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This paper presents an analytical formulation of aeroservoelastic-flight dynamic mod-
eling of multi-rotor electric vertical takeoff and landing (eVTOL) aircraft in hover and
transition flight. The method captures the analytical stability and control sensitivities of
rotor unsteady aerodynamic loads about a trim solution due to the flexible airframe. The
rotor aerodynamic forces include circulatory and non-circulatory components to account
for unsteady aerodynamics. The circulatory forces are corrected for unsteady aerodynam-
ics using the time-domain approximation of Theodorsen’s function or alternatively the
Leishmann’s method. The integrated aeroservoelastic flight dynamic model includes the
rigid-body aircraft flight dynamics, the structural dynamics of the flexible airframe, in-
flow dynamics, unsteady aerodynamics, blade pitch dynamics, and rotor dynamics. An
analytical aeroservoelastic model of the NASA Lift+Cruise aircraft in hover is developed
to illustrate the aeroelastic effect of the elastic airframe on the rigid-body modes of the
aircraft.

I. Introduction

The flight dynamic motion of a rotorcraft is generally much more complex than that for a fixed-wing
aircraft. The complex flight physics of a rotorcraft is difficult to predict precisely. The complex unsteady
flow and unsteady wake interactions between rotors and airframe makes the flight dynamic modeling of
electric vertical takeoff and landing (eVTOL) a particularly challenging task. Flight control system design
for rotorcraft still largely depend on experimentally-derived flight dynamic modeling using experimentally
derived system identification flight data. With the emerging Advanced Air Mobility (AAM), there exist
a plethora of multi-rotor eVTOL aircraft designs with highly complex aerodynamic configurations. These
complex configurations pose significant challenges in stability and control of AAM aircraft. Due to the need
for computational efficiency, flight dynamic modeling of eVTOL aircraft still depends on relatively lower
fidelity tools such as unsteady vortex lattice method which cannot capture complex unsteady flow fields with
viscous dissipation generated by rotor wakes or transonic flow in the rotor tip region. Computational fluid
dynamics (CFD) methods have been coupled to rotorcraft comprehensive analysis tools such as CAMRAD
IT! for use in analyzing rotorcraft dynamics, but the computational cost is quite high which limits the broad
applicability of these high-fidelity tools in conceptual flight dynamic analysis.

In the current practice, general nonlinear flight dynamic models of eVTOL aircraft can be generated
by rotorcraft comprehensive analysis tools such as CAMRAD II,'* CHARM,? and FLIGHTLAB.* These
rotorcraft tools are widely used in the rotorcraft community. Linearized flight dynamic models are usually
extracted from nonlinear models created by rotorcraft comprehensive analysis tools using system identifica-
tion techniques or numerical differentiation. Due to nonlinearity, traditional system identification techniques
using sinusoidal inputs results in signal distortion which could result in inaccurate identified models.

In accounting for the aeroelasticity of the airframe, the level of complexity in coupling aeroelasticity to
fight dynamics of an eVTOL aircraft substantially increases due to the multi-rotor configurations which give
rise to complex unsteady aerodynamic interactions between the individual rotors and between the rotors and
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the airframe. In this work, we present an analytical method for estimating stability and control derivatives
for an aeroelastic multi-rotor eVTOL aircraft with an elastic airframe. The rotors are assumed to be rigid in
this work. The unsteady aerodynamic effects are predominantly due to the rotor thrust. The method affords
a computationally efficient process for modeling the flight dynamic motion of an aeroelastic eVTOL aircraft
without resorting to high-fidelity CFD. A numerical tool has been developed to be used in conjunction with
CHARM to automate the process of creating a linear coupled aeroelastic flight dynamic model in hover and
transition flight. The tool is applied to the NASA Lift+Cruise eVTOL aircraft'® to evaluate the effects of
the elastic airframe on the vehicle dynamic response.

II. Air Velocity and Acceleration Analysis

In this section, an air velocity and acceleration analysis is performed to develop the analytical stability
and control derivatives of an eVTOL aircraft in hover and transition flights as well as the force and moment
derivatives due to the elastic motion of the airframe. For the analysis purpose, the NASA Lift+Cruise VTOL
aircraft is used.'® The development assumes a small perturbation about a nonlinear trim equilibrium solution
which is obtained by a trim analysis provided by CHARM rotorcraft comprehensive analysis tool. Complex
unsteady wake interactions between the rotors and fixed-wing airframe are neglected in the present analysis
due to the lack of fidelity in the wake models employed by CHARM. The rotor-rotor unsteady aerodynamic
interactions are assumed quasi-steady whereby the effects are captured in the lift curve slopes for the rotors
as computed by CHARM.

A. Reference Frames

The various reference frames of the Lift4Cruise vehicle are shown in Figure 1. We assume a rigid blade
system with no flapping motion in the present analysis, but this assumption will be relaxed in future work.

Figure 1. Lift4Cruise Aircraft Reference Frames
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Figure 2. Wing, Aircraft, Rotor, and Blade Reference Frames

The wing has a negative dihedral angle —T" and a positive sweep angle A. The wing elastic reference frame
is defined by (2w, Yw, 2w). The reference frame defined by (z’,4', 2’) is obtained by a rotating (z, Yw, 2w)
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about x,, = 2/ by —T" where I is a negative value. This is shown in Figure 2(a). The negative value indicates
that the dihedral angle is negative or equivalently a positive anhedral angle. Thus,

i 10 0 i
iy | =10 cosT' —sinT Jw (1)
k’ 0 sinl’  cosT k.,

where i, j’, and k’ are unit vectors along the x’-axis, y’-axis, and z’-axis, respectively.
The 2’-axis points in the upward vertical direction in the direction opposite to the aircraft z,-axis.
Referring to Figure 2(b), the (2,3, 2’) reference frame is related to the aircraft reference frame defined by

(%a) Ya, Za) a8

i —cosA —sinA 0 ig
i | =] —sinA cosA 0 ja (2)
K 0 0o -1 k,

There are eight lift rotors on the Lift4Cruise aircraft, numbered 1 through 8. Rotors 1, 4, 5, and 8 are
rotating in the counterclockwise (CCW) direction as viewed from the top of Figure 1. Rotors 2, 3, 6, and 7
are rotating in the clockwise (CW) direction. The rotors are canted by an angle n; in the y,-z, plane where
the positive angle is about the z,-axis. Referring to Figures 2(c) and (e), the CCW and CW rotor reference
frames defined by (x.,, yr,, zr,) are related to the aircraft reference frame (x4, ya, 2z4) by

i, -1 0 0 i
i, | = 0 cosmy;  —sinmn ja (3)
k., 0 —sinn; —cosn; k,

Referring to Figures 2(d) and (f), the CCW blade reference frames is defined by (zs,, ys,, 2;), ¢ = 1,4,5, 8,
where the blade pitch axis is aligned with the yp,-axis. The CW blade reference frames is defined by
(Tb, s Ybss 2,), © = 2,3,6,7, where the blade pitch axis is aligned with the y;,-axis. The CCW and CW
rotations are defined by the angle ¥, where the positive angle is about the zp,-axis .The CCW and CW
blade reference frames (xp,, ys,, 2;) are related to the rotor reference frames (z,,, yr,, zr;) by

ip, sinV, Fcos¥,; 0 i,
o, | = | cos¥; £sin¥; 0 Jr; (4)
kp, 0 0 +1 k;,

7

where the upper sign corresponds to the CCW blade reference frame.
The rotor support reference frames are defined by (x,,ys;, 2s;), ¢ = 1,2,3,4 in the same orientation as
the aircraft reference frame (x4, yaq, 2,). Therefore,

i, 100 i,
J; | =10 10 Ja (5)
K., 00 1]k

The aircraft body station, buttline station, and waterline station are defined by the global reference frame
(z,y, 2) as shown in Figure 1. The global reference frame (z,y, z) is related to the aircraft reference frame

(xa) yaﬂ Z(l) as

i -1 0 0 i,
j[=]10 10 Ja (6)
k 0 0 -1] [k

The aircraft center of gravity (CG) is located at (z¢g,Ycg, 2¢g) In the global reference frame (x,y, z).
The origin of the wing elastic reference frame is located at (T, Yuw,, 2w, ) relative to the CG location with
respect to the global reference frame (z,y, z). The origins of the rotor support reference frames are located
at (Ls,, Ysios Zs;0) Telative to the CG location with respect to the global reference frame (z,y, z). The origins
of the rotor and blade reference frames are located at (., Yr,q, 2 ) relative to the CG location with respect
to the global reference frame (z,y, z).
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B. Air Velocity and Acceleration

The wing and the rotor supports are assumed to deform elastically under combined bending, torsion, and
axial loading. The lift forces are due to the air velocity and air acceleration. We consider the air velocities
and accelerations on the rotors and the aircraft aerodynamic surfaces.

C. Air Velocity Analysis

The displacement and rotation of the wing structure under load are expressed as

Uy = Uyl + vy + wyk (7)
¢w = ¢wi + ij + ¢wk (8)

where uy, (y,t), vy (y,t), and w,, (y,t) are the lateral bending displacement, extensional displacement, and
vertical bending displacement, respectively; and ¢,,, 6.,, and ¥, are the vertical bending rotation, torsional
rotation, and lateral bending rotation, respectively.

At the origin of the rotor support reference frames (xs,,ys,, 2s;), the displacements and rotations of a
rotor are denoted as

Wy = By (Ys;0) a (1) 9)
v =Wu (Ys,o) a(t) (10)
where ®,, (ys,,) is the displacement mode shape matrix, ¥, (ys,,) is the rotation mode shape matrix, and
q(t) = [ at) @@ - g, 1) } is the generalized displacement vector.
The displacement and rotation of a rotor support structure is expressed as
U, = us, 1+ vs,j + ws k (11)

where ug, (y,t), vs, (y,t), and ws, (y,t) are the extensional displacement, lateral bending displacement, and
vertical bending displacement, respectively; and ¢s,, 6s,, and 1, are the torsional rotation, vertical bending
rotation, and lateral bending rotation, respectively.

At the origin of the rotor support reference frames (x,,ys,, 2s; ), the displacements and rotations of a
rotor are denoted as

u;, = P, (Azrs,,)q (t) (13)
¢Si = ‘Ilsq‘, (Ax?”sio) q (t) (14)

where AZys,y = Tr,y — Ty
The wing bending rotation ¢, and the torsional rotation ¢ of the rotor support structure add to the
rotor cant angle ;. Let 7 be the total cant angle where

77; =n; + ¢u1 + ¢si (15)

The global reference frame (x,y, z) is related to the blade reference frames (xy,, yp,, 25,) by

i -1 0 O -1 0 0 sin W, cos W, 0 ip,
il= 0 1 0 0 cosny  —sinn; FcosW; =£sin¥; 0 b,
k | 0 0 -1 0 —sinn —cosn; 0 0 +1 ky,
[ sin ¥, cos U, 0 ip,
= | FcosnfcosV; cosnisin¥; Fsinn} b (16)
| Fsinn;cosW; LsinnsinW¥; Lcosn] ky,

The air velocity on a rigid blade section is computed by a coordinate transformation from the global
reference frame (z,y, z) to the blade reference frames (x,, ys,, 2p;) as

Vi, = Vi, + Vi, + Vy, (17)
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where v, is the air velocity due to the aircraft motion, v,, is the relative air velocity due to the blade
motion in the rotor reference frame, and v, is the air velocity due to the airframe elastic motion. These air
velocities are given by

Vb, =V +w X (r,, + Ary,) (18)
Vy, = Vp + wr, X Ary, (19)
Vb, = Ve + we X (Pr; + Ary,) (20)

The air velocities are further described as follows.

Vo = uly + vj, + wk, is the aircraft velocity.

The air velocity of the incoming flow to the rotors is opposite to the aircraft velocity and also includes
the air velocity due to the elastic motion of the wing and rotor supports. It is given by v = —ui, —
v} jo — wik, where

v =0 —u Yy + Vs;) (21)
w* =w+u(0y +0s,) (22)
vp = —Vp, ky, is the inflow velocity normal to the rotor plane.
Ve = —U,, — Ug, is the air velocity due to the elastic motion.

Wq = Pig + qjq + 7k, is the aircraft angular velocity.

w = —w, is the air angular velocity opposite to the aircraft angular velocity.

