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A B S T R A C T

An extraterrestrial submarine was studied to explore Saturn’s moon Titan, under a Phase II NASA Innovative 
Advanced Concepts (NIAC) study. One of the primary design concerns for the submarine is the effect of effer
vescence on submarine operation. Nitrogen gas is highly soluble in Titan’s methane-rich sea, Ligeia Mare. Waste 
heat from the submarine power system may cause this dissolved nitrogen gas to come out of solution; in a 
quiescent case, bubbles that form may interfere with science instruments, and in a moving case, bubbles that 
form along the submarine may coalesce at the aft end and cause cavitation in the propellers. This paper in
troduces the Phase II orbiter-supported submarine, updated mission profile, critical subsystems, as well as 
relevant models needed to quantify effervescence as a function of the location and operation within Ligeia Mare. 
Phase I and Phase II submersible designs are also compared and contrasted.

1. Introduction

The purpose of this paper is to assess the risk of effervescence on the 
Phase II submarine design being assessed to explore the cryogenic 
methane-rich sea Ligeia Mare of Saturn’s moon Titan. Effervescence is 
defined throughout to be the formation of gas bubbles in a liquid by a 
change in temperature or pressure of the liquid. This vehicle is being 
designed as part of a NASA Innovative Advanced Concepts (NIAC) Phase 
II study for a science mission to explore Ligeia Mare for a ~ 1 year 
mission. The formation, growth, and location of bubbles, and thus 
effervescence, was identified as a major risk to the proposed science 
mission.

The outline of this paper is as follows. First, the Titan cryogenic 
environment is introduced. Next, the new Phase II vehicle and updated 
mission concept of operation are presented. Then the new 3D efferves
cence model is described; solubility, bubble incipience, bubble growth, 
and area and volume coverage models are described. Finally, the results 
of the effervescence model are presented and assessed, particularly for 
impact on science instruments and propeller operation.

1.1. Titan environment

Processes on Titan share many similarities with processes on Earth, 

except they occur at significantly lower temperatures[15,16,18]. The 
surface temperature on Titan is ~ 93 K and the atmospheric pressure is 
~ 1.5 atm with a gravitational acceleration of 1.35 m/s2. The surface 
atmosphere composition is approximately 95 % nitrogen and 5 % 
methane by mole fraction. Furthermore, Titan is the only known place in 
the Solar System other than Earth that has stable, exposed bodies of 
surface liquid, i.e. seas. Other icy moons such as Europa and Ganymede 
are believed to have internal water oceans, which Titan likely also has, 
but these seas lie beneath tens to hundreds of kilometers of ice and are 
not considered here. The seas of Titan are concentrated near the north 
pole, and are composed of liquid methane and liquid ethane in varying 
proportions. The methane evaporates, forms low-altitude clouds, and 
returns back to the surface as rain in an analogue to the hydrological 
cycle on Earth, while ethane is not sufficiently volatile to be present in 
this process in large quantities. As such, Titan represents a unique and 
unprecedented design challenge for submersibles capable of exploring 
the cryogenic seas.

1.2. Phase II submarine and mission

Recently, a 1300 kg, 6.5 x 1.2 x 0.8 m3 submarine was designed to 
explore Kraken Mare under a NIAC Phase I study, shown in Fig. 1 [21] 
and [7]. At the cost of very low data transmission rates, this version was 
a stand-alone design with capability to perform direct-to-Earth (DTE) 
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communication, in the absence of an orbiter to relay signals around 
Saturn back to Earth. DTE communication also implied that a significant 
portion of that mission was spent floating at the surface transmitting 
data. A radioisotope power system provided power and heat for the 
submarine through the mission, providing heat to keep the electronics at 
Earth temperatures, a goal aided by a layer or aerogel insulation under 
the submarine skin. The waste heat is released into the surroundings 
through the submarine exterior surface. The 370 W/m2 of waste heat 

flux could potentially cause dissolved nitrogen gas to come out of so
lution. Subsequently, a 1D effervescence model was developed to 
examine the effect of heat flux and pressure drop on the formation, 
growth, and coverage of bubbles on the submarine [9]. Results showed 
that the waste heat flux was not high enough to cause significant area or 
volume fraction of bubbles to hinder the operation of the Phase I sub
marine, primarily because the ethane-rich Kraken Mare does not hold 
much nitrogen gas.

Nomenclature

Units
Area A m2.
Normalized mass concentration C dimensionless.
Drag coefficient CD dimensionless
Diffusion coefficient D m2/s.
Force F Newtons.
Gravitational acceleration g m/s2.
Height H meters.
Length L meters.
Nucleation site density Nn 1/m2.
Number n
Pressure P MegaPascals.
Excess above vapor pressure P* MegaPascals
Heat transfer Q̇ Watts.
Bubble radius R meters.
Reynolds number Re dimensionless.
Supersaturation S dimensionless.
Temperature T Kelvin.
Time t seconds.
Width W meters.
Volume V m3.
Volume flow rate V̇ m3/s.
Velocity v m/s.
Propeller velocity change Δv m/s.

