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The Linearized Frequency-Domain method was recently implemented in FUN3D’s Stabilized
Finite Element solver to allow for gradient-based optimization subject to aeroelastic flutter and
gust constraints. This method, which linearizes about a nonlinear flow solution (thereby being
more accurate than panel-based aerodynamics), makes computing these constraints much more
tractable than equivalent responses with the full nonlinear time-domain solution. Computing
these responses and their analytic derivatives, however, can still be quite costly depending
on the number of structural modes and frequencies of interest. Correction techniques for
Doublet Lattice Method aerodynamics have long been used in an effort to make panel-based
aerodynamics more accurate, while not incurring the cost of a time- or frequency-domain
Computational Fluid Dynamics solution. This work presents an implementation of such a
correction procedure using the authors’ toolset developed at NASA Langley Research Center,
including FUN3D’s Linearized Frequency-Domain solver and an in-house Doublet Lattice
Method implementation. The toolset leverages the MPhys library for OpenMDAO, which helps
facilitate solver modularity and the computation of analytic design derivatives, among other
advantages. Optimizations with flutter and gust (both continuous and discrete) constraints, and
with both shape and sizing design variables, are demonstrated for the AGARD 445.6 wing at a
transonic flow condition.

L. Introduction

Recent work by the authors has demonstrated gradient-based flutter- [[1-4] and gust-constrained [SH7]] optimization
using either panel aerodynamics or Computational Fluid Dynamics (CFD) solvers. The panel method is an in-house
Doublet Lattice Method (DLM) implementation, while the Linearized Frequency Domain (LFD) method implemented
in NASA’s FUN3D [8H11]] Stabilized Finite Element (SFE) solver [12} [13] serves as the CFD solver. The MPhys
library [14, [13]] for OpenMDAO [16] is used to modularize the unsteady aeroelastic analyses, which eases the
interchangeability between aerodynamic fidelities while using the same structural solver. While DLM-based design
evaluations can generally be carried out in seconds or minutes, LFD evaluations may take hours. Both DLM and LFD
require flow solutions for each structural mode at a predetermined list of reduced frequencies. Gradient evaluations
for LFD-based flutter constraints typically require individual linear solutions for a subset of reduced frequencies (i.e.,
those involved in the flutter mechanism) and for each mode, in order to compute the cost function’s overall adjoint
solution. This assumes the cost function is based on the flutter onset conditions (e.g., flutter dynamic pressure); an
aggregated damping cost function would require linear solutions for the full set of reduced frequencies. This is also true
for gradients of discrete or continuous gust responses.

DLM correction methods [17H21]] have been heavily used for decades, as they allow the computationally cheap
DLM solver to be improved in accuracy using data from CFD, experiments, or even flight tests. Corrected DLM remains
a workhorse for industry (cf. Jadic et al. [[19] or Moreno et al. [22]) because the cost of the higher fidelity methods
and physical testing is intractable for a full flight vehicle flutter test matrix. The purpose of this paper is therefore to
demonstrate gradient-based optimization with corrected DLM in order to reduce the cost of flutter- and gust-constrained
optimizations with CFD. Such an implementation can improve the accuracy of DLM-based optimization while not
incurring the full cost of LFD-based optimization. In this work, the accuracy is demonstrated by subsequently performing
LFD-based optimization from the resulting optimum; if the correction method is sufficiently accurate, then the corrected
DLM optimization will locate a design sufficiently close to the LFD optimum, and the final LFD-based optimization will
generally require fewer design iterations. The performance of such a process is compared against starting the LFD-based

*Research Aerospace Engineer, Aeroelasticity Branch, andrew.s.thelen @nasa.gov, AIAA Member.
fResearch Aerospace Engineer, Aeroelasticity Branch, AIAA Associate Fellow.
*Research Aerospace Engineer, Aeroelasticity Branch, AIAA Member.



optimization from the uncorrected DLM optimum. For comparison, LFD-based optimization from an arbitrary baseline
design generally requires much more iterations than either approach, at least for the cases considered.

In the following sections, method and implementation details are first given in Sect. [[] including a description of
the correction procedure in Sect. [[I.A]followed by a brief summary of flutter and gust analyses in Sect. Section
[ then shows sample DLM correction results for the AGARD 445.6 wing [23]]. This includes, in Sect. flutter
analysis results using both steady pitch corrections as well as the full list of modes at a subset of frequencies. This is
followed by flutter-constrained optimizations in Sect. [[IL.B] where steady pitch corrections are initially used followed
by the non-zero frequency corrections with all modes. Section[[I.C|adds discrete and continuous gust constraints to
the flutter-constrained optimization problem, demonstrating optimization convergence with and without shape design
variables. The paper ends with conclusions and comments on future work in Sect.

