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Abstract

This dissertation presents the development and simulation of real-time control al-
location methods which were specifically designed considering parametric model
uncertainty and was performed under the NASA Modeling and Control for Agile
Aircraft Development project. Previously, the NASA Learn-to-Fly project success-
fully showed that combining real-time control design, real-time guidance, and real-
time modeling is feasible and can help eliminate the need for ground-based aerody-
namic modeling in favor of simultaneous in-flight modeling and control framework
development.

The real-time modeling algorithm must obtain flight data from a wide range
of explanitory variables. To obtain said data, the real-time modeling procedure
uses programmed test inputs to command each of the control surfaces using wide-
band frequency content. These programmed test inputs, which are necessary for
real time modeling, produce aircraft responses which the control system sees as
disturbances and must be suppressed. This creates a fundamental conflict, good
control tends to mitigate disturbances, including those due to the programmed test
inputs. The basis of these control allocation methods are to separate the control
design problem from the control allocation design problem. In this dissertation,
the in-flight control design approach is to use loop-shaping techniques based on

the rigid-body aircraft equations of motion to penalize control commands within

XV



the programmed test input frequency band. This is shown to successfully con-
trol aircraft with control commands more compatible with excitation for real-time
modeling.

Due to high initial uncertainty levels, optimal control allocation methods con-
sidering parametric model uncertainty are developed and employed. Conventional
control allocation methods are unable to guarantee bounds on realized moment
error in the presence of bounded disturbances. Control allocation by Robust Lin-
ear Programming is developed and employed within this dissertation. The Robust
Linear Programming control allocator is derived to realize a moment which is
guaranteed to lie within a certain prescribed tolerance bounds in the presence of
bounded disturbances.

This dissertation also considers a second optimal control allocation method, the
Linear Program Direction-Preserving Allocator. Conventionally, high-efficiency
control allocation does not preserve commanded moment direction, this disser-
tation extends control allocation by linear programming to generate the linear
programming direction preserving allocator. The linear programming direction-
preserving allocator is then extended using robust control theory to develop the
robust linear programming direction-preserving allocator which is shown to best
maintain aircraft dynamics in the event of an actuator fault.

The suite of control and control allocation methods is simulated on linear and
nonlinear aircraft models vehicles considering parametric model uncertainty. The
methods show the improvement on existing algorithms when considering paramet-

ric model uncertainty.

xXvi



Chapter 1

Introduction

Control theory plays an instrumental role in engineering systems and is increas-
ingly seen throughout the world. As vehicles mature and become more complex,
control theory must advance in order to sufficiently control newer more complex
aircraft and spacecraft. The main challenge in control theory lies in understanding
what is unknown about the system. Mathematical models of aerospace vehicles are
usually empirically-derived which always result in some uncertainty. Additionally,
external disturbances on aircraft such as control surface interaction, damaged con-
trol effectors, or control surface degradation due to icing can never be fully-known,
yet still effect aircraft dynamics.

Several methods exist to effectively control systems subject to parametric model
uncertainty. Adaptive control combines an online parameter estimator and auto-
matic control design [4, [5] and formal proofs of stability of adaptive controllers
have also been developed [0, [7, §]. Extensive research has been done in adaptive
control and has become a popular method for handling parametric model uncer-
tainties. Unknown information about the system can be quantified into random

variables, in the form of parametric model uncertainty [9]. Control of systems



subject to random disturbances is called stochastic control [I0]. However, sys-
tems could still be subject to rigid control objectives such as minimum-time or
minimum-fuel and/or have instabilities while subject to stochastic disturbances.
Extensive research has been done on how to effectively control stochastic systems
while maintaining performance objectives [10} 1], 12 13, [14].

Another tenet of flight control theory is control allocation theory. Classical
aircraft controls care designed with a single controller for each rotational degree of
freedom [I5]. In three degrees of freedom this implies there will be one controller
for roll, one controller for pitch, and one controller for yaw. However, many air-
craft and spacecraft use redundant, or coupled control effectors to achieve different
performance objectives. Control allocation is needed to distribute virtual control
commands to individual actuators to achieve performance objectives. There has
been extensive research and investigation into control allocation methods in previ-
ous years, resulting in many effective control allocation methods, such as general-
ized inverse methods [15], daisy chained control allocation methods [16], linear and
quadratic programming control allocation methods, [I7]. In recent years, adaptive
control allocation has gained more attention as a method to handle actuator fail-
ures, as well as parametric model uncertainty [I8, 19, 20, 21, 22]. This shows
promising developments to handle parametric model uncertainty in the control
allocator.

This dissertation utilizes control allocation algorithms which consider paramet-
ric model uncertainty. This allows the loop-shaping controller to be designed con-
sidering rigid performance objectives and designed based on rigid-body equations

of motion and the allocator to account for parametric model uncertainty.



1.1 Overview of the Modeling and Control for
Agile Aircraft Development Project

Traditionally, flight control laws for new aircraft have been developed by models
generated through wind-tunnel testing or computational fluid dynamics, then flight
testing a control law, followed by post-flight analysis of data. During post-flight
analysis it is often discovered that the data is often insufficient. This results in an
iterative process requiring more flight testing which results in a time consuming
and costly process to the aircraft developer. The Learn-to-Fly (L2F) project at
NASA Langley Research Center successfully combined state-of-the-art real-time
aerodynamic modeling, real-time guidance, and learning adaptive control to enable
real-time self-learning aircraft. An overview of the traditional versus the real-time

self-learning aircraft development process is shown in Fig. [I.1]

Real-Time, Self-Learning Aircraft

Traditional Aircraft
Development Process:

.ﬂﬂ-

Development Process:

Learning Real-Time
Control Modeling

Real-Time
Guidance

Figure 1.1: Traditional vs. Real-Time Self-Learning Aircraft Development.

The Modeling and Control for Agile Aircraft Development (MCAAD) project
at NASA Langley Research Center seeks to improve upon the learning control
framework developed under the L2F project. Initially, the only available model of

the aircraft aerodynamics is a guess, which may be very inaccurate. The controller



must be able to ensure stability with this potentially poor model. The controller
developed under the L2F project successfully ensured vehicle stability but was
not specifically designed to be compatible with the real-time modeling procedure.
MCAAD seeks to improve upon this control design by developing a controller

specifically designed to be compatible with the real-time modeling procedure.

1.2 Control Principles

The L2F project successfully demonstrated the feasibility of simultaneous real-
time modeling, real-time guidance, and learning control to develop mathematical
models and control laws for aircraft with little or no ground-based testing [23]. This
was done through usage of a baseline nonlinear dynamic inversion (NDI)-based
baseline control law with adaptive £; augmentation which actively assisted the NDI

in regulating angular rates [23]. Figure summarizes the control architecture

)
1)

» L1
.
| NI My
"‘—u

odeling

v

3

=

{

Figure 1.2: Overview of control architecture used in L2F project.

used in the L2F project. However, the L2F control allocator was not specifically

designed considering parametric model uncertainty.



This dissertation develops an alternative flight control architecture shown to
be specifically compatible with parametric model uncertainty. The principles of
this architecture are based on the nonlinear aircraft dynamics expressed in general

form:

z=f(t,x 1) (1.1)
T =h(t,z,u,0) (1.2)

where & € R"™ is the state vector, u € R" is the control surface deflection vector,
7 € RP is the moment vector, and ¢ > 0 is time. @ € R? is a vector of uncertain
parameters. The real-time modeling procedure provides Gaussian estimates as
shown by Eq. [I.3] More information about the real-time modeling procedure can
be found in Ref. [9].

0; ~ N (s R)Vi = {1,2, ... q} (1.3)

The fully-known rigid body aircraft dynamics are represented by Eq. (1.1)), whereas
the unknown moment model is represented by Eq. . In this dissertation,
the baseline control law is an H..-based linear parameter-varying (LPV) control
law and is designed based on the fully-known rigid-body equations of motion.
This allows the control designer to use loop-shaping techniques to shape moment
commands into that more compatible with excitation due to real-time modeling.
The control allocation in this dissertation is designed based on the moment model

in Eq. (1.2), which is subject to uncertainty.

1.3 Contributions and Organization

The contributions of this dissertation are as follows:

1) Show aircraft control based on rigid-body aircraft dynamics allows



the control designer to use loop-shaping techniques to shape control
commands into excitation compatible with real-time modeling.

2) Show how control allocation by Robust Linear Programming can
improve vehicle performance due to effects of parametric model uncer-
tainty.

3) Extend control allocation by linear programming to preserve real-
ized generalized moment direction which develops the linear
programming direction-preserving allocator.

4) Extend the linear programming direction preserving allocator to
be robust against parametric model uncertainties which develops the
Robust Linear Programming Direction Preserving Allocator.

The organization of this dissertation is detailed for convenience.

Chapter 2] provides an overview of mathematical preliminaries and control al-
location methods used throughout the remainder of the dissertation.

Chapter |3|shows the derivation of an H.,-based LPV controller used to penalize
control commands within the PTI frequency band, with the control allocator used
in the L2F project. This control approach can also shape the moment commands
into that more desirable for real-time modeling. However, this control approach
introduces tracking performance worse than that of the L2F control architecture.

Chapter 4| shows a comparison of existing control allocation methods in the
presence of parametric model uncertainty.

Chapter [5| shows the derivation and performance analysis of the Robust Linear
Programming allocator.

Chapter [ shows the derivation of the Linear Programming Direction-Preserving
Allocator which can provide high allocation efficiency while preserving commanded

moment direction.



Chapter [7]shows the derivation and performance benefits of the Robust Linear-
Programming Direction-Preserving allocator.

Chapter [§ shows the efficacy of the control algorithms developed in chapters [3],
[6, and [7] on a nonlinear, closed-loop T-2 aircraft example.

Lastly, chapter [9] provides concluding remarks along with recommendations for

future research.



Chapter 2

Preliminaries

This chapter presents a brief overview of the mathematical principles and control

allocation methods used in this dissertation.

2.1 Control Allocation

This section reviews the control allocation methods used in this dissertation. A

convex representation of flight vehicle equations of motion is:
i = @)+ 7(6,u) (2.1)

where, & € R" is the state vector, @ € R? is a vector of uncertain parameters, u €
R" is the control surface deflection vector, f and 7 are € RP and represent virtual
controls resulting from vehicle states and vehicle control surfaces, respectively. In
cases where the vehicle control surfaces are linear in the equations of motion the

last term in Eq. (2.1 can be linearized to

T=DB(0)u (2.2)



A control system commands a virtual control command, 7, to be imparted to the
vehicle control surfaces. The mapping between the virtual control commands and

the control surfaces is the control allocation problem.

2.1.1 Generalized Inverse Control Allocation

Generalized inverse control allocation poses several advantages, they are simple
to implement and the control allocator can be solved offline and does not require
the use of a convex optimization solver in real-time. However, generalized inverses
cannot access all attainable moments, even if there is a set of admissible controls
which satisfies the constraints. Generalized inverse control allocation is derived as

the solution to a Lagrange optimization problem
min £ = J(u) + AT (1. — B(0)u) (2.3)

where J(u) is a scalar cost function and A € R? is a Lagrange multiplier. In
this chapter, the PI and MV allocators are used, each allocator is a solution to
Eq. with a respective cost function. Grauer and Pei found that the MV
allocator is a specific form of pseudo-inverse with a different weighting term, W
[11]. Equation is the cost function used to derive the generalized inverse
allocators.

1

J(u) = §uTW'u, (2.4)

the variable, W is a weighting function. The final form of the generalized inverse
allocators are

u= P, (2.5)
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where,

-1
P=w'B" <BW‘1BT> (2.6)

The pseudo-inverse is the generalized inverse with W = I,.,.. The minimum-
variance is the generalized inverse with W = E[B”(6)B(0)]. More information

on the generalized inverse derivation can be found in Ref. [11].

2.1.2 Control Allocation by Linear Programming

A common formulation of the control allocation problem is to minimize the 1-norm
of the allocation error [24, 25] and then transform the objective into a standard
form linear-programming problem. This allows the problem to be solved in real-
time using linear programming solvers which are commonly available in commercial
software. The problem is set up as a mixed optimization problem where the de-
signer can satisfy multiple optimization objectives. To begin, consider the following

1-norm mixed optimization problem [25].

min I (u) = [|BO)u — olls + ellu— )y (2.72)

st. u<u<u (2.7b)

The parameter, € is a weighting parameter which allows the control designer to
choose between a solution which is close to preferred control surface deflections,
or prioritizing minimizing moment error. In this dissertation ¢ = 1 x 107%. To
handle rate constraints, an additional term can be included to ensure the difference

between the current and previous solution does not exceed a certain threshold. The
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1-norm constraints in Eq. (2.7) can be written as,

p

IBO)u—7.|ls = |B(6)u — 7 (2.8a)
=1

llw —woll = |u; — (2.8b)
j=1

the subscript, ¢ denotes the i** row. The subscript, j denotes the j* effector.
Setting an upper bound, s; on the allocation error, |B(0);u — 7.;| < s; and an

upper bound, ¢; on the preferred deflection, |u; —u, ;| < g;.

u

min - J=10...0 1...1 c...¢| |s (2.9a)
q

st. u<u<u (2.9b)

|IB@)u—71.,<s; Vi (2.9¢)

~5<0 (2.9d)

0y — sl < g ¥ (2.9¢)

The constraints in Eqgs. (2.9b)), (2.9¢), and (2.9¢) do not follow the standard form

for linear programming solvers. The constraints are rewritten in the following

form,

u

min. J=10...0 1...1 e...e| |s (2.10a)
q

st. —u<-—u (2.10Db)
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w<w (2.10c)
B@)u—71,<s Vi (2.10d)
B@)u—1.,>-s Vi (2.10e)
—s<0 (2.10f)
uj—up; <q; Yy (2.10g)
Uj = Upj = =G5 V] (2.10h)

and further refining the optimization to yield the final form of the linear program-

ming problem:

u
min - J=10...0 1...1 c...¢f |s (2.11a)
q
st. —u<-—-u (2.11Db)
u<T (2.11c)
B@)u—s; <1, Vi (2.11d)
—BO)u—s < —71.; Vi (2.11e)
—5<0 (2.11f)
uj—q; <up; Vi (2.11g)
—u— g < —upy V) (2.11h)

The vector of uncertain parameters, 8 belongs to a given set @ € ©. In general,

Eq. (2.11d) and Eq. (2.11¢|) have infinitely many constraints corresponding to all

possible realizations of the uncertainty, 8. The problem can be solved considering

a nominal value, 0 as in chapter 4} but the solution would not be robust. Chapter
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formulates the problem by robust control methods. The problem can solved in real-

time using gradient-based, active-set algorithms or interior-point algorithms[26].

2.1.3 Control Allocation by Quadratic Programming

Another common formulation of the control allocation problem is to formulate the
objective function as a mixed-objective 2-norm optimization problem [I7]. The
resultant optimization problem will transform into a quadratic programming prob-
lem, which similar to the previous section, could be solved with readily-available
commercial software. To review control allocation by quadric programming begin

by considering the following mixed-objective 2-norm optimization problem [17].

min ~ J(u) = ||B(@)u — 7|3 + €||u — uol|> (2.12a)

st. u<u<wu (2.12b)

The cost function in Eq. (2.12]) can be expanded to

min ~ J(u) = (B(@)u — 7.)"(B(8)u — 7.)
u (2.13a)
+ e(u —up) " (u — up)

st. u<u<mu (2.13b)
For brevity, define the following variables

H(9) = 2<B(0)TB(0) n dw) (2.14a)
c(0) =2 (TZB(O) + eu0T> (2.14b)

k=7lr.+ eulug (2.14c)
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Since k is constant in w it can be dropped from the objective function. The

optimization problem in Eq. (2.13]) now reduces to,

1
min  J(u) = §uTH(0)u +c(0)u (2.15a)
st. u<u<wu (2.15b)

Similar to Eq. is also solved considering a nominal value, 6 and solved
using the quadprog MATLAB command. Equation also has infinitely many
constraints corresponding to all possible realizations of the uncertainty, 8. The
problem can also be solved in real-time using gradient-based, active-set algorithms
or interior-point algorithms [26].

