and transmis-

sions as point masses, the fuselage as a cylinder, and the

wing and tail surfaces as cuboids. The geometry information

describing component locations and dimensions required for

MOI estimation were derived directly from the NDARC out-

put files, with limited exceptions including the turboshaft en-

gine and transmission. Locations for these components were

not defined in the NDARC output files and were based on

existing conceptual drawings of the vehicle. Due to the as-

sumptions and limitations of this MOI estimation approach,

the resulting mass MOI values are expected to be somewhat

lower than would be found using a more accurate estimation

method that included detailed geometry and component densi-

ties. Nevertheless, this approach does capture the trend of in-

creasing radius of gyration with increased weight of the wing-

mounted motors. A comparison of an MOI estimate generated

using this method against a more comprehensive estimate us-

ing OpenVSP showed about a 10% difference. This is sig-

nificantly more accurate than the values obtained using the

original fixed radius of gyration values, and was judged to be

sufficient for the purposes of this analysis.

Trim Optimization

The trim solving capabilities built into NDARC version 1.18a

require the user to specify a mixing scheme or fix any ex-

cess trim variables. This presents difficulties when studying

the performance of aircraft with redundant control effectors.

For example, when trimming during an approach at a given

airspeed and glidepath angle, a lift+cruise aircraft could po-

tentially utilize pitch and roll attitude, flaps, elevator, aileron,

rudder, pusher collective and speed, and the speed of all

eight lifting rotors. Choosing an appropriate trim strategy in

NDARC for these situations is challenging, and poor selection

of the control mixing matrix or the fixed values of component

controls could negatively influence an assessment of the de-

sign’s suitability. It is especially difficult to analyze the feasi-

bility of flight following an actuator failure without a means to

select a trim condition according to some sensible optimality

criteria. In these cases, the feasible trim space is challenging

to explore without more sophisticated trimming tools, and de-

tailed analysis might require large scale one-factor-at-a-time

sweeps of the available trim variables.

MANITO (MATLAB and NDARC Iterative Trim Optimizer)

was designed as a prototype tool to partially fill this gap.

MANITO operates in the MATLAB environment and relies on

the constrained nonlinear optimization solver fmincon to it-

eratively trim NDARC to an optimal solution. This is accom-

plished in part by utilizing an option that instructs NDARC

not to attempt to trim the aircraft controls, and instead only
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to compute aircraft performance at the specified flight condi-

tion. Currently, MANITO cannot be used during a sizing task

in NDARC, so initial design sizing must still be performed

using NDARC’s built-in trim capabilities. However, once an

aircraft design file has been generated, MANITO can be used

to compute optimal trim solutions based on the user’s spec-

ifications, constraints, and objective function. The program

is designed to handle nonlinear constraints on any combina-

tion of trim variables or performance values, and accepts user-

defined nonlinear cost functions that can be a function of trim

variables (e.g., rotor speed, pitch attitude, etc.) or performance

values reported by NDARC (e.g., total power consumption).

In this application, MANITO was instructed to constrain lin-

ear and angular accelerations to zero, to respect known bounds

on selected trim variables where appropriate, and provided

with a cost function intended to select for a desirable trim con-

dition within the space of possible solutions. Starting from an

initial guess, MANITO provides an interface for fmincon to

iteratively call NDARC efficiently. Each candidate solution

is processed by MANITO into an NDARC input file along

with the perturbations in each trim variable that are required to

form an estimate of the local partial derivatives using central-

differences. During each iteration of the optimization, the out-

put from a single NDARC call is used to extract all of the re-

quired derivatives, costs, and constraint values, and these are

supplied to fmincon for it to compute the next candidate

optimal solution. When the solver reaches a trim value that

satisfies the constraints and optimality criteria, the solution is

saved along with the NDARC output files that were generated.

Linear Dynamics Models

Dynamic models of aircraft performance suitable for handling

qualities prediction or control design evaluation cannot be di-

rectly produced by NDARC version 1.18a. For these appli-

cations, external tools must be used. FlightCODE is a tool

for generating linear models based on NDARC outputs. For

a given aircraft design file and trim solution file, FlightCODE

generates a linear model representing the dynamics about the

supplied trim condition. FlightCODE cannot compute trim

solutions internally. The pre-release version of FlightCODE

that was used to generate the models in this paper includes, for

each rotor: a rotor speed state (i.e., rpm), three-state inflow

dynamics based on Peters-HaQuang formulation (Ref. 28),

and a six-state second-order blade flapping model. Thus, in

addition to the aircraft’s nine six-degrees-of-freedom (6DOF)

rigid-body states for velocity, angular velocity, and orienta-

tion (roll, pitch, and yaw), each rotor has ten dynamic states

associated with it.

The “full-order” model generated by FlightCODE is then re-

duced using balanced reduction techniques based on Hankel

singular values. This requires careful selection of appropri-

ate inputs and outputs. For this study focused on the evalua-

tion of hover conditions, motor torques were the inputs to the

model, and the rigid-body velocity, angular velocity, attitude,

heading, and rotor speed states were chosen as outputs. Given

these selections, the linear models retained sufficient accuracy

with n6DOF +nrotors states, which for flight conditions with no

failed motors and the pusher-prop inactive resulted in 17 re-

tained states. In the case of a single failed motor the number

of inputs, outputs, and states were all reduced by one.

Calculation of Electric Motor and Battery Limits

A sized vehicle’s motor specification speed, maximum rated

power (MRP), maximum continuous power (MCP), peak

torque, and a power limit defined from peak torque at the

specification speed are all output by NDARCp. Given this

information, motor limits which may affect vehicle and con-

trol performance can be derived. An overview of these motor

limits is provided in this section. Further details on powertrain

sizing, verification and validation are reported in Ref. 29. A

conceptual motor torque-speed map depicting motor limita-

tions in both speed and torque load is provided in Figure 4.

Sustained motor torque in the Intermittent Operations region

of the conceptual motor map leads to motor component tem-

peratures increasing beyond the motor temperature rating,

which may reduce reliability over time. Therefore, a useful

practice is to size motors so that they primarily operate within

the Continuous Operations region of the motor map. Another

useful practice is to size motors so they do not undergo sig-

nificant decrease in torque capability from the effect of back-

electromotive force (EMF). The reduction in peak torque load

starting at the base speed in Figure 4 is consistent with certain

motor manufacturer datasheets.

For improved handling qualities (see Ref. 17), it was deter-

mined that the motor map development process should allow

for a motor map extension (see Figure 4). As an example,

the peak torque may be extended to the right with a higher

battery voltage than the motor’s rated voltage. Further exten-

sions of the map require inverter flux weakening (FW) tech-

nology (Ref. 30) to reduce the effect of back-EMF. Motor

map extensions using inverter FW technology may also result

in a decrease in peak torque capabilities to maintain constant

power.

Figure 4: Conceptual motor torque-speed map.
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At the motor’s rated DC voltage, the peak torque in Figure 4

was assumed to be achieved at the motor base speed. The

MRP was defined at the intersection of the peak torque and

base speed. The MCP was defined at the highest speed which

coincided with the maximum continuous torque (MCT). Man-

ufacturers may rate their motors at a speed and torque where

efficiency is optimal. Here, it was assumed that the motor

rated speed and NDARC specification speed coincide. It was

also assumed that the motor rated torque and MCT coincide.

The direct quadrature (DQ) frame (Ref. 31) is a rotating ref-

erence frame, which is used to transform alternating current

(AC) motor three-phase currents and voltages into direct cur-

rent (DC)-like components aligned with the motor rotor. The

DQ frame is used to analyze and develop control laws for

pulse magnet synchronous motors (PMSMs) and brushless di-

rect current (BLDC) motors. In this paper, the DQ frame was

used to approximate realistic motor limits which could impact

vehicle sizing.

The DC voltage, necessary for motor rated and peak torque-

speeds, are typically provided in a motor datasheet. The

PMSM voltage constraint equation, necessary to derive how

much higher the speeds can be increased for a given torque

load and DC voltage was defined from the inverter voltage

constraint as

GinvVb ≥
√
(Rr

sIr
q +λ rnpωr

m)
2
+(−Lr

qIr
qnpωr

m)
2 (2)

where Ginv is the inverter gain, Rs, is stator resistance, Iq is

Q-axis current, λ is flux linkage, np, is number of pole pairs,

ωm, is motor speed, and Lq is Q-axis inductance. The voltage

constraint in Eq. 2 was crucial to producing the motor map in

Figure 4. The superscript r indicates the value refers to the

motor’s rated continuous operating condition.