Wy, = — :I:ébi Ju: + Qikbi) is the air angular velocity due to rotor rotation where ébi Jjv, is the blade

[

pitch velocity about the blade pitch axis and €2;ks, is the blade angular velocity.
We = — ((;Sw + q5g7) is the air angular velocity due to the elastic motion.

r,, is a position vector from the aircraft CG to the origin of a rotor reference frame given by
rr, = Azpoi+ Ayroj + Az k (23)

where (Azy,, AYrigs Azryy) = (Trig — Tegs Yrio — Yegs Zrig — Zeg) 18 the coordinate of the origin of the
rotor i-th reference frame relative to the aircraft CG.

Aryp, is a position vector from the origin of a rotor reference frame to a point on a blade section given
by
Ary, = (€ = &) i, +7'jo, (24)

where £ is the blade airfoil coordinate defined along the blade chord direction, pointing from the leading
edge at £ = 0 to the trailing edge at £ = ¢, and r’ is the blade radial station.

Pr; is a position vector from the origin of a rotor support to the origin of a rotor reference frame given
by
Pr, = Argoi + Ayrg,o + Azrg, k (25)

where (AZys,y, AYrsios Azrsiy) = (Trig = Tsior Yrio — Ysios Zrig — Zsio) 1 the coordinate of the origin of
the rotor i-th reference frame relative to the origin of the rotor support i-th reference frame.

The air velocity due to the aircraft motion is obtained in the blade reference frame (xy,, yp,, zr,) as

Vb'i = (u - qu?"io - rAy?"io) i+ (_U* - pAZT‘w + TAxTio)j + (U)* + pAyTio + qAZ"'iO) k
+ (pi - qJ + ’I“k) X [(§ - ge) ibi + r/jbi]
:T}fﬂbi ibi + ’Bybijbi + @Zbi kbi (26)
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The relative air velocity due to the blade motion is

Vo, = —’Upik” - (iébijbi + Qikbi) X Al‘bi

= Qur'iy, — Qi (€ =€) F 05 — 00, (€= €] K, (27)
The air velocity due to the airframe elastic motion is computed as
Vi, = — (T + Us,) I — (D + Vs,) § — (W + s,) k
:’[)xbi ip, + Iz}ybijbi + f)zbl ky, (28)
The tangential, radial, and normal airspeeds on a rotor blade section are obtained
Vi (1, €,1) Vg, + U1’ + Vg,
Vi (7’/, & t) = @ybi — (f - ge) + f)ybi (29)
|2 (rlv 53 t) iﬁzw — Up; + abi (f - ge) + ﬁzbi

The inflow velocity is prescribed by
! r!
Vp, = V0,p; + Vs p; = sin U; + v p, ] €08 U, (30)

The Pitt-Peters three-state inflow model® 7 is used to describe the inflow velocity

Mpivpi = 7Lpz‘vpi + Cm (31)

T T
— — — 1 3 8 16
where Vpi = |: Vo,p; Vs,p; Ve,p; :| ) Cp’i - |: CT” Olri, Cmm: :| ’ Mpi - RQ% dlag ( |: 37 T 457

™

202
16 ]) is the apparent mass matrix, and L, = %diag ({ % -1 -1 D for hover and L,, =
Pq

T 457
6 g _1
757 2
R;Q? 0 % 0 is the reciprocal of the sensitivity matrix. The thrust and moment coefficients
2 0 0
are defined as
T,
Cr, = i (32
I,
Crn, = — i (34)

i PR

D. Air Acceleration Analysis

The air acceleration creates inertial forces, also called non-circulatory forces. The air acceleration is computed

as
dvy,
ay, = ( df) + (W + Wy, + we) X vy, (35)
b;

where (%)bi denotes differentiation with respect to the blade reference frame.

The air acceleration is comprised of the air acceleration component a;, due to the rigid-body aircraft
motion, the air acceleration component a,., due to the rigid-body motion of the rotor, and the air acceleration
component a;, due to the elastic motion of the airframe. These components are computed as

dvy,
ay, — ( v )bi Fw X U, (36)
dv,.
aAr; = . + (w + “‘JT’i) X Vi, +wr, XV, (37)
4 dt b’L 2 2 v 2
< [dvy, -
ap, = + (W wr,) X Vp, +we X Vp, (38)
it ),
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Thus, the total air acceleration is expressed as
ay, = ay, +a, +ap, (39)

We are interested in the vertical air acceleration component a., = ap, - K, in the rotor thrust axis along
the k,.,-direction which contributes to the non-circulatory force.

III. Unsteady Aerodynamic Forces

The unsteady aerodynamic forces comprise forces due to lift circulation, also called circulatory forces,
and non-circulatory forces which are inertial reaction forces exerted by the air. These forces are treated in
the following sections.

A. Lifting Line Theory

The lift circulation of a rotor blade section in forward flight is a function of the radius ' and azimuthal angle
¥ given by

dr (', U 1 1

% =C (k) §V (r', ) ep (') o (7', ¥) = C (k) 3 (r'Q 4+ usin ¥) ¢y (40)
where u is the axial aircraft velocity component, C (k) is the Theodorsen’s function® and k = %;1 =2
is the reduced frequency evaluated using the mean chord ¢, at the mean radius 7 = % and R is the rotor
radius.

The lift coefficient is expressed as

w; (r', W)

_— 41
r’Q+V,sin ¥ (41)

a=cj, |a(r)—ag () +

where a is the angle of attack along the blade radial station, ¢; = T o is the angle of attack at zero

lift of the blade airfoil, and w; is the inflow velocity.

Thus,
T, W 1 1
O _ (k) 070+ usin W) esc, (o~ af) + 2 (k) o, w, (42)

The following inflow model is used:
w; = wo (r") + ws (r') sin ¥ + w, (') cos ¥ (43)

Since C (k) = F (k) 4+ iG (k) is a complex expression and ¥ = Qt, we can express the lift circulation in
the time domain as
ar (v, ¥) 1 G (k)

1
) [F' (k) (r"Q + usin W) + G (k) ucos V] cpef (a — o) + 5‘3?)07& F (k) w; + Tw‘ (44)

Integrating the lift circulation over one revolution yields the circumferentially averaged lift circulation

/ 1/27TdF
I (r") ~27 , d\Ifd\Ij
L[
=5 3 [F' (k) (r"Q + usin ¥) + G (k) ucos V] cpef. (a — o) ¥
T Jo
1 2

G (k)

1
Gy [F (k) w; + 0

o 0 2
1
:§F (k) [r'Qepc), (o — ag) + wo) (45)

wl] dv
The lift circulation is expressed as a Fourier sine series as

N
@)= Z A, sinng (46)
n=1
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where r/ = £t — BoBi co5¢ and R; is the rotor hub radius. Thus, ' € [R;, R] is mapped to ¢ € [0, 7).
The induced vertical airspeed is obtained from the lifting line theory as

1 (R 4dn
- - 47
o dr Jg, T —n (47)
where n = % — %cos ©.
Hence,
™ N N .
1 / Y ey Anncos npdy 1 4 Tsin ne (48)
Wo = — = nT .
0 m(R—R;) Jo COS (p — COS ¢ 2(R-R;) —~ sin ¢
Therefore, we have
N N .
; 1 ’ * % F (k) ey, nsinneg
I :;Anslnn(b: iF(k)T QCbCla (OZ—Oéo) — mng:lAnw (49)

Integrating Eq. (49) upon multiplying it by sinme¢ yields

N T * . T
Z/o A, {sin neo + f((;)_cb;l") n:llzzqq sinmedp = /0 %F (k) r'Qeypey. (o — og) sinmepdp (50)
n=1 v

This results in the matrix equation

N
Vs

where « . .
" /w F (k) coe msin n.qb sin m¢d¢ (52)

o 4(R—R)) sin ¢

1
b = / I (k) r'Qepcy, (o — ag) sinmede (53)
0

Taking the partial derivative of I" with respect to a and solving for ¢;, result in

N
2 04, .
Cl, = m ng:l Do sSin TL¢ (54)

B. Circulatory Lift Analysis

The air velocity v (r' , %, t) at the three quarter-chord location is obtained by letting £ — &, = % — & = e
where e, is the distance between the three-quarter-chord and the pitch center, positive when the three
quarter-chord location is aft of the pitch center.

The blade angle of attack is defined as
3 V. (', % t
Qp, <r’,ib,t) = tan~! v <T 4 ) (55)

The circulatory lift is given by
dlc,bi _ 1 2 /
d\:[/l - 2pooV (T 7567t) Cbcl (56)
The lift coefficient is given by
o =cq,+c,o (57)

where « is the angle of attack on a blade section given by
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The blade pitch angle is given by
Op, (', t) = Oy, (') + Oy, (', 0, 1) (59)

where ébi (r',t) is the blade pitch control input which can be expressed as

N
ébi = Z 05, , sinnQt + 0

s COSTIA (60)
n=0
The circulatory drag is modeled as
dd.p, 1
ﬁ = ipooVQ (’r/7€€7 t) CvCq (61)
where the drag coefficient ¢4 is given by
Cd = Cdy + Ca, 0+ Ca_, a? (62)

The circulatory force on a blade section in the blade reference frame is expressed as

Afacs, ., | e,
fc,bi = d\I’z lbi + d\I/i kbi (63)

The circulatory force on a blade section in the aircraft reference frame is

R S R
obi T Tqw, T Tqw, 1T T aw,

k, (64)

The blade reference frame is related to the rotor reference frame by Eq. (4). The circulatory force on a
blade section in the rotor reference frame is

dfxc,ri . dfyc,” . dfzc,T
av, T qw, T g,

fop, = k., (65)

The circulatory rotor thrust force in the rotor reference frame is

BT, ey, A, dley, cosan 4+ dde.p,
dr'dv, — dv;  dv,  d¥, bW,

sin ay, (66)

The position vector of the quarter-chord point on a blade from the origin of the rotor reference frame is
expressed as

c
Ary, (Zb) =r'jp, — epip, = 1’ (cos W;i,.. & sin W;j,..) — e (sin ¥;i,., F cos ¥;j,.,) (67)
where e, = {. — ¢ is the offset between the blade elastic center and the aerodynamic center at the quarter-
chord location.

The circulatory rotor moment about the origin of the i-th rotor reference frame is

1 R 27
M. Ty 7/ / Arbi (%> x f. bid\IJidr/ =l riim + me Tijn - Qe nkn (68)
’ 2w Jr, Jo 4 ’ ’ ’ ’
where
N R 27 d e b,
lew, = :|:2—7IT7 /R,- /o (r’ sin W; + e cos ¥;) Z\I/:l d¥;dr’ (69)
N, R 27 d .
Moy, = —2—7: /Rj /0 (r' cos W; — e, sin ¥;) 2\11: dU,;dr’ (70)
Nb R 27 /df{L’ .
= E£— “2 AW, dr’! 71
Qe 27T/Ri/0 " aw, (1)
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with Nb = 2.

Note that the negative sign in front of the rolling moment /. ,, and yawing moment or rotor torque Q. r,
reflects the sign convention in flight dynamics where the positive rolling moment points forward and positive
yawing moment points down.

The circulatory rotor force acting on the aircraft due to the i-th rotor is obtained as

Fc,ai = Xc,a,-ia + }/c,aija + Zc,aika (72)

where

27r
Xea;, = / / .. o dvidr’ (73)
271'
Vea, = / / fy”z AW dr’ (74)
271'
b fzc,a< /
Zog, = =2 LW, d 75
= o /R /O dv; " (75)

The circulatory rotor moment about the aircraft CG due to the i-th rotor is obtained as

Mc,ai = Mc,m +r, X Fc,m = lc,a,;ia + mc,aija + nc,aika (76)
where
lc,ai :lc,m + Yc,aiAZrio + Zc,aiAymo (77)
Me,a; =Me,r; COS1; + QC,H sin Ni — XC#MAZHU + ZCJL{,AIT@O (78)
Ne,a; = — Meyr; sin un + Qc,m COS Ty — Xc,ai Ayrio - }/c,ai A-rrio (79)

C. Non-Circulatory Lift Analysis

The air vertical acceleration can be separated into two components

Az, (r',&t) = Azop, (r',t) +ag (r',1) (€ — &) (80)

where a, (17,t) is a translational vertical acceleration component and ag (17,t) is a rotational angular or
pitch acceleration component.