Example Application, Generalized Inverse:

The following commanded generalized aircraft moment is provided:

C 1.0 x 1072
T, = — = Bu (216)

Ch 0
Where, C) and C,, are the non-dimensional aircraft rolling and yawing moment
coefficients, respectively. B represents the control derivatives matrix and is taken
from the NASA Dryden “Controls Design Challenge” model, evaluated an M =
0.5, h =10000 ft [27]. The control effectors considered are ailerons, u,, a horizontal

tail ugr and rudder, u, control effectiveness is expressed as per degree.

Cp,, C
(2.17)

735 x107* 755 x107* —1.35 x 10~*
856 x 107® 5.13x107* —1.37 x 1073
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Uq
U= |[uyr (2.18)

Uy
The control allocation task is to solve the system of nonlinear algebraic equations
in Eq. subject to E[7] = T.. The solution to the control allocation problem
is non-unique and one introduces a cost function to determine a particular solution

of the control allocation problem.

The control limits are u,4+20deg, uyr+ 20deg, and u,430deg. We use the
pseudo-inverse derived in section to solve for the control deflections, u to

realize the requested moment 7.

pP=B"(BB")" (2.19)
Notice that:
BPrt.= Bu
(2.20)
T.= Bu

7.5450 deg
u = Pt1.= |6.4136deg (2.21)

2.8730deg

Notice that w does not exceed the predefined control deflection limits, thus the
moment is realizable. Cases where the moment is unrealizable are reviewed in Ref.

[15].
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2.2 Dual Norm

A critical preliminary in this dissertation, which is discussed in chapter [5| and
chapter [7]is the definition of the Dual Norm. A complete review of the Dual Norm
can be found in Ref. [28], 29)].

Definition: The dual norm of ||x]|| is ||x||. where,

l|z||, = max 2"z (2.22)
llzl[<1

The dual norm obeys the relation where: the dual of the p norm is the ¢ norm,

where,

-4+ -=1 (2.23)

2.3 Second-Order Cone Programs

A subclass of convex-optimization problems are second-order cone programming
problems (SOCP). SOCP problems can be solved in polynomial-time by existing

interior-point methods [30} B1], 32]. SOCP problems take the form of

min Tz (2.24a)
st. Ax<b (2.24b)
Aeq = beg (2.24c)
[ AL = bloell2 < T+ d (2.24d)

where & € R” represents the optimization variables and f € R” represents a cost
function. Inequality constraints are represented by the matrix A € RP*"™ and the

vector b € RP. Equality constraints are represented by the matrix A,, € R™*"
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and the vector b., € R™. The i-th second-order cone constraint is defined by the

€ R¥" and the vectors, b’ , € R* and ¢! € R" and the scalar, d".

A
matrix A o

soc

More information about SOCP problems can be found in Ref. [33].

2.4 Summary

This chapter detailed the fundamental governing equations used throughout the
remainder of this dissertation. The main results have been presented via discussion

of Control Allocation, the Dual Norm, and Second-Order Cone Programs.



Chapter 3

Linear Parameter-Varying
Control Compatible with
Excitation for Real-Time

Modeling

The efficacy of this work is demonstrated on a simulation of the NASA E1 air-
craft which is depicted in Fig. [3.1] The E1 aircraft is a commercially-available
40-percent scale Edge 330 SC remotely-piloted fixed-wing airplane. Control sur-
faces are conventional ailerons and trailing-edge flaps on the wings, along with
a conventional rudder and a split elevator. E1 is powered by an electric motor
driving a fixed-pitch tractor propeller. More information about E1 can be found

in [34, 35, 36].
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Figure 3.1: NASA E1 Aircraft.

3.1 Introduction

This chapter presents an H.,-based Linear Parameter-Varying (LPV) controller
which can serve to penalize control commands within the PTI frequency band
and be more compatible with excitation due to real-time modeling. Secondly, the
controller in this chapter presents can serve as the exponentially stable trajectory-
tracking controller necessary for the development of optimal nonlinear control al-
locators [37] and adaptive control allocation algorithms [I§].

In this chapter an LPV control design methodology is presented based on rigid-
body equations of motion and is shown to be more compatible with real-time
modeling methods than the NDI control developed under the L2F project.

This technique could also be applied to aircraft models subject to more complex
dynamic effects, such as slosh or flex modes. The LPV technique is an alternative
to the traditional gain scheduling process. The dynamic model and controller are

still linear, but they are dependent on time-varying parameters whose values can
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be measured, but are unknown in advance. A traditional gain-scheduling approach
involves linearizing dynamic models at many trim points and then designing linear
time invariant (LTI) controllers at each trim point. The global controller is then
estimated by interpolating the gains of the local controllers. This approach has
been successfully implemented in many engineering applications but there is no
guarantee of exponential stability [38]. The LPV control strategy can show expo-
nential stability for all possible values of the parameters and can be implemented
like a traditionally gain-scheduled control system [39] [40].

The LPV control strategy requires an affine dynamic system that must be con-
verted into convex polytopic form [39]. The rigid-body aircraft model is not affine
and will result in an infinite number of Linear Matrix Inequalities (LMIs) to deter-
mine the controller [39]. This difficulty is overcome using the Tensor Product (TP)
model transformation to convert the nonaffine system into convex polytopic form.
There is then a linear control allocator generated from a linearized system model
produced by the real-time modeling procedure. The control allocator commands
control surface deflections such that the moment commanded by the controller is

realized. The newly developed LPV control law was tested on a nonlinear simula-

tion of the NASA E1 aircraft, depicted in Fig. 3.1]

3.2 Excitation for Real-Time Modeling

In order for the real-time modeling procedure to obtain a nonlinear global aircraft
model, the flight data must include a wide range of values for the explanatory
variables. The explanatory variables include, angle-of-attack, sideslip angle, non-
dimensional body-axis angular rates, and control surface positions. To excite mo-

tion across a wide range of explanitory variables, Programmed Test Inputs (PTT)
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are developed and applied as described in [34] which simultaneously command
each of the aircraft control surfaces using inputs with wide-band frequency con-
tent. Each perturbation u; applied to the j¥ individual control surface is a sum
of selected harmonic sinusoids with individual phase shifts, ¢,. The frequencies of

these harmonic sinusoids are listed in Table B.1]

. (2mkt
U; = Z Ak S111 <T + ¢k> (31)
ke{1,2,....M}
The integer M is the number of available harmonically-related frequencies. T is
the time length of excitation, A are the amplitudes for the sinusoidal components,
and t is time. The design of each multisine input is determined by methods shown

in [34]. The real-time modeling procedure is also described in detail in [34].

Table 3.1: PTI frequencies for each effector (Hz)

L. Flap R. Flap L. Ail. R. Ail. Elev. Rud.
1250 1750 1000 .1500  .0750  .0500
2750 3250 2500 .3000  .2250  .2000
4250 4750 4000 4500 3750 .3500
5750 .6250 5500 .6000 5250  .5000
7250 7750 7000 7500  .6750  .6500
.8750 9250 8500  .9000  .8250  .8000
1.0250  1.0750 1.0000 1.0500 .9750  .9500
1.1750  1.2250 1.1500 1.2000 1.1250 1.1000
1.3250  1.3750 1.3000 1.3500 1.2750 1.2500
1.4750  1.5250 1.4500 1.5000 1.4250 1.4000
1.6250  1.6750 1.6000 1.6500 1.5750 1.5500

The L2F control system was designed without regard to the PTI excitations,
which are necessary for real-time modeling. Therefore the aircraft control and the
PTT are in conflict, the control might command a control surface deflection which

could distort a PTI command.
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3.3 LPV Model Derivation

The MCAAD project presents a challenge in real-time control design: the aircraft
must be stabilized and controlled without a predefined model. However, a real-time
modeling procedure can be performed to generate a global nonlinear aerodynamic
model. The real-time modeling procedure uses PTI to excite the aircraft response
to produce informative data. Thus the controller must be effective enough to stabi-
lize and ensure safety of the aircraft, but not suppress the response of the aircraft
due to the PTI. This is accomplished through a multi-loop control architecture

T
design. The outer loop receives a guidance command r, = |:acm 4 Bemd Xem d]

T
and calculates an attitude command state r; = |:¢cmd W9 emd w37cmd] by the
outer loop of the %PV control method described later in this chapter, where
w = {M Wy w;;} are the body-axis angular rates. Additionally, 0.4 = Qema
and wyemg = 0 are added to the attitude command state. The inner loop then
receives the attitude command state and calculates a moment command (7.) to
be passed to the control allocator. In this section the LPV models used for inner-
and outer- loop control design are derived.
A state-space representation of an LTI system is:

T = Ax + Bu
(3.2)

y=Cx+ Du
x € R" is the state vector, u € RY is the input vector, and y € R™ is the output
vector. Where A, B, C, and D denote the system, input, output, and direct-
transmission matrices respectively. In general, aircraft dynamics are nonlinear
and the LTT representation in Eq. (3.2) is obtained by linearization of a nonlinear

model at a specific point in the operating range. Linear control methods can
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be applied to stabilize an LTI system, but the performance of the linear controller
will deteriorate as the system deviates from the design point. To capture nonlinear
effects in the linear system, matrices A, B, C, and D can be described in terms
of a parameter vector p which is unknown in advance, but can be measured in
real-time. An example of an element in the parameter vector might be angle of

attack, attitude angles, or airspeed. This yields the LPV model of the system as

[40]:
= A(p)x + B(p)u
(p) (p) (3.3)
y=C(p)z+ D(p)u
The parameter-dependent LPV controller is defined by:
zx = Ax(p)zx + Bk (p)e (3.4)

u = Ckg(p)xx + Dr(p)e

The value, e, is the error signal that is the difference between the command and
the output. The LPV dynamic model and the controller are parameter dependent.
Therefore, both the LPV dynamic model and the controller are automatically
updated based on the measured values for p.

The LPV controllers are derived using Bounded Real Lemma with
quadratic H,, performance I [40]. With closed-loop state-space matrices, Ay (p),
Bu(p), Cu(p), and Dy (p) the systems have quadratic H., performance I' if and

only if there exists a single positive definite matrix, P such that,

AL(p)P + PAu(p) PBa(p) CX(p)
Bli(p)P I  DI(p)| <0 (3.5)
Cu(p) Duy(p) —TI

for all possible values of p. The L5 gain between the input and the output is
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bounded by ||y|lo < T'||u|ls. Quadratic H,, performance requires a single fixed
quadratic Lyapunov function for the entire operating range [40]. Despite the con-
trollers being designed by solving the linear matrix inequality (LMIs) given in
Eq. there are an infinite number of solutions, corresponding to the infinite
possible trajectories of p. The concept of an Affine Polytopic LPV model has been
introduced to overcome this difficulty [38] and will be discussed in section [3.3.1]

The aircraft model used in both LPV control loops is a rigid-body dynam-
ics model which are fully-known across all flight conditions. Use of this rigid-
body model renders the controller independent of the real-time modeling algorithm
which will help mitigate interactions between the real-time modeling and control.
The control allocation method, described later, uses the results of the real-time
aerodynamic modeling algorithm to realize the commanded moment by the LPV
control loops.

To discuss the development of the LPV models, it is assumed that the aircraft
dynamics are governed by the standard rigid-body equations of motion for gliding

flight:

Inner Loop Equations of Motion:

b = wy + tan(f)(ws sin(¢) + ws cos(@)) (3.6a)
0 = wy cos(A) — ws sin(h) (3.6b)

w=IYM+M,) I wxIw) (3.6¢)



Outer Loop Equations of Motion:

& = wy — tan(f)(cos(a)w; + sin(a)w )
1

mV COS(ﬁ) (_L +mg COS(P)/) COS(:U))

B = — cos(a)ws + sin(a)wy + %(Y cos(f) + mg cos(y) sin(w))
¥ = mLV(L cos i — Y sin(p) cos(B) — mg cos(7))

1

K= ey (L) Y cos(u) cos(5)

Under the following simplifying assumptions:

* U=,

e cos(a) = cos(y) ~ 1,

Y =0,
e 0 =0,

L cos(¢) =~ mg,

sin(a)w; =~ 0,

The outer loop equations of motion become:

25

(3.7a)

(3.7b)
(3.7¢)

(3.7d)

(3.8a)
(3.8b)

(3.8¢)

(3.8d)

The simplifying assumptions, albeit highly restrictive, simplify the controls prob-

lem to a tractable problem for demonstration of the efficacy of the LPV control
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law. Additional control laws based on the simplified equations of motion have been
successfully demonstrated in flight [41].

Now separate the LPV model into inner and outer control loops. Although
the control problem could be solved in a single loop, the two-loop architecture is
used to eliminate the need of a post filter which will introduce unnecessary tran-
sients into the system [40]. The outer loop receives a guidance command, r, =

T
Qemd  Bemd Xcmd:| and calculates an attitude state command, r7; = | ¢4 W emd  W3.emd |-

Equations (3.6) and (3.8)) are now linearized about an equilibrium point in flight,
T T

Wy Wy wg} = {() 0 0] and put into LPV form for both the inner and outer

Q Q 0]
Bl =40 |B| +Bo |ws (3.9a)
| X ] | X ] | W3
_a_ _a_ - ; -
Bl =Co |B| + Do |w, (3.9b)
R R 3]
¢ ¢
=A |o| +BM (3.10a)
w w
¢ ¢
=Ci|o| +D:iM (3.10Db)
w w

(3.10¢)
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where,

—%(cos(qb)tan(qﬁ)%—sin(gb) SGCQ(qb)) 1 0

Ay =033 B, = & cos(¢) 0 -1
& sec?(¢) 0 0

Co = I3xs D, = 0343

Assuming I, = 0:

0 0 1 sin(¢) tan(d) cos(¢) tan(&)— (0 0 0]
000 cos(¢) — sin(¢) 0 0 0
Ai=10 0 0 0 0 Bi=14 0 0
000 0 0 0 ﬁ 0
0 0 0 0 0 0 0 ]

C@' = [5><5 Dl = 05><3

Defining the parameter vector as the variables that remain in the linearized system,

the parameter vectors for the outer loop and inner loop LPV controllers are:

P, = {d) V]T (3.11a)

b = [qzﬁ 9} ' (3.11b)

3.3.1 Affine Polytopic LPV Systems

Assume that each element of the parameter vector, p = {pl Py ... pzv} e RY

lies between extreme values p; and p; and p lies in a polytope T with vertices %,
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T, ... T With p € T and m = 2V [42]. In an affine LPV model the system
matrices, S(p) are linear functions of the time-varying parameter vector and can be

written as a convex combination of the vertex matrices of the parameter polytope,

< [40].

C(p) D(p) ) C(%) D(%) (3.12)

It can be shown that Eq. holds for all possible trajectories of p if, and only if,
it holds at the vertices, T; for all ¢ = 1,...m [40]. This result allows for an infinite
number of LMIs to reduce to a finite number of LMIs due to the convexity of the
affine LPV system. However, Eqgs. and are not linear functions of the
parameter vector, thus the LPV model is not affine. The Tensor Product model

transformation is used to generate an affine polytopic LPV system [39].

3.3.2 Tensor Product (TP) Transformation

Many control problems can be formulated into the affine LPV form, however the
aircraft model in the previous section is in nonaffine form and has to be converted
into affine form to obtain a LPV controller with a finite number of LMIs. This
conversion process is done through the Tensor Product model transformation based
on the Higher Order Singular Value Decomposition of tensors (HOSVD). The TP

transformation is given in [42] and reviewed here. Begin by writing the LPV model
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as follows:

sp) = [P FP  pisaxem) (3.13)

C(p) D(p)

The integers n, q, and m are the number of states, inputs, and outputs respectively.