Equation 2 may be rearranged to determine motor peak speed

for any given load torque. These values determine the baseline

motor continuous and intermittent performance without FW

control, as shown in Figure 4. The peak motor speed in the

Intermittent Operations region of Figure 4 is given in Eq. 3.

ω p
m =

−RsIqλ +
√

G2
invV

2
b (λ 2 +L2

qI2
q )−L2

qI2
q R2

s I2
q

np(λ 2 +L2
qI2

q )
(3)

Equation 3 is applicable for any given DC voltage in the ab-

sence of FW control. The current may be computed for any

known torque loads on the PMSM as

Iq =
2

3

(τL + τc +Bω p
m)

λnp
(4)

where τL is the torque load, τc is Coulomb torque, and B is the

dynamic viscous torque coefficient. The rated motor constants

can be substituted into Eq. 3 to calculate peak speed. Because

current is a function of speed, Eqs. 3 and 4 can be solved

iteratively for ω p
m.

The base speed of the motor (ωb
m) is achievable assuming the

availability of the rated DC voltage at the peak power condi-

tion. The base speed was computed by NDARC as

ωb
m = Gr

Pp
L

τb
L

(5)

where τb
L is the peak torque at the base speed and Pp

L is peak

load power, or what NDARC defines as MRP. The base speed

(see Figure 4) may additionally be computed by substituting

peak current, I p
q , defined as in Eq. 6, as well as the motor’s

rated DC voltage, V r
m, into Eq. 3.

I p
q =

2

3λnp

(
Pp

L
ωb

m
+ τc +Bωb

m

)
(6)

The no-load speed (NLS) is computed by substituting no-load

current, Inl
q , defined in Eq. 7, as well as the motor’s rated DC

voltage, V r
m, into Eq. 3 and solving the implicit relation.

Inl
q =

2

3λnp

(
τc +Bωb

m

)
(7)

The motor NLS (ωnl
m ) was assumed to be the maximum mo-

tor speed for this work. Exceeding the no-load speed with

a significant torque load—while theoretically possible with a

larger voltage source and/or FW control—may lead to me-

chanical damage of the motor.

The peak load torque driven at any condition depends on the

speed of the motor. Equation 2 was solved for peak load

torque as a function of motor speed. The physical solution of

the resulting quadratic equation solved for peak load torque

was derived as

τ p
L =− τc −Bωm−

3λnp

(
Rsλωm −

√
G2

invV
2
b (R

2
s +L2

qn2
pω2

m)−L2
qn4

pω4
mλ 2

)
2
(
R2

s +L2
qn2

pω2
m
)

τ p
L < τb

L

ωnl
m ≥ ωm ≥ ωb

m (8)

The peak load torque, τ p
L , computed by Eq. 8 is applicable be-

tween the base speed and motor NLS when the motor’s rated

DC voltage is assumed to be available to the inverter.

The combination of a battery with higher voltage than the mo-

tor’s rated voltage and inverter FW control technology affects

the peak torque calculation. The results reported in this paper

assume both of these powertrain enhancements were avail-

able for motor map extension. With DC voltage exceeding

motor rated voltage, the peak torque may be held constant be-

tween the base speed and rated speed (see Figure 4). Assum-

ing the availability of both inverter FW control and a higher

voltage battery, power may be assumed to be held constant

from the intersection of the peak torque and rated speed in

Figure 4. These voltage and FW control enhancements affect

peak torque calculation, here defined as in Eq. 9.

τP
L �

{
τb

L ωm ≤ ωr
m

ωr
mτb

L
ωm

ωr
m < ωm < ωnl

m
(9)

To allow the motor to drive the peak load torque at the rated

speed as observed in Figure 4 the DC battery voltage was

computed using Eq. 10.

V p
m =

1

Ginv

[
np

(
λ 2 +

(
LdIp

q
)2
)]

ωr
m (10)
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To extend continuous motor operations beyond the rated

speed using inverter FW control, a constant power relation-

ship was also assumed up to the motor NLS beginning from

the intersection of the MCT at the rated speed. This as-

sumed power relationship to the right of the rated condition

for continuous operations was not assumed to be invalidated

or changed by the increase in DC voltage so as not to cause

thermal protection issues. The peak speed assuming available

inverter FW control and battery voltage as computed from

Eq. 10, was defined as in Eq. 11.

ω p
m � ωr

mτb
L

τL
≤ ωnl

m (11)

MANEUVERABILITY ANALYSIS
METHODS

The flight dynamics and control characteristics of the air-

craft designs were analyzed in two phases. The first phase of

analysis utilizes convex optimization methods to quantify the

achievable agility of each design given actuator saturation and

rate limits. This analysis is intended to help identify and elim-

inate deficient designs and perform meaningful trade studies,

without requiring a detailed control design effort or extensive

simulations. The second portion of the analysis selects a sub-

set of the design variants and synthesizes a control system to

target desirable performance based on existing rotorcraft fly-

ing qualities specifications (Refs. 32,33) and stability require-

ments (Ref. 34).

Background and Existing Methods

Estimating the feasible maneuvering performance of a vehi-

cle design concept with redundant control effectors presents

several challenges, especially when considering off-nominal

scenarios such as actuator failures. If trim conditions can be

found within the feasible operating limits of the aircraft, and

if linear models can be constructed to represent the dynamics

of the aircraft near these trims, the predicted handling quali-

ties of a design can be explored. However, this typically re-

quires the development of a control allocation strategy for the

vehicle in combination with implementation of a command-

tracking feedback control system. A disadvantage of this ap-

proach is that it combines the performance of the vehicle with

the performance of the control system, which can leave un-

certainty about the true bounds on feasible maneuverability

of the design and make it more difficult to establish the root

cause of any noted deficiencies. More broadly, control sys-

tem design requires substantial subject matter expertise and

time investment, especially when complex operating condi-

tions and off-nominal or failure scenarios are considered. Fur-

ther challenges arise in part due to the impact of various actua-

tor constraints, which can create nonlinear behaviors requiring

special attention for a successful control design. Thus, while

closed-loop performance analysis and control system design

studies can be an important phase of an aircraft sizing and

development process, there are significant motivations to ex-

plore ways to address some of these questions in an efficient

way without resorting to the implementation of a control sys-

tem.

There is substantial literature describing attainable moment

subset (AMS) applications in the context of control allocation

(see Ref. 35). These methods have also been leveraged to

support handling qualities prediction for aircraft sizing, with-

out requiring the design of a feedback control system. For

example, Ref. 4 utilizes an AMS analysis for aircraft sizing

and handling qualities prediction, drawing a connection be-

tween an estimated AMS and a proposed required moment

subset (RMS) that needs to be attainable for acceptable pre-

dicted handling qualities to be feasible. Typically, an AMS

analysis defines constraints on controllable inputs to the ve-

hicle such that the nu control inputs (u ∈ R
nu ) remain con-

strained within a specified set Ω ∈ R
3. A mapping (B) from

control inputs (u) to a vehicle moment vector (m) is also mod-

eled, such that in the linear case a control effectiveness matrix

B is constructed such that m = Bu. Such a mapping produces

an image (Φ, the AMS) of the constrained input subset Ω that

is attainable through the control effectiveness mapping, i.e.,

B(Ω) → Φ. In the context of aircraft design, this AMS (Φ)

might be assessed using various measures of adequacy in or-

der to improve confidence that a vehicle design can feasibly

satisfy maneuverability requirements.

A potential challenge of using this approach might lie in con-

structing an appropriate mapping B(Ω)→Φ. If the analysis is

chiefly concerned with evaluating Φ under control effector in-

puts that permit a linear mapping m = Bu, then Φ is described

by a convex hull and provides the moment (or angular accel-

eration) response of the aircraft to all control positions in Ω.

Any moment lying within the resulting convex hull Φ is then

guaranteed to be feasible under these assumptions. If there are

internal states such as actuator dynamics or rotor speeds that

are influenced by the control inputs and contribute to the gen-

erated moment, forming a linear control effectiveness matrix

B for this purpose may introduce some subtleties that should

be carefully considered. For example, in some cases it might

be appropriate to form B using a zero-order hold on the in-

puts over a time-period of interest to discretize the aircraft’s

dynamics. However, the handling of various state constraints

(such as actuator rates, motor speed limits, etc.) may require

special attention to ensure the limits are respected and the

results interpreted appropriately. Similarly, the implications

of known nonlinearities or assumed instantaneously-reached

equilibria in the mapping B(Ω) → Φ should be considered

when estimating or interpreting Φ in the context of handling

qualities.