The non-circulatory lift contribution due to the air acceleration at the mid-chord location according to
Theodorsen’s theory®? is computed as

dlnc,bi T Cp
S = gecten, (10 500) 1)

The non-circulatory pitching moment contribution about the blade pitch axis is computed as

dmnc,bi o dmac,bi e dlnc,bi ™

4
_ _ 0 D 82
v, av; M Tqw, 128 (82)
where e,,;, = 2 — &, is the offset between the blade pitch axis and the mid-chord location and Lb‘ is the
pitching moment about the aerodynamic center of a blade section given by
dmac b; 1
W‘, = Cmge 2p0<>v2 ( /a€€7t) Cg (83)

The pitching moment about the aerodynamic center does not depend on lift, but is a function of the
effective blade mean camber angle which is expressed as

% = —tan~! V.
' Vi

~ _aZi (T/7t) - Q¢ (Tlvt) (5 - fe) (84)
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where

i o, V. v
‘22+Vz28(§_£e) ‘22+Vz2a(§_§e)

Using the transformation £ = % (1 —cos¢), the pitching moment coefficient about the quarter-chord

ag (r',t) = (85)

aerodynamic center is evaluated as'”
1 [™d
Cmae = 5 ; £ (cos 20 — cos 0) df
1 g % Cp s
=-3 {abi +tags (cos ¢ — cos (b)} (cos2¢ — cos ¢) dop = —g b0 (86)
0

We assume the non-circulatory drag is zero. Then, the non-circulatory force on a blade section in the
blade reference frame is expressed as

Woren, . | UWenen,
where
dfznc,b- dlnc bi .
d\IIi = — d\I/i S111 (ep, (88)
dfznc,b' dlnc.bi
T d, e (89)

The non-circulatory force on a blade section in the aircraft reference frame is

_ dfxnc,ai i + df@/nc,a,; . + dfznc,ai

frcb; av, 47, Ja v, k, (90)
where
dféfﬁf" - dfélﬁf sin ¥4 (91)
df;&fji = :Fdf;&j;i cos1; cos U; — dfp,b sin 7 (92)
df;&;:i = idf;&;bi sin7; cos ¥; — df;&;;i COS 1); (93)

The non-circulatory force on a blade section in the rotor reference frame is

Foerir | Wyers, | Y-
1., + Jr; +

frcp, = . . UK, 4
A T aw T Ay ®)
where
Biner. e,
nec,r; _ nc,b; . ‘I/
v, a0, sin ¥, (95)
dfync.,r,- dfznc,b,-
v, F v, cos ¥, (96)
foper, Yo,
fovere Yo, o
A dv;
The non-circulatory rotor thrust force in the rotor reference frame is
dQT’rLC T4 d Zne,r; d Zne,bs dlnc .
oL — Forer, = Fonea = obi COS (v, (98)

The position vector of the mid-chord point on a blade from the origin of the rotor reference frame is
expressed as
¢

Ay, (2

) =7"jp, + empip, = 1’ (cos U;i,, £ sin U,j,..) + emp (sin Ui, F cos ¥;j,.,) (99)
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The non-circulatory rotor moment about the origin of the i-th rotor reference frame is

27
dMgep, T
ncr: A o ne, aC7l_7OO4 .'d\IIid/
: 27r/ / { Tp, X fpep, + ( 47, 1287 Cb%) me] r
- lnc T 17"1 + Mpe 7‘1.]’)"1 an T4 rl (100)
where
2 d
ners :%/ / [$ (r' sin W; — ey cos U;) f;glb’
dmac b; ™ 4 /
B L A U, | d¥, 101
< 1_ 128000%%) cos 1} d¥,dr (101)
1 R 27 d e
Mnc,r; 2% /Ri /0 [— (r’ cos U; + e,y sin U;) fd\i/:l
+ M _ T poocbag sin U; | dW,dr’ (102)
128
27
’ fmnc b;
Qner; = +r L AW, dr’ (103)
The non-circulatory force acting on the aircraft due to the i-th rotor is obtained as
Fnc,ai = ch,ai ia + Ync,aija + ch,ai ka (104)
where
1 R 2 d S
Xnea; = —/ / L 1”d\11idr’ (105)
2m df
Vi, = / | esavar (106)
271' fz
Dne.a; = A T 1
27r/ .y, " (107)

The non-circulatory moment about the aircraft CG due to the i-th rotor is obtained as

Mnc,ai = Mnc,rqy + r. X Fnc,m = lnc,ai ia + mnc,aija + Nnec,a; ka (108)
where
lnc,ai :lnc,ri + Ync,ai AZT,;() + ch,ai Ayrm (109)
Mnc,a; =Mne,r; COSNi + Que,r, SN — Xnea; A2rig + Zne,a; Ay, (110)
Nne,a; = = Mne,r; SINT; + an,m COS ) — ch,ai,Ayrw —Yoc,a Al‘rm (111)

IV. Partial Derivatives of Forces and Moments

The partial derivatives of forces and moments are to be computed as linear contributions to the forces
and moments by the state variables about a trim point. These partial derivatives are referred to as stability
and control derivatives. By summing the partial derivative contributions, the total forces and moments are
obtained. The dynamic stability of the aircraft motion is influenced by the stability derivatives.

A. Partial Derivatives of Circulatory Forces and Moments
We write the lift force as
dlep,  dlep, -
U, v, (V (xa,qu,q, a,0y,,Q ) a (M V), « (Gbi,abi (V)))) (112)
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-
where x, (t) = [ u(t) v(t) w(t) pit) q@) r(t) ] is the aircraft state vector.
Let z (t) be a dummy variable representing a state or control variable or their time derivatives. The

partial derivative of dcllfl’,ii with respect to x (t) is evaluated as

g dlc,bi 0 dlc b, ov + 9 0 dlc b; 801 oM L da 80; Oa (113)
Oox \ d¥; oV O oy OM Oz ' Oa Ox
The partial derivatives of % are

0 dlcp, o 1 _

0 (dlep,\ 1 — 5

90 ( v, ) = 5PV (115)

where
V=Vt vl (116)

The partial derivatives ‘Z—Vand %—M are
xr xr

ov. VoV, V.oV, V.oV,

- o Arrt I =z 117
or V dx 'V Oz V oz (117)
oM 1 oV 1 oV
il = = - 118
dxr  a(h) 0r a(h) Ox (118)
da  Oay,
- i 119
Ox ox B (119)
o y2iv)? ox V24V, Oz
The lift coefficient is expressed as'®
N CrLk
a=qa,(a—a)=c [a —ag — ;/q(f) (121)
where
nA, sinng
=1 122
+ Z Ajsin ¢ (122)
Taking the partial derivative of ¢; with respect to a yields
* CLQ K (¢)
a, = {1 Y (123)
The lift curve slope Cr,_, is given by
C*
Cp, = —te— (124)
e
where % is the mean value of k.
Hence,
ciy k(9) ey [R—r(9)]
el 1 a
s T R = 125)
lo la
1+ TR 1+ TR
Making an assumption that x (¢) ~ 1. Then,
¢ 2
o = —to = T (126)

“ 1+7Crl7;;% \/1—M2+%
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Hence, we write

gl
= — 127
Vo ME+ % (127)
where ¢ is the ideal incompressible lift coefficient and AR is the aspect ratio.
The partial derivative g is evaluated as
dc _ cfM aM (128)
oM \/1—M2(¢1—M2+%)2 1— M2 4 2/
The partial derivative of dcllil’f;i with respect to z () becomes
0 dlc,bi o 1 _ IV ClM2 1 ov (90[17
8x( Z) —015,0002‘/61)%4-1_]\/[2 2@2 ooVCba +Cl,12pOOV gy
e { . M? 18V+Ela8abi}
=ay Ch =5+ —
2/1—M?
agr 1— M2 DAME Vor ¢ Oz
dley, Ofs,
_ Qbeb; OJb; 129
where
dley, 1
LA —Poo 1
v, Ggp Ve (130)
8fb‘ kcl ov El 8ab.
i raZV | Hla d 131
ox V ox * ¢ Ox (131)
M2
ke, =24+ (132)
2/1—M?
1— M2+ ===
¢, =¢q,+ 201&2@ (133)
The drag coefficient is expressed approximately as
2
G
~ G 134
Cd R Cdy T — (134)
The partial derivative of ¢4 with respect to M is evaluated as
Oca _ 20 Oa _ 2 M
OM  7ROM  _p (1 _ M2+ 2\/1/}—%M2>
2 (Cd — Cdg) M
1= a2 20 )
The partial derivative of & \1/ =% with respect to x (t) is evaluated as
0 (dd.yp, _1 A% 2 (Ed — Cq, )M2 1 ov 1 2 Oay,
— | == ) = Ca=pu2V 8 oV oV :
Ox ( dy, ) cyP “or * 1— M2 4 2N TR Lk +a P o
cd 2
T CdgPel — M2 4 2A-M2 M2 V(“)x ¢ Oz
dcic b, 8913
= =L 136
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where

ddep, 1
L W 74 1
v, Cd2poo Cy ( 37)
agbi kcd oV Cd, 80¢bi

=l | o 1
ox V Ox + cq Oz (138)

2(1—@) M2
Cd

kcd:2+1—M2+2\/1A;W (139)
Cdo = Cd, +2€a o0 (140)
We express Baf;i’ ag;i, d % as
Ofy, _ Ofow, | Ofsp, . Of e,
e~ O + 5p Sn v, + g O v, (141)
gy, 990, | O0gsp, 09ep;
i )04 > \Ij /2 142
or ox + ox sinti + ox o8 i (142)
Oap,  Oagp,  Oagyp. . Oaep,
S = e S sin @ 4 2 cos U (143)
The partial derivatives of the circulatory axial and normal forces in the blade reference frame are
9 e, __ 9 (diey, sin &y, + — 9 (ddey, cos &
dr \ dv; ) 0z \ d¥, i 9z \dy, bi
- Lo cos ap, + Jc’bi sin ay, Dou,
dv; ! dv; ‘) Ox
dlc b fb _ d(ic b 891,' _ dfzc‘b. 604().
_ 260 ZJ0 o S0 7T - i ‘ 144
av, oz Tt g, or 8 T 4w, e (144)
9 dfzc’b"' 4 dle cos ap, + 2 dde.y, sin &
or \ dv; ) ox Y 0\ dy, bi
— dlc’bi sin ayp, — ddc’bi O9»: cos &
d\I/Z bi d\I/Z ox bi
dl; b, 8fb _ dcic b, 8gb . d,ﬁb’cb. 8ab.
be 276 | bs 206 . e T 145
d\I/i or bi + d\I/z 0 1A, + d\IJ,' or ( )
where
dec,b,- dl—c b; . _ Jc b; _
a0, v, sin ay, + av, COS Qup, (146)
dfzrb. d[cb- dJCb.
b Deb oos gy, 4 gin ay, 14
v, v, cos v, + av, sin &y, (147)

The partial derivatives of the integrated circulatory thrust force and rotor moments which affect the
inflow velocity are computed as

27
cn_ / / 8 <f20b>d\1/idrl
ox

= / (lcb a%bcos @, + dey, a%(;”" sin &, + f&:;y) dr’ (148)
32551 2i/ /27r /27r { (r'sin U; + e, cos U;) zzli/j } A, dr
=F % /Ri 7! (lc,biag; cos @, + dep, agzbi sin @, + fu,,, %) dr’
- % /: e <lc,bi ag;bi cos ay, + de,p, a‘g;b sin @, + fr,,, 8(;2;,1,) dr’ (149)
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ox 2

R 27 d ,
O, :i/ / 9 [— (r' cos U; — ey sin W) e, + dme,p, sin
0

ags b, . _ I
— sin o, + fwc,bi

dv; dv,

agcb‘ R 7
5y S0, + faoy,

0Qc.r. 1 (B o [, dfs.,
L =4 — — L) dW;dr’
Ox 2 /R /0 Ox ay; "
R
=4 / r! (l_c b, % sin o, + CZC b, ago’bi cos iy, — fzc b
R 7t Ox ' T Ox ' i
where
- 1 (2 Oy,
lep, = — —dW,
b T 9 oy,
- 1 e dd..,
= — —— dW;
e 2 ov; AV
B 27r 8f:c .
T = — d\II’L
f ebi 27T 0 8\11
_ 1 (2" 0f..,
fzc,bi = 27 / - d¥;
m™Jo 8\112

aacqbi

ox
Jda

\I/z:| d\I/id’l"/

> dr’

ox

aao’bi

ox

,bi
° ) dr’