Given bounds on the limits of parameter variations, the parameter space, P is,

P =[p, 1] %[5, 2] % -+ % [y o] (3.14)

The LPV model is evaluated at grid points in the parameter space and is
stored as a tensor SP € RMixMax-xMyx(nta)x(ntm) where M, M,, ..., My are
the number of grid lines defined in each dimension of the grid. The next step is to
apply the HOSVD on the first N dimensions of the of the tensor S” and discard

the zero or small singular values, o, and their corresponding singular vectors in

all dimensions 1, 2, ..., N. This is performed using the tool given in [43]. The
HOSVD results in a core tensor S and set of matrices Uy, Us, ..., Uy such that
SP ~ S x U; x Uy x Uy. The matrices Uy, Us, ...Uy contain the continuous

weighting functions for each bounded variable. For example the matrix U, € R is
made of weighting functions for the n'" variable, w, ;(p,) € RM", j =1,... I, and
I,, is the number of weighting functions used in the n'* dimension of the parameter

vector p,. The weighting functions at each vertex can now be defined as,

w,(p) = [ [ wn;(pn) (3.15)

The purpose of the TP model transformation is to find a LTT vertex system S, and
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weighting functions, w,(p) such that the system can be written by the following:

S(p) = > _w,(p)S, (3.16)

Convex combinations of the S,-LTT vertex system are guaranteed by the following

conditions [42]:

¥n € [1,N],j € [1, 1], pn : wa(pn) € [0,1] (3.17)
¥n € [1, N], py : iwn,j(pn) —1 (3.18)

Vr € [1,R],p: w(p) € [0,1] (3.19)

Vp: ilu»(p) =1 (3.20)

The TP method will transform an LPV system, S(p(t)) into a convex hull of LTI
vertex systems, S,.. This is performed for both the inner and outer loops such
that, S;(p(t)) and S,(p(t)) are transformed into S;, and S,, respectively. The
TP convex-polytopic system representation is an approximation and the error, e
is given as [42]:

—¢ (3.21)

During the HOSVD of the inner loop, three singular values were found along the
¢ dimension of S;(p(t)). Two singular values were found along the 6 dimension of
S;(p(t)). This results in six combinations of vertices in the inner loop. The HOSVD
of the outer loop found four singular values along the ¢ dimension of S,(p(t))

and four singular values along the V dimension of S,(p(t)). This results in eight
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combinations of vertices the the outer loop. The original non-affine LPV model

can now be summed across all vertices and be rewritten in TP-convex polytopic

form as:
& . 10)
B = Z Wo,r (p)Bo,r W2 (3.22&)
r=1
_X_ ws
« . « [0)
6 = Z Wo,r (p> <CO,7” 6 + Do,r (%) ) (322b)
r=1
_X_ X w3
ol 0
0 =D wiel)(Air | 0] + BirM) (3.23a)
r=1
w w
ol o
6l =3 wi.(p) ((J ol + DMM> (3.23b)
r=1
w w

Where A;,, B;,, Ci,, and D;, are extracted from the LTI vertices from the
inner loop, S;,. Bo,, Cor, D, is extracted from the LTI vertices of the outer loop,
Sor- Several weighting functions, w; ; and w, » are depicted in Fig. and Fig. [3.3]

The boundaries of the parameter space are set to the maximum expected values
during flight and they are listed in Table Lastly, both TP-convex polytopic
models were compared with the original LPV models over 1,000 randomly selected

points in the parameter space the mean and maximum error are calculated by
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Figure 3.2: Weighting function: w; ;.

Table 3.2: Parameter bounds and points

Parameter Min. Max. Unit Grid Points

[0) -45 45 deg 50
0 -65 65 deg 50
% 65 105 fts™t 10

Table 3.3: Error Parameters

Model Mean Error (%) Max. Error (%)
Inner Loop  3.2055 x 107° 6.7593 x 107°
Outer Loop  5.3495 x 107° 9.4605 x 107°

Eq. (3.21)) and tabulated in Table 3.3 It is shown that the error is small and thus

both the TP-convex polytopic models are good representations of the LPV models.
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Figure 3.3: Weighting function: w, .
3.4 LPV Control Design

It is desired that the controller track the guidance commands, but also not suppress
the response of the aircraft to the PTI excitations. The guidance algorithms are
described in detail in [44]. To design the LPV control loops to achieve adequate
tracking performance, there are two penalty filters in the inner loop, W1 juner and
W3 inner, and one penalty filter, Wi ¢, in the outer loop. The control architecture
is built using the hinfgs MATLAB routine and shown in Fig. 3.4

The inner loop controller is designed to penalize moment commands inside the
PTI bandwidth, through minimization of the output of Wa inner, Z2.inner- Wo.inner 18
chosen as a first-order high-pass Bessel filter with cutoff frequency, w2 to penalize

control signals within the PTI bandwidth and force the control signals above the
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Zl‘inner

Z 2,inner
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Allocator |— U E_l
Aircraft
—
,_I_\ ‘ PTI

Zl,outer

Tu

Modeling

B

Figure 3.4: Detailed H,, LPV Control Architecture.

PTI bandwidth.

Wes = 1.6Hz (3.24)
The state-space of the first order, low-pass, Bessel filter is:
(AQ’Z" B2’i, Cgﬂ', D277;) - (—100531, 1, —100531, 1) (325)

The moment vector is a three-dimensional vector and thus the first-order, high-

pass, Bessel filter is concatenated into a three-input, three-output filter to form

WQ,inner .

WZ,inner

Ay 00 Boy 0 0
i2,1’ = 0 AQJ' 0 L2 + 0 B2,i 0 Tec
0 0 A, 0 0 B
(3.26)
Coi 0 0 Dsy 00
ZZ,inner = 0 CQ’Z' 0 L2 + 0 Dgﬂ' 0 Te
0 0 0271' O 0 D2,i
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To ensure adequate response speed, a first-order, low-pass, Bessel filter is put on
the tracking commands in the inner-loop. The cutoft frequency, w.; is used and

the filter is concatenated into a five-input, five-output filter to form, Wi jnner -
wey = 1.6Hz (3.27)
The state space of the first-order, high-pass, Bessel filter is:
(A4, B1i,C14, Dy ;) = (10.0531, 1, —10.0531, 0) (3.28)

T
The vector e; = lgbe” Oy weTTT] is five-dimensional and thus the filter is con-

catenated into a a five-input, five-output filter to form Wi e,

A, 0 .00 B, 0 ... 0
. 0 Ay ... 0 0 By ... 0
mLi - . . . mLi + . . . ez
0 0 .. Al,i 0 0 BN Bl,i
Wl,inner - r N T - r - T (329)
Cl 7 0 0 Dlyi 0 0
0 Cy, 0 0 Dy, 0
Zl,inner = L1 + €;
L 0 0 Cl i O O Dl 7

To ensure adequate response speed in the outer-loop controller, a penalty filter on
the guidance tracking error, Wi oy, is added; which is also a first-order, low-pass,

Bessel filter with cutoff frequency we outer-

We,outer = 0.0045Hz (3.30)
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The state space of the first-order, low-pass, Bessel filter is:
(A1, B1,o,Ci1,0, D1,) = (—.0283,1,.0283,0) (3.31)

T
The vector e, = {aew Berr XGM] is three-dimensional and thus the filter is

concatenated into a three-input, three-output filter.
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Figure 3.5: Bode Plots of Wi inner
and WZ,inner-
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Zl,inner -

A, 0 0 | _BLO o 0]
0 A, 0 |®Tot+| 0 B, 0 |e
0 0 A, 0 0 B,
-CLO 0 0 _DL,, 0 0
0 Cio 0 |®To+| 0 D, 0 |e
0 0 Cu, 0 0 Dy,

102

(3.32)

Lastly, a prefilter has been added to remove the parameter dependency on the

matrix, B, [40]. This prefilter is also chosen as a first-order Bessel filter with high

cutoff frequency as to minimize its effects on the aircraft dynamics.
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Wep = 0.5Hz (3.33)
(A1, B1y, Cip Diy) = (—3.1416, 1, 3.1416, 0) (3.34)

The tracking error command is three-dimensional, thus the prefilter is concatenated

into a three-input, three-output filter.

( A, 0 0 B, 0 0] |
Tip=|10 A, 0 |ZTp+t| 0 B, 0 Berr
0 0 A, 0 0 Bi| [Xerr
W, ) (3.35)
Cerr,p Cip O 0 Dy 0 0 _aerr
Berrp| =1 0 Cip 0 |Zrpt | 0 Dyp O Berr
[ | Xerrp 0 0 Cy 0 0 Dip| |Xerr

Bode plots of the inner-loop and outer loop filters are given in Fig. and
respectively. TP-convex polytopic models can now be concatenated with the state
space models of the filters and put into H,, control form to minimize the output

of the weighting filters, z, and z; for both inner and outer loops.

Xo - Ao(p)xo + BLo(p)Ir + BQyoUg (336)
Z, = Cl,o(p)xo + Dll,o(p)r + D12,ouo

Y, = CQ,OXO + D21,0T + D22,ouo

x; = Ai(p)x; + B1,i(p)u, + Bstau (3.37)

z; = C1i(p)x; + D11,(P)uo + D1z itau
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Y, = CQ,iXi + DQLZ‘UO + D22,itau

The values x, and x; represent the concatenated state vector for both loops.
x represents the states of the TP-convex polytopic models. 2z, and z; repre-
sent the concatenated output of the weighting filters for both loops. ¥ rep-
resents the values of the TP-convex polytopic models. 7 represents the guid-

T
ance command r = {acm i Bemd Xem d] and u, represents the control command

T
Uo = |:¢cmd W2, emd w3,cmd:| :

T
%= |+, o o (339
T
x; = {xg i, xg’} (3.39)
Zo = L1 outer (3.40)
T
Zi = {Zﬂ'nner Z{innerl (3.41)

The inner and outer loop controllers were built in MATLAB using the hinfgs
MATLAB routine. The quadratic H,, performance was found to be I'; = 1.002005

for the inner loop and I', = 1.000012 for the outer loop.

3.4.1 NDI Review

The LPV control algorithm is compared with an existing Nonlinear Dynamic Inver-
sion control law and the control surface deflection commands from each controller

are compared. The NDI control law is given in [41] and reviewed here. To start,
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the outer-most loop of the NDI converts the y guidance commands to attitude

commands, ¢:

Oemd = Satﬁ:50 (arctan <%Kx(Xcmd — X))) (3.42)

The next inversion step treats wy, wo, and w3 as inputs to the dynamics governing

¢, a, and [ respectively. Based on the simplified dynamics in Eq. (3.8)):

wi e = Ky(¢. — ¢) — tan(6)(gsin(¢) + r cos(¢)) (3.43a)
wae = Ko(ae — a) + %Sin(@ tan(¢) (3.43D)
wie = —K5(B. — B) — %sin(@ (3.43¢)

The fastest inner loop inverts the angular rate commands to produce a desired
angular acceleration proportional to the angular rate error.

Tue =IK, (W, —w) — (T —w X [w) (3.44)

)

7 is the estimate of the current moment on the aircraft, which is determined from
real-time modeling results. In order to determine the proportionality constants it
is assumed the dynamic inversion commands were able to remove the nonlinear
effects and only the desired linear portions remain. As an example, examine the

linearized short-period dynamics:

o 0 1 o 0

& ~K, K, —K,| |q KK,
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Table 3.4: Desired frequency calculations

Channel Desired Frequency
Roll  w, = \/ E=em

Pitch wy, = /| LECy |
vy
Yaw Wy = |%C’n sl

The control parameters are written in terms of the natural frequency and damping

of the second order system.

K, = 2Cw, (3.46)

Ko = wn/(20) (3.47)

The desired natural frequency was determined based on the modeling results using
the relationship in Table [3.4] and the desired damping ratio was fixed at ¢ = 0.8.
The control parameters for the roll channel (K, K,) and the yaw channel (K3, K;)
are determined by the same procedure. The control parameter for the tracking

angle, x was fixed at K, = 0.375.

3.4.2 AutoThrottle

Both the LPV and the NDI controllers use the same auto throttle controller to reg-
ulate the calibrated airspeed of the aircraft. A proportional-integral (PI) controller

was taken from [41] and used here.

Th = K,y (VCAs,c - VCAS) + K /Ot (VCAS,C - VCAS> dr (3.48)
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3.4.3 Control Allocation

Control allocation algorithms are tasked with determining aircraft control surface
deflections to achieve the desired moments commanded by the controller. Control
allocation is generally required for aircraft where the number of control effectors
exceeds the number of moments (over-actuated). Many researchers have formu-
lated the control allocation problem as a constrained-optimization problem [17]
[45], [46], 241 147, 25 [48]. The allocator used to generate the results in this chapter
is taken from the L2F project, [41] and is used for both the LPV and NDI control
laws.

The real-time modeling procedure gives a matrix B(0) € R3*6 with dimen-
sional control derivatives defining the partial derivatives with respect to the 6
control surface deflections. The control allocation used in this chapter is the linear
programming method described in chapter[2] In MCAAD the modeling determines
B(0), whereas the online control specifies 7,. This formulation of the control allo-
cation problem is a mixed optimization problem that combines the error and con-
trol minimization problems into a single problem with parameter, e. Minimizing
the moment error || B(0)u — 7.||; is the primary objective of the control allocation
designer, but for an over-actuated aircraft configuration there are infinitely many
solutions. Thus the second term, €||u — uy|| is added to the optimization problem
to determine a particular solution. In this research the metric used to define J is

the [; norm which is the sum of the absolute values within the norm:

el = | (3.49)
i=1

The control allocation problem in this chapter is solved in real time using an

efficient algorithm formulated by Bodson using linear programming approaches,
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providing guaranteed convergence in an acceptable period of time [49]. The algo-
rithm was based on the revised simplex method [50] with additional refinements,

such as anti-cycling, as described in detail in [49].

3.5 Simulation

As preivously noted, the architecture shown in Fig. is built in Simulink ®
and the LPV controllers are designed using the hinfgs MATLAB routine. The gains

from the two-loops LPV controller gains are now determined by:

8
Kp,o = Z wr,o(p)Kr,o (3.50)
r=1
6
Kpi =Y wi(p) Ky (3.51)
r=1
Where:
AK,T‘ BK,T
K, = (3.52)
CKr DK,’I‘

The implementation of the two-loop LPV control architecture is described in the

following subsections.
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3.5.1 Outer Loop Implementation

Cemd
Lo =Dy Wro(P) (AK,r,oiBK,o + Brkiro | Bema )
Xemd
(3.53)
Pemd Aemd
Waemd | = Zizl W, o(P) (CK,r,owK,o + Drro | Bemd )
W3,cmd Xemd

The commands calculated by the outer loop controller (@emd,ws emdsWs.ema) are
then passed through the prefilter described in section to produce
(Gemd,ps W2.emd,ps W3,emdp)- Lhere is also a saturation function to prevent the outer

loop from commanding excessive roll angle.

(bcmd,sat = Saﬁfig)o (chmd,p) (354)

In order to command a zero flight path angle, pitch angle command is set to angle

of attack command. Body-axis roll rate command is set to zero wy g = 0.

Ocmd = Cemd (3.55)
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3.5.2 Inner Loop Implementation

chmd,sat
ecmd

. 6
Tri =y Wri(P) (AK,r,in,z' + Brri | wiema )

W2 emd

| W3,emd i

(3.56)

¢cmd, sat
ecmd

6 ~
Tu,emd = Z’r‘:l Wy ; (P) <CK,r,in7i + DK,r,i W1,emd ) - T

W2 emd,p

| W3,cmd,p |
The two-loop LPV controller has been tested on a SIMULINK simulation of the
NASA E1 aircraft and compared with the results of the NDI controller.

It can be seen from Fig. that there is a large initial transient until 5s and
then the LPV controller is able to track («, 5) commands well, with an error about
+ 5°. The initial transient is caused by the controller’s response to the large initial
error in Y. When tracking xy commands, the LPV controller exhibits worse tracking
performance than the NDI controller with a tracking error about 4 15°.

