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Abstract 

This document addresses enduring challenges encountered in modern experimental modal analysis as well as earlier 

“resonance testing” associated with measured mode orthogonality requirements. To this end, the document’s goals 

are (1) retirement of false damping and real mode notions (dating back to Lord Rayleigh, 1877), (2) achievement a 

community consensus on 85+ years of resonance and modal testing, and (3) establishment of an experimental modal 

analysis process that is independent of a-priori predictive mathematical models. The above goals are satisfied by 

addressing six key objectives, namely (a) validation of measured complex experimental modes, (b) empirical isolation 

of experimental modes (the “Holy Grail” of resonance testing), (c) definition of a state-space orthogonality standard, 

independent of an approximate reduced-order mass matrix, (d) exploitation of state-space, left-hand eigenvectors 

and their relationship to modal momentum and kinetic energy distributions, (e) establishment of a universal practice 

for a broad family of modal testing methods, and (f) application of the above six objectives to ambient (operational 

modal analysis) methods. 

[Orthogonality, State-Space, Modal, Isolation] 

Nomenclature 

 

1.0 Introduction 

Modal testing, previously called resonance testing (Gladwell and Bishop)[1] has its origins (most likely) prior to Walker 

and Clegg’s documented wing tests in 1939[2], more than 86 years ago. Gladwell and Bishop’s publication offers an 

extensive commentary and critique of resonance testing strategies, focusing on response to swept and dwell 

sinusoidal stimuli, up to 1963. The modern digital era of experimental modal analysis [3,4], initiated after 1970, owes 

much of its foundations on the Cooley and Tukey’s FFT algorithm[5] and Bendat and Piersol’s random data analysis 

courses and books[6]. The primary emphasis in resonance testing is experimental isolation of individual “normal” 

modes, while the prevalent practice in experimental modal analysis is “curve fitting” of complex or real modes to 



measured frequency response data, especially emphasized in early pioneering work by Richardson and Potter[7], as 

well as many other authors. 

During monthly meetings of The SAE G-5 Committee on Shock and Vibration, at the Aerospace Corporation in the 

1970’s, the prevailing opinion of aeronautical and aerospace technologists was that experimental modal data needed 

to be validated (regardless of resonance testing or experimental modal analysis philosophy) by satisfaction of a 

mass-weighted modal orthogonality standard. Such standards have been codified by NASA[8] and the U.S. Air Force 

Space Command[9]. The inherent inconsistency associated with mass-weighted model orthogonality standards lies in 

the implied assumption that measured modes must be real, in spite of strong evidence that they may be complex (to 

some extent). Commonplace practice at modal testing organizations includes strategies to artificially constrain 

complex experimental modes to real form. 

The present document deliberately side-steps all established mass-weighted orthogonality practices by full 

acceptance of complex analytical and measured modes, based on the fact that the mathematical construct of 

proportional damping has never been observed or analytically justified (many references and technical community 

experiences justifying this position are not specifically cited herein). Three foundational points are emphasized in this 

document, namely: 

1. Complex modes resulting from an empirical state-space model are mathematically orthogonal, based on 

computed left- and right-hand complex eigenvectors (modes). An explicit mass matrix is not required to 

mathematically define complex mode orthogonality. 

 

2. Pre-multiplication of measured frequency response functions and/or time history response arrays by left-hand 

complex eigenvectors produces completely uncoupled “signatures”, automatically satisfying the elusive “Holy 

Grail” of resonance testing. 

 

3. State-space format, complex left-hand eigenvectors may be rigorously constructed from right-hand complex 

eigenvectors and eigenvalues, deduced via non-state-space experimental modal analysis algorithms. This result 

opens the previous two benefits to virtually all experimental modal analysis and operational (ambient) modal 

analysis techniques. 

  



2.0 The False Myth of Real Structural Dynamic Modes, Real Mode Obsessions, and its Undoing 

2.1 Real Structural Dynamic Modes 

The matrix equation set describing linear, small deformation of a structure subjected to dynamic excitations is, 

            
ee

FuKuBuM =++  .                (1) 

Finite element structural dynamic modeling[10] is widely employed today to construct theoretical expressions for a 

particular system’s mass and stiffness matrices from which undamped real-valued eigenvalues (modes) and 

eigenvectors are computed, specifically, 

       =
uu

MK ,                  (2) 

where after (unit modal mass) normalization, 
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u
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In addition, rigorous expressions for modal “momentum” and modal “kinetic energy” distributions are defined, 

respectively, as: 

     
Uu

M =


 ,      
UUu

KE =


.                                                   (4) 

The sum of modal kinetic energy terms for each normalized mode is always unity. 

