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Abstract
New tidal solutions from laser tracking of eight geodetic satellites and from a constellation of radar altimeters
are combined to determine the complex Love number 𝒌2 for four lunar tidal constituents in the diurnal
and semidiurnal bands. The tidal solutions for each data type must account for inconsistent prior Love
numbers; the altimetry community has historically used elastic Love numbers. Use of the complex Love
numbers recommended by current international conventions results in a small (order 4%) discrepancy
between altimeter and tracking solutions for the degree-2 prograde spherical harmonics; this points to an
anelastic Earth model that is too dissipative, with a phase lag slightly too large. Our estimated phase lag for
𝒌2 varies slightly across the tidal bands, from 0.228◦±0.024◦ for O1 to a smaller 0.178◦±0.020◦ for M2, with
corresponding tidal 𝑸 rising from 250 to 320. Results for N2 and Q1 are consistent, but with much larger
uncertainties. There is some interdependence on the values adopted for other Love and loading numbers,
which we account for. A possibly important systematic error arises from seawater density, needed to relate
ocean tidal elevations to gravitational Stokes coefficients. A constant mean density of 1035 kg m−3 is used,
but allowance for spatial variations in ocean density may be necessary.
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1 Introduction
Tidal studies have been an important part of satellite
geodesy almost since the beginning of the satel-
lite era (e.g., Kaula 1962; Kozai 1968; Smith et al.
1973). Tracking by satellite laser ranging (SLR) has
proven especially valuable for determining the impor-
tant spherical harmonic components of degree 2, terms
that completely describe quantities related to global
tidal energetics and external rotational torques (Lam-
beck 1977). Nonetheless, as a tool for investigating
tides, SLR tracking has been overshadowed by satellite
altimetry, since altimetry is capable of fine-scale ocean

mapping (e.g., Le Provost 2001), leading to accurate
global cotidal maps (Stammer et al. 2014). Even the
resulting low-degree spherical harmonics from altime-
try, found by numerical quadrature of global maps
(e.g., Egbert and Ray 2001), obtain precisions nearly
comparable to those of SLR solutions.

Yet neither satellite tracking nor satellite altimetry
alone can separate earth tides from ocean tides. The
two in combination can, however, as tides affect each
data type in different ways in terms of geopotential
and geometry. Such a combination has previously been
used to determine the imaginary part of the complex
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Love number 𝑘2 at the M2 frequency, or the phase lag
in the body tide, and thus the corresponding tidal𝑄 and
body-tide dissipation rate (Ray et al. 1996, 2001). The
present paper is a long overdue update to that work.
It improves the precision of both real and imaginary
components of 𝑘2 and extends the analysis to other
major lunar constituents in the diurnal and semidiurnal
bands.

The analysis here relies on new tidal solutions from
both tracking and altimetry. These are described in
Sections 3 and 4, respectively. Section 5 lays out the
approach to determine 𝑘2 which is based on a small
systematic difference between the altimeter and track-
ing tidal solutions. Such differences can also arise
from inconsistencies in formulation of tidal parame-
terizations or in geophysical constants, so it is critical
that these be minimized to the extent possible. Careful
assessment of uncertainties is necessary to establish
that small differences between tracking and altimeter
coefficients are truly due to real geophysical processes.

The method is applied to tidal solutions for four
constituents, listed in Table 1. Only lunar tides are
considered; solar tides are more difficult to handle
owing to the confounding effects of atmospheric tides.
Atmospheric tides also affect our analysis of lunar
tides, of course, and these are accounted for below
and described in detail in Appendix A. However, lunar
atmospheric tides are much smaller and less compli-
cated than solar tides, as solar tides are forced by both
gravitation and insolation, as well as by boundary heat-
ing and thermodynamics (Schindelegger et al. 2023).
These complexities are avoided here by focusing on
lunar tides alone.

2 Love numbers
The Love numbers 𝑘𝑛, ℎ𝑛, 𝑙𝑛—associated with the
potential, vertical displacement, and horizontal dis-
placement, respectively—and similar loading numbers
𝑘 ′𝑛, ℎ

′
𝑛, 𝑙

′
𝑛 permeate all geodetic discussions of tides

(Melchior 1966; Lambeck 1988). Their importance lies
in the information they reveal about the Earth’s interior,
most notably because they refer to frequencies out-
side the seismic band. Our goal here is to use satellite
measurements to place constraints on 𝑘2, given loose
constraints on the other numbers.

The Love number 𝑘𝑛 relates the primary tidal
potential Φ𝑃

𝑛 of spherical harmonic degree 𝑛 to the
secondary potential induced by the body tide: Φ𝑆

𝐵,𝑛
=

𝑘𝑛Φ
𝑃
𝑛 . Modern developments of the tidal potential

have been extending to ever higher 𝑛; Hartmann and
Wenzel (1995) take their expansion to degree 6. In
our modeling of satellite orbit perturbations, we use
𝑛 = 2, 3 potentials, but our focus is on those tides of
Table 1, which are of degree 2. With 𝑘2 complex, the
body tide phase lag, which gives important insight into
tidal dissipation, is given by 𝜖 = − arg 𝑘2. The effec-
tive 𝑄 = 1/tan 𝜖 . How this 𝑄 may relate to attenuation
and the inherent 𝑄 of the mantle is discussed by Lau
et al. (2017).

Data processing for both satellite tracking and
satellite altimetry employs all six of the above-listed
Love and loading numbers, with ℎ2, ℎ

′
𝑛 employed

in altimetry to correct the altimeter ranges for the
solid tide, with ℎ2, 𝑙2, ℎ

′
𝑛, 𝑙

′
𝑛 employed in both sys-

tems for modeling the motion of tracking stations,
and with 𝑘2, 𝑘

′
𝑛 employed in both for modeling satel-

lite dynamics. Our combined analysis of tracking
and altimeter-derived tides thus rests on the adoption
of prior values for these constants. We endeavor to
account for any dependence of the estimated 𝑘2 on
these prior values.

The 2010 Conventions of the International Earth
Rotation and Reference Systems Service (IERS) (Petit
et al. 2010) recommend for 𝑘2 the complex values listed
in Table 1. The implied phase lag is 𝜖 = 0.247◦ for M2
and 0.264◦ for O1. Our conclusions below suggest that
these phase lags are slightly too large.

