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Abstract

A surface impedance modeling approach for open-variable-depth chambers in a no-flow envi-

ronment is described that takes into account the self and mutual radiation impedance of each

chamber. This approach is compared in accuracy and efficiency to other established methods, us-

ing experimental data from a variety of samples tested in a no-flow, normal-incidence impedance

tube at relatively low sound pressure levels (<100 dB). It is found that the new approach de-

scribed in this study is similar in accuracy to finite-element methods while operating at orders-of-

magnitude lower computational time. A low-frequency approximation to the proposed method

further improves model efficiency while maintaining accuracy, at least for the samples and test

conditions considered in this study. Finally, a prediction study is shown that assesses the need for

modeling radiation impedance of open-variable-depth, narrow-width chambers, illustrating that

radiation effects should also be modeled for these samples, at least for higher frequencies (3000–

6000 Hz). This prediction technique lays the foundation for future models designed to capture

impedance for realistic variable-depth liners in grazing-flow environments, such as perforated

facesheet liners in an engine nacelle.

Keywords: acoustic liner, variable depth, open chamber, radiation impedance, normal

incidence, prediction model, transmission line

1. Introduction

Future subsonic transport aircraft designs have been trending toward the use of higher-bypass-

ratio engines and shorter nacelles for increased fuel efficiency. This has increased the contri-

bution of fan noise to the overall engine noise, which is the dominant source of aircraft noise

for most flight conditions [1]. Additionally, improvements in engine fan designs have lowered

the tonal noise signature, increasing importance of the fan broadband noise [2, 3]. Improving

acoustic liners embedded within the engine nacelle walls to more effectively absorb fan noise is

therefore a critical part of meeting current and future stringent demands of aircraft noise regula-

tions. This allows commercial aircraft fleets to continue to grow without significantly impacting

the surrounding public near airports.

However, these engine trends also negatively impact acoustic liner effectiveness. This is due to

reduced surface area for treatment and increased liner volume required to appropriately mitigate
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the lower-frequency fan noise signature. Identifying previously untreated areas within the nacelle

for possible liner implementation is a critical aspect of combating this issue. More comprehen-

sive surface treatment is further complemented by liner designs that absorb a wider range of

frequencies and more effectively target optimized design points across multiple flight conditions.

An acoustic liner is typically composed of a perforated facesheet over constant-depth hon-

eycomb chambers with a rigid backing, much like what is shown in Figure 1. The acoustic

characteristics of a liner are defined by its surface impedance (ζ), which is the ratio of acoustic

pressure (p) to acoustic particle velocity (u) normal to the liner surface. This ratio is shown

mathematically as

ζ =
p
ρcu
= θ + iχ, (1)

where terms are normalized by the characteristic impedance of air, ρc, and impedance is defined

in the e+iωt convention, where i is the imaginary number (
√−1), ω is angular frequency, and

t is time. Note that for the remainder of the article, if i is a subscript, or denoted as the ith of

something, it is referring to an index for an array of values. Otherwise, i represents the imaginary

number. The impedance contains resistance (θ) and reactance (χ) components, with contributions

from the facesheet and chambers.
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Figure 1: Example of a typical single-degree-of-freedom acoustic liner.

It is critical to improve impedance prediction quality so as to better distinguish between de-

signs, thereby enabling better technological decisions. Older generations of aircraft required

liners that could target specific fan tones, and this required prediction models to be accurate

at a narrow frequency range. Modern acoustic liner designs need to attenuate a broad range of

frequencies, and therefore prediction schemes must also be accurate for a wider range of frequen-

cies [4]. In addition, it is common to design an acoustic liner for a complex environment (e.g.,

commercial aircraft engine nacelle in flight) but verify its acoustic characteristics in a simple

normal-incidence impedance tube. More complex impedance tubes exist (such as grazing flow

impedance tubes [5]) that help bridge the gap in environmental complexity, but are not always

used in design due to their scarcity and the intricacy involved in data acquisition and processing.

Therefore, it is imperative to account for impedance differences between the simple impedance

tube and complex environment.
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2. Background

One possible acoustic liner design for increased absorption bandwidth is the use of variable-

depth chambers, where the acoustic liner is tuned to multiple frequencies depending on individual

chamber depth. Figure 2 shows the difference between a constant- and variable-depth chamber

array. Research on variable-depth liners has been conducted for some time, particularly once the

importance of mitigating fan broadband noise increased [6]. These designs have become more

viable over time with the introduction of additive manufacturing [7, 8] but have also been imple-

mented using standard materials and manufacturing practices [9]. Since the impedance spectra

of these designs vary spatially, it is necessary to compute effective impedance spectra for larger

surface regions rather than just individual chambers. Work has been done to assess the spatial

extent at which this effective impedance assumption is valid in grazing acoustic incidence and

flow [10]. Research has also been performed to identify variable-depth liner configurations with

reduced nacelle drag [11, 12], as well as increased absorption bandwidth utilizing bent, variable-

depth chambers with embedded septa [13] as well as without [14]. More recently, variable-depth

concepts have also been assessed for potential application on rotorcraft for ducted proprotor

noise [15, 16]. These concepts have also been implemented into more complex systems, such

as perforated walls between the variable-depth chambers [17] or even variable-depth tubes that

extend from the perforated facesheet [18].

(a) (b)

Figure 2: Examples for (a) constant- and (b) variable-depth chamber layouts.

Typically, surface impedance of an open chamber array (i.e., no perforated facesheet or mesh

on top) is predicted with great accuracy if every chamber is at the same depth. However, when

a variable-depth chamber array is introduced, prediction errors typically increase. This is due to

the enhancement of radiation impedance caused by chambers of different depths radiating out of

phase with one another. The radiation impedance of each chamber is due to the radiated pressure

3



field acting on its surface (interface between chamber and environment) due to itself radiating

(self) and other chambers radiating (mutual) into the aeroacoustic environment, divided by its

surface particle velocity. These effects are modified by the environment in which the chambers

radiate (e.g., semi-infinite vs. duct, no flow vs. grazing flow).

For this particular study, the focus is on chambers radiating into a normal-incidence impedance

tube with no grazing flow present. As mentioned earlier, while this is the simplest case, acoustic

liner designs often first get tested in these environments, and it is important to predict and identify

differences between this testing environment and more complex implementations. Approaches

for predicting the mean flow effect on liner radiation impedance often use no-flow models with

empirical adjustments [19, 20]. This typically involves testing samples at various flow speeds in

a grazing flow impedance tube, scaling down the predicted no-flow radiation impedance to match

experiment. Usually the Mach number is used in some form as the scaling parameter. Hence,

models for no flow are foundational and often the basis for models with flow. For the frequencies

and chamber widths associated with this study, radiation resistance is neglected, as it scales with

d2
E and not dE like reactance, where dE is the effective diameter of the chamber opening. The

radiation impedance (ζR) is therefore assumed purely reactive and, for a single chamber, modeled

as

ζR = ikδ, (2)

where k is the free-space wavenumber, and δ is the mass-end correction term, which can be mod-

eled with or without frequency dependence. The decision to include frequency dependence is

typically reliant on the aeroacoustic environment, frequencies of interest, and required accuracy.

Previous work has attempted to properly model the impedance of variable-depth liners. Par-

rott & Jones [6] utilized a transmission-line model to compute the surface impedance of each

chamber separately, and then applied a summation of admittances to calculate the effective sur-

face impedance of the entire liner. While this approach can work well, it does not take into

account radiation effects due to out-of-phase radiators caused by chambers of different depths.

Radiation impedance variation due to varying depths has greater influence on effective surface

impedance when radiators are larger in size, e.g., standard size open chambers (≥0.25′′). Schiller

& Jones [21] later attempted to account for radiation impedance by assuming that all chambers

radiate in the absence of mutual radiation with other chambers, thereby only accounting for self

radiation and modifications due to impedance tube walls. This significantly improved predictions

but still lacked sufficient accuracy due to the underlying assumptions. Mutual radiation must be

accounted for in the overall prediction process if high accuracy is required.

