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Many sophisticated mathematical approaches have been developed to calculate and optimized trajectory so-
lutions for lunar landing systems, including but not limited to Hamilton’s Principle of Variation, Pontryagin’s
maximum principle, and convex optimization techniques among others. Many of these approaches require
expensive computational resources in order to achieve convergence to a solution, which may be problematic
due to the well known limitations in computational power and memory capacity of space hardened computers
when compared to modern computers. In an effort to reduce complexity and the computational load required
to generate the real-time guidance commands that are necessary during manual piloting, a simple physics-
based work-energy approach is formulated. This approach is based on the dissipation of mechanical energy of
the vehicle in reference to the final energy state required to achieve a safe landing. The rocket engine(s) used
during landing and other maneuvers dissipate mechanical energy both by doing work against the velocity
vector of the vehicle and by jettisoning mass. Therefore, by analytically solving the energy dissipation prob-
lem during every step of the maneuver, a much simpler algebraic solution that naturally and quickly attains
convergence is obtained. This concept is not limited to approach and landing, but it may also be applied to
de-orbiting, braking-burn, and divert maneuvers. The principle also applies for other type of maneuvers such
as ascent and orbital insertion, where instead of energy dissipation, the engine injects the necessary energy
into the system to attain the desired final state.

I. INTRODUCTION

Trajectory calculation and optimization during lunar
de-orbiting, approach, and landing is a relevant and
ongoing area of research, particularly in this modern
era when the United States and other countries are
conducting efforts to return humans to the Moon.
Due to mission constraints and weight limits, it is
imperative to minimize propellant consumption while
simultaneously achieving a safe lunar landing as close
as possible to the desired landing site (LS). From the
1960’s until recently, the primary numerical methods
for propellant minimization during vertical descent to
the lunar surface leverages Pontryaging’s maximum
principle and the calculus of variations, minimizing
descent engine firing time as a proxy for minimization of
propellant consumption.1–4

One of simplest and most elegant algorithms is the
Apollo powered descent guidance (APDG),5 which was
developed over 50 years ago and employed by the Apollo
Lunar Module (LM) to land on the Moon. In this
algorithm, the acceleration vector is represented by a
quadratic function of time; this has been extended to a
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general fractional-polynomial form, in which a reference
acceleration, velocity, and position vectors are calculated
based on the final target conditions.6 This method has
the advantage of being computationally efficient, which
is required to calculate the real-time guidance commands
necessary for manual control, but has the disadvantages
that it may not always provide optimal solutions for
propellant consumption, and that is highly sensitive to
navigation errors.

With the advent of more powerful computational
tools since the time of Apollo, more propellant-efficient
approaches based on convex optimization techniques
have been developed7. Two popular convex methods
have arisen from the direct transcription of trajectory
optimization for solving the general non-linear program-
ming problem (NLP); sequential quadratic programming
and successive convex programming.8–11 Both methods
attempt to solve the NLP by approximating it as
convex and iterating for better solutions. This can be
computationally expensive and mathematically complex,
and neither method guarantees that the convex approx-
imation will converge to the global solution of the NLP.
With regard to spacecraft, the convex approximation
is often comprised of a cost function (or objective
function) with the goal saving fuel or time under the
constraints of obeying dynamics and meeting mission
requirements. These techniques benefit from, but do not
require, a realistic initial guess of the solution, which is
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then iteratively improved upon until convergence, after
which the solution is used to generate commands to the
vehicle. In general, the problem formulation for convex
optimization approaches is that of solving a system of
non-linear equations whose solutions behave chaotically,
such that any slight change in the initial conditions of
the vehicle at any moment during the trajectory will
change the optimal solution.12 Because the solution is
sensitive to small perturbations, the convex optimization
must be repeated as the maneuver executes (similar to
a receding horizon controller) to continually generate
updated guidance commands. For real-time use, such as
may be the case under manual control or when a change
in landing site is required during flight, a large amount of
on-board computing power is required. This cost hinders
the applicability of real time optimization by limiting
the number of constraints, states, or times of flight
that an onboard optimization routine can handle when
using sequential quadratic programming or successive
convex programming. Although modern computers are
becoming faster and more computationally efficient,
space hardened computers are typically many years
behind modern computers, thus limiting computational
capacity and memory.