Coordinate position x, y, z meters.
Mole fraction x() dimensionless.

Greek
Bubble growth constant β dimensionless.
Surface tension γ N/m.
Similarity variable η dimensionless.
Contact angle θ degrees or radians.
Kinematic viscosity ξ m2/s.
Density ρ kg/m3.
Density ratio ρ* dimensionless.
Solidity ratio σ dimensionless
Area or Volume coverage ϕ dimensionless

Subscripts
b buoyancy force.
c critical bubble radius.
cr maximum growth time in quiescent case.
dr drag force.
front submarine front (projected).
g nitrogen vapor in bubble.
l Titan seas.
nc induced velocity due to natural convection.
p low-pressure region behind the propellers.
sub submarine dimensions or speed.

Fig. 1. Phase I Submarine Concept from Oleson et al. (2016).
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Meanwhile, the Phase II submarine shown in Fig. 2, similar in shape 
and design as a sea turtle, is expected to traverse the methane-rich Ligeia 
Mare, where there is higher nitrogen concentration, and thus higher 
propensity for effervescence. The design of the new submarine reflects 
the requirement for sensors that cover liquid, seabed and atmosphere 
measurements, as well as a similar radioisotope power system and the 
communication system that sends the data to Earth. As in the Phase I 
design, other requirements for the turtle include autonomous operation, 
a total mission life of a year or longer and the structural integrity to 
withstand 5-g axial loads and 2-g lateral loads at launch. The body shape 
is approximately an ellipsoid and the vehicle is carried in an axisym
metric aeroshell for entry to the Titan atmosphere. For reference and 
comparison, Table 1 shows important features of the Phase I and Phase II 
submersible concepts. Table 2 outlines specific dimensions of the Phase 
II turtle, along with relevant information needed to make subsequent 
effervescence calculations.

Fig. 3 outlines the Phase II mission concept of operation. The Phase II 
design is intended to be packaged with an orbiter, so that the submarine 
may be lighter and smaller, while still preserving all of the primary 
science objectives. While the mission cost may rise due to launching 
both submersible and orbiter, the mission could commence as early as 
the late-2020 s, depending on availability of required technology. 
Furthermore, with an orbiter-based mission, the effect of the seasons on 
positioning the submarine to relay data back to Earth is eliminated.

1.3. Problem Statement

The chemistry and the cryogenic temperatures of Titan make the 
design of this extraterrestrial submarine more challenging than any 
submersible design on Earth. Fig. 4 shows a block diagram of the Phase II 
submarine internals, as well as the temperature gradient across the sub. 
Waste heat is distributed from the power system, and along with the 
appropriately sized insulation thickness, the science equipment is 
maintained at ambient conditions. Ultimately, the waste heat is rejected 
into the surrounding sea. As shown in Fig. 4, there is a significant 
temperature gradient between the power system and sea. This temper
ature difference is not likely to cause local boiling of the liquid, but it 
may be enough to cause nitrogen gas that is dissolved in the liquid to 
come out of solution.

The difficulty for the current Phase II submarine design is that the 
solubility of nitrogen in liquid methane is relatively high[20] and [8], 

which may result in gas coming out of solution if the sea is saturated and 
the solubility limit decreases due to waste heat leak or pressure drop. For 
comparison, the mole fraction solubility of air in water is negligible 
[https://www.engineeringtoolbox.com/air-solubility-water-d_639.html
.] [1]. Effervescence raises two main issues: 

1. In a quiescent or hovering case, bubbles that form may interfere with 
instrumentation, e.g. [2]. This would jeopardize critical science 
mission objectives.

2. In a moving case, bubbles that form may coalesce and cause cavi
tation in the propellers, potentially hindering control and navigation, 
causing loss of thrust, or damaging the blades.

The 1D effervescence model was developed in[7]for a slender (i.e. 
large L/D) submarine from Phase I. Core elements of this model can be 

Fig. 2. Phase II Submarine Concept.

Table 1 
Submarine Design Requirements for Phase I and Phase II.