Early work on the development of the mass-end correction term is traced back to

Rayleigh [22], where an end-correction term is defined for a single massless piston in isolation

radiating into a semi-infinite environment. This is defined as

δ =
4

3π
dE . (3)

A radiating chamber or perforated facesheet hole is approximated by these massless piston as-

sumptions. This term is still widely used today, but if the piston is radiating into a tube or

surrounded by other pistons, it is not an adequate formulation. Fok [23] and Nesterov [24] per-

formed theoretical and experimental studies, respectively, to generate modification functions to

Rayleigh’s end-correction term to account for a piston radiating into an infinitely-long tube of

finite cross section. Later, Ingard [25] performed a detailed study of the radiation impedance of
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variously-shaped massless pistons radiating into tubes of different cross-sectional shapes. This

included self radiation impedance of pistons at different locations within the cross section of the

tube, as well as mutual radiation impedance between two pistons radiating in phase with one

another. This work derived the well-known approximate end correction for a single radiating

piston located at the center of a tube, given as

δ =
4

3π
dE(1 − 1.25

√
φ), (4)

where φ is the open area ratio of the piston relative to the cross section of the tube. Due to source-

imaging effects from walls [26], this approximation is often used to model radiation impedance

of a uniform array of pistons, much like the functions derived from Fok [23] and Nesterov [24].

Ih [27] later expanded Ingard’s work, computing self and mutual end corrections of various piston

shapes and tubes.

Ingard [25] and Ih [27] focused on development of mutual radiation impedance between two

pistons radiating in phase with one another, but Pritchard [28] extended this idea to an arbitrary

array of pistons. The total radiation impedance of a piston is the radiated acoustic pressure

it creates acting on itself combined with the acoustic pressure acting on it due to every other

piston, divided by its surface particle velocity. In other words, one can sum up these individual

radiation impedance terms (self and mutual with every other piston) and weight each term by the

complex particle velocity ratio between two given pistons, i.e.,

ζR,i =

NC∑
j=1

ζR,i j
u j

ui
, (5)

where ui and u j are surface particle velocities of the ith and jth chambers, respectively, NC is

the number of chambers in the array, ζR,i j is the mutual radiation impedance caused by the jth

chamber on the ith chamber, and ζR,i is the total radiation impedance of the ith chamber. Note that

self radiation impedance is included when j = i. It is assumed there is a uniform particle velocity

distribution at the surface of each chamber. If the pistons are radiating in phase and of uniform

intensity with one another, e.g., a constant-depth array of chambers, then this weighting factor is

always one. However, if they are radiating out of phase, as is the case with variable-depth cham-

bers, then this weighting term becomes important. While the analysis of Pritchard [28] showed

that this particle velocity ratio is present in the computation, the author, like others described

previously, focused solely on in-phase radiators and assumed this ratio to be one. Suzuki [29]

assessed the mutual radiation impedance of two out-of-phase radiators, noting sizable differences

in the performance of each radiator compared to when they radiate in phase.

Some recent work has utilized mass-end correction formulations outlined in Ih [27] and

Pritchard [28] to account for differences in radiation impedance due to perforated facesheet hole

position [30] and chamber layout [31]. However, in these studies, everything was assumed to

radiate in phase with one another, and when out-of-phase radiators existed, assumptions were

made to ignore mutual radiation impedance between out-of-phase radiators. This is not a suffi-

cient strategy for open-variable-depth chambers.

The intent of the current study is to document the methodology and results of a new approach

for predicting the impedance of open-variable-depth chambers in the absence of grazing flow.

This method relies on end-correction formulations provided by Ih [27]. Prediction results are

directly compared to experimental data taken from a normal-incidence impedance tube for a

variety of open-variable-depth chamber designs. Although the focus is on the normal-incidence
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tube, source-imaging effects [26] and careful placement of chambers allow the method to be used

for other no-flow environments, such as grazing-incidence tubes or larger area treatment zones.

These samples are excited experimentally by relatively low sound pressure level (SPL) tones in

order to avoid any nonlinear behavior. However, it is expected for open chambers that the effect

of higher SPL excitation on impedance is minimal, due to a lack of significant vortical structures

emanating from the chambers. This is in contrast to liners with perforated facesheets, where

losses due to turbulent structures from high SPL excitation are much greater. Other established

methods for predicting the impedance of variable-depth liners are used to provide additional re-

sults for comparison to the new model. Variable-depth chambers without an associated facesheet

are the selected samples for this study for a variety of reasons. The radiation effects are much

stronger due to larger pistons (chambers instead of holes) radiating into the tube. This allows for

a better understanding of the efficacy of each impedance model. It is also often necessary to test

the acoustic liner without a facesheet to verify characteristics of the chambers alone.

The surface impedance of chambers without radiation impedance inclusion is also highly pre-

dictable, thereby eliminating any uncertainties in the modeling accuracy of the chamber trans-

mission line, providing focus on the accuracy of radiation impedance modeling. Facesheet hole

transfer impedance, on the other hand, is much harder to predict accurately (due to uncertainties

in geometry, discharge coefficients, etc.), adding additional uncertainty when trying to verify a ra-

diation impedance model. Verification of the model using open chambers lends directly to appli-

cation with a facesheet though, as the same general process can be applied since facesheet holes

are also radiators, albeit smaller ones. Depending on hole position and variable-geometry per-

foration paths, impact from out-of-phase radiation could still potentially be significant [30, 32],

although these effects are typically reduced when grazing flow is present. Accurate modeling of

open-variable-depth chambers could also support industries outside of aerospace, such as HVAC

and automotive industries, where grazing flows are slower and reactive treatments are desired,

effectively redirecting the noise source rather than dissipating it.

The content of the remaining sections of this article is as follows. Section 3 shows a descrip-

tion of the test rig and samples used to validate the impedance models. Section 4 describes

impedance prediction formulations for three models. Models 1 and 2 are previous methods used

to compute impedance of variable-depth acoustic liners (taken from Parrott & Jones [6] and

Schiller & Jones [21], respectively), while Model 3 is the new approach. Model 3 contains both

an “a” and “b” variant, associated with low-frequency-approximation and full-formulation ap-

proaches, respectively. Next, comparisons of prediction and experimental results are shown in

Section 5, followed by a more detailed discussion of prediction errors in Section 6, using an L2

norm comparison to guide analysis. This includes a brief comparison to prediction errors taken

from a finite-element study. Then, a discussion of computational times for Models 1–3 is pre-

sented in Section 7. A brief computational study demonstrating the effect of radiation impedance

on narrow-width, variable-depth chambers is then shown in Section 8. Finally, a summary of

results and next steps is outlined in Section 9.

3. Test Rig and Samples

The Normal Incidence Tube (NIT) at NASA Langley Research Center is a 2′′ × 2′′ waveguide

approximately 36′′ long, a solid rendering for which is shown in Figure 3. It uses six BMS

Speaker 4599ND 2′′ compression acoustic drivers to generate a sound field that impinges on

the acoustic liner surface. There are three flush, wall-mounted microphones associated with the

rig. One is a reference microphone 0.25′′ away from the sample surface that is used to provide
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feedback in setting the appropriate total (incident plus reflected) SPL for the test. Two other

microphones, located 2.50′′ and 3.75′′ from the liner surface, are mounted in a rotating plug so

that their positions can be interchanged [5]. Typically, these two microphones would need to be

carefully calibrated to accurately perform the two-microphone method for impedance eduction.

However, the position switch of the microphones allows for two measurements to be taken, and

the average transfer function is used, effectively eliminating calibration issues [33, 34].

Measurement
Microphones

Reference
Microphone

Acous c
Drivers

Waveguide

Sample
Mount

Figure 3: Normal Incidence Tube (NIT) test rig.

The NIT allows for four different source types: stepped-sine, swept-sine, broadband, and

multitone at frequencies of 400–3000 Hz [5, 35]. The highest frequency tested in the NIT is kept

low enough so that only plane waves propagate within the waveguide. For this particular test, the

swept-sine source is used at a total SPL of ∼95 dB to avoid any nonlinear behavior. Note that the

results include two samples pulled from previous publications that are excited at 120 dB [12, 15].