The NDI controller exhibits a better response to the initial y error, causing less
of an initial transient than the LPV controller, as shown in Fig. [3.9) Additionally
the guidance commands a step in @ command at 23s which is not seen in the LPV
simulation. This step is commanded because of a switch in the guidance block
being triggered by high altitude. After the initial transient is settled, around 5s,

the NDI and LPV exhibit similar tracking characteristics when with respect to a
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and 3. The NDI consistently tracks y better than the LPV controller, but the NDI
has a very large o excursion after the y step change at 17s while the LPV does
not. Figure|3.8|and Fig.|3.10|show the attitudes realized by both control laws. The
LPV controller exhibits a large attitude response in roll angle, ¢ which is caused by
the large initial y error. Around 17s a large change in y is commanded with results
in a large change in roll angle, as realized by both the NDI and LPV controllers.
Both controllers exhibit similar pitch angle excursions, with a maximum pitch
angle about +20°. The yaw angle, 1 follows the relationship v» = xy —  and the

resulting change in 1 stems from the commanded change in y.

50
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Figure 3.7: Guidance tracking of Figure 3.8: Attitude angles using LPV
the LPV controller. controller.

Additionally, the control surface deflections were recorded and they were com-
pared to the commanded PTI control surface deflections in both the time domain
and the frequency domain.

Figure shows the control surface deflections commanded by the NDI con-
troller compared to that of the PTI. The deflections correlate well for both left
and right flaps. Additionally the deflections correlate well for both left and right

ailerons until about 17s when there is an aggressive change in x4 which results
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Figure 3.9: Guidance tracking of the Figure 3.10: Attitude angles using NDI
NDI controller. controller.

in an aggressive change in aileron command. The elevator and rudder are offset
by about 5° from the PTI throughout the simulation.

Figure shows the control surface deflections commanded by the LPV con-
troller compared to that of the PTI. The deflections correlate well for both left
and right flaps and the left and right ailerons. Around 15s high frequency control
surface content can be seen, which is expected for the LPV controller. Similar to
the NDI controller, the LPV commands for elevator and rudder deflection offset

about 5°.
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Figure 3.11: Control Surface Deflections with NDI Control.
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Figure 3.12: Control Surface Deflections with LPV Control.

Figure [3.13] shows the frequency domain content of the PTI and the control
surface deflections commanded by the NDI control law. The left and right flap
correlate well with the peaks of the PTI. The left and right aileron show poor cor-
relation at frequencies below 0.5Hz, however at frequencies above 1Hz the control
surface deflections start to align with the PTI. Similarly, the elevator and aileron
do not align with the PTI well at frequencies below 0.5Hz but align better at
frequencies above 1Hz.

Figure shows the frequency domain content of the PTI and the control
surface deflections commanded by the LPV control law. For all six effectors, there

is little distortion in magnitude at frequencies below 0.5Hz and almost none at
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frequencies above 1Hz. It is important to note that the LPV control law commands

control surface deflections at a higher frequency than the PTI, which allows for

minimal distortion.
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Figure 3.13: Control Surface Frequency Content with NDI Control.
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Figure 3.14: Control Surface Frequency Content with LPV Control.
3.6 Chapter Conclusions

In this chapter a two-loop LPV control law was designed for the NASA E1 air-
craft. The two-loop control architecture was shown to penalize control commands
within the PTI frequency band and be more compatible with excitation due to
real-time modeling. The synthesis of both control loops requires an affine LPV
model, which was generated from the non-affine kinematic-based E1 model using
the TP method. The derived two-loop LPV controller is tested on a SIMULINK®
simulation of the NASA E1 aircraft, which compared the performance of the LPV

controller to a previously designed NDI controller. It was found that the LPV
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controller is able to track guidance commands, but could exhibit slightly worse
tracking performance than the NDI controller. Despite the slightly worse tracking
performance, the LPV controller exhibits desirable characteristics such as its in-
variance of the real-time modeling parameters. The remainder of this dissertation
entails control allocation methods to better realize commanded moment and thus

improve tracking performance.



Chapter 4

A Comparison of Control
Allocation Methods in the
Presence of Parametric Model

Uncertainty

Optimal control allocation is a well-studied aspect of flight control design. Typ-
ically control laws are designed to produce virtual moment commands to be im-
parted on a vehicle. These virtual moment commands could be forces, torques, or
impulses. They are realized on vehicles through manipulation of available control
effectors. Common vehicle control effectors include aerodynamic control surfaces
and propulsors on aircraft. Reaction control systems, thrust vectoring control
systems, and control moment gyros are common control effectors on spacecraft.
Control allocation is the method that distributes the virtual moment commands
to the individual effectors.

Generalized inverses are the most common control allocation approach which
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utilizes a local linearization of control effectiveness. The subsequent mapping
between virtual and physical commands is derived in a closed-form solution to
a Lagrange optimization problem [51] [46]; the simplest generalized inverse is a
pseudo-inverse (PI) allocator [15]. PI involves only a matrix multiplication, hence
making it attractive for real-time implementation, especially on human-rated ve-
hicles where safety is paramount. A major drawback to single matrix generalized
inverses is that effector position constraints can only be satisfied by limiting the
achievable moments.

The control allocation problem can also be formulated as a convex optimization
problem and solved on-line using linear programming (LP) or quadratic program-
ming (QP) techniques |25, 52]. The major benefit is that the LP and QP techniques
can account for effector position constraints [53], 54, 49, 24]. Furthermore, it has
been demonstrated in Ref. [55] that additional convex objectives such as minimiz-
ing the [, norm of the structural loads on the control surfaces can be incorporated
into the optimization problem. Common solution techniques include interior-point
methods, simplex algorithms, and more recently first-order methods such as Alter-
nate Direction Method of Multiplier (ADMM) [56, 57, [58]. Historically, due to lack
of computational power and solver maturity, the aerospace controls community has
generally avoided on-line optimization as part of the flight controls architecture.
Rigorous flight certification process requires convergence guarantees and fast so-
lution times. The past 10-15 years has seen a sharp rise in solver technology
[59, 60, 6], 62, [63]. The SpaceX Falcon F9 booster landing uses model predictive
control to solve the real-time trajectory optimization problem with hundreds of de-
cision variables in fractions of a second [64]. This shift in paradigm suggests that
the formulation of the optimal control allocation problem as a convex program

could supplant generalized inverses as the new industry standard.
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The aforementioned literature does not account for uncertainty in the elements
of the controls matrix, B. Typically robustness to modeling errors is evaluated
by performing Monte Carlo simulations of the truth model. Grauer and Pei de-
rived the minimum-variance (MV) control allocator, which is a specific form of
generalized inverse and considers the effects of parametric model uncertainty by
minimizing the variance of the generalized moment error [I1]. MV was shown to
outperform PI in the presence of known parametric uncertainty in elements of B.
Robust control techniques have also gained attention to help minimize the effects
of bounded disturbances in the allocation problem [65] 66, 67, 68]. Proper com-
pensation of the effects of parametric model uncertainty is critical, as a realized
virtual control error will create unintended motion and additional burden on the
pilot and/or feedback control loop [69].

To the knowledge of the authors, there appears to be little documentation that
discusses the effects of convex optimization-based control allocation considering
parametric model uncertainty. De Almeida applied robust convex optimization
to offline control allocation design [70]. Duan, Zhang, Zhao, and Kong studied
on-line robust control allocation under ellipsoidal uncertainty [26]. In this chapter,
an aircraft model was used to compare the PI, MV, LP, and QP allocators in
the presence of parametric model uncertainty. The parametric model uncertainty
was taken from previously derived examples [I1], in practice, covariance matrix
of aerodynamic effectors can be derived from system identification techniques [9]
either off-line or in-real time [41] 23].

The remainder of this chapter is organized as follows. Section provides an
example which compares the efficacy of the PI, MV, LP, and QP approaches which
were introduced in chapter 2] Lastly, section provides concluding remarks and

recommendations for future research.
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4.1 Example

For a fixed-wing aircraft, several reasons for significant uncertainty in the control
effectiveness matrix include: high angle-of-attack flight conditions where unsteady
flow and vortex shedding can occur, control effectiveness degradation due to ic-
ing, control surface interaction, damaged or failed control surfaces, or in real-time
modeling research where the initial control effectiveness is unknown, but learned
in-flight [23]. The example in this chapter considers the F-16 Advanced Fighter
Technology Integration (AFTI) model which is depicted in Fig. The con-
trol surfaces used to control the lateral-directional dynamics are: anti-symmetric
ailerons u,,, differential stabilator uy,, rudder u,., and vertical canards u,,. mounted
underneath the engine intake. The virtual controls are body-axis roll acceleration
p and body-axis yaw acceleration . The model for the lateral-directional dynamics

was evaluated in straight and level flight at Mach 0.6 and 30,000 ft altitude [1].

_5'_ 0154 00824 —0.998 0.0521) _5_
pl | -192 -0.894 0319 0 »
Al | 230 —00009 —0279 0 r
_géb_ 0 1 0.0823 0 | 4]
[0.0004 0.0144 0.0212 0.0074] [ u,
~175 —13.6 3.92 0415 | |ugs
+ (4.1)
—0.268 —151 —1.97 151 | |u,
0 0 0 0 |ty

The control surface deflection limits and control surface rate limits in this example

are also taken from Ref. [I] and are given in Table [£.1] The control surface
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Figure 4.1: F-16 AFTI aircraft in flight (credit: NASA).

dynamics are modeled by the first order lag in Eq. (4.2)).

Table 4.1: F-16 AFTT aircraft control surface position and rate limits

Control surface  Position limit, deg Rate limit, deg/s

Ailerons +20 52
Stabilators +25 60
Rudder +30 120
Vertical canards +27 100
20
TF(s) = 4.2
() =730 (4.2)

The uncertainty in the B matrix is given in Table and is taken from Ref.
[T1]. This uncertainty is typical for that of fixed-wing aircraft and expressed in
percentages of control derivatives [I1]. The PI, MV, LP, and QP allocators are
designed based on the information in Eq. and Table
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Table 4.2: Standard errors used in example

Uq Uds Uy Uye
L' 5% 10% 20% 25%
N 50% 50% 5% 10%

4.1.1 Static Allocator Performance

This section compares the static performance of all four allocators with and with-
out uncertainty in the B matrix. Begin by defining the theoretical attainable
moment set (TAMS) as the set of moments due to all possible combinations of
control effector positions. Similarly, define the particular attainable moment set
(PAMS) is the subset of the TAMS which can be realized by the allocator. One
performance metric of an allocation scheme is allocation efficiency and is defined as
the ratio of the size of the PAMS to the TAMS, n. If the allocator can realize the
entire space in the TAMS then 7 = 1 and the allocator is perfectly efficient. Per-
fect knowledge of the control effectiveness matrix is necessary to characterize the
nominal TAMS, however, the control effectiveness matrix is subject to parametric
model uncertainty which will change the TAMS. Figure 4.2 shows the TAMS of
the F-16 AFTI aircraft based on a nominal control effectiveness matrix (TAMS
Byes), the TAMS computed with an example dispersed control effectiveness ma-
trix (TAMS Byisr), and PAMS for each allocator. There are several regions where
the TAMS By.; and TAMS Bg;sg do not overlap. The regions occupied by TAMS
Bges but not TAMS By;sg mean that moments predicted to be attainable by the
model are unattainable in practice.

Convex optimization-based approaches in LP and QP provide superior alloca-
tion efficiency as compared to the generalized inverses. The efficiencies are pro-

vided in Fig. in terms of percentages, due to its conservative nature, MV has
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the smallest value of 1, as expected.

Pl Allocator MV Allocator
1 =65.32 % 1n=37.32%
. 2[[CJTAMSBdes [ - -~ ~ < 2 =y
"0 ITAMS BdisR ) "0 ,/l --- |
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§ 0 l T s, II § 0 1 I
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Figure 4.2: Allocation efficiency.

While it is necessary to characterize the allocation efficiency when comparing al-
locator static performance, it is equally important to quantify the allocation error.
The allocation error is defined as the error between the realized and commanded
moment. The sources of this error might be due to aforementioned dispersions in
the control effectiveness matrix or a moment command outside the PAMS of the
respective allocator. Fig. [£.3] compares the static control allocation performance of
all four approaches for a single moment command that is outside of the TAMS and
considers dispersions in the control effectiveness matrix. To show the performance
of the allocators in the pr;sence of effector saturation, a moment command outside
the TAMS, 1. = [13 2] rad/s? is chosen and is represented by the blue arrow.

Known for direction-preserving in the case of control saturation, if no uncer-
tainties are considered, the expected result is that the PI and MV allocators will
be co-linear with 7. and reach the edge of their respective PAMS. With con-

vex optimization-based approaches the resultant moment is not guaranteed to be
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co-linear with 7.. The LP and QP allocators will also reach the edges of their
respective PAMS, with a non-zero direction error. The direction error of the LP
and QP allocators is attributed to the formulations of their respective objective
functions which are to minimize the 1-norm and the 2-norm of the moment error
without regard to moment direction.

In the presence of uncertainty, it is expected that neither the direction nor the
magnitude will be preserved. In this example the MV allocator shows the smallest
direction error and the largest magnitude error. Conversely, LP and QP allocators

show the largest direction errors, but the least magnitude errors.

25
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Figure 4.3: Control allocation error comparison for a single moment command.

While it is important compare allocator performances for a single 7., it is
equally important to characterize performances across the entire moment space
and dispersions in the B matrix. Figure 4.4 shows the magnitude error normal-
ized by the moment command magnitude, alongside the direction error. Figure
shows the standard error in magnitude expressed as a percentage of moment com-

mand, alongside the standard error in direction. To generate Fig. and a
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range of moment commands which spans and encompasses the nominal TAMS is
commanded to the allocators. At each moment command 1,000 Monte Carlo sim-
ulations were run where the control effectiveness matrix was varied according to
the parameters provided in Table [£.2] The outline of the nominal TAMS is shown
by the solid black line and the outline of the respective PAMS is shown by the
dotted black line. The mean magnitude error for the k-th dispersion, (M. ), the
mean direction error for the k-th dispersion, (D, ), the magnitude standard error,
(SEy), and the direction standard error, (SEp) were computed by Eqs. (4.3)-
, respectively. Since there are 1,000 Monte Carlo simulations, N = 1, 000.

S |Buaister — Texllo

M, 4.3
* N % [7enll (43)
Bdisuck Tck
SV acos< = — ’ >
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2
Zg_l (||Bdisuck — T k||2 - Me k)
SE\ = = i i i 4.5
u \/ N x [Freslls 45)
B.u T _ 2
N disWe k ek
: X : - D,
2 (’“‘COS(HBdisuckuz ||m|rz) )
SEp = ’ ’ (4.6)

N2

In Fig. [.4]all allocators show small percentage of allocation error for commands
within the respective PAMS of the allocator. For all allocators the percentage of
moment error rapidly increases near the origin, this is because the magnitude of
the moment command is small near the origin and exacerbates the percent of
magnitude error. Outside the PAMS the mean moment error magnitude increases

radially outward, the error increases most with the MV allocator, and the least

with the LP and QP allocators.
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Mean direction errors are also shown in Fig. [£.4] for all allocators. It is apparent
that all allocators exhibit significantly larger direction errors when 7. is a pure yaw
command. These areas of higher mean direction error are an artifact of the higher
control effectiveness in the roll channel. Consequently, a small magnitude error
in the yaw channel will result in a large direction error. The PI, LP, and QP
allocators show a mean direction error of about 10 deg at the two peaks. The
MYV allocator shows a higher mean direction error, about 14 deg. The larger mean
direction error for the MV allocator is attributed to the reduced PAMS, as a large
7. will lead to a greater direction error. Additionally, large mean magnitude in the
control allocation errors could lead to degraded tracking performance or handling

qualities.

Mean magnitude errors (%) Pl Mean direction errors (deg)

Fo, (rad/ &)

g
N

Fo, (rad/ &)

'
N

o N

i, (rad/ &)

ey (rad/s)

'
N

- 0
Pe, (rad/ s) (rad/s‘

Figure 4.4: Mean error parameters.