Phase I Phase II

Hydrocarbon 
composition 
(targeted sea)

Any methane-ethane 
proportion (Kraken and 
Ligeia)

Methane-rich (Ligeia)

Mass (kg) 1386 530
Power (W) ~800 ~100
Waste heat (W/m2) 370 300
Science/measurement 

mass (kg)
80 80

Size 6.5 m long, 1.2 m wide, 0.8 
m high, ~2.77 m3

2 m long, 1.4 m wide, 
0.7 m high, ~1 m3

Entry, descent and 
landing

~8 m lifting body 2.7 m aeroshell

Primary mission on 
Titan

90 days 1 year

Average Speed (m/s) 1 0.1
Range (km) >4000 >2000
Depth limit (m) 1000 200
Ballast system Reclaimable cold gaseous 

helium (GHe) or neon 
(GNe)

Consumable warm 
gaseous helium or 
Bellows

Number of dives 
(duration)

~90 (8 h submerged, 16 h 
surfaced)

~25 (12 days 
submerged, 4 days 
surfaced)

Data relayed 
(schedule)

1 Gb (800 bps for 16 h per 
day)

1 Gb (100 kbps for 30 
min every 5 h)
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Table 2 
Phase II Relevant Dimensions and Features Needed to Compute Effervescence.

Quantity Value

Propeller length Lprop [m] 0.117
Propeller width Wprop [m] 0.14
Propeller height Hprop [m] 0.14
Length Lsub [m] 2
Width Wsub [m] 1.4
Height of main body (excluding communication array) Hsub [m] 0.7
Skin temperature Tskin [K] Variable
Sea temperature Tbulk [K] 93
Travel speed vsub [m/s] Variable
Waste heat Q̇waste [W] Variable
Titan gravity g[m/s2] 1.35
Convection coefficient h [W/m2K] Variable
Diffusion coefficient of nitrogen in liquid methane D [m2/s] 2*10− 9[6]

Fig. 3. Phase II Mission Concept of Operation.

Fig. 4. Heat Flow and Internals of the Phase II Submarine. Blocks are shown for subsystems.
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used for the wider Phase II turtle submarine, but bubble area and volume 
coverage models must be redeveloped based on the new geometry and 
slower cruising velocity of the new design. Therefore, the goal of this 
study is to quantify the bubble area and volume coverage to determine if 
the submarine requires modification in design (ex. rerouting waste heat 
to the top of the craft).

2. Modeling

2.1. Solubility

The core models of the effervescence model for skin temperature, 
solubility, bubble incipience, and bubble growth remain unchanged; 
only a brief description of those is given here, with details presented in 
[8]. Details of the skin temperature calculations as a function of waste 
heat are presented in[7]. Supersaturation is defined as the ratio of the 
difference in the dissolved solute concentration in the liquid and the 
bubble surface, to that at the bubble surface: 

S =
xb − xi

xi
(1) 

where x is the mole fraction of the solute (dissolved gas) in the liquid, 
and subscripts b and i denote bulk liquid (at Titan sea temperature) and 
interface (at submarine skin temperature) values, respectively. The first 
step is to calculate xb and xi. A correlation for ternary ethane/methane/ 
nitrogen mixtures representative of Titan seas was developed in [8], 
which gives the mole fraction solubility of nitrogen, is: 

xN2

P*
= a0exp

(
a1T + a2T2 + a3P* + a4TP* + a5T2P*

)
(

xC1

xC1 + xC2

)a6

(2) 

where xC1 and xC2 are the mole fraction of LCH4 and LC2H6, respectively. 
The values a0 to a6 are coefficients listed in Table 3. The pressure var
iable P* is the excess above vapor pressure, in MPa. The vapor pressure 
used is that of the binary methane-ethane mixture. Eq. (2) can be used to 
determine the mole fraction solubility of gaseous nitrogen given a ratio 
of liquid methane to liquid ethane, at any temperature or pressure 
(depth) of the Titan seas.

2.2. Bubble incipience

Based on general descriptions[25] and [13]of bubble nucleation 
theory, the only plausible way for the submarine to induce effervescence 
is at pre-existing gas cavities on the surface; the values of supersatura
tion are nowhere near large enough for nucleation to occur in open 
liquid. The same point is reinforced by the highly wetting nature of 
cryogenic liquids[6]. The active nucleation site density on surfaces in 
boiling systems is well researched, see for example[26] and Hibiki and 
Ishi (2003). Very few quantitative studies appear to exist for gas evo
lution on surfaces in contact with supersaturated solutions[14] and 
[22]. For analysis in the current work, the model of[11]is employed, 
modified for effervescence in place of boiling. The model equations are: 

Nn = Nn

(

1 − exp
(

−
θ2

8μ2

))(

exp
(

f(ρ+)
λ
Rc

)

− 1
)

(3) 

f(ρ+) = − 0.01064+ 0.48246ρ+ − 0.22712(ρ+)
2
+0.05468(ρ+)

3 (4) 

ρ+ = log(ρ*) (5) 

