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Linear stability analysis (LSA) and direct numerical simulations (DNS) with random inflow
forcing are used to study the effects of wall cooling on boundary-layer instabilities and transition
(BLT) over a sharp 7-degree half-angle cone at zero-degrees angle of attack in a Mach 6 flow
representative of the Air Force Research Laboratory’s Mach-6 Ludwieg Tube. The study
focuses on cones with two different isothermal wall temperatures: an uncooled warm-wall case
with 𝑇𝑤 = 298 K and a cooled cold-wall case with 𝑇𝑤 = 84 K. For both wall temperatures, LSA
based on the parabolized stability equations identifies Mack’s second mode as the dominant
instability mechanism. The planar Mack’s second-mode waves are dominant for the cold-wall
case, but the oblique Mack’s second-mode waves are more amplified than the planar ones for a
large extent of the warm-wall cone. At the measured transition location of 𝑥 = 0.2 m, the most
amplified waves have a disturbance azimuthal wavenumber of 𝑚 = 6, which is used to define the
azimuthal domain for the DNS to compute BLT in the warm-wall case. Complementary DNS
with a sufficiently large azimuthal domain confirms the amplification of the oblique waves for
the warm-wall case. The DNS of the cold-wall case validates many of the predictions made by
linear PSE. The second-mode frequencies are higher due to the smaller boundary layer that
forms over the cooled cone. The cold-wall DNS shows a downstream shift in transition location
along with diminished oblique modes and a more dominant second Mack-mode instability. The
study finds that with careful tuning of the forcing amplitude, a random inflow forcing method
can produce very similar spectral content to the LSA predictions and the expected second-mode
dominant transition at a location similar to that of a noisy wind tunnel experiment.

Nomenclature
𝐶 𝑓 Skin-friction coefficient
𝐶𝑝 Specific heat at constant pressure [J/(kg·K)]
𝑑𝑠 Wall-parallel grid spacing [m]
𝑑𝑧𝑛 Wall-normal grid spacing [m]
𝛿 Boundary-layer height based on 99% recovery of 𝑢/𝑢𝑒 [m]
𝑓 Frequency [Hz]
𝑘 Turbulent kinetic energy [J/kg]
𝐿 Cone length [m]
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𝑚 Azimuthal wavenumber
𝑀 Mach number, 𝑀 ≡ 𝑢/𝑎
𝑁𝐸 𝑁-factor based on total disturbance energy
𝜇 Coefficient of dynamic viscosity [kg/(m·s)]
𝑃 Pressure [Pa]
𝑃𝑟 Prandtl number
𝑅𝑒∞ Freestream unit Reynolds number, 𝑅𝑒∞ ≡ 𝜌∞𝑢∞/𝜇∞ [m-1]
𝑞 Dynamic pressure, 𝑞 = 1

2 𝜌𝑢
2 [Pa]

𝑞𝑤 Wall heat flux [W/m2]
𝑆𝑡 Stanton number, 𝑆𝑡 = 𝑞𝑤/(𝑐𝑝𝜌∞𝑢∞ (𝑇0 − 𝑇𝑤))
𝑇 Temperature [K]
𝑇𝑟 Recovery temperature, 𝑇𝑟 = 𝑇∞ (1 + 0.89 𝛾−1

2 𝑀2
∞) [K]

𝜏𝑤 Wall shear stress [Pa]
𝑢 Streamwise velocity [m/s]
𝑢𝜏 Friction velocity, 𝑢𝜏 ≡

√︁
𝜏𝑤/𝜌𝑤 [m/s]

𝑥 Streamwise distance [m]
𝑥𝑖 Inflow forcing location [m]
𝑧 Radial distance [m]
𝑧𝜏 Viscous length, 𝑧𝜏 = 𝑣𝑤/𝑢𝜏 [m]
𝜅 Coefficient of thermal conductivity [W/(m·K)]
𝜌 Density [kg/m3]

Subscripts
0 Stagnation
∞ Freestream
∞, 2 Post-shock freestream
n Normal
r Recovery
tr Transition
w Wall

Superscripts
+ Variable in wall units, (·) ≡ (·)/𝑧𝜏

I. Introduction
Extreme heating and high shear stress are two of the biggest challenges facing the design of hypersonic vehicles.

Understanding boundary-layer transition (BLT) is crucial to predicting and controlling these loads. The most dominant
method of transition for sharp cones at zero-degrees angle of attack (AoA) has been shown to be the amplification of
Mack-mode (or second-mode) instabilities [1], and wall cooling has substantial qualitative and quantitative effects on
the development of second-mode instabilities and subsequent transition processes in hypersonic boundary layers [2].
The Hypersonic International Flight Research Experimentation (HIFiRE) program has given an opportunity to compare
flight test data to wind-tunnel and computational results. Tests conducted at the CUBRC facility included measurements
at a wall-to-stagnation temperature ratio (𝑇𝑤/𝑇0) of 0.13, which compares closely to the flight conditions of HIFiRE-5b,
where 𝑇𝑤/𝑇0 = 0.18 [3, 4]. Although the effect of wall cooling has long been explored as a means of controlling BLT
at hypersonic speeds, previous studies [5–10] have produced varying conclusions about its effect on the location of
the boundary-layer transition. Some studies found that wall cooling increases the transition Reynolds number (i.e.,
the freestream unit Reynolds number multiplied by a characteristic length equal to the location on the model where
transition occurs) [5, 6], while others reported no correlation between transition and wall cooling or even a decrease in
the transition Reynolds number due to wall cooling [7–10].

In an attempt to explain the discrepancies in the literature on the effect of wall cooling on BLT, a series of experiments
were recently performed in the Mach-6 Ludwieg Tube (M6LT) of the Air Force Research Laboratory (AFRL) [11–14].
These experiments employed a sharp 7◦ half-angle cone model with a tip radius of 0.1 mm, a base diameter of 15.11 cm,
and a length of 60.96 cm. The cone surface was either kept at room temperature or cooled by continuously flooding
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the built-in internal cavity of the model with liquid nitrogen (LN2). Modern flow diagnostic techniques including
high-speed schlieren and focused laser differential interferometry (FLDI) were used to determine the boundary-layer
transition location and quantify the second-mode disturbance frequency and amplitude as a function of wall temperature.
In particular, at a fixed unit Reynolds number of 𝑅𝑒∞ = 15.0× 106/m, Clingenpeel [14] reported that severe wall cooling
with𝑇𝑤/𝑇𝑒 = 1.34 shifts the transition front downstream by approximately 150 mm relative to that of a room-temperature
cone with 𝑇𝑤/𝑇𝑒 = 4.74. Despite the difference in the transition onset, the fully-cooled and room-temperature cases
showed similar second-mode frequencies and amplitudes at comparable locations with respect to transition onset. They
hypothesized that the initial second-mode amplitude for the fully-cooled case is orders of magnitude smaller when
compared to the room-temperature case, and the mechanism driving the aforementioned change in receptivity, and
thereby the initial second-mode amplitude, is tied to a change from an unstable slow-mode branch to the fast-mode
branch as a result of severe wall cooling. Further experimental and/or computational work is needed to determine the
wall-temperature-dependent receptivity effect on the initial second-mode amplitude and quantify the growth rate and
maximum amplitude of the second-mode waves to parse out their hypothesis. To facilitate computational studies of the
receptivity process, it is important to account for the effect of tunnel noise by establishing a link between forcing at the
inlet and modal disturbance amplification within the boundary layer, considering that almost all the aforementioned
experimental observations have been made in conventional (i.e., “noisy”) hypersonic wind tunnels. This will help relate
the computational results to experimentally observed phenomena such as reduced receptivity under cold-wall conditions
in AFRL’s M6LT.