Figure shows comparisons of the magnitude standard errors expressed as a
percentage of moment command. Near the center of the TAMS all four allocators
show higher standard error which decreases as the moment command increases

in roll magnitude. The LP, and QP allocators show the fastest rate of decrease
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and the MV allocator shows the slowest rate of decrease. This decrease is due
to the moment error being normalized by a larger moment command. As the
moment command increases in the yaw channel the standard error increases, this
is attributed to the high uncertainty high control effectiveness in the roll channel.
The standard direction error shown in Fig. follows a similar trend as the mean
direction error shown in Fig. [£.4] for the same rationale; due to the lesser control
effectiveness in the yaw channel a small magnitude error in the yaw channel will

result in a large direction error.

Magnitude standard errors (%) Pl Direction standard errors (deg) Pl
- T————

0
P, (rad/ )

0
Pes (rad/ ')

Figure 4.5: Standard error parameters.
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4.1.2 Closed-Loop Allocator Performance

Subsection investigated the static performance of the PI, MV, LP, and QP
allocators. The purpose of this section is to compare the closed-loop regulation
of each allocator. To generate this simulation, a proportional-derivative (PD)
feedback controller was designed to regulate the aircraft states. Figure [4.6| shows

a block diagram of the F-16 AFTI time-domain simulation.

5“5 5a
Actuator
De

6dsc A 5:15‘
) contral Control ctuator F-16 A.FTI x
Commands ontroller ) Allocator 5 Lat./Dir.
Te Sr. r Dynamics
—| Actuator

6WCC é\vc
Actuator

Figure 4.6: Block diagram of time-domain simulation.

To highlight the differences between the four allocation schemes an aggressive
initial condition was chosen; § = 30 deg, p = 0 deg/s, r = 0 deg/s, ¢ = 0 deg. This
simulation uses a linear model, however in practice, these initial conditions may
exceed the validity of the linearization point. With the nominal set of control gains,
the closed-loop system returned to the equilibrium within 6 seconds. The state
time history is shown in Fig. with all four allocators and a no allocator (NA)
case. The NA case was generated by feeding the virtual control commands directly
into the F-16 AFTT aircraft model; this case represents the perfect allocator where
all commanded moments are realized instantly. Fig. shows that all five cases

yield similar performance, the differences between the four allocators and the NA

case is shown in Fig.
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Figure. shows the control surface deflections with all four allocators. During
the nominal simulation, no allocator realizes effector saturation which can be seen
in Fig. [4.90 Figure. 4.10| represents a “zoomed in” view of Fig. 4.9 The subtle dif-
ferences are caused by each allocator commanding a unique control deflection; due
to the modeled actuator lag, the control deflection commanded by each allocator
will be realized in a different time, thus resulting in subtle differences in tracking

performance.
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Figure 4.7: Nominal tracking performance for all allocators.
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Figure 4.9: Nominal control surface deflections.
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Figure 4.10: Nominal control surface deflections.
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To highlight the disparity in performance in the presence of effector saturation,
the control system gains were increased until effector saturation was observed. The
tracking performance and control surface deflections are shown in Fig. and
Fig. The differences between each allocator and the NA case are shown in

¢

Fig. |4.12| Figure 4.14] represents a “zoomed in” view of Fig. [4.13|

Initially there are large transient errors in the roll channel, which can be seen
by p and ¢ in Fig. This is expected because the aircraft ailerons which
have a large contribution to rolling control effectiveness saturate, which limits the
aircraft’s ability to regulate the roll channel. The yawing channel is most effected
by the rudder, which also saturates leading to tracking errors in r. The tracking

errors in r are less significant than the tracking errors in p and ¢ because the

rudder control effectiveness is not as large as the aileron control effectiveness.
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Figure 4.11: Tracking performance for increased gain case.
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Figure 4.12: Difference between NA for increased gain case.
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Figure 4.13: Control surface deflections for increased gain case.
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The performance of the increased gain case is quantified by Table and Ta-
ble[4.4] where the allocation error is defined as the difference in states between runs
with an allocator and the NA case. Both the maximum error and the integrated
(cumulative) error over the 10 s simulation window are reported. The larger the
maximum allocation error for a given allocator, the larger the unexpected transient
response. In the case of piloting, this could lead to degraded handling qualities.
The larger cumulative allocation error for a given allocator the more control effort
is needed. A feedback controller would need to apply more effort to eliminate con-
trol allocation errors. Or in a piloted case, this could result in degraded handling
qualities. In general, the PI, LP, and QP allocators show better performance in
both maximum allocation error and cumulative allocation error as compared to
the MV allocator. This is expected because the MV design is more conservative,
therefore the allocator realizes a smaller PAMS. The LP and QP allocator accu-
mulate slightly less error in 3 and ¢, due to the brief period when the controller
commands a moment which is realizable by the LP and QP allocators but not the
PI allocator.

Table 4.3: Maximum allocation errors
with nominal B matrix

State PI. MV LP QP
B (deg) 079 129 095 0.79
p (deg/s) 22.70 32.26 21.55 22.68
r (deg/s) 227 271 345 227
¢ (deg) 690 13.00 6.77 6.84

To illustrate the effects of varying control effectiveness on allocator perfor-
mance, 100 Monte Carlo simulations were performed with variations in the control
effectiveness matrix while the control gains were set to the nominal values. To

quantify the performance of the allocators across the Monte Carlo simulations, the
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Table 4.4: Cumulative allocation errors
with nominal B matrix

State PI MV LP QP
B (deg—s) 2.84 3.71 278 283
p (deg) 19.17 28.89 19.63 19.08
r(deg) 214 397 212 213
¢ (deg—s) 26.13 51.74 21.20 25.93

mean maximum allocation error and the mean cumulative allocation error were
taken for each allocator. The results are shown in Table 4.5 and Table [4.6] The
PI, LP, and QP allocators in this case show similar performance against variations
in the control effectiveness matrix. The MV allocator, while designed to be ro-
bust to variations in the control effectiveness matrix, cannot realize large moment
commands therefore it performs worse than the other allocators.

Table 4.5: Mean maximum allocation errors

State  PI MV LP QP
B (deg) 0.76 0.76 0.70 0.75
p (deg/s) 7.61 8.14 7.95 7.94
r (deg/s) 122 124 118 1.22
6 (deg) 545 588 5.64 5.59

The steady-state allocation error during the Monte Carlo simulations was also
examined. To show the control effort of each allocator relative to the NA allo-
cator case, the difference between realized moment and commanded moment at

steady-state conditions is measured and the results are shown as a non-Gaussian

Table 4.6: Mean cumulative allocation errors

State PI MV LP QP

B (deg—s) 221 227 207 221
p (deg)  19.43 20.61 19.13 19.84
r(deg)  2.17 218 202 218
¢ (deg—s) 15.02 15.13 14.39 15.27
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probability density function (PDF). These PDFs are shown in Figs. .
The MV allocator is characterized by a taller and thinner PDF shows less variance
in control allocation error. The PI, LP, and QP allocators are able to show less
error in Table and Table but higher variance in control allocation error.
This is because the MV allocator will cause the effectors to saturate earlier, thus

resulting in greater tracking error but less error at steady-state conditions.
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4.2 Chapter Conclusions

In this study, several control allocation approaches were compared for systems with
parametric model uncertainty in the control effectiveness matrix. Two generalized
inverse approaches, the psuedo-inverse and the minimum-variance were considered.
Additionally, two on-line optimization-based approaches were considered, linear
and quadratic programming.

First, the static performance of the allocators were examined. In the absence of
dispersions the LP and QP allocators yield the largest PAMS. The MV allocator
which was originally designed for robustness to model uncertainties yielded the
smallest PAMS, as expected. This implies that the MV allocator is well-suited
to handle model dispersions, but might limit performance during aggressive ma-
neuvers. When dispersions are considered the LP and QP allocators show the
smallest mean magnitude errors near the edges of the TAMS. The four allocation
approaches exhibited similar direction errors.

Second, the closed-loop response of each allocator was examined. Under nom-
inal conditions it was shown that all allocators have similar performance. The
control system gains were subsequently increased such that the commanded mo-
ments would exceed the boundaries of the PAMS of each allocator. For the example
shown in this chapter, the LP and QP allocators showed smaller cumulative errors.
This implies that the LP and QP allocators are more suitable when the aircraft
is operating near the limits of the control surfaces. Additionally, the robustness
to model dispersions was examined. It was found that the MV showed the least
variance in allocation error, but had higher tracking errors than the PI, LP, and

QP allocators.



Chapter 5

Control Allocation by Robust

Linear Programming

5.1 Introduction

Optimal control allocation is a well-studied aspect of flight control design. Typ-
ically, control laws are designed to produce virtual moment commands to be im-
parted on a vehicle. These virtual moments commands encapsulate either forces,
torques, or impulses. However, the vehicle must realize these commands and can
do so through manipulation of its control effectors. Common vehicle control effec-
tors include aerodynamic control surfaces on aircraft. Reaction control systems,
thrust vectoring control systems, control moment gyros are common control effec-
tors on spacecraft. Control allocation is the method which distributes the virtual
moment commands to the individual effectors.

Generalized inverses is the most common control allocation approach which
the design is based on a local linearization of the effector control effectiveness.

The subsequent mapping between virtual and physical commands is derived in a
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closed-form solution to a Lagrange optimization problem [51], 46]. The simplest
generalized inverse is a weighted pseudo-inverse (WPI) allocator [15]. WPI involves
only a matrix multiplication, hence making it attractive for real-time implemen-
tation, especially on human-rate vehicles which safety is paramount. A major
drawback to generalized inverses is that effector position and rate limits are not
accounted for.

The control allocation problem can also be formulated as a convex optimization
problem and solved on-line using linear programming or quadratic programming
techniques [25, [62]. The major benefit is that the effector position and rate limits
can be accounted for [53], 54 149, 24]. Furthermore, it has been demonstrated in Ref.
[55] additional convex objectives such as minimizing the ¢, norm of the structural
loads on the control surfaces can be incorporated into the optimization problem.
Common solution techniques include interior-point methods, simplex algorithms,
and more recently first-order methods such as Alternate Direction Method of Mul-
tiplier (ADMM) [56, [57, [58]. Historically, due to lack of computational power and
solver maturity, the aerospace controls community has generally avoided on-line
optimization as part of the flight controls architecture. Rigorous flight certifica-
tion process requires convergence guarantees and solve times. The past 10-15
years has seen a sharp rise in solver technology [59] (60} [61], [62], [63]. SpaceX Falcon
F9 booster landing uses model predictive control to solve the real-time trajectory
optimization problem with hundreds of decision variables in fractions of a second
[64]. This shift in paradigm suggests that the formulation of the optimal control
allocation problem as a convex program could supplant generalized inverses as the
new industry standard.

The aforementioned literature assumes no uncertainty in the elements of the

controls matrix (B,,). Robustness to modeling errors is evaluated by perform-
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ing Monte Carlo simulations of the truth model. Grauer and Pei derived the
minimum-variance (MV) control allocator, which is based on generalized inverse
and considers the effects of parametric model uncertainty by minimizing the vari-
ance of the generalized moment error [I1]. MV was shown to outperform WLS in
the presence of known parametric uncertainty in elements of B,,. Robust control
techniques have also gained attention to help minimize the effects of bounded dis-
turbances in the allocation problem [65] 66, 67, [68]. Proper compensation of the
effects of parametric model uncertainty is critical. A realized virtual control error
will create unintended motion on the vehicle and additional burden on the pilot
and /or feedback control loop [69].

To the knowledge of the authors, there appears to be little documentation
that discusses the effects of robust control allocation with either box of ellipsoidal
uncertainty. De Almeida applied robust convex optimization to offline control al-
location design [70]. Duan, Zhang, Zhao, and Kong studied on-line robust control
allocation under ellipsoidal uncertainty [26]. Robust convex optimization is widely
used across numerous fields such as biology, epidemiology, finance, or engineer-
ing [71], [72]. In this work, the control allocation scheme of a model aircraft is
formulated as a robust optimization problem. Similar to the LP formulation as
described in [25], the objective in this study is to minimize the ¢; norm of the
moment error and effector usage, while satisfying effector position limits and ac-
counting for uncertainties in elements of B,,,. To illustrate the efficacy of the robust
linear allocator, a sample control allocation problem with parametric uncertain-
ties in its control surfaces is considered. 3o bounds on control surface deflections
are taken from previously derived examples [11]. In practice, covariance matrix
of aerodynamic effectors can be derived from system identification techniques [9]

either off-line or in-real time [411 23].
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The remainder of this chapter is organized as follows. Section derives
the linear programming allocator (LP). Section using a box model of the un-
certainty. Section provides two examples which comparing the efficacy of the
RLP allocator to WLS and MV. Lastly, section provides concluding remarks

and recommendations for future research.

5.2 Robust Linear Programming Allocation De-
sign

This section derives the control allocator using robust optimization theory and
ensures that a generalized moment is achieved within a prescribed tolerance given
its parametric model uncertainty [71},[72]. The robust linear programming allocator
is derived considering both box uncertainty sets (RLPb) and ellipsoidal uncertainty
sets (RLPe).

The derivation begins with the linear programming allocator from chapter 2}

u

min J=10...0 1...1 c...¢| |s (5.1a)
q

st. —u<-u (5.1b)

u<u (5.1c)

B@)u—s; <1, Vi (5.1d)

—B@)u—s <-—1.; Vi (5.1e)

-s<0 (5.1f)
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—u; —q; < —uo;  VJj (5.1h)

T
Definition 1: The vector, x = [UT sT qT} is called a robust feasible solu-
tion if it remains feasible for all realizations of the constraints from the uncertainty

set [71]. That is,

B(0>1'U, — S; S Teyi \4) (52&)

Vo c ©.
Definition 2: Assume a candidate solution, & the robust value of the objective
function is the largest value of the objective function at x over all realizations from

the uncertainty set [73]:

u
J= sup [0...0 1...1 e...¢| |s (5.3)
B(0):€9;
q

Definition 3: The robust counterpart is the problem of minimizing the robust

value of the objective function across all robust feasible solutions [73]:

u
min J= sup [0...0 1...1 €...€| |s (5.4a)
u,s,q B(0);€06;

q
st. —u<-u (5.4b)
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BO)u—s; <7.; Vi (5.4d)
- BO)u—s; <—1.; Vi (5.4e)
—-s<0 (5.4f)
u — q; < ug; Vi (5.4g)
—u—q < —up; Vi (5.4h)

Since the objective function in (5.4a)) is certain, the robust counterpart of the

constraints in (5.4d)) and (5.4¢€]) are derived using methodology presented in [29]:

max B(0)u—s;, <71, Vi (5.5a)
B(B)iéei
max —B(0)u—s; < —-7.; Vi (5.5b)
B(0);€0;

5.2.1 Box Uncertainty Sets

This section derives the robust allocator considering box uncertainty sets.

Assumption: ©; is an box uncertainty set. That is,

0, ={B(8);:||B(6); — B(8)i|| < pi} Vi (5.6)

where the parameters 6 and p; are the nominal data and size of the uncertainty,
respectively [29]. In this chapter, the size of the uncertainty p; is chosen as 3
standard deviations of the parametric model uncertainty. This is a popular choice

because it encapsulates 99.73% of possible perturbations.

pi =3 [E[B(@)iB(é)T]] : (5.7)
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pi is determined by (5.7), where chol represents the Cholesky factorization. The
maximization problem in (5.5)) can be reformulated as the following constraints

29].

BO)u+pillully —si <7ei Vi (5.82)

—B@)iu+ pi|lu||, —s; < —70; Vi (5.8D)

Equation (5.9) is created by replacing the constraints (5.4d)) and ([5.4€) with the
constraints in ([5.8al) and ([5.8b]).

u
min - J=10...0 1...1 c...e| [s (5.9a)
q
st. —u<-u (5.9b)
u<u (5.9¢)
B(0)u+pillully —s; <7 Vi (5.9d)
— B0)u+pil|ully — s < -7 Vi (5.9¢)
~—5<0 (5.9¢)
w —q; <wug; Vi (5.9g)
—u; — ¢ < —up; Vi (5.9h)

The robust linear programming problem in ([5.9) is then solved using the linprog
MATLAB command. The robust linear programming problem can also be solved
on aircraft or spacecraft in real-time using simplex algorithms or interior-point

algorithms|[26].
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5.2.2 Ellipsoidal Uncertainty Sets

This section derives the robust control allocator considering ellipsoidal uncertainty
sets.

Assumption: O; is an ellipsoidal uncertainty set. That is,
0, = {B(0); = B(6); + kR, : ||k||; <1} Vi (5.10a)

where R; is a symmetric positive-definite matrix which describes the shape of the
ellipsoid about its center [29]. The matrix R; is chosen by manipulation of the

parameter covariance matrix
R, = 3chol {E[B(é)iTB(é)i]} (5.11)

The solution to the constraints in (5.5 considering an ellipsoidal uncertainty set
are [29]:

B(0)iu+ ||[Riully — s; <7y Vi (5.12a)

Equation (5.13) is created by replacing the constraints (5.4d]) and (5.4€) with the
constraints in (b.12al) and (5.12b)).

u
ff‘si% J=10...0 1...1 e...¢| |s (5.13a)
q

st. —u<-u (5.13b)
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u<u (5.13¢)
B(0)u+||Rully — s; < 7; Vi (5.13d)
— B@)u+ ||Rully —s; < -7 Vi (5.13¢)
—5<0 (5.13f)
u—q < up; Vi (5.13g)
—u—q < —ug; Vi (5.13h)

Note that (5.13)) is equivalent to a SOCP. This can be solved using the coneprog
MATLAB command, or by interior-point methods on aircraft or spacecraft in real-

time.

5.3 Example

The example in this chapter is taken from Ref. [45] where the example is used
to design the PI, MV, RLPb, and RLPe allocators. This example entails three

moments and four control effectors. The B matrix used in this problem is,

02 —02 08 0.1
B=|-05 —05 —1.0 00 (5.14)
—0.3 03 —04 —0.5

where the control deflection limits in this problem are,

u

[—1 -1 -1 —1} (5.15a)

ﬂ:{l 11 1} (5.15b)
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The uncertainty in the B matrix is given by the following Table [5.1] and is
taken from Ref. [II]. This uncertainty is typical for that of fixed-wing aircraft [I1].
The PI, MV, RLPb, and RLPe are designed based on the information in (5.14)),

Table 5.1: Standard errors used in example

Column 1 Column 2 Column 3 Column 4

Rowl 50% 50% 5% 10%
Row?2 5% 10% 20% 25%
Row3 50% 50% 5% 10%

and (5.15)). This chapter evaluates the performance of the allocators, as well as

the performance of the solvers used to perform the allocation.

5.3.1 Allocator Performance

The allocators are evaluated according to two different criteria. The first criterion
investigates the effects of allocator designs on the accuracy of the steady—statjt?
yawing moment produced. To evaluate this criterion a 7, = [0,05 0.05 ()'()5]

moment is commanded and then the allocation error is computed across 10,000
variations of the system model, where the variations are determined by the stan-
dard errors listed in Table [5.l The second criterion evaluates how efficient the
allocator design can be. The theoretical attainable moment set (TAMS) is the set
of all possible moments due to all possible combinations of control effectors. The
attainable moment set (AMS) is the subset of the TAMS which can be realized
by the allocator. The performance of the allocator can be quantified by the ratio
of the size of these two sets, . If the allocator can realize the entire space in
the TAMS then 7 = 1 and the allocator is perfectly efficient. To investigate this
criterion 10,000 points are commanded across the TAMS and the size of the AMS

is compared for each allocator. The allocation efficiency for each allocator is then
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tabulated in Table 5.2

The performance of the PI, MV, RLPb, and RLPe allocators based on the two
criteria are shown in Figures[5.1] [5.2] and [5.3] and also shown graphically in Tables
5.2 and (.3l

Table 5.2: Standard Deviations in Allocation Errors

Parameter 1st axis 2nd axis 3rd axis

o(Fp) 193 x 1072 1.83x 1072 2.96 x 1072
o(fyy)  178x1072 1.51x1072 2.82x 1072
o(Frpy) 1054 x 1072 6.97 x 1072 15.73 x 1072

o(Frrpe)  L78x 1072 1.53x 1072 281 x 1072
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-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
Control allocation error (unitless)

Figure 5.1: 1st axis moment error.
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Figure 5.2: 2nd axis moment error.
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Figure 5.3: 3rd axis moment error.

Table 5.3: Allocation efficiency

Parameter Efficiency

Np; 75.38%
Nuv 61.20%
Nerps  33.51%

Npipe  92.34%
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Figure 5.4: PI Allocation Efficiency.
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The MV and RLPe allocation both had the lowest standard deviations in allo-
cation error across all perturbations to model errors and were roughly equivalent
performance. The PI allocator showed slightly higher standard deviations 8%
larger in the first axis, 19% larger in in the second axis, and 5% larger in the
third axis. The RLPb showed notably higher standard deviation than the MV and
RLPe allocators. The RLPb is roughly 592% higher in Moment 1, 455% higher in
Moment 2 and 557% higher in Moment 3. This higher standard deviation is due
to the conservative nature of the box uncertainty set.

The RLPe allocator has more allocation efficiency than the MV allocator, while
being just as robust as the MV allocator. The MV allocator attains 61.20% of the
TAMS whereas the RLPe allocator obtains 92.34% of the TAMS. The PI allocator
is 75.38% efficient, meaning is it more efficient than the MV allocator while more
susceptible to model uncertainties. The RLPb allocator is 33.51% efficient, less
efficient than the PI, MV, or RLPe allocators.

5.3.2 Solver Performance

This section evaluates the performance of the solvers when performing the RLPe
allocation problem. The second order cone program in ([5.13)) is solved using the
coneprog command in MATLAB and the solution algorithms are compared. The
options available are: Augmented step form solver (augmented), Normal step form
solver (normal), Normal step form solver using dense linear algebra (dense), Prod-
uct form Cholesky step solver (prodchol), and Schur compliment method solver.
More information about the solvers can be found in Refs. [74] [75] [76, [77]. The
RLPe problem is solved 10,000 times for each solver and the solution times are

shown in Figure [5.8
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Figure 5.8: Solution times in seconds with coneprog command.

Figure [5.8 shosw that all solution cases show solution times less than 0.02sec,
which is suitable for real-time implementation on an aircraft, where the flight
control system can be designed at 50Hz. Additionally the Augmented, Normal,
and Normal-Dense solvers show less variation in solution times and thus would be

more reliable for real-time implementation on hardware.

5.4 Chapter Conclusions

An on-line control allocation design approach was developed for systems which are
linear in control inputs and are subject to parametric model uncertainty. Two for-
mulations of parametric model uncertainty are were considered, a box formulation
and an ellipsoidal formulation. The control allocation approach was evaluated on
two criteria. To evaluate the first criterion, a simulation was run where the sys-

tem dynamics were varied and the performance in the presence of uncertainty was
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compared. To evaluate the second criterion additional simulations were run where
the system considered all moments in the TAMS and the allocation efficiency was
compared for each allocator.

The RLPb allocator showed notably lesser performance than the PI, MV, and
RLPe allocators due to its conservative uncertainty design. It is important to
still note that it could be used in cases high uncertainty and low performance
requirements such as aircraft with no a priori dynamic model. Initially the RLPb
allocator could be used, then as the model improves in flight the aircraft could
switch to the RLPe allocator.

The RLPe allocator was found to have similar performance against model un-
certainty as the legacy MV allocator while simultaneously having greater alloca-
tion efficiency. The RLPe allocator will help enable high-performance and high-
maneuverability in vehicles while successfully handling the effects of parametric
model uncertainty.

On-line control allocation design can greatly improve allocation efficiency, while
also providing robustness to modeling errors. Additionally, with incorrect infor-
mation about the model uncertainty the RLPe allocator can still be used, but it
may not show the best performance in the presence of parametric model uncer-
tainty. The RLPe allocator has similar performance against modeling errors than
the legacy MV allocator but also has a better allocation efficiency than the MV

allocator which will allow for greater vehicle maneuverability and performance.



Chapter 6

High-Efficiency
Direction-Preserving Control

Allocation

6.1 Introduction

In aerospace applications control laws have been traditionally designed to produce
generalized moment commands. Common generalized moment commands are mo-
ments, forces, torques or impulses. These commands can be realized on vehicles
through manipulation of available control effectors. Common vehicle control effec-
tors are aerodynamic control surfaces on aircraft and reaction control surfaces on
spacecraft. Control allocation is the mapping between generalized moments and
the commands to the individual effectors.

Generalized inverse control allocators are the most common control allocation
approach which utilize a local linearization of control effectiveness. The advantages

of generalized inverse control allocation is that the control allocator is a closed-
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form, linear transformation allocator, which is derived as a solution to a Lagrange
optimization problem. The simplest generalized inverse is a pseudo-inverse (PI)
allocator [51} 46, [15]. This is practical for real-time implementation, however gen-
eralized inverses cannot access all of the attainable generalized moment commands,
even if there is a set of admissible control effector positions available. This can
limit flight vehicle performance.

High-efficiency generalized inverse control allocation has also been
achieved by null space intersection (NI) control allocation methods. NI methods
utilize the intersection of the null space of the control effectiveness matrix with
the set of admissible controls. These null space intersection methods are strictly
linear and also closed-form, thus easy to implement, but determination of the null
space intersection is computationally expensive and NI-based control allocation
not direction-preserving [78, [79], 80].

Control allocation is also commonly formulated as a convex optimization-based
linear programming (LP) problem and is solved on-line using convex optimization
solvers [25]. The main advantage of the LP approach is that nearly all possible
generalized moment commands are attainable, however the resulting generalized
moment will not necessarily be co-linear with the command. This lack of co-
linearity could degrade key performance metrics such as piloted handling qualities
on aircraft, or increase fuel costs on spacecraft.

The contribution of this chapter is to derive the Linear Programming Direction-
Preserving allocator (LPDP) which can achieve a large portion of attainable gen-
eralized moments while the resulting generalized moment is co-linear with the
commanded generalized moment. Ensuring co-linearity between the resulting and
commanded generalized moment will help improve performance metrics such as

piloted handling qualities on aircraft or propellant savings on spacecraft. Simi-
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lar results have been achieved by scaling the generalized moment command as in
Ref. [80], however the SOCP formulation in this chapter shows how non-convex
constraints can be implemented in the control allocation problem by introducing
convex relaxations.

The resulting LPDP allocator is formulated as a second-order cone program-
ming problem (SOCP). SOCP are a class of convex-optimization problems which
have low complexity and can be solved by interior-point methods which can guar-
antee global polynomial convergence [30} 31} B2]. SOCP solution algorithms are
promising for real-time on-board computations and have been applied to real-time
trajectory optimization problems for Mars landing [81].

The remainder of this chapter is organized as follows. Section reviews the
derivation of the LP allocator. Section [6.3] shows the derivation of the LPDP
allocator. Section compares the performance of the PI, NI, LP, and LPDP
allocators on an aircraft model. Section shows computational time of SOCP

algorithm used. Lastly, section [6.6] provides concluding remarks.

6.2 Control Allocation by Linear Programming

In general, flight vehicle equations of motion can be written as

z = f(x, 1) (6.1a)

T =h(x,u) (6.1b)

where, x € R" is the state vector, u € R™ is the control effector deflection vector,
T € R"" represent generalized moments resulting from vehicle states and effectors,

and f : R™ x R"™ — R" are the vehicle dynamics. The control effectors are
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required to satisfy box constraints,

S
VAN
N
IN
g

(6.2)

for lower and upper limits w,w € R™.

We consider the typical case where the vehicle control effectors appear linearly
in the equations of motion (or the allocation design model is based on linearization),
that is,

T = Bu, B € R, (6.3)

For a control allocation solution to exist it is assumed that the B matrix has full
row rank. A control system commands a generalized moment, 7. € R"7, to be
imparted to the vehicle control effectors. The control allocation problem is to find
a mapping between the generalized moment commands and the control effectors,
i.e., find u such that Bu ~ 7.

A common formulation of the control allocation problem is to minimize the
¢; norm of the allocation error [25, 24] and then transform the objective into a
standard form LP problem. This allows the problem to be solved in real-time
using LP solvers which are commonly available in commercial software.

The LP problem is set up as a mixed optimization problem where the designer

can satisfy multiple optimization objectives [25]:

min  ||Bu — 7.||1 + €||lu — wo|x (6.4a)

st. u<u<mu (6.4b)

Here u represents the preferred control surface deflection, which is nominally zero

but could be chosen as the current control surface deflection so the control allocator
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could command a solution which requires only a small movement by the effector,
thereby mitigating potential effector rate saturation. € > 0 is a small weighting
parameter which allows the control designer to choose between a solution which
is close to preferred control surface deflections, or prioritizing minimizing moment
error.

Equation ([2.7) can be parsed into a standard-form LP problem as described in
[25]. This allows one to solve it in real-time using an interior-point-based method,

of which mature implementations exist.

6.3 Linear Programming Direction-Preserving Con-
trol Allocation

The linear programming allocator can access large sets of attainable moments,
but in general will not result in a realized generalized moment which is co-linear
with the command. This section derives the LPDP allocator which is shown to
be highly-efficient while resulting in a realized moment which is co-linear with the
generalized moment command. The LPDP allocator is a form of the LP allocator

augmented with an additional constraint to preserve co-linearity.

6.3.1 Problem Formulation

To derive the direction-preserving constraint, begin with the dot product rule

between commanded moment, 7., and realized moment, 7, = Bu:

T

7.7 = ||Tell2|| 7|2 cos @ (6.5)
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where 6 is the angle between 7. and 7,. It is clear that when 7. and 7, are

co-linear, cos = 1. Substituting cos = 1 and 7, = Bwu into eq. (6.5 leads to

ITell2l Bullz = T Bu. (6.6)

Equation is a non-convex equality constraint which when satisfied will ensure
co-linearity between 7. and 7,.. To implement eq. in a real-time solver, we

introduce the convex relaxation,

ITclloll Bullz < [|I7cll3y + ¢ Bu. (6.7)

where v > 0 is a variable to be minimized. Notice that the direction error is zero if
~v = 0, the non-convex equality constraint in eq. is satisfied and the direction
error is zero. If v > 0, the direction error will be non-zero. Finally, the constant
multiplier ||7.||3 ensures that 7 is unitless and improves problem scaling.

The LPDP allocator is now formed by augmenting the LP allocator in eq.

with the second-order cone constraint in eq. (6.7)):

min - |[Bu — 7ell + eflu — uol + & (b + [|7cll1) ¥ (6.8a)
st. u<u<w (6.8b)
ITellollBullz < [I7cll3y + 72 Bu (6.8c)

Here ¢ > 0 is a parameter used to weight direction priorities in the cost function.
In particular, as £ is increased, more emphasis is placed on reducing direction error
compared to the LP allocator eq. (2.7)), at the cost of somewhat greater moment

error. h > 0 is a small constant which keeps « near zero when |[|7.||; is small
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(the constant multiplier ||7.||; in the cost function matches scaling between terms,
improving computational performance for different command magnitudes).

It is clear to see that eq. is a SOCP and can be solved in real-time by
conic optimization solvers with guaranteed convergence properties [30, B1, [32]. In
section it is demonstrated that the SOCP problem eq. can be solved
efficiently, with only a small increase in computational cost compared to the LP

problem eq. ([2.7)).

Remark: It is possible to derive an expression relating v, cos 6, and the relative
magnitudes of 7, and 7.. To this end, we substitute eq. (6.5]) into eq. (6.7) and
solve for

cosf > 1— VM (6.9)

7l
where we assume that ||7.|,,[7,|, > 0. While the inequality eq. alone
does not provide a global bound on cos@, it shows how 7 controls the tradeoff
between direction and magnitude errors when 7. is not realizable. Futhermore,

such constraints can be explicitly implemented as discussed in section below.