ρ* =
ρl − ρg

ρg
(6) 

where Rc is the critical bubble radius for nucleation, Nn = 4.72*105 

sites/m2 (used as m− 2 since counting sites is dimensionless), θ is the 
liquid–solid contact angle at the liquid–vapor interface (rad), μ = 0.722 
rad, λ = 2.5*10− 6 m, ρl is the saturated liquid density of the pure solvent 
(the methane-ethane mixture) and ρg is the saturated vapor density of 
the pure solute (nitrogen). Equations (3) to (6) are used together with an 
expression for critical radius to compute nucleation site density, in nu
cleations per m2. The adaptation from boiling to effervescence concerns 
the critical radius: 

Rc =
2γ
PaS

(7) 

where γ is the surface tension of the pure solvent, Pa is the ambient 
pressure (written in Pa, not MPa, to resolve units to meters), and S is the 
supersaturation from Eq. (1).

2.3. Bubble growth

Scriven [(1959) developed a model for the spherically symmetric 
growth of a single-component bubble in a liquid of infinite extent driven 
by both heat and mass transfer; for a single component gas, growth is 
driven by diffusion of gas in the liquid around the bubble. Multicom
ponent gas bubbles were addressed in[4]. It is assumed that bubbles do 
not interact with the submarine surface or with each other (i.e. they do 
not combine), such that spherical symmetry holds.

Scriven [24] defines the bubble radius as: 

R(t) = 2β
̅̅̅̅̅
Dt

√
(8) 

where β is a growth constant evaluated numerically from: 

2β2
∫ 1

0
exp

[

− β2

(
1

(1 − x)2 − 2
(

ρ∗

1 + ρ∗

)

x − 1

)]

dx =
(1 + ρ∗)xiS

1 −
ρi
ρg

(

1 − ρ∗
1+ρ∗

)

=
(1 + ρ∗)xiS

1 −
ρi
ρl

(9) 

for given values of ρb, ρi, and ρg, or equivalently for given values of ρ*, xi, 
and S.

2.4. Bubble volume and area coverage Modeling

Now, new models are needed for how the bubbles accumulate and 
move along the Phase II submarine to determine both the volume gas 
fraction in the sea and also bubble area coverage along the submarine. 
General assumptions are as follows: 

• Nucleation sites are uniformly concentrated according to Equations 
(3) and (4).

• The incipience of bubbles at each site is a continuous stream.
• The growth of each bubble is spherically symmetric and not influ

enced by the nucleating surface, or by other bubbles, in line with 
Scriven’s assumptions. Bubble growth is therefore given by Equation 
(8) in the moving and quiescent cases.

Table 3 
Fitted Coefficients for Nitrogen Solubility in Methane/ 
Ethane Solvent, 90–100 K.

a0
(
MPa− 1) 46.5

a1
(
K− 1) − 0.0439

a2
(
K− 2) − 0.00001

a3
(
MPa− 1) 3.07

a4
(
MPa− 1K− 1) − 0.000044

a5
(
MPa− 1K− 2) − 0.00001

a6 0.933
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• The bubble area used in area coverage calculations is the frontal area 
of a sphere facing a flat surface (the submarine), a circle of the bubble 
radius. In other words, each bubble projects an area of πR2

bubble on the 
bottom face of the submarine. This is conservative, since some 
bubbles will block the full projection of other bubbles onto the 
submarine surface.

• Only bubbles that form on the bottom side are considered in 
calculations.

• Boundary layer effects are negligible.

In general, the bottom of the submarine has an ellipsoid shape with 
the same vehicle dimensions in Table 2. The exception to this is the 
height, which differs between top half (0.3 m) and bottom half (0.4 m), 
so for the equations in this section, Hsub = 0.7 meters. The equation of 
the ellipsoid is 

x2

(Wsub/2)2 +
y2

(Hsub/2)2 +
z2

(Lsub/2)2 = 1 (10) 

where x, y, z are the coordinates illustrated in Fig. 5. The derivatives ∂y
∂x , 

∂y
∂z can be computed at any point (x, z) on the bottom surface.

The projected area of the bottom of the submarine is divided into a 
rectangular grid along the x and z axes. This grid is considered over the 
ellipse that results from projecting the length and width of the subma
rine. Let dx be the x-increment of a grid space and dz the z-increment. 
Bubble nucleation occurs over a surface area which is greater than the 
projected area, due to the slope of each square dxdz; (3D effects are thus 
accounted for at each point along the 2D grid). This is done as a con
servative approach. Applying trigonometry to the surface gives: 

nbub = Nndxdz*
1
2

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +

(
∂y
∂x

)2
√

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +

(
∂y
∂z

)2
√ ⎞

⎠ (11) 

The accelerations of the bubbles in the x and z directions are considered 
independently. Each follows from the solution to bubble motion in the 
absence of a net fluid velocity, which is superimposed; the equations are 
from[9], and the value of g will be corrected for slope at the end. The 
buoyancy force on a spherical bubble of radius R(t) is: 