3 Tides from Satellite Tracking
We have derived a suite of new tidal solutions using
SLR tracking of the eight geodetic satellites listed in
Table 2 and pictured in Figure 1. Each estimated tidal
constituent has been parameterized as an ocean tide
elevation, 𝜁 , determined after using prior (but imper-
fect) models of the body tide and atmospheric tide.
We are here interested in only one spherical harmonic
component of 𝜁 : the prograde wave of degree 𝑛 = 2
and order 𝑚 equal to the tidal species—1 for diur-
nal constituents, 2 for semidiurnal—which is the same
degree/order as the forcing potential. The component
is written

𝜁+𝑛𝑚(𝜃, 𝜑, 𝑡) = 𝐷+
𝑛𝑚 cos

(
Θ(𝑡) + 𝑚𝜑 − 𝜓+

𝑛𝑚

)
𝑃𝑚
𝑛 (cos 𝜃)

(1)
where 𝑃𝑚

𝑛 (𝜇) is an unnormalized associated Legendre
function and the argument Θ(𝑡), given in Table 1, is
the standard Doodson argument as used in oceanogra-
phy. The form of (1) is consistent with that used in a
number of previous works that study tidal energetics
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Table 1 Tidal constituents analyzed

Tide Doodson no. Argument Θ(𝑡) Frequency (◦/h) 𝐻̄ (mm)1 Prior2 𝑘2
Q1 135.655 𝜏 − 2𝑠 + 𝑝 − 𝜋/2 13.398661 12.925 0.29784 − 𝑖0.00139
O1 145.555 𝜏 − 𝑠 − 𝜋/2 13.943036 67.513 0.29747 − 𝑖0.00137
N2 245.655 2𝜏 − 𝑠 + 𝑝 28.439730 15.578 0.30102 − 𝑖0.00130
M2 255.555 2𝜏 28.984104 81.367 0.30102 − 𝑖0.00130
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Fig. 1 Semimajor axes and inclinations of the eight geodetic satel-
lites used for tracking-based ocean tide solutions. Laser ranging data
to these satellites were provided by, and partially processed by, the
International Laser Ranging Service (Pearlman et al. 2019).

(e.g., Egbert and Ray 2001). The form used in our orbit
codes is only slightly different:

𝜁+𝑛𝑚(𝜃, 𝜑, 𝑡) =
[
𝐴+
𝑛𝑚 cos(Θ(𝑡) + 𝑚𝜑)

+𝐵+
𝑛𝑚 sin(Θ(𝑡) + 𝑚𝜑)

]
𝑃̄𝑚
𝑛 (cos 𝜃)

(2)

where 𝐴+
𝑛𝑚, 𝐵

+
𝑛𝑚 are now in-phase and quadrature ele-

vation coefficients and 𝑃̄𝑚
𝑛 (𝜇) is a Legendre function

normalized as in Heiskanen and Moritz (1967). Our
orbit codes internally convert the elevation coefficients
to tidally varying Stokes coefficients (cf. Petit et al.
2010, Eq. (6.21)):

{𝐶, 𝑆}+𝑛𝑚 = {𝐴, 𝐵}+𝑛𝑚
4𝜋𝐺𝜌𝑤

𝑔

(
1 + 𝑘 ′𝑛
2𝑛 + 1

)
, (3)

where 𝐺 is the Newtonian constant, 𝑔 is gravitational
acceleration, 𝜌𝑤 is the density of seawater, and 𝑘 ′𝑛
are loading Love numbers. These constants have some
bearing on our final results; they are discussed below.

3.1 SLR Background Modeling
The background modeling required for the analysis of
SLR is important in general, and for the tide solutions
several of the background models are critical to our
combined SLR/altimeter analysis of Section 5.

Table 2 Geodetic satellites used in this work.

Satellite Launch date Altitude1 Inclination
Starlette 1975 812 49.8◦
LAGEOS-1 1976 5838 109.8◦
Ajisai 1986 1485 50.0◦
LAGEOS-2 1992 5617 52.6◦
Stella 1993 804 98.7◦
Larets 2003 690 98.2◦
LARES-1 2012 1437 69.5◦
LARES-2 2022 5900 70.2◦

1Altitude given is perigee, in km.

3.1.1 Geophysical constants
Eq. (3) requires a number of constants for the con-
version between ocean tide elevations and the Stokes
coefficients used for computing satellite dynamics. The
equation can be expressed in terms of other constants—
e.g., the mass 𝑀 of the earth can replace 𝑔 in different
ways, but each expression requires adoption of similar
kinds of constants. For (3) the important ones are as
follows:

• The Newtonian constant is set to 6.672 × 10−11

m3 kg−1 s−2. This was the accepted value of 𝐺 circa
1973, but most experimental determinations since
then have been slightly higher; CODATA1 (Com-
mittee on Data for Science and Technology) now
recommends 6.6743. However, a fairly recent mea-
surement by atom interferometry (Rosi et al. 2014)
gives 6.6719, close to our adopted value.

• The gravity acceleration 𝑔 is here set to 9.820 m s−2,
which is equivalent to 𝐺𝑀/𝑅2 where 𝑅 is the mean
radius of the earth. The equivalent IERS expression
uses 𝑔𝑒, the equatorial acceleration, which is gener-
ally interpreted to include a term arising from the
centrifugal acceleration and another term from the
dynamical flattening 𝐽2, giving a total value approxi-
mately 9.780 m s−2 (Groten 2004). These additional
accelerations are unwarranted in the present context.
Other authors (e.g. Cheng et al. 1992) have used

1https://pml.nist.gov/cuu/Constants, accessed 14 April 2025.
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𝐺𝑀/𝑎2 with 𝑎 the equatorial radius, or 9.798 m s−2.
The difference from our value, about 0.2%, is within
our final 𝑘2 uncertainty limits.

• The loading Love numbers 𝑘 ′𝑛 are based on Farrell
(1972). These are real numbers, i.e., they assume an
elastic earth. Any error arising from this assumption
will be accounted for below.