In this paper, a novel, simple, physics-based work-
energy formulation for calculating optimal guidance com-
mands is presented with the goals of providing optimal
solutions at less computational cost than convex opti-
mization approaches but with comparable performance.
The physics-based formulation is based on the principle
of energy conservation, where a lunar lander approach-
ing the surface is guaranteed to achieve a soft landing
by dissipating mechanical energy as long as the engine
is able to provide the necessary thrust force required by
the physics. Only two mechanisms can be used to dis-
sipate energy: jettisoning mass and doing work against
the velocity vector using the engine(s). By iteratively
solving between the work done by the engine and the jet-
tisoned mass, an exact solution of the constant engine
thrust force vector at every instant of the trajectory can
be obtained which guarantees the desired energy dissipa-
tion to reach the intended landing site conditions. Due to
the nonlinear nature of the trajectory, small changes in
the vehicle state render the most recently calculated con-
stant thrust force vector invalid by the butterfly effect.12

Because the vehicle’s state is constantly evolving while
pursuing the latest optimal work-energy solution, a new
solution must be continuously recalculated as the vehicle
state evolves to smoothly incorporate the latest optimal
solution. However, in contrast with convex optimization
methods, the work energy update is calculated very ef-
ficiently, making such calculations in real time feasible
with much less required on-board computing power. This
is because an entire optimal trajectory is not required
during every update; instead, all that is required is cal-
culating the present optimal energy dissipation state.

Note that the work-energy approach presented here
should not be confused with work-energy Lyapunov-
based guidance, where the energy of the vehicle is
employed to construct a Lyapunov function that de-
scribes the error dynamics of the system. That technique
is computationally expensive and solutions are usually
not optimal.13 In contrast, the formulation in this
work yields simple algebraic expressions without the
use of linear algebra or numerical integration via a
single optimization loop that always converges in a few
iterations to the theoretical optimal state of energy
dissipation between engine work and mass jettisoning.

The paper is organized as follows: Section II intro-
duces the concept of constant optimal engine settings,
defines the coordinate system, and presents the ana-
lytical derivation of the optimal solution of Newton’s
equations of motion. Section III presents the derivation
of the generalized work-energy computational cycle, and
its application to final approach and vertical descent
maneuvers. Section IV includes the formulation and ap-
plication of the work-energy solution to the braking-burn
maneuver. A brief discussion of propellant consumption
minimization from the crew-resource and risk man-
agement perspective is included in Sec. V. Section VI
presents braking-burn and final approach Monte-Carlo
(MC) trajectories calculations for a real moon-lander.
However, due to the proprietary and sensitive nature
of the data, only qualitative comparisons between the
work-energy formulation and both fractional-polynomial
and quadratic programing convex optimization are
presented.6,9,10. Finally, the formulation of the work-
energy solution to real-time divert-space calculation is
introduced in Sec. VII.

Other important supplemental material is included in
the appendixes. Appendix A contains the derivation of
the optimal final attitude and yaw angles together with
their respective angular rates during final rotational ma-
neuvers for both vertical descent and trajectory center-
ing during the end of the braking-burn maneuver. Ap-
pendix B includes the maneuvering timing calculations
necessary to determine the theoretical energy boundaries
during a divert maneuver before landing. The derivation
of the angular rate frame transformation between local
LS and vehicle coordinates is presented in Appx. C. Ad-
ditionally, because the accuracy of all guidance methods
is dependent on the quality of the navigation data, an
engine-based lunar navigation calculation is suggested in
Appx. D as a final approach and descent navigational
aid to help improve final guidance commands and land-
ing accuracy. Although this additional navigational aid
has not been implemented in the work presented here, it
is in the process of being implemented into the simulator,
and represents important material for future work. For
completeness and documentation purposes, this final ap-
pendix is included in the manuscript to make it available
as a reference to the interested audience.
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II. ANALYTICAL INTEGRATION OF NEWTON’S EQUATIONS ASSUMING CONSTANT OPTIMAL CONDITIONS

Figure 1 illustrates a sample LM with initial kinetic and potential energy in a parking orbit that initiates a descent
trajectory towards the desired landing location. During the descent, it is necessary to achieve the required energy
dissipation at the moment the LS is reached in order to avoid a crash.