Fb = g
(
ρl − ρg

)4π
3

R(t)3 (12) 

and the drag on the bubble, using the appropriate drag coefficient[5], is 

Fdr = 12πμR(t)
(

dy
dt

− vnc

)

(13) 

The bubble equation of motion is expressed by Newton’s second law: 

Fb − Fdr + F1 =
4π
3

R(t)3ρg
d2y
dt2 (14) 

where F1 is the “added mass” force [3]and vnc is the (assumed constant) 
speed of natural convection. Setting vnc = 0 and solving Equation (14), 
with initial conditions y(0) =

dy
dt (0) = 0, gives 

y(t) =
2
(
ρl − ρg

)
β2D

9μ +
(
5ρl + 4ρg

)
β2D

gt2 (15) 

Finally, if the angle of the submarine bottom (above horizontal) is θ =

arctan
(

∂y
∂x

)

(equivalently for z), then g becomes gsin(θ) and the bubble 

acceleration is 

4
(
ρl − ρg

)
β2D

9μ+
(
5ρl +4ρg

)
β2D

g

⃒
⃒
⃒
⃒

∂y
∂x

⃒
⃒
⃒
⃒

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1+
(

∂y
∂x

)2
√ OR −

4
(
ρl − ρg

)
β2D

9μ+
(
5ρl +4ρg

)
β2D

g
∂y
∂z̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1+
(

∂y
∂z

)2
√

(16) 

The difference in how the signs are treated reflects the flow pattern in 
the moving case: bubbles always accelerate in the positive x direction 
but can decelerate in z while they travel down the front surface of the 
submarine. This result assumes a constant impulse on each grid space.

If a bubble enters a grid space at radius R0 = 2β
̅̅̅̅̅̅̅
Dt0

√
and the time 

tcross to leave the space is known, then Equation (8) gives a means of 
estimating the bubble radius R1 when the bubble leaves the space. The 
change in bubble radius is based on a finite difference: 

R1 = R0 +
dR
dt

⃒
⃒
⃒
⃒
t0

tcross = R0

(

1 +
tcross

2t0

)

= R0

(

1 +
2β2D
R2

0
tcross

)

(17) 

The value of tcross is estimated on each grid space from the dimensions of 
the space and the speed with which bubbles come onto the space.

Most grid spaces (x0, z0) have a flow of bubbles from the spaces (x0 −

dx, z0) (subscript left) and (x0, z0 − dz) (subscript rear) in addition to the 
bubbles nucleated at that space. Because tracking the branching bubbles 
from each square would be unduly expensive to compute, the 3 flows are 
combined into one. This combination conserves volume, number of 
bubbles, and momentum to estimate the average bubble speed and 
radius. The new radius is 

R =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
nnewR3

new + nleftR3
left + nrearR3

rear

nnew + nleft + nrear

3

√

(18) 

and the new bubble velocity is: 

v =
nnewR3

newvnew + nleftR3
leftvleft + nrearR3

rearvrear
(
nnew + nleft + nrear

)
R3 (19) 

This velocity simplification is applied in the x and z directions sepa
rately.

The proportion of bubbles that travel forward into the square (x0,

z0 + dz) and the proportion that travel right into (x0 + dx, z0) depend on 
average, on the velocities vx, vz. If the net velocity is at the same angle to 
the z axis (in the xz plane) as the diagonal of the grid space, then the 
aggregate bubbles split half and half between traveling to (x0, z0 + dz)
and to (x0 + dx, z0). In general, this is expressed as: 

nleft|(x0 + dx, z0) =
(
nnew + nleft + nrear

) vx
vz

dx
dz +

vx
vz

(20a) 
Fig. 5. The Coordinates in the Analysis Superimposed on the Submarine as 
Viewed from the Bottom. The origin corresponds to the center of the 
vehicle midplane.
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nrear|(x0, z0 + dz) =
(
nnew + nleft + nrear

) dx
dz

dx
dz +

vx
vz

(20b) 

In this way, bubbles propagate from the rearmost, leftmost grid space 
(with the smallest value of both x and z) to all other spaces.

The area coverage at each grid space is given as the sum of projected 
bubble areas over a surface area: 

φarea =

(
nnew + nleft + nrear

)
πR2

1
2Wsubdz

(21) 

The reported area fraction is the 95th percentile of area fraction over the 
whole grid (to exclude outliers). The final expressed solution for volume 
coverage is the expression: 

φvol =

(
nnew + nleft + nrear

)
4π
3 R3

π
4H2

propdz
(22) 

evaluated at the rear propeller position (90 % of the submarine length 
from the nose). The denominators in Eq. (21) and (22) are chosen to 
ensure grid independence.

