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* Significance of derivatives in training data
* Efficient calculation of derivatives

* Results
 Numerical experiments
* Mechanics application
* Computational efficiency
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Motivation for derivatives in SciML

« Scientific and engineering applications are
often characterized by small and
expensive data

* Physics guides help in small data scenarios
and aid explainability

» Derivatives of labels can often be obtained
and provide similar benefits as physics
guides

» Time to acquire derivatives of training

data and computing derivatives of

models is prohibitive
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+ Atypical training set includes {(x®,y®)}" , where x(® = {xP,x?, .., x{?} is input feature vector, y® is the

output label, and N is the number of training points.

 The objective of the Machine Learning (ML) model, m(x*:¥; 8), is to find a function form with parameters (9),

such that the loss (£) is minimized Traditional loss DITD extension
1 N d 1 N
, , 2 , , 2
£(6) = Nz”y@ ~mx®;0)|2| + z Nznvk},(t) — VE(m(x®; 0)|:
i=1 k=1 i=1

where d is the desired order of derivative
» The cost of obtaining derivatives of training data up to arbitrary order is expensive.
» The cost of calculating derivatives during training is expensive.

* We use a hypercomplex algebra method called Order Truncated Imaginary (OTI) numbers
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HYPERCOMPLEX AUTOMATIC DIFFERENTIATION (HYPAD)

Finite Differentiation Complex Taylor Series HYPAD
Method (FD) Expansion (CTSE)
df (xo) _f(xo+h) — fxo) df (%) _ Im(f (x, + ih)) df (x,) _ Im(f(x, + €h))
dx h dx h dx h
100 -
e / HYPAD features:
1073
I 18:‘5‘ ED I ForwardDiff * High accuracy
10-° o « Insensitive to perturbation step-size

10-7 - —— Complex
108 4 —— QOrder 1
ffffffff Machine Prec.

» Can be integrated with finite element models and other high-fidelity models.
107191 —— Order
] Complex grger io * OTlis an efficient form of HYPAD
10°%1 OTlss a —erh « All higher-order sensitivities can be computed in a single analysis

with OTI numbers [1].
» Open-source library otilib: https://github.com/mauriaristi/otilib
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* In SR, equations are represented and evaluated using a directed acyclic graph (DAG), for example, evaluation

of f(x,) = 2x2 is performed as shown in the table

i Node Param. 1 Param. 2 Conventl9nal OTI expression
expression

0 Constant 0 - wy = 2 wy = 2
1 Variable 0 - Wi = X w1 = xo+€;4
2 Multiply 0 1 Wy = Wy X Wy Wy = Wo, Wy, +Wwo Wi €

3 | Multiply 1 2 w3 =w, Xw; wi = wywy, + (Wi, wao +wi wa,) €1 + 2wy W €]
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2D Griewank Function

« Multi-dimensional optimization function (Griewank Function)

dim 2 dim
S ()
Y = Liaooo L L\
=1 =1

where x; is input features and dim represents the dimensionality of

1.5

1.0 >

the function 0.5

* Non-linear oscillatory system (Feynman equation)

y(X,w,t,a) = X[cos(wt) + acos?(wt)]

where X, w, t, a are features, and y is the output label
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Multi-dimensional optimization problem

NN GP GPSR
10°4 T 10° 109+
3 \ - 2" Order 3 3
1071 e —+— 3 Order 10771 10731
—¢ 4% Order
D C“E,j 108 g, 10761 \‘ @ 107
10291 1079 10791 _
1012 1012 10-12. * Noticeable reduction in error
10-1° ; , -15 : . -15 ; . ) . ]
10° 10" 102 T 101 10° e 0 4 10" 10° 10¢  for higher-order derivatives
Number of training points Number of training points Number of training points . o
(@) (b) (c) « GPSR requires less training
100_ 100‘ - 100_ data
1073 1073 .\‘—“\‘\\\:’ 10731
W 4
2D b;_) 1076 (é) 1076 - (LJ;J 1076
10—9_ . 10_9‘ 10—9_
10—12_ 10_12' 10—12_
15 108 ' J -15 :
10 o e o 8 100 0 102 10° 10 o 9 p 572 NN: Neural Networks
Number of training points Number of training points Number of training points GP: Gaussian Process
(d) (e) (f) GPSR: Genetic Programming based SR
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NN GP GPSR
10°4 - 10° 10°4
10—3_ v‘—‘\.\. 10_3_ % 10—3_‘ , \
L -6 I -6 L -6 . . .
3p @ 107 @ 10 @ 10 - Higher-order derivatives

10 107 107
10-12. _— 10-12- influential for complex
10-16 , , -15 , : 101 . -

TS 10" 102 e 90 10" 102 10° 100 10’ 102 10> problems

Number of training points Number of training points Number of training points

Non-linear oscillatory problem

101 ' 7 101 <t 101
10_2- % 10_2_ \\ 10_2_ 1
10721 107°1 10721
B 10 N 10 D 10
= W™ E8= Nsaenetives s 107 < 1071
101 15t Order 1011 101
14 | —— 2" Order | -14 |
10 —+— 37 QOrder 10 10
10—17 : . 10—17 : : 10—17 . — = - NN: Neural Networks
0 1 2 3 0 1 2 3
10 10 . '10 . 10 10 10 . '10 . 10 10 10 . _10 . 10 GP: Gaussian Process
Number of training points Number of training points Number of training points