• The mean seawater density 𝜌𝑤 is set to 1035 kg m−3

(Gill 1982). The value recommended by the IERS
is 1025 kg m−3, which is incorrect, as that value is
closer to the density of water at the surface. Since
the ocean tide at any location is a result of conver-
gence and divergence of water throughout the whole
water column (as reflected in the equation of con-
tinuity), use of the surface density is inappropriate.
To check this value, we have computed mean water-
column ocean densities from the temperature and
salinity data of the 2013 World Ocean Atlas and
found a global average of 1035.6, close to Gill’s
value. Recent work with GRACE suggests that it
may be necessary to account for the water-column
density as a function of location (Han et al. 2020),
which requires combining the seawater density with
tidal elevation in the spherical harmonics. We have
not followed through with that here, as doing so will
require some reformulation, including of Eq. (3), in
addition to incorporation of density into integrals
for the altimeter-derived spherical harmonics. Note
that for M2 the surface integral

∫∫
𝜁 𝜌𝑤 𝑌2

2 𝑑𝐴 yields
a value for 𝐷+

22 sin𝜓22+ approximately 0.3% larger
than if 𝜌𝑤 is taken as a constant, so possibly a sim-
ple constant density near 1035 kg m−3 is sufficiently
accurate in light of other error sources.

Several of these constants are used directly in Eq. (3)
to scale the geopotential to tidal elevation. Thus, for
example, a 1% error in seawater density 𝜌𝑤 leads to
a 1% error in our estimate of 𝐷+

𝑛𝑚, which would be a
significant error.

3.1.2 Body tides
For our prior model of the body tides, we have followed
the 2010 IERS Conventions (Petit et al. 2010), which
recommend the 𝑘2 Love numbers listed in Table 1.
This choice is not critical, but it does affect how the
SLR and altimeter solutions are combined; see details
in Section 5.

3.1.3 Non-tidal atmosphere/ocean model
We have employed the models developed at GFZ,
Potsdam, for use by the GRACE project teams—the so-
called AOD1B models (Release 7). These gravitational
models remove variance associated with non-tidal
atmospheric and oceanic mass movements. They are
in the form of a spherical harmonic series to 𝑁 = 180,
with a 3-hour time-step. Details are given by Shihora
et al. (2022).

To our knowledge no previous SLR tide inversion
has employed this kind of background model. It is
likely beneficial because of the way tides are aliased to
very low frequencies in the satellite observations (Lam-
beck 1988). Those frequencies are generally dominated
by atmospheric and oceanic variability, which has a
typically red spectrum, so the lower the tidal alias fre-
quency the worse the potential non-tidal contamination
of our tide estimates. The use of the GFZ model should
reduce this contamination.

3.1.4 Atmospheric tides
To isolate the ocean tide in the SLR data, we must
rely on forward models of the atmospheric tide. For
this we have extracted the M2 barometric tide from
the European Centre for Medium-range Weather Fore-
casts (ECMWF) reanalysis product ERA5 (Hersbach
et al. 2020) for years 2006–2022. Subsequently, we
have seen evidence that the ERA5 tides are not suf-
ficiently accurate (e.g., Figure A2 below). We have
therefore adjusted our SLR solutions to agree with the
empirically derived M2 air tide of Schindelegger and
Dobslaw (2016). Details of this, and how the air tide is
made more consistent with the non-tidal GFZ model,
are discussed in Appendix A.

3.1.5 SLR station displacements
In theory the ocean tides dynamically estimated from
orbit perturbations could be impacted by errors in the
tidal displacement models applied to the SLR track-
ing stations, both from the body tide (ℎ2, 𝑙2) and from
ocean tide loading (ℎ′𝑛, 𝑙′𝑛). The latter were here based
on the GOT4.10c ocean tide model, using the com-
putational package of Agnew (2013); the former were
based on the IERS body-tide model. It is generally
thought that ocean-tide loading errors cannot signif-
icantly affect computed satellite orbits because these
appear as rapid (but false) perturbations in range that
cannot by easily accommodated by dynamically inte-
grated orbits. Errors in body-tide displacements vary
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more slowly with the satellite orbit plane and are less
easily dismissed. However, we have explicitly tested
the latter and found that the impact on the SLR tidal
solutions is minimal; see below.

Tidal geocenter motion was also accounted for with
the same GOT4.10c ocean-tide model. We have also
checked for dependence of our solution on geocenter
motion, and it too is minimal; again see below.

3.2 SLR Tide Estimates
Using SLR tracking of the eight geodetic satellites
shown in Figure 1, we have derived a suite of new tidal
solutions 𝐷+

𝑛𝑚, 𝜓
+
𝑛𝑚 for each of 24 constituents. Here

we discuss only those aspects relevant to the determi-
nation of 𝑘2 for the four lunar tides of Table 1, as details
of the full SLR solutions will be given elsewhere. In
brief summary, the solutions were computed from data
collected by the international laser ranging network
(Pearlman et al. 2019) over the period 1994–2023. Nor-
mal equations were constructed for prograde spherical
harmonic coefficients of degrees 𝑛 = 2, 3, . . . , 6 and
order 𝑚 equal to the tidal species, which are the only
coefficients that lead to long-period perturbations in
orbit parameters (Lambeck 1988). The data were pro-
cessed in 7-day arcs, consistent with the procedures
applied for estimation of low-degree time-variable
gravity coefficients by Loomis et al. (2020).

As usual, nodal modulations of the lunar tides
were accounted for at the observation level by stan-
dard methods (Pugh and Woodworth 2014). We have
extended this formalism to account also for modula-
tions from minor constituents not explicitly estimated.
Thus, for example, the estimate of Q1 accounts for the
presence of 𝜌1, and the estimate of M2 accounts for the
presence of 𝛼2, 𝛽2, Γ2, 𝛿2, and so forth. This essentially
implies estimation of tidal “groups” rather than tidal
“constituents,” with an assumed constant admittance
within each tidal group. Any climate-induced seasonal
modulations were ignored.

To test the robustness of the tidal solutions we
have computed three solutions: (1) as described above,
(2) with only 𝑛 = 2 coefficients estimated, and (3)
with only SLR data from 2000–2023 used. Solution
(2) explicitly tests for potential problems associated
with correlations between degrees 2 and the higher
even degrees, which are often observed in SLR analy-
ses of 𝐽2, 𝐽4, . . . (Smith 1965; Tucker et al. 2022). The
results for each of these three solutions are tabulated
in Table 3.

Table 3 Estimated Degree-2 Prograde Tidal Coefficients from SLR.