Figure 1: LM Descent Trajectory to desired LS. The vehicle has both kinetic and potential energy related to its
initial mass mo, initial velocity vo, and altitude above the surface z. The goal is to dissipate the vehicle’s total
energy to the same energy state as that of the LS, which has kinetic energy related to its local lunar angular
rotation Ωm and gravitational potential energy, both functions of the local LS lunar radius Rm.

In general, the lunar gravitational potential energy may be expressed using the spherical-harmonics expansion form
expressed as14,15

U
(
z, φ, λ

)
= −mo·

GMm

(Rm+z)
·

∞∑
n = 0

n∑
k = 0

[
Rm

(Rm+z)

]n

·P k
n

[
sin(φ)

]
·
[
Cn, k· cos(k·λ) + Sn, k· sin(k·λ)

]
, (1)

where G is Newton’s universal gravitational constant, mo is the mass of the lander at the present, Mm and Rm are
the lunar mass and the average lunar radius, and z is the altitude above the lunar surface. The associated Legendre
polynomials are represented by P k

n , with Fourier spherical coefficients Cn, k and Sn, k, and lunar latitude and longitude
given by λ and φ.
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By calculating the difference between the potential energy of any point along the trajectory and the LS and
by employing algebra, it can be shown that the value of the gravitational acceleration g calculated at the average
trajectory altitude z̄ [see Eq. (19)] is given by

g(z̄, φ, λ) =
GMm

R2
m

(
1+ z̄

Rm

) ·
{[

1+
Rm

z̄

]
·

∞∑
n = 0

n∑
k = 0

P k
n

[
sin(φo)

]
·
[
Cn, k· cos(k·λo) + Sn, k· sin(k·λo)

]

−
∞∑

n = 0

n∑
k = 0

[
Rm

(Rm+z̄)

]n

·P k
n

[
sin(φ)

]
·
[
Cn, k· cos(k·λ) + Sn, k· sin(k·λ)

]}
. (2)

Figure 2 shows a summary of the physics-based Work-Energy (WE) formulation presented in this work by
illustrating the two energy dissipation mechanisms necessary to achieve a safe landing during a vertical descent

Figure 2: Illustration of the energy dissipation mechanisms during a vertical descent. The jettisoned energy is lost
by the mass of burnt propellant m

P
exhausted by the engine, while the rest of the energy is dissipated by the work

done by the thrust force FT of the engine along ∆z. The WE formulation calculates the exact solution of the
optimal constant value of the thrust force with constant jettisoned mass-rate, time, and thrust direction to achieve
the energy dissipation required for a safe landing.

As illustrated in Fig. 2, the WE formulation assumes that there exist optimal constant engine settings [i.e., constant
engine thrust force (throttle), mass flow, time, and thrust direction] along the vehicle displacement that guarantee
the energy dissipation required to reach the LS. Throughout the paper, these calculated constant values are referred
to as “constant settings”. The assumption of constant engine settings in the formulation yields analytical solutions
that simplify the calculation of real-time guidance commands.
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The local inertial right-hand (RH) coordinates with respect to the LS are defined at the moment the maneuver
initiates as x̂

LS
-Cross-Range, ŷ

LS
-Down-Range, and ẑ

LS
-Altitude; these coordinates are kept constant throughout

the whole maneuver. Figure 3 illustrates the definition of the inertial LS coordinates employed in the calculation.