I1. Methodology

This section provides an overview of the analysis methods used. Section [[L.A]first provides a description of the
DLM correction formulation. Selected details of the flutter and gust analyses are provided in Sect.

A. DLM Correction Procedure
Derived loosely from the method in Moreno et al. [22]], a full, diagonally-dominant correction factor matrix, [Cg],
is computed as

T

[Ce] =[1] + ({CP,dlm}T)T ({Cpret} — {Cpam})| - (1)

Here, (-) is the Moore-Penrose pseudoinverse operator [24} [25] while {Cpaim} and {Cpyer} (both of size Npanels X Nref)
are the DLM- and CFD-computed oscillatory pressures on the DLM mesh panels. These pressures are computed at
a particular reduced frequency and for an arbitrary set of Nt oscillatory modes. The corrected DLM pressures for
all Npodes oscillatory modes used in the analysis are then computed by pre-multiplying [Cg] by the DLM-computed
Aerodynamic Influence Coefficient (AIC) matrix,

{Cp} = [Cr] [AIC] ! {w}, 2)

where {w} contains the downwash vector for each oscillatory mode included in the analysis. Overall, this correction
ensures that the corrected DLM pressure exactly matches the CFD-computed pressure (projected onto DLM panels) for
all modes used in the correction data, {Cprer}. The resulting structure-on-structure Generalized Aerodynamic Force
(GAF) matrix (of size Nmodes X Nmodes) 18 then

[st] = [S] {CP}’ 3)

where [S] is the integration matrix corresponding to the mode shapes. The same operation may be used to compute
corrected gust GAFs as well, using the gust-induced oscillatory pressures [5]. Some testing by the authors found
that fewer issues are encountered if the structure-on-structure and gust-on-structure correction matrices are computed
separately, rather than combining them into the above oscillatory pressures.

Both the DLM and CFD analyses in the present work use the MPhys library for OpenMDAQ. The DLM and structural
analyses are performed using in-house solvers pyDLM and pyShell. The CFD reference data, {Cpyer}, is generated using
FUN3D’s LFD solver, which computes the complex aerodynamic force vector at each CFD surface node. Structural
mode shapes, which are the same among DLM and LFD analyses, are transferred to the different aerodynamic meshes
using the Matching-based Extrapolation of Loads and Displacements (MELD) [26]] load and displacement transfer
scheme. While not demonstrated in the present work, MELD may optionally transfer static aeroelastic deflections from
the FUN3D mesh to the panel mesh (though transferring from the structural mesh may yield a comparable result). Once
an LFD analysis is complete, MELD is used to transfer the complex forces from the CFD surface nodes to the DLM
panel centroids. Dividing the box forces by box areas subsequently yields the desired oscillatory pressures.

Note that when transferring LFD loads to DLM panels, MELD simply conserves energy through the principle of
virtual work without knowledge of the mode shapes. As a result, the inner product of the loads and mode shapes will not
necessarily be conserved, subsequently causing a mismatch between GAFs computed by LFD and the GAFs computed
using the MELD-projected complex pressures, [S] {Cpyer}. Because this mismatch can shift the GAFs and thus affect



flutter and gust responses, two remedies have been developed by the authors. The simpler option is to apply a shift in
each corrected DLM GAF such that it matches the LFD-computed GAF at the reference conditions. Alternatively, the
projected pressure may itself be corrected before being used to compute [Cg]. This is done for an individual mode i in a
similar manner as the DLM correction approach,

T

[CF,proj]i = [I] + ({CP‘,proj}T)T ({CP‘,ref} - {CP’,proj}) s (4)

where [Cp,pmj]l is a diagonally-dominant correction matrix to be applied to the i mode’s projected pressure,

{CP,ref}i = [CF,proj]i {CP,proj}i- 5)
The so-called approximate panel pressures
. il .
{CP’,proj }l = ([S]T) {st,proj}l (6)
and
i r\f i
(Cret =(IS1") (e} )

represent “pseudo-pressures” of sorts from the MELD-projected and original LFD analyses, as integration by mode
shapes would result in their respective GAF columns, {st,proj}’. and {Qgta}’. This projected pressure correction
process, overall, ensures that the reference pressure used in the correction, {Cp,ref}i , produces the same column of GAFs
as LFD when integrated by the DLM mode shapes. This is achieved generally with no visible differences in the projected
DLM panel pressures. A caveat to this process, however, is that modes that consist almost entirely of in-plane bending
(thus being nearly zero in {w} and similarly [S]) will yield ill-conditioned pressure correction matrices rather than ones
close to identity, subsequently causing the same ill-conditioning issue with the DLM correction matrix. This can be
avoided in an ad-hoc manner by checking the off-diagonal terms, and when the maximum is larger than a specified
tolerance (e.g. 1), throwing out the mode and simply applying a GAF shift instead (so as to still ensure consistency with
the reference conditions).