This is still sufficiently low in amplitude for nonlinear behavior to be minimal. For computing

impedance, the two-microphone method is used [33, 34], effectively computing the reflection

coefficient directly from the transfer function of the two measurement microphones. With regards

to uncertainty, 95% confidence intervals on NIT normalized impedance spectra should be less

than 0.02 for samples considered in this study [36].

In order to build an experimental database with a wide range of liner impedances, several

variable-depth samples are designed and additively manufactured. Each sample is 3D-printed

via Stereolithography, where tolerances of the sample dimensions are generally around ±0.005′′.
Great care is taken to account for additional effects that can alter tolerances, such as resin bleed

from the laser. These samples vary chamber effective diameter and depth as well as the number

of unique depths. The chamber depths are selected to distribute resonances of each chamber

within the frequency range of 800–3000 Hz. This is done assuming a single chamber (closed on

one side, open on the other) resonates when its depth is a quarter of the tonal wavelength. The

spacing between chambers is also varied. Additionally, placement of each chamber depth within

the array is altered to assess if models successfully capture impedance changes associated with

placement differences.

The geometry of each sample is shown in Table 1. Figure 4 shows chamber depth placement

for each sample. The numbers on the chambers in Figure 4 represent the distribution of chamber
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depths, ordered the same as shown in Table 1, where the depths are written in descending order.

Most of the samples have chamber depths that are geometrically in “descending” order, meaning

chamber depths go from largest to smallest, starting from the bottom left of the sample and ending

at the upper right. An effort is taken for most of the samples to avoid chambers of the same depth

next to each other, even diagonally, although it is unavoidable for Sample 2. This is not the case

for Samples 10 and 11, which are samples originally made for past publications [12, 15]. These

were added later in the process to add further validation for the models, as they have different

chamber effective diameters and partition thicknesses. Sample 6, called “similars grouped” in

Table 1, has chambers of similar depths placed next to one another. In contrast, Sample 9,

denoted as “unlikes grouped” in Table 1, means very different chamber depths are placed next to

one another.

Table 1: Sample geometries for wide-chamber liner samples.

Sample Chamber Chamber Partition Chamber

Name Layout Side Length Thickness Depths

1 – 0.375′′ 0.025′′ (1) 1.787′′

2 Descending 0.375′′ 0.025′′ (1) 2.215′′ (2) 1.498′′

3 Descending 0.375′′ 0.025′′ (1) 2.911′′ (2) 2.215′′ (3) 1.787′′
(4) 1.498′′ (5) 1.289′′

4 Descending 0.275′′ 0.125′′ (1) 2.911′′ (2) 2.215′′ (3) 1.787′′
(4) 1.498′′ (5) 1.289′′

5 Descending 0.375′′ 0.025′′ (1) 3.251′′ (2) 2.635′′ (3) 2.215′′
(4) 1.910′′ (5) 1.679′′ (6) 1.498′′

(7) 1.352′′ (8) 1.232′′

6 Similars 0.375′′ 0.025′′ (1) 3.251′′ (2) 2.635′′ (3) 2.215′′
Grouped (4) 1.910′′ (5) 1.679′′ (6) 1.498′′

(7) 1.352′′ (8) 1.232′′

7 Descending 0.475′′ 0.025′′ (1) 3.251′′ (2) 2.635′′ (3) 2.215′′
(4) 1.910′′ (5) 1.679′′ (6) 1.498′′

(7) 1.352′′ (8) 1.232′′

8 Descending 0.375′′ 0.025′′ (1) 3.503′′ (2) 2.983′′ (3) 2.597′′ (4) 2.299′′
(5) 2.063′′ (6) 1.870′′ (7) 1.711′′ (8) 1.577′′

(9) 1.462′′ (10) 1.362′′ (11) 1.276′′ (12) 1.200′′

9 Unlikes 0.375′′ 0.025′′ (1) 3.503′′ (2) 2.983′′ (3) 2.597′′ (4) 2.299′′
Grouped (5) 2.063′′ (6) 1.870′′ (7) 1.711′′ (8) 1.577′′

(9) 1.462′′ (10) 1.362′′ (11) 1.276′′ (12) 1.200′′

10 Descending 0.300′′ 0.100′′ (1) 3.751′′ (2) 2.701′′ (3) 2.110′′
(4) 1.731′′ (5) 1.350′′

11 Descending 0.400′′ 0.100′′ (1) 3.376′′ (2) 2.338′′ (3) 1.788′′ (4) 1.447′′

4. Impedance Prediction Theory

The theory behind three impedance prediction models is described below, noting that the new

approach is denoted as Model 3. Since open chambers are modeled, it is assumed that nonlinear
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1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1

(a)

1 2 1 2 1
2 1 2 1 2
1 2 1 2 1
2 1 2 1 2
1 2 1 2 1

(b)

1 2 3 4 5
3 4 5 1 2
1 2 3 4 5
3 4 5 1 2
1 2 3 4 5

(c)

1 2 3 4 5
3 4 5 1 2
1 2 3 4 5
3 4 5 1 2
1 2 3 4 5

(d)

5 6 7 8 1
8 1 2 3 4
3 4 5 6 7
6 7 8 1 2
1 2 3 4 5

(e)

3 3 4 8 8
3 4 4 1 8
2 2 1 1 1
5 2 6 6 7
5 5 6 7 7

(f)

5 6 7 8
1 2 3 4
5 6 7 8
1 2 3 4

(g)

9 10 11 12 1
4 5 6 7 8
11 12 1 2 3
6 7 8 9 10
1 2 3 4 5

(h)

5 11 6 12 1
8 3 9 4 10
6 12 1 7 2
9 4 10 5 11
1 7 2 8 3

(i)

2 3 4 5 1
3 4 5 1 2
4 5 1 2 3
5 1 2 3 4
1 2 3 4 5

(j)

2 3 4 1
3 4 1 2
4 1 2 3
1 2 3 4

(k)

Figure 4: Chamber depth layouts for (a) Sample 1, (b) Sample 2, (c) Sample 3, (d) Sample 4, (e) Sample 5, (f) Sample 6,

(g) Sample 7, (h) Sample 8, (i) Sample 9, (j) Sample 10, and (k) Sample 11.

effects do not impact the impedance. All predicted and experimentally educed impedances shown

in this report adhere to the e+iωt convention. Figure 5 shows the transmission line from backplate

to surface of the ith chamber for Models 1–3, where position 0 is the backplate, position 1 is just

below the surface, position S is just above the surface, and hi is the chamber depth. More detail

on this is shown in the next section. All models are written into simple Fortran programs for

direct comparison, utilizing the LAPACK [37] library when necessary. Finally, for every model,

it is assumed that all chambers in a given sample array have the same cross section.

4.1. Model 1: no radiation impedance included
The simplest approach to modeling variable-depth acoustic liner impedance is to ignore the

radiation effects (p1,i = pS ,i, u1,i = uS ,i in Figure 5). Each chamber’s surface impedance is com-

puted separately and combined at the end via a summation of admittances, including the effect
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Figure 5: Transmission line from backplate to surface of ith chamber.

of partition thickness between chambers. One can use the transmission-line approach outlined

in Parrott & Jones [6] to compute the surface impedance of each chamber, where the complex

acoustic pressures and velocities are computed by stepping through the acoustic liner, from back-

plate to chamber surface. This approach is more accurate when radiators are smaller in diameter,

and therefore radiation effects are smaller. It is assumed that the backplate is impervious, and the

backplate boundary condition is described as(
p0,i

u0,i

)
=

(
1 + 0i

0 + 0i

)
, (6)

where p0,i and u0,i are the acoustic pressure and particle velocity, respectively, at the backplate

of the ith chamber. These values are normalized by the density of air multiplied by the speed

of sound squared, ρc2, and speed of sound, c, respectively. Transmission coefficients are used

to compute pressure and velocity at the surface of the ith chamber, pS ,i and uS ,i, respectively, in

conjunction with backplate boundary condition values. This is shown mathematically as(
pS ,i

uS ,i

)
=

(
T11,i T12,i

T21,i T22,i

) (
p0,i

u0,i

)
. (7)