Figure 3: Definition of the local LS coordinates for the approach trajectory and the navigation coordinates of the
vehicle. Then the approach maneuver begins, a local set of inertial RH coordinates with respect to the LS are
defined and kept constant until landing. The ŷ

LS
-Down-Range direction is defined as the horizontal vector from the

starting horizontal position of the approach to the LS (the ŷ
LS
-Down-Range direction may also be defined along the

horizontal component of the vehicle’s velocity vector), while the ẑ
LS
-Altitude is defined as the vertical vector from

the LS to the starting altitude, and the x̂
LS
-Cross-Range is defined by the vector product of the Down-Range and

Altitude vectors (x̂
LS

= ŷ
LS
×ẑ

LS
). The attitude angle θ and yaw ϕ are defined with respect to the LS coordinates,

while the navigation coordinates are defined with respect to the vehicle’s body roll, pitch, and yaw. Appendix C
contains the formulation of the angular-rates transformation from the LS into the navigation coordinates. Notice
that at the beginning of the maneuver xo = xf , such that ∆x = 0.

Per the definition of LS-coordinates introduced in
Fig. 3, the attitude angle θ is defined as the angle
between the axial axis of the rocket x̂

Nav
and the

ẑ
LS
-axis, and the yaw ϕ is defined as the right-hand

rotation angle on the x̂
LS
ŷ

LS
-plane along the negative

ẑ
LS
-axis.

The mass flow expelled from the rocket engine is de-
fined as

dm

dt
= ṁ = Thrtl·ṁmax.

, (3)

where ṁ ≤ 0, and the engine throttle is defined as
0 ≤ Thrtl ≤ 1 (the physical lower limit may not be zero),
and the magnitude of ṁ

max.
represents the maximum

mass flow possible at full engine throttle.

With the assumption that there exists a constant opti-
mal mass flow ṁ, and an optimal thrust direction defined

by θ and ϕ, during a time interval t necessary to dissi-
pate the required amount of energy, the vehicle mass as
a function of time is given by

m(t) = mo + ṁ·t , (4)

with initial vehicle mass mo at t = 0. The magnitude of
the rocket engine thrust force as derived by Konstantin
E. Tsiolkovsky is16

F
T
= −ve·ṁ , (5)

with the effective exhaust velocity ve = go·Isp, the stan-
dard gravity go = 9.80665 m/s2, and the engine’s specific
impulse Isp. The maximum engine thrust force is given
by

F
Tmax.

= −ve·ṁmax. . (6)
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With respect to the inertial LS coordinate frame, the
net force that the engine exerts on the vehicle (braking
force) plus lunar gravity is given by

F
T
= F

Tx
·x̂

LS
+ F

Ty
·ŷ

LS
+ F

Tz
·ẑ

LS

= ṁ·ve sin(ϕ) sin(θ)·x̂LS

+ ṁ·ve cos(ϕ) sin(θ)·ŷLS

−
[
m·g + ṁ·ve cos(θ)

]
·ẑ

LS
. (7)

The components of the acceleration vector are obtained
by dividing Eq. (7) by the vehicle’s mass as a function of
time defined in Eq. (4)

ax(t) =
ṁ
m ·ve sin(ϕ) sin(θ) , (8a)

ay(t) =
ṁ
m ·ve cos(ϕ) sin(θ) , (8b)

az(t) = −g − ṁ
m ·ve cos(θ) . (8c)

Equations (8a) through (8c) are integrated with re-
spect to time to obtain the velocity components

vx(t) = vxo + ve sin(ϕ) sin(θ)·ln
[
1 + ṁ

mo
·t
]
, (9a)

vy(t) = vyo
+ ve cos(ϕ) sin(θ)·ln

[
1 + ṁ

mo
·t
]
, (9b)

vz(t) = vzo − g·t− ve cos(θ)·ln
[
1 + ṁ

mo
·t
]
, (9c)

that in turn are also integrated to obtain the components
of the position vector in the form

x(t) = xo +
[
vxo

− ve sin(ϕ) sin(θ)
]
·t

+ ve sin(ϕ) sin(θ)·
mo

ṁ ·
[
1 + ṁ

mo
·t
]
·ln

[
1 + ṁ

mo
·t
]
,

(10a)

y(t) = yo +
[
vyo

− ve cos(ϕ) sin(θ)
]
·t

+ ve cos(ϕ) sin(θ)·
mo

ṁ ·
[
1 + ṁ

mo
·t
]
·ln

[
1 + ṁ

mo
·t
]
,

(10b)

z(t) = zo +
[
vzo + ve cos(θ)