Note that although analytic derivatives of corrected DLM have been implemented (i.e., sensitivities of GAFs with
respect to nodal coordinates, Mach, reference length, and mode shapes), sensitivities of the correction matrix have
not been. As a result, the current implementation may only reliably run a corrected DLM optimization with a fixed
correction matrix. In a case where CFD data are updated for each new design, the current lack of correct derivatives
may slow down or completely prevent convergence to an optimum. This potential development may be addressed in the
future, although such an approach would be significantly more costly due to the need for CFD at every new design.

B. Description of Flutter and Gust Analyses

Once structure-on-structure GAFs are computed, the p-k method implementation described in Jacobson and Stanford
[2]] and Stanford et al. [3]] (among others) is used to evaluate flutter onset conditions. For these analyses, mass- and
stiffness-proportional Rayleigh structural damping values are set to 2 and 5 x 1074, respectively. The optimizer enforces,
in optimizations shown later, that this onset dynamic pressure must not be less than the arbitrary value of 1 psi. This
value was chosen simply based on the baseline flutter response and preliminary optimizations, such that the constraint is
active yet not overly limiting, which may remove any feasible design space. When applicable, gust-on-structure GAFs,
in addition, may be used to compute continuous (also known as stochastic [27]) and discrete gust constraints. Both
analyses take the root bending moment to be the quantity of interest to be limited, although future work by the authors
will instead limit gust-induced stresses.

The continuous gust analysis implementation is described in Jacobson et al. [5] and Thelen et al. [6]]. To illustrate
this analysis, Fig. [I|shows the modal solution for the AGARD 445.6 wing across a range of frequencies, where LFD
aerodynamics are used at a Mach number and angle of attack of 0.95 and 6 degrees, respectively. The flow velocity
and density are 12,730 in/s and 1.0027 x 1078 1b/in®. When using the scaling vector corresponding to root bending
induced by unit modal displacements, and after scaling by the Dryden atmospheric spectrum [28]] (with turbulence



scale and velocity Root Mean Square (RMS) of 30,000 in and 300 in/s), the Power Spectral Density (PSD) shown in
Fig. [J]is obtained. The corresponding RMS of the root bending moment is then constrained by the optimizer; later
optimizations set this upper limit to be the rather arbitrary value of 300 1b-in (where, for reference, the PSD in Fig.
[2lhas an RMS of 284 Ib-in). This value was chosen in a similar manner as the flutter constraint limit (i.e., based on
preliminary optimizations). Note that the RMS in this case is largely driven by the zero-frequency response because (a)
the exclusion of rigid body modes, which would yield modal solutions approaching zero at zero frequency (with only
rigid body mode responses being nonzero), and (b) the Dryden gust spectrum drops off rather quickly with frequency.
Other work [6, 7] has demonstrated the effects of rigid body modes with the current continuous gust analysis tools using
the Common Research Model (CRM) wing.
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Fig.1 Sample modal displacements due to a continuous gust input.

The discrete gust responses, which use the one-minus-cosine gust profile, are computed for four different gust
lengths (all with the same vertical gust amplitude) in the time-domain using the inputted structure-on-structure and
gust-on-structure GAFs, among other inputs (such as atmospheric velocity and density, which are taken to be fixed). A
Kreisselmeier-Steinhauser (KS) [29} 30] aggregate of the four maximum root bending moments then forms a scalar
response to be limited by the optimizer (with 300 1b-in later used, to be consistent with the continuous gust constraint),
so that analytic derivatives must only be computed once for all gust lengths. An illustration of this analysis is given in

Fig. B

I11. Results for the AGARD 445.6 Wing Case

This section provides results using the described DLM correction procedure. Section [[IL.A] first shows sample
flutter analysis results using a steady pitch correction. An extension of the method to all structural modes and a
particular nonzero frequency is then demonstrated. Flutter-constrained optimization results are then given in Sect.
where DLM is corrected first using steady pitching followed by all modes at multiple frequencies. Section[[IL.C|then
demonstrates flutter- and gust-constrained optimizations with full corrections, where the effect of including or excluding
shape design variables is also shown. In all sections, a 6 degree angle of attack and Mach number of 0.95 was chosen
to ensure the presence of transonic nonlinearity, which can significantly alter the DLM and LFD optimal designs. In
contrast, earlier testing with lower angles of attack (e.g., 0 or 2 degrees) caused the optima to be relatively close in the
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Fig. 2 Resulting root bending moment PSD using the Dryden gust spectrum. The RMS, related to the area
under the PSD (284 1b-in in this case), is limited by the optimizer to be no greater than an arbitrary limit of 300
Ib-in.
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Fig. 3 One-minus-cosine gust profiles with four different gust lengths (all amplitudes of 300 in/s) and the
resulting root bending moment. A KS aggregate of maximum gust-induced root bending moment is constrained
by the optimizer to be no greater than 300 Ib-in.