6.3.2 Worst-Case Direction Error Constraint

While in practice we find that the relaxed constraint eq. leads to very small
direction error, if desired, it is also possible to directly enforce a constraint on the
worst-case direction error. In particular, suppose we would like to bound |0| < 6
for some 6y > 0. Equivalently, cos > cos )y, which we substitute into eq. to

obtain a second-order cone constraint,

7|2/ Bul|2 cos 0y < 71 Bu. (6.10)



101

This additional constraint is easy to implement and does not conflict with the
relaxed constraint eq. . However, we did not use it in the numerical simulations
presented in section [6.4 and still observed very small direction error. Such a
constraint could be useful in practice, and allow one to use a smaller direction

error weight, .

6.4 Simulation Example

The example of this chapter uses the F-16 Advanced Fighter Technology Inte-
gration (AFTI) aircraft model, shown in fig. . We focui on the linear lateral-
directional dynamics with generalized moments 7 = {p 7“} , where p is the body-
axis roll acceleration and 7 is the bodTy—aXis yaw acceleration. The control deflec-
tion vector is u = [ua Ugs Uy ch} , where u, denotes anti-symmetric ailerons,
ugs denotes differential stabilator, u, denotes rudder, and u,. denotes vertical ca-
nards. The control surface deflection limits are listed in table [6.1 and the control

effectiveness matrix, B, is evaluated at Mach 0.6 and 30,000 ft altitude [1]:

—175 —13.6 3.92 0415
B= . (6.11)

—0.268 —1.51 —1.97 1.51
In this chapter the parameters are set to ¢ = || B][;107% = 1.75 x 1075, £ = 103,
and h = 107%. The direction error weight, £, was tuned to improve direction error

while maintaining high-efficiency was observed.
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Table 6.1: F-16 AFTT aircraft control surface position limits [I]

Control Surface  Position Limit (deg)

Ailerons 420
Stabilators +25
Rudder +30
Vertical Canards +27

Figure 6.1: F-16 AFTI aircraft in flight (credit: NASA).

6.4.1 Attainable Moment Sets and Allocation Efficiency

To evaluate the performance of the PI, NI, LP, and LPDP allocators, begin by
defining the Theoretical Attainable Moment Set (TAMS) as the set of all possi-
ble achievable generalized moments due to all possible control effector deflections.
Define the Particular Attainable Moment Set (PAMS) as the subset of the TAMS
which can be realized by the specific allocator. This chapter compares the alloca-

tion efficiency of each allocator. The allocation efficiency is defined as the ratio
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Table 6.2: Efficiency (area of PAMS / area of TAMS) of each allocator applied to
the F-16 AFTI example problem

Allocator  Efficiency (%)

PI 64.56
NI 91.35
LP 96.93
LPDP 96.93

of the volume of the PAMS to the TAMS. If the allocator can realize the entire
space in the TAMS then the allocator is perfectly efficient. The efficiency of each
allocator is reported in table [6.2]

As expected, the PI allocator is the least efficient, while the NI, LP, and LPDP
allocators can realize a much greater percentage of the TAMS. In this example, the
efficiency of the LPDP allocator is virtually identical to the LP allocator, although
as seen below, the error magnitude outside the PAMS is greater for LPDP than
for LP, since LPDP seeks to improve the direction error when it cannot achieve a

commanded moment.

6.4.2 Magnitude and Direction Errors

Next we quantify the magnitude and direction of the allocation error, which are

defined as
) HBU - TCH1
fud — 6.12
magnitude error max (10—6, ||7-c||1) ( )
and
' Bu
direction error := cos™! ( < ) . (6.13)
max (1076, |||, || Bul|,)

Of particular interest is the behavior outside each allocator’s PAMS, as this
can influence stability, performance, and handling qualities. To illustrate this

T
idea, a sample generalized moment 7, = [13 2] rad/s? is commanded to the
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four allocators. Note that this command is outside the TAMS of the F-16 AFTI
aircraft and is thus not realizable by any allocator, but could still be commanded
by the aircraft control system. The realized moments are shown in fig. and the
specific magnitude and direction errors for this command are tabulated in table|6.3|

This example illustrates the significant improvement in direction error that
LPDP allocation provides relative to LP allocation, at the cost of a small increase
in relative magnitude error. A small remaining direction error is caused by a small

but non-zero value of ~.

2.5 [ T T T T T ]
2+ ]
1.5+ E
\
o 1 - i
= 0.5
FCES O F b
E oLI[_JTAMS ]
— T
051 e 7, (PI) y
—7, (NI)
1t i
7, (LP)
1.5 |=—=7, (LPDP) |
8 9 10 11 12 13 14

p. (rad/s?)

Figure 6.2: Comparison of realized generalized moments for a representative un-
achievable moment command.

Next, the magnitude and direction error were characterized across a range of
generalized moment commands which encompasses the TAMS, 7. € [—15,15] x

[—3, 3] rad/s?. The magnitude errors—expressed as a percentage of control command—
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Table 6.3: Magnitude and Direction Errors for a Representative Generalized Mo-
ment Command

Allocator Magnitude Error (%) Direction Error (deg)

PI 20.6188 0

NI 7.4140 3.6971

LP 6.2179 4.0526
LPDP 10.9111 0.0387

are shown in fig. [6.3] and fig. [6.4] Direction errors are shown in fig. [6.5 and fig. [6.6]
These plots also include the TAMS and the approximate PAMS of each allocator.

By definition, each allocator’s magnitude and direction error are negligible
within their respective PAMS. Outside the PAMS and TAMS, however, the be-
havior of each allocator is noticably different.

First, the PI allocator has zero direction error both inside and outside the
TAMS. This is because the effectors are saturated proportionally to the most
saturated effector, allowing generalized moment direction to be preserved. Next,
while the NI allocator has a larger PAMS than the PI allocator, outside its PAMS,
magnitude and direction errors increase dramatically and unpredictably—which is
highly undesirable.

As expected, the LP allocator has the lowest magnitude error for all allocators,
as it is specifically formulated to minimize the ¢; error. Outside its PAMS, the
direction error of the LP allocator increases noticably. In comparison, the mag-
nitude error of the LPDP allocator increases faster outside its PAMS due to the
mixed-objective formulation. This tradeoff allows the LPDP allocator to maintain
very small direction error inside and outside the PAMS. This property is expected

to preserve vehicle dynamics and handling qualities.
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Figure 6.3: Relative magnitude errors for the PI and NI allocators. The TAMS of
the F-16 AFTI aircraft is shown as a solid red line, and the approximate PAMS of
each allocator as a dotted red line.
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Figure 6.4: Relative magnitude errors for the LP and LPDP allocators. The TAMS
of the F-16 AFTTI aircraft is shown as a solid red line, and the approximate PAMS
of each allocator as a dotted red line.
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Figure 6.5: Direction errors for the PI and NI allocators. The TAMS of the F-16

AFTI aircraft is shown as a solid red line, and the approximate PAMS of each
allocator as a dotted red line.
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Figure 6.6: Direction errors for the LP and LPDP allocators. The TAMS of the
F-16 AFTI aircraft is shown as a solid red line, and the approximate PAMS of
each allocator as a dotted red line.
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6.5 Solver Analysis

The proposed LPDP method eq. is a convex optimization-based allocator in
the form of a SOCP. Mature SOCP solvers are available, and can be shown to
converge in a polynomial number of iterations [32], thus providing a promising
indication that the LPDP allocator can be used for real-time application. In this
section we confirm the feasiblity of this approach by evaluating the CPU time
needed to generate allocation solutions for the F-16 AFTI model. We show that
the solution times are consistently fast, and similarly efficient to the LP allocator
eq. ([2:7).

To solve the LPDP problem we use MATLAB’s coneprog command, and to
solve the LP problem we use linprog command [82]. Simulations were imple-
mented in MATLAB R2023b and run on a 2023 MacBook Pro with M2 Pro chip
and 16GB RAM.

Figure [6.7]shows the distribution CPU times for 2000 LPDP and LP allocation
solutions for the grid of commands shown in Figs. -[6.6l The first call to
each solver is slower due to the initial parsing of the problem, and so are excluded
from the plot. Every subsequent call takes less than 5 x 10~3s. Consequently the
LPDP allocator could be called at 200 Hz or slower, indicating sufficient speed for
real-time application. Furthermore, the LPDP problem is only slightly slower to

solve than the simpler LP problem on average and in outlier cases.
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Figure 6.7: Boxplot of CPU time per call of the LP and LPDP allocators. Boxes
show 1st and 3rd quartiles, whiskers cover the range 1.5 times the interquartile
range above and below this range, and circles denote outliers.

6.6 Chapter Conclusions

Traditional generalized inverse control allocation can preserve resultant generalized
moment direction, but it does not allow access to a large portion of attainable
generalized moments, even if there is a set of admissible effector positions with
satisfies the constraints. On the other hand, LP control allocation will allow access
to a large portion of attainable generalized moments, but the resultant generalized
moment vector may not be co-linear with the command.

This chapter derived the LPDP allocator to effectively balance the two priori-
ties. The LPDP allocator takes the form of a SOCP and can be solved sufficiently
fast for real-time implementation. Numerical experiments demonstrated that the

LPDP allocator can access a large percentage of attainable generalized moments,
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while yielding generalized moments which are nearly co-linear with the command,
even when the command is far outside of the TAMS.

Future work will entail further studies of the proposed LPDP allocator’s er-
ror properties in various problem contexts, eventually leading to studying piloted

handling qualities with the LPDP allocator implemented on aircraft.



Chapter 7

Direction-Preserving Control
Allocation by Robust Linear

Programming

7.1 Introduction

As control laws in aerospace applications typically produce generalized moment
commands and control allocators are used to map the generalized moment com-
mands to individual effectors however the control allocation problem is typically
solved without regard to parametric model uncertainty.

Previously, Grauer [I1] derived the minimum-variance control allocator, how-
ever its generalized inverse formulation is not highly-efficient; also it minimizes the
variance of the magnitude error in generalized moment. Chapter |5 showed how
robust optimization theory could be used in control allocation problem. This chap-
ter showed how the RLPe allocator could also show similar performance against

uncertainty as the legacy MV allocator while having a higher allocation efficiency.
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However, chapter 5| was limited to using robust optimization theory to preserve the
magnitude error in generalized moment. Chapter [6] showed how the dot product
rule could be modified to form a second-order cone constraint which results in the
LPDP allocator, a highly efficient allocator with minimal direction error.

The contribution of this chapter is to derive the Robust Linear Programming
Direction-Preserving allocator (RLPDP) which is a modified version of the LPDP
allocator in Chapter [6] and uses robust optimization theory to preserve direction in
the presence of parametric model uncertainty considering ellipsoidal uncertainty
sets. The resulting RLPDP allocator is also formulated as a SOCP and shows a
similar formulation as the RLPe allocator in Chapter 5| This chapter shows how
the RLPDP allocator can preserve generalized moment direction in the case of an
effector fault without knowledge of the fault.

The remainder of this chapter is organized as follows. Section shows the
derivation of the RLPDP allocator. Section [7.3|shows a simulation example of the

RLPDP allocator. Lastly, section [7.4] provides concluding remarks.

7.2 Robust Linear Programming Direction-Preserving
Control Allocation

The legacy linear programming allocator can access large sets of attainable mo-
ments, but in general will not result in a realized generalized moment which is
co-linear with the command. To address this limitation the LPDP allocator was
derived in chapter [6| which will access large portions of attainable moments while
preserving generalized moment direction error.

This section derives the RLPDP allocator which is shown to be highly-efficient



115

while resulting in a realized moment which is co-linear with the generalized moment
command. The RLPDP allocator is a form of the LPDP allocator where the
second-order cone constraint is modified using robust control theory to account for

parametric model uncertainties.

7.2.1 Problem Formulation

To consider the direction-preserving case in the presence of parametric model un-

certainty, begin with the second-order cone direction preserving constraint, which

was Eq. in chapter @
ITellzll Bullz < [I7cll3y + 72 Bu (7.1)
When considering parametric model uncertainty Eq. becomes,
ITcll2ll B@)ullz < [|I7cll3y + 70 B(6)u (7.2)

Equation was shown to sufficiently preserve generalized moment direction in
chapter [6] however the effects of parametric model uncertainty were not consid-
ered. The remainder of this chapter is aimed at using robust optimization theory
to preserve generalized moment direction in the presence of parametric model un-

certainty. To begin, recall the parsed LP problem from chaper 2]

u

min J=10...0 1...1 c...¢| |s (7.3a)
q

s.t. —u<-u (7.3b)
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(7.3¢)
(7.3d)
(7.3¢)
(7.3f)

(7.3g)

(7.3h)

Similarly to chapter@ Eq. (7.3)) can be augmented with the constraint from Eq. ((7.2)

min J=10...0 1...1 e...e &(h+]Tllh)

u?s7q7,y

s.t. —u< —u
u<u
B@)u—s; <7, Vi
— B(é)iu -5 < —T.; Vi
—s<0
w—q <u; Vi

—ui—q < —ug; Vi

Imcll2[1B(@)ulz < |73y + 7. B(6)u

(7.4a)

(7.4b)
(7.4c)
(7.4d)
(7.4e)
(7.4f)
(7.4g)
(7.4h)

(7.4i)

The next step is to derive the robust counterpart of the constraint in Eq. ((7.4]) this

is performed by the methodology in Ref. [29]. The constraint should be modified
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to maximize B(6).

c B(6 SIEA r B(6 7.5
I7ells jmax |IBO)ul < 73y + 70 max BOu (75

Equation (7.5 involves two terms, both are maximization problems. Consider
these two terms separately then plug them both into Eq. [7.5 Begin with the first
maximization term by recalling the definition of the ellipsoidal uncertainty set in

section and plug into the term.

B(é)l kTRl’U,
B(6), k' Ryu
max ||B(0)uz = u+ (7.6)
B(O)iE@i . .
B(é)z kTRZ'U, )

Using the identities presented in [26] Eq. (7.6) reduces to

B(6), | Ryl

B(6 Ryu
max || B(0)uls = @), IRl (7.7)
B(o)ie@i : :

_B(é)i_ [ Rl ,

Although Eq. (7.7) is a solution to the maximization term in Eq. (7.5) it is a non-
convex constraint. To convexify this constraint, linearize the ||R;u||2 in Eq. (7.7)
about the preferred control surface deflection, wg.
-1
2
| Riul|s =~ (ugR;priu()) (uOTR;fFRz)u (7.8)

A convex expression in the form of a second-order cone constraint can be now
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shown as,

-1
2

B(d), + (uOTRlT R1u0> g <ugR{R1)
) (ni)

B(é)g + (ugRgRQUQ

max ||B(0)u|s =
B(e)iéei

B(é)z + (U,OTRZTRin) e <u0TR1TRz>

. 2

which is a second-order cone constraint! To prevent singularity at ug = 0 a anti-

deadzone function is introduced:
luol|y > 1 x 107? (7.10)

Similar to the methods in chapter |5 and Ref. [26], the solution to the second

term is given in Eq. (7.5 can be shown as,

B — B(0), , j 11
B (O)u (0)iu + ||Riully Vi (7.11)

Inserting Eqs. (7.9) and ([7.11)) into the constraint given in eq. (7.5)).

B(@)u + (ung Riu0> B <u§RZ-TRi) u

el

2 (7.12)
< |73y + 7o (BO)u + | Reul2) Vi

To represent Eq. (7.12)) as a second-order cone constraint the 7. ;|| R;u||2 term is

linearized about ug using the same procedure as Eq. (7.8)). Equation (7.12)) can be
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re-written into a standard form second-order cone constraint.

el || B@)iw+ (ul R Rio) * (uf RIR:)u

B 2 (7.13)
< lrelify + 75 (B@)i + (uf B R ) * (uf R Ry) Ju Vi

The RLPDP allocator is now formed by augmenting the legacy LP allocator in
chapter [2] with the second-order cone constraint in eq. ((7.13)):

_u_
£

dnin - J=10...0 1...1 e...e E(h+|7l) (7.14a)
q
_7_

s.t. —u<—u (7.14b)
u<u (7.14c)
B@)u—s; <7, Vi (7.14d)
-B@)wu—s; < —71.; Vi (7.14e)
~s<0 (7.14f)
w—q <wug; Vi (7.14g)
—u; —q; < —up; Vi (7.14h)

[7ell2 || B(6)iu + (uOTRZ-TRZ-uo) z <u0TRiTRZ-)u

B 2 (7.14i)
< ey + 75 <B(é)i n <u§RZ-TRin) N <u0TRiTRZ->>u Vi

Here £ > 0 is a parameter used to weight direction priorities in the cost function.