Since u0,i is equal to zero, Eq. (7) reduces to(
pS ,i

uS ,i

)
=

(
T11,i p0,i

T21,i p0,i

)
. (8)

The normalized specific acoustic impedance for the ith chamber (ζi) is then defined as

ζi =
pS ,i

uS ,i
=

T11,i

T21,i
=

cosh(kΓhi)

ζ−1
C sinh(kΓhi)

, (9)
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where transmission coefficients T11,i and T21,i are as defined in Parrott & Jones [6]. Note that hi is

the depth of the ith chamber, Γ is the propagation constant, and ζC is the characteristic impedance

of the chamber. Assuming the chamber is filled with air, the propagation constant is computed

via [6]

Γ =

√
J0(i3/2s)

J2(i3/2s)

√
γ

nΓ
, (10)

where J0() and J2() are Bessel functions of the first kind of orders zero and two, respectively, and

nΓ is computed using

nΓ =
[
1 +
γ − 1

γ

J2(i3/2σs)

J0(i3/2σs)

]−1

. (11)

The shear wave number (s), Prandtl number (σ2), and ratio of specific heats (γ) are calculated

using

s =
dE

2

√
ρω

μ
, σ2 = μ

CP

κ
, and γ =

CP

CV
, (12)

where μ is dynamic viscosity of air, κ is thermal conductivity of air, and CP and CV are specific

heats of air at constant pressure and volume, respectively. The characteristic impedance of air in

the chamber is then defined as [6]

ζC =
−i

Γ

J0(i3/2s)

J2(i3/2s)
. (13)

Note that propagation constant (Γ) and characteristic impedance (ζC) formulations are technically

for a circular cross section chamber, so corner effects within square chambers are not modeled.

For the purposes of this article, the effective diameter of the square chambers is used. This

prediction assumption has proven to be a reasonable one for past research studies, at least away

from antiresonance [6, 38].

Assuming each chamber has the same effective diameter as well as thermodynamic and vis-

cous quantities, Γ and ζC are the same for each chamber. Finally, in order to combine the surface

impedance of each chamber into a final effective impedance, one can use

β =
Ω

NC

NC∑
i=1

βi, (14)

where admittances of each chamber, βi = ζ
−1
i , are added together, multiplied by the ratio of the

acoustically active surface area to total surface area of the sample, Ω, and divided by the number

of chambers, NC . The final effective impedance is then simply the inverse of the final admittance,

ζ = β−1. This computation is performed separately for each frequency.

4.2. Model 2: simplified radiation impedance included
This model was developed in Schiller & Jones [21] and uses the same general approach as

Model 1, but it modifies Eq. (9) to include a radiation impedance term (assumed purely reactive).

This is done using a frequency-independent, mass-end correction term. Generically, Eq. (9)

extends to
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ζi =
cosh(kΓhi)

ζ−1
C sinh(kΓhi)

+ ikδi, (15)

where δi is the mass-end correction term for the ith chamber. The value of the end-correction

term is location and chamber-size dependent, derived from assumptions based on source-imaging

effects and Ingard’s simplified correction for a centered massless piston radiating into a tube of

finite cross section [25, 26]. The end correction for a chamber is

δi =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

4
3π

dE(1 − 1.25
√
φ) interior

4
√

2
3π

dE(1 − 1.25
√
φ) edge

8
3π

dE(1 − 1.25
√
φ) corner,

(16)

where φ is the ratio of an individual chamber surface area to the total cross-sectional area of the

impedance tube.

The appropriate form in Eq. (16) is selected for each chamber location to determine the corre-

sponding end correction term (δi) for the ith chamber, which then gets inserted into Eq. (15) for

the surface impedance computation. Every other part of the process is identical to Model 1. As

stated earlier, this approach assumes there is no mutual radiation impedance between chambers,

so it is only including the added self radiation impedance, where each chamber is assumed to

radiate in isolation within the tube. In order to compute mutual radiation impedance between

chambers, Model 3 is employed.

4.3. Model 3: full analytical solution

Model 3 uses a transmission-line approach in a similar manner to that used in the previous

models. However, since the relative magnitude and phase of each chamber’s surface particle

velocity is critical to the overall surface impedance, one must now constrain the acoustic pressure

at the surface rather than at the backplate. Under the assumption again that nonlinear effects are

negligible, and that only plane waves are propagating within the impedance tube, an acoustic

pressure constraint is applied just above the liner surface. Although evanescent modes are present

right at the surface of the liner due to chamber radiation, for the frequencies considered in this

study, they are low in amplitude and strongly decay over a short distance [26]. As a result, the

plane wave is still assumed to be dominant a small distance away from the surface. The surface

acoustic pressure constraint for the ith chamber is therefore approximated as pS ,i = 1 + 0i (same

for every chamber), where as stated before, nonlinear effects are negligible, so the magnitude

of the surface acoustic pressure is arbitrary for these sample types. Although not explored in

this article, it is possible to assess other surface acoustic pressure constraints, i.e., higher-order

dominant modes at the surface, arbitrary pressure distributions, etc.

Knowing that the surface acoustic pressure is approximated to be the same for every chamber

due to the plane-wave assumption, one must solve for each chamber’s surface particle velocity in

order to compute each chamber’s surface impedance, with the intent of combining these values

at the end for the effective surface impedance of the sample. To do this, a number of assumptions

are made. The acoustic particle velocity at the surface of each chamber is assumed to be of

uniform distribution throughout the cross section. Additionally, accounting for the radiation

impedance in this context is an assumed lumped-element process (valid due to the small change

12



in distance from position 1 to position S and frequencies assessed in this study), so there is no

change of particle velocity, resulting in u1,i = uS ,i. One can take Eq. (9) (replacing pS ,i with

p1,i) and manipulate for an expression of acoustic pressure just below the surface as a function

of surface particle velocity, shown as

p1,i =

(
cosh(kΓhi)

ζ−1
C sinh(kΓhi)

)
uS ,i. (17)

It is assumed again that radiation impedance is purely reactive and modeled as a transfer

impedance that generates an acoustic pressure change, shown analytically as

ζR,i =
pS ,i − p1,i

uS ,i
, (18)

where rearranging this formulation and inserting Eq. (2) for the radiation impedance gives

p1,i + ikδiuS ,i = pS ,i. (19)

If one substitutes Eq. (17) into Eq. (19), the following relation is obtained:(
cosh(kΓhi)

ζ−1
C sinh(kΓhi)

)
uS ,i + ikδiuS ,i = pS ,i. (20)

Recall, Eq. (5) shows that radiation impedance of a given chamber is the combination of its

self radiation impedance and mutual radiation impedance with every other chamber in the array,

weighted by their particle velocity ratios. This is shown analytically as

ζR,i = ikδi = ik
NC∑
j=1

δi j
uS , j

uS ,i
, (21)

where δi j is the mutual radiation, mass-end correction term due to the jth chamber, and uS , j is

the surface particle velocity of the jth chamber. As stated earlier in the article, self-radiation is

included when j = i, and the particle velocity ratio is then one. Breaking out the self and mutual

radiation terms separately gives

ζR,i = ikδi = ikδii + ik
NC∑
j=1
j�i

δi j
uS , j

uS ,i
, (22)

where δii is the self radiation, mass-end correction term. This means for the ith chamber, Eq. (20)

becomes

(
cosh(kΓhi)

ζ−1
C sinh(kΓhi)

+ ikδii

)
uS ,i + ik

NC∑
j=1
j�i

δi juS , j = pS ,i. (23)

This equation is repeated for each chamber in the array. In short, a linear system of equations

must be solved to compute surface particle velocities for every chamber simultaneously. This is

represented in matrix format as
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

cosh(kΓh1)

ζ−1
C sinh(kΓh1)

+ ikδ11 ikδ12 . . . ikδ1NC

ikδ21
cosh(kΓh2)

ζ−1
C sinh(kΓh2)

+ ikδ22 . . . ikδ2NC

...
...