Convex Optimization

Convex optimization problems require that both the objective

function and the set over which the objective must be opti-

mized satisfy certain convexity requirements. When suitable,

a convex optimization formulation of a problem can offer

many advantages over more general non-convex approaches.

These include the ability for convex optimization solvers to
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provide reliable indications of problem infeasibility if no so-

lution exist, and to solve feasible problems very rapidly and

reliably in comparison with more general non-convex solvers

(Ref. 36). In this paper, convex optimization methods are used

to estimate upper limits on the feasible maneuvering perfor-

mance of a vehicle design without requiring the design of a

feedback control system or control allocation strategy. This

approach is based on the observation that given a discrete-

time linear model with an appropriate cost function and state,

input, and output limitations, it is possible to pose and effi-

ciently solve a convex optimization problem to produce an

optimal trajectory. By formulating the problem such that the

optimal solutions reveal useful information about the perfor-

mance capabilities of the aircraft, information relevant to air-

craft sizing and predicted handling qualities can be obtained.

For the present application, convex optimization problems

were posed and solved by leveraging CVXPY (Refs. 37,

38) and the convex optimization solver Clarabel (Ref. 39).

CVXPY is an open-source program that allows convex op-

timization problems to be modeled within an extension of the

Python language. CVXPY allows the user to avoid having

to explicitly structure the problem into the standard form re-

quired by the convex solver, making the process of problem

formulation and results interpretation much more intuitive and

convenient.

Two distinct convex optimization problem formulations are

proposed in this paper to analyze the feasible agility of an air-

craft design. The first computes the maximum achievable am-

plitude of sinusoidal angular velocity at a specified frequency

while maintaining a fully periodic state trajectory. This prob-

lem is intended to support the estimation of maximum feasible

angular velocity along an arbitrarily chosen directional axis,

and can help to identify directions of motion in which the

aircraft may have limited maneuverability while also allow-

ing quantification of trade-offs associated with design vari-

ants, operating conditions, or failure scenarios. Sinusoidal

periodic trajectories are utilized for two reasons. First, incor-

porating frequency dependence potentially allows for a more

structured view of how feasible motion changes as a function

of the required frequency. Second, these trajectories are natu-

rally bidirectional (i.e., the sinusoidal reference is zero-mean

with equal amplitude in both positive and negative directions),

and the requirement of full state-vector periodicity means that

the maneuver could be continuously repeated, ensuring that

all of the vehicle states and inputs remain bounded.

The second type of problem considered is a step-input attitude

tracking task with quadratic cost on the attitude error. This

optimization problem is intended to support estimation of the

maximum feasible performance attainable during a moderate-

amplitude pitch, roll, or yaw attitude response criteria maneu-

ver as described in (Refs. 32,33). Importantly, the formulation

allows the estimate to be obtained without any feedback con-

trol design, gain selection, or control allocation, potentially

saving time and effort by allowing deficient designs, problem-

atic operating conditions, and unrecoverable failure scenarios

to be identified more quickly.

Maximum Amplitude Sinusoidal Angular Velocity The

following problem is proposed: Let the continuous-time dy-

namics of a linear model of the system about a trim condition

be represented as Eq. 12.

ẋ(t) = Acx(t)+Bcu(t)

ẏ(t) =Ccx(t)+Dcu(t) (12)

Here, the x(t) ∈ R
nx is the state vector, u(t) ∈ R

nu is the in-

put vector, and y(t) ∈ R
ny is the output vector, all continuous

functions of time (t), and the matrices Ac, Bc, Cc, and Dc are

constant matrices of appropriate size. In this application, rotor

shaft torque is included in u(t), and the corresponding rotor

speeds are included in x(t).

Assume a desired trajectory ar (t) for a given state of the sys-

tem, xtrack(t), can be represented as a sinusoid with frequency

ω as in Eq. 13, with a remaining an undetermined amplitude

for now.

ar (t) = asin(ωt) (13)

For a given angular frequency ω , the dynamics expressed in

Eq. 12 are discretized using a zero-order hold on the system

input. Let the corresponding interval be given as Eq. 14.

Δt =
2π

ωnsteps
(14)

The integer nsteps will represent the number of discrete in-

put vectors ui to include in the optimization problem, and the

number of discrete state vectors xi will be nsteps + 1. To ad-

equately capture the feasible motion of the vehicle at the se-

lected frequency over a single period, nsteps = 40 was used for

this analysis. This value worked acceptably well for the sys-

tems under consideration here. In general, the value of nsteps
should be considered carefully to ensure meaningful results

are obtained. A smaller number of steps reduces the dimen-

sionality of the optimization problem, and might be necessary

for systems with a very large number of states or inputs. If

a known frequency is expected to be used for control signal

updates, it might be appropriate to use it as a lower bound

on Δt in order to enforce a limit on how finely the input to

the system can be varied. Conversely, too small a value of

nsteps could limit the resolution of the optimization and result

in poor approximation of the feasible motion limits of the ve-

hicle design. Thus, this value may need to be adjusted based

on the system dynamics and frequency ω of desired motion.

The system is discretized with the selected step size Δt, as-

suming a zero-order hold on the inputs such that the discrete-

time system is given in Eqs. 15.

A = eΔtAc B =

(∫ Δt

0
eτAc dτ

)
Bc

C =Cc D = Dc (15)

The discrete-time linear model is now given by Eqs. 16.

xi+1 = Axi +Bui

yi =Cxi +Dui (16)
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For convex optimization, this state-update equation is treated

as an equality constraint enforced at each time index i. The

rotor speed state constraints for the k-th rotor can be enforced

as the inequalities shown in Eq. 17.

0 ≤ (
xk,i + x∗k

)≤ x̄k (17)

Where x∗k represents the k-th rotor’s trim speed, and x̄k repre-

sents the maximum speed achievable for that rotor given the

motor’s NLS speed converted into an equivalent rotor speed

limit based on the transmission gear ratio. Similarly, the rotor

torque constraints can be modeled by the inequalities shown

in Eq. 18.

0 ≤ (
uk,i +u∗k

)≤ min
(
mlin

(
xk,i + x∗k

)
+blin, ūk

)
(18)

Here, the linear model parameters mlin and blin are selected to

represent a linear fit of the peak torque limit when operating

above the rated speed (see Figure 4), with ūk representing the

torque limit when operating below this speed. Note that the

upper limit defined by the right side of Eq. 18 provides an up-

per bound on rotor torque and is required to be a piecewise

concave function of xk,i, which is only an approximation of

the torque limitation in this region but can serve as a more ac-

curate boundary than simply assuming a constant upper limit

for torque. It is not strictly necessary that the lower torque

limit be zero, but for this application it was expected that the

motors may not be capable of generating significant braking

torque.

The vehicle must track is a prescribed periodic angular veloc-

ity. To ensure the full state trajectory of the vehicle remains

periodic, enforce the constraint given by Eq. 19.

x0 = xnsteps (19)

This requires that the final state of the trajectory (for which

no control input is computed) will be identical to the starting

state of the trajectory (which will have a computed optimal

control input). Note that for this problem there is no enforce-

ment of an initial condition for the state vector. Instead, the

convex optimization is allowed to compute the optimal peri-

odic trajectory for all internal states so long as Eq. 19 is sat-

isfied. The model used for this analysis includes aircraft po-

sition and heading states in the state vector to ensure that the

optimal solution does not allow for unbounded changes in the

vehicle position or heading, which otherwise might be permit-

ted under the other constraints if these states were omitted and

additional conditions were not added.

The targeted motion for this analysis is a sinusoidal variation

in angular velocity in a specified direction. Given a unit vector

representing the direction of desired angular velocity, a state

transformation is computed and applied such that the specified

angular velocity states are transformed from body-fixed axes

into a control coordinate system (C), with the x-axis of this

new coordinate system aligned with the desired motion direc-

tion. The trajectory tracking constraint can then be expressed

as the inequality shown as Eq. 20.∣∣ari − xktrack,i
∣∣≤ aεtrack (20)

Figure 5: 2D views of the unit vector sphere used for sam-
pling angular motion, top-down view on left, right-side
view on right.