The current study performs linear stability analysis and direct numerical simulation characterization of the boundary-
layer instability and transition process over a Mach 6 sharp-cone model at warm-wall and cold-wall temperature
conditions. The objective is to shed light on the effect of wall temperature on the relevant instability modes that led to
the transition delay observed in the experiments.

The rest of the paper is structured as follows. Section II introduces the flow conditions and cone geometry. Section
III shows the linear stability analysis based on the parabolized stability equations (PSE) for both the warm- and cold-wall
cones. Section IV discusses DNS results for the warm-wall and cold-wall configuration, making comparisons to PSE
and direct comparisons of wall-cooling effects. A summary of the results and final conclusions is provided in Section V.
The Appendix presents a short case study on the effect of a slightly reduced inflow forcing domain.

II. Flow Conditions and Cone Geometry
This study conducts linear stability analysis and DNS of Mach 6 flow over a 0.6-meter-long circular, axisymmetric

cone with a half angle of 7 degrees and a 0.1-millimeter nose tip, with the freestream conditions and cone geometry
representative of those of the experiments in the AFRL’s M6LT [12, 14]. Similar to the experiments of Clingenpeel
[14], the current numerical study focuses on boundary-layer instability and transition over a sharp cone with and
without wall cooling. The uncooled cone has a warm-wall temperature of 𝑇𝑤 = 298.0 K, which corresponds to a
wall-to-recovery temperature ratio of 𝑇𝑤/𝑇𝑟 = 0.72, while the cooled cone has a cold-wall temperature of 𝑇𝑤 = 84.0 K,
which corresponds to a wall-to-recovery temperature ratio of 𝑇𝑤/𝑇𝑟 = 0.20. To isolate the effect of wall cooling, the
freestream conditions are fixed for both warm- and cold-wall configurations. A summary of the conditions used is given
in Table 1.

Table 1 Freestream and wall-temperature conditions for the warm-wall and cold-wall configurations.

Case 𝑇𝑤 𝑇𝑤/𝑇𝑟 𝑀∞ 𝑅𝑒∞ 𝑇∞ 𝑢∞ 𝜌∞ 𝑃∞
(K) (×106 m-1) (K) (m/s) (kg/m3) (Pa)

Warm-wall 298.0 0.72
6.1 15.0 54.1 902.4 0.05875 909.6

Cold-wall 84.0 0.20

III. Linear Stability Analysis
In this section, the PSE methodology is explained and the results from linear stability analysis based on the PSE for

both the warm- and cold-wall cones are presented.
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A. PSE Methodology
To perform a linear stability analysis, the laminar base flows are first calculated with the VULCAN-CFD solver

for both the warm- and cold-wall cones. VULCAN-CFD is a second-order-accurate, finite-volume algorithm for the
compressible Navier–Stokes equations [15]. The VULCAN-CFD solution is based on the axisymmetric Navier-Stokes
equations and uses the solver’s built-in capability to iteratively adapt the computational grid to the bow shock and
boundary-layer edge [16]. A grid of 2201 × 826 points (streamwise and wall-normal directions, respectively) is used for
both configurations. This grid resolution provides converged stability results as demonstrated in previous work on a
similar geometry [17]. Sutherland’s law for air is used to calculate the dynamic viscosity as a function of temperature,
and the Prandtl number was set to be 𝑃𝑟 = 0.72.

The base flow solutions are then used with the PSE to study the modal amplification of convectively unstable
boundary-layer waves. The PSE computes the linear amplification of disturbances using quasi-parallel Linear Stability
Theory (LST) results at the neutral location as the initial condition.

For this problem, an orthogonal, body-fitted coordinate system (𝜉, 𝜂, 𝜁) is employed, representing the streamwise,
wall-normal, and azimuthal directions, respectively. The corresponding velocity components are (𝑢, 𝑣, 𝑤), and density
and temperature are denoted by 𝜌 and 𝑇 . The metric factors for the coordinate transformation are defined as

ℎ𝜉 = 1 + 𝜅𝜂, (1)
ℎ𝜁 = 𝑟𝑏 + 𝜂 cos(𝜃), (2)

where 𝜅 denotes the streamwise curvature, 𝑟𝑏 is the local radius, and 𝜃 is the local half-angle along the axisymmetric
surface, i.e., sin(𝜃) = 𝑑𝑟𝑏/𝑑𝜉. The Cartesian coordinates are represented by (𝑥, 𝑦, 𝑧). The perturbation variable vector
is denoted by q̃(𝜉, 𝜂, 𝜁 , 𝑡) = ( 𝜌̃, 𝑢̃, 𝑣̃, 𝑤̃, 𝑇)𝑇 , and the vector of disturbance functions is q̆(𝜉, 𝜂, 𝜁) = ( 𝜌̆, 𝑢̆, 𝑣̆, 𝑤̆, 𝑇)𝑇 . The
vector of basic state variables is q̄(𝜉, 𝜂, 𝜁) = ( 𝜌̄, 𝑢̄, 𝑣̄, 𝑤̄, 𝑇)𝑇 . For axisymmetric geometries at zero degrees angle of
attack, the basic state variables are independent of the azimuthal coordinate, and the linear perturbations can be assumed
to be harmonic in time and azimuthal direction

q̃(𝜉, 𝜂, 𝜁 , 𝑡) = q̆(𝜉, 𝜂) exp [i (𝑚𝜁 − 𝜔𝑡)] + c.c., (3)

where the 𝑚 is the azimuthal wavenumber and 𝜔 is the angular frequency.
The PSE approximation to the harmonic linearized Navier–Stokes equations (HLNSE) is based on isolating the

rapid phase variations in the streamwise direction via the disturbance ansatz

q̆(𝜉, 𝜂) = q̂(𝜉, 𝜂) exp
[
i
∫ 𝜉

𝜉0

𝛼(𝜉′) d𝜉′
]
, (4)

where q̂(𝜉, 𝜂, 𝜁) = ( 𝜌̂, 𝑢̂, 𝑣̂, 𝑤̂, 𝑇)𝑇 represents amplitude functions that vary slowly in the streamwise direction compared
to the phase term. Transition onset is characterized using the logarithmic amplification ratio, or 𝑁-factor, relative to the
initial instability point 𝜉𝐼 :

𝑁𝐸 = −
∫ 𝜉

𝜉𝐼

𝛼𝑖 (𝜉′) d𝜉′ + 1/2 ln
[
𝐸̂ (𝜉)/𝐸̂ (𝜉𝐼 )

]
, (5)

where 𝐸̂ denotes the energy norm of q̂ as defined by [18]. Additional details on the PSE method can be found in
Refs. [19, 20].