. . .
...

ikδNC1 ikδNC2 . . .
cosh(kΓhNC )

ζ−1
C sinh(kΓhNC )

+ ikδNC NC

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
uS ,1

uS ,2
...

uS ,NC

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
pS

pS
...

pS

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(24)

where as mentioned before, the right-hand-side vector is the same value for every chamber, i.e.,

pS = pS ,i. Once these particle velocities are found, the surface impedance of each chamber is

then computed (pS /uS ,i) and combined together via Eq. (14).

The computation of mass-end correction terms is taken from work performed in Ih [27], where

terms are derived from acoustic potential formulations assuming massless pistons of various

shapes radiating into differently shaped, infinitely-long tubes. The coordinate system for the

mass-end correction computation is shown in Figure 6, showing a 5×5 chamber array as example.

The full-frequency formulation for a rectangular piston radiating into a rectangular tube is used

and shown as [27]

x

y

(

(

Figure 6: Coordinate system for the mass-end correction calculation.
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δi j =
il2

atbt

( ∞∑
m=1

1

km0vm0

G2
mHmH′m+

∞∑
n=1

1

k0nv0n
G2

nHnH′n+

∞∑
m=1

∞∑
n=1

1

kmnvmn
G2

mG2
nHmH′mHnH′n

)
,

(25)

where vm0 = v0n = 0.5, vmn = 0.25, and the axial wavenumber, kmn, is defined as

kmn =

√
k2 −

(
mπ
at

)2

−
(

nπ
bt

)2

. (26)

Mode orders associated with the rectangular tube are defined as (m, n), l is the side length of

the chamber square cross section, and at and bt are the width and height of the impedance tube,

respectively. The Gm and Gn terms are defined as

Gm =
sin (mπl/2at)

mπl/2at
,Gn =

sin (nπl/2bt)

nπl/2bt
, (27)

while the Hm, Hn, H′m, and H′n terms are defined as

Hm = cos

(
mπxi

at

)
,Hn = cos

(
nπyi

bt

)
,H′m =cos

(
mπx j

at

)
, and

H′n = cos

(
nπy j

bt

)
,

(28)

where (xi, yi) and (x j, y j) are center surface coordinates of the ith and jth chambers, respectively.

If the frequencies of interest are sufficiently below the cuton frequency of the first higher-order

mode in the tube, a low-frequency approximation can be used, where k ≈ 0 is assumed in the

axial wavenumber computation. This is advantageous in terms of computational time when com-

puting impedance for a large number of frequencies, as kmn is assumed constant with frequency.

Therefore, two variants of Model 3 are analyzed. The low-frequency approximation approach is

denoted as Model 3a, while the full formulation is denoted as Model 3b.

The computation of this mutual radiation, mass-end correction term for the ith chamber is

paired with every chamber associated with the sample, including itself (self radiation impedance:

j = i). This calculation is performed for every chamber in the sample, which results in an NC×NC

array of end correction terms that get inserted into the system of equations shown in Eq. (24). In

order to identify a sufficient number of modes to use in the computation, a study is conducted

where predictions are made for every sample, starting at (m, n) = (5, 5) and going up in incre-

ments of five. This is done until the L2 norm (definition described later in this article) between the

current and previous predictions (cumulative for all samples) is below 0.01. This helps identify

convergence while also keeping computational times low. The result of the convergence study

demonstrates that a mode index of 30 is required in both directions, i.e., (m, n) = (30, 30), which

is used for every Model 3 prediction shown in this article. This convergence study is done for

both Models 3a and 3b, yielding the same findings.
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5. Experimental vs. Prediction Results

Comparisons are made between prediction and experimental data using the various impedance

models. Normalized reactance spectra are the focus of these comparisons. For open chambers

that are sufficiently wide in cross section (≥0.25′′), resistance due to losses from the chamber

walls are quite low. Figure 7 shows Model 1 predictions for a select few cases. When the

sample is constant depth (Sample 1), all chambers radiate in phase with one another, and radiation

impedance is nearly negligible. Figure 7 shows near perfect agreement between model and

experiment for Sample 1. However, differences arise when variable-depth chambers are assessed.

Upon analyzing Samples 2 and 5 in Figure 7, Model 1 is not adequately predicting reactance,

showing a clear shift to the right in prediction relative to experiment, as well as failing to predict

more-detailed behavior due to mutual interaction effects. Radiation impedance clearly needs to

be accounted for if a sufficiently accurate prediction is to be made. In addition to this, predicted

antiresonant spikes are larger in magnitude compared to experiment, indicating that predicted

dissipation due to chamber walls is slightly different than experiment. This is seen throughout

this section for every model presented. A likely reason for this, as mentioned earlier, is that the

impedance formulation being used assumes wave propagation through a circular cross section

chamber, not square. So although an effective diameter for the square chamber is being used in

the model, acoustic viscothermal differences due to corners, for instance, are not accounted for

in the wave propagation.

Model 2 is used to predict impedance of the same two variable-depth samples that are used

for Model 1 validation (Samples 2 and 5). Figure 8 shows this comparison. The prediction for

Sample 5 is significantly improved relative to Model 1, although more accuracy is still needed.

Sample 2, on the other hand, shows similar errors as Model 1, but this is not surprising given the

chamber layout of Sample 2 and the assumption of no mutual radiation. Because of this mutual-

radiation assumption, Model 2 tends to overpredict radiation impedance, hence a general shift to

the left in prediction relative to experiment.

Figure 9 shows experimental reactance of Samples 2 and 5 relative to Model 3a predictions.

Excellent agreement is now seen across the entire frequency range for both samples. The low-

frequency approximation of the formulation appears to do a satisfactory job. Although emphasis

of the article is on reactance modeling, resistance is also predicted well, as seen in Figure 10.

Note that resistance is inherently included when L2 norm computations are shown later in this

article.

As mentioned earlier, since this model relies on an acoustic pressure constraint near the surface

with constant magnitude and phase for every chamber, the computed acoustic particle velocities

are driving impedance changes between chambers. Figure 11 shows computed particle velocities

for select chambers associated with a constant-depth (Sample 1) and variable-depth (Sample 5)

sample. For the purposes of more realistic particle velocity magnitudes, the surface acoustic

pressure constraint has been temporarily lowered to an SPL near 95 dB, like the experiment.

Results illustrate the effect of radiation on the chambers. When the sample is constant depth

(Sample 1) and radiation effects are negligible, spectra are fairly smooth, with the root-mean-

square (RMS) particle velocity peaking at resonance. Relative to the zero phase angle enforced

for the surface acoustic pressure, the particle velocity phase angle quickly changes from 90◦ to

−90◦ as the spectrum crosses the resonant frequency, as one would expect for a single chamber

with a rigid backing on one side [26]. These spectra are the same for every chamber in Sample

1.

The results for Sample 5, however, demonstrate much more complex results due to varying
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Figure 7: Experimental reactance data (green) compared to Model 1 predictions (dashed black) for (a) Sample 1, (b)

Sample 2, and (c) Sample 5, showing the need for radiation impedance inclusion.

chamber depths. Figure 11 shows results for chambers 1, 3, 5, and 7 within the Sample 5 chamber

array (within the first seven chambers going left to right, down to up – see Figure 4). RMS

velocity peaks at different frequencies for different chambers, as expected due to different depths,

but one can see complex interference patterns associated with each spectrum due to chamber

radiation. Without chamber radiation included in the model, spectra would look more like a

series of smoother curves similar to that of Sample 1. This complex behavior also extends to

the phase angles, where this time only chambers 1 and 7 are included to make the plot more

readable in Figure 11. Although phase angles still largely hover around 90◦ or −90◦ depending

on the resonant frequencies of each chamber, radiation effects are causing shifts in the phase

angle, sometimes drastically.

To gain more insight on improvements between Models 2 and 3a, comparisons are also made
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Figure 8: Experimental reactance data (green) compared to Model 2 predictions (dashed orange) for (a) Sample 2 and

(b) Sample 5, indicating higher accuracy than Model 1 but with improvements still needed.

using Sample 9, as the “unlikes grouped” case should adhere best to assumptions laid out in

Model 2 due to unlike depths placed next to one another. The results are shown in Figure 12,

where Model 3a again outperforms Model 2 across the entire frequency range. Model 3b, being

the complete formulation, should improve accuracy even further. This assumption, however, is

not quite true. Figure 13 shows a comparison of model accuracy for Samples 6 and 8 using

Models 3a and 3b. It appears from these particular samples that Model 3b slightly overpredicts

the spectra, although accuracy is still very good. This would suggest that Model 3a does a better

job of predicting reactance spectra despite its low-frequency assumption. However, this is sample

dependent.