𝐴+
2𝑚 𝐵+

2𝑚 𝐷+
2𝑚 𝜓+

2𝑚 𝜎

Tide Solution (meters) (meters) (mm) (deg) (mm)
Q1 1 -3.1548E-03 3.0989E-03 5.709 135.51◦ 0.048

2 -3.1835E-03 3.0769E-03 5.716 135.98◦ 0.044
3 -3.1471E-03 3.0964E-03 5.700 135.46◦ 0.051

O1 1 -1.4003E-02 1.3577E-02 25.179 135.88◦ 0.042
2 -1.3962E-02 1.3510E-02 25.082 135.94◦ 0.039
3 -1.4008E-02 1.3579E-02 25.186 135.89◦ 0.044

N2 1 -5.2794E-03 9.2377E-03 6.868 119.75◦ 0.020
2 -5.2810E-03 9.2395E-03 6.870 119.75◦ 0.020
3 -5.2782E-03 9.2235E-03 6.860 119.78◦ 0.022

M2 1 -3.0763E-02 3.7835E-02 31.476 129.11◦ 0.017
2 -3.0779E-02 3.7836E-02 31.483 129.13◦ 0.017
3 -3.0750E-02 3.7816E-02 31.462 129.12◦ 0.018

Solution 1 should be considered the primary tide solutions.

A glance at Table 3 shows that the given 1𝜎 error
estimates are reasonably consistent with the variabil-
ity in the three solutions. For example, for the large
M2 coefficients, the amplitudes differ by 0.021 mm or
less, and the phases (in radians after scaling by 𝐷+

22)
differ by 0.011 mm, both roughly consistent with a
1𝜎 uncertainty of 0.017 mm. Most of the constituents
also show only small differences between Solutions 1
and 2, indicating no significant even-degree correla-
tion problems. An exception is the small J1 constituent
(not shown) for which the Solution-2 phase is offset by
an amount that exceeds 2𝜎.

As another check on the estimated uncertainties of
the coefficients, we have also solved for mean monthly
coefficients for M2; see Figure 2. The spread among
these monthly solutions is expected to be of order√

12 larger than the errors given in the table, or about
0.06 mm. (Actually, using the spread in these monthly
solutions may be too pessimistic as an assessment of
𝜎, because there is some evidence that the monthly
solutions contain real signal arising from seasonal vari-
ations in M2.) The standard deviation of the monthly
solutions shown in Figure 2 is about 0.08 mm, only
slightly larger than 0.06 mm, again suggesting that the
𝜎 values of Table 3 are realistic.

Although not investigated nor described here in
detail, we have computed two more inversions to test
modeling sensitivities. In the first, simultaneous tidal
geocenter parameters have also been estimated. Of
the constituents in Table 1, geocenter motion is the
largest for the diurnal O1. The resulting solution for
(𝐷+

21, 𝜓
+
21) was (25.197 mm, 135.93◦), which agrees
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Fig. 2 SLR solutions for the in-phase and quadrature coefficients
of the M2 ocean tide. Red symbols correspond to the three SLR
solutions in Table 3; 12 black open circles correspond to monthly
mean solutions.

with the above solutions well within the standard error
of 0.042 mm. Errors arising from inaccurate geocenter
modeling are therefore probably minimal.

Finally, we tested dependence on errors of the prior
ℎ2 used to model SLR station displacements. This was
done by purposely setting ℎ2 to 0.55, a (large) 10%
error. Yet the effect on the M2 ocean-tide solution
was only 0.01 mm, and thus insignificant. For rea-
sons unclear, the effect on O1 was much larger, about
0.1 mm, all in the in-phase component. Thus, even with
this inordinately large error in modeling the motion of
tracking stations, there would be only a small impact on
estimates of |𝑘2 | and essentially no impact on estimates
of the phase lag 𝜖 .

4 Tides from Satellite Altimetry
This section can be far briefer than the previous
section, as we simply adopt some previous altime-
ter tide solutions that are documented elsewhere. Our
main altimeter-based model is GOT5.5 (Ray 2025),
with comparisons made with GOT4.10c (Ray 2013),
FES2014 (Lyard et al. 2021), and FES2022 (F. Lyard,
pers. comm.). All of these are global models on high-
resolution grids, based on decades of multi-mission
altimetry. Spherical harmonic coefficients were com-
puted while accounting for the earth’s ellipsoidal shape
(Han et al. 2020), which affects degree-2 coefficients
at about the level of 0.3%, similar to the earth’s flatten-
ing. The relevant coefficients for GOT5.5 are tabulated
in Table 4.

Table 4 Degree-2 Prograde Tidal Coefficients

from Altimeter Model GOT5.5.

Tide 𝐷+
2𝑚 𝜓+

2𝑚 𝜎1

Q1 5.893 136.37◦ 0.04
O1 26.205 137.30◦ 0.06
N2 7.019 120.82◦ 0.03
M2 32.350 129.77◦ 0.06
𝑚 = 1 for diurnal tides; 𝑚 = 2 for semidiurnals.
Amplitude units are mm.
1Standard error 𝜎, in mm, is determined from the
scatter of four altimeter solutions.

A critical point concerns the body tide correction
used by the present-day altimeter community, includ-
ing during the development of the four tide models
used here. The correction has not been consistent with
IERS recommendations but instead continues to fol-
low a convention adopted for the early Geosat mission.
Except for adjustments near K1, this old convention
uses for all constituents a constant Love number ℎ2 =

0.609, taken from Wahr’s elastic model for the semi-
diurnal band (Wahr 1981). The inconsistency of body
tide models for tracking and altimetry is addressed in
the following section.

Less critical, but still worth noting, is the modeling
used for solid-earth load tides. For the two GOT mod-
els, the load tides were computed iteratively as part of
the ocean-tide solutions. These used ℎ′𝑛 elastic loading
numbers from Farrell (1972), aside from the degree-1
coefficients which followed Desai and Ray (2014). In
particular, ℎ′2 = −1.001. For the FES models, a nearly
equivalent value was used: ℎ′2 = −0.99158 (Jean-Paul
Boy, pers. comm., April 2025).

The degree-2 prograde coefficients for the four
ocean-tide models for M2 are plotted in Figure 3a.
Error estimates for these coefficients are unavailable,
so as a proxy for that we use the scatter in this figure.
The vector standard deviation for these four models for
M2 is 0.06 mm. Uncertainties for the other constituents
are listed in Table 4.