2.4.1. Moving case
Fig. 6 shows the grid and path of the bubbles in the moving case. 

Only half the bottom area of the submarine is used in this case, as 
divided lengthwise down the middle, because the other half is the same 
due to symmetry. The domain covered is: 

|z| <
Lsub

2
, 0 < x < Wsub

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
4
−

(
z

Lsub

)2
√

(23) 

Grid convergence in Ligeia Mare was conducted at a cruising speed of 
0.2 m/s. The contours and the magnitude of ϕvol are consistent. The 
magnitude is the most important factor on the submarine, while the 
shaping is intended only for heuristic purposes. Therefore, the chosen 
grid size is 400x400 cells on each quarter of the submarine bottom.

2.4.2. Quiescent case
Fig. 7 shows the grid and path of the bubbles in the quiescent case. 

Here, the analysis covers a quarter of the bottom area of the submarine, 
because each quarter behaves identically. The domain covered is: 

0 < z <
Lsub

2
,0 < x < Wsub

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
4
−

(
z

Lsub

)2
√

(24) 

The natural convection speed at each grid space on the surface is 

estimated by a locally flat approximation. The speed of the flow up the 
submarine side due to natural convection is based on a laminar simi
larity solution for a vertical flat plate[12]: 

vnc,max =
2ξfGr1/2

xc

xc
= 2f

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
gβl(Tskin − Tb)xc

√
(25) 

where xc is a variable distance. By numerical approximation, the peak 
values of f based on a function arising in the solution of differential 
equations depend on Prandtl number: f = 0.2119Pr− 0.302 (Pr > 0.5). For 
the grid spaces with the lowest value of x, the x− component of the 
natural convection velocity (where g is changed by according to the local 
x− slope) is given by: 

u = 2f

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

βl(Tskin − Tb)dx*g

⃒
⃒
⃒
⃒

∂y
∂x

⃒
⃒
⃒
⃒

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +

(
∂y
∂x

)2
√

√
√
√
√
√
√
√
√

(26) 

For other grid spaces, where the flow enters with a non-zero velocity u0, 
that speed corresponds to an equivalent distance: 

x0 =
u2

0
4f2βl(Tskin − Tb)g

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +

(
∂y
∂x

)2
√

⃒
⃒
⃒
⃒

∂y
∂x

⃒
⃒
⃒
⃒

(27) 

The velocity of the fluid when it leaves the square is then roughly a finite 
difference: 

u1 = u0 +
du
dx

⃒
⃒
⃒
⃒
x0

dx = u0

⎛

⎜
⎜
⎜
⎜
⎝

1 +
2f2βl(Tskin − Tb)

u2
0

g

⃒
⃒
⃒
⃒

∂y
∂x

⃒
⃒
⃒
⃒

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +

(
∂y
∂x

)2
√ dx

⎞

⎟
⎟
⎟
⎟
⎠

(28) 

Although not shown for brevity, a similar grid convergence study was 
done as in the moving case. Again, the chosen grid is 400x400 cells for 
the quiescent case.

2.5. Pressure drop in propellers

The last major component of effervescence on the submarine is that 
due to the pressure drop through the propellers. This mechanism is taken 
from[9]. The model used for the pressure drop of the flow into the 
propellers is the Bernoulli relation, constrained by the thrust required to Fig. 6. Path Followed by Average Bubbles in the Moving Case.

Fig. 7. Path Followed by Average Bubbles in the Quiescent Case.

J. Hartwig et al.                                                                                                                                                                                                                                 Cryogenics 150 (2025) 104130 

7 



match the submarine drag coefficientCD = 0.2: 

P − P1 =
1
2

ρlv2
sub

⎡

⎣

(

− 1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + CD
Afront

4Ap

√ )

+
1
4

(

− 1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + CD
Afront

4Ap

√ )2 ⎤

⎦ (29) 

where Afront = 0.77 m2 is the submarine frontal area and Ap = π
4H

2
prop is 

the propeller area. The number of bubbles nucleated at the propeller low 
pressure depends on the difference between nucleation site densities 
Nn,p, Nn calculated from Eq. (3): 

nprop = σ π
4
H2

prop
(
Nn,p − Nn

)
(30) 

where σ is the solidity of the propellers (the ratio of the blade surface 
area to the projected area of the duct) and is set at 0.5 based on pictures 
of the submarine. The volume of a line of bubbles from a single nucle
ation site is shown in Fig. 8 and given by: 

Vline =

∫ 0.5Lprop

0
π(R(tx))2dx =

∫ 0.5Lprop

0
π
(

R
(

x
vsub

))2

dx =
πβ2DL2

prop

2vsub
(31) 

Finally, the reference volume, to which the bubble stream is compared, 
is the disk filling the aft half of the propeller casing: 0.5Lprop

π
4H

2
prop. 