> dr’

The partial derivatives of the aircraft integrated circulatory forces are evaluated as

2
0Xea _ 1 / / 9 < Wz, >sin\1/id\11idr/
or
af b; 8gs,bi _ r aOés,bi
= 7/ (—lc,biaxsmab + dep, 5 COS O = fren, o dr’
2m
0 df ens
ca1 _ c,bi . . . /
o / / ( T, cosmCOb\I/ av, 511177,) dV;dr

- Ofcwp, — 0gcp, _
= :F — cos 771/ <lc,bi g; sin &, + dep, Jebs cos ay;, — fz. .
R;
R
. — Ofop, _ - 090p, . _ — O«
— sin 771/ (lc b; g(;b Cos ip; + dc,bi %(?E’bl sin o, + fwc,bi or

¢a1

e //M(dfz

— Ofecyp, = Ogew, - Oagy,
- :I: - sm m/ ~lep, Jeb sin ap, + de.p, ebi g ap, — [z, Qedi ) gyt
R, Tt Ox ’ Tt Ox P Ox
R
— Ofos, -~ Ogo.p, — Odagy,
— oS ﬁi/ le, Jou: cos ap,; + dep, 906 sin ay, + fo. . Q0.b: ) gt
R Ox ox >t Ox
The partial derivatives of the aircraft integrated circulatory moments are evaluated as
Olc.a, :('%Cﬁ n oY, LN 8Zc,ai Ay,
Ox Or Ox ox
OMeq, Omep, 0Qc,r, _ Xe.r; aZ S
7{9;“ :78;; cos; + er sin7; — acr Az, + &CE’T Az,
on i 8m7z‘-— )T = X,z‘ aY;z‘
Do T op ST g o= = B A = =5 B AT,
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8ac b;

d
f\ibi cos ni> dU,dr’

> dr’
0.bi ) dr’

(150)

(151)

(152)
(153)
(154)

(155)

(156)

(157)

(158)

(159)
(160)

(161)



B. Partial Derivatives of Non-Circulatory Forces and Moments

We write the non-circulatory lift force and the quarter-chord pitching moment as

Alpep, T o .

d\IJ’,b = Zpoocgazbi (Xaa Xay Vp;, 4,9, 9, Ov, s gbi> (162)
dma‘c7bi 1 2 . 2

AU = Cmy, ipoov (xaavpiaqv q,q, 701)“91') Cy (163)

The partial derivatives of Le bl and d";?; i are evaluated as

0 dlnc b, s aazb

e = o0 164
O ( dv; > e (164)
0 dmac b; aCm . =2 9 dic b; Cb 8cm
— — ) = “C —Doo = —"— == 165
ox ( d¥; ) ox 2p Ve d¥v; ¢ Ox (165)

where z (t) is a dummy variable.
The partial derivatives of the non-circulatory axial and normal forces in the blade reference frame are

0 (dfor 0 (dipes\ . . da,
p ( v, > == 5 ( a0, )smabi = = PooCh SN A, — (166)
o (dfs,.,, 8 (dlep, _ T 5, Oay,

% ( d\IJZ > (9;17 < ) Cos oy, = Zpoccb COS abiﬁ (167)

daz,  9a Oc
We express L, S, and —5ee as

oz ! 8x’an

80’21,‘ 8&0 Zb; aa‘s Zb; 6a’c Zb,
L 2704 704 : \IJ'L 704 \I}Z 1
B B + B sin U, + o cos (168)
80,5 Bao I3 aas £ . 8(1c I3
778 7708 TTSS U, + 25 U, 1
o o + 5 sin U; + o cos (169)
e, dco.m 0cs.m, Ocem
ac — k) ac ) ac @z ) ac @Z 17
Ox ox + ox m i+ ox €08 (170)

The partial derivative of the integrated non-circulatory thrust force and rotor moments are computed as

OTcrs _ 9 (e, T R _ Oa,,

—n P ) dUdr = = poo 2 cos Qy, Ly’ 171
s [ (G war = o [ e, e am)
lncr m Znc, d ac,b;
aax’ / / { r' sinU; — e,y cos U; i) af \I/: — ( T;qulb — 17;8pooc§a5> cos \Ill} A dr’

/ r! 8as i dac, i ) 2 cos ay, dr’
=+ 8/)00 R, Bx mb 6$ b b;
1 /7 o dcem T 1 00c¢
_Z lop — —SMae o dr’ 172
2/,{1, ( P T e L (172)
1 R 27 ’ . fzn,b,- dmac’bi T 4 . ,
Mne,r 7%/ / { (r' cos W; + epp sin U;) v, + ( v, — 128/’00%“5) sin \Ill} dV;dr
R/ da Oa
1 [/ ¢ 0csm T 48
+ = lep, ——=2—2 — o dr’ 173
2/,{1, ( e 0w 12877 i (173)
1 R 27 dfxnc) ) s & 8a0,z . .
Qne,r; 5 /Ri /0 +r' d\I/ibL dW;dr’ = F P /Ri 7’ (’9wa ¢z sin oy, dr’ (174)
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The partial derivatives of the aircraft integrated non-circulatory forces are evaluated as

8ch a 2 8 Tne, R 5‘
T’l / / ( df. by )sin U.dV,dr’ = gpoo /Rq’ Cb &’E sin oy, dr’ (175)
Y e,a, o df T, Uenen, .
T” / / < T, cosn; cos U; — d\I/;bl sin m) dU,;dr’
/ o ﬂ:aa” sin o, cos 2aa0’zbi cos ay, sinj; | dr’ (176)
SPOO b Ox by COST]i — Oz bi SILT:
oZ. O e, Af 2o,
nc,arL nc, q’ nc, m !
78;& / / ( T, sin n; cos 7d\IIZ cosm) dW;dr
poo/ ct :Fé)acz sin @y, sin7; — 2a 0.7, L cos ay, cosj; | dr’ (177)
~3 R, ox Ox

The partial derivatives of the aircraft integrated non-circulatory moments are evaluated as

81710 a; 8l7w T a}/’;LC a; aZTLC a;
= L Az, = Ay, 178
Or Oz + Ox Frio + Oz Yrio (178)
8mnc,ai 8mnc,m — 8an,m o ach,ri 8ch,m,
e - On cos; + o sin; — o Az, + o Az, (179)
annc,ai amnc,m . aan,ri _ 8ch,m aYnc,m
e - ap S + CoS T — — 5 Ayr,o — p Az, (180)
V. Aircraft and Rotor Forces and Moments
T T T T T 3 ] T
Letv, () = [ v () VL) vi 0] x®=[a"®) a"® | w® =] 60 ]
- . - . T T
where 0, ()= [ Gy (1) By (6) - B (0] A Q0= 2(®) %) - Q. @] - We
express the total axial, side, and vertical circulatory forces and moments acting on the aircraft at the aircraft
CG as
"L (OF ., OFc.a, OF..q, OF ., OF
Fc "= c,a; " c,a; c,a; c,a; c,a; Q 181
S <5‘an+ av, P Tax, 0 Tou, M Ton ) (181)
"L OM,.,, OM.. q, OM. 4, 7)Y )Y
M — s ek s thadd et Q 182
T L < o T v, P ok, T Tow, M Ton (182)
T T

where Fc,a = [ Xc,a }/c,a Zcﬂ } and Mc,a = [ lc,a Mea  MNe,a

The total axial, side, and vertical non-circulatory forces and moments acting on the aircraft at the aircraft

CG are expressed as

. Nrotor aFnc,ai n 8Fnc,ai « 4 8Fnc,ai v+ aFnc.ai < + aFnc,ai s (183)
ne,a — a . Xa . v X ] u
- B%, 0%, o, 7 ox, oug '
Nrotor 8Mnc a aMnc @ 6Mnc a; 8Mnc a; 8Mnc a;
Mnca: ,Ia .’l‘a .’1. .’l. -’1‘ 184
’ ; ( 0%, Xat 0%, Xa oV, Kl %4 ot 9ty u9> e
T T
where Fnc,a = |: ch,a Ync,a ch,a i| 5 Mnc,a = lnc,a Muyc,a  Mnc,a .
The total force and moment vectors are
F, = Fc7a + Fnc,(l (185)
M, = M., + My (186)
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The rotor circulatory thrust and moments acting at the origin of the i-th rotor reference frame are
expressed as

oT,,.  OT.,  OT..  OT.,  OT.,

T,,, = Lo erey, 4 e g, + Caerig), 187

T e T v, T Tk, 0 Gug, T o0, (187)
OM, r, OM, ,, oM., OM,,q OM¢ o

M,,, = Meriy iy i 6, “0, 188

T Tk, T v, T Tax 0T Ty, T o, (188)

T
Where MC,H = [ lc,n mc,m Qc,n

The rotor non-circulatory thrust and moments acting at the origin of the i-th rotor reference frame are
expressed as

aTnc,ri aTnc,ri . aTncmi . + aTnc,ri . aTnc,ri

Ther; = a 5 a . ; 5 . 1, 189
e 0%, *a t+ 0%, *at oy, 0%q Xq F Ouy, o (189)
1)\ Y OMyc,r, . OMyc.rr; . OMyc.r,; . OMpc,r,; .
Mnc r o A a - ' a - A ) - A - 1 190
w 0%, *a 0%, Xa + Ovyp, Ve T 0%q Xq Ouy, o (190)
T
where Mnc,m = |: lnc,m Mac,r; an,m

The partial derivatives with respect to the generalized displacement and velocity vectors ¢ (¢) and § (¥)
are evaluated as

T =R (o) 4 T () + D (Aa) 4 TS (A0,
fﬂ\gq 51:94;51- T () + algfbw (Aysy) 1o
R =R o)+ %‘I’w (9su0) + 51\841:@ (Areo) %‘P .

[

-
Ci, Cn, } for the Pitt-Peters three-state inflow model is

comprised of the circulatory and non-circulatory components expressed as

The coefficient vector C,, = [ Cr,

Cpi = CC,Pz‘ + Cncypi (193)

where C. ,, are obtained from 7, ,, and M. ,, and C,, ,, are obtained from T}, ,, and M.,

VI. Generalized Unsteady Aerodynamic Forces

A NASTRAN finite-element model (FEM) of the all-electric Lift+Cruise aircraft is available.!® Figure
3 shows the NASTRAN FEM of the Lift+Cruise aircraft. The NASTRAN FEM is created in the global
reference frame (x,y, z). Therefore, all the forces acting on the structures are to be expressed in this reference
frame. The mass properties computed by the NASTRAN FEM are shown in Table 1.
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Figure 3. NASTRAN Finite-Element Model of All-Electric Lift+Cruise Aircraft

Weight (Ib) | 8,394.7
e (ft) 13.323325
Yeg (ft) 0.00466
2eq (F6) 6.188667

L., (ft-1b-sec?) | 507,714
1,, (ft-Tb-sec?) | 426,360
I.. (ft-Ib-sec?) | 865,301
Iy (ft-1b-sec?) 93
I, (ft-1b-sec?) —63
I, (ft-Ibsec?) | —47999

Table 1. NASTRAN Mass Properties of All-Electric Lift4+Cruise Aircraft

A. Frequencies and Mode Shapes

MODE

=z
[}

W~ U= W

EIGENVALUE

7.7460E+02
9.2943E+02
1.0684E+03
2.4543E+03
2.5168E+03
2.6978E+03
2.7814E+03
3.2202E+03
3.6364E+03
3.7013E+03
4.4168E+03
4.6238E+03
4.6501E+03
5.0233E+03

FREQUENCY FREQUENCY
RAD/S HZ
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
2.7832E+01 4.4295E+00
3.0487E+01 4.8521E+00
3.2687E+01 5.2023E+00
4.9541E+01 7.8846E+00
5.0168E+01 7.9845E+00
5.1941E+01 8.2666E+00
5.2739E+01 8.3937E+00
5.6747E+01 9.0316E+00
6.0303E+01 9.5975E+00
6.0838E+01 9.6827E+00
6.6459E+01 1.0577E+01
6.7998E+01 1.0822E+01
6.8191E+01 1.0853E+01
7.0875E+01 1.1280E+01