5 Combined Analysis of Tracking
and Altimeter Solutions

The notation and much of the approach that follows
builds on our previous work (Ray et al. 2001). The
approach can be briefly summarized. The main idea is
to examine the secondary potential that is induced by
the tidal deformations of the solid and fluid tides, which
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Fig. 3 Prograde M2 coefficients for (blue) four altimeter tide models and (red) three, mostly overlapping, SLR solutions from Table 3. Two
panels show dependence on prior Love numbers for each type of analysis. (a) Altimeter Love number ℎ2 = 0.609 (Wahr 1981); SLR Love
number 𝑘2 = 0.30102 − 𝑖0.00130 (IERS). (b) Altimeter Love number ℎ2 = 0.60780 − 𝑖0.00220; SLR Love number 𝑘2 = 0.30102 − 𝑖0.00130,
both from IERS. Panel (b) indicates that the 2010 IERS Love numbers are inconsistent with the SLR and altimeter observations.

in a sense are directly observed by the tracking data
after accounting for the primary potential, and which
may also be computed from altimeter solutions. Sys-
tematic discrepancies between altimetry and tracking
allows observational constraints to be placed on 𝑘2. We
now drop all subscripts and superscripts on 𝐷+

22, 𝜓
+
22,

but add superscripts 𝑇 or 𝐴 to denote Tracking or
Altimetry solutions, respectively.

The primary astronomical potential, written in a
form consistent with Eq. (1) is (Cartwright and Tayler
1971)

Φ𝑃 (𝜃, 𝜑, 𝑡) = 𝑔𝐻̄ 𝑃𝑚
2 (cos 𝜃) cos (Θ(𝑡) + 𝑚𝜑) (4)

where 𝐻̄ is an equilibrium tidal amplitude (potential
divided by 𝑔) as extracted from the tables of Cartwright
and Edden (1973) and given in Table 1.

The secondary potential Φ𝑆 , induced as a response
to the primary, can be decomposed into three compo-
nents:

Φ𝑆 = Φ𝑆
𝐵 +Φ𝑆

𝑂+𝐿 +Φ𝑆
𝐴+𝐿 , (5)

arising from the body tide, the ocean tide and its load,
and the atmospheric tide and its load. We will drop the
atmospheric component under the assumption that it is
sufficiently small to ignore or that the SLR data have
been adequately corrected for it (see Appendix A).

We write all potentials in the form

Φ(𝜃, 𝜑, 𝑡) = Re[Φ̂ 𝑃𝑚
2 (cos 𝜃) 𝑒𝑖 (Θ(𝑡 )+𝑚𝜑) ] (6)

where Φ̂ is a complex amplitude exclusive of 𝑃𝑚
2 . Thus,

the primary potential amplitude simplifies to Φ̂𝑃 =

𝑔𝐻̄. Corresponding expressions for the secondary
potential amplitudes are

Φ̂𝑆
𝐵 = 𝑔𝐻̄𝑘 (7)

Φ̂𝑆
𝑂+𝐿 = 𝛼𝑔(1 + 𝑘 ′)𝐷𝑒−𝑖𝜓 (8)

where 𝑘, 𝑘 ′ are possibly complex, the constant 𝛼 =

(3𝜌𝑤/5𝜌𝑒) = 0.1126, and (𝐷, 𝜓) are coefficients of
the true (not estimated) tide. These must be related to
what is actually determined in the SLR and altimetry
analyses.

In the SLR analyses, orbit perturbations are used to
solve essentially for the secondary potential Φ̂𝑆 , which
is normally parameterized as an (elastic or anelastic)
body tide and a residual ocean tide and its crustal
loading (generally elastic):

Φ̂𝑆 = 𝑘𝑜𝑔𝐻̄ + 𝛼𝑔(1 + 𝑘 ′𝑜)𝐷𝑇𝑒−𝑖𝜓
𝑇

(9)

where the 𝑜 subscripts refer to the adopted prior values
of the relevant Love numbers.

Altimetry aims to directly measure 𝜁 , but its mea-
surements are in error owing to errors in the adopted
values of Love number ℎ and loading number ℎ′. That
is, the altimetry gives

𝐷𝐴𝑒−𝑖𝜓
𝐴

= 𝐷𝑒−𝑖𝜓 + (ℎ − ℎ𝑜)𝐻̄ + 𝛼(ℎ′ − ℎ′𝑜)𝐷𝑒−𝑖𝜓 .
(10)
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Eqns. (7, 9, 10), relating observations and tide param-
eterizations, prove useful in the following section.

5.1 Adjustment of tidal coefficients for
inconsistent priors

In our combined tracking-altimeter analysis for 𝑘2, it
is critical that allowance is made for any inconsis-
tent prior models of body tides, and potentially other
constants as well. Part of the discrepancy between
altimetry and SLR rests with these prior models. It is
not mandatory that body-tide models be consistent, but
it simplifies matters to make them so. An adjustment
of the estimated tide coefficients for a different prior
can be done easily.

From (10) a change in the displacement Love num-
ber Δℎ = ℎnew − ℎold leads to a simple trade-off with
the altimeter-estimated coefficients:

Adjusted 𝐷𝐴𝑒−𝑖𝜓
𝐴

= Original 𝐷𝐴𝑒−𝑖𝜓
𝐴 − Δℎ 𝐻̄.

(11)
This has been used to adjust the altimeter coefficients,
shown in Figure 3a, replacing Wahr’s Love number ℎ
as currently used by the altimeter community with the
(complex) 2010 IERS Conventions value, to be more
consistent with the 𝑘 Love number used in the tracking
solutions. Figure 3b shows the adjusted coefficients.
The adjustment is small, as the altimeter cluster is seen
to move only slightly.

An important conclusion to draw from Figure
3b is that the anelastic Love numbers, ℎ and 𝑘 , as
recommended by the 2010 IERS Conventions for
M2 are inconsistent with the altimeter and tracking
observations.

To simplify the analysis below, rather than adjust-
ing the altimeter coefficients, we prefer to adjust the
tracking coefficients so that, like the original altimeter
coefficients, they are based on a purely elastic 𝑘 value.
For this we used the values 𝑘 = 0.302 for semidiur-
nal tides, 𝑘 = 0.298 for the two diurnal tides, again
taken from Wahr (1981). From (9) a change in the Love
number Δ𝑘 leads to an adjusted set of coefficients

Adjusted 𝐷𝑇𝑒−𝑖𝜓
𝑇

=

Original 𝐷𝑇𝑒−𝑖𝜓
𝑇 − Δ𝑘 𝐻̄ [𝛼(1 + 𝑘 ′)]−1.