B. PSE Results
Figures 1a and 1b plot the logarithmic amplification factor, or 𝑁-factor, based on the total disturbance energy,

𝑁𝐸 , of planar and oblique waves for the warm- and cold-wall cases, respectively, at the corresponding experimentally
measured transition locations, 𝑥𝑡𝑟 ,𝑤𝑎𝑟𝑚 = 0.2 m and 𝑥𝑡𝑟 ,𝑐𝑜𝑙𝑑 = 0.407 m, for the selected flow condition [12]. The PSE
analysis identifies both Mack’s first- and second-mode waves for the warm-wall to be amplified, with the oblique Mack’s
second-mode waves ( 𝑓 = 425 kHz and 𝑚 = 6) being the most amplified disturbance at 𝑥 = 0.2 m. For the cold-wall
cone, however, Mack’s first-mode waves are predicted to be stable, and only the high-frequency Mack’s second mode
waves are amplified. The most amplified disturbance at 𝑥 = 0.407 m corresponds to a planar wave (𝑚 = 0) with a
frequency of 𝑓 = 405 kHz.
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(a) Warm-wall case at 𝑥𝑡𝑟 = 0.2 m. (b) Cold-wall case at 𝑥𝑡𝑟 = 0.407 m.

Fig. 1 Contours of 𝑁𝐸 at the experimental transition location.

Figure 2 shows 𝑁-factor envelopes based on total disturbance energy, 𝑁𝐸 , for convectively unstable planar and
oblique waves. For the warm-wall case, the wavenumber associated with the most amplified disturbance increases with
streamwise distance, switching from a planar component (𝑚 = 0) to an oblique component (𝑚 > 0). In contrast, for the
cold-wall cone, the planar component of Mack’s second mode is dominant for the whole streamwise extent.

The change from oblique to planar dominant instability waves at the colder wall temperature suggests that different
transition mechanisms could dominate the transition process as a result of wall cooling, which leads to the downstream
movement of the transition onset location with corresponding higher 𝑁-factor values for the cold-wall case.

(a) Warm-wall case. (b) Cold-wall case.

Fig. 2 Evolution of 𝑁𝐸 envelopes for selected azimuthal wavenumbers.

The spectra of the 𝑁-factor maximized over the azimuthal wavenumbers along the length of the cone is shown in
Figures 3a and 3b for the warm-wall and cold-wall cases, respectively. For both wall temperatures, the frequency
associated with Mack’s second mode decreases as the boundary layer thickens over the cone. As expected, wall cooling
leads to a thinner boundary layer, increasing the frequency of the boundary-layer instabilities. Figure 3b further shows
the apparent absence of the low-frequency Mack’s first-mode instability throughout the cold-wall configuration.
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(a) Warm-wall case. (b) Cold-wall case.

Fig. 3 Contours of 𝑁𝐸 maximized over the azimuthal wavenumber along the cone length.

It should be mentioned that the present PSE results for the cold-wall case agree with the quasiparallel LST results
for planar waves presented in Oddo et al. [12]. However, the inclusion of oblique waves and non-parallel effects in the
present PSE analysis leads to a significantly higher amplification of the boundary-layer instabilities for the warm-wall
case compared to the LST analysis of planar waves in Oddo et al. [12]. The following section presents DNS methodology
and compares results for the primary warm-wall and cold-wall cases.

IV. Direct Numerical Simulations
In addition to linear stability analysis, DNS are performed to characterize the instabilities and transition in the

boundary layer as a function of wall temperature. The methodology used for the DNS is presented first, with a
description of the governing equations and numerical methods employed, baseflow comparisons against VULCAN-CFD,
the multi-box approach for the DNS, and the inflow forcing method used. Following the methodology are the warm-
and cold-wall DNS results, each subdivided into sections to cover the visualization of the boundary-layer transition,
evolution of the mean flow, analysis of the turbulent spectra, and development of the turbulent flow.

A. DNS Methodology

1. Governing Equations and Numerical Methods
To simulate boundary-layer instability and transition on a circular cone, the full three-dimensional compressible

Navier-Stokes equations in conservation form are solved numerically in cylindrical coordinates. The working fluid is air
(with an ideal gas constant of 𝑅 = 287 J/(K·kg)) treated as a perfect gas. The usual constitutive relations for a Newtonian
fluid are used: the viscous stress tensor is linearly related to the rate-of-strain tensor, and the heat flux vector is linearly
related to the temperature gradient through Fourier’s law. The coefficient of viscosity 𝜇 is computed from Sutherland’s
law, and the coefficient of thermal conductivity 𝜅 is computed from 𝜅 = 𝜇𝐶𝑝/𝑃𝑟, with the molecular Prandtl number
𝑃𝑟 = 0.71. The inviscid fluxes of the governing equations are computed using a fifth-order weighted essentially
nonoscillatory (WENO) scheme [21]. The viscous fluxes are discretized using a fourth-order central difference scheme,
and time integration is performed using a third-order low-storage Runge-Kutta scheme [22]. The DNS methodology has
been successfully applied to similar cases that are documented in several of our previous papers [23–25].

For all DNS cases, a no-slip, isothermal wall condition is used on the wall. At the outlet boundaries, unsteady
nonreflecting boundary conditions are imposed [26]. Dirichlet boundary conditions are used on the top boundary, where
the flow variables are prescribed at the values from the converged laminar base flow. Periodic boundary conditions are
used in the azimuthal direction.
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2. Base Flow
Prior to the 3D unsteady DNS, a two-dimensional (2D) base flow is first computed. It includes the entire cone with

the top domain boundary lying outside of the shock for the respective conditions. The 2D base flow simulation is fully
converged before running the three-dimensional (3D) DNS that only includes the downstream portion of the cone and
the top domain boundary of which is placed behind the shock. Figure 4 visualizes the computational domain of the base
flow calculation of the warm-wall case, along with the global and wall-fitted coordinate systems.

To validate the laminar base flow computed by the DNS, Figure 5 shows the comparison of the wall-normal boundary
layer profiles computed by both the DNS and VULCAN-CFD solvers at six streamwise locations along the cone
(𝑥 = 0.05, 0.1, 0.2, 0.3, 0.4, and 0.5 meters). Excellent agreement is observed in the velocity, temperature, and density
profiles between the two cases.