GENERALIZED
MASS
1.6795E+02
4.0037E+01
1.9112E+02
6.3491E+01
6.0104E+01
4.0233E+01
1.7886E+01
1.6978E+01
1.3628E+01
1.5860E+01
1.4342E+01
2.8445E+01
1.9590E+01
2.5244E+01
1.4101E+01
1.6076E+01
1.2656E+01
1.6832E+01
3.1833E+01
1.6266E+01

GENERALIZED
STIFFNESS

1.3855E+04
1.5780E+04
1.4561E+04
3.8925E+04
3.6096E+04
7.6740E+04
5.4489E+04
8.1293E+04
5.1277E+04
5.9504E+04
5.5901E+04
7.7825E+04
1.4803E+05
8.1709E+04

Table 2. Frequency, Generalized Mass, and Generalized Stiffness
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The frequencies and generalized mass and stiffness values of the NASTRAN model of the all electric
Lift+Cruise aircraft are shown in Table 2. The first six modes are the rigid-body modes of the aircraft
without aerodynamic forces. The mode shapes of the first 14 structural dynamic modes are shown in Figure
4.

st ona, Meantde, (HON_ATE TRAINTSCT1, AL Maca s Frsq = iansitcnal Magniude, (NCRLAYE
e st

3, 14,5 Mode . Frac,

(a) Mode 1

TRANTSET 1,41 Mods & Fren = ctors, Trewsironal Magritice, (NONLAYE. TRAINTSET 1, A1MSE3: Frog = Transit vl Magniu, (NCHLAYE
ctrs Traiaions, s

STRANT SET 1 41 e 8 s Tranen NTSE 4,1 Mode . Frac, setond,

orvcctors, Trarsaionsl Magntuds, (DK
me<ors Transiaiond

(g) Mode 7 (h) Mode 8
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Taci

(i) Mode 9 (j) Mode 10

(m) Mode 13 (n) Mode 14

Figure 4. Mode Shapes of All-Electric Lift4Cruise Aircraft

B. Generalized Aerodynamic Force

The rotor forces are transmitted to the wing structure at four locations corresponding to

e The intersection of the elastic axis of the wing structure and the elastic axes of rotor support structures
1 and 2, denoted as j =1,

e The intersection of the elastic axis of the wing structure and the elastic axes of rotor support structures
3 and 4, denoted as j = 2,

e The intersection of the elastic axis of the wing structure and the elastic axes of rotor support structures
5 and 6, denoted as j = 3, and

e The intersection of the elastic axis of the wing structure and the elastic axes of rotor support structures
7 and 8, denoted as j = 4.
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The forces acting on the rotor support structures create moments acting on the wing structure. The moments
produced by the rotors are the sum of the circulatory components and the non-circulatory components
expressed as

M., = C (k) Mg, + Mpeu, (194)
where
25
Mc7wj = Z (Mc,m +p7‘7’, X FCﬂ"i)

i=2j—1

25
= Z |:_ (lc,ri + ch,ai Azrsio + Zc,ai Ayrsio)i
i=2j—1

+ (mc,m COS7); + Qc,ri sin i — Xc,ai Azrsio + Zc,ai Axrsio)j

+ (mcﬂ”i sin ni — Qcﬂ”q‘, COS 1 + XC#%‘, AyTSio + }/07117: Agjrsio) k (195)
2j
Mnc,wj = Z (Mnc,ri + Pr; X Fnc,rq,)
i=2j—1

25
= Z |:_ (lnc,ri + Ync,ai Azrsio + ch,ai Ayrsio) i
1=25—1
+ (mnc,ri COs 771 + an,ri Sin 771 - ch,ai Azrsig + ch,a,; Amrsio)j
+(

Mape,r; sin i — an,n cosn; + ch,a,yAyTsw + Ync,ai A'rrsw) k:| (196)

The function C (k) is the Theodorsen’s function to account for unsteady aerodynamic effects at high

frequencies, k = “;—éf = 2“;‘3’ with the average blade chord ¢, taken at the average blade radial station

= %R. The unsteady aerodynamic correction by the Theodorsen’s theory in aeroelasticity is important
because it properly accounts for phase delay and amplitude attenuation of the aerodynamic forces and
moments as functions of the frequency. For low-frequency rigid-body flight dynamics, this correction is
usually ignored since C' (k) = 1 as k — 0. Other unsteady aerodynamic theories such as the Leishman’s
model could be used in lieu of the Theodorsen’s theory.

The moments acting on the wing structure are evaluated as

M., = C (k) Mg, + Myg, (197)
where
2j
Mc,wj = Z (Mc,r,, + Pr; X Fc,r,,)
i=2j—1
25
= Z |:_ (lc,ri + Yc,ai Azrsio + Zc,ai Ayrsig)i
i=2j—1

+ (mc,ri COS 1); + Qc,ri sin i — Xc,ai Azrsio + Zc,a,; Axrsio)j

+ (mc,h' sinn; — Qc,m cosm; + Xea, Ayrsw + Ye Axrsm) k:| (198)
2j
Mnc,wj = Z (Mnc,m + Pr; X Fnc,r,ﬂ,)
i=2j—1
25
= Z |:_ (lnc,ri + Ync,ai Azrsio + ch,ai Ayrsio) i

i=2j-1
+ (mnc,ri COs 771 + an,m Sin 771 - ch,ai AZTS“) + ch,ai Axrsio)j
+ (mnc,m sinn; — an,m cosm; + ch,a,yAyrsm + Ync,ai Axrsw) k:| (199)
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The rotor forces and moments are transmitted to the rotor support structures at the intersections of
the rotor thrust lines and the elastic axes of the rotor support structures. The position vector from the
intersection to the origin of the i-rotor reference frame is given by

rs, = Ayrs,od + Azps, ok (200)

The forces acting on the i-th rotor support produced by the rotors are

Fsi =C (k) Fc,s,- + Fnc,si (201)

where
Feo =Fer, (202)
Fnc,si = Fnc,m (203)

The moments acting on the rotor support structures are evaluated as

M., = C (k) Moy, + Myes, (204)
where
Mc7si :Mc,n + rg, X Fc77‘i
2j
= Z |:_ (lc,n + }/c,ai AZV'sw + Zc,ai Ayrsio) i+ (mc,m cosm; + Qc,m sinn; — Xc,ai,Azrsm)j
i=2j—1
+ (mc,n sin i — Qc,m COS1}; + Xc,ai Ayrsm) k:| (205)
Mnc,si :Mnc,ri + rg, X Fnc,ri
25
- Z |:_ (lnc,ri + Ync,ai Azrsio + ch,ai Ayrsio) 1 + (mnc,ri COS ni + an,ri Sin 771 - ch,ai Azrsig)j
i=2j—1
+ (mnc,ri Sin 777, - an,ri COS 772 + ch,ai Ayrsio) k:| (206)
The generalized force is defined as
4 Nrotor
Fgen = ZFgen,wj + Z Fgen,si (207)
j=1 i=1

where Fgenu,]. (t) is the generalized force contribution by the elastic motion of the wing at the location y;
and Fy, gen (t) is the generalized force contribution by the elastic motion of the i-th rotor support structure.

If a structure experiences a concentrated force F,; (f) and a concentrated moment M, (t) at the location
y; where the elastic deformation is described by the structural displacement u,, (y;,t) and rotation ¢, (y;,t),
then the generalized force is effectively the work done on the structure by the force and moment per unit
generalized displacement g (¢). This work done is expressed as

ngenw]. = Uy (%’7 t) : FU)]‘ + dw (yja t) : ij (208)

The displacement and rotation can be expressed in terms of the generalized displacement g (¢) according
to Egs. (9) and (10). The force F,, (t) and moment M,, (t) are generally functions of the elastic motion
described by W, (y;,t), tw (Ui, 1), Dw (Ujr 1), Puw (j,1), and ¢y, (y;,t) as well as functions of the aircraft
motion described by x, (t), X, (t), vy (), Vp (£), u(t), a(t), and @ (¢).

The generalized force of the wing structure due to the moments is decomposed into a circulatory com-
ponent and non-circulatory component as

Fgen,wj =C (k) Fc,gen,wj + Fnc,gen,wj (209)
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The circulatory generalized force for the wing structure is evaluated as

aFc gen,w; aFc gen,w; aFc gen,w; 8Fc gen,w; 6Fc gen,w;
Fegenw; = —Xq — S ) —= Q0 210
g 0x, o ov, Vet 0x4 Xa OJuy o o (210)

where

6FC,9EW,U)] — aFc,gen,wj aFc,gen,wJ
0xq dq 9q
The partial derivatives are evaluated as

Keamins g7, e e1)
8FB§:% = (y;) m},{ff (212)
ach’;n’wj =W, (y;) 81;;57. W, (y5) (213)
ety ] ) | T 1) + T 1)
aFBi::’wf‘ —w, () 61;4;;“]' (214)
6F05q5n7wj 0] (y,) al\;;)ij (215)
The non-circulatory generalized force for the wing structure is evaluated as
Pucgon, = 0, 4 ltegense g Ovegonss gy By Sogenes g, (o)
The partial derivatives are evaluated as
Mrcsenns g (y;) P 1)
Prcamnes g ;) S (218)
Ik 219)
s, _wT () T, 1) (220)
W 0] (y;) a%,zw-f@w () + %Ww (45)
Mrcaenns g (y;) P (221)

The generalized forces of the rotor support structures are decomposed into circulatory components and
non-circulatory components as

Fyen,s. = C (k) Fegen,s; + Fre,gen,s; (222)

The circulatory generalized forces for the rotor support structure are evaluated as

OF . OF . OF . OF . OF .
F . cgensi oy Gegensi o Oegensi | Ilegenss o\ W egensi g 993
©gemnsi 0%, “ ovy P 0xq 1 Ouy o0 (223)
8Fc,gen,si _ 8Fc,gen,si 8Fc,gen,si
where oxy = Ba 94 .
26 of 44

American Institute of Aeronautics and Astronautics



The partial derivatives are evaluated as

8FC,Q€TMS¢ Y aFC,Sz‘ T 8MC,Si
Txa _(I)si (A‘rTsiO) (9Xa + ‘Ilsi (A‘TTSio) BXa (224)
a:Fc gen,s T aFc Si T 8MC S
— % =P, (Ax,s L+ W, (Axy,, L 22
avp Si ( z 10) 8 + ( T ) 8Vp ( 5)
aFc, en,s; OF c,s; aMc,si
et 8] () G 0 (M) Bt W, (A (226)
IF ¢ gen,w; OF s, OM. s,
897(’1 = {{)ST (Azys,,) D, + ¥ (Azpg,,) D, ] &, (Av,s,,)
8Fc S; a]-VIC S
+ [@ji (AZpsyy) — + W] (Azys, } (Azyg,,) (227)
8Fc gen,s; T 8Fc Si T a1v[c S;
s 5Si :@ ) i ‘I] b 22
aUQ S; (Astlo) 611 + (A:I:TSIO) aue ( 8)
OFcgensi _ & OFcsi @ OMe,s;
—a =&, (Az,s,,) 50 U, (Azg,) 50 (229)
The non-circulatory generalized forces for the rotor support structures are evaluated as
aFnC, en,s; a]:?nc7 en,s; . aFnc7 en,s; . aFnc, en,s; . 3Fc, en,s; .
Focgensi = 8xga X, + 6)’2 X, + a‘fp Vp + 6)’(gq Xq + 8519 g (230)
aFnc, en,s; __ 3Fnc,gen,si 8Fnc,gen,si
where 8735(, = 56 56 }
The partial derivatives are evaluated as
aFn ,gen,s; aFnc,(i, aMn S
57;; :'I);ri (AxT'S'L'O) 8xa9 + ‘I’;rl (Axrsio) sz (231)
aFnc gen,s; T aFnc ED T 8Mnc s;
e AL LAY ) A rss —_—t v (A rss —_—t 232
I ] () G W] (A (232)
8Fnc gen,s; T aFncAs- T aMnc Si
’ — =P A rSs; P v (A rs — 233
6,"’p Sq ( T 20 ) an + Sq ( T 20 ) an ( )
8Fnc en,s; aFnc S aMTLC Sq
Pnggenss @] (Aryy) 500 4 0] () 22050 | 0., (Ay) (230
9q ' s, ' O¢s,
aFnc, en,s; aFnc,si aMnc,si
873:1 = |:¢;: (AIT&‘,O) auSL + \I;;: (A"Ersio) auSI:| (1)97 (AIT91O)
3F S aM 3Si
+ l:(I’I (Axrsw) ﬁ + \Il;rq (Aaj?‘sio) TZ \Ilsi (Aszio) (235)
8F7’LC gen,s; T aFnc S T a]'\/‘['VLC S;
——= =P (Ax,, =L+ U (Axy,,) —— 236
aﬁe S5 ( € 810) auO + S5 ( x 810) au9 ( )

VII. Unsteady Aerodynamic Correction

We consider two unsteady aerodynamic models: Theodorsen’s theory for incompressible flow with the R.
T. Jones’ approximation and the Leishman’s model for subsonic flow.