Where ri = sin(ωiΔt) represents the value of the sinusoid at

time iΔt, εtrack is an allowable tracking error expressed as a

fraction of the sinusoid amplitude a, and a is the sinusoid am-

plitude that will be maximized by the convex optimization

given the other problem constraints. Because the only opti-

mization objective given is to maximize a, full authority of

the control inputs will typically be utilized to achieve this ob-

jective, and there are no gains or costs that must be selected

or tuned. For this analysis εtrack = 2% was used.

Off-axis error is defined to limit motion along the y and z

axes in the C coordinate system, and is constrained via the

inequality given as Eq. 21.∥∥∥xko f f−axis,i

∥∥∥
2
≤ aεo f f−axis (21)

Here, the subscript ko f f−axis indicates the states of xi cor-

responding to the two (y and z) off-axis motion states, and

εo f f−axis is a selected fraction of the amplitude a. For this

analysis, εo f f−axis = 10% was used, meaning that 10% of the

on-axis amplitude was the maximum allowed 2-norm of the

off-axis angular velocity for each discrete-time index i.

This formulation allows for the direction of desired angular

motion to be arbitrarily defined. For example, angular veloc-

ity in the roll (p), pitch (q), or yaw (r) directions are generally

of interest. However, establishing the feasible periodic an-

gular velocity about other axes is also useful for forming a

more complete picture of the vehicle’s feasible maneuvering

envelope, particularly in the presence of asymmetric control

effector failures. To sample the space of possible motion di-

rections, a selection of unit vectors is constructed from a unit

sphere. These selections are made such that principal direc-

tions (x, y, and z) are included, and symmetry of sampling

across the x-y, x-z, and y-z planes is achieved. The selections

used for this paper are shown in Figure 5.

This selection produces 74 unique unit vectors, with spac-

ing of points in the x-y plane at z=0 of 22.5°, and spacing

of points in the x-z plane at y=0 of 22.5°. Due to the sym-

metries described and the periodic angular velocity problem

posed, the maximum feasible sinusoidal tracking amplitude

solution for a given direction will be identical to the solu-

tion obtained for the negative of that direction. This property

might be called “point symmetry” or “central symmetry.” To

illustrate, consider that a solution computed for a direction
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representing pitch oscillation with desired direction of angu-

lar velocity in the body-fixed coordinate system of [0,1,0] will

be identical to one computed for [0,−1,0] with a phase shift

of 180°. Thus, it is possible to reduce the number of unique

directions for which a solution is computed to eliminate these

redundancies, which results in 37 unique directions.

After computing the maximum amplitude a of motion in each

direction, it may also be of interest to compute the “volume”

of the total feasible motion. This provides a single quantitative

measurement of feasible motion capability, which may be use-

ful for comparing the relative maneuverability of design vari-

ants, and measuring the impact of various failure scenarios.

To support this interpretation of the data, points on the unit

sphere representing directions for which results are to be com-

puted are connected into triangular faces using the MATLAB

(convexHull) function, which is appropriate given the unit-

vector spherical sampling approach being used. The map-

ping of triangular faces to individual vertices is then preserved

through a deformation of this sphere, which is accomplished

by multiplying the unit vectors describing each desired mo-

tion direction by the corresponding maximum feasible sinu-

soidal motion amplitude computed via convex optimization.

A total volume is then calculated over this deformed sphere

by summing the volumes of each tetrahedron formed by the

unit vectors comprising these faces and the origin. Specifi-

cally, the total volume for each frequency is computed as in

Eq. 22.

Vtetrahedra =

n f aces

∑
f acei

1

6
|v1 · (v2 × v3)| (22)

Each face includes three vertices from the original sampled

unit sphere before deformation, and the vectors vi represent

the corresponding unit vectors after being scaled via their

corresponding maximum amplitude. This approach avoids

the assumption that the deformed sphere represents a convex

hull, and is more direct than a general point-cloud bounding

method such as the alphaShape function in MATLAB, which

may require parameter tuning and careful analysis to produce

the intended results. However, it is important to recognize that

the problem formulation only guarantees feasibility of sinu-

soidal motion up to the computed maximum amplitude along

the actual direction of prescribed motion. The analysis cannot

guarantee feasibility of motion along axes other than those for

which a solution is computed. Thus, the volume computed by

Eq. 22, and the assumed triangular face boundaries on which

it is based, should only be interpreted as estimates. Modifi-

cation of the directions for which the convex optimization is

performed will result in changes to the computed volume and

may reveal or conceal maneuverability features.

The volume calculated in Eq. 22 is a function of frequency,

and can be computed separately for each design variant, fail-

ure scenario, or unique trim condition of interest, potentially

offering a meaningful quantification of feasible maneuverabil-

ity. For this paper, the following conditions were analyzed:

• Hover conditions (5): Nominal (no failures), Motor 1

failed, Motor 2 failed, Motor 3 failed, Motor 4 failed.

• Design variants (17): Baseline through 1.77 g load factor.

• Direction of angular velocity (37): see Figure 5.

• Frequency of sinusoidal angular velocity (10): logarith-

mically spaced frequencies between 1 rad/s and 10 rad/s.

In total, this leads to 31,450 periodic trajectories generated

using convex optimization as described in this section.

Moderate-Amplitude Attitude Changes Beginning from

Eq. 12, consider a discretization of the dynamics via a zero-

order hold assumption (Eq. 15) with a fixed number of time

increments (nstep) and fixed total time (TF ). For this appli-

cation, pitch and roll motion were assessed using TF = 5 sec-

onds, and yaw motion with TF = 10 seconds, with nstep = 100,

and Δt = TF/nstep for each. These values were found to pro-

duce acceptable results for the aircraft dynamics and condi-

tions under consideration, and the magnitude of the attitude

changes required. However, it is anticipated that variations in

TF and nstep will be required depending on the system’s dy-

namics, the amplitude of the attitude change considered, and

other factors.

The rotor torque inputs (uk) and rotor speed states (xk) remain

constrained as previously described in Eqs. 17 and 18. The

difference equation for the system given by Eq. 16 is again

enforced as an equality constraint applied to each discrete step

of the system. Other constraints applied to the state vector

include an initial condition at the origin (i.e., x0 = 0, the linear

model’s trim condition), and a final state constraint enforcing

that at xnstep , the angular rates are all zero, altitude is zero,

the on-axis target attitude has been exactly achieved, and the

2-norm of the off-axis attitude angles are less than 10% of

the on-axis desired attitude change, similar to the constraint

enforced in Eq. 21.

The target attitude change (rattitude) of the vehicle was var-

ied in increments of 5°, with the cost to be minimized by the

optimal trajectory chosen as Eq. 23.

Cost =
nsteps

∑
i=0

(
xktrack,i − rattitude

)2
(23)

This is simply a quadratic cost on the tracking error of the

specified Euler angle state (xktrack ) and the desired attitude an-

gle rattitude. In general, the trajectory generated by this opti-

mization might differ depending on the direction (i.e., sign)

of the desired attitude angle due to asymmetric trim condi-

tions and asymmetries in the way actuator limits influence the

maneuvering limitations of the aircraft. Thus, for some ap-

plications it may be appropriate to compute results for both

positive and negative values of rattitude. It is worth empha-

sizing that no other costs are assigned in this analysis either

to the inputs, states, or outputs of the model. Thus, full au-

thority of the control inputs will be utilized to minimize this

cost, subject to the constraints previously described. An ad-

vantage of this approach is that it avoids any need to tune the

response characteristics via adjustments to weighting applied

to the inputs or states.
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RESULTS AND ANALYSIS OF
LIFT+CRUISE DESIGN VARIANTS

Aircraft Mass Properties

Each of the design variants were analyzed in hover for

nominal operating conditions and individual motor failures.

Throughout this section, all models and subsequent perfor-

mance data represent a gross weight consistent with 6 passen-

gers, full fuel, no ground effect, and with atmospheric condi-

tions of 6,000 feet ISA unless otherwise indicated.

Figure 6 shows that increasing the load factor applied to the

body z-axis in the hover sizing condition results in a higher

peak power availability from the electric motors. As expected,

this additional power comes at the expense of an increase in

the weight of the aircraft and an increase in the mass moments

of inertia, also shown in in Figure 6.

Continuous Torque Limits at Hover

Under nominal hover conditions, it is required that the motors

operate in the continuous operating range as depicted in Fig-

ure 4. This can be assessed by comparing the hover trims com-

puted for design variants against the anticipated motor speed

and torque limits, as shown in Figure 7.