]
·t− 1

2 ·g·t
2

− ve cos(θ)·
mo

ṁ ·
[
1 + ṁ

mo
·t
]
·ln

[
1 + ṁ

mo
·t
]
. (10c)

It can be shown that by combining Eqs. (9a) through (9c), with Eqs. (10a) through (10c), the time-intervals for
each of the vector components to achieve their individual final states are given by

τx =

{
mo

ṁ ·
[
vxo − vx(τx)

]
−

[
xo − x(τx)

]}
[
vx(τx)− ve sin(ϕ) sin(θ)

] , (11a)

τy =

{
mo

ṁ ·
[
vyo

− vy(τy)
]
−

[
yo − y(τy)

]}[
vy(τy)− ve cos(ϕ) sin(θ)

] , (11b)

τz =−
{

1
g ·
[
vz(τz) + ve cos(θ)

]
+ mo

ṁ

}
±
√{

1
g ·
[
vz(τz) + ve cos(θ)

]
+ mo

ṁ

}2

− 2
g ·
{[

zo − z(τz)
]
− mo

ṁ ·
[
vzo − vz(τz)

]}
, (11c)

where x(τx), y(τy), z(τz), vx(τx), vy(τy), and vz(τz) represent the final components of the position and velocity vectors of
the vehicle at the end of the maneuver (e.g. landing), and τx, τy, and τz are the individual time intervals required to
achieve each individual final state.

III. WORK-ENERGY THEORETICAL FORMULATION

The initial and final energy states of the lunar lander
during the approach maneuver can be expressed as

Eo = 1
2 ·mo·

[
v2
o + 2·g·zo

]
, (12a)

Ef = 1
2 ·
(
mo −m

P

)
·
[
v2
f + 2·g·zf

]
, (12b)

where the final mass of the vehicle is reduced by the con-
sumed propellant mass m

P
, the horizontal components of

the velocity are set to zero upon landing, and the final
vertical velocity is set to a small negative descent velocity
vzf at a given target altitude zf . Therefore

v2
o = v2xo

+ v2yo
+ v2zo , (13a)

v2
f = v2zf . (13b)
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By assuming that the engine is operating with an opti-
mal constant thrust and orientation along the trajectory
(constant attitude, yaw, and throttle), the work done by
the engine thrust along the displacement vector ∆r is
given by

W
T
= F

T
·∆r (14)

= F
Tx
·������: 0[
x(τx)− xo

]
+ F

Ty
·
[
y(τy)− yo

]
+ F

Tz
·
[
z(τz)− zo

]
,

where yf = y(τy) and zf = z(τz). And, by the definition
of the cross-range direction illustrated in Fig. 3, the
cross-range position xf = x(τx) ≈ xo along the trajectory.
Thus, the work-energy calculations are constrained to
the horizontal and vertical directions as illustrated in
Fig. 4.

The second energy dissipation mechanism is the jetti-
soning of mass in the form of burnt propellant with the
assumption of a constant mass flow ṁ during each of
the time-intervals for the three different LS coordinate
components in the form

E
Jet

= 1
2 ·
[
m

Px
·v̄2

x +m
Py
·v̄2

y +m
Pz
·
(
v̄2
z + 2·g·z̄

)]
, (15)

where the average squares of the velocity components and
the average altitude (v̄2

x, v̄
2
y, v̄

2
z , and z̄) must be constantly

calculated along the entirety of the trajectory together
with the jettisoned propellant mass during each of the
ith time intervals τi with constant ṁ using

m
P
i
= −τi·ṁ . (16)