In 1877, Lord Rayleigh speculated, “The first case occurs frequently, in books at any rate, when motion of 

each part of the system is resisted by a retarding force, proportional both to the mass and velocity of 

the part. The same exceptional reduction is possible when F (the dissipation force) is a linear function 

of T (kinetic energy) and V (strain energy)”[11]. That statement forms the basis for the well-known (never 

empirically demonstrated) “Rayleigh” matrix expression for proportional (viscous) damping, 

 

      KMB
R

+= .                 (5) 

 

Subsequently Caughey and O’Kelly[12] hypothesized a generalization of proportional damping,  

 

        ( )=
=

−N

1n

n1

C
KMMB .                (6) 

 

The ultimate speculative damping matrix, incorporating desired or “somewhat empirical” modal damping 

coefficients, n, is of the form 

 

      M2MB T

nnU
= .                             (7) 

 

As a general rule, a structure’s theoretical finite element mass and stiffness matrices are “sparse”. If 

damping distribution is modeled in accordance with experimental observations[13] (indicating that a built-up 

structure’s damping is primarily concentrated at joints), the theoretical damping matrix is likewise sparse. 

Both Caughey-O’Kelly and ultimate speculative damping forms are fully populated, and therefore judged 

physically implausible. 

 

All three of the above described speculative forms of a theoretical damping matrix continue to be employed 

in theoretical structural dynamic analyses, since they preserve a convenient (yet false) fact that the 

damped structure’s eigenvectors must be identical to its undamped eigenvectors. Specifically, 

 



            
uU

T

uuC

T

uuR

T

u
B,B,B   = diagonal matrices.                                   (8) 

The logical outcome of the above described “false myth of real structural dynamic modes” is the arguably 

blind condition that has strongly influenced the field of modal testing is “real mode obsessions”. 

2.2 Complex Structural Dynamic Modes 

Hypothesizing a more general damping model (that may be of symmetric or non-symmetric form), a 

subject structural model’s eigenvectors are most likely complex (sometimes or often “approximately” real). 

Determination of the complex eigenvalues and eigenvectors of such a model is accomplished by solution 

of state-space equation set of the form, 
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The above equation set conforms to the “first-order” algebraic eigenvalue problem[5], 

 

  
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
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The state-space, complex eigenvalues and eigenvectors for the above damped system are solutions of the 

algebraic eigenvalue problem, 

 

      = ,                            (11) 

 

where, 

 

   = right-hand, complex eigenvectors, 

                                                                            (12) 

 
nnn

i+= = complex eigenvectors (
nnn

−= ). 

 

The left-hand, complex eigenvectors (for the full set of eigenvectors) are defined as, 

 

     1

L

−

= .                            (13) 

 

Solution for an incomplete set of complex eigenvalues and eigenvectors is thoroughly documented by 

Wilkinson[14]. 

 

The following properties of the state-space model solution are most significant for the remaining entirety of 

this document: 

 

      =
L

OR ,      
L

       (orthogonality)          (14) 

 

      qX =                                                (modal transformation)                     (15) 

 

        
eL

Fqq +=          (uncoupled dynamic equations)        (16) 

 

  



Upon partitioning the state-space right-hand and left-hand complex eigenvectors into “velocity” and 

“displacement” components, as follows: 
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V
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complex modal “momentum” and modal “kinetic energy” distributions are defined, respectively, as: 
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It is significant to note that the undamped modal “momentum” and modal “kinetic” energies defined in 

Section 2.1 are directly proportional to the above corresponding forms when the damping matrix is null. 

Furthermore, analytical studies that are beyond the scope of this document reveal interesting 

correspondences and contrasts between undamped, real mode based and complex, state-space based 

modal “momentum” and modal “kinetic” energy distributions. 

 

2.3 Adjustment of Complex Measured Modes to Real Form 

A common practice in U.S. aerospace-oriented laboratories and organizations involves adjustment of complex 

measured modes (regardless of resonance or digital era experimental modal analysis sources) to approximate real 

form. Enforcement of each complex mode to an approximate real form generally involves (1) rotation of each 

estimated complex mode, described in the complex plane, such that its mean DOF component value is on the real 

axis, followed by (2) accepting the resulting real components produce the desired real mode. The steps in this 

process are illustrated below in Figure 1 for a hypothetical “slightly” complex experimental mode. 

    

 

Figure 1: Hypothetical Complex Experimental Mode “Adjustment” to Real Form 

Justification for the above process is severely weakened when measured modes of a more “complex” nature occur, 

especially in situations involving closely-spaced modes. 

2.4 Real Mode Orthogonality Criteria 

Due to the fact that (multi-shaker, sine-dwell) modes associated with resonance testing are generally recorded within 

selected sub-bands of the overall frequency band of interest, real mode orthogonality criteria were developed in order 

to realize (reasonably) orthogonal experimental modes over the entire frequency band of interest. The real modes 

associated with a theoretical (FEM) model, after unit-mass normalization, are perfectly orthogonal with respect to the 

FEM mass matrix, [M], i.e., 

    = MT
.                 (19) 



However, in the case of a resonance or “EMA” modal test, the measured response DOF set is generally much 

smaller than the FEM DOF set. Therefore, systematic procedures for appropriate selection of the measured response 

DOF “modal” set,  
TAM

 , and reduced-order mass matrix,  
TAM

M , have been developed and widely applied. Since the 

measured modes (as well as the “TAM” partition of FEM modes) do not strictly satisfy mass-weighed orthogonality, 

normalized,  
TAM

 , orthogonality is of the form, 

        +=
TAMTAM

T

TAM
M ,                                                        (20) 

where [] is a symmetric matrix with “null” on-diagonal terms. 

  



3.0 Departure from Established U.S. Aerospace Community Practice, A New Way 

 

3.1 The Integrated Test Analysis Process for Structural Dynamic Systems 

 
Over the past 60 years, the U.S. aerospace community has developed, refined and standardized an integrated 

approach to structural dynamic model verification and validation. One name for this overall approach is the Integrated 

Test Analysis Process (ITAP)[15] for structural dynamic systems, which is summarized below in Figure 2.  

 

Figure 2: Overview of the Integrated Test Analysis Process 

The yellow colored steps are associated with analytical-centric disciplines, while the aqua colored steps are 

associated with laboratory-centric disciplines. The mixed colored steps involve a blend of analytical and laboratory 

disciplines. Each step in the process is the product of a variety of authoritative, widely recognized sources. 

Experimental modal analysis strategies encompass a broad range of techniques developed during the 

resonance testing (1939-) and modal testing (1970-) eras. Outlined below in Figure 3, are three general 

EMA approaches.  

 

                               
Figure 3: Overview of General EMA Strategies 

 

Resonance Testing was the predominant aerospace community EMA practice prior to 1970, which relied 

heavily on analog technology. Today, its digital era based implementations (commonly called “force 

appropriation testing) are employed by a minority of EMA practitioners in the aerospace community. 



Validation of experimental modal data associated with Resonance Testing includes (a) empirical 

(graphical) verification of modal SDOF behavior, and (b) mass-weighted modal orthogonality checks 

following U.S. government standards. 

 

The Prevailing EMA strategy group, across all technical communities, is characterized by a two-step 

experimental modal analysis process, which first estimates eigenvalues (modal frequencies and damping 

coefficients) via solution of polynomial expressions, followed by a separate distinct linear least squares 

analysis process that estimates the associated complex eigenvectors (modes) of a subject test article. It is 

of interest to note that prior to 2018, the Classic SFD technique[16,17] employed a two-step process that is 

similar to the Prevailing EMA strategy group. Specifically, Classic SFD employs state-space estimation to 

estimate eigenvalues, as its first step, followed by a least-squares process to (a) estimate enforced real 

eigenvectors or (b) estimate complex eigenvectors. Validation of experimental modal data associated with 

Resonance Testing includes (a) analytical reconstruction of MI/MO based FRFs based on estimated modal 

parameters, and (b) mass-weighted modal orthogonality checks following U.S. government standards. 

 

The State-Space EMA strategy group encompasses procedures categorized by Allemang and Brown[3,4] as 

“low-order models” that operate on both the time- and frequency-domain measured data; to be sure, their 

categorizations encompass a much broader class of techniques that include ambient/operational modal 

analysis[18]. The narrower context of State-Space EMA, summarized in Figure 2 is limited to frequency 

domain techniques with a primary focus on SFD-2018[15]. While this group of techniques employs a MI/MO 

deduced set of frequency response functions as its starting point, experimental modal analysis follows a 

two-step process involving (a) state-space model estimation over the frequency band of interest, followed 

by (b) computation of complex eigenvalues and eigenvectors (modes) by solution of the state-space 

eigenvalue problem. The final verification step includes quality checks that eliminate spurious modes and 

acceptance of mathematically perfect state-space orthogonality of the (judged valid) complex experimental 

eigenvectors (modes). This unique feature of State-Space EMA sets it apart from the other two EMA 

categories since (1) mass-weighted orthogonality criteria and (2) a-priori mathematical model data are 

totally irrelevant to the process. In short, State-Space EMA represents a radical departure from all previous 

experimental modal estimation schemes. 

 

3.2 Why Departure from Mass-Weighted Orthogonality Criteria is Necessary 
 

Independent analysis of time history data from NASA’s ISPE Upper Stage modal test (Marshall Space 

Flight Center, 2016), employing Classic SFD (part of the Prevailing EMA strategy group), revealed a 

seriously deficient mass-weighted orthogonality check[8] as noted below in Figure 4. 

 

          
 

Figure 4: Overview of ISPE Upper Stage Modal Test Data 

 

The EMA process employed included a much used Classic SFD option that directly computed real 

experimental modes (no adjustment of complex experimental modes was required). Reconstruction of high 

quality MI/MO based FRFs employing the estimated modal data proved quite remarkable, as indicated in 

the magnitude and phase FRF display. However, the modal orthogonality check revealed significant 

violations of NASA’s mass-weighted orthogonality standard (≤ 10% off-diagonal coupling terms). The ISPE 

experience necessitated more aggressive rethinking of the Classic SFD technique, which previously 

showed a great deal of success in prior modal testing projects. 



3.3 SFD-2018 A Radical Departure from Established Conventions 
 

Rethinking of the Simultaneous Frequency Domain (SFD) technique ultimately led to the introduction of 

SFD-2018, which has been thoroughly documented[15]. A general overview of SFD-2018 is summarized 

below in Figure 5. 

 

 

Figure 5: Overview of the SFD-2018 Process 

Steps 1-3 in the SFD-2018 process are mathematically the same as implemented in Classic SFD, with the 

following innovations: 

1. The tolerance coefficient employed in singular value decomposition (SVD) is a deliberately small 

number (originally a fixed value  = .01 default, now typically  ≤ 10-4) in order to capture details within 

one broad frequency band, rather than selected narrow sub-bands, in order to define fully 

encompassing dominant SVD vectors, [V], and associated generalized accelerations, )f( . 

2. Least squares estimation of effective dynamic system matrices over a single broad band. 

3. Broad band state-space eigenvalue solution, including left-hand eigenvectors, in terms of reduced 

generalized coordinates, (f). 

Continuing additional steps include: 

4.  The generalized complex left- and right-hand eigenvectors are expanded to response coordinate 

order, H(f), using the reduced set of real orthogonal vectors, V. State-space orthogonality is perfectly 

satisfied by the mathematical process, eliminating the need for a mass-weighted orthogonality 

standard and rendering EMA validation totally independent of a theoretical mathematical model. 

5. Computation of generalized modal FRFs re-introduces a feature of Resonance Testing that validated 

experimental mode isolation based on observed single degree-of-freedom modal response qualities. 

6. Quantitative review of all mathematically calculated modal FRFs permits selection of a subset of 

estimated complex eigenvectors (modes) and rejection of extraneous “noise” modes. 

  



A brief overview of SFD-2018 ISPE experimental modal analysis results, specifically related to modal 

isolation, is provided below in Figure 6. 

 

 

 

 

 

 

  

 

 

 

 

 

Figure 6: SFD-2018 Modal Isolation for the ISPE Modal Test (2016) 

The upper left plot displays “SDOF” hn(f) amplitude vs. frequency associated with SFD-2018 estimated modes 1-5 

and 8-17.  On the upper right is a summary table listing modal attributes (blue indicating approximately real modes 

with complex index <1, yellow indicating clearly complex modes with complex index >1, and grey indicating poorly 

excited modes, 6 & 7, low overall amplitude and “modal” coherence). The lower left and right displays are detailed 

(selected sub-band magnitude, magnitude and phase, polar, real and imaginary) hn(f) plots associated with 

predominantly real mode 13, and complex mode 15, respectively. 

3.4 Experimental Mode Orthogonality and Individual Modal Isolation for all EMA Techniques 

SFD-2018 introduced two interrelated benefits that satisfied the aspirations of Experimental Modal Analysis and 

Resonance Testing, namely: 

1. Satisfaction of experimental modal orthogonality standards[8,9] independent of a theoretical TAM mass matrix. 

2. Isolation of individual experimental modes without applied force tuning[1] (modal force appropriation). 

These benefits may be realized by all EMA techniques based on straightforward mathematical constructs that 

operate on the basic (frequency domain) EMA products, namely: 

(a) Measured frequency response matrices, [H1(f)], [H2(f)],…,[HN(f)], 1,2,…N are excitation indices. 

(b) Empirical eigenvectors (complex modes), [v] (related to response motions, not state-space). 

(c) Empirical eigenvalues, n = −n∙n +i∙n (only positive-valued frequencies). 

(d) Measured time history responses,  )t(U  (primarily for ambient/operational modal analysis). 

  



State-space eigenvectors are mathematically defined by appending acceleration and constructed velocity 

components as follows: 
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The left-hand eigenvectors are constructed employing a two-step process as follows: 
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It is clear that the product of left- and right-hand eigenvectors produces “perfect” state-space orthogonality, i.e., 
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It is important to note that there is a subtle difference between left-hand eigenvectors associated with SFD-2018 and 

those estimated by the above recipe for all EMA techniques (which in actuality falls in the broad category of pseudo-

inverse strategies).  

State-space form measured frequency response functions are constructed as follows: 
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The “modal” generalized frequency response functions, readily calculated as the products associated with 

each excitation index, 

      )f(H)f(h
K,SSLK,SS

= .              (26) 

Note that the above described process permits SFD-2018 (Steps 4 and 5) modal orthogonality and modal 

isolation benefits (outlined in Figure 5) for “all frequency domain EMA” techniques, as demonstrated by a 

comparison of ISPE test related SFD-2018 and [hSS,K(f)] magnitude versus frequency functions (for ISPE 

modes 1-5 and 8-17, ignoring “poor” quality modes 6-7) below in Figure 7.  

                                          

Figure 7: SFD-2018 and “Universal EMA” Modal Isolation for the ISPE Modal Test (2016) 



Regarding the issue of EMA mass-weighted orthogonality, the following cases were examined: 

a.       
VAA

H

V
MOR =  ,        
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M=   for complex non-state-space EMA modes 

b.       )(realM)(realOR
VAA

T

V
=  ,      
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VVL
M)(real =   for non-state-space, real EMA modes 

c.       =
L

OR   for state-space EMA or SFD-2018 modes. 

Results of the above three cases for ISPE modes 1-17 are summarized below in Figure 8. 

                            

Figure 8: Overview of Three ISPE Modal Orthogonality Cases (absolute values of [OR]) 

It is of particular interest to review the performance of cases “a” and “b” (application of the real part of complex 

experimental modes) as attempts to isolate modal FRF behavior. Results associated with ISPE mode 10, detailed in 

Figure 9 below, indicate failure of artificial enforcement of real mode behavior to effect experimental mode isolation. 

                     

Figure 9: Attempts to Demonstrate Mode Isolation Employing Non-state-space Left-Hand Eigenvectors 



The following observations are made regarding the above three cases: 

Case 1: Modal orthogonality does not satisfy U.S. government criteria for modes with Index > 10% (shaded yellow) 

Case 2: Modal orthogonality improves somewhat when real parts of complex modes are employed 

Case 3: State-space modal orthogonality is mathematically perfect for “Universal EMA” complex modes. 