The appearance of two distinct trim torque and speed values

for each variant is due to the small difference in rotor speed

between the fore and aft rotors required in a hover, with the

aft rotors having the slightly higher rotor speed and torque re-

quirements. Notably, Figure 7 illustrates a problem with the

baseline 1.00 g design variant. The operating torque required

to hover exceeds the continuous operation rated torque as in-

dicated by the blue dashed line. Thus, this design would not

be acceptable without modification, since nominal hover op-

erations would require excessive torque output from the mo-

tors, resulting in impractically high motor temperatures (see

Ref. 17 and Ref. 29). There are several approaches to resolv-

ing this problem, including some that involve changes to the

motor specifications and modeling used in the NDARC sizing

task. Here however, the design variants generated based on

increased load factor are analyzed to determine which of the

designs can trim to a hover with a motor rpm and motor torque

within the continuous operating torque range, which as shown

was satisfied by the 1.35 g design variant. Based on this obser-

vation, the design variants below 1.35 g load factor could be

eliminated from further consideration. Nevertheless, to bet-

ter illustrate performance among design variants, designs for

less than the 1.35 g load factor will still be included in some

subsequent analysis results.

Hover Feasibility Following Motor Failure

Another important consideration is the feasibility of contin-

ued flight following the complete failure of a motor. Some

UAM and AAM designs are expected to rely on motor redun-

dancy for additional passenger safety in the event of failures.
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Figure 6: Motor power, design gross weight, and mass mo-
ments of inertia for all design variants as a function of the
load factor constraint specified in the sizing task.

Because of aircraft symmetry, and for brevity of this discus-

sion, only individual motor failures on motors 1 through 4 will

be considered, but the analysis methods shown here should

apply to any other combination of motor failures of interest.

Flight following the failure of a motor will be modeled with

the motor completely stopped and producing no lift; partial
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Figure 7: Motor speed and torque limits for baseline and
1.35 g design variant variants.

failures or stuck throttle failures were not considered. Each

design variant was trimmed using MANITO to a hover condi-

tion with motors 1 through 4 individually failed. In the case

of trimming with a motor failure, it should be noted that the

default control mixing for this lift+cruise aircraft design as

defined in NDARC (see Eq. 1) constrains the trim solution to

needlessly high speeds on some motors. This occurs because

the remaining seven motor speeds are being selected through

only four inputs, which limits the available trim solution space

to a subset of what the vehicle could achieve without mixing.

This reduces the flexibility of the aircraft to respond to the fail-

ure, and in this case results in higher individual motors speeds

than are strictly necessary, possibly causing a feasible failure

scenario to appear infeasible.

As a demonstration of this, MANITO is used to trim the air-

craft to a hover without any control mixing enforced and an

objective function that penalizes maximum rotor speed. Fig-

ure 8 shows the rotor speeds found by trimming the 1.35 g

design variant under nominal conditions with no motor fail-

ure, a failure of motor 1 with NDARC mixing enforced, and

a failure of motor 1 with MANITO instructed to minimize the

maximum motor speed. Figure 8 demonstrates that the opti-

mization appears to succeed. Nevertheless, for this design a

failure of motor 1 still results in motor speeds that slightly ex-

ceed the predicted motor NLS using the baseline design gear

ratio.

Similar results are obtained for each of the individual motor

failure scenarios, as shown in Figure 9. Here, the 1.35 g de-

sign variant is trimmed at a hover using MANITO to minimize

the maximum motor speed for each motor failure case. Mi-

nor variations in maximum rotor speed occur due to the spe-

cific motor that is failed, but in each case the maximum rotor

speeds exceed the rated NLS of the motors for the baseline

gear ratio. This indicates a method of increasing the achiev-

able rotor speed is necessary to produce an acceptable operat-
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Figure 8: Comparison of hover condition trims under
nominal and motor 1 failures, 1.35 g design variant, no
gear ratio adjustment.

ing condition given the motor’s limitations.

A more detailed look at this problem, and a potential solu-

tion, are illustrated in Figure 10 using a failure in motor 3

on the 1.50 g design variant as an example. Figure 10 shows

the motor speed and motor torque required by all of the ac-

tive motors, and includes both a nominal hover and motor

3 failed hover condition. For the baseline gear ratio factor

of 1 (i.e., the original design in NDARC), a motor 3 fail-

ure results in several motors operating beyond the motor NLS

rpm limit. Holding the rotor operating speed constant as re-

quired for the trim condition, the corresponding motor speed

and torque can be modified by adjusting the gear ratio factor.

M1 M2 M3 M4 M5 M6 M7 M8
Motor Number

700

800

900

1000

1100

1200

1300

R
o

to
r 

S
p

ee
d

, r
p

m

No Failures
M1-Failed
M2-Failed
M3-Failed
M4-Failed
Rotor Speed Limit (Due to Motor NLS)

Figure 9: Nominal hover and motor failure cases for 1.35 g
design variant. No gear ratio adjustment.
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The nominal gear ratio (Gr0) of the baseline L+C NDARC

design is 7.62, and in general the torque and speed relation-

ships between the motors and rotors are ωmotor = Gr0ωrotor
and τmotor = τrotor/Gr0. By introducing a gear ratio adjust-

ment factor by replacing Gr0 with Gr0Gr f , and by maintaining

the rotor speed and torque as required by the trim condition,

the new motor speed and torque corresponding to the adjusted

gear ratio can be computed. Note that this assumes negligi-

ble change in transmission losses by the introduction of this

gear ratio adjustment factor. Figure 10 illustrates sweeping

this adjustment factor from 1.0 to 0.5. As the gear ratio ad-

justment factor is reduced, the motor torque requirement in-

creases while the motor speed requirement decreases, moving

the trim conditions shown in Figure 10 upwards and towards

the left side of the plot. For an adjustment factor of 0.85, both

motor torque and motor speed required for a motor 3 failure

fall well within the maximum motor torque and speed limits,

indicating that continued flight following this failure may be

feasible.

The gear ratio adjustment factor could be more precisely op-

timized given an appropriate selection criteria such as motor

efficiency, but for the remainder of this analysis a value of

Gr f = 0.85 will be used for demonstration purposes. Note

that despite this adjustment, with motor 3 failed this design

would be operating some motors in the intermittent load oper-

ating range, where problems associated with overheating and

potential mechanical damage are expected. Thus, according

to this motor model, operations following a motor failure for

this variant would need to be of limited duration. Also of

concern is that by adjusting the gear ratio to accommodate

motor failures, the motor speed and torque required for nom-

inal hover also shifts. For a 0.85 gear ratio factor, several of

the lower motor power variants exceed their continuous oper-
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Figure 10: Gear ratio adjustment factor selection based
on motor 3 failure for 1.50 g variant.

ating torque limit, and analysis shows that the 1.45 g design

variant becomes the minimum necessary to obtain a nominal

hover-trim motor torque in the continuous operating range of

the motors.

The primary purpose of this example is to illustrate that design

trade-offs are complicated by the requirement to accommo-

date motor failures while also designing for efficient nominal

performance, vehicle weight, and cost. Ideally, these rela-

tionships could be incorporated directly into the sizing task to

minimize the time required to analyze design variants under

each scenario of interest. However, several of the capabilities

required to do this reliably are not included in NDARC ver-

sion 1.18a, and were here supported using the external tools

developed for trim optimization, mass MOI estimation, and

electric motor performance modeling described in this paper.

For the purposes of this study, the analysis will proceed with

the design variants as previously described, with an adjust-

ment of a gear ratio factor of 0.85, since this allows further

study of the handling qualities and performance characteris-

tics of the aircraft following a motor failure while still ac-

counting for the anticipated motor speed and torque limits.

Estimating Feasible Maneuverability Via Convex Opti-
mization

In order to quantify the limits of vehicle maneuvering perfor-

mance, convex optimization was utilized to compute the max-

imum feasible amplitude of periodic angular velocity in se-

lected directions at specified frequencies. Both nominal and

failure conditions were analyzed using identical methods in

order to capture the impact of the failures on the feasible ma-

neuverability of the aircraft. Each linear model used is based

on a trim associated with the operating condition (i.e., nomi-

nal hover, motor 1 failed hover, etc.), and on the specific de-

sign variant under consideration (i.e., 1.25 g, 1.50 g, etc.). It

should be noted that the motion of the vehicle computed by

this approach, especially for low frequencies where the feasi-

ble motion is very large, will often exceed the validity range

of the linear dynamics approximation. For these cases, the

results should be interpreted as quantitative metrics offering

some measure of relative maneuvering capability rather than

a reliably precise estimate of what the real aircraft would be

capable of.

The convex optimization problems took about 0.1 seconds to

solve on average. These were all computed using a single

core on an Apple M3 Pro processor, with the combined 31,450

unique periodic trajectories taking about 52 minutes to solve,

or about 3 minutes per design variant. Parallelization and ef-

ficiency improvements are undoubtedly possible and could be

used to substantially reduce this time, such that computational

cost does not appear to be a major limitation of this analysis

technique.

Maximum Amplitude Periodic Motion Figure 11 illus-

trates a time history of angular velocity for a typical con-

vex optimization result, with the corresponding torque inputs
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shown in Figure 12. Here, the desired motion was rotation

about the x-axis (i.e., roll) in the body coordinate system, such

that the control coordinate system and body coordinate system

were identical. The maximum achievable sinusoidal ampli-

tude was computed as 3.03 rad/s for this design variant, oper-

ating condition, angular frequency, and direction. It is worth

emphasizing that the very large roll rate computed is not in-

tended to represent realistic flight conditions; rather, it should

be interpreted simply as a metric that measures properties of

the vehicle design, accounting for influences like control ef-

fector saturation limits, aircraft mass moment of inertia, and

other dynamics captured by the model. The angular frequency

of the required velocity variation is 1 rad/s which produces a

period of 2π seconds. The bounds on both on-axis and off-

axis motion are shown, illustrating that the computed solution

does not violate them. As could be expected for this optimal

control problem, the inputs to the system (here, motor torque)

change abruptly between the bounds, as shown in Figure 12.

Since the desired motion is in the roll axis, the saturated in-

puts are seen to alternate between left (M1 through M4) and

right (M5 through M8) wing motors, generating an aggressive

peak roll rate.

Motor speed follows the expected pattern as well given these

inputs, closely approaching saturation against the motor NLS

limits as shown by Figure 13. To better visualize how the mo-

tor torque and motor speed limits influence the solution, it is

helpful to plot the optimal trajectory in terms of motor speed

and torque, as show in Figure 14. Here, it is observed that

the upper and lower torque limits are frequently reached, in-

cluding the reduced torque limit area beyond 8000 rpm. The

motor NLS limit is also closely approached by the solution

trajectory, but does not remain saturated against this limit for

any substantial period of time. Thus, for this operating con-

dition, direction of motion, sinusoidal frequency, and design

variant, it could be concluded that the roll agility appears to

be primarily limited by torque margin availability.
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Figure 11: Angular velocity for maximum feasible am-
plitude 1 rad/s sinusoidal tracking for roll rate, nominal
hover operating condition, 1.45 g design variant.
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Figure 12: Motor torque for maximum feasible amplitude
1 rad/s sinusoidal tracking for roll rate, nominal hover op-
erating condition, 1.45 g design variant.

As an example of an operating condition for which motor

speed limits plays a more significant role, consider also the

1.75 g design variant under the same analysis conditions,

looking first at motor torque as shown in Figure 15. Com-

paring Figures 12 and 15, it is apparent that there are some

differences in the torque inputs required for the maximum

amplitude solution. These differences are due in part to the

increased impact of the motor speed limit on the trajectory, as

illustrated in Figure 16.

For this variant and operating condition, both the motor speed

and motor torque limits act as active constraints on the achiev-

able sinusoidal amplitude, which is illustrated by Figure 17.

The maximum achievable amplitude for this design variant

and operating conditions was found to be 3.36 rad/s, which

is only slightly larger than was obtained for the 1.45 g design
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Figure 13: Motor speed for maximum feasible amplitude
1 rad/s sinusoidal tracking for roll rate, nominal hover op-
erating condition, 1.45 g design variant.

15



0 2000 4000 6000 8000 10000
Motor Speed, rpm

0

50

100

150

200

250

M1
M2
M3
M4
M5
M6
M7
M8
Trim
Motor NLS
Torque Limit

Figure 14: Motor torque and speed maximum feasible am-
plitude 1 rad/s sinusoidal tracking for roll rate, nominal
hover operating condition, 1.45 g design variant.

variant.

In order to analyze the directional sensitivity and frequency

dependence of the maximum feasible angular acceleration for

variants and failure scenarios, comparison plots can be used.

Note that while the specified trajectory for computing the op-

timal trajectory was in terms of a sinusoidal angular velocity

requirement, the corresponding angular acceleration can be

determined as aω cos(ωt), such that the sinusoidal acceler-

ation magnitude can be estimated as aω , allowing for some

error due to εtrack which here is assumed to be negligible.

Figure 18 shows the maximum amplitude of periodic angu-

lar acceleration in body roll ( ṗ), pitch (q̇), and yaw (ṙ) di-

rections, as well as the combined volume of achievable an-

gular acceleration amplitude across the spherically sampled

directions shown in Figure 5. For ṗ and q̇, there is a substan-

tial reduction in achievable magnitude with frequency. How-
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Figure 15: Motor torque for maximum feasible amplitude
1 rad/s sinusoidal tracking for roll rate, nominal hover op-
erating condition, 1.75 g design variant.
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Figure 16: Motor speed for maximum feasible amplitude
1 rad/s sinusoidal tracking for roll rate, nominal hover op-
erating condition, 1.75 g design variant.

ever, maximum ṙ amplitude is considerably less sensitive to

frequency. This can be explained based on the fundamental

physics of the vehicle. Roll and pitch moments are gener-

ated by changing rotor speed to generate thrust, but desired

changes in rotor speed cannot occur instantaneously as a re-

sponse to rotor shaft torque inputs. Conversely, the dynamics

model used here assumes that the torque applied to the rotor

shaft is able to be commanded directly and instantaneously to

any desired value within the torque limits. Since yaw moment

is primarily generated by rotor shaft torque for this aircraft in

a hover, it is unsurprising that ṙ displays little frequency de-

pendence. The slight reduction in attainable ṙ amplitude as

frequency increases can be attributed to the cant angle of the

inboard rotors, which creates a rotor speed contribution to yaw

moment. Each of the angular acceleration plots in Figure 18

illustrate that the variants sized to have additional available
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Figure 17: Motor torque for maximum feasible amplitude
1 rad/s sinusoidal tracking for roll rate, nominal hover op-
erating condition, 1.75 g design variant.
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Figure 18: Nominal hover maximum angular acceleration
for selected variants, no failures.

motor power and torque typically produce higher feasible ac-

celeration magnitudes. However, at low frequencies there is

a diminishing return observed for some of the highest power

variants. This is primarily due to the motor NLS being held

constant during the sizing of all design variants, resulting in

the motor NLS playing a more significant role in constrain-

ing the performance of the heavier design variants, especially

at lower frequencies where the motor-speed variation is often

large.

Motor failure scenarios can be analyzed similarly, with results

normalized by the no-failure maximum angular acceleration

amplitude as shown in Figure 19, from which several conclu-

sions of interest can be drawn. First, note that for both ṗ and

q̇, a failure of motor 2 is predicted to have the highest impact

on performance, which is also reflected in the total volume

plot at the bottom of Figure 19. Also, outboard motor failures
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Figure 19: Maximum angular acceleration for various
motor failure scenarios, normalized by nominal condition
results, 1.45 g design variant.

(motors 1 and 2) have a larger impact on ṗ and q̇ capability,

while motor 3 and 4 failures have a larger impact on ṙ due to

the cant angle of these motors. The percentage reduction in

maneuverability varies with frequency, but not dramatically

for this example.

However, note that following a motor 3 or motor 4 failure,

achievable ṗ amplitude is roughly 90% of nominal at high

frequencies for this variant, indicating that high-frequency

roll acceleration might not be dramatically affected about this

trim condition. Surprisingly, for the 1.75 g variant with mo-

tor 3 or 4 failed, the achievable ṗ increases slightly beyond

100% of the nominal operating condition at the highest an-

gular frequency of 10 rad/s, suggesting higher attitude re-

sponsiveness might be possible at these trims following a

motor failure. This is explained by the trim condition for
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Figure 20: Maximum sinusoidal angular acceleration vol-
ume, 1 rad/s, nominal hover operating condition, 1.45 g
design variant.

these inboard motor failures (see Figure 9) requiring signif-

icantly higher rotor speeds from the outboard motors, which

increases the linear-model’s partial derivative gain between

rpm changes and thrust (and thus roll moment) due to the

underlying quadratic increase in thrust as a function of rotor

speed. This suggests there may be significant value in inten-

tionally trimming to maximally maneuverable trims, which

could be done to mitigate maneuverability loss following a

failure, or even to increase nominal maneuverability by opti-

mizing the distribution of rotor lift in a way that increases re-

sponsiveness. This approach to selecting among feasible oper-

ating conditions might be especially important during certain

phases of flight where maximum maneuverability is critical.