design space, thus there was not much to gain by correcting the DLM aerodynamics. This is expected as the AGARD
wing shows weak transonic effects at low angles of attack due to the thinness of the wing; therefore, the uncorrected
DLM is sufficient to predict the compressibility effects [31].

A. Flutter Analysis Results at the Baseline Design

Figure[]illustrates the correction matrix for this Mach 0.95, 6 degree angle-of-attack freestream condition, where
steady pitching, simulated using FUN3D’s Euler LFD solver, is used as a reference condition. For reference, the pressure
perturbations for this pitching condition are shown in Fig. [5] where the LFD pressure has been transferred from the
CFD mesh to DLM panels. In Fig. 4] box numbering goes chord-wise from leading to trailing edge, and from root to
tip, with the panel mesh having 20 and 40 chord- and span-wise boxes, respectively. Shown in the left plot, off-diagonal
terms at higher column numbers, which correspond to the outboard region of the wing, are larger but still relatively
small with a range of about -0.034 to 0.039 (corresponding to a log-scale magnitude of roughly -1.5 in the figure). In



the right plot, diagonal terms are shown to be close to 1, with the outboard boxes (i.e., those with higher box numbers)
deviating more from 1.
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Fig. 4 Visualization of correction matrix, where steady pitching motion is used for the LFD reference data.
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Fig. 5 DLM- and LFD-computed pitching panel pressures at zero frequency (i.e., perturbation per unit change
in angle of attack) used for computing the correction matrix.

Using this correction matrix computed based on steady pitching motion, Fig. [6|shows the uncorrected and corrected
DLM pressure perturbations at zero frequency for the first flexible mode compared to the LFD pressure transferred
to the DLM panels. This first mode shape is also shown for reference. This is provided because it shows how the
correction performs for a mode not included in the reference LFD data; ultimately, six modes will later be used for
flutter analyses. In this figure, the corrected DLM pressure appears to capture the pressure perturbation at the left piece
of the lambda-shaped shock fairly well, but underpredicts the magnitude of pressure on the right leg of the shock. The
pressure perturbation near the tip appears to predict the LFD pressure fairly well, although the magnitude at the shock is
underpredicted. Overall, the corrected DLM pressure appears significantly closer to LFD pressure when compared to
DLM, which has no capability to compute the lambda shock.

For reference, Fig. [7]shows the corresponding steady pressure and zero-frequency mode 1 pressure perturbations on
the CFD mesh. The mesh is also shown to give a sense for mesh resolution. As can be seen in the previous figures,
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Fig. 6 Zero-frequency pressure perturbations due to unit perturbations of the first mode, where steady pitching
motion is used for the LFD reference data.

there is a strong lambda shock on the upper surface that moves as the first mode is perturbed. The rounded tip also has
large pressure perturbations near the trailing edge, which is reflected in the panel pressures in the previous figure.

Figure[§]shows the resulting GAFs corresponding to the first three flexible modes, where the corrected DLM analyses
use the same steady pitch data described previously. In this figure, the zero-frequency correction shifts the DLM GAF
real parts closer to those of LFD (e.g., dropping zero-frequency error by a median factor of three, relative to the LFD
value). The imaginary parts are left uncorrected as the LFD reference data are only evaluated at zero frequency. This
decision can readily be changed in the implementation; however, limited testing has suggested that this only has a small
effect on predicted flutter onset conditions for the AGARD 445.6. This is perhaps because the flutter reduced frequency
is relatively low at this flow condition: approximately 0.08.

The GAFs are used to compute the p-k damping and frequency curves in Fig. [0} While only four modes are shown
for clarity, six are used in the flutter analysis. Table[I|summarizes the predicted flutter conditions, comparing corrected
and uncorrected DLM to LFD. Note that in spite of the transonic Mach number, the DLM result is conservative as
the LFD flutter dynamic pressure is larger; this is likely because the increased angle of attack shifted the transonic
dip to lower Mach numbers and Mach 0.95 is past this dip. Nonetheless, the correction methodology succeeds in
shifting damping and frequency curves closer to those of LFD, which is taken to be the truth data here. The errors in the
resulting flutter dynamic pressure and frequency drop from around 12% with uncorrected DLM to less than 2% with
corrected DLM. For perspective, the added computational cost to achieve this is the time it takes for one nonlinear flow
solution in FUN3D, followed by one LFD linear problem. The LFD analysis, on the other hand, requires 66 LFD linear
problems, as each of the 6 modes are solved for 11 reduced frequencies.