Figure 14 shows another comparison of Models 3a and 3b, this time using Samples 7 and 11

for validation. For these samples, there are marginal improvements made at higher frequencies

when Model 3b is used, which is different than when Samples 6 and 8 were used for comparison.

More will be discussed on this in the next section.

6. L2 Norm Analysis

To achieve a broader understanding of the accuracies of each model, an L2 norm is computed

for each prediction method, using each sample individually as well as one cumulative metric.

The L2 norm is calculated using

L2 =

√√√√√√√√√√√√√√√√√√
NTP∑
i=1

(ζP,i − ζE,i)(ζP,i − ζE,i)∗

NTP∑
i=1

ζE,iζ
∗
E,i

, (29)

where ζP,i is the predicted impedance for a given data point (i), ζE,i is the experimental impedance

for the ith point, and NTP is the total number of data points. The number of data points is either the
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Figure 9: Experimental reactance data (green) compared to Model 3a predictions (dashed blue) for (a) Sample 2 and (b)

Sample 5, indicating accuracy across the entire frequency range for both samples.
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Figure 10: Experimental resistance data (green) compared to Model 3a predictions (dashed blue) for (a) Sample 2 and

(b) Sample 5, indicating accuracy across the entire frequency range for both samples.

total number of frequencies per sample, or the total number of frequencies per sample multiplied

by the number of samples if one cumulative metric is desired. Jones et al. [4] applied a similar

process to quantify impedance predictive accuracy.

L2 norms derived from finite-element results are also used as a comparative point to the other

models. Actran TM [39] is utilized, particularly the low-reduced-frequency assumption for vis-

cothermal wave propagation in ducts [40]. Note that this is different than the low-frequency

assumption assumed in Model 3a, as the low-reduced-frequency assumption is more concerned

with large acoustic wavelengths relative to chamber cross sections and acoustic boundary lay-
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Figure 11: Computed acoustic particle velocities for Sample 1 ((a) root-mean-square amplitude (m/s) and (b) phase angle

in degrees) and Sample 5 ((c) root-mean-square amplitude (m/s) and (d) phase angle in degrees) using Model 3a. Sample

5 (c and d) contains spectra for multiple chambers (shown as different colors).

ers present. In order to compute surface impedance within Actran TM, samples are explicitly

modeled in the impedance tube environment, effectively mimicking the NIT microphone lay-

out, using the two-microphone method (as discussed previously) to capture results. Radiation

impedance is already accounted for in this manner, but it is also more computationally expensive

relative to the other models.

Great care is taken to minimize computational time of the finite-element simulations while

still producing accurate results. This includes modeling a reduced section of the NIT length,

as well as optimizing the mesh so that there is increased refinement near the chamber surfaces

to capture higher-order evanescent modes that may affect surface impedance. Note that further

refinements to the mesh do not significantly impact impedance results, so the mesh is coarsened

out away from the chamber surfaces. Numerous grids were assessed for accuracy, including full
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Figure 12: Comparison of (a) Model 2 (dashed orange) and (b) Model 3a (dashed blue) predictions using Sample 9

experimental reactance data (green). Model 3a demonstrates improved modeling across the entire frequency range.

refinement of the entire computational domain, but only refinement near the chamber surface

was necessary.

Figure 15 shows results of the L2 norm study. Sample 1 has been excluded from the analysis,

as only Model 1 is needed for the prediction. Model 1 is the least accurate model, as expected.

Model 2 shows a sizable improvement, yielding an almost 40% improvement in the L2 norm

cumulative metric relative to Model 1. Errors are further reduced by Models 3a and 3b, as well

as the finite-element simulations, where these methods are all fairly close in accuracy. Model

3b exhibits the lowest error, at least for the cumulative metric. The L2 norm cumulative metric

is reduced by almost 75% when Model 3b is used, relative to Model 1. Model 3b also yields

an accuracy improvement of almost 60% compared to Model 2. Model 3b seems to exhibit the

least variability in the L2 norm metric across the different samples. Models 3a and 3b produce

sizable improvements in impedance accuracy, and for the majority of samples, Model 3a yields

the lowest L2 norm, often outperforming Model 3b. Model 3b only outperforms Model 3a at

Samples 4, 7, and 11. There are error spikes for Model 3a using Samples 7 and 11 in partic-

ular, suggesting that larger chamber diameters are playing a role in reducing the accuracy of

Model 3a. Conversely, some of the lowest errors computed with Model 3a are associated with

the smaller chamber diameters (i.e., Sample 4, 0.275′′, and Sample 10, 0.300′′). The increased

errors associated with larger chamber diameters are likely due to an enhancement of errors con-

nected with the low-frequency assumption. As was shown earlier, end correction terms scale

roughly with the side length of the chamber, l, so as predicted radiation impedance goes up,

low-frequency-assumption errors likely go up as well.

Except for Sample 7 where chambers are larger, the low-frequency approximation (Model

3a) outperforms the full formulation (Model 3b) when partitions between chambers are thin

(0.025′′). Interaction effects between radiating chambers are strong in this configuration, and

Model 3b tends to slightly overpredict the radiation impedance. The most likely explanation for

this is that printed sample geometries are slightly different than what was targeted. As mentioned

earlier in the article, 3D-printed sample dimensions are typically within ±0.005′′ of the target,
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Figure 13: Comparison of Models 3a (dashed blue) and 3b (dashed pink) predictions to experimental reactance data

(green). Model 3a predictions are done for (a) Sample 6 and (c) Sample 8, while Model 3b predictions are also done for

(b) Sample 6 and (d) Sample 8. Model 3a demonstrates slightly better accuracy for these samples.

and sometimes these tolerances are modified further if resin bleed from the laser occurs, which

certainly could have happened for the partitions since they are so thin. There were no detailed

geometric measurements performed on these samples, but some quick estimations of the parti-

tion thicknesses using calipers indicated that they are close to the targeted design, but possibly

slightly thicker than desired. Some small differences in partition thickness could slightly alter

mutual radiation impedance, and if they are thicker than expected (which also means that cham-

ber effective diameters are a bit smaller), it would stand to reason that Model 3b may slightly

overestimate. This would also explain why Model 3b is typically about as good or better than 3a

when partitions are thicker, where resin bleed is less of an issue. That being said, error differ-

ences for all samples are quite small between Models 3a and 3b; one can review Figures 13 and

14 to see that minimal differences in impedance show up in L2 norms more drastically, especially

22



Frequency (Hz)

N
o

rm
al

iz
ed

 R
ea

ct
an

ce

500 1000 1500 2000 2500 3000
-5

-4

-3

-2

-1

0

1

2

3

4

5

Experiment
Model 3a

(a)

Frequency (Hz)

N
o

rm
al

iz
ed

 R
ea

ct
an

ce

500 1000 1500 2000 2500 3000
-5

-4

-3

-2

-1

0

1

2

3

4

5

Experiment
Model 3b

(b)

Frequency (Hz)

N
o

rm
al

iz
ed

 R
ea

ct
an

ce

500 1000 1500 2000 2500 3000
-5

-4

-3

-2

-1

0

1

2

3

4

5

(c)

Frequency (Hz)

N
o

rm
al

iz
ed

 R
ea

ct
an

ce

500 1000 1500 2000 2500 3000
-5

-4

-3

-2

-1

0

1

2

3

4

5

(d)

Figure 14: Comparison of Models 3a (dashed blue) and 3b (dashed pink) predictions to experimental reactance data

(green). Model 3a predictions are done for (a) Sample 7 and (c) Sample 11, while Model 3b predictions are also done

for (b) Sample 7 and (d) Sample 11. Sample 11 experimental data are taken, with permission, from Galles et al. [12], a

work of the U.S. Government. Model 3b demonstrates marginally improved accuracy for these samples.

if there are slight shifts between prediction and experiment near antiresonance. The intent of the

current study is to assess errors over the entire frequency range, but future efforts could filter out

the sharp antiresonant discontinuities. Overall, Models 3a and 3b produce vast improvements in

accuracy, comparable to finite-element methods. Computational times need assessing to deter-

mine usability of methods in a setting where quick iterations or a large number of predictions are

required. This is shown in the next section.
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Figure 15: L2 norm comparison (a) per sample, as well as (b) for all samples cumulatively.

7. Computational Time Comparisons

Model efficiency is a critical comparative point between methods. It is not necessarily de-

sirable to have a more accurate model if computational times are not suitable for the particular

application. Design studies in particular require efficient models when coupled with optimization

routines. To assess code efficiency, wall-clock time (real time from start to finish of executable

run) is captured for each model. As this can vary slightly every time the program is run, each

model is executed five times for every sample, with wall-clock times averaged together. As

mentioned earlier, Models 1–3b are all Fortran codes, compiled the same way, and written in a

manner to be very similar to one another. This computational comparison approach should be

sufficient for a general understanding of the trends.

Table 2 shows average computational times per frequency for computing the surface

impedance of Samples 2–11, using all models and variants. There are 512 frequencies per sam-

ple computed using each model to derive the values shown in Table 2. An average time value

is calculated for each model and sample (based on the five separate runs described earlier), and

then values for all samples per model are averaged together to compute the numbers shown in

Table 2. Reading from left to right in Table 2, the models increase in computational time.

Table 2: Computational times (seconds) per frequency based on wall-clock times averaged over multiple runs and all

samples.

Model 1 Model 2 Model 3a Model 3b

4.56E-05 4.60E-05 1.22E-04 1.29E-03

Models 1 and 2 are clearly the most efficient models, operating at nearly the same computa-

tional times. Given the significant increase in accuracy achieved by implementing Model 2, its

advantage over Model 1 is clear. However, Model 3a is also quite efficient, only taking ∼2.5

times longer to run than Models 1 and 2. This is accompanied by a vast improvement in accu-

racy. Although 2.5 times is not insignificant, it is a multiplier of a very small time value. Model
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3a is computing at a rate of ∼10−4 seconds per frequency. As mentioned earlier, it is feasible that

this time could be reduced further if less modes are included in the computation. However, these

computational times are also chamber-array-size dependent, as Models 3a and 3b must compute

∼N2
C operations, while Models 1 and 2 compute ∼NC operations. Although not shown in this

article, computational times for Samples 7 and 11 are shorter than others for Model 3a, and this

is because there are less chambers to loop through. A larger chamber array would consequently

increase computational time.

Model 3b takes roughly an order of magnitude longer to run than Model 3a but is still oper-

ating at ∼10−3 seconds per frequency. Although not shown in the results presented here, Model

3b demonstrates fairly consistent computational times for different chamber layouts, indicating

that the added frequency dependence of Model 3b (relative to 3a) is the main driver for computa-

tional expense. Perhaps the most important finding, however, is the comparison to finite-element

methods. Although not documented in the same way as Models 1–3b, the finite-element predic-

tions used for the L2 norm comparisons generally took a few seconds per frequency to run for

this particular study. This indicates that Models 3a and 3b are orders of magnitude quicker to

run while being just as accurate. Finite-element computations still have the advantage though

in terms of arbitrary designs and environments, as Models 3a and 3b are set up for very specific

cases. However, finite-element methods also suffer from added preparation time, having to regrid

a new geometry for every sample. This issue is further enhanced when optimization schemes for

design are implemented. Models 3a and 3b, on the other hand, only need updated parameters to

run a new iteration.

8. Application to Narrow Chamber Widths

As mentioned earlier, the influence of radiation impedance on open-variable-depth chambers is

lessened as the chamber width gets smaller. Typically for aerospace applications, if the variable-

depth liner is composed of wider chambers, a perforated facesheet is placed on top to provide

sufficient resistance and mitigate drag and liner self noise. The facesheet holes also act as radia-

tors, and similar modeling as shown in this article can also be applied to configurations including

facesheets. There are added difficulties with this though, such as modeling radiation on both

sides of the facesheet, as well as relying on an accurate prediction of the facesheet hole transfer

impedance. If the chambers are narrow in width (<0.1′′), the liner provides sufficient resistance

for noise absorption due to viscous losses from the chamber walls, and the chamber widths are

small enough to lessen aerodynamic drag and liner self noise impact [8]. Acoustic liners of this

type have been studied previously and are the subject of a possible future static engine test [41].

Due to the narrow chamber widths, radiation effects are greatly reduced for this type of liner.

This is coupled with increased resistance, effectively smoothing out the sharpness of the an-

tiresonant peaks, making them less distinct. However, radiation impedance is a function of the

free-space wavenumber (k), meaning that radiating chambers influence impedance more greatly

at higher frequencies. For chambers of this size in the NIT (where frequencies only go up to

3000 Hz), effects are minimal. Acoustic liners within engine nacelles often need to absorb noise

effectively out to 6000 Hz though, where radiation effects are stronger. It is in this higher fre-

quency range where narrow chamber, variable-depth liners may benefit from improved radiation

impedance modeling.

Before modeling narrow chamber, variable-depth liners, a constant-depth liner of narrow

chambers is first modeled and compared to experimental data, using Model 1 and a swept-sine

tonal excitation of 100 dB. To accomplish this, the CSQ3 liner from previous publications [42]
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is used. This sample is a 19 × 19 array of 0.05′′ × 0.05′′ square chambers, each at a depth of

3′′. Figure 16 shows the results, where prediction spectra have been extrapolated out to 6000 Hz.

Good agreement is seen between experiment and prediction, although there are some slight dis-

crepancies, likely due to the experimental sample and assumed geometry having slightly different

partition thicknesses. The resistance spectra is also shown to be of relatively sufficient magni-

tude for proper absorption (∼0.5) away from the antiresonant regions, demonstrating one of the

benefits of narrow chamber designs.
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Figure 16: CSQ3 experimental (a) resistance and (b) reactance (green) compared to Model 1 (dashed black) predictions,

where prediction data have been extrapolated out to 6000 Hz.

To assess the impact of modeling radiation impedance for narrow chamber, variable-depth lin-

ers, a small computational study is performed, comparing predicted impedances between Mod-

els 1 (no radiation included) and 3a (radiation included with low-frequency assumption) for four

relevant liner designs. The validity of using the low-frequency assumption at these higher fre-

quencies is discussed later in this article. The chamber widths of these virtual samples (0.05′′
and 0.10′′) are similar to designs outlined in Nark et al. [41]. The desired target frequency range

this time is assumed to be 800–6000 Hz, and like before, unique chamber depths are selected

so that resonances are distributed fairly equally. For these two chamber widths, the number of

unique chamber depths is either five or twenty-five, making the total number of virtual samples

four. These chamber depth layouts are selected to strongly vary the spacing of antiresonances for

each chamber as well as radiating-phase relationship between each. Also, for narrow chamber,

variable-depth liners, more variation in chamber depth is typically employed, since more cham-

bers can be packaged in a small amount of space, hence why twenty-five unique chambers are of

interest. The geometry for the four samples is shown in Table 3, and the depth layouts are shown

in Figure 17, showing the size differences between the different virtual samples.

The partitions between chambers have also been set to be 0.025′′ thick. Like previous samples,

unique chamber depths are placed in descending order, going left to right, bottom to top. While

these samples could have been printed and tested, the NIT does not allow for the frequencies of

interest in this study (up to 6000 Hz). The intent of this exercise is to demonstrate differences in

the prediction spectra, where the inclusion of radiation impedance is the primary discriminator
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Table 3: Sample geometries for narrow-chamber liner samples.