The three dimensional volume formed by the maximum

achievable amplitudes in each of the sampled directions is

also of interest, and is shown in Figure 20. First, it is notable

that there is considerably more angular acceleration possible

in pitch (q̇) and roll ( ṗ) than in yaw (ṙ) at this frequency. The

aircraft is slightly more capable of ṗ than q̇, but the difference

Figure 21: Maximum angular acceleration for motor 1
and motor 2 failure cases normalized by no-failure case,
1 rad/s sinusoidal angular velocity, hover operating condi-
tion, 1.45 g design variant.

is small. Looking at similar depictions as frequency increases

reveals that the ṗ and q̇ limits decrease more that ṙ, which is

also indicated by Figure 18. Thus, at high frequencies, ṗ, q̇,

and ṙ capabilities become more similar to one another.

To analyze the directional impact of motor failure or other off-

nominal scenarios, a visualization such as Figure 21 is useful.

Here, the maximum feasible amplitude in each direction for a

failure scenario is normalized by the amplitude obtained at the

nominal operating condition. These normalized amplitudes

can be plotted in the corresponding directions, providing a vi-

sual representation of the relative impact of the off-nominal

scenario in each direction. For each point on the surface, a

distance from the origin of less than 1 represents a reduction

of achievable maximum acceleration amplitude in that direc-

tion. For the motor 1 failure scenario, the middle plot of Fig-

ure 21 shows substantially reduced maneuverability across the
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p = q axis, which corresponds to in-phase positive roll and

pitch motion. Conversely, motion about the p =−q axis is far

less attenuated by a motor 1 failure. Interestingly, for a motor

2 failure, the opposite relationship is observed. For these sim-

ple examples, the asymmetry can be understood intuitively by

considering the locations of motor 1 and 2 and the correspond-

ing moments that they generate via thrust. However, for more

complex aircraft or operating conditions, the asymmetric per-

formance implications of some failures might be less obvious,

making visualization techniques such as Figure 21 helpful in

exploring the maneuvering impact of these conditions.

Feasible Performance Criterion Parameters for
Moderate-Amplitude Attitude Changes An estimation of

an upper bound on feasible handling qualities performance

criterion parameters for moderate-amplitude attitude changes

was completed for each variant in nominal and motor failure

conditions using the Attitude Quickness criterion boundaries

from ADS-33E-PRF and MIL-DTL-32742. It is emphasized

that no feedback controller is being designed or implemented

here. Instead, the trajectory generated is only a function of the

convex optimization constraints and quadratic cost function

as given in Eq. 23. Thus, these results should be interpreted as

an estimated upper limit on the feasible performance criterion

parameters of each vehicle design variant given the modeled

aircraft dynamics and motor torque and speed constraints,

rather than a prediction of how a specific control strategy will

perform.

A time history of roll angle response is shown in Figure 22

for a selection of variants under nominal and motor 2 fail-

ure conditions, and target roll angles ranging from 5° to 60°.

The peak roll rate ppk, peak roll angle attitude change Δφpk,

and minimum roll angle attitude change Δφmin as defined in

ADS-33E-PRF (Ref. 32) were identified from these time his-

tories, and used to evaluate the performance of the Attitude

Quickness criterion as shown in Figure 23. The rating lev-

els (for example, “Level 1”) indicated in Figures 23 and 24

refer to the predicted Cooper-Harper Handling Qualities Rat-

ings, with Level 1 indicating satisfactory performance without

design modification, Level 2 indicating deficiencies warrant-

ing improvement, and Level 3 indicating deficiencies requir-

ing improvement (Ref. 32). It is apparent that the increased

motor power variants produce increased performance, but per-

haps with somewhat diminishing improvement as power in-

creases. The design variants considered under nominal (no

failure) operating conditions are capable of achieving peak

roll rate to roll attitude change ratios well within the predicted

Level 1 handling qualities region. Performance degradation

is observed in the motor 2 failure scenarios, as expected and

suggested by the earlier results shown in Figure 19, with the

performance of the 1.25 g variant entering the Level 2 region.

However, the 1.45 g and 1.65 g variants produce feasible tra-

jectories in the Level 1 region for the motor 2 failure cases,

suggesting that with appropriate control system design it may

be possible to avoid a problematic handling qualities degrada-

tion for this axis and response type.

Similar analysis was completed to evaluate moderate-
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Figure 22: Roll response convex optimization time history,
selected design variants at nominal (Nom.) and motor 2
failure (M2F) hover conditions.

amplitude heading attitude changes, as shown in Figure 24.

Under nominal operating conditions, the results indicate that

it is feasible for all three design variants shown to meet the

requirement for prediction of Level 1 handling qualities based

on this criterion. However, a failure of motor 3 significantly

lowers achievable performance in the yaw axis, with perfor-

mance degrading to the boundary between Level 1 and Level

2 regions for heading changes above 20°. This suggests that

control design targeting performance in the Level 1 region

following a motor 3 failure may prove very challenging re-

gardless of how much marginal torque is added to the lifting

motors using the sizing methods employed in this paper.

Overall, the results from this section demonstrate the utility

of the convex optimization analysis methods. The techniques

appears well-suited to revealing deficiencies and quantifying

differences between design variants that might otherwise be

hard to capture. They might also be useful for forming metrics

to optimize trim conditions for aircraft with redundant control

effectors.
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Figure 23: Roll Attitude Quickness convex optimization
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Control System Performance

Following the feasibility analysis using the convex optimiza-

tion methods, a feedback control system for hover conditions

was developed for a subset of the design variants. The pur-

pose of the control system analysis was to evaluate the motor

torque and speed responses relative to their respective limits

for each design variant. Additionally, it allows for compar-

isons of the closed-loop system performance to the feasibility

analysis results.

The control system parameters were tuned to meet a set

of stability, handling-qualities, and performance specifica-

tions. Phase and gain margin requirements were based on

SAE AS 94900 (Ref. 34) and predicted handling qualities

specifications were selected from MIL-DTL-32742 (Ref. 33).

A top-level block diagram of the control system is shown in

Figure 25 and the response-types for the roll, pitch, yaw, and

heave axes are listed in Table 3.

Table 3: Control system response-types.

Axis Response-Type
Roll Attitude Command/Attitude Hold (ACAH)

Pitch Attitude Command/Attitude Hold (ACAH)

Yaw Rate Command/Direction Hold (RCDH)

Heave Rate Command/Height Hold (RCHH)
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Figure 24: Yaw Attitude Quickness convex optimization
results, selected variants under nominal and motor 3 fail-
ure conditions.

The pilot input vector δ has four channels for lateral δlat , lon-

gitudinal δlon, pedal δped , and vertical rate δVz inputs. Pa-

rameters in the command model were selected to target de-

sired performance for small and moderate-amplitude response

requirements, while the feedback gains were tuned to meet

disturbance rejection and stability margin requirements. A

robust servo-mechanism linear quadratic regulator (RSLQR)

structure was used to provide reference tracking with feed-

back stabilization (Ref. 40). The RSLQR approach allows for

augmentation of the linear dynamics state-space model to in-

clude error signals for command following with zero steady-

state error. States for the error signals were defined to ap-

ply integral action to the aircraft attitude angles (φ , θ , and

ψ) and vertical velocity. The feedback gain matrix was com-

puted by applying the LQR algorithm to the augmented state-

space representation with specified cost function parameters

Q and R. An unconstrained nonlinear programming solver

was used to determine the weights in the Q and R matri-

ces that met requirements for user-defined values of distur-

bance rejection bandwidth (DRB) and disturbance rejection

peak (DRP), as defined in MIL-DTL-32742. Table 4 lists

the targeted disturbance rejection performance for each axis,

and performance criterion parameters for small-amplitude at-

titude change requirements (bandwidth ωbw and phase delay

τp). This approach ensured that the control system for each

design variant had similar disturbance rejection and piloted re-
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Figure 25: Control system diagram.

sponse characteristics, facilitating comparisons of variant per-

formance. A vector of commanded body-axis moments and

vertical acceleration ν was mapped to a control input vector u
using a mixer matrix, which was computed using a weighted

pseudo-inverse. The control system was designed for hover

and low-speed conditions and excluded consideration of tran-

sition; therefore, the only control actuators that were included

were the electric motors that drive the lifting rotors. The trail-

ing edge control surfaces and pusher prop were not used. The

control system was implemented for the nominal hover mod-

els (no failure) for the 1.25 g to 1.75 g design variants.