GPSR: Genetic Programming based SR
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Multi-dimensional optimization problem

»w 107 1p —— No derivatives » 10%4 2p w 10*7 3p - &)
g 15t Order 8 ] ® CC) : t:h
b= 3 —— 277 Order = 3 ] = 1
g 10°; —— 3 Order g 10 _$; Q v " g 103_
qc) — 4t Order GC.) qC)
2 10 Lt S o] S
3 10" = 3 107 - 10"
< < ] < 5
10° . 10° . 10° -
100 10 102 100 10" 107 100 10 102
Number of training points Number of training points Number of training points
104‘; —@— No derivatives
] 15t Order ®
2 {1 - 279 order
-_.(_,2 1 —— 37 Order . . . .
i S | ool « Derivatives help in faster evolution
Non-linear S 10°4
oscillatory SO . o _
problem o ] _ « Higher-order derivatives helpful for complex equations
i;) 10 k‘
19! +———"——"—"m"-"—r———v

0 2 4 6 8 10
Number of training points
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« Problem: Thick-walled cylinder under internal pressure. PR
» Objective: predict displacement (u) given six features: Q

1. Inner radius (r;) T

™.
Outer radius (7)) a— 7N
Radial coordinate (r) *}/

Internal pressure (P;)

a & 0D

Young’s modulus (E)
6. Poisson’s ratio (v)

- HyPAD for derivatives of u up to 4t"-order 2 2
(1 +v) T (-2 4 r
 Bingo for free-form model evolution U= - o W+

11



U MECHANICAL ENGINEERING DITD - S R

¥ THE UNIVERSITY OF UTAH
rP;(1+v) rf 12
u = 1-2v)+—=
E r2 —r? ( ) r2

l

_ _ - 25 different feature combinations.
Features Min Max Unit
« 20,000 2D 6-noded triangular plane-strain elements.
Ti 10 50 mm « We chose 10 random points from the available data.
To 15 60 mm » Four different experiments:
b 50 300 GPa « No derivatives
v 0 04 - « 2nd order derivatives
P 0 100 MPa « 4t order derivatives

(1+v)(1—2v))

 Plane strain feature (4 = -
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Results using 10 training points
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* No derivatives case did not result in any

accurate models

« Mechanics-guided plane strain feature

imposes expert knowledge

« 2nd.order derivatives

U=

U=

rP;(1+v

)

E + 0.35

rP;(1 +v) 054(

2
2 2

4th.order derivatives
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. 1 point . 5 points
E E
g 0.204 e Noderivatives é 0.20 -
= x 2" Order =
£ 0.151 47 Order g 0.15 o _ _ o
3 s » Significant benefit of higher-order derivatives
3 0.101 2 0.10
= 5 when the number of training points was low.
5 0.05 5 0.051
% 0,001 § 000{ Ze . » With just one point, GPSR without
Pt — ® e
& 0.00 005 010 015 0.20 - 0.00 0.05 010 015 0.20 derivatives would predict a constant at the
Actual displacement (mm) Actual displacement (mm) _
_ _ solution of the dataset.
. 10 points . 25 points
= E « Incorporating 2" and 4t order derivatives
£ 020 E 0.20-
i = . T 5
S .15 S (.15 improved the prediction R4 of 0.976 and
(O] [0}
8 010 S 0,101 0.999, respectively
2 %)
o 0.05- o 0.051
2 2
(6] (&)
5 0.00 5 0.00 1
o o 0
o o

0.00 0.05 010 0.15 0.20
Actual displacement (mm)

000 005 010 0.5 0.20
Actual displacement (mm)
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5 4
| —&— OTI 174.81
0, | @ 102_E —m— Torch
-_g (7>), 4 3.7x (-
R = .
o
S g 1075
£ 8 31 c ]
o = 83
n O ~ ]
S = )
0B £ 10°4 0.3
o o 2 = ]
c Q ]
=0 )
o O o))
& o o 1
K= ¢ 107
&J = 1 3:
! 10 : 5 ' ;
Real Real + Real + Real + Real + 0 Derivati 3
1st up to 2nd up to up to erivative order
order order 3rd order 4th order

derivative derivatives derivatives derivatives

Obtaining 4t order derivative costs 3.7x in data generation time

With DITD approach, we need 1 point compared to 25 points without derivatives
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* Physics- or mechanics-guides should be used whenever possible
« Derivative informed training data (DITD) can complement physics guides or be used independently
» Presented methods reduce training costs in four ways:
« ~10x fewer training data points required with DITD
« ~100x fewer model evolution steps required with DITD
« ~50x speed up using HYPAD for DITD generation
« ~200x speed up using OTI lib for computation ML model derivatives
* Note - using a numerical method to generate training data will inherently have error which increases

with derivative order
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