The same correction methodology is next demonstrated using all six modes, in addition to pitching, with Fig. [T0]
showing the terms of the correction matrix at a reduced frequency of 0.1. The LFD-projected pressure correction
procedure described in Sect. [[LA]is used here, although it likely has no visible effect on the matrix terms. In this
figure, note that whereas the real part of the correction matrix is close to an identity matrix, the imaginary part has



(a) Steady (b) Zero-frequency perturbation

Fig. 7 FUN3D-computed steady pressure and zero-frequency pressure perturbation due to unit perturbation of
the first mode.

Table 1 Flutter onset results.

Description q ¢ (% error) [psi] fr (% error) [Hz]
LFD 0.447755 14.849003
DLM 0.393733 (-12.06%) 13.151406 (-11.43%)

Corrected DLM  0.456073 (+1.86%)  14.607825 (-1.62%)

no diagonal dominance. Overall, while using the full matrix is more accurate (with flutter g  error even driven down
to machine precision, if all modes and frequencies are used), the zero-frequency pitch correction shown previously
would of course be cheaper to evaluate. Computing this full correction, however, is still cheaper than a typical LFD
optimization iteration, which would require derivative computations (perhaps several, depending on the number of
constraints); using a subset of modes and frequencies would also lessen the computational expense of the correction.

B. Flutter-constrained Optimizations

In the previous section, the zero-frequency pitch correction is shown to improve agreement of the DLM with
LFD, using a relatively small set of CFD data from one steady nonlinear flow solution and one LFD linear solution.
Also demonstrated is that the method can be extended to include nonzero frequencies and an arbitrary set of modes,
which would be more costly but improve the agreement with LFD. This section is now concerned with leveraging the
correction method for optimization with both shape and structural sizing design variables. The general approach to
carry this out is to iteratively perform sub-optimizations, where the correction matrices are recomputed at the start of
each sub-optimization:

» Compute the correction matrix at the baseline design.

* Run the corrected DLM optimization.

* At the new design, recompute the correction matrix and run the corrected DLM optimization; repeat until the

change in optimized objective function is less than a certain tolerance.

* Finally, run the LFD optimization starting from the final design.
The goal here is to utilize the corrected DLM sub-optimizations to obtain a design closer to the LFD optimum than
uncorrected DLM. If the designs are indeed close, then this can lead to a reduced number of required iterations in
the final LFD optimization. For reference, in this work, each sub-optimization requires wall time similar to one LFD
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Fig. 8 GAFs of the first three modes, where steady pitching is used for the LFD reference data.

optimization iteration (including function and gradient call). This relative cost is of course dependent on the DLM and
CFD mesh resolutions, with the DLM mesh here being relatively fine and the CFD mesh being a moderately fine Euler
mesh (as visualized in the previous section). Meanwhile, each new correction matrix computation takes some fraction
of an LFD optimization iteration, as requiring derivatives can increase the cost of the iteration by several times, while
the correction data can also be limited to a subset of modes and frequencies.

As an optimization test case, the AGARD 445.6 wing optimization from Jacobson and Stanford [2] is selected.
The optimization problem seeks to minimize structural mass subject to a flutter inequality constraint (flutter dynamic
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Fig. 10 Correction matrix using all six modes at a reduced frequency of 0.1.

pressure gy > 1 in this case) and a planform area equality constraint (must equal the baseline design’s area). Gust
constraints explained previously are thus far omitted. Design variables include 100 structural thicknesses and four
planform variables: sweep, span, root chord, and tip chord (all defined as linear differential distances in inches, as
illustrated in Stanford et al. [3]]). Following the previous section, a Mach number of 0.95 and angle of attack of 6 degrees
are used. Likewise, the DLM correction is again initially based on steady pitching. Figures[TT)and[T2]show the DLM-
and LFD-based convergence metrics for this case.

In the left DLM optimization figure (Fig. [TTa), three corrected DLM sub-optimizations are shown, with uncorrected
DLM optimization also included for reference. The mass objective changed very little after the first sub-optimization,
and in fact does not change at all during the last one. This is because shape design variables did not change during
the final outer-loop optimization; although structural design variables did change slightly, this has no effect on the
rigid pitching motion used for computing the DLM correction (which therefore remained identical between the final
sub-optimizations). This suggests that just the first sub-optimization would have brought the optimizer sufficiently
close to the LFD optimum. Nonetheless, the right DLM optimization figure (Fig. [[Tb) shows the corresponding flutter
constraint values for these optimizations.