Table 4: Design points for control system development.

Specification Roll Pitch Yaw Heave
DRB (rad/s) 0.9 0.8 0.75 1

DRP 2.5 2 3 2.5

ωBW (rad/s) 2.5 2.5 1 0.7

τp (s) 0.15 0.15 0.2 0.1

Figures 26, 27, 28, and 29 show linear simulation results for

roll, pitch, yaw, and vertical rate step inputs for the 1.45 g de-

sign variant. The amplitude was 10 deg for roll and pitch, 10

deg/s for yaw rate, and 600 ft/min for vertical rate inputs. The

on-axis responses, rotor speeds, and motor torques are shown

on each plot. The motor torque responses indicate that the

control mixer allocates the torque demands based on control

effectiveness for each axis. Figure 26 show that the mixer al-

locates higher amplitude torque demands to the outboard mo-

tors, which is due to their larger moment arm relative to the

center of mass in comparison to the inboard motors. In Figure

27, the control mixer achieves the desired body-axis pitching

moment by splitting torque allocation between the front and

rear motors. For yaw control, motor torques relate directly

to body-axis yawing moment, therefore the mixer applies dif-

ferential torque commands to the CCW and CW motors, as

shown in Figure 28. Increasing the amplitude of these step in-

puts will lead to motor torque saturation, resulting in degraded

responses, off-axis coupling, and potential instability.

The design variants sized for larger load factors tend to pro-

vide an increased torque margin. However, their increased

weight and moment of inertia values lead to an increase in the

power required to achieve similar piloted response and dis-

turbance rejection characteristics. Figure 30 shows the min-

imum torque margin and increase in motor torque root mean

square (RMS) for a subset of the design variants for the step

responses with the same amplitude as Figures 26 through 29.

The torque margin was computed by taking the difference be-

tween the maximum torque demand across all motors in the

time history response and the motor’s available peak torque,

and then dividing by the peak torque. The actuator RMS is

expressed as a percent increase relative to the 1.45 g design

variant to provide a measure of relative increase in power

consumption. These results help to quantify the trade-off be-

tween available actuator margin and power consumption re-

quirements.

In order to allow comparisons with the convex optimization

results for yaw Attitude Quickness, yaw pulse inputs were ap-

plied through the pilot input to selected design variants with

the motor torque and motor NLS limits enforced. The pulses

were 1 second in width, with a range of amplitudes applied.

The Attitude Quickness performance is shown in Figure 31

for amplitudes in which the response remained stable. The

“Estimated Bound” values that are plotted reflect the convex

optimization results and are identical to the “Nominal” data

shown in Figure 24. The responses at Δψmin = 10° are effec-

tively identical for all design variants under feedback control

because each was tuned to produce the same piloted response

characteristics. However, the effects of saturation become ap-

parent as the amplitude of the heading change increases. The

1.25 g variant performance degrades rapidly as amplitude in-

creases beyond 10°, with heading changes above about 25°

causing oscillatory behavior and a reduction in both rpk/Δψpk
and Δψmin. Similar results occur for the 1.45 g design variant,

though at a higher heading change amplitude of about 30°.

For the amplitudes shown, the 1.45 g and 1.65 g design vari-

ants maintain responses in the Level 1 region and are bounded

above by the convex optimization results as expected. The

smaller design variants experience performance degradation

as the change in heading increases in magnitude, indicating

that the control system implemented is not able to effectively

deal with the control effector saturation.

The preliminary results from the control system implementa-

tion and analysis provide insights into the trade-offs between

power consumption requirements and increased torque mar-

gin. Additionally, comparison of the Yaw Attitude Quick-

ness criteria results support the validity of the feasible limits

predicted using convex optimization. Evaluation of the step

responses of the 1.45 g variant show that the motor torque

demands from the control system are within 20% of the mo-

tor’s rated peak torque for the step command amplitude. This

suggests that larger motors or control system design changes

would likely be required to avoid hitting saturation limits dur-

ing large-amplitude attitude changes.
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Figure 26: Roll step response, 1.45 g design variant, nom-
inal hover.
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Figure 27: Pitch step response, 1.45 g design variant, nom-
inal hover.
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Figure 28: Yaw rate step response, 1.45 g design variant,
nominal hover.
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Figure 29: Vertical rate step response, 1.45 g design vari-
ant, nominal hover.

22



1.45g 1.5g 1.55g 1.6g 1.65g 1.7g 1.75g
10

20

30

40

50
T

or
qu

e 
M

ar
gi

n,
 %

 Roll
Pitch
Yaw
Heave

1.45g 1.5g 1.55g 1.6g 1.65g 1.7g 1.75g
Design Variant

0

10

20

30

In
cr

ea
se

 in
 M

ot
or

 T
or

qu
e 

R
M

S,
 %

Figure 30: Torque margins and increase in actuator RMS
based on piloted step inputs for each axis.
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Figure 31: Yaw Attitude Quickness comparing convex op-
timization upper bound estimate with feedback control
system implemented for selected variants under nominal
no-failure hover conditions.

CONCLUSIONS

The following remarks summarize observations and results

from this paper.

1. Redundantly actuated aircraft often have non-unique

trim solutions for some operating conditions. Comput-

ing appropriate trims within the set of available solutions

can be an important aspect of analyzing a vehicle’s pre-

dicted performance, establishing the feasibility of sus-

tained flight following a failure scenario, and produc-

ing linear models. A trim optimization tool that inter-

faces with NDARC to externally compute trim solutions

was developed and demonstrated. The tool was used in

failed motor scenarios to compute hover trims that min-

imized the maximum rotor speed, helping to produce

larger torque and speed margins for the remaining mo-

tors under these conditions than could be obtained using

the baseline control mixing for the lift+cruise.

2. An assumption of constant radius of gyration values may

not be adequately accurate for some sizing studies. Es-

timating the mass MOI matrix using a component-by-

component build-up approach may produce more reli-

able results and better capture fundamental trade-offs

during sizing studies where attitude control is impor-

tant and mass is being distributed differently between de-

sign variants. A tool was developed and demonstrated to

rapidly generate MOI estimates based on NDARC sizing

output, and was found to offer improved reliability.

3. Motor performance limitations such as torque and speed

limits directly contribute to the maneuvering capabilities

of fixed-pitch variable-speed rotorcraft designs. Estab-

lishing realistic predictions of motor performance can

improve handling qualities predictions, especially in off-

nominal or failure scenarios in which the design might

be stressed in ways not easily accounted for in the basic

sizing mission. Investment in reliable modeling of these

components appears worthwhile and can increase confi-

dence in a trade-study involving motor sizing.

4. Convex optimization in combination with appropriately

formulated problems can offer an attractive complement

to other approaches for analyzing predicted handling

qualities early in the design process. In some applica-

tions, this might enable faster and more reliable analy-

sis of a design’s feasible performance capabilities than

would otherwise be possible. These methods might

be used to establish upper limits on achievable vehicle

performance, select favorable trim conditions, quantify

trade-offs between vehicle design variants, and may be

useful in identifying and solving design deficiencies. Im-

portantly, the methods presented in this paper do not re-

quire control system design, control allocation, or tun-

ing to be utilized. The maximum angular velocity sinu-

soidal tracking convex optimization problems were for-

mulated to support analysis of motion in arbitrary direc-

tions and at different frequencies, with the results serv-

ing as a useful metric for comparing the relative perfor-
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mance of design variants and operating conditions. The

moderate-amplitude attitude change responses generated

using convex optimization also provide a useful estimate

of the upper bound on the Attitude Quickness Criteria.

This method may be particularly useful for establishing

the feasibility of achieving predicted Level 1 handling

qualities under various failure scenarios.

5. A preliminary assessment of a hover control system was

presented with examples of piloted step responses for

each axis. The results help quantify the trade-off be-

tween available actuator margin and power consumption

requirements to achieve consistent disturbance rejection

and piloted response characteristics. The Yaw Attitude

Quickness criterion was also evaluated over a range of

heading changes, with results supporting the validity of

the convex optimization estimates for upper bounds on

achievable performance.
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