A. Theodorsen’s Theory

The unsteady aerodynamic effect of a rotor in a dynamic motion is much more complex than that of a
fixed wing. The dynamic inflow models are generally used in flight dynamic modeling of rotors to capture
the unsteady aerodynamics of the induced flow. Since the flight dynamic motion of a rigid-body rotorcraft
involves very low frequencies, the dynamic inflow models are sufficient. For motions that involve high
frequency dynamics such as structural modes when those modes are coupled to the rigid-body modes, the
unsteady aerodynamic behaviors created by the high frequency motion which involved pitching and plunging
of the entire rotor are less well understood. Theodorsen’s unsteady aerodynamic theory for an oscillating
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airfoil in free air is well-known,® but there exist gaps in the theoretical knowledge of unsteady aerodynamics of
a rotating airfoil in a pitching and plunging motion. The unsteady aerodynamic response of an aircraft can be
estimated by conducting forced oscillation numerical experiments using CFD!! from which a flight dynamic
model can be constructed using system identification methods,'? but such studies are computationally very
expensive especially for a multi-rotor eVTOL aircraft configuration. In this study, we propose to use the
Theodorsen’s theory and Leishmann’s method to capture the effect of unsteady flow on an airfoil in a
rotating periodic motion subject to high-frequency dynamic motion in the vertical plane. While the present
study pertains to flight dynamic model development, the use of the Theodorsen’s theory creates a general
framework for future consideration of high frequency dynamic motion such as coupled flight dynamic motion
with aeroelasticity for eVTOL aircraft. The simplicity of the Theodorsen’s theory facilitates the analytical
flight dynamic model development. The Leishman’s method'3 is also considered.
The circulatory lift according to Theodorsen® is given by

dlcp,
dv

1
=[a+C(k)a,a §PV26b (237)

The aerodynamic lag expressed as a transport delay is

ta = l tan~! {—?E:;] (238)

R. T. Jones proposed the following approximation of the Theodorsen’s function:'4

AL 0.552 + a8+ as
= = 2
C (k)= C(3) 2 5 , (239)

where 5 = ;—% is a dimensionless Laplace transform variable, and a; = 0.2808, as = 0.01365, and a3 = 0.3455.

The largest expected reduced frequency of interest is based on the highest active structural mode. For the
all electric Lift+Cruise aircraft, the first 14 structural modes occur in a frequency bandwidth of 71 rad/sec.
This corresponds to a reduced frequency of k£ = 0.1 for the mean chord of ¢, = 1.2126 ft at the average blade
station of ¥ = 3.75 which gives C (k) = 0.83 —40.17. To increase accuracy or k € [0,0.1], we obtain the

following approximation of the Theodorsen’s function by a frequency-domain least square regression:

N 0.552 + 0.22265 + 0.0074006

C = 240
(5) = ~5570.26035 + 0.007400 (240)
C (k) can be expressed in the partial fraction form as

C(3) =ro+ ——+ —2 (241)

S—p1 S—D2

where 1;, i = 1,2,3 are the residues and p;, ¢ = 1,2 are the poles of the unsteady aerodynamic transfer
function given in Table 3.

L [ ¢ce ]
) 0.5
r1 | 0.08851
ro | 0.003620
p1 | —0.2278
p2 | —0.03249

Table 3. Residues and Poles of Unsteady Aerodynamic Transfer Function

Figure 5 shows the comparison of the exact Theodorsen’s function, the R. T. Jones’ approximation, and
the least-square approximation.
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Figure 5. Approximation of Theodorsen’s Functions C (k)

The unsteady lift is expressed as

ag=c¢,Ck)a=q, <7“0+ _Tl + _TQ )a (242)
S$—p1 S—DP2
Let
i 2V,
S A [ S IR R (243)
T2 Cp 0 po X9 1
Then, the unsteady lift coefficient is obtained as
¢ = ¢, (roa+ rixy + roxs) (244)

We generalize the unsteady aerodynamic analysis for the circulatory force acting on the aircraft which
can be expressed as

Fea = oo, C (k) xq + e Ck)vp+ e C(k)xq+ Fea C (k)ug + Foa C(k)Q (245)
0

0%, ov, 0x4 ou o
where
C (k) Xg = T0Xq + TeYa (246)
C(k)vp =rovp + 1Y) (247)
C (k) xq = roXq + Tqyq (248)
C (k) ug = roug + royo (249)
C(k)Q=rQ+raoya (250)

The quantities yq, ¥p, ¥4, Yo, and yq are the unsteady aerodynamic state vectors which are computed
from

Ya = Ay, + Bx, (251)

yp = Ay, + Bvy (252)

yq = Ayq +Bxq (253)

Yo = Ayy + Buy (254)

yo = Ayao +BQ (255)
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_ _ T
where r = [ rI 7ol }, A= %diag({ I pol D, and B = % [ I 1 ] .
The circulatory moment M. ,, and the circulatory generalized forces Fc jenw; and Fc gen s, are treated
in the same manner.

B. Leishman’s Method

Leishman applies the indicial functions to obtain the circulatory lift and non-circulatory lift.'® The unsteady
lift coefficient is given by

2 4
o = [gqsg (r,M) + M(’b(l)‘ (7, M)} ! (256)
where M = Y is the Mach number at the average radial station 7, and 8 = /1 — M? is a compressibility

a(h)
correction term. The compressible lift curve slope ¢;, accounts for the compressibility effect automatically
in many aerodynamic solvers. Therefore, we can write

1 = |e9€ (r00) + 3704 (00 (257)

The indicial functions ¢S (7, M) and ¢, (7, M) are the circulatory and non-circulatory responses to the
unit step angle of attack, respectively, given by

¢S (1, M) =1 — Ay 87 — Ape=t2F7 (258)
oL (1. M) = ¢~ Wit (259)
where 7 = 2% is a non-dimensional time or distance traveled by the airfoil in semi-chords, A; = 0.3,

Cb

Ay = 0.7, by = 0.14, by = 0.53, and

T, = K, T; (260)
1
Ka - 1-M + ﬂ'ﬂM2 (A1b1 + A2b2) (261)
Cp
Tr = 262
"= am (262)

The Laplace transforms of the indicial functions are obtained as

A1by 32 Asby3?

(I)C 5. M) = 263
o« BM) = B T (263)
S
o (5, M) = — (264)
5+ avir,
The altitude at the design condition is h = 4000 ft which corresponds to M = 0.3747. This gives
_ 1 T2
¢ (5) = — + = 265
(5) = —— LS (265)
S
®! (5) = - 266
(6= (206)
where r1 = 0.03610, r, = 0.3189, p; = —0.1203, po = —0.4556, p3 = —1.0597.
The circulatory lift given by Leishman’s method is obtained as
a. = a, (rme1 +raw) (267)
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Figure 6. Theodorsen’s Function and Leishman’s Indicial Function

Figure 6 shows the comparison between the Theodorsen’s function C (k) for incompressible flow and
Leishman’s indicial function ®¢, (k) for subsonic flow. The magnitude of ®¢, (k) is larger than that of C (k)
for k € [0,0.1]. The phase delay of ®¢ (k) is greater than that of C (k). The Leishman’s indicial function
®¢ (5) has the asymptotic limit of limg_,o, ®S (3) — 0.

The non-circulatory lift coefficient is given by the Leishman’s method as

4 4 s« 4 1 ag

-~ M o= — = — — 268
Clpe M (x(57 )O( ]\4—§_p3 Mg—ps?‘/} ( )
where p3 = —% = —ﬁ.
The steady-state solution of the non-circulatory lift is obtained as
dey, . AK,cp . 4AKGGy .
¢ = — Z &= O~ — 269
e T T OMVips . Ma(h) % (269)
The angle of attack on a blade section is approximately equal to
w
= — 270
Thus, the non-circulatory lift coefficient is given by
4K, cp
Clpe = 5z (271)
The non-circulatory lift coefficient given by the Theodorsen’s theory is
E 72 . — .
a,, = AL=0d T (272)

w T 1oV 2V
Thus, the Leishman’s method predicts a larger non-circulatory lift than the Theodorsen’s theory. A

correction factor can be defined to adjust the non-circulatory lift to match that predicted by the Leishman’s

method as
8K,

K, (273)
7r
The non-circulatory lift is modified by the Leishman’s method as
dlyep, o! (5) s Cp
dTiIC]Z = _Klncp3 ag Zpooczazb,; (T/7 57 t) (274)
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We express the non-circulatory lift as

dlncb' 73 s 2 (, Cp )
b _ “peClay, (1,2t 275
T e L G (275)

where r3 = —K;,  p3 = ﬁ. For the Lift+Cruise aircraft, r3 = 3.3979.
The solution of the non-circulatory lift is given by

dlnc b;
bi )
7d\111 r3xs ( 76)
where -
. 2V, T e
Ty =2~ {P3I3 + Zpoociazbi (Tl, g,f” (277)

The circulatory forces using the Leishman’s method is modified by the same equation (245) for the
Theodorsen’s theory with ry = 0.
The Leishman’s method modifies the non-circulatory force acting on the aircraft as

aFnc a; 8Fnc Qa; 8Fnc a; aFnc Qa; 8Fnc a;
Fnca': —Xq ——Zq — — — 278
o ox,, x "3 ( X, Za T+ ovy Zpt 0x, Zg t Oug Ze) (278)
where z,, z,, Z¢, and zg are the unsteady aerodynamic vectors which are computed from
.2V :
2o = —'P3Za + X4 (279)
G
.2V, .
Zy, = _—tpgzp + vy (280)
Cp
. 2V .
Zg = ftp?)zq + X4 (281)
G
.2V .
zg = ?tpgze + ug (282)
b

The rest of the non-circulatory forces are treated in the same manner.

C. Unsteady Aerodynamic Corrections to Rotor Forces and Moments

The inflow dynamics depend on the rotor thrust, rolling moment, and pitching moment which are entirely
functions of the lift force acting on the rotor blades. We express the circulatory rotor coefficient vector

T
Cep = [ C(Ipl C(Ipz Czpn . for inflow dynamics as
oC oC oC oC 9C. p,
C’ k C — P c,p c,p C,Pi CvplQ 283
) Cer = T X 5w Vv o, X7 u, @t 0 (283)

The unsteady aerodynamic correction to the circulatory rotor coeflicients is expressed as

aCC ac(/ 8CC
C(k)Cep = = (roXa +TaYa) + = (rovp +rayp) + = (ToXq +Tayq)

0%, ovyp 0%,
oC. 9Cc,p,
+ ué;p (roug +raye) + adp (ro§2 + royq) (284)
where 7o = 0 if the Leishman’s method is applied.
T
The non-circulatory rotor coeflicient vector C,. ), = [ Crep, Creps + Clep ) } is expressed
as
0C,,c O0Cre,p . 0C,,c oC 0C,c
Cyop = Py Py Py ne.p . ne.p . 985
P Toxe T Tox, T Tov, P Tax, T ou, ¢ (285)

The unsteady aerodynamic correction by the Leishman’s method to the non-circulatory rotor coefficients
is expressed as

Cocp =

(286)

Cucp, . <acfw7p  Cnep, | ey, acmpZe)

z oy Py .
0%, 0X, ov, 7 ox, 1 Oy
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VIII. Aeroservoelastic Model of Elastic Aircraft

An aeroservoelastic (ASE) model of an elastic aircraft comprises of the following essential elements:

e A flight dynamic model of the rigid-body aircraft which includes the aerodynamic force contributions
by the rigid-aircraft motion and the deformation of the aircraft structure,

e A rotor inflow dynamic model which includes the aerodynamic force contributions by the rigid-aircraft
motion and the deformation of the aircraft structure,

e A structural dynamic model of the aircraft structure which includes the aerodynamic force contributions
by the rigid-aircraft motion and the deformation of the aircraft structure,

e A closed-loop servo-actuator dynamic model of the control effectors which includes a closed-loop PID
controller that tracks an actuator command, and

e A unsteady aerodynamic model which models the phase delay and amplitude attenuation by a state-
space realization of a transfer function approximation of the frequency-domain Theodorsen’s function
or alternatively the Leishman’s method.