Adding the two volume fractions in the moving case, the result is: 

φvol,p = φvol|at blade +
npropVline

0.5Lprop
π
4
H2

prop

= φvol|at blade +
πα
(
Nnp − Nn

)
Dβ2Lprop

vsub

(32) 

The quiescent case is not analyzed here because the startup entrained 
flow speed through a propeller is substantially more complicated.

2.6. Method of solution

The method of solution is as follows:
Thermally driven effervescence. 

1. Choose whether the submarine is quiescent or moving. This specifies 
the Nusselt number correlation to use for skin temperature from[7]or 
[9]. For the moving case, also specify the submarine velocity.

2. Choose a location within Ligeia Mare. This determines P, Tbulk, xCH4, 
and xC2H6; these four variables uniquely specify ρ* and D.

3. Use relations from[7]or[9]to compute the submarine skin tempera
ture as a function of waste heat flux.

4. Use Equation (2), with the coefficients in Table 3, to determine xi and 
xb, and thus S from Equation (1).

5. Determine the critical radius from Equation (7), then use Equation 
(3) to determine the number of nucleation sites per square meter.

6. Solve Equation (9) for the bubble growth constant β.
7. Finally estimate bubble area and volume fractions due to thermal 

effects from the discussion around Equations (21) and (22).

Pressure driven effervescence.
In the moving case, use Equation (32).

3. Numerical results and discussion

All subsequent simulations were run for a solvent composition of 85 
parts methane to 15 parts ethane, which when using the solubility 
model, corresponds to 74/13/13 methane/ethane/nitrogen mole frac
tions, corresponding to Ligeia Mare[10]for the quiescent case and at a 
speed of 0.2 m/s for the moving case. The diffusion coefficient value D 
used in the calculations is quoted in Table 2. The present design of the 
submarine has a waste heat flux of 300 W/m2. At this value, the skin 
temperature is expected to be less than 96 K, as shown in Fig. 9. The skin 
is warmer in the quiescent mode, because forced convection provides 
better heat transfer than natural convection.

The solubility limit in Equation (2) is shown graphically in Fig. 10 for 
Ligeia Mare. The maximum pressure of 0.3 MPa is based on the density 
of the sea and the estimated depth of 200 m[19]. The trends are that 
solubility rises with increasing pressure, decreasing temperature, and 
increasing methane mole fraction[8]. If the bulk liquid is already satu
rated, heating the submarine surface will reduce solubility and cause 
supersaturation.

Table 4 presents results of the parametric simulations at various 
vehicle velocities, contact angles, and sea temperature and pressure 
where φarea, φvol, and φvol,p are the area coverage and volume coverage 
before and after propellers, respectively. For all cases, the waste heat 
flux is 300 W/m2 and methane fraction is 0.85. Varying pressure sim
ulates the effect of depth, and the equilibrium solubility is taken at the 
high pressure value (where it is higher). Compared to results from 
Hartwig et al. [7], results here show that effervescence is a much greater 
problem in methane-rich seas than it is in ethane-rich seas. This is 
attributed to the fact that methane rich seas have a higher supersatu
ration than ethane rich seas. In turn, this amplifies both the number of 
nucleation sites and the bubble growth rate.

The highest area coverage for the cases in Table 4 is 3 %, and the 
highest volume fraction is 0.0254 %. These extremes occur in the 
quiescent, high pressure, θ = 15 degree case. For other cases, especially 

Fig. 8. An Illustration of How Bubbles Grow in the Propeller Cavity.
Fig. 9. Submarine Skin Temperature as a Function of Waste Heat Flux, with Sea 
Temperature 93 K and Given Geometry.
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where θ = 1 degree, area and volume coverages are orders of magnitude 
smaller. Figs. 11 and 12 plot the maximum volume fraction and area 
coverage value, respectively, for this worst case, as a function of sea 
temperature and pressure. It is clear that more bubbles accumulate in 
the quiescent cases than in the moving cases, due to the submarine 
having a shallow bottom that prevents bubbles from quickly dispersing 
by natural convection alone. Higher area and volume coverage occur at 
colder liquid temperatures and higher pressures at depth.

The area coverage in this worst case is visualized in Fig. 13. Every 
point on the curved surface of the submarine, approximated as an 
ellipsoid, is described as y(x, z). The slope in each Cartesian direction is 
dy/dx, dy/dz; because Lsub is larger than Wsub, the relationship between 

them is dy/dx > dy/dz. This causes a stream of bubbles to be pulled, 
under the influence of buoyancy, more in the x direction than in the z 
direction. Bubble area and volume accumulation are therefore biased 
toward the side of the submarine, instead of the front, along the 
streamlines of bubble flows. These features could only be captured using 
a 3D effervescence model; if one used a 2D model where the submarine 
underside was a flat plane, then the above argument would not hold, and 
due to a longer path length in z relative to x, more bubbles would 
accumulate and migrate in the z-direction instead.