(12)

The M2 adjusted coefficients are shown in Figure 4a.
Clearly the tracking tide solution is far more sensitive
to the body tide Love numbers than is the altimeter

solution, since this figure differs substantially from
Figures 3a,b. Figure 4 shows similar diagrams for the
other lunar constituents of interest. All display a simi-
lar pattern with the cluster of SLR coefficients sitting
displaced from the cluster of altimeter points, with the
offset mainly in the quadrature direction.

5.2 Combined constraints on 𝒌2:
Approach

Accounting for certain errors in our prior Love and
loading numbers 𝑘𝑜, 𝑘

′
𝑜, we may use Eq. (9) to write

the tidal coefficients 𝐷𝑒−𝑖𝜓 in terms of the estimated
tracking solution, and we may use Eq. (10) to write a
similar expression in terms of the altimeter solution.
Equating the two gives(

1 + 𝑘 ′𝑜
1 + 𝑘 ′

)
𝐷𝑇𝑒−𝑖𝜓

𝑇 − (𝑘 − 𝑘𝑜)𝐻̄
𝛼(1 + 𝑘 ′)

=

[
𝐷𝐴𝑒−𝑖𝜓

𝐴 − (ℎ − ℎ𝑜)𝐻̄
] [

1 + 𝛼(ℎ′ − ℎ′𝑜)
]−1

.

(13)

We use (13) below to solve for 𝑘 , but it is first enlight-
ening to simplify this equation by noting that the first
factor (1+𝑘 ′𝑜)/(1+𝑘 ′) ≈ 1 and similarly the last factor
(1 + 𝛼Δℎ′) ≈ 1. Dropping those two factors gives

𝐷𝑇𝑒𝑖𝜓
𝑇 −𝐷𝐴𝑒𝑖𝜓

𝐴

= (𝑘 − 𝑘𝑜)
𝐻̄

𝛼(1 + 𝑘 ′) − (ℎ− ℎ𝑜)𝐻̄,

(14)
giving the difference between the tracking and altime-
ter tide solutions as a balance between errors in
our two priors for 𝑘 and ℎ. The factor that scales
𝑘 is much larger than the factor scaling ℎ, since
1/(𝛼(1 + 𝑘 ′)) ≈ 13. This statement is consistent with
the previous discussion in Section 5.1 in which changes
of Love number had a much larger effect on the track-
ing solution than the altimeter solution. The important
conclusion is that the combination of altimeter and
tracking tide solutions sets far tighter constraints on
𝑘 than on ℎ. We can thus solve for 𝑘 from these tide
differences, and the error in the other Love or loading
numbers adds only a small uncertainty, which can be
accounted for. Moreover, if the priors 𝑘𝑜, ℎ𝑜 are real,
as they are in Figure 4, then the large out-of-phase dif-
ferences (𝐷𝑇 sin𝜓𝑇 − 𝐷𝐴 sin𝜓𝐴) seen in the figure
determine the imaginary part of 𝑘 . The much smaller
in-phase differences (𝐷𝑇 cos𝜓𝑇 − 𝐷𝐴 cos𝜓𝐴) lead to
small adjustments to the real part of 𝑘 .
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Fig. 4 Prograde M2 coefficients for (blue) GOT5.5 altimeter tide model and (red) SLR solution 1 from Table 3. Both altimeter and SLR
coefficients have been adjusted to use prior elastic body-tide parameters from Wahr (1981). Note change in scale for different panels. Plotted
error bars are here 2𝜎 (unlike other figures) to make more legible.

Another simplification of (13) was employed by
Ray et al. (2001) by assuming the phase lags in the
tidal displacement and in the induced secondary poten-
tial are approximately equal, i.e., that 𝜖 = − arg 𝑘 =

− arg ℎ. Using only the quadrature component of the
tracking and altimeter tide differences then gives

𝜖 = (𝐷𝑇 sin𝜓𝑇 − 𝐷𝐴 sin𝜓𝐴) 𝛼(1 + 𝑘 ′)
𝐻̄ (𝑘𝑜 − ℎ𝑜𝛼(1 + 𝑘 ′))

(15)
which is equivalent to Eq. (15) of Ray et al. (2001).
However, the displacement and potential phase lags
need not be identical. For example, the IERS Love
numbers give a ratio arg 𝑘/arg ℎ = 1.19 for M2, and
1.11 for O1. Of the suite of 19 Earth models developed
by Michel and Boy (2022), seven do have identical

phases, but the remainder do not; the most discrepant
have arg 𝑘/arg ℎ ≈ 1.74. None has a ratio less than 1.

5.3 Combined constraints on 𝒌2: Results
The goal is to solve Eq. (13) for the Love number
𝑘 . Even though 𝑘 in (13) is not overly sensitive to
the unknown “true” values of ℎ, 𝑘 ′, ℎ′, these values
must still be assigned and an accounting made of how
their uncertainties affect 𝑘 . The prior values of Love
numbers (those with subscript ‘o’) are simply those
values used to produce the data of Figure 4: 𝑘𝑜, ℎ𝑜
from Wahr (1981) and 𝑘 ′𝑜, ℎ

′
𝑜 from Farrell (1972). The

question is the degree of dependence on ℎ, 𝑘 ′, ℎ′.
The loading numbers 𝑘 ′, ℎ′ will be taken as real,

consistent with the processing of the altimeter and SLR
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Table 5 Estimates of the Love number 𝑘2

Tide |𝑘2 | 𝜖 = − arg 𝑘2 𝑄

Q1 0.2983 ± 0.0010 0.209◦ ± 0.078◦ 274 (190, 440)
O1 0.2986 ± 0.0008 0.228◦ ± 0.024◦ 250 (230, 275)
N2 0.3019 ± 0.0008 0.202◦ ± 0.042◦ 284 (235, 356)
M2 0.3017 ± 0.0008 0.178◦ ± 0.020◦ 322 (288, 363)

All uncertainties are 1𝜎.

data. New observational constraints on crustal load-
ing from geodetic displacement measurements (Bos
et al. 2015; Arnoso et al. 2023) are consistent with
no significant lags in 𝑘 ′, ℎ′, but they do imply some
anelastic dispersion through adjustments in magnitude.
We examined the 19 sets of loading numbers from
Michel and Boy (2022) and found that the spread in the
imaginary components of their 𝑘 ′, ℎ′ lead to minimal
impact on our estimate of 𝑘 . However, the real parts of
𝑘 ′, ℎ′ do have a small impact, perturbing the estimate
of the phase 𝜖 = − arg 𝑘 by as much as about 0.02◦.

In contrast, the real part of ℎ has no significant
impact on estimates of arg 𝑘 but its imaginary compo-
nent, or equivalently arg ℎ, does have. Varying arg ℎ

across a wide range of values between 0 and −0.5◦
leads to a near-linear change in the estimate of 𝜖 of
about ±0.04◦. A value of arg ℎ near 0 is geophysically
implausible if arg 𝑘 ≠ 0, but arg ℎ could still be small.

In summary, we examined the estimates of 𝑘

from (13) over a wide range of dependencies, let-
ting Re ℎ ∈ [0.600, 0.625] and arg ℎ ∈ [0, arg 𝑘],
and also letting Re ℎ′ ∈ [−0.95,−1.14] and Re 𝑘 ′ ∈
[−0.305,−0.321]; these ranges on ℎ′, 𝑘 ′ span the dif-
ferences among Farrell (1972), Martens et al. (2016),
Michel and Boy (2022), and Wang et al. (2012). For M2
the differences in estimates of arg 𝑘 arising from these
different constants slightly exceeded the uncertainty
arising from the errors in the altimeter and tracking
values of 𝐷𝑒−𝜓; for all other constituents, the reverse
was true and the main uncertainty in 𝑘 arose from
the altimeter and tracking errors. For the magnitude
|𝑘 | the uncertainty in all cases was dominated by the
uncertainty in ℎ, taken conservatively as ±0.01 based
on various published values, which leads to a nearly
identical 𝜎 for all four constituents.

The main results for 𝑘 are given in Table 5, along
with the implied tidal 𝑄 = 1/tan 𝜖 .
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6 Discussion
A study of Earth tides is one of the few ways to deter-
mine rheological properties of the planetary interior
at frequencies outside the seismic band. An important
goal is then to integrate Earth-tide results with other
seismic and geodetic measurements across a broad
range of frequencies (e.g. Benjamin et al. 2006; Lau
and Faul 2019; Ivins et al. 2020). Our new estimates of
complex 𝑘2 at both diurnal and semidiurnal frequen-
cies bring additional independent information into that
picture. Complications arise regarding how to relate
attenuation in the Earth and its intrinsic 𝑄 to the tidal
𝑄 deduced from geodetic tide measurements (Efroim-
sky 2012; Lau et al. 2017); we need not address that
here, but see Lau et al. (2017).

The estimates of tidal 𝑄 for O1, N2, and M2 dis-
play a clear increase with tidal frequency. The estimate
for Q1 is slightly off that trend, but its uncertainty
is so large that it spans all the values for the other
three tides. Figure 5 shows our estimates of tidal 𝑄
at the two diurnal and two semidiurnal frequencies
along with a higher frequency determination from
the 0S2 free-oscillation mode (Sailor and Dziewon-
ski 1978) and a lower frequency determination from
length-of-day measurements at the near-fortnightly Mf
frequency (Ray and Egbert 2012). Again the main trend
of increasing𝑄 with frequency, or increasing𝑄−1 with
period, holds.

The primary systematic errors in our estimates are
likely to stem from complications related to violations
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of lateral homogeneity, and not just the homogeneity
intrinsic to the Love number formalism. We suspect
that an important error source is our reliance on a
constant value of seawater density, which was used to
convert elevation spherical harmonics into Stokes coef-
ficients for the analysis of orbit perturbations. Recent
work with the precise laser interferometer measure-
ments aboard the GRACE-FO satellites suggest that
differences in seawater density cannot be overlooked
(Han et al. 2020).

7 Summary
We have produced a new comprehensive tidal solution
from three decades of laser ranging measurements to
eight geodetic satellites (four satellites at the begin-
ning of our time period; eight more recently). Results
for four of the SLR-derived lunar constituents have
been combined with independent tide determinations
from three decades of satellite altimetry in order to
arrive at new estimates of the complex Love num-
ber 𝑘2. The Love number constraints are based on
small offsets between the SLR and altimeter determi-
nations of the degree-2 prograde spherical harmonic
components. When both SLR and altimeter analyses
are adjusted to use prior elastic Love numbers, 𝑘2
and ℎ2, respectively, then the SLR-altimeter offsets are
mainly in the quadrature component 𝐷+

2𝑚 sin𝜓+
2𝑚 (see

Figure 4) which constrain primarily the imaginary part
of 𝑘2. Results indicate that those imaginary compo-
nents, which reflect dissipation in the body tide, are
slightly too large in the current IERS standards for the
diurnal/semidiurnal bands.

Given a complex Love number 𝑘2, the phase lag
by which the body tide lags the generating poten-
tial is given by 𝜖 = − arg 𝑘2. This in turn determines
the effective tidal 𝑄. These 𝑄 estimates, for two con-
stituents in both the diurnal and semidiurnal bands, are
seen to fall along a straight line that connects previously
determined 𝑄 estimates for the Earth’s 54-minute free
oscillation and for the fortnightly Mf tide. The slope
of that line, 𝛼 = 0.24, is fairly comparable to other
analyses based on a variety of seismic and geodetic
measurements (cf. Benjamin et al. 2006; Ding et al.
2021).

Appendix A Atmospheric
Pressure Forcing in
SLR Analysis

Proper handling of atmospheric pressure data in the
SLR tracking data analysis is far less critical for lunar
tides than for solar tides, but it is still important and is
somewhat complex. The atmosphere-ocean dealiasing
models must be consistent with any explicitly modeled
air-tide models.