Each of these elements are described as follows.

A. Flight Dynamic Model of Rigid Aircraft

The nonlinear flight dynamic equation of a rigid-body aircraft is described by

meIsv +w xv=C(k)Fea+Fuea +Fp (287)
Lw+wxTw=C((k) M.+ Mo+ M, (288)

where the circulatory and non-circulatory force and moment vectors have already been developed.
The body and propulsive force and moment vectorsF;, and M, are given by

T —mggsinf
Fy, = | mg,gcosfsing (289)
Mag cos B cos ¢
It
My=| mp (290)

nr

where T denotes forward flight thrust force, i1, mp, and ny are thrust-induced moments, 6 is the aircraft
pitch angle, and ¢ is the aircraft bank angle.
The nonlinear kinematic equation is given by

& = Hw (291)

where o = [ o 0 }Tand

1 singtané cos¢tanf
0 cos @ —sin ¢

H= (292)

We are interested in the linearized equations of motion about the equilibrium condition given by & = 0
and w = 0. Upon linearization, we obtain

. OF OF,,
mglsv = 6—ww +C(k)Feo+Fpea+ a—o_a (293)
I,w=C (k)Mo +M,ea (294)
o =w = Hx, (295)
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o
[
g

where o (t) = [ o) 0(t) ¥(t) }T, Y(t) is the heading angle, I, = diag(I,), g—z = @ 0
-7 4
v 0 —mag 0
—u |, = | mayg 0 0 ,andeI:{O I}.
0 0 0 0

T

Let S, = [ F] M/ } and M, = diag ({ myIs 1, D Moving all the terms containing the time
derivatives in the non-circulatory forces and moments to the left hand side according to the simplified
approach according to the Theodorsen’s theory, we have

M. — 6Snc,a % 8Snc,a‘.f _ asnc,a}-{ _ aSnal.l _ 0S X, + aSc,a (T X, + 1 )
T 0k, )T v, P ok, 0 On 0 ox, ! Ox, e MY
c,a S ,a S >, aQ
+ av, (rovp + rayp) + 8); (roXq + Tayq) + 81; (roug +raye)
s 0Snc oS
+ 78;‘2’0“ (roQQ +r,ya) + 78)::&)(@)(@ + 8—;0 (296)
o 9F OFy,
where 25 = 9w | and 236 = | O
Xa 0 0 i 0
If the simplified approach according to the Leishman’s method is applied, then
M. x 7aSc,ar + aSc,ar + 8Sc,ar + aSc,ar + aSc,ar + aSnc,ax
v&aq — 8Xa aYa an aYp an aYq aUG aYo ETe) aYQ aXa a
6Snc a aSn(' a asn(‘ a asna an
: : : —_— 297
+T3<axa Pt T ok, M T, ) T 90 (297)
B. Inflow Dynamic Model
The linearized Pitt-Peters three-state inflow dynamic model is described by
M, v, = —L; v}, + C (k) Ccp + Creyp (298)

The unsteady aerodynamic correction by the simplified approach according to the Theodorsen’s theory
yields

0C,,c D 0C,,c D\ - 0C,,c D aCncp . —1
— —FXq M, — — — — — — =-L
ox, et \Mr T oy, )T ek, 0T Tomy 0T e v
aC.. aC., 9Ccp
+ Ox. (roXe + raya) + ov, (rovp +rayp) + ox, (roxq + rayq)
8CC_ acc aCnc
8uép (roug +roye) + an’p (roQ2 +ruya) + 8xa,p x, (299)

The unsteady aerodynamic correction by the simplified approach according to the Leishman’s method
yields
0C.p 0C.p 0C.p 0C.p 0C,,
%, reYa + TvpraYp + quran + Tu@ra}@ + o0

OCoe. 0Cnep  0Cnep  Cnep  OCne,
9%, Xa”‘"’( 0% T Tow, T Tk, M Ton, (300)

a

M, ¥, =L, 'v, + Lrayo

+

C. Structural Dynamic Model

The structural dynamic model of the airframe structure is described by

Mgenq + Cgenq + ngnq = Fgen (301)
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where M., and K., are the diagonal generalized mass and stiffness matrices obtained from the NASTRAN
model of the Lift+Cruise aircraft, Cye, = (Kgyep, is the structural damping matrix with an assumed viscous
damping ratio of ( = 0.02, and F ., is the generalized aerodynamic force.

The structural dynamics can be expressed as

MSXQ = SSXq + BSC (k) Fc,gen + Banc,gen (302)
where M = I 0 ,Ss = 0 ! ,and B, = 0
0 Mg@n _ngn _Cgen I

The unsteady aerodynamic correction by the simplified approach according to the Theodorsen’s theory
yields

8Fnc gen . 6Fnc gen . aFnc gen . 6Fnc gen
_B577 a_Bsi-7 I\Z[S_Bsi.7 _Bsi-,. :Ss
o%, ov, °t 0%, ) Dhg 0 T DX
8F C. °n aF n 8F n
+ Bs% (TOXa + raYa) + Bs% (TOVp + raYp) + B, 6;:)6 (Tqu + ran)
a P q
OF OF OF
Bg c,gen " B9 c,gen Q . Bs ne,gen . 303
+ B, “ou (roup +raye) + B, 90 (102 +rayq) + B, “ox, * (303)
where
aFc,gen ! aFc,gen,wj i 8Fc,gen,si
or Z ox + Z ox (304)
=1 i=1
8Fnc7gen _ 4 aFnc,gen,u)j 8 aFnc,gEn,si

Ox - ; ox + z:zl ox (305)

The unsteady aerodynamic correction by the simplified approach according to the Leishman’s method
yields

c,gen

8UQ

F’I’LC en F”LC en aFnc en
I« + Bars I 4 Byrg— =29,

0x, 0%, ov, P

. IF.,
M, =S, + By, By, ¢ B

r.yq + B

raYo

aFc en
+ Bs 8&; LRAY) + Bs

OF OF
Bs nc,gen Bs ) nc,gen 306
+ r3 735((1 zq + T3 781'19 Zg ( )
D. Actuator Dynamic Models

The control effectors include the aerodynamic control surfaces d. (t), d, (), and J, (¢), the blade pitch angle
0p,, and the rotor speed €2;. For hover, the blade pitch and rotor speed are used as control effectors. The
actuator dynamic model of the control surfaces has been developed in the forward-flight aeroservoelastic
model.

1. Blade Pitch Actuator Dynamic Model

The blade pitch angle is driven by a DC drive motor which is modeled as
Jbéb + Gbéb =my + T (307)

where Jp is the motor inertia matrix, G, is a matrix representing the motor friction windage loss, my is
the blade pitching moment vector about the pitch axis, and T} is the motor torque vector. The blade pitch
motor inertia is estimated to be 8.5835 slug-ft? and the motor friction windage loss is estimated to be 21.5729
slug-ft2 /sec.

The blade pitch actuator dynamic model is also expressed as

My = Spup + By C (k) m., + Bym,,., + BTy (308)
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,and By =

WhereMb:[I O] b= 0 I

0
0 J, 0 -Gy I |
The circulatory and non-circulatory blade pitching moments are computed as

27
Mep, = / / f e *“ de/ dr’ (309)

2m
dm dlpep, T
Myec,b; = / / ( ac,b; — Emb dn\ICI,:), - mpwcgag) d\PidT/ (310)
The partial derivatives of the circulatory and non-circulatory pitching moments are obtained as
oo, Ny [R o d - R _
Ome.p, _ 71;/ / 2 m ,bz AV, dr’ — Nb/ Lbe fO bi g (311)
ox ox ; R
OMyep, m 9 dmac b; dlpep, 7r 4 ,
b Vb ey nebs T, Av,d 312
Bz / / < “mbTag, T 12870 " (312)
- g Ocm,, ,, T 5 0agz, ™ 40a0 ¢ ,
= N lep, ——F=—=dr mb—Fm—— d 313
b /Rl ( e,b; Z Ox 4poocb€ nb O 128000% O r (313)

The blade pitch angle is to be controlled by a PI controller. The control motor torque is given by
Tb = Uup — Kbmu‘g — Kbﬂ-eb (314)

where uy (t) is the motor torque control, e, (¢) is the the blade pitch angle integral error and the controller
gain matrices K, and K ; are computed by the linear quadratic regulator (LQR) optimal control.
The error dynamics are given by
e, = CbUQ — 01)70 (315)

where Cy = [ I 0

The equation of blade pitch dynamics is expressed using the simplified approach according to the
Theodorsen’s theory as

amnc b . amnc b . aInnc b amnc b .
- B b by B * M, — B By
Yok, T Tt ov, P 0%, b gn, )M T N
om c,b Om c,b dm c,b Om c,b
+ By (TOXa + raya) +By—— (TOVp + raYp) + B, (TOXq + ran) + B, (TOUO + ray0)
0x, ovy 0%, Ouy
Om an'lnc b
+ By (T‘QQ + I‘ayQ) + By ~ X, + Bpup — Bbemllg — Bbe’ieb (316)
89 0%,

The equation of blade pitch dynamics is expressed using the simplified approach according to the Leish-
man’s method as

. om Oom Oom om
Myup =Spup + By, raYa +By—- raYp +By—- ran +By—- ray9
8 6 Vp 8 Xq 3 uy
om om om 8mnc b
B o B .+ B «+B :
+ By 89 PYQ+ b 5xa bx + Byrs axa by + Byrs—— v, Zp
81’[1 Om My,
+ Byrs Zq + Byrs bZ + Byuy, — ByKj pue — By K ;e (317)
8xq Ony
2. Rotor Actuator Dynamic Model
The rotor speed is driven by a DC drive motor which is modeled as
J,Q+B,Q=m, +T, (318)
where J, is the motor inertia matrix, B, is the motor friction matrix, m, = [ +Q; Q-

+Qn,.,..] is the rotor torque vector, and T, is the motor torque vector. The blade pitch motor inertia
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is estimated to be 10.1239 slug-ft?> and the motor friction windage loss is estimated to be 668.1763 slug-
ft2 /sec.
The rotor speed is to be controlled by a PI controller. The control motor torque is given by

T, =u, - K,,Q - K, e, (319)

where u,. (t) is the motor torque control e, (t) is the rotor speed integral error and the controller gain matrices
K, , and K, ; are computed by the LQR optimal control.
The error dynamics are given by
e =Q—-Q, (320)

The equation of the rotor dynamics is expressed using the simplified approach according to the Theodorsen’s
theory as

amnc T . 8mnc T . 8Irl’fI/C T . aIII’I’LC T . -
— : — : — : — "1y +J,.Q2=-B,.Q
Bk, T THv, P Bk, ¢ ong otr "
m, om om
8XZ7 (TOXa + raya) + avzr (TOVI) + raYp) + BXZT (TOXq + raytl)
om, , om, , Oomy, ,
+ (TOUO + I‘a}’(a) + 90 (TOQ + raYQ) + Xq + Uy — Kr,pQ - Kr,ier (321)

8u9 axa

The equation of rotor dynamics is expressed using the simplified approach according to the Leishman’s
method as

. Oom Oom Oom om Oom om
J?"Q = - BT‘Q + P} —L reya + ira}’p + iI'ayq + ~L r.yo + ot ryyo + ﬂxa
X, X ug X

] v, % B o0 %,
8mnc T 8mnc T amnc T amnc r
+r3 9% ~Zq + T3 b —Zp + TST e t7s 61’1.97 zp +u, — K, , Q2 — K, je, (322)
a P q

E. Aeroservoelastic Model

We form the aeroservoelastic model by coupling together the flight dynamic model, inflow dynamic model,
structural dynamic model, actuator dynamic model, and unsteady aerodynamic model. The integrated
aeroservoelastic model is expressed compactly in a physical state-space form as

Mx = Sx + Tu (323)

In the physical state-space form, M is the mass matrix, S is the force-moment stability derivative matrix,
and T is the force-moment control derivative matrix.
By inverting the mass matrix M, we obtain the standard state-space form

x=Ax+Bu-v (324)

T - T
where v (t) = [ vl () of of and v, (t) = [ o' o" o' o" o' 6/ (1) Q) | isavector
of the blade pitch and rotor speed command. For aircraft state tracking control, we set v, = 0 to maintain

trim blade pitch and rotor speed. We then obtain
%X =Ax+Bu (325)

The matrices A and B may not have any physical meaning since the mass matrix includes the non-
circulatory unsteady aerodynamic contributions due to the Theodorsen’s theory.