Meanwhile, Fig. [T2a]shows the subsequent LFD optimizations, starting from the corrected or uncorrected DLM
optima, while Fig. [I2b] shows the corresponding flutter constraint convergence histories. An incomplete optimization
from the baseline design is shown to give a sense for how long it may eventually take if no DLM optimization is available.
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Fig. 12 LFD optimization convergence starting from the uncorrected and corrected DLM optima, denoted as
x*. An incomplete optimization from the baseline design is also shown for reference.

Ultimately, the optimization from the corrected DLM optimum required fewer iterations than that of uncorrected DLM
(11 versus 18), as the LFD optimization was able to start closer to the LFD optimum. Also noteworthy are the initial
values of the flutter constraint: at the uncorrected DLM optimum, the LFD-computed constraint is -0.8, indicating an
LFD-computed flutter dynamic pressure of 1.8 compared to the DLM-predicted value of 1. Optimization from the
corrected DLM optimum, on the other hand, starts with a flutter constraint of close to zero, indicating close agreement
between corrected DLM and LFD at the corrected DLM optimum.

Finally, Fig. [T3]shows the optimized planforms and thickness distributions of the three optima: corrected and
uncorrected DLM and LFD. The baseline design is also included for reference. With this particular case, most of the
shape design variables are at their bounds but thickness distributions differ significantly. Visually, the DLM optimum
places more mass towards the root trailing edge; though not shown here, this optimum is at least visually similar to the
LFD optimum at zero angle of attack. At this higher angle of attack, however, mass is no longer needed at the root
trailing edge but the optimizer strengthens the mid-span leading edge area. Visually, the corrected DLM appears to
match this trend well.

11



0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.650.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65
Thickness [in] Thickness [in]

(a) Baseline (b) DLM

0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65
Thickness [in] Thickness [in]

(c) Corrected DLM (d) LFD

Fig. 13 Baseline and optimal designs, where the black dotted lines show the initial planform for reference.

As a step beyond this zero-frequency pitch result, the same correction procedure is now applied using all modes (in
addition to pitching) at a subset of (six out of eleven) reduced frequencies. When a subset of frequencies is used, the
implementaton uses linear interpolation of the correction matrix at reduced frequencies not included in the reference
data. In addition, while the previous correction leaves the imaginary GAFs uncorrected (as the reference CFD data has
no knowledge of nonzero frequencies), the imaginary parts are now corrected when using non-zero frequencies. Also
note that the LFD panel correction procedure explained in Sect. [[IA]is used to avoid a shift between LFD GAFs on
the CFD mesh and the GAFs corresponding to the MELD-projected LFD pressures on the DLM panels. This is not
necessary when using pitching (which involves a rigid rotation with no static deformation) as a uniform mode shape
ensures the conservation of the product of the load and mode shape.

Figure [[4]illustrates the corrected DLM sub-optimizations with the full corrections in blue. For reference, the black
curve shows the zero-frequency pitch-corrected DLM presented previously in Fig. [IT} Uncorrected DLM is also shown,
as is the LFD optimum’s mass for reference. Scatter points on the sub-optimizations indicate where LFD corrections
were recomputed with the corrected DLM optimization subsequently restarted. Overall, the full correction process
required two more LFD evaluations before stopping (based on the same objective tolerance). Thus, this new correction
required slightly more outer-loop iterations, with each new correction costing somewhat more than the previous steady
pitch correction, which used only one LFD evaluation rather than one for each mode and frequency combination. The
full correction, however, was able to reach the LFD optimum, and a subsequent LFD optimization (synonymous to Fig.
[T2) but not shown here) completed in only one optimization iteration. In addition, derivative calls with LFD can be quite
costly, especially when including gust constraints, so each full correction calculation was still significantly faster than a
typical LFD optimization iteration (as the correction procedure does not require derivatives).

For reference, Fig. [I5]shows convergence of the four shape design variables during these sub-optimizations. For this
case, three out of four design variables are at their bounds of -5 or 5 inches, while the span differential design variable
ends up being zero. Span being at exactly zero (within roughly 10~%) may suggest that it is more weakly influential to
the design problem, and a value of zero satisfies the area constraint when the other design variables are at their bounds
(noting that area is unaffected by sweep). Nonetheless, in theory, having this LFD optimum mostly at design variable
bounds may help stabilize the process (presuming corrected DLM shape derivatives still point in the right direction) as
the strong shocks would not be changing in position and strength between correction iterations.
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Fig. 15 Shape design variable convergence using full corrections for the flutter-constrained optimization.