The average square of each of the ith velocity compo-
nents v̄2

i and average altitude displacement z̄ in Eq. (15)
are calculated using the average integral functions

v̄2
i =

1

τi

∫ τi

0

dt·v2i (t) , (17a)

z̄ =
1

τz

∫ τz

0

dt·z(t) . (17b)

By substituting in the velocities from Eqs. (9a) through (9c) into Eq. (17a), and by integrating along the ith time
interval τi, the average squares of the velocity components are obtained

v̄2
x = v2xo

+ 2·v2e sin
2(ϕ) sin2(θ)− 2·vxo

ve sin(ϕ) sin(θ)

+ 1
τx

·ve sin(ϕ) sin(θ)·
mo

ṁ ·
[
1 + ṁ

mo
·τx

]
×
{
2·
[
vxo

− ve sin(ϕ) sin(θ)
]
+ ve sin(ϕ) sin(θ)·ln

[
1 + ṁ

mo
·τx

]}
× ln

[
1 + ṁ

mo
·τx

]
, (18a)

v̄2
y = v2yo

+ 2·v2e cos
2(ϕ) sin2(θ)− 2·vyo

ve cos(ϕ) sin(θ)

+ 1
τy

·ve cos(ϕ) sin(θ)·
mo

ṁ ·
[
1 + ṁ

mo
·τy

]
×
{
2·
[
vyo − ve cos(ϕ) sin(θ)

]
+ ve cos(ϕ) sin(θ)·ln

[
1 + ṁ

mo
·τy

]}
× ln

[
1 + ṁ

mo
·τy

]
, (18b)

v̄2
z = v2zo + 2·v2e cos

2(θ) + 2·vzove cos(θ)

+ gτz ·
{

1
3 ·gτz −

[
vzo +

1
2 ·ve cos(θ)

]
+ 1

τz
·ve cos(θ)·

mo

ṁ

}
+ 1

τz
·ve cos(θ)·

mo

ṁ ·
[
1 + ṁ

mo
·τz

]
×
{
g·
[
τz − mo

ṁ

]
− 2·

[
vzo + ve cos(θ)

]
+ ve cos(θ)·ln

[
1 + ṁ

mo
·τz

]}
× ln

[
1 + ṁ

mo
·τz

]
. (18c)

Substituting the altitude provided in Eq. (10c) into Eq. (17b), and integrating along the time interval τz, the average
altitude displacement is obtained in the form

z̄ = zo +
1
2 ·τz ·

[
vzo +

3
2 ·ve cos(θ)

]
− 1

6 ·g·τ
2
z

+ 1
2 ·ve cos(θ)·

mo

ṁ ·
{
1− 1

τz
·mo

ṁ ·
[
1 + ṁ

mo
·τz

]2
·ln

[
1 + ṁ

mo
·τz

]}
. (19)
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Therefore, the total energy dissipated by the engine work and mass jettisoning is expressed as

Eo − Ef = W
T
+ E

Jet
. (20)

In general, the WE formulation works for solving the problem in three dimensions. However, in this work the
problem is reduced to two dimensions. A 2D calculation is applicable due to the initial definition of the local LS
coordinates in Fig. 3, where the net cross-range displacement is ∆x = 0 along the trajectory, thus making the net
work done along the cross-range very close to zero. Figure 4 illustrates the separation of the problem between
horizontal and vertical stages.

Figure 4: Separation of the approach trajectory maneuver into predominantly horizontal and vertical components.
Typically during the approach τy < τz. Once τy ≈ 0, which occurs when (yf−yo) ≈ 0, the WE formulation should not
be applied to the horizontal direction because there is a risk of encountering a singularity in the calculation of the
horizontal force [see Eq. (24a)]. Therefore, when reaching the transition region, the WE is only employed along the
vertical descent calculation (1D), while setting τy = τz and employing it in Eq. (A20) to calculate the optimal
attitude angle that will force the final horizontal velocity to zero before landing. Similarly, to avoid singularities in
calculating the cross-range (since ∆x = 0), guidance commands are calculated analytically rather than using the WE
formulation, thus constraining the WE calculation to 2D.