A.1 Dealiasing model
In the development of the dealiasing models, GFZ has
endeavored to remove any tidal forcing that not only
would “double book” atmospheric tides but would also
generate radiational ocean tides in their ocean model-
ing (Shihora et al. 2022). Their Release-07 product was
more successful at this than their Release-06, which
can be seen by examining time spectra of the model
Stokes coefficients. Figure A1 gives an example for the
𝐶22 spherical harmonic coefficient, based on 21 years
of the atmosphere-ocean time series. In Release-06
large residual peaks remain for both M2 and S2 tides,
and these are eliminated in Release-07, although cusp
energy, representing annual and other modulations,
clearly remains. Curiously, Release-06 has a small peak
at the frequency of the compound tide 2SM2; this peak
does not exist in the pressure data and must have been
generated by nonlinearities in the GFZ ocean model
as it responded to the residual M2 and S2 energy; the
peak is eliminated in Release-07.

Release-07 does introduce a peak at N2 because
GFZ removed any modeling of it after they noticed that
the ERA5-based N2 air pressure maps were extremely
noisy. The N2 tide is indeed very small, barely above
background, but nevertheless Figure A1 suggests that
the degree-2 coefficients may have been at least partly
legitimate. Because of this residual N2 peak in the
dealiasing model, we have removed from our SLR anal-
ysis any explicit model for N2 air tides, although this
approach is not ideal because the energy in the dealias-
ing model also includes a small component that is in
the ocean’s response (i.e., the radiational component
of the N2 ocean tide). We also have not explicitly mod-
eled the O1 and Q1 atmospheric tides; these are very
small and they are difficult to extract from the gener-
ally higher background energy of the diurnal pressure
band.
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A.2 Air tide models
Thus, of the four lunar tides studied in this paper, we
explicitly account for only the M2 atmospheric tide
in our dynamical modeling of the SLR satellites. It is
included as a prior model and is based on ERA5 hourly
pressures from 2006–2022. The degree-2, order-2
prograde amplitude and phase are:

𝐸+
22 = 2.05 Pa, 𝜓+

22 = 4.5◦ (A1)

Unfortunately, barometric tides extracted from
ERA5 pressures are far from perfect. Maps of M2
that reveal spurious trends over decades have been
reported (Schindelegger and Dobslaw 2016; Ray and
Schindelegger 2025). This is not unexpected, since the

dynamical atmospheric models of ECMWF are igno-
rant of the gravitational tidal potential, so the presence
of an M2 signal must originate from data assimilation;
changes in instrumentation and/or observational net-
works over time could then lead to false changes in the
implied lunar tide. Trends can be readily seen in the
degree-2 spherical harmonic components: Figure A2
shows estimates of M2 amplitude and phase in three-
year windows since 1978, and there is an obvious trend
in the amplitudes which increase from 1.6 Pa to 2.2
Pa over forty years. The phases also display trend-like
features in certain time intervals, but they are overall
somewhat erratic. Spurious trends in the ERA5 solar
tides have also been reported. In fact, spurious trends
in atmospheric tides appear to be a feature of all major
reanalysis products (Diaz-Argandoña et al. 2016).

The ERA5 coefficients in (A1) may be compared
with two previously published empirical analyses of
the M2 tide produced from direct analysis of barometric
station data. We have performed a spherical harmonic
analysis of the maps produced by Schindelegger and
Dobslaw (2016) and we find for the (𝑛, 𝑚) = (2, 2)
amplitude and phase lag: 2.01 Pa and 12◦. A much older
synthesis based on considerably fewer stations was
made by Haurwitz and Cowley (1969); they already
computed a spherical harmonic decomposition (with
different normalization) finding 1.84 Pa, 15◦. The
three M2 amplitudes are not too discrepant, but the
ERA5 phase lags are evidently too small. Using the
Schindelegger-Dobslaw coefficients instead of ERA5
makes a small correction to the SLR tracking solution:
the in-phase term is adjusted by 0.008 mm and the
quadrature by−0.025 mm. This adjustment has already
been applied in the foregoing analysis. It increased our
estimate of tidal 𝑄 from 314 to 322, which is within
the original uncertainty span.
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Fig. A2 Amplitudes and phase lags of the M2 barometric tide
(degree-2 prograde term) extracted in three-year windows from
ERA5 surface pressures. The trends are spurious. In comparison,
station barometer data imply a mean M2 amplitude and phase lag of
2.01 Pa, 12◦ (Schindelegger and Dobslaw 2016), which suggests the
phase in ERA5 is especially suspect.

Data Availability. Satellite laser ranging data are
distributed by the NASA Crustal Dynamics Data Infor-
mation System (Noll 2010), at https://www.earthdata.
nasa.gov/centers/cddis-daac.

References
Agnew DC (2013) SPOTL: Some program for ocean-

tide loading. SIO Tech. Rep., Scripps Institution of
Oceanography, La Jolla, URL https://escholarship.
org/uc/item/954322pg

Arnoso J, Bos MS, Benavent M, et al (2023) Anelas-
tic response of the Earth’s crust underneath the
Canary Islands revealed from ocean tide load-
ing observations. Geophysical Journal International
235:273–286. https://doi.org/10.1093/gji/ggad205

Benjamin D, Wahr J, Ray RD, et al (2006) Constraints
on mantle anelasticity from geodetic observations,
and implications for the 𝐽2 anomaly. Geophysical
Journal International 165:3–16. https://doi.org/10.
1111/j.1365-246X.2006.02915.x

Bos MS, Penna NT, Baker TF (2015) Ocean
tide loading displacements in western Europe:
2. GPS-observed anelastic dispersion in the
asthenosphere. Journal of Geophysical Research:
Solid Earth 120:6540–6557. https://doi.org/10.
1002/2015JB011884

Cartwright DE, Edden AC (1973) Corrected tables of
tidal harmonics. Geophysical Journal of the Royal
Astronomical Society 33:253–264

Cartwright DE, Tayler RJ (1971) New computations of
the tide-generating potential. Geophysical Journal
of the Royal Astronomical Society 23:45–74

Cheng MK, Eanes RJ, Tapley BD (1992) Tidal decel-
eration of the moon’s mean motion. Geophysical
Journal International 108:401–409. Erratum, vol.
110, p. 218, 1992

Desai SD, Ray RD (2014) Consideration of tidal
variations in the geocenter for satellite altime-
ter observations of ocean tides. Geophysical
Research Letters 89:2454–2459. https://doi.org/10.
1002/2014GL059614

Diaz-Argandoña J, Ezcurra A, Sáenz J, et al (2016) Cli-
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