(a) Base flow domain over full cone.

(b) Side view of the cone nose region. (c) Front view of the cone nose.

Fig. 4 Base flow domain and cone geometry for the warm-wall case (𝑇𝑤 = 298 K), including the coordinate
systems and base flow Mach number contours.
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(a) Streamwise velocity (b) Temperature (c) Density

Fig. 5 Laminar-base-flow boundary-layer comparisons between DNS and VULCAN-CFD for the warm-wall
case of 𝑇𝑤 = 298 K. Wall normal profiles were taken at locations 𝑥 = 0.05, 0.1, 0.2, 0.3, 0.4, and 0.5 meters.

3. 3D DNS Setup
The 3D DNS domain is constructed by first cutting the 2D base flow domain in the streamwise and wall-normal

directions and then extruding the truncated domain in the azimuthal direction. The warm-wall 3D DNS run (referred to
as Tw298) has an azimuthal domain size of 𝜙 = 60◦, which corresponds to an azimuthal wavenumber of 𝑚 = 6. Such a
domain is wide enough to accommodate both planar second-mode waves and the most amplified oblique waves, as
shown in Figure 1a. The cold-wall 3D DNS run (referred to as Tw84) uses a slightly smaller domain (𝜙 = 38◦) to
match the ratio of spanwise width to boundary-layer height of the warm-wall case. A smaller boundary layer due to
wall cooling allows for a reduced domain width, saving computational cost. The warm-wall (Figure 6a) and cold-wall
(Figure 6b) 3D DNS domains are visualized along with the Mach contour of the 2D laminar base flow for reference.

The runs are conducted in multiple stages involving two overlapping streamwise domains as schematically shown
in Figure 6. The first box of the 3D DNS runs starts slightly downstream of the nose tip at 𝑥 = 0.05 m and ends at
𝑥 = 0.3 m, with the top domain boundary lying just below the leading-edge shock. The second box starts at 𝑥 = 0.26 m
for the Tw298 case and 𝑥 = 0.28 m for the Tw84 case, and these boxes extend to the end of the cone at 𝑥 = 0.6 m. The
exclusion of the nose tip significantly reduces computational cost, allowing for a significantly larger time step in the
simulation. Box 1, therefore, starts with a relatively small time step, and Box 2 uses a larger time step to evolve the
transitional or turbulent boundary layer towards the end of the cone, with the inflow conditions prescribed using the data
saved from the upstream DNS box. A multidomain simulation approach of this type was previously applied to the DNS
of the BLT over a cone [25, 27, 28].

Table 2 summarizes the setup of these cases, including the domain size and grid resolutions for each case. B1 and
B2 stand for Box 1 and Box 2 respectively. Here, 𝑁𝑥 , 𝑁𝑦 , and 𝑁𝑧 are the number of grid points while Δ𝑥+𝑠 , Δ𝑦+𝑠 , and
Δ𝑧+𝑛 represent the streamwise, azimuthal, and wall-normal resolutions respectively, normalized by the local viscous
length scale.

Table 2 Summary of the domain sizes and the grid resolutions for all the warm-wall cases.

Case 𝑥𝑟𝑎𝑛𝑔𝑒 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧 Δ𝑥+𝑠 Δ𝑦+𝑠 Δ𝑧+𝑛
(m)

Tw298 B1 0.05 − 0.30 1872 × 500 × 855 5.20-8.99 0.58-4.36 0.16-1.12
Tw298 B2 0.26 − 0.60 2512 × 500 × 855 6.33-9.02 4.50-7.60 1.03-1.71
Tw84 B1 0.05 − 0.30 8133 × 330 × 560 5.55-13.28 3.96-24.84 0.24-1.44
Tw84 B2 0.28 − 0.60 8080 × 330 × 560 6.99-14.84 20.34-44.15 1.18-2.55
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(a) Warm-wall DNS case (Tw298) with 𝜙 = 60◦. (b) Cold-wall DNS case (Tw84) with 𝜙 = 38◦.

Fig. 6 Visualizations of the 3D computational domains for the DNS cases with the laminar base flow Mach
contour for reference.

4. Inflow Forcing Methods
Previous computational studies of boundary-layer receptivity in the hypersonic regime had used random forcing

with a broad range of frequencies to trigger the "natural" transition process [29–33]. Here, we use the broadband
inflow forcing approach by Hader and Fasel [30] as a simple model to trigger convectively unstable planar and oblique
waves, which accounts for the majority of the sources of wind-tunnel freestream disturbances in the experiment. This
method has been shown to eliminate bias towards any particular breakdown mechanism and therefore does not require a
selection of specific frequencies or wavenumbers needed in a “controlled” breakdown simulation [30]. The method
uses the FORTRAN pseudo-random number generator to impose random pressure perturbation (𝑝′) into the flow at a
user-specified domain as

𝑝′𝑖, 𝑗 ,𝑘,𝑛/𝑞∞ = 𝐴(2𝑟 − 1), where 𝑟 = random_number(), (6)

where 𝑖, 𝑗 , and 𝑘 are the grid points in the streamwise, azimuthal, and wall-normal directions, respectively, 𝑛 represents
the time step, 𝑟 is the random number between zero and one, 𝑞∞ is the freestream dynamic pressure (𝑞∞ = 1

2 𝜌∞𝑢
2
∞),

and 𝐴 is the specified amplitude of the perturbations and is referred to in percentage of the dynamic pressure 𝑞∞ in
this paper. For the results presented here, the disturbances are applied over a singular streamwise plane, 6 grid points
downstream from the inlet (i=6), and the amplitude 𝐴 is altered to be large enough to lead to BLT within the DNS
domain but without overly perturbing the flow, still allowing the skin-friction and other boundary-layer parameters to
recover to those of the laminar base flow before transition occurs. Table 3 shows the inflow forcing location (𝑥𝑖), forcing
amplitude (𝐴), and the corresponding transition location (𝑥𝑡𝑟 ) for both DNS cases.

For each case, the transition location is determined to be the 𝑥-location that the mean boundary-layer thickness 𝛿
of the 3D DNS surpasses that of the 2D laminar base flow. Here, 𝛿 was calculated at the wall-normal location where
streamwise velocity reaches 99% of the post-shock streamwise velocity (𝑢 = 0.99𝑢∞,2). A similar 𝛿-based method for
determining the location of BLT was used in the experiment by Clingenpeel [14].

Table 3 Summary of the random inflow forcing parameters for all the warm-wall DNS cases.