C. Flutter- and Gust-constrained Optimizations With and Without Shape Design Variables

The discrete and continuous gust constraints described in Sect. are now added to the optimization problem, and
the same process is performed with and without shape design variables. The structure-on-structure and gust-on-structure
correction matrices are computed separately using all frequencies and modes. The case with shape design variables uses
an option in the implementation that accumulates DLM and LFD pressure data at all previous evaluations, so that the
correction matrix ensures a pressure match at not just the current LFD design but all previous designs as well. This was
added in an effort to help stabilize the outer-loop convergence, as normally a new correction would have no knowledge
of correction data at previous designs.

Figure [16] shows the objective function convergence for the corrected DLM sub-optimizations as well as the
subsequent LFD optimizations. Uncorrected DLM with shape design variables, which appears to have converged on
a completely different design as LFD, is also shown. The sizing-only uncorrected DLM case is not shown as it did
not converge. This appeared to be due to the fidelity level’s inability to satisfy the constraints (indicating a lack of
feasible design space), with thickness design variables all reaching their upper bounds at which point the optimizer was
unable to proceed. While not shown here, the flutter and discrete gust constraints are both active for all cases, while the
continuous gust constraint is inactive.

While the sizing-only uncorrected DLM optimization case had no feasible design space, the same case with DLM
corrections was able to find feasible space during each sub-optimization. Unfortunately, the mass objective tolerance
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Fig. 16 Objective convergence with gust and flutter constraints, with and without shape design variables.

between sub-optimizations did not meet the same mass tolerance used in flutter-only optimizations and simply continued
until the maximum correction iterations of 10. The subsequent sizing-only LFD optimization, while not reducing the
mass any more, also became stuck in a line search and was halted manually. This issue, which was not observed in
other design cases, needs further investigation and likely affected both the sub-optimization and the LFD optimization
convergence. One possible factor is that the fifth mode shape when computing the second sub-optimization’s correction
is almost entirely in-plane, and its MELD-transferred surface displacement on the wing (in combination with the modal
reference amplitude) essentially passes through the symmetry plane due to small unclamped regions at the root leading
and trailing edges. As a result, this seems to cause negative volumes when computing the corresponding volume
mode shape, although mesh deformation and LFD residuals still converge to machine precision. Presumably, this
mode has very little effect on the flutter or gust responses, although the negative volumes may perhaps be a source
of noise when changing the design slightly. Nonetheless, partly because of this difficulty converging, the case with
shape design variables was halted manually as the objective function between outer-loop iterations appeared to have
adequately converged. The subsequent LFD optimization reduced the objective function only slightly more, indicating
that corrected DLM located a design close to the true optimum.

Figure (17| shows the corresponding shape design variable convergence histories. As shown in this figure, the
uncorrected DLM optimization converged on a completely different planform as corrected DLM and LFD. Corrected
DLM, after a few outer-loop iterations, hovers around the LFD-optimal planform but struggles to converge on it exactly.
This appears to be mainly due to the sweep design variable, which is no longer at one of its bounds like in the flutter-only
optimizations. In addition, while sweep does not affect the area constraint, the span and tip chord design variables do;
corrected DLM indicates that these values are balanced to try to satisfy this constraint, rather than keeping tip chord all
the way at its bound like with LFD.

The derivatives at the final design are compared between DLM, corrected DLM, and LFD to help gage how well the
aeroelastic constraints trend among the three analyses. Figure[I§]illustrates the shape derivatives at this design. In this
figure, corrected DLM shape derivatives appear to sometimes match those of LFD better than uncorrected DLM, but
there are cases where uncorrected DLM has more accurate derivatives. This is perhaps not surprising, as while the
current DLM correction may ensure a zero-order consistency with LFD, first-order consistency is in no way guaranteed
as a single LFD evaluation does not inform DLM on how shocks move with geometry changes. It is unclear if the
pressure accumulation option can eventually yield an “over-training” effect of sorts; while likely not a direct cause of
inaccurate shape derivatives, this will be further investigated in the future. In addition, a less challenging flow condition
where DLM and LFD start out with more similar trends may yield better shape derivatives when using the correction
procedure. Unfortunately, however, there will always be shortcomings with shape design with the current approach as
DLM inherently neglects thickness effects; airfoil shape, for instance, could not be designed at all as DLM does not
model the geometry at this level of detail. For such a design problem, one may need to update the correction matrix
at every design (and likewise implement analytic derivatives of the correction matrix), likely using a relatively cheap
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training set such as steady pitching.
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Fig. 18 Shape derivatives at the final corrected DLM optimum with flutter and gust constraints.