It is clear that Experimental Mode Orthogonality and Individual Modal Isolation for all EMA Techniques demonstrate: 

1. Effective modal isolation (which Resonance Testing has never completely satisfied) without the need for 

laborious excitation tuning (force appropriation). 

2. Validation of complex modes via the left-hand eigenvector FRF transformation, while employment of constrained 

real left-hand eigenvector FRF transformation fails to do likewise. 

3. Perfect satisfaction of modal orthogonality without the need for a TAM mass matrix. 

4. Complete separation of the EMA process from mathematical model predictions. 

3.5 Modal Orthogonality and Individual Modal Isolation for Time Domain EMA Techniques 

The above benefits demonstrated for frequency domain EMA techniques carry over to time domain EMA techniques, 

including Ambient and Operational Modal Analysis techniques that do not necessarily require known excitation 

sources. Ambient measurement and analysis situations operate on a time history array,  )t(U , for which the rows are 

associated with individual channel accelerations. The ultimate results of such time domain EMA techniques are 

complex eigenvalues and eigenvectors, which conform to all of the orthogonality related results described in section 

3.4 of this document. However, modal isolation associated with measured frequency responses must be replaced 

with time domain considerations that are described below: 

Step 1: Employ band-pass filtering and numerical integration to form the state-space time history array,  

  







=

)t(u

)t(u
)t(X




 .                       (27) 

Step 2: Apply the left-hand eigenvector transformation (employing its complex conjugate transformation, as well) to 

form the real state-space time history array, to form the real “modal” array, 

       ( )  )t(Xconj)t(X)t(q
LL

 += .                           (28) 

Step 3: Compute (a) power spectra associated with each of the individual real “modal” array component and (b) 

perform selected signal processing operations (in this discussion, randomdec signature operations[15] were found to 

be a useful demonstration tool)  to verify single degree-of freedom behaviors. 

Results of this exercise on ISPE acceleration response time history data (modal power spectra and mode 10 

randomdec signature FFT analyses) are summarized below in Figure 10. 

                         

Figure 10: ISPE Power Spectra for Modal Time Histories and Mode 10 Randomdec Analysis 



4.0 Conclusions 

The primary source of difficulties experienced in Resonance Testing (1939-present) and Modal Testing (1970-

present) is Lord Rayleigh’s 1877 speculative proportional damping hypothesis, which implies that a structure’s modes 

must be real. An overwhelming body of empirical data indicates that proportional damping is a false hypothesis. 

Moreover, both theoretical mathematical analyses and modern modal testing technology clearly indicate the 

“actuality” of complex modes (which are often approximately real nevertheless).  

This document offers a viable alternative to challenging practices employed in Resonance Testing and Modal Testing 

based on three foundational points, namely: 

1. Complex modes resulting from an empirical state-space model are mathematically orthogonal, based on 

computed left- and right-hand complex eigenvectors (modes). An explicit mass matrix is not required to 

mathematically define complex mode orthogonality. 

 

2. Pre-multiplication of measured frequency response functions and/or time history response arrays by left-hand 

complex eigenvectors produces completely uncoupled “signatures”, automatically satisfying the elusive “Holy 

Grail” of resonance testing. 

 

3. State-space format, complex left-hand eigenvectors may be rigorously constructed from right-hand complex 

eigenvectors and eigenvalues, deduced via non-state-space experimental modal analysis algorithms. This result 

opens the previous two benefits to virtually all experimental modal analysis and operational (ambient) modal 

analysis techniques. 

The findings detailed in this document are intended to specifically address improvements in experimental modal test 

process. No changes related to (a) test-analysis correlation and reconciliation and (b) the overall load cycle process 

following U.S. government and other organizational standards are implied or suggested in this work.   

The real challenge facing the U.S. Aerospace community, as well as the broader technical community, involves 

overcoming the “inertia” of long established technical positions and standards that assume/insist “actuality” of 

mathematically real experimental modes. Once this issue is settled, much broader challenges associated with 

establishment of procedures and standards dealing with strongly nonlinear-hysteretic structures await the technical 

community. 
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