Case 𝑇𝑤 𝜙 𝑥𝑖 𝐴 𝑥𝑡𝑟

(K) (deg) (m) (%) (m)
Tw298 298 60.0 0.05 3.3 0.204
Tw84 84 38.0 0.05 3.3 0.238

The amplitude and seeding location were varied in an auxiliary study from previous work [34] to assess the
applicability and limitations of the random inflow forcing method of Equation 6 in simulating natural BLT in a noisy
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wind tunnel. The study found that the best seeding location and amplitude for disturbances were 𝑥 = 0.05 m and
𝐴 = 3.3%, which were then used for both cases. This condition best matched the warm-wall transition location to
experiments conducted by Clingenpeel [14].

In the cold-wall DNS, the first 40 points off the wall (a small portion of the boundary layer) were left unforced to
ensure numerical stability. This was predicted not to significantly alter the flow since second-mode transition originates
from the edge of the boundary layer, but a short study on the effects of forcing domain was conducted on a warm-wall
auxiliary case to ensure this would not alter transition location. The results of this study show no difference in transition
location and can be found in the Appendix.

B. Warm-Wall DNS Results
In this section, the results for the warm-wall DNS case (Tw298) along with comparison to PSE are presented. Inflow

disturbances are seeded at 𝑥 = 0.05 m, and a disturbance amplitude of 𝐴 = 3.3% is used for an azimuthal domain of 60◦.
As mentioned earlier, the azimuthal domain corresponds to an azimuthal wavenumber of 𝑚 = 6 and is wide enough to
accommodate both planar second-mode waves and the most amplified oblique waves identified by the PSE.

1. Visualization of BLT Stages
Figure 7 shows numerical schlieren images based on the instantaneous density gradient over eight snapshots sampled

at a rate of 83.33 kHz. The snapshots are of the centerline x-z plane. The figure shows the formation of rope-like
structures that form inside the boundary layer, grow, and eventually break down into turbulence. These structures are
indicative of second-mode instabilities [35]. The red arrow in each snapshot follows an individual wave packet as it
grows and eventually breaks down. The structures travel at an approximate convection speed of 830 m/s (≈ 0.94𝑢∞,2).

Fig. 7 Numerical schlieren for the warm-wall DNS case (Tw298) over a sequence of flow snapshots sampled at
83.33 kHz.
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Figure 8 shows the instantaneous Stanton number for a snapshot of the warm-wall case at 𝑡 = 0.648 ms. The figure
shows the entire 60◦ domain for 0.1 m < 𝑥 < 0.3 m. The faint roller-like azimuthal structures visible at the beginning
of the domain amplify and eventually break down by 𝑥 = 0.24 m, becoming more chaotic and marking the beginning
of turbulent flow. The chaotic structures persist through the end of the domain. Similar instantaneous figures were
observed in all scenarios. Collecting and processing this data allows for span and time averaging to compute typical
quantities of interest.

Fig. 8 Streamwise evolution of instantaneous surface Stanton number contours along the warm-wall cone
(Tw298).

2. Evolution of Mean Flow Parameters
Figure 9 shows the spanwise and time-averaged skin-friction coefficient (𝐶 𝑓 ), Stanton number (𝑆𝑡), boundary layer

thickness (𝛿), and wall pressure (𝑃𝑤) as a function of the streamwise coordinate in comparison with the 2D laminar
base flow values, as well as the turbulent solutions from VULCAN-CFD using the SA-neg and Menter SST turbulence
models. Due to the injection of random disturbances near the inlet, 𝐶 𝑓 , 𝑆𝑡 and 𝑃𝑤 rapidly diverge from the base flow
values, while the boundary-layer thickness does not change considerably. After a small transient region, 𝐶 𝑓 and 𝑃𝑤

recover to similar values from the base flow, while 𝑆𝑡 needs a larger distance to recover its base flow values. At around
𝑥 ≈ 0.18 m, the skin-friction and Stanton number coefficients rapidly overshoot turbulent predictions, reaching about
three times the laminar base flow values at 𝑥 ≈ 0.27 m. A similar overshoot was found by Franko and Lele [36] over a
Mach 6 flat-plate boundary layer and by Schuabb et al. [37] over a cone at Mach 8. After the overshoot, the values
gradually approach the VULCAN-CFD turbulent solutions and end up matching them well. On the other hand, the
deviation of the boundary layer thickness starts slightly downstream, giving a transition location at 𝑥 = 0.204 m, which
closely matches the experimental value by Clingenpeel [14].

3. Analysis of Instability Spectra
Additional analysis of the spectral properties of the warm-wall DNS case Tw298 is performed and visualized.

Figures 10a and 10b plot the frequency power spectral density (PSD) of wall-pressure fluctuations at different streamwise
locations across the simulated domain. Consistent with the previous linear stability analysis, the second-mode instability,
which corresponds to the predominant hump near 500 kHz in the frequency PSD, is the dominant instability leading to
BLT in the warm-wall cone. The frequency of the second-mode-wave hump decreases as the boundary layer thickens.
In particular, at 𝑥 = 0.2 m, the peak frequency is at 410 kHz, which is in close agreement with the frequency of the
maximum 𝑁-factor from the stability analysis results in Figure 1. Such a peak frequency also closely matches the
experimental values reported by Clingenpeel [14] and Oddo et al. [12]. In addition to the second-mode-wave hump
and its superharmonics, another lower-frequency hump is apparent near 100 kHz between 0.15m ≲ 𝑥 ≲ 0.2 m in
Figure 10a. This lobe may correspond to the oblique first-mode instability as predicted by the linear PSE analysis in
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(a) Skin-friction coefficient (b) Stanton number

(c) Boundary-layer thickness (d) Surface pressure

Fig. 9 Streamwise evolution of the skin-friction coefficient (𝐶 𝑓 ), Stanton number (𝐶ℎ), boundary layer thickness
(𝛿), and mean wall pressure (𝑃𝑤) in comparison with those of the laminar base flow and VULCAN-CFD turbulent
models for the warm-wall DNS case (Tw298).
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Figure 1a. However, further study based on nonlinear PSE is needed to confirm the role this mode plays leading to
earlier transition. At farther downstream locations (𝑥 ≳ 0.25 m), the spectral peaks are no longer visible, resulting in a
broadband “turbulence-like” spectrum. Figures 10c and 10d show the azimuthal wavenumber spectrum in terms of
azimuthal wavenumber 𝑚 as a function of streamwise location 𝑥. Similarly to the frequency spectrum, the azimuthal
wavenumber spectrum has an abrupt spectral broadening from 𝑥𝑔 ≃ 0.2, suggesting the emergence of higher azimuthal
wavenumbers during laminar breakdown.

(a) (b)

(c) (d)

Fig. 10 (a, b) Frequency PSD and (c, d) azimuthal wavenumber spectra of the wall-pressure fluctuations as a
function of streamwise location for the warm-wall DNS case Tw298.