The gas volume fraction after the propellers is determined using 
baseline propeller parameters. The results of this assumption are shown 
in Fig. 14 for case 6. Compared to Fig. 11, the difference is very small 
and thus unlikely to affect submarine performance.

Compared to results from[9], The Phase I submarine at 370 W/m2 

waste heat yields a relatively higher skin surface temperature, and 
correspondingly higher amount of gas coming out of solution, and 
higher propensity to nucleate and grow bubbles. In the moving case, the 
Phase I vehicle travels at a higher velocity, and thus there is higher 
volume coverage before and after the propellers, due to a higher pres
sure drop. For equal sea mole fraction, temperature, and pressure in both 
moving and quiescent cases, the total bubble area and volume coverages 
are higher for the higher waste heat flux submarine from Phase 1 
compared to the new Phase II version. For example, for case 6 with the 
Phase I submarine, the area and volume coverages are 5.5 % and 0.076 
%.

Finally, this model can be compared to recent heat flux data using 
mixtures representative of Titan seas and temperatures[23] as shown in 
Fig. 15. The data shows the required heat flux needed for bubble 
incipience as a function of nitrogen mole fraction. The submarine 
operates near 300 W/m2, which is an order of magnitude or two less 
than the data. This suggests a safety factor of at least 5 for the present 
design. The threshold for perturbations in the Titan environment is 
about 90 W/m2, as observed on Huygens[17]. However, boiling liquid 
methane requires very large surface heat fluxes near 50,000 W/m2.

Fig. 10. Equilibrium Solubility of Nitrogen in Methane and Ethane for a 
Methane-Rich Sea.

Table 4 
Results of the Parametric Effervescence Model for Several Cases of Interest to the Titan Submarine.

Case vsub(m/s) P(MPa) θ(deg) Tskin(K) Nn(1/m2) Max 
φarea

Max 
φvol

Max 
φvol,p

1 0 0.15 1 95.107 26.493 3.44E-05 2.02E-07 NaN
2 0 0.3 1 95.104 61.783 1.46E-04 1.13E-06 NaN
3 0.2 0.15 1 93.885 8.613 8.50E-07 6.24E-09 6.25E-09
4 0.2 0.3 1 93.828 15.941 2.98E-06 3.28E-08 3.29E-08
5 0 0.15 15 95.107 5912.4 0.0077 4.52E-05 NaN
6 0 0.3 15 95.104 1.38E04 0.0327 2.54E-04 NaN
7 0.2 0.15 15 93.884 1922.1 1.89E-04 1.39E-06 1.40E-06
8 0.2 0.3 15 93.828 3557.5 6.67E-04 7.32E-06 7.34E-06

Fig. 11. Log Scale Volume Fraction of Bubbles Around the Propellers for a) Quiescent Case and b) Moving Case. Color bar is set to a maximum of 1.
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4. Conclusion

This paper presented a 3D effervescence model by which the incip
ience, growth, and coverage of bubbles around a submersible body may 

be approximated in the Titan Ligeia sea. It uses a nucleation site model 
adapted from boiling studies for effervescence bubbles. When the sub
marine is in motion, bubbles are swept down the bottom surface while 
also moving out toward the side by buoyancy. When the submarine is 

Fig. 12. Log Scale of Area Fraction of Bubbles on the Submarine Skin for a) Quiescent Case and b) Moving Case.

Fig. 13. (a) Visualization of the Area Coverage for the Worst Case in Table 4, Compared to (b) the Submarine.

Fig. 14. Volume Fraction after the Propellers, Moving at 0.2 m/s.

Fig. 15. Comparison of Phase II Operating Point to Experimental Heat Flux 
Values for Bubble Incipience from Richardson et al. [25].
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stationary, bubbles rise up under their own buoyancy, as well as being 
carried upward in the natural convection induced by vehicle waste heat. 
The results show that, depending on heat flux, the Titan sea composition 
and pressure, bubble fractions may occupy reasonably substantial area 
and volume fractions.

These bubble effects are large enough to potentially impact subma
rine design. In particular, the skin temperature of any vehicle should be 
kept less than 97 K, which requires a skin heat flux below 650 W/m2. 
Even so, local heat spots might still cause difficulty. In that case, excess 
heat may be released at a point in the skin of the top surface, away from 
propellers and instruments. Based on models here, the impact of pres
sure drop in the propellers on effervescence was shown to be very small 
at the current operating conditions.
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