Sample Chamber Chamber Partition Chamber

Name Layout Side Length Thickness Depths

V1, V2 Descending 0.05′′, 0.10′′ 0.025′′ (1) 2.037′′ (2) 1.340′′ (3) 0.999′′
(4) 0.796′′ (5) 0.661′′

V3, V4 Descending 0.05′′, 0.10′′ 0.025′′ (1) 3.396′′ (2) 2.830′′ (3) 2.425′′
(4) 2.122′′ (5) 1.886′′ (6) 1.698′′
(7) 1.543′′ (8) 1.415′′ (9) 1.306′′

(10) 1.213′′ (11) 1.132′′ (12) 1.061′′
(13) 0.999′′ (14) 0.943′′ (15) 0.894′′
(16) 0.849′′ (17) 0.808′′ (18) 0.772′′
(19) 0.738′′ (20) 0.707′′ (21) 0.679′′
(22) 0.653′′ (23) 0.629′′ (24) 0.606′′

(25) 0.585′′

between the two prediction models.

In order to predict the impedance of these samples, modifications to the analytical setup are

implemented. To maintain the low-frequency assumption, the NIT environment is no longer

modeled. Rather, smaller impedance tubes are modeled to keep frequencies below the first

higher-order cuton mode. A 5 × 5 chamber setup is implemented for both chamber width cases,

meaning that impedance tubes of 0.375′′ × 0.375′′ and 0.625′′ × 0.625′′ are used for chamber

widths of 0.05′′ and 0.10′′, respectively. Due to the smaller impedance tubes and chamber cross

sections being modeled, Model 3a is assumed adequate, and therefore Model 3b is not used here.

Results for the twenty-five unique depths are shown in Figure 18, while the five unique depths

are shown in Figure 19.

Differences between predictions are smaller than what was seen earlier in this article for the

wider chambers (due to radiation impedance scaling larger with increased chamber width), but

it is clear that accounting for radiation effects yields different results, even at these small sizes.

The antiresonances are greatly reduced when there are more unique chamber depths (and due to

smaller chamber widths in general), as the resonances of some are mitigating the antiresonances

of others. This is seen in Figure 18, where twenty-five unique depths are used. Reducing the

sharpness of these antiresonances due to increased chamber dissipation mitigates the differences

between the two predictions (since the magnitudes of the antiresonances are smaller and appear

more flattened out), although there are still distinct differences above 4500 Hz, as expected due

to the increasing importance of radiation impedance at higher frequencies. When the number of

unique depths drops to five (as shown in Figure 19), antiresonances are more impactful (as they

are more distributed in frequency), and differences are a bit more clear, especially for the 0.1′′
chamber width case.

In general, the larger chamber width case (0.1′′) produces more distinct differences, especially

at higher frequencies, and this is expected due to the enhanced radiation effects. Differences are

minor though compared to the larger chamber widths assessed earlier in this article. It is advis-

able to use Model 3a for narrow chamber, variable-depth liners, especially when the chambers

are a little wider than conventional facesheet holes. Given the marginal computational cost in-

crease associated with Model 3a relative to Models 1 or 2, the added accuracy is justifiable, as
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Figure 17: Narrow-width chamber depth layouts for (a) Sample V1, (b) Sample V2, (c) Sample V3, and (d) Sample V4.

impedance differences are distinct enough to possibly produce slight changes in predicted atten-

uation performance. Grazing flow, however, will gradually diminish this radiation impedance as

the flow speed goes up [20]. If the narrow-chamber acoustic liner is designed for high grazing-

flow speeds, it may actually be a better strategy to design the liner with Model 1 (no radiation

included), but when verifying the performance in a no-flow impedance tube, use Model 3a to val-

idate the design. For lower flow speeds, as mentioned earlier, it may be necessary to adjust the

no-flow radiation impedance model shown in this article with empirical adjustments to quantify

the reduction in radiation effects.

9. Summary and Next Steps

A variety of surface impedance models, primarily designed for open-variable-depth chambers

in the absence of grazing flow, were documented and compared. A new modeling approach,

included within these models, takes into account the self and mutual radiation impedance of each

chamber, using full and low-frequency-approximation formulations. This method constrains
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Figure 18: Predicted reactance data for (a) Sample V3 (0.05′′ chamber width) and (b) Sample V4 (0.10′′ chamber width),

using Models 1 (black) and 3a (dashed blue).
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Figure 19: Predicted reactance data for (a) Sample V1 (0.05′′ chamber width) and (b) Sample V2 (0.10′′ chamber width),

using Models 1 (black) and 3a (dashed blue).

the surface acoustic pressure for every chamber (magnitude and phase), constructs a system of

equations, and solves for the surface particle velocities of each chamber, thereby computing

surface impedance of all chambers simultaneously. Previous literature [27] is used to accurately

compute mass-end correction terms for every chamber. An effective impedance for the entire

surface is then calculated based on conventional methods.

A variety of open-variable-depth chamber samples were designed, 3D-printed, and tested in

a normal-incidence impedance tube as validation data for the models. Comparisons showed

that radiation effects are important to model for these types of samples. The new approach
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effectively captured radiation impedance for all samples considered. Accuracy was as good as

higher-fidelity techniques such as finite-element methods. A computational efficiency study also

showed that this approach is orders of magnitude quicker to run than finite-element methods.

The low-frequency-approximation model variant (Model 3a in this article) computed results

that were highly accurate and computationally efficient, yielding slightly higher errors when

chambers were larger in diameter (≥0.4′′). Using Model 3a resulted in an L2 norm (cumulative

error metric) improvement of almost 70% relative to Model 1 (no radiation impedance modeled)

and almost 50% improvement relative to Model 2 (previous model used to account for radiation

impedance). This was in conjunction with a computational time per frequency of ∼10−4 seconds,

and depending on the needed accuracy, this could be lowered further if less modes were included

or mass-end correction calculations were simplified (e.g., some chambers have negligible impact

on others and can likely be ignored).

Models 1 and 3a were used to predict the impedance of four narrow chamber, variable-depth

liners (chamber widths of 0.05′′ and 0.10′′) to assess the importance of including radiation effects

for these liner types. These predictions were performed up to 6000 Hz, as radiation impedance

is more significant at higher frequencies, and typical liners within aircraft engine nacelles need

to provide performance up to these high frequencies. Differences between model predictions

were minor, but distinct enough at higher frequencies that radiation effects should be included

within the impedance modeling. If the liner designs are meant for high-speed grazing flows (such

as within an aircraft engine nacelle), it is likely best to design the liner assuming no radiation

effects (Model 1) but include these effects (Model 3a/3b) when verifying performance in a no-

flow impedance tube.

It is recommended to use Model 3a for variable-depth liner modeling to more accurately ac-

count for radiation effects while keeping computational times low. Model 3b may be desired

for larger radiators (such as larger chamber diameters). This impedance modeling approach

can be extended to variable-depth acoustic liners with a facesheet in a no-flow environment,

although typically the impact of out-of-phase radiators should be lessened as facesheet holes

are much smaller radiators compared to chambers. However, novel facesheet designs (such as

hole-clustered layouts [30] and variable-geometry perforation paths [32]) can increase the impor-

tance of radiation effects. Nonlinear effects due to high acoustic particle velocities through the

facesheet holes will also need to be included, and this will involve iterative techniques to properly

model the surface SPL and particle velocities. As stated earlier, open chamber designs are not

particularly sensitive to high intensity SPL excitation, so those impacts were not explored in this

study. Future work will implement this overall approach to account for the facesheet, where it

could then serve as a basis for an impedance model including the effects of flow, possibly through

the use of empirical adjustments to the no-flow model. The use of finite-element methods is also

still of great importance to more novel designs (such as bent-variable-depth liners) and complex

environments.

Finally, this work should be reassessed at higher frequencies, particularly when higher-order

modes are present within the impedance tube. The NASA Langley High Intensity Modal

Impedance Tube [43] is a testing platform well suited for this. These impedance models can

be compared to experimental data out to 6000 Hz and for dominant modes in the impedance tube

other than the plane wave. Potential adjustments to Models 3a and 3b formulations and usage

criteria could then be established. Select samples from this study should also be reassessed in

the NASA Langley Grazing Flow Impedance Tube [5] for no-flow conditions. This would allow

for a reassessment of the models in a different no-flow environment beyond the small impedance

tube analyzed in this article.
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