The state-space equation can also be expressed in a partitioned form using the simplified approach
according to the Theodorsen’s theory as

M’I”I’ Mre 0 }-(7’ S’I”T S're S’I’C x’l” TTb TT‘T VC
u
M., M., 0 X, | = | Ser See See x, |+ 0 0 [ b ] -l o (326)
o 0o I|]|x S, See See || % 0 0 tr 0
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where x, (t) = | o' (t) x](t) v, (t) ug (t) QT () e (t) e (1) and  x. (t)
T
T T
yi (0 vl () vi () yh) |
The mass matrices are given by
[ 1 0 0 0 0 0 0]
9Snc,a 9Snc,a 9Sna
0 M, - 5 T Tov, - 9ug 000
80’716. 80’716. acnc,
0 - axap M, — avpp o aﬁep 0 00
_ omy, ., Omy.p Omy.cp
MTT - 0 —BbTab —BbW Mb — BbTug 0 0 0
Omyc r Omyc, r Omyc, r
0 0 0 0 0o I o
| 0 0 0 0 0 0 I |
_ 0 -
asnc,a
T T ox%,
OChne,p
T 9%y
_ Omy.cp
Mre - 7Bb87)'(q
Omyc r
S
0
L 0 il
aF’VlC. en OF’VLC, en aF’ILC, en
M, = |0 —B M B B s 0 0 0 |
OF
M,.. = M, — B, nf:,gen
0%,
The stability derivative matrices are given by
[0 H 0 0
IF 9S8 | 9Sca 9SBnec.a 9Sc.a 9Sc.a
870'!) 0xq + Oxq To + 0xq vy To ouy To
aC.,, C . aC.., ac..,
0 3x;p To + 8x,,,,p 8vpp To — LP auep To
c nc om, Om,
Ser=1| 0 By (83:((1’1’7"0 + O?Tab) B, Zvtro By ( oo 10 +Sp — Kb,p)
0 ome Omyc r omc omc
OXq To + OxXq vy To Jdug To
0 0 0 Cy
0 0 0 0
0 0 0 |
9Sc,a
an’ To 0 0
Sar 0 0
om,
Bb rann’bro —BbeJ 0
Ome,r
1(’;19‘ 0 Br Kr,p 0 _Kr,i
0 0 0
1 0 0 |
_ 0 -
0Sc.a
0x4 To
dC..p
0xq To
om,
Sre = Bb g:cq'b’l’o
om.
0x4 To
0
L 0 i
38 of 44

American Institute of Aeronautics and Astronautics

(327)

(328)

(329)

(330)

(331)

(332)



0 0 0 0 0
asc,a 8Sc a 8Sc a 8Sc,a asc,a
N N 00" N oo N oo N N N
peTe perre e Toow, Tgger,
ST(' = Bbag:c:bra Bbag‘l,c’b ry Bb Bg)l:,b ry Bb 8(;?13}) ry Bb%ra (333)
omc om, om, , omc , omc
Ix, La dv, La ox, La duy La oq la
0 0 0 0 0
L 0 0 0 0 0 ]
Ser=| 0 By (Zpaenry 4 Hpoaen ) B, Meseny, B Fesenyy B, Xgznpy 0 0 | (334)
OF
See =S; + B, —29" 335
ce =05 + B, %, To (335)
SEC:[BSa%;ie”ra B, Ty, B Mooy, B,%ueny, BsaFg’;;e"ra} (336)
0O B, 0 o0 0 o00O
0O 0 B, 0 0 0O
Se.=]10 0 0 O 0 0 O (337)
0O 0 0 By, 0 0O
0o 0 0 0 Bo 0 O
[0
0
Sce = | By (338)
0
. 0
[ A, 0 0 O 0
0 A, 0 0 O
Se=| 0 0 A, 0 O (339)
0O 0 0 Ay O
L 0O 0 0 0 Ag
The control derivative matrices are given by
o
0
0
T, = | B, (340)
0
0
L 0 -
o
0
0
T..=1|0 (341)
I
0
L 0 -

The state-space equation can also be expressed in a partitioned form using the simplified approach
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according to the Leishman’s method as

M, 0 00 X, S, 0 S,
0 Me,. 0 O Xq o Ser See Sec
0 0o I o X, Ser Sce  Sce
Mnr Mne 0 I XTL 0 0 O
T'rb Tr'r
0 0
+
0 0
0 0
-
where x, (1) = [ 21 () % () 2] () 2 (1) ]
The mass matrices are given by
1 0 o o0 o0 00O
0O M, O 0 0O 0O
0 0 M, 0 0 0O
M, =]0 0 o M, 0 0O
0o O 0 o J. 0O
0o O 0 0 0O I O
L0 O 0 0 0 0 I
Mee:Ms
[0 -1 0 0 0 00O
M, — 0O 0 -I 0 O 0O
0 O 0 0 0 0 O
0 0 0 -I 00 O
[0
0
Mne: I
L O
The stability derivative matrices are given by
[0 H 0 0 0
OF OSnc,a
Kza 0% 0 0 0
0 e 0 0
S;p=| 0 B2t 9§, -BK,, 0
anc,r
0 . 0 0 -B,-K,,
0 0 0 C, 0
o 0 0 0 I
[ 0 0 0 0
OSnc,a 081c.a OSnc,a OSpq
"3 "ox, 73759, T3 o%, 73 5a,
Chc.p 9Che.p Cne.p Che.p
"3 0%, "3 75v, "3 0%, "3 9,
Sin = | Byry e Bbr3a’g".’;:'b Bbrgalg;:’b B e
Omyc,r Omy,, Omye,r Omye,r
T3 "ox, T3 v, T3 "%, T3 3,
0 0 0 0
i 0 0 0 0
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(343)

(344)

(345)
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Sew=[0 B X 0 0 0 0 0] (349)

S.. =S, (350)

Sen:[BsrgiaFg;’gm B,ry Xpeoen By facas B pg Sacsen (351)
I 000
2V 0 I 00

& lo 01 o0 (352)
000 I

Note that the S,., Scc, Sery Sce, See, Trp, and T, matrices are the same for both approaches.

IX. Simulation Results

The Lift+ Cruise eVTOL aircraft is a six-passenger aircraft!® as shown in Figure 1. It employs 8 vertical
lift rotors for eVTOL and an aft push fan. All the 8 vertical lift rotors operate at a constant rotor speed of
110 rad/sec. In forward flight, the LPC vehicle operates like a conventional fixed-wing aircraft with the 8
vertical lift rotors stopped and locked in place. Two versions of the Lift+Cruise vehicle are conceptualized:
a turboelectric version and an all-electric version.'® The all-electric Lift+Cruise vehicle has a design gross
weight of 8,210 Ibs and cruises at an average 100 knots. This model is used in the current study.

An aerodynamic trim analysis for hover flight is performed in CHARM,? a rotorcraft aeromechanics
comprehensive analysis tool. The trim solution is used to compute the analytical derivatives of the forces
and moments created by the rotors. In addition, the non-circulatory forces and moments generated by the
aircraft lifting surfaces are also computed.

Figure 7 shows the rotor thrust radial distributions of the eight rotors. The front rotors 1, 3, 5, 7 are
trimmed at higher thrust values than the aft rotors 2,4, 6, 8.
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Figure 7. Rotor Thrust Distributions

The trim solution is also used to compute the static aeroelastic deformation of the wing. Table 4 shows
the vertical bending and torsional rotation at the attachment points of the 8 vertical lift rotors to the wing.
The static aeroelastic deflections indicate that the wing structure is quite stiff.
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Vertical Bending (ft) ‘ Torsional Rotation (deg) ‘

Rotors 1 and 2 1.19 —0.068
Rotors 3 and 4 0.021 —0.050
Rotors 5 and 6 0.0011 —0.046
Rotors 7 and 8 1.21 —0.065

Table 4. Static Aeroelastic Deformation of Lift+Cruise Aircraft Wing in Hover

The aeroservoelastic model of the Lift+Cruise aircraft in hover at 4000 ft has been developed. A critical
damping ratio of 1% is assumed for all the structural modes. The unsteady aerodynamic correction is
based on the Theodorsen’s theory. There are altogether 264 states which include 8 rigid-body aircraft states
(heading angle not included), 24 inflow states (3 per rotor), 16 blade pitch actuator states (2 per rotor), 8
integral error states for the blade pitch integral control, 8 rotor actuator states (1 per rotor), 8 integral error
states for the rotor speed integral control, 28 structural dynamic states corresponding to the generalized
displacements and velocities for the first 14 structural modes, and 164 unsteady aerodynamic states (2 per
state except for roll angle, heading angle, and integral error states).

Figure 8is the plot of the pole locations of the aeroservoelastic model of the Lift+Cruise aircraft in hover.
The effect of the elastic airframe on the rigid-body modes of the aircraft is evident in Figure 9 which shows
a comparison of the pole locations for the elastic aircraft to those of the rigid aircraft. All the structural
modes are stable. The wind-off critical damping ratio ( = 0.01 is used for all the structural modes. The
aerodynamic damping ratios of the structural modes are all greater than ¢ = 0.01. The poles associated
with the inflow states and the unsteady aerodynamic states have large negative real values ranging from —20
to —165 which imply that the the dynamic inflow and unsteady aerodynamic effects are mostly decoupled
from the aircraft response. Table 5 shows the eigenvalues of the rigid-body modes with the elastic airframe
compared to those with the rigid airframe. The elastic airframe causes an increase in the damping of the
lateral-directional modes but at the same time a slight decrease in the damping of the longitudinal modes.
There are two unstable modes: the phugoid mode and the spiral mode. These two modes can be stabilized
by feedback control.'?
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Figure 8. Pole Locations of Aeroservoelastic Model of Lift4+Cruise Aircraft in Hover
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Figure 9.
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Pole Locations of Rigid-Body Modes of Lift4Cruise Aircraft in Hover

Rigid-Body Mode

Elastic Airframe

Rigid Airframe w/ Actuators

Rigid Airframe w/o Actuators

Phugoid 0.1018 £ 0.26941 0.09378 £ 0.2145¢ 0.09026 £ 0.2131¢
Short-Period —0.4061 +£ 0.04407¢ —0.06708, —0.2811 —0.07839, —0.2922
Roll —0.1240 —0.04526 —0.04541

Spiral 0.05390 0.08922 0.1128
Dutch-Roll —0.08076 £+ 0.01597: —0.1769 £ 0.056577 —0.2064 £ 0.09143¢

Table 5. Eigenvalues of Rigid-Body Modes of Lift4Cruise Aircraft in Hover with Elastic and Rigid Airframes

X. Conclusions

This paper presents an analytical aeroservoelastic modeling method for multi-rotor eVTOL aircraft. The
method presents a general procedure for computing the circulatory and non-circulatory forces and moments
acting on the aircraft and the elastic airframe. The partial derivatives of the forces and moments are
evaluated to linearize the model. The unsteady aerodynamic effect is accounted for by Theodorsen’s theory
and the Leishmann’s method. The aeroservoelastic model includes a three-state dynamic inflow model and
actuator models of the blade pitch drive motors and rotor drive motors. An aeroservoelastic model of the
NASA Lift+Cruise aircraft has been developed. The model illustrates the effect of the elastic airframe on
the rigid-body modes of the aircraft.
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