Figure[T9]illustrates the structural thickness design variable derivatives at the final design with shape design variables.
To give a sense for how derivatives are distributed, Fig. [20| shows the derivative contours on the final design using LFD
aerodynamics. Unlike the shape derivatives, these sizing derivatives show a much closer match between corrected DLM
and LFD. This seems intuitive, as sizing variables, when excluding static aeroelastic deformation like in this case, would
only affect mode shapes and not the steady flow field.
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Fig. 19 Thickness derivatives at the final corrected DLM optimum with shape design variables.
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Fig. 20 LFD thickness derivative contours at the final corrected DLM optimum with shape design variables.

For reference, Fig. 21]shows the same derivative comparison for the case without shape design variables, where the
agreement in fact seems somewhat better. It is unclear if this better agreement is a possible sign of an “over-training’
effect of the pressure accumulation option used in the case with shape design variables (as it was not used for this
sizing-only case), or if other factors are more responsible for this better fit (e.g., flow-field, mode shapes, LFD-to-panel
pressure correction procedure, or solver settings). The option appeared to stabilize convergence somewhat in earlier
testing, but the implications of such an option has not extensively been tested thus far due to the numerous possible
combinations of settings and the computational cost of each full run. In the future, performing optimizations with only
the four shape design variables may shed light on what may work best. Nonetheless, this result indicates that the current
DLM correction procedure is perhaps best suited for structural sizing optimizations; while cases with shape design
variables may ultimately be expedited as well, further developments may be needed to achieve reliable convergence to
the LFD optimum.
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Fig. 21 Thickness derivatives at the final corrected DLM optimum without shape design variables.

IV. Conclusion

This work has demonstrated a gradient-based optimization process with flutter and gust constraints based on corrected
DLM. Being implemented using the MPhys library for OpenMDAO allows for easier interchangeability between
aerodynamic solvers while using the same structural solver, and also facilitates the computation of analytic derivatives
(although derivatives of the correction matrix itself are still lacking). The corrected DLM method was demonstrated
using steady pitch data, as well as data from several modes and frequencies. Flutter-constrained optimization of the
AGARD 445.6 wing (using steady or unsteady corrections) was shown as well as results including gust constraints with
and without shape design variables.

The approach, which iteratively performs corrected DLM sub-optimizations, each with a new pre-multiplied AIC
correction matrix, tends to speed up the search for the true LFD optimum by locating a design closer to it (when compared
to uncorrected DLM). This is especially true for the flutter-constrained case with full non-zero frequency corrections,
which located the optimum exactly (thanks to the optimum being at shape design variable bounds). The presence of
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shape design variables, however, adds difficulty to the design problem, as indicated in the gust- and flutter-constrained
problem. This is perhaps not surprising, as the correction procedure does not ensure first-order consistency with
LFD, and DLM inherently assumes a lifting body is made up of two-dimensional panels. The Mach 0.95, 6 degree
angle-of-attack flow condition selected may be especially challenging due to the presence of a strong lambda-shaped
shock that moves with planform geometry, presumably causing a poorer correlation between LFD and the underlying
DLM physics. Nonetheless, the approach seems particularly well suited for structural sizing optimizations, as flutter and
gust constraint derivatives with respect to these design variables are shown to closely match LFD derivatives. This is at
least true when neglecting static aeroelastic deflection; a case where sizing variables affect static deflection and thus
shocks may prove to be somewhat more difficult.

While a different correction matrix formulation may perform better than the current implementation, reliably
obtaining an LFD optimum with shape design variables may require a constantly varying correction matrix (as opposed
to sub-optimizations each with fixed correction matrices). This would also increase the cost of each analysis immensely
when compared to a corrected DLM analysis. If one uses only a limited data set for computing the correction matrix
(e.g. steady pitching, limited modes and frequencies), however, this may still prove fruitful as it would still drive down
the cost of a full LFD optimization.

Nonetheless, with the current sub-optimization approach, several aspects could be further investigated to gauge
performance and reliability of the implementation. A case with only the limited set of shape design variables used
here, perhaps with a lower Mach and/or angle of attack, could help identify when the method starts to have difficulties.
Such a test case may also help identify alternative correction matrix formulations that work better when the geometry
is varying. The pressure accumulation option, which continuously builds up reference DLM and LFD pressure data,
could also be better understood to see if there are limitations relating to factors such as “over-training”. A case with
static aeroelastic deflection, likely excluding shape design variables, may also help confirm whether this flexibility is a
significant issue for the implementation. While not presumed to be a major factor, a case that uses Reynolds-averaged
Navier-Stokes aerodynamics rather than Euler equations may also be a useful data point. Finally, while somewhat out of
scope, similar corrections could be applied to the authors’ in-house Vortex Lattice Method solver to recover a similar
improvement in accuracy of steady aerodynamics.
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