In particular, as £ is increased, more emphasis is placed on reducing direction error
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compared to the LP allocator eq. , at the cost of somewhat greater moment
error. h > 0 is a small constant which keeps 7 near zero when ||7.||; is small
(the constant multiplier ||7.||; in the cost function matches scaling between terms,
improving computational performance for different command magnitudes).

It is clear to see that eq. is a SOCP and can be solved in real-time by
conic optimization solvers with guaranteed convergence properties [30, 31, [32]. In
section it is demonstrated that the SOCP problem eq. can be solved

efficiently, with only a small increase in computational cost compared to the LP

problem eq. (2.7)).

7.3 Simulation Example

The example of this chapter uses the NASA F-18 High Angle-of Attack Research
Vehicle (HARV) shown in Fig.[7.1] The efficacy of the RLPDP allocator is shown
when a fault in the aircraft ailerons is considered and no knowledge of the fault is

assumed.
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Figure 7.1: NASA F-18 High Angle-of Attack Research Vehicle (HARV) in flight
(credit: NASA Armstrong Flight Research Center).

T
This example focuses on two generalized moments 7 = [p 7%} , where p is the
body-axis roll acceleration and 7 is the body-axis yaw acceleration. The control

deflection vector is

T
U = \upr uar URU URTV UYTV:| (7.15)

where the nomenclature for each effector is defined in table [T.1]
The control surface deflection limits are listed in table [7.2] and the control

effectiveness matrix, B, is evaluated at Mach 0.2 and 10,000 ft altitude [2]:
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Table 7.1: F-18 HARV aircraft control surface nomenclature [2]

Symbol Control Surface

UpT Differential Tail
uas Ailerons
URY Rudder

urry  Roll Thrust Vectoring
uyry  Yaw Thrust Vectoring

0.006  0.006  0.004 0 0.090
B=|1879 1328 0.029 0675 0.217 (7.16)

—0.109 —0.096 —0.084 0.007 —2.974
In the control allocation design the first row of the B matrix is neglected. In this
chapter, the parameters are set to € = [|B][;107% = 1.75 x 107°, ¢ = 103, and
h = 107%. The direction error weight, &, was tuned to improve direction error

while maintaining high-efficiency was observed.

Table 7.2: F-18 HARV aircraft control surface position limits [IJ

Control Surface Position Limit (deg)

Differential Tail +17.5
Ailerons +17.5
Rudder +17.5

Roll Thrust Vectoring +17.5
Yaw Thrust Vectoring +17.5

Table 7.3: Standard errors used in example

Upr UAr URU URTV UYTV
L 5% 5% 20% 5% 20%
N 50% 50% 5% 20% 5%
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7.3.1 Attainable Moment Sets and Allocation Efficiency

To evaluate the performance of the MV, RLPe, LPDP, and RLPDP allocators,
begin by defining the Theoretical Attainable Moment Set (TAMS) as the set of
all possible achievable generalized moments due to all possible control effector
deflections. Define the Particular Attainable Moment Set (PAMS) as the subset of
the TAMS which can be realized by the specific allocator. This chapter compares
the allocation efficiency of each allocator. The allocation efficiency is defined as
the ratio of the volume of the PAMS to the TAMS. If the allocator can realize the
entire space in the TAMS then the allocator is perfectly efficient. The efficiency of
each allocator is shown in Fig. [7.2]

As expected, the MV allocator is the least efficient. The RLPe allocator is
slightly more efficient due to the convex optimization nature of the allocator,
however, the robust constraints will limit its efficiency. The LPDP allocator is
highly-efficient, and RLPDP allocator is 53% efficient. Its efficiency is limited by

the robust LPDP constraint.
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Figure 7.2: Efficiency (area of PAMS / area of TAMS) of each allocator applied
to the F-18 HARV example problem.

7.3.2 Moment Direction Errors

The allocators are now evaluated by commanding a 7. = {() ()'5} ' rad/s moment
is commanded and then the allocation error is computed across 10,000 variations
of the system model, where the variations are determined by the standard errors
listed in Table [7.3] An aileron effector failure is simulated where aileron deflection,
uar = 0 despite the command from the allocator. The allocator has no knowledge
of the fault.

A probability density function of the generalized moment magnitude error and
generalized moment direction error is plotted for both axes.

The performance of the MV, RLPe, LPDP, and RLPDP allocators based on
the two criteria are shown in Figures[7.3] and and also shown in Table (7.4l The
RLPDP allocator shows both the smallest mean error in magnitude and direction

when considering an aileron fault. The RLPDP allocator also shows the smallest
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standard deviation in direction error when considering an effector fault. This small
standard deviation in direction error can improve aircraft performance qualities

without explicit knowledge of the aileron fault.

Table 7.4: Standard Deviations in generalized moment

Allocator Magnitude (x10™3 rad/s) Direction (deg)

MV 11.4 1.2066
RLPe 94 1.0677
LPDP 13.8 0.7494
RLPDP 14.2 0.6602
45 T T
—MV
—RLPe
o
35 -
30 -
é i
0 S 1
0 0.05 0.1 0.15

Control allocation magnitude error (rad/sz)

Figure 7.3: Magnitude Error PDF
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Figure 7.4: Direction Error PDF

7.4 Chapter Conclusions

In the previous chapter the LPDP allocator was derived to preserve generalized mo-
ment direction while simultaneously allowing access to a large portion of attainable
generalized moments. This chapter focused on a extending the linear programming
direction-preserving allocator to account for model uncertainties under ellipsoidal
uncertainty sets.

It was found that the robust linear programming direction-preserving allocator
shows the best preservation of generalized moment direction among the MV, RLPe,
LPDP, and RLPDP allocators when considering a aileron fault. This preservation
can help preserve piloted handling qualities and aircraft tracking performance. The
next chapter will show the effects of the RLPDP allocator on a nonlinear aircraft

simulation when an effector fault is considered.



Chapter 8

Nonlinear Aircraft Example

Previously this dissertation studied the effects of existing control allocation meth-
ods in the presence of parametric model uncertainty and derived the linear pro-
gramming direction-preserving and robust linear programming direction-preserving
control allocation methods. In this chapter the efficacy of this research is demon-
strated on a nonlinear model of the NASA Langley T-2 subscale jet transport
aircraft. More information about the T-2 and associated flight test operations can
be found in Refs. [83] 84, 85, 86]. The T-2 aircraft was tested extensively in a
wind tunnel and an extensive aerodyanamic database was built based on the wind
tunnel test results [87, [8§].

Three simulation cases are considered, a nominal simulation case with no un-
certainty considered. A case with realistic uncertainty levels, and a case where
a control effector has failed. The remainder of this chapter is organized as fol-
lows. Section [R.I] introduces the nonlinear T-2 aircraft model. Section [8.2] shows
simulation results for the cases where no uncertainty is considered, cases with
uncertainty, and cases with a failed control effector. Lastly, section provides

concluding remarks.
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Figure 8.1: T-2 aircraft in flight (credit: NASA Langley Research Center).

8.1 T-2 Aircraft Model

The T-2 aircraft model was developed at NASA Langley Research Center and is a
dynamically-scaled model of a twin-engine jet transport aircraft. The T-2 aircraft
is depicted in Fig. The nonlinear T-2 aircraft model was originally published in
Ref. [89] These models were developed by force and moment data from wind tunnel
testing and do not exist in closed-form. The coefficients of rolling, pitching, and
yawing moment are denoted as C; and C,, and C,,, respectively. The coefficients
of force in the body-axis z, y, and z directions are denoted as C,, C,, and C.,
respectively. The aircraft drag coefficient is denoted as Cp and the aircraft lift
coefficient is denoted as C'p,. The T-2 has 16 independent control surfaces, left
and right ailerons, left and right inboard and outboard elevators, upper and lower
rudders, left and right inboard and outboard trailing edge flaps, left and right

inboard and outboard spoilers. During flight only the elevators, rudders, and
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Table 8.1: T-2 aircraft parametric model uncertainty

Coefficient Elevator Aileron Rudder

C 10% 5% 20%
Ch, 5% 50% 50%
Ch 50% 50% 5%

Table 8.2: T-2 control surface deflection limits

Effector Deflection Limit (deg)

Elevator [—30, 20]
Aileron +20
Rudder +30

ailerons are deflected.

The non-dimensional aerodynamic coefficients vary nonlinearly with relative
airflow quantities, angle-of-attack, «, and sideslip angle, 5. The non-dimensional
aerodynamic moment coefficients also vary with non-dimensional body-axis angu-
lar rates (p, ¢, and ) and control surface deflections.

To generate body-axis force coefficients, the lift and drag coefficients are trans-

formed.

C, sima —cosal| |C
= (8.1)
C, —cosa —sina| [Cp

The aircraft body-axis force and moment coefficients were implemented in lookup
table form to obtain the non-dimensional control derivatives a batch linearization
routine was done where the linearize command in MATLAB was run across the
entire flight envelope.

The data table for parametric model uncertainty is taken from Ref. [11] in
Table 8.1} The control effector limits are given in Table [8.2]

The aircraft mass properties and geometry properties used in this simulation

are listed in Table |8.3| and taken from Ref. [91].
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Table 8.3: T-2 Mass and Geometry Properties

Parameter Value
Mass 1.5850 (slug)
I, 1.1790 (slug — ft

2
)

I, 4.5200 (slug — ft?)

)
)

1., 5.5270 (slug — ft
I,. 0.2110 (slug — ft
b 6.8490 (ft)
¢ 0.9150 (ft)
S 5.9020 (ft?)

8.2 Aircraft Simulations

This section demonstrates the efficacy of the research in this dissertation on a
nonlinear T-2 aircraft simulation. The maneuver considered is a 45 deg right
turn followed by a 90 deg left turn, followed by another 45 deg right turn, while
maintaining a constant altitude. Both an aggressive and a nominal turn maneuver
is simulated. The aggressive turn maneuver is designed such that the aircraft
turn radius generates 1g of lateral acceleration in an inertial reference frame. The
nominal turn maneuver is generated to maintain 0.2¢g of lateral acceleration in
an inertial reference frame. The aggressive maneuver is shown in Fig [8.2] The
nominal maneuver is shown in Fig.

To simulate turn maneuver a closed-loop simulation was built where PID con-
trollers running at 50Hz were used to produce attitude and thrust commands to
follow the path and maintain a constant airspeed of 135ft/s and 5001t altitude. A

block diagram of the closed-loop simulation is shown in Fig.
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Figure 8.2: Aggressive maneuver.

8.2.1 Nominal Simulation Case

The first case considered is a nominal simulation case where no uncertainty and
no faults were considered. Because no uncertainty was considered the PI, LP,
and LPDP allocators are considered. None of these allocators were designed to
incorporate the effects of parametric model uncertainty. Figure 8.5 shows the
performance of the allocators in this case. In this case all three allocators track
similarly, this is because there is no saturation thus no performance benefit for
one allocator over another. The results for the aggressive turn case are shown in
Fig. which was designed to saturate control effectors. Tracking performance

is degraded due to saturation, In this case the LPDP allocation showed better
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Figure 8.7: Nominal maneuver performance with uncertainty.

8.2.2 Model Uncertainty Case

In this case, realistic parametric model uncertainty was considered both the nom-
inal and aggressive turn trajectories were simulated and the performance of the
MV, RLPe and RLPDP allocation methods were compared. These three allocation
methods were all designed to incorporate the effects of parametric model uncer-
tainty and show how it can be mitigated in a closed-loop nonlinear simulation.
The results for the nominal case are shown in Fig. Figure shows that the
RLPe allocator has the best tracking performance in the presence of parametric
model uncertainty while flying the aggressive trajectory. The RLPe allocator has
the highest allocation efficiency over the MV, and RLPDP allocators and thus has

the best tracking performance in the presence of parametric model uncertainty.
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Figure 8.8: Nominal maneuver performance with uncertainty.

8.2.3 Effector Failure Case

In this case while flying the both the nominal and aggressive maneuvers, a failure
is simulated in the aircraft ailerons where d,;, = 0. No knowledge of the failure is
assumed. The performance of the MV, RLPe, and RLPDP allocators are consid-
ered and simulated. During the nominal trajectory shown in Fig. [8.10|it was found
that all the allocators diverge from their commanded trajectory this is expected
because of the aileron failure. However the RLPDP allocation method had the

straightest trajectory, which highlights the direction-preserving method.
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Figure 8.10: Aggressive maneuver performance with aileron failure.
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8.3 Chapter Conclusions

This dissertation derived LPDP and RLPDP allocators. This chapter compared
the efficacy of the control allocation methods considered in this dissertation on a
closed-loop example of a T-2 aircraft considering the effects of parametric model
uncertainty. The T-2 aircraft model was lookup table-based and controlled with
several PID control loops. It was found that the effects of parametric model un-
certainty were able to be effectively mitigated by the MV, RLPe, and RLPDP
allocation methods. An allocation fault was also simulated, this showed that the
RLPDP allocation method resulted in the straightest trajectory divergence from

its commanded path.



Chapter 9

Conclusions

As flight vehicles advance, control algorithms must exist to effectively mitigate
high levels of uncertainty and maintain sufficient flight performance requirements.
This dissertation showed how control laws could be based on fully-known rigid-
body state equations and the control allocation could be based on the parameters
which are learned in real-time.

This dissertation also helped advance the study of the control allocation prob-
lem considering parametric model uncertainty and helped derive new methods
to mitigate such uncertainty. Specifically, this dissertation considered the robust
linear programming allocator derived using ellipsoidal uncertainty sets and box
uncertainty sets. The RLPe allocator is shown to effectively incorporate model un-
certainty into the control allocation problem, while maintaining high control allo-
cation efficiency. One drawback is that control allocation as a convex-optimization
problem is not inherently direction-preserving.

To develop direction-preserving control allocation, this dissertation derived the
linear programming direction-preserving allocator which is an alternative method

to access a large portion of attainable moments while the resulting moment is co-
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linear with the commanded moment. This dissertation then extended the second-
order cone constraint using robust control theory.

Lastly it was shown that these control allocation methods in the form of a
second-order cone programming problem can be solved in real-time at 200Hz or

slower which is suitable for many real-time aerospace applications.

9.1 Future Research

The control allocation methods in this dissertation were based on a local lineariza-
tion of the aircraft control effectiveness. Several avenues exist to improve upon
the existing suite of control methods. As more complex and harder-to-model ve-
hicles are considered, control allocation based on local linearizations of control
effectiveness could start to fail. Extensions to control allocation subject to nonlin-
ear constraints, and nonlinear dynamics could be considered. This could take the
form of a geometric programming problem.

Secondly, this dissertation considers convex-optimization based control allo-
cation methods, commonly expressed as a second-order cone programming prob-
lem. These second-order cone programming-based control allocators do not exist
in closed-form. When designing flight control systems, evaluation of stability is
paramount. This means that formally showing stability is not simple, but critical.
Further research could be done on formal stability methods when non closed-form
control allocation methods are considered.

Convex optimization-based control allocation expressed as a second-order cone
programming problem also requires a solution algorithm which must reliably con-
verge in sufficient time. This dissertation utilized interior-point methods, however,

more would could be done to aid in the understanding of solvers for second-order
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cone programs.

Lastly, this dissertation does not include control effector rate limits into the
control allocation design. There are terms to help select a control effector deflection
close to its current deflection, this can help mitigate effects due to effector rate
limits, however these terms may fail when there are significant differences between
control effector bandwidths. Future research in model-predictive control allocation
could consider robust control allocation specifically accounting for limited control

allocator bandwidths.

9.2 List of Publications

Research included in this dissertation has been published in Ref. [92] and Ref.

[93).
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