Figures 11a and 11b further show the spectral amplitude of the wall-pressure fluctuations computed in the frequency
and azimuthal wavenumber plane. The results at selected axial stations are Fourier transformed in both time and the
azimuthal direction. The warm-wall 𝑁-factor based on wall pressure, 𝑁𝑃𝑤

, contour from the PSE are also plotted in
Figures 11c and 11d to give a side-by-side comparison to DNS. At 𝑥 = 0.15 m and 0.20 m, the 𝑓 − 𝑚 DNS spectrum
peaks at around 475 kHz and 400 kHz respectively, and the spectral peak is for low wavenumbers, which is in agreement
with results shown in Figures 10b, 11c, and 11d. A secondary concentration of energy for lower frequency and higher
wavenumber around ( 𝑓 − 𝑚) = (150 kHz, 22) can be observed at 𝑥 = 0.15 m, which is an indication of Mack’s first
mode, which was also predicted by the PSE analysis (shown in Figure 11d). At 𝑥 = 0.2 m, the DNS shows energy
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concentration begins to spread out as the flow nears transition, agreeing with PSE results.

(a) DNS 𝑥 = 0.15 m (b) DNS 𝑥 = 0.20 m

(c) PSE 𝑥 = 0.15 m (d) PSE 𝑥 = 0.20 m

Fig. 11 (a,b) Frequency/azimuthal-wavenumber ( 𝑓 − 𝑚) spectrum of the wall-pressure fluctuations at different
streamwise locations predicted by the warm-wall DNS case Tw298, and (c,d) the PSE 𝑁𝑃𝑤

contours for direct
comparison.

4. Warm-Wall Turbulent Flow Development
In this section, further analysis is done to characterize the fully turbulent flow development. It was already seen

in Figure 9 that the flow becomes fully turbulent by the end of the computational domain. Figure 12 compares the
wall-normal profiles of density-weighted turbulence intensity components for different streamwise distances along the
cone. In the pretransitional region (𝑥 ≲ 0.2 m), all components of turbulence intensity are very low as expected. These
values rapidly increase by 𝑥 = 0.25 m, and settle into a fully turbulent state by 𝑥 = 0.3 m.

The same trend of a natural transition to turbulence is seen in the profiles of turbulent heat flux components as
shown in Figure 13. Both the spanwise and streamwise components start very close to zero until the transitional region
(𝑥 ≈ 0.25), where they peak and saturate to fully turbulent values.

Figure 14a plots wall-normal profiles of the temperature-velocity correlation coefficient, defined as

𝑅𝑢′′𝑇 ′′ =
�𝑢′′𝑇 ′′√︁

𝑇 ′′2
√︁
𝑢′′2

, (7)
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(a) Streamwise component (b) Spanwise component

(c) Wall-normal component (d) Shear component

Fig. 12 Comparison of the density-weighted turbulence intensities at different wall-normal profiles. Case:
Tw298.
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where (̃·) is the Favre-averaged variable. Figure 14b plots turbulent Prandtl number profiles at different streamwise
locations and is defined as

𝑃𝑟𝑡 =
[𝜌𝑢′′𝑤′′] (𝜕𝑇/𝜕𝑧)
[𝜌𝑇 ′′𝑤′′] (𝜕𝑢̃/𝜕𝑧)

. (8)

Figure 14 shows that profiles for 𝑥 ≳ 0.25 m follow the expected trends of fully developed high-speed turbulence with
temperature-velocity correlation settling at −𝑅𝑢′′𝑇 ′′ ≈ 0.8 and the turbulent Prandtl number leveling out at 𝑃𝑟𝑡 ≈ 1.

(a) Streamwise component (b) Spanwise component

Fig. 13 Comparison of (a) streamwise and (b) wall-normal turbulent heat flux components at various wall-
normal profiles. Case: Tw298.

C. Cold-wall DNS Results
Like the warm-wall case discussed in the previous section, the cold-wall case (Tw84) also uses inflow disturbances

with 𝐴 = 3.3% seeded at 𝑥 = 0.05 m. This case uses an isothermal wall temperature 𝑇𝑤 = 84 K for the cone. This
section presents the results for the cold-wall DNS case Tw84 along with comparisons to corresponding PSE results.

1. Visualization of Cold-Wall BLT Stages
Figure 15 shows numerical schlieren images using the instantaneous density gradient over eight snapshots sampled

at a rate of 83.33 kHz. The snapshots are of the centerline x-z plane. Rope-like structures are visible inside the
boundary layer as they grow and eventually break down into turbulence. These structures are indicative of second-mode
instabilities [35]. The red arrow in each snapshot follows an individual wave packet as it grows and eventually breaks
down. The structures and their downstream velocities (approximately 0.94𝑢∞,2) are very similar to the warm-wall case.

Figure 16 shows the instantaneous Stanton number for a snapshot of the warm-wall case at 𝑡 = 0.762 ms. The
figure shows the entire 38◦ domain for 0.1 m < 𝑥 < 0.57 m. The faint roller-like azimuthal structures are visible at the
beginning of the domain until around 𝑥 ≈ 0.24 m. Between 0.25 and 0.30 m, those roller-like structures amplify and
wave trains with narrow azimuthal extent with larger amplitudes appear. More analysis is needed to see if wave trains
originate from secondary instabilities. By 𝑥 = 0.30 m, those waves eventually break down, becoming more chaotic
and marking the beginning of turbulent flow. The chaotic structures persist through the end of the domain. Similar
instantaneous figures were observed in all scenarios. Collecting and processing this data allows for span and time
averaging to compute typical quantities of interest.

2. Evolution of Mean Flow Parameters for the Cold-Wall Case
Figure 17 shows the spanwise and time-averaged skin-friction coefficient (𝐶 𝑓 ), Stanton number (𝑆𝑡), boundary

layer thickness (𝛿), and wall pressure (𝑃𝑤) as a function of the streamwise coordinate in comparison with the 2D

16



(a) (b)

Fig. 14 Comparisons of the (a) temperature-velocity correlation coefficient (𝑅𝑢′′𝑇 ′′ ) and the (b) turbulent Prandtl
number (𝑃𝑟𝑡 ) at different wall-normal profiles. Case: Tw298.

Fig. 15 Numerical schlieren for the cold-wall DNS case (Tw84) over a sequence of flow snapshots sampled at
83.33 kHz.
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Fig. 16 Streamwise evolution of instantaneous surface heat flux contours along the cold-wall cone. Case: Tw84.

laminar base flow values and the VULCAN-CFD solutions obtained using the SA-neg and Menter SST turbulence
models. Very similar trends are observed in the cold-wall case as in the warm-wall case. One difference, however, is that
the VULCAN-CFD turbulent solutions overestimate Stanton number and the skin friction coefficient. The overshoot
of these values does not surpass the turbulent values.This is not surprising as these turbulence models do not make
corrections based on wall-temperature. The mean DNS boundary layer thickness deviates from the laminar base flow at
𝑥 = 0.238 m, marking the transition location for this case.