Therefore, the problem is simplified by separating
Eq. (20) into both horizontal and vertical components
in the form

Eoy −�
��>

0
Efy = Fy ·∆y + E

Jety
, (21a)

Eoz − Efz = Fz ·∆z + E
Jetz

, (21b)
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where the jettisoned energies are represented by

E
Jety

= 1
2 ·mPy

·v̄2
y , (22a)

E
Jetz

= 1
2 ·mPz

·
[
v̄2
z + 2·g·z̄

]
, (22b)

and the mass-losses with respect to horizontal and verti-
cal stages during the approach are given by

m
Py
= −τy ·ṁ , (23a)

m
Pz
= −τz ·ṁ . (23b)

The horizontal and vertical force components during
the approach maneuver are calculated using

Fy =

[
Eoy − E

Jety

][
yf − yo

] , (24a)

Fz =

[
Eoz − Efz − E

Jetz

]∣∣zf − zo
∣∣ , (24b)

from which an optimal attitude approach angle is derived
(see Fig. 3) in the form

θ
Opt.

= tan−1

[
Fy

Fz · cos(ϕ)

]
. (25)

For the cross-range guidance commands, instead of employing the WE formulation, it can be shown that by
combining Eqs. (9a) through (11c), and expanding the natural logarithm to its first order, two solutions for the
optimal yaw angle ϕ

Opt.
are derived in the form

ϕ
Opt.

= tan−1

{[
[x(τx)−xo]−vxo ·τx

][
[y(τy)−yo]−vyo ·τy

] · [τy−
mo

ṁ ·
(
1+

ṁ
mo

·τy

)
·ln
(
1+

ṁ
mo

·τy

)]
[
τx−

mo

ṁ ·
(
1+

ṁ
mo

·τx

)
·ln
(
1+

ṁ
mo

·τx

)]}

≈ tan−1

{
τ2
y
·
[
[x(τx)−xo]−vxo ·τx

]
τ2
x ·
[
[y(τy)−yo]−vyo ·τy

]} , (26a)

ϕ
Opt.

= tan−1

{[(
xf−xo

)
−mo

ṁ ·
(
vxf

−vxo

)]
[(

yf−yo

)
−mo

ṁ ·
(
vyf −vyo

)]} , (26b)

where τx ≤ τy to achieve full cross-range correction at or before horizontal energy dissipation is achieved, and τx is set
in terms of a non-dimensional heuristic tuning cross-range time fraction ax ≤ 1 in the form τx = ax·τy. The magnitude
of the optimal yaw angle is limited to a set maximum angle ϕ

max
. The first solution is time-dependent and more

applicable during the predominantly horizontal stage during braking-burn and approach, while the second may be
applied during the final quasi-vertical descent stage.

The value of the engine throttle for the approach maneuver is obtained using

Thrtl =
Fz

F
Tmax.

· cos
(
θ
Opt.

) , (27)

which is employed in Eq. (3) to calculate the value of the engine mass flow inside the WE calculation cycle as illustrated
in Fig. 5
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Figure 5: Generalized WE calculation cycle. Both horizontal and vertical forces from Eqs. (24a) and (24b) are
calculated recursively by initially setting the propellant masses and yaw angle to zero during the first cycle, that
initially sets E

Jety
= 0 and E

Jetz
= 0. The optimal attitude and yaw angles are calculated using Eq. (25) and

Eq. (26a), the engine throttle is calculated according to the maneuver (using either Eq. (27) or Eq. (36)), with the
mass flow calculated using Eq. (3). These values are employed to calculate both horizontal and vertical time
intervals [Eqs. (11b) and (11c)], which are needed to calculate consumed propellant masses [Eqs. (23a) and (23b)],
average squares of the horizontal and vertical velocities [Eqs. (18b) and (18c)], average altitude z̄ [Eq. (19)], and
acceleration due to gravity at z̄ [Eq. (2)]. The jettisoned energies are calculated with Eqs. (22a) and (22b), and the
whole calculation cycle is repeated until the desired precision in the optimal values is achieved.
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The summary of the WE calculation cycle presented
in Fