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Summary

Charts provide an introduction to control system analysis/design approaches.

Starts with fundamental concepts and advances to stability of a launch vehicle with unstable
aerodynamics.

Part 1
Stability and Laplace Transforms
Eigenvalues
Spring-mass-damper system with Laplace Transforms and State Space
Closed-Loop vs. Open Loop
Root locus
Proportional-Integral-Derivative Control
Pole Placement
Step Response

Part 2
° Transfer function frequency response
o Bode plots
o Frequency response with Nyquist Plots
o Bode vs. Nichols vs. Nyquist
o Nyquist plots: full vs. half
o Nyquist stability criterion
o Stability margins
o Stability results with an unstable plant: Launch vehicle example
. Launch Vehicle Stability results with slosh
o Launch vehicle frequency domain examples



Recall: First Order System Stability

¢ Among uses for a Laplace Transform is to determine a solution to a linear
differential equation, and examine its stability properties:
Example : :

Pole-Zero Map
T

x(t) = ax(t) = )'c(t)— ax(t) =0 i " |
Take Laplace Transform : ST T e '
SX (S) _ X(O) _ aX(S) — O i Linear Simulation Results
x(O) $"[ a>0 => Unstable
X(S) = & st In simulation
s—a _
0 01 02 03 04 " e[l(;c) 06 07 08 09 1
Take Inverse Laplace Transform : _ Fae Zere g
X(t) - X(O)eat § 05
¢ The denominator of the transfer function set =0 I e e
is the “characteristic equation”, and for stability Rest s
the characteristic eqn must not have positive real PV ..o .
roots:
s—a=0 a<0 => Stable
g . .
e a>0 => Unstable (roots in right half plane) In simulation
e a<0 = Stable (rOOtS in left half plane) DD E|11 I:Ilz Ulz: 1:|I4 Dli UIE- I]‘? 08 09 1
e Note: These roots of the characteristic equation are also Time (sec)

called “poles”.



Given:

x(¢)= 4x(t)

The solution 1s :
x(t)=x(0)e*

¢ For Asymptotical Stability:
e A<(

Imaginary Axis

Amplitude

01

= Roots in left hand plane (with Laplace transforms)
= Eigenvalues are negative (with state space formulation)

Pole-Zero Map

Linear Simulation Results

Simulation

1 1 1 1 1 1 1 1 1
1 2 3 4 5 5] 7 g 9 10
Time (sec)

Same result if A is matrix, and via
Lyapunov Function

¢ Or if using Lyapunov Approach:

Define Lyapunov Function V' (x) :
Vix)=x"Px
Then :
Vix)=x"Px+x" Px
=(x"A")Px + x" P(A4x)
=x" A" Px+x" PAx
=x" (A" P+ PA)x

For Stability :
V(x)>0
Vix)<0

= P >0
= (A"P+PA)< 0

Lyapunov Inequality
In matlab: lyap

Example,let P=1:
(A" (D) +1)A)< 0
A < 0 for asymptotical stability s/



Recall: Open Loop vs Closed Loop

¢ A system is “open loop” if the input has no information on how the system responds:

x(t)
X=position Y= measuged position
—> > Sensor=1 e

m

¢ We can “close the loop” by feeding back the output and use that to calculate the input:

Desired ™
position Error F

x=position y= measured position
m > Sensor=1 —T >

\ 4

This is “proportional” control,
because the force F is now
proportional to the input Error:
(Force=K,*Error, K,=1)



Recall: Proportional —Integral-Derivative (PID) Control

Control

Dynamics
—> Ki/S

x(t)

Desired I L M
Position=1 Erro F x=position y= measured position
> > K, » —> . ——> Sensor=1 —>
A P
j|‘ N d
C

—> KdS

=

Step Response
T

P control
PD control
PID control

111 S R, SR >(X > L(s)
Closed Loop Transfer Function :

0 1‘5 20 25 L(S)
Time (secon: ds) 1+ L(S)

Amplitude:

Closed Loop Characteristic Equation: 7+L(s)=0
For stability, roots of characteristic equation should not be in the right half plane

A 4



Frequency Response of Transfer Function

¢ For an input sine wave to a stable transfer function, the steady state output is a sine
wave of the same frequency, however with a gain and phase shift.

x(t) = X sn( wt) y(t) =Y sin( wt + @)
> G(s) >

nput x {1 = X sin w!

t}mpu? ylFl =Y sin {wf + &}

From Ogata, Ref [1]



Bode Plot

¢ A Bode plot shows this steady state gain and phase shift as a function of input frequency.

nput x{r] = X sin ! Gain = —

x(1) = X sin( or) y(t) =Y sin( ot +P) G /Y\ /\
> \_/ W

> G(s)

Output YU =Y 5in wf + &)

¢ For example:
Gain/Phase for all frequencies:

G(s)=
s+5 02 Bode Diagram Using Absolute Value to Show Gain Ratio >>b0de(sys)
sys=tf(1, [1 5]) p \\
= 0.15 \\
¢ What is gain and phase shift at § \\\
o= 1 rad/sec? g N
= 0.25 \
[mag, phase] = bode(sys, 1) 0 r N\ :
— - EEER ~1‘.\
mag = 0.1961 phase =-11.3099 deg 5 \\
> 45
§ \\\\
\\
-90
10" 10° 10’

Frequency (rad/s)



Bode Plot, and Time Domain Sim, with Sine
Wave Input of 1 rad/sec

¢+ A Bode plot shows steady state gain and phase shift as a function of input frequency.

¢ For example, given the system below, what is the gain and phase shift for a input sine wave with
frequency of 1 rad/sec?:

1
G(s) =
S+5 e
Matlab command ‘Isim’ is quick
sys=tf(1, [1 5)) £20:0.1:10; way to simulate a linear system
u=sin(1*t);
bode(sys) Isim(sys, u, 1)
Linear Simulation Results
Bode Diagram Using Absolute Value to Show Gain Ratio '
0.2 :
~ AR
~ 015 N\ 06k . SO
g . |
3 04 Gain for 1 rad/sec input: AN o4 r
£ = 1961 \
% 02
= 005 g
£ 0
0 (1 7 f] SO
0 = [
“~~4\ 04
;a\ 1 ‘ \\ 06
o -45 = . : ; :
g Phase shift for 1 rad/sec input N i A B
T ase shift for 1 rad/sec input: N ' : '
-11.31 deg \ & 1 2 3 4 5 5 7 8 g 10

Time (seconds)

-0 {S———— -
-1 0
10 12 } 10 Note: One doesn’t need a Laplace transform to compute a
requency (radls) frequency response, instead simply input sine waves and
examine output.



Gain Shift is Typically Plotted in Decibels (dB)

fput 2t = X sin at

x(t) = X sin( rt) y(t) =Y sin( ot + @)
> G(s) >

bmpm Yl =¥ sin fwf + &)

Example, if the output gain doubles

To get gain in decibels (dB): (factor of 2), this is ~ 6dB increase:
: 5 : . =10*2*pi;
Gaingg = 20" logio(gain) >>gain_db=20*10g10(2) den = [1 0.74* 7*num num2];
Ipsys = tf(hum”*2, den)
bode(lpsys)

gain_db = 6.0206

Bode Diagram Using Absolute Value to Show Gain Ratio Bode Diagram Using dB to Show Gain Ratio

/\ T _LLHTIN

Magnitude (abs)
- &
\
N
//
Magnitude (dB)
o

05 \. 15
\ -20
0 0
\\ \\\
™ N
45 N\ 45 N
s \ i \
A kS
7£ -90 ~ o 90 |-
ol «©
a q q = . q .
T 135 Bode plot with absolute value for gain ratio \ T ol Bode plot with dB value for gain ratio \
— | ' | | T
-180 L -180 ! ! N N A LO 1
- -1
10" 10° 10’ 10 10 10

Frequency (Hz) Frequency (Hz)



x(t) = X sin( wr)

y(t) =Y sm( wt + @)

Bode Gain ratio is Typically Shown in Decibels (dB)

fput 2t = X sin at

Magnitude (abs)

Phase (deg)

> G(s)

To get gain in decibels (dB):

Gaingg = 20* logqo(gain)

Output y{F) = ¥ sin (wf + &)

Example, if the output gain doubles
(factor of 2), this is ~ 6dB increase:

>>gain_db=20%*log10(2)

gain_db = 6.0206

Bode Diagram Using Absolute Value to Show Gain Ratio Bode Diagram Using dB to Show Gain Ratio
2 e Gainof 2 5
-
/N =eas . L THIN
15
/ —_
e / \ %’ 5
. -
1 — 2
\ 5 -10
@©
=
0.5 \ 15 \
\ -20
0 0
T —
\\\ ~
45 \ -45
\ g
2
-90 |~ o -90 —
©
135 Bode plot with absolute value for gain ratio & .. Bodeplotwith dB value for gain ratio
L \\ IR —
180 -1801 ‘ e
10" 10° 10’ 10 10 10

Frequency (Hz)

Frequency (Hz)



x(t) = X sin( wr)

y(t) =Y sm( wt + @)

Bode Gain ratio is Typically Shown in Decibels (dB)

fput 2t = X sin at

Magnitude (abs)

Phase (deg)

> G(s)

To get gain in decibels (dB):

Gaingg = 20* logqo(gain)

Bode Diagram Using Absolute Value to Show Gain Ratio

Output y{F) = ¥ sin (wf + &)

Example, if the output gain doubles
(factor of 2), this is ~ 6dB increase:

>>gain_db=20%*log10(2)

gain_db = 6.0206

Bode Diagram Using dB to Show Gain Ratio

2 5 _
/ . pd \
Gain of 1 . ___—
15 // - — - -
L =0dB o)
e =
BN - g 7
! E
\ S -10
=
05 N\ -15 \
. -20
0 — 0 T
™ ~
-45 N 45
)
90 o 90
@
135 Bode plot with absolute value for gain ratio & .. Bodeplotwith dB value for gain ratio
L S~ BRI —
180 180 .
10" 10° 10’ 10" 10° 10

Frequency (Hz)

Frequency (Hz)



Bode Gain ratio is Typically Shown in Decibels (dB)

fput 2t = X sin at

x(t) = X sin( rt) y(t) =Y sin( wt + @)
> G(s) >

Output y{F) = ¥ sin (wf + &)

- _ Example, if the output gain doubles
To get gain in decibels (dB): (factor of 2), this is ~ 6dB increase:

Gaingg = 20* logsg(gain) >>gain_db=20*10g10(2)

gain_db = 6.0206

Bode Diagram Using Absolute Value to Show Gain Ratio Bode Diagram Using dB to Show Gain Ratio
2 -
5 7
/"
/\ "\
15 / . 0
Z D% g \
% __// 8 _2
2 1 2 "
g g ———/
0.5 ) 15 em
\\ Gain of // \
0.5 50!
0 iy ~-6dB |0 iy
N N
N N\ - N\
45 \ - 45 \
R \ 3 \
= )
2 90 o 90~
© ©
< . . . 1 H 1
T .. Bode plot with absolute value for gain ratio & .. Bodeplotwith dB value for gain ratio N
I \\ IR L] —
180 -180 : LS V- : ‘
- -1 1
10" 10° 10’ 10 10° 10

Frequency (Hz) Frequency (Hz) 13



Frequency Response: Spring Mass Damped System

Input x (= X sin w!

x(t) = X sin( o) $(0) = Y sin( ot + ) FO'ONA VA
> G(s) > AN

E:\mpuz Y=Y sin (wf + ¢}

¢ Another Example: Lightly Damped Spring-Mass System with resonance input:

x(t) Bode Diagram
K F’ 20 T e e Y LR Ry = e =~ I LIRS M R840 4 b
i - .~ | Peak gain of 23 dB at .225 Hz
= = = = Fo*sin(mt : < BA Ll :
m=1, k=2, ¢=0.05, Fy=1 m oé(w)g ks gain=10"(Gaing,/20)
W 1 = 23dB =14.13
¢ = - ' T TS B
k :
= \/: =1.41rad/sec =0.225 Hz
m 00
107
Analytical Steady State Gain to Resonance 20 , , , , , i{, ffo; T
(See Kreyszig): : : : :
2mF, g
X, =———=14.14 - l
cVdm*w® —c* @
220 | | | 1 1 i 1
Important Result: For lightly damped flex, 0 20 40 60 80 100 120 140 160 180 200
frequency response magnitude (steady state time- sec

gain) is roughly proportional to ~ 1/c From Ogata, Ref [1]



Example of flex gain ~ inversely
proportional to damping

2mkF, 2mkF,

~y
~y

c\/4mza)2 —ct  oAmto?

¢+ Ascent Vehicle Yaw axis open loop response, no filters, core-only sensor blending (From John
Wall/DCI)

¢ Doubling structural damping ~ halves flex gain

X

max

ol resp magmtude no filters, axis = 3, segment =2

30 ................. R BRREE R SRR
20 ' SRR R SR T
f : S Gaingy=20l0g1o(gain)
10 : : : S T 20log+(0.5) = -6 dB
oF L ..... ................ TEREE
3 -10
§ —20F
o : '
Ty | PP N I é ..... % ..... |
“40F }_._..ﬁ ...... g ..... }._I | aﬂenuaﬁonreqt'
50+ f : o UN 0.5% damping
: : SRR | B 1.0% damping
_60 5 . L L M L . L H ; I 1
10 10

frequency (Hz)



Summary thus far

¢ For an input sine wave to a stable transfer function, the steady state output is a sine
wave of the same frequency, however with a gain and phase shlft

x(t) = X sin( ax) y(1) =Y sin( ot +¢) m m m
> G(s) >
A

¢ A Bode plot shows the gain and phase shift as a function of frequency

Bode Diagram
Banass

¢ For second order systems, the steady state amplitude is inversely proportional to the

. el
JUWU WW&JW »NUWM | UHWUM

-20

input and output




Frequency Response and Polar Plots

Fput x{t) = X sin w?

x(1) = X sin( wt) (1) = Y sin( ot + &)
S G —— 0 f‘}\/Y\

Omp t oy =Y sin (wf + ¢}

¢ The output magnitude and phase change can be represented by a complex number
(frequency response).

¢ Let s=jo in transfer function, then solve. For example:

Gain/Phase for ® = 1 rad/sec:

G(s) = ——
s+ _J
| Gain and Phase Shift easily ‘G(J“’)‘ Re’+1Im’* =0.1961
. calculated from complex number
ey = /G(jo)=tan"| ™| =-0.1976 rad=-1131 d
Evaluate gain/phase at @ = 1 rad/sec: ¢=2G(jo)=tan Re) 76 rad =-11.31 deg
1 1

« I3 _J75 1993 0385
Jj+5 ]+5 j=5 =26

Gain/Phase in Matlab (as complex number): Gain/Phase in Matlab:

sys=tf(1, [1 5]) [mag, phase] = bode(sys, 1)
[re,im] = nyquist(sys, 1)

mag = 0.1961 phase =-11.3099
re= 01923 im= -0.0385



x(t) = X sin( )

Plotting Frequency Response

= X sin aif

s G o) f‘}\/Y\/X

VAN

Output yir = fwl + ¢}

¢ Let s=jow in transfer function, and the resulting complex number is the “frequency
response”

¢ A nyquist plot is a plot this real vs imaginary complex number values for all

frequencies.
e Results in a polar plot of gain vs. phase

m4 G(jw)|= % = yRe’+ Im’
el §=2£G(jo)= tan_l(;ﬂj
| C
aty /w'-"m
A o
| - ;r i Plot of frequency response (real vs. imaginary values) with o varied
| ~ from 0 to «
!
'''''''''''' - _m__m,,_l,_ Nyquist Plot

From Ogata, Ref [1]



Nyquist and Nichols Plots

fnput x{t] = X sin wt

x(t) = X sin( o) y(t) =Y sin( ot + @)

> G(s) > i X /Y\/&T
A

bmpuf vl =Y sin (wf + ¢}

1
G(s)=—r G(jow)=
sys=tf(1, [1 5]) G(jo)| =L =VRe+ I’ =0.1961=14.1dB

X
¢=2G(jo)= tan’l(gnj =-0.1976 rad =-11.31 deg
(v

Nyquist: Plots frequency response as

T g b e R e e Nichols: Directly plots phase vs. gain

NICTIOIS riart

Myquist Diagram -10 T
0.25 T 15 | u
. : System: sys2
02t nyquist(sys): 1 Gain (dB): -14.1
0415 L 3 i 20 F Phase (deg): -11.3
/ Frequency (radis): 1
01 1 & .l Increasing |
2 005 _ = Frequency
& =
= L ; ' : ; 4 LOx - £
g e | ) 3
"El? 005 F m =
E System: sys 5
o £ - [=X T .
01 F A e o nichols(sys):
015 Increasing Frequency (rad/s). 1.0 anl -
02 f Frequency .
025 : 4 45 L 4
-0 l:’ -u:uf: -0 ;f -D'I -U_lx].-: E]I 0 I,ZIE EII1 0 l1‘ Matlab trICk: _rlght .50 1 1
Real Axis click on nyquist or = - 60 -30 i
nichols curve to RS )

show frequency



Plots

Bode Diagram

S1i System: sys2
. i Frequency (radis): 1
Magnitude (dB): -14.1  © :

Magnitude (dB)
n

pe '...__ i
.1 System: sys2 S
-i Frequency (radis) 1 @ -

o :

s *: Phase (deg): -11.3

® 45 [ e o

o . RS R Tl

= :
bode(sys): :

T D L T T W W B s R I L S
107 10" 10' 10°

Frequency (radis)

Summary: Bode, Nichols, and Nyquist

Nichols Chart

All three plot same data: 02t
The gain and phase shift as 045
a function on input o1
frequency i BoS s

nyquist(sys):

-10 T
15 "
) System: sys2
Gain (dB): -14.1
20k Phase (deg): -11.3
/ Frequency (radis): 1
g os) Increasing i
e Frequency
i
G on
o -30F |
[=]
3
c
2 35 :
o nichols(sys):
40 -
45 k- i
50 ! !
-90 -B0 30 1]
Open-Loop Phase (deg)
Nyquist Diagram
) 1
R G(s)=——
] s+5
System: sys
Real: 0.192
: \ Imag: -0.0387 sys=tf(1, [1 5])
Fregquency (radss). 1.01

Increasing
Frequency

1 1 1 1

-0.05 0

0.05

Real Axis

02 025

1 .
G(s)=— G(jo)=-
s+5 Jjo+5

20



Nyquist Plots with Gain and Phase

¢ Some Nyquist plots show gain and phase for the frequency response rather than a
complex number.

¢ Result is a polar plot of gain and phase.

- Gl =R+
Nyquist Diagram B ©
[ : | [ Re (] > ¢ =tan”' Im
; ! Re
| ‘ | ! Ty w=Es
( 7 e
| . Re
_ | Yey4-'B
“ | l
y Sl {6 jud]
% ol J {
s NI
- w’

Real Axis

Nyquist Polar plot allows a visual
inspection of gain and phase margin
(more later).




Full Nyquist Plot vs. Half Nyquist Plot

¢ The frequency response drawn from @ = - ©,« is a full Nyquist plot, while one drawn
from o =0 ,~ is a “half” Nyquist (or just Nyquist) plot.

Critical point for Stability
Critical point for Stability

Nyguist Diagram

Nyquist Diagram
T

n
System: sys

Real: 7.32

Imag: 5.25

Frequency (radisec): -0.0924

Imaginary Axis
Imaginary Axis

1
4 [ g 10

1 ]
0 2 4 5] 8 10
Real Axis

Real Axis

Full NyCIUiSt, drawn from o = - . NyQUiSt, drawn from o = 0,00

¢ Note, in this example, the full Nyquist does not encircle the critical point.
e The ‘critical point’ for stability is discussed later.

¢ This encirclement (or lack of) is apparent on a full Nyquist, but not as clear in a half
Nyquist (or Bode or Nichols).

22



Matlab Tip: Full Nyquist vs. Half Nyquist

¢+ After Matlab draws a Full Nyquist plot, one can simply right click the plot
border and deselect “Negative Frequencies” to go from a Full Nyquist to a

Nyquist.

u Figure 1 ‘ l 7

File Edit View Insert Tools Desktop Window Help

Odde | RRODELML- S |08 ad

MNyquist Diagram
T

Systems 3

Characteristics »

Show »| v MNegative Frequencies |

Imaginary Axis
L]
+

Grid
Zoom on (-1,0]
Full View

Properties ...

Full Nyquist, drawn from @ = - e,

Imaginary Axis

Nyquist Diagram
T

1 1 1 1 1

0 2 4 =] g 10
Real Axis

Nyquist, drawn from o = 0,«

23



Summary: Key Points

¢ For an input sine wave to a stable transfer function, the steady state output is a sine

wave of the same frequency, however with a gain and phase shift.

Iaput x{t]

x(t) = X sin( o) y(1) =Y sin( ot + ¢) f{(\ A(\ /\
> 6 SECAVEAV T4

Cutput y{1 =Y sin {wf + &)

¢ We can represent this gain and phase shift as a complex number by setting s=jw:

1
G(s)=—
Sl s+5 G(jo)| = ——\/Re +1m’ =0.1961
(jo)+5 I
Evaluate gain/phase at @ =1rad/sec: ¢ ZG(]&)) tan™ R =-0.1976 rad=-11.31 deg
. . e
U TS TS5 joa3- 038 i

j+5 j+5 j-5 =26

R Gtjul ]
i

wIen

¢ Plotting the complex number as a function of frequency is a Nyquist PIot ;
e Plotting from o = - «=,~ is a “full” Nyquist plot |

e Plotting from o = 0,°o is a Nyquist plot (or “half” Nyquist).

¢ For a closed-loop system to be stable, the closed-loop characteristic equation,
1+L(s)=0, must have no roots with positive real values (Z=0).

24



Open Loop, can be unstable

\ 72

v

L(s)

Open Loop Transfer Function

Recall Open Loop vs. Closed Loop Poles

Pole-Zero Map
T T

Closed Loop Transfer Function :

g
2(S + 3) 5 P=1
L) = s(5s—1) (Unstable)
P=Number of poles in open loop transfer function in right hand plane -
Closed Loop
—>( X > L(s) > 1 x

T 05k Z=0 |

o (Stable) |

Imaginary Axis

2(s+3)
L(s) _ s(5s—1) 2(s +3) _ 2(s+3)
1+ L(s) 1, 2(5+3)  s(5s—1)+2(s+3) 55 +s5+6
S(SS—I)

Z=Number of poles in closed loop transfer function in right hand plane

25



Nyquist Stability Criterion

¢ Nyquist derived an approach to graphically determine the stability of a

closed loop system from the open loop system:
Z=N+P

where Z is the number of roots of 1+ L(s) (closed - loop characteristic equation) in right half plane (= 0 for stability)
P is the number of poles of the open loop transfer function L(s) in the right hand plane

N 1is the number of clockwise encirclements that the open loop system makes around the -1+ jO ("critical") point

¢ Notes:
o Z=0 for a stable closed-loop system (no poles in right hand plane).
° N=1 for clockwise encirclement, N=-1 for counterclockwise encirclement.
o If P=0 the open loop system (plant) is stable, and then N must = 0 as well.

¢ Stable Plant Example:

Nyquist Diagram Step Response
T T

Open Loop Transfer Function :

10 1
L(s)= = -
() (3S+1XSS+1) ) Lo
Closed Loop
P=0 Stable in

:m- l»lﬂ‘:

Q ~n
NITTTUIAtIVRI

Time (sec)

Critical point for Stability 26



Nyquist Stability Criterion

¢ Nyquist derived an approach to graphically determine the stability of a

closed loop system from the open loop system:
Z=N+P

where Z is the number of roots of 1+ L(s) (closed - loop characteristic equation) in right half plane (= 0 for stability)
P is the number of poles of the open loop transfer function L(s) in the right hand plane

N 1is the number of clockwise encirclements that the open loop system makes around the -1+ jO ("critical") point

¢ Notes:
o Z=0 for a stable closed-loop system (no poles in right hand plane).
° N=1 for clockwise encirclement, N=-1 for counterclockwise encirclement.
o If P=0 the open loop system (plant) is stable, and then N must = 0 as well.

¢ Stable Plant Example: Key Concept:

Nyquist Diagram

How close the plotted Nyquist
Path come to the “critical” point
is called “margin”

Open Loop Transfer Function :

10
L(s)= Hittin itical poi
g the critical point means
(3S + IXSS + 1) you are at the point of
P=0 unallowable “encirclements”,

hence failing the Nyquist
Stability Criterion.

Critical point for Stability

27



Gain and Phase Margins, Nyquist and Nichols

Nyaquist Nichols
T_p|ang. Im gain f L‘ﬂianﬂ
Critical point for Stability "’_}_,._..__
gain
Nyquist is a < stabilized Nichols is a
polar plot of gain et f cartesian plot of
Phase vs Gain lzed X1l i|~ phase Phase vs. Gain
1 4 Sabikze " p1agel] slabilized
g Re X : phase
gain
stabilize gain
phase 2 - Critical point for Stability
237 stabifized stabilized
f
From Lurie, Ref [2]
L-plane Nyquist (Nichols) diagram
20 : ; :
15 .............................................. A ......................................
‘|D .............................................. ......................................
30 R A T |V S T _
(g_ Bk ssommsadimmpens AAAAAAAA KH PhaseMargm~38deg ..... 4
é | R S .................. ........ _
o : :
i Gain Matgin _ :
Nyquist and 17 dB :
Nichols for - LA— ......... ........ . ; 4
Stable Plant . , Nichols
0 20 210 80 8 20 90 80 30 0

Open Loop Phase(deq)

28



Bode Plot Gain and Phase Margins, Stable Plant

Matlab command ‘margin’ gives a bode
plot but shows margin as well

Bode Diagram

Gm=17.5dB (at 3.88 radfsec) , Pm = 37.8 deg (at 1.05 radfsec)

100 ——r . r—rrrr— ' PP Tt

Magnitude (dB)

_1.'.'I|:| Lo a el Ll L vy anf Ll P aaaaal [

-90 —r T ——Trrr ——r Ty —T—TTTr — T
1 [
o~ L b )

1 B f——————————————————— - -+ o ) B R D O R A R, i

Phase (deg)

=225 |
With Stable Plant, and stable closed loop
F/'?I:I - [ RN | Lo 1yl Lt a1l L1 1ol 11 1111 System,gain<0dB at phase=_180 deg

107 1072 10" 10" 10"
Frequency (radisec)




Magnitude (dB)

Phase (deq)

Open Loop Transfer Function

L(s)=

100

10
P=0
S(S + 1)(S +5)

Bode

Bode Diagram
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Another Example: Gain and Phase Margins with Stable

Step Response
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Open Loop Transfer Function :

L(s) = 200 _ 200
S(S +3)(S + 5) s* +8s% +15s

num2 =200
den2=[18150]

sys=tf(num2, den2)

Clsoed - Loop Transfer Function :

200
_L(s) s(s+3)(s+5)

L v T R
s(s+3)(s+5)
200 200

" s(s+3)5+5)4200 s +85>+155+200

cl_sys=feedback(sys,1)
pole(cl_sys)
-8.8562

0.4281 + 4.7328i Z=2: Two Unstable Closed
0.4281 - 4.7328i Loop Poles

Imaginary &xis (seconds™)

S0

Pole-Zero Map

Stable Plant, Unstable with Feedback

cond:
=3

Imaginary Axis (e

pzmap(sys)

P=0: |
Open Loop Stable

Real Axis (seconds™)

Root Locus

10 +

rlocus(sys)

10 F

m

Root Locus shows
stable open loop
poles stable as
feedback added

-15 -10

Real &xis (seconds™)
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Continued Stable Plant, Unstable with Feedback:
Nyquist, Bode, Nichols

Open Loop Transfer Functon [~~~ — ‘
200 d g e
s(s+3)s+5) 2l |

Simulation

L(s)=

2} N=2 =
n Z=N+P=2: Unstable

Real Axis Time(sec)

Bode Diagram
Gm = -4.44 B (at 3.57 radisec) , Pm = -13.3 deg (at 4.93 rad/sec)
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Aerodynamic Instability in Launch Vehicles

¢ Launch vehicles are aerodynamically unstable when the center of pressure
(aero force application point) is above the center of mass.

e Generally the case.

REFERENCE
TRAJECTORY

Center of Pressure is
above mass center, which
drives vehicle attitude
away from equilibrium

Zes

ey

Adding fins moves center of pressure
down, which helps mitigate aero
instability

From Frosch, Vallely, Ref [4]

¢ Hence when one derives the equations of motion and corresponding
Laplace transform, one expects to see at lease one unstable pole.
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¢ = rotation

) ¢=C, qA(X - X,)/1
Z = translatio n

Launch Vehicle Rigid Body Equations of Motion, and Roots

Pole-Zero Map

FX,
€= 7 . 03
F 06 : ]
2 - :
¢s" =—ca—c,f k= 2ol :
_ F-D R : |
_k7a+k3¢+k4ﬁ k = M w 02F 7
g :
k7 = (CZan)/M :lé‘ 1 [ SOy O o W e G ox ..................... -
PD Control : o= ¢_§ E 02t T-
V
/BZ(KdS+Kp)¢c 04k i
06
Open Loop Transfer Function, L(s): 081
il‘l 2 1I -EI?E -Di‘l .nfz IZII UfZ‘ Elf4 06
y c,K s’ + (k ¢, —k,c)s+c,K s+—= (k c, —k,c)) Feal Axis
) B k, clk3
¢ i TR L CS——— ”
V V
# . *
-

L(s) at t=60 sec, Ares:

1.235s"2 +1.299 s + 0.03025

s"3 + 0.01371 s*2-0.3277 s + 0.01371

From Frosch, Vallely, Ref [4]

QPEN LOOP ROOTS

Saturn Data
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Is Closed Loop Design Stable?

¢ To meet Nyquist Criterion, open loop system must have two
counterclockwise encirclements (Z=N+P, since P=2 N must equal -2)

¢ Create Nyquist Plot of Open Loop Transfer Function:

MNyquist Diagram

N =-2
Stable with
feedback

Imaginary Axis
I

Full Nyquist

-4 1 1 1 1 1 1

-4 23 -2 2] 0 1 2
Real Axis



¢ Should

Nichols, Bode, and Nyquist Plots

have a negative crossing of stability line to be stable.

e One negative crossing on bode, nichols, and nyquist plots maps to two
counterclockwise encirclements on full nyquist.

Nyquist 270 deg

a0 deg

Counting
“encirclements” on
these plots if not
intuitive: Probably
stick with full Nyquist
to count
encirclements!

Bode Diagram

Nichols Chart
T

Open-Loop Gain (dB)

o

[

, ' \-cr'ossins

Nichols

Gm =-10.5 dB (at 0.244 radisec) , Pm = 51.2 deg (at 1.32 radisec)
T T T T

Magnitude (dB)

Phase (deg)

= crossing

3 -2 -1 0
10 10 10 10

Frequency (radisec)

-270 =225 -180

Open-Loop Phase (deg)

Bode




Launch Vehicle Rigid Body Equations of Motion: Add slosh

o = slosh displacement

Z = translation

¢ — I‘Otation r ] Nichols F'Ilot, with alnd wit:wut Slosh | ;
: ég’ Slosh
, 1 ) : L | : ——No Slosh
Zs +Hms0'5 —kp=koa+kp+k,p
> 2
¢s° ——los" ——k,o=—ca—c,p
1

o5’ +2¢.w,.05+w, 0 —I¢s’ —k,p+Zs* =0

Open-Loop Gain {dB)

PD Control :
ﬂ = (KdS +Kp)¢c

=0, gA(X , - X )/1

Open-loop Phase (deg)

ky=—

k; =(C, qA)/ M
zZs
a=¢g——
¢ V

From Frosch, Vallely, Ref [4]



Michals Plot, with and without Slosh

I [ ] I - I — Slosh
This slosh mode is \ ' ——No Slosh
“ stable” since
has a gain > 1 ( 0 dB),

............................... 3 SN, . N |

and a shift can
cause instability.

Open-Loon Ga

Open-loop Phase (deg)

Generally like to gain
stabilize rather than
phase stabilize, but if

the mode is too low
frequency, then gain
stabilization may not be
feasible.

Launch Vehicle Stability: Gain Stable and Phase Stable

Frequency Response, with and without Slosh

‘ [ ] l I I : Slosh
: : : : ——No Slosh
This sloshmode is “. |, stable” |\ ]
since has again<1(0dB),anda .
shift can cause instability. ................................................. l
EQ ................ “ ..... \ .......................................... 2
g £ A
(S I SR S S ........... {\..f...:\,. i T Il
................................................... SLS LOX -
Tank

From Frosch, Vallely, Ref [4]
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Ares | Stability Margin Definitions A

First Stage Fundamental
Bending Mode Phase Stabilized, Upper Stage LOX Mode Phase Stabilized,

As with Saturn, Atlas, Delta, Titan, etc. As with Shuttle

~\
L-Plane Nyquist, Th BX\\Q d .
’ a'ne yq!uvs 'ree ¢ A ? 5 ; . L-Plane Nyquist, Slosh and One Bendin de

Rigid Body, Aero, Slosh Flex
: Phase Stabilized Gain Stabilized
M(i?gi]n 52?;? Flex Modes Flex Modes
(dB) (deg) Phase Margin (deg) Flex Atten (dB)
Nominal >6 >30 >45 >10
Dispersed >3 >20 >30 >6

National Aeronautics and Space Administration



Delta 2 Frequency Response (Nyquist) A

2 Delta 2 Flex mode was
phase stabilized with
L ~88 degrees phase
margin

0
-1
-2
-3

-7 6 5 4 -3 2 -1 0 1 2

Figure 5: Delta Lift-Off Nyquist Results From Ref [9], Nyquist Circle Added

National Aeronautics and Space Administration 40



Paga 3 HICHDLE PLOT: GAIN [dB} va PHASE [dag)
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Fllaayawitini 38 cul date:  Sigrai Sofitesfrena].  Dam<ipons|
National Aeronautics and Space Administration

T mAINIDE]

Shuttle Frequency Response

FREQIUENRCY RESPONEE, OPEM LOOP YAW, YANGINTIR

Shuttle Lox tank was
phase stabilized. Lox
Phase Margin was a
challenge!
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From Frosch, Vallely, Ref [4]
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Conclusions

¢ Nyquist, Bode, and Nichols plots are all useful in graphically examining the

frequency response of linear systems.
¢ All three capture the gain and phase shift of a sine wave into the system.

¢ Full Nyquist plots are useful to graphically determine the closed-loop stability, and
the number of unstable poles, without actually computing the closed-loop transfer
function.
e Computing the closed-loop transfer function for complex systems can be significant effort when
done by hand.
e Easier to visualize stability with full Nyquist plot because it plots the entire frequency range (-«,« )
rather than half (0, «) with Nichols, Bode, and “half’ Nyquist.

¢ Stability margins are perhaps more easily recognized with Nichols and Bode plots
rather than Nyquist.
¢ Nyquist is a polar plot of gain and phase, and many are more acquainted with cartesian

coordinates.
e However gain and phase margins are available, and consistent, on all three.

¢ Gain and/or phase stabilization is acceptable with slosh and flex dynamics.
e Gain stabilization is generally preferred because it is more robust to time lags (latencies) in the
system.
¢ Flex/slosh stability margins are easily viewed on frequency response plots.
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Ares DAC 2 results, Nichols vs. Nyquist, PID control

Frequ&mgy Respense %D.QB Hz
: - 60°

Nichols Chart: Flight Time at 60 sec

L MEe

=
=
8 . .......... .......... om0
= N f
g S
I T o S 2 § S e e
: : | : ——— 432 Hz e R
TR UL WS IS T 554 Hz || _
: ——824Hz| | 0 I e B => Koy,
i | ] i 1 i | : e Kamz’(s
-105° of =———p => K.8/s+K_a+K +K_e.,/s
Open-Loop Phase (deg) LG ) d : p-d®12" a2

The Nyquist Plot allows user to breakdown the frequency response of

each component of a PID controller. This allows visual quantification of
how each controller state is impacting margin.

DAC2 Ares | FS Filter Design

Rob Hall, Jimmy Jang, Lee Yang, Naz Bedrossian
The Charles Stark Draper Laboratory, Inc.

CLV GNC 07-010
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¢ Unforced spring-mass with small damping:
mi(t)+ cx(t)+ kx(¢)= 0

Take Laplace Transform :
m|s* X (s) —sx(0)— )'C(O)]Jr clsX (s) = x(0)]+ kX (s)=0

%

Recall: Transfer Function for spring-mass system:

x(t)
’—>

7
o = %w

k

m

mx(0)s +mx(0)+ cx(0)
X(s) =
2 k
ST+ —s+—
m m
Characteristic Equation : Real TI—
2
c k 1| ¢ c
2
s"+—s+—=0 = Roots= A ,=s5,=—|——=x. /| —| —4—
m m ’ T2 m m
¢ >0: Asymptotically stable c =0: Stable

Linear Simulation Resutts Linear Simulation Resutts
T T

Amplitude
Amplitud

02 Simu|ati0n g Y 01 ImU|at|0 N
; ’—\/\_/_ i ’ ;
o 01 1

02 I L L L
1) 1 2 3 4 5
Time (sec)

10

X
e
&
= -
g UF
£
=
o
EAf
X
2 L
-1 4 0 0 04 1
Real Axis
Linear Simulation Results
4 T T T T
o L
k=3
]
g 0 H‘\_—/--‘-
o ) TR System: sys_ss
Time (sec): 5.58
9 1 ' Amplitude: 0.481
o 1 4 5 B 7 a c 10
Time (sec)

For stability, real part of roots
(eigenvalues) cannot be > 0

¢ < 0: Unstable

Pole-Zero Map

- )
T
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Nyquist

1

crossing siabilize
phase

\f—' stabilized

Crossing with Nyquist and Nichols

+ i Nichols
crossing 1
& - ain
- ¢ gai
crossing EmmltZ?d
gain I 'il

417 phase
stabilized *1

I 1801} stabilized
o

. From Lurie, Ref [2]
gain
2 gtabilized

Stability Line

¢ A crossing of the 180 deg stability line with gain >1 ( 0 dB) on a Nichols

and Nyquist maps to encirclements on a full Nyquist.
e A negative crossing maps to a negative encirclement.
e Positive crossings generally indicate instability.
e An unstable plant must have a negative crossing for closed loop stability
e For a stable plant there should be no crossing of the stability line, or at least the

number of crossings should sum to zero.
— Stable plant can have no encirclements.
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Crossings With Bode Plot

The direction that the response curve crosses the -180 deg line on Bode for gain > 0 dB
also maps to encirclements (negative crossing denotes negative encirclement).

Bode Diagram Bode Diagram
Gm =17.5 dB (at 3.38 radisec) , Pm = 37.8 deg (at 1.05 radfsec) Gm =-10.5 dB (at 0.244 radisec) , Pm = 51.2 deg (at 1.32 radisec)

Magnitude (dB)
Magnitude (dB)

-1 BT AT RS T SR T R
= b § 1 5 O, . . .. ...l
g 1 [ = crossing
£ s Crossing .
Stable since N .
m.;n"i | m’ ‘ m' ‘ '“'“]*DD B ”“;.U' B m’ gain <0dB 107 10 10" Stable with

Frequency (radis(  UN Sta b Ie P I ant

Frequency (rad/sec)

Bode Diagram
Gm = -4.44 dB (at 3.57 radisec) , Pm = -13.3 deg (at 4.93 rad’isec)

Magnitude (dB)

-100

-150
-90

\+ crossing

-180

R
]
a0

Phase (deg)
&
I / I } \

-1 0 I 3 .
10 10 10 10 e See, Garcia-Sanz Ref [3]
Frequency (radisec) 49




Unstable Plant Example, encirclements and crossings

Nyquist Diagram
2 T -
Open Loop Transfer Function : . o
P P Nyquist Criteria: Z=N+P
(s+3)(s+5)
L(s)=7——"—— T ;
(s=4)(s—2) :> For closed loop Stability (Z=0) os! |
p=2 Hence N must =-2: two =23 N2
Two Unstabl Counterclockwise encirclements B Stable
Wo Unstable on full Nyquist '“ |
Open loop Poles
e
29 1 1 1 ! 1 1
-15 -1 -05 1] 05 1 15 2
Real Axis
L-plane Nyquist {Nichols) diagram
Bode Diagram g?ﬂdggg Nyquist 20 : qu N T ) 91
Gm =-2.5dB (at 3.32 rad/sec) , Pm = -180 deg (at Inf radisec)
& ] 7 g ! 13 LN SR . SO VRTINS M. =
| Nichols
1} E
e ﬁ = 17 O T T W .. _
,_\ -90 F o
% 150 / B T NN SO - R . SN N S ...................
/ - crossing N
w L F',D;uency (,ad,sli; v 1w 05 B 20 200 e 15 -12iIJ -QiEl -aiu -3ia 0

Open Loop Phase(deq)

¢ Important Point:

e Since the Nichols, Bode, and Nyquist are not “full” frequency plots, they will only show 1 crossing of
the stability line for each two encirclements.



Recall: Open Loop vs. Closed Loop Transfer
Functions

Open Loop System may be Stable or Unstable

¢ Open loop

v

> L(s) OR ——> H(s) ——> G(s) ——>

Control Dynamics

¢ Closed Loop

+ +
>(X > L(s) ——>(X—>| H(s) —> G(s) ——>

L L

\

L(s) | G)H()

N

|
\%
|

1+ L(s) 1 1+Gs)H(s)

Closed Loop Characteristic Equation: 1+L(s)=0 ( 1+G(s)H(s)=0)
For stability, roots of characteristic equation should not be in the right half plane

\
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06 |

A 4

- L(s)

0

N
Imaginary Axis

04+

06}

-08

O NOMINAL GAIN

ATTITUDE CONTROL SYSTEM

Saturn Root Locus

Root Locus for Ares and Saturn

Root Locus

04

Ares Root Locus

02F

Real &xis

[ Final Position of Pole in Design
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Recall: Open Loop vs. Closed Loop Example

Open Loop, can be unstable

Pole-Zero Map
T T

> bl
Ex : Open Loop Transfer Function : - 2 e
; 2(s +3) ) P=1
(s) = s(55-1) (Unstable)
P=Number of poles in open loop transfer function in right hand plane
Closed Loop
i Z=0
S S | Stable) |
Closed Loop Transfer Function : ) .
2(S =+ 3) " os) .
L(s) _ s(5s—1) _ 2(s+3) _ 2(s+3)
1+L(s) 1, 205+3)  s(55—1)+2(s+3) 55" +s5+6 r
S(SS — 1)
Z=Number of poles in closed loop transfer function in right hand plane e
Sensitive But Unclassified 53 53 - 05/16/2007



Nyquist Stability: A Visualization

= Recall for a stable closed loop system, the characteristic equation 1+L(s)=0 must not have
positive real roots:

L(s)
1+ L(s)

v

» Substituting s=jw into the characteristic equation leads to the “critical point” L(jw)= -1 + jO,
which can be shown to be critical to stability

» Hence the -1 + 0j “critical point” is then plotted on a Nyquist Plot and compared against the
Nyquist path:

Nyquist Diagram

Imaginary Axis

Real Axis

If the Nyquist plot of L(jw) 1ntersects tne critical point tne system is on the verge of instability
because it is close to failing the necessary encirclement criterion.

= How close the curve comes from the critical point is called margin.

Sensitive But Unclassified 54 54 - 05/16/2007



	Slide 1: Frequency Domain and Control System Introduction, with application to Launch Vehicles Part 2
	Slide 2: Summary
	Slide 3: Recall:  First Order System Stability
	Slide 4: Same result if A is matrix, and via Lyapunov Function
	Slide 5: Recall:  Open Loop vs Closed Loop
	Slide 6: Recall:  Proportional –Integral-Derivative (PID) Control
	Slide 7: Frequency Response of Transfer Function
	Slide 8: Bode Plot
	Slide 9: Bode Plot, and Time Domain Sim, with Sine Wave Input of 1 rad/sec
	Slide 10: Gain Shift is Typically Plotted in Decibels (dB)
	Slide 11: Bode Gain ratio is Typically Shown in Decibels (dB)
	Slide 12: Bode Gain ratio is Typically Shown in Decibels (dB)
	Slide 13: Bode Gain ratio is Typically Shown in Decibels (dB)
	Slide 14: Frequency Response:  Spring Mass Damped System
	Slide 15: Example of flex gain ~ inversely proportional to damping
	Slide 16: Summary thus far
	Slide 17: Frequency Response and Polar Plots
	Slide 18: Plotting Frequency Response
	Slide 19: Nyquist and Nichols Plots
	Slide 20: Summary:  Bode, Nichols, and Nyquist Plots
	Slide 21: Nyquist Plots with Gain and Phase
	Slide 22: Full Nyquist Plot vs. Half Nyquist Plot
	Slide 23: Matlab Tip:  Full Nyquist vs. Half Nyquist
	Slide 24: Summary: Key Points
	Slide 25: Recall Open Loop vs. Closed Loop Poles
	Slide 26: Nyquist Stability Criterion
	Slide 27: Nyquist Stability Criterion
	Slide 28: Gain and Phase Margins, Nyquist and Nichols
	Slide 29: Bode Plot Gain and Phase Margins, Stable Plant
	Slide 30: Another Example:  Gain and Phase Margins with Stable Plant
	Slide 31: Stable Plant, Unstable with Feedback
	Slide 32: Continued Stable Plant, Unstable with Feedback:  Nyquist, Bode, Nichols
	Slide 33: Aerodynamic Instability in Launch Vehicles
	Slide 34: Launch Vehicle Rigid Body Equations of Motion, and Roots
	Slide 35: Is Closed Loop Design Stable?
	Slide 36: Nichols, Bode, and Nyquist Plots
	Slide 37: Launch Vehicle Rigid Body Equations of Motion:  Add slosh
	Slide 38: Launch Vehicle Stability:  Gain Stable and Phase Stable
	Slide 39: Ares I Stability Margin Definitions
	Slide 40: Delta 2 Frequency Response (Nyquist)
	Slide 41: Shuttle Frequency Response
	Slide 42: Saturn 5 Nyquist and Nichols 
	Slide 43: Conclusions
	Slide 44: References
	Slide 45: Backup
	Slide 46: Ares DAC 2 results, Nichols vs. Nyquist, PID control
	Slide 47
	Slide 48: Crossing with Nyquist and Nichols
	Slide 49: Crossings With Bode Plot
	Slide 50: Unstable Plant Example, encirclements and crossings
	Slide 51: Recall:  Open Loop vs. Closed Loop Transfer Functions
	Slide 52: Root Locus for Ares and Saturn
	Slide 53: Recall:  Open Loop vs. Closed Loop Example
	Slide 54: Nyquist Stability:  A Visualization