3. Analysis of Cold-Wall Instability Spectra
Additional spectral analysis of the cold-wall DNS case Tw84 is performed and visualized. Figures 18a and 18b plot

the frequency power spectral density (PSD) of wall-pressure fluctuations at different streamwise locations along the
simulated domain. Like the warm-wall case, the second-mode instability is still dominant, with frequencies beginning
at 1000 kHz and decreasing to ≈ 500 kHz as the boundary layer grows before transition. Since the frequency of the
second-mode waves is inversely proportional to the boundary-layer thickness, this range of frequencies is higher than
those of the warm-wall case due to the smaller boundary layer that forms over the cooled cone. The 500 kHz peak at
𝑥 = 0.238 m matches the peak N-factor frequency at the same location in the PSE (Figure 3b).

Figures 18c and 18d show the streamwise variation of the azimuthal wavenumber spectrum. Similarly to the
frequency spectrum, the azimuthal wavenumber spectrum begins abrupt spectral broadening from 𝑥𝑔 ≃ 0.225, suggesting
the emergence of higher azimuthal wavenumbers during laminar breakdown.

Figures 19a and 19b further show the spectral amplitude of the wall-pressure fluctuations computed in the frequency
and azimuthal wavenumber plane. The results at selected axial stations are Fourier transformed in both time and the
azimuthal direction. The PSE-predicted 𝑁-factors based on the wall pressure (𝑁𝑃𝑤

) for the cold-wall case are also
shown in Figure 19c and 19d to enable a side-by-side comparison with the DNS results. At 𝑥 = 0.15 m and 0.20 m, the
𝑓 − 𝑚 spectrum peaks at around 630 kHz and 590 kHz respectively, and the spectral peak is for low wavenumbers, in
agreement with PSE results shown in Figures 19c,19d, and 18b. Figure 19a shows only a strong narrow band of energy
(corresponding to the second mode instability) just before transition as is predicted near transition by LSA in Figure 19d.
When directly comparing DNS to PSE, the frequency at which wall pressure fluctuations are largest matches exactly
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(a) Skin-friction coefficient (b) Stanton number

(c) Boundary-layer thickness (d) Surface pressure

Fig. 17 Streamwise evolution of the skin-friction coefficient (𝐶 𝑓 ), Stanton number (𝑆𝑡), boundary layer thickness
(𝛿), and mean wall pressure (𝑃𝑤) in comparison with those of the laminar base flow and VULCAN turbulent wall
values for the cold-wall DNS case (Tw84).
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(a) (b)

(c) (d)

Fig. 18 (a, b) Frequency PSD and (c, d) azimuthal wavenumber spectra of the wall-pressure fluctuations as a
function of streamwise location for the cold-wall DNS case Tw84.
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with the frequency of maximum 𝑁𝑃𝑤
. The contour shapes at this location also match well.

(a) DNS 𝑥 = 0.15 m (b) DNS 𝑥 = 0.20 m

(c) PSE 𝑥 = 0.15 m (d) PSE 𝑥 = 0.20 m

Fig. 19 (a,b) Frequency/azimuthal-wavenumber ( 𝑓 − 𝑚) spectrum of the wall-pressure fluctuations at different
streamwise locations predicted by the cold-wall DNS case Tw84, and (c,d) the PSE 𝑁𝑃𝑤

contours for direct
comparison.

4. Cold-Wall Turbulent Flow Development
After further analyzing the development of a fully turbulent boundary layer subject to wall-cooling, we see the same

trend in turbulence intensities in Figure 20 as was seen for the warm-wall case (Figure 12). As expected, full turbulence
does not appear to develop until 𝑥 ≳ 0.3 m, downstream of the warm-wall case.

Turbulent heat flux values for the cold-wall case show similar trends to the warm-wall case except with a slight
delayed in the streamwise direction (Figure 21). At streamwise locations upstream of 0.3 m, there is very little intensity
in the heat flux components. Fully developed turbulence is reached at 𝑥 = 0.3 m. Figure 22a shows the expected trend
is achieved in temperature-velocity correlation as the downstream profiles approach −𝑅𝑢′′𝑇 ′′ ≈ 0.8 as 𝑧/𝛿 increases.
Although the different turbulent Prandtl number profiles of figure 22b appear chaotic at first, the general trend of their
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(a) Streamwise component (b) Spanwise component

(c) Wall-normal component (d) Shear component

Fig. 20 Comparison of the density-weighted turbulence intensities at different wall-normal profiles. Case: Tw84.
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values approaching 1 is still seen for the two most downstream profiles (𝑥 = 0.4, 0.5 m). Overall, this downstream
transition is expected, and the domain is confirmed to be long enough in both cases to capture the full transition to
turbulence and some of the fully turbulent boundary layer.

(a) Streamwise component (b) Spanwise component

Fig. 21 Comparison of (a) streamwise and (b) wall-normal turbulent heat flux components at various wall
normal profiles. Case: Tw84.

5. Effects of Wall Cooling
Figure 23 shows the difference in boundary-layer heights between the cold- and warm-wall cases. The determined

transition location is given by the vertical dotted line for each case. The boundary layer thickness deviates from the
laminar trend later (𝑥 = 0.238 m) for a cold wall compared to a warm one (𝑥 = 0.204 m). This confirms the transition
delay that was expected from experiments and predictions from LSA. This downstream shift of the transition location
shift by about 17% is not as significant as predicted by experiments (≈ 74% [14] and ≈ 100% [12]). The overall
boundary layer height of the cold wall is smaller than that of the warm one, as expected.

Figure 24 compares the frequency PSD of both cases. The second-mode frequencies are slightly higher for the
cold-wall case than for the warm-wall case due to the thinner boundary layer. Cooling the wall seems to reduce the
presence of a lower-frequency hump visible on Figure 24b, which was also predicted by the convective wave analysis
provided by linear PSE. The PSD of wall-pressure fluctuations computed at 𝑥 = 0.15 m are presented in Figure 25 for
different wavenumbers using the same color scale between both cases. Again, a slight difference is seen in the dominant,
second-mode lobes due to differences in boundary-layer height. A second lobe at lower frequency is observed for the
warm-wall, corresponding to Mack’s first-mode, and is absent in the cold-wall case. This indicates the stabilization of
the first-mode due to a cooler wall, partially responsible for the transition delay observed. The planar (𝑚 = 0) component
of Mack’s second mode is strongly amplified in both cases. The larger wavenumber extent of Mack’s second mode
for the cold wall could indicate the oblique component being dominant, which would align with PSE predictions and
suggest a different transition mechanism is dominating the transition process, thus delaying it.

Wall-normal profiles of the streamwise and spanwise components of the turbulent heat flux fluctuations are given in
Figure 26. For each case, two profiles are compared. One is taken at the respective transition locations 𝑥𝑡𝑟 = 0.20 m
and 𝑥𝑡𝑟 = 0.24 m for the warm-wall and cold-wall cases respectively. The second profile is taken at the location
corresponding to the maximum overshoot in Stanton number; 𝑥𝑜𝑣𝑒𝑟𝑠ℎ𝑜𝑜𝑡 = 0.27 m and 𝑥𝑜𝑣𝑒𝑟𝑠ℎ𝑜𝑜𝑡 = 0.37 m for the
warm- and cold-wall cases, respectively. For each profile, the magnitudes for the cold-wall are larger than those of the
warm-wall. For the streamwise component of the cold wall, an initial increase in turbulent heat flux near the wall (at
𝑧+ ≈ 20) is observed before the quantity decreases to negative values and eventually settles around zero in the freestream.
This initial increase to positive heat flux is not as prominent in the warm-wall case. Furthermore, a slight decrease in the
spanwise component for the cold case is observed close to the wall, which is not as noticeable for the warm case.

Figure 27 shows the root mean square (rms) of wall pressure fluctuations normalized by the local wall pressure for
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(a) (b)

Fig. 22 Comparisons of the (a) temperature-velocity correlation coefficient (𝑅𝑢′′𝑇 ′′ ) and the (b) turbulent Prandtl
number (𝑃𝑟𝑡 ) at different wall-normal profiles. Case: Tw84.

Fig. 23 Boundary layer thickness (𝛿) comparison between the warm-wall (Tw298) and cold-wall (Tw84) cases
with respective laminar base flows. The dotted lines show the transition location of each scenario.
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(a) Tw298 (b) Tw84

Fig. 24 Frequency PSD contour comparison between the warm-wall (Tw298) and cold-wall (Tw84) cases.

(a) Tw298 (b) Tw84

Fig. 25 Comparison of warm-wall and cold-wall DNS frequency/azimuthal-wavenumber ( 𝑓 − 𝑚) spectrum of
the wall-pressure fluctuations at 𝑥 = 0.15 m, slightly upstream of the measured transition locations. Note the
logarithmic scale of the horizontal axis.
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(a) Streamwise component (b) Spanwise component

Fig. 26 Comparison of (a) streamwise and (b) wall-normal turbulent heat flux components at similar locations
for the warm-wall (Tw298) and cold-wall (Tw84) cases.

each case. For the warm wall, an exponential increase in (𝑃′
𝑤)𝑟𝑚𝑠/𝑃𝑤 is seen until 𝑥 = 0.22 m. The values then decrease

and settle around (𝑃′
𝑤)𝑟𝑚𝑠/𝑃𝑤=0.069. The cold wall shows a similar trend qualitatively, but with a notable peak in wall

pressure fluctuations around 𝑥 = 0.10 m followed by a secondary peak at around 𝑥 = 0.31 (≈ 40% further downstream
and with slightly higher amplitude than the warm wall). The cold-wall values stabilize at around (𝑃′

𝑤)𝑟𝑚𝑠/𝑃𝑤=0.10,
which is 45% higher than the warm wall.

Fig. 27 Root-mean-square of the wall pressure fluctuations for the cold and warm walls.

Figure 28 shows the mean Stanton number (𝑆𝑡) and skin friction coefficient (𝐶 𝑓 ) for the two wall temperatures.
The VULCAN-CFD laminar and turbulent (using the Menter SST model) wall quantities are also plotted for reference.
While both cases follow similar trends, the peak values are reached further downstream for the cold wall. The difference
between Stanton number and skin friction coefficient curves obtained from the DNS simulation between both cases are
much less than the differences as predicted by the RANS turbulence model. The post-transition Stanton number for
the cold-wall case settles at a higher value than for the warm-wall case despite the smaller 𝑆𝑡 overshoot. Skin friction
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coefficient for the cold-wall has a lower peak and downstream value than for the warm-wall case despite the turbulence
model predicting higher 𝐶 𝑓 values.

(a) Stanton number (b) Skin friction coefficient

Fig. 28 Comparison of (a) Stanton number and (b) skin friction coefficient for the warm wall (Tw298) and
cold-wall (Tw84) cases.

V. Conclusions
Linear parabolized stability equations (PSE) and direct numerical simulations (DNS) are applied to the Mach 6.1

flow over a sharp-cone model with both warm- and cold-wall temperatures to identify the relevant instability mechanisms
that lead to the experimentally observed transition delay due to wall cooling. PSE results suggest a different transition
breakdown mechanism may be present in each configuration due to the change from oblique to planar dominant
instability waves. For the warm-wall case, both Mack’s first- and second-mode waves are amplified, with the oblique
Mack’s second-mode waves being the most amplified disturbance at the transition location. However, for the cold-wall
cone, Mack’s first-mode waves are predicted to be stable and only the high-frequency Mack’s second mode waves are
amplified.

Complementary DNS with broadband random inflow forcing and sufficiently large spanwise domains confirm the
amplification of oblique Mack’s first-mode waves in the warm-wall case corresponding to those predicted by PSE,
in addition to the dominant Mack’s second-mode and its superharmonics. DNS of the cold-wall case also validates
PSE predictions that Mack’s first-mode is stabilized for a highly-cooled wall. The cold-wall DNS identifies higher
second-mode frequencies due to the thinner boundary layer that forms over the cool wall. A 17% delay in transition
location for the cold cone is observed from the DNS results, along with diminished oblique waves and a dominant
second Mack-mode instability. The current linear PSE and DNS studies suggest that the inclusion of oblique waves and
nonparallel effects leads to a significantly higher amplification of the boundary-layer instabilities for the warm-wall case
compared to previous results using the quasiparallel Linear Stability Theory (LST) of just planar waves.
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Appendix
Reducing the forcing very near the wall was found to be necessary to feasibly run the cold-wall case at comparable

conditions to the primary, warm-wall, case. In order to assure this reduction of the forcing domain would not significantly
affect the flow’s transition to turbulence an inexpensive test was set up on an auxiliary case denoted x0p05_A3p3
consisting of a smaller azimuthal domain than the main warm-wall (Tw298) case described in the rest of this paper.
The new case, referred to as x0p05_A3p3_RF, has a reduced forcing domain near the wall by approximately the same
percentage of the boundary layer as was done in the cold-wall case. The first 15 wall-normal points were omitted from
the forcing domain while every other aspect between the two simulations remained the same. The study found that the
small reduction in forcing domain had almost no impact on the flow. Figure 29 shows the boundary layer thickness
in both forcing scenarios. There is no difference in transition location, and only a negligible difference in the overall
boundary layer thickness over the first 0.3 m of the cone. In summary, the reduced forcing domain in the cold-wall
case will effectively produce the same results as it would with forcing an entire streamwise plane while improving the
stability of the DNS.

Fig. 29 Comparison of the boundary-layer thicknesses for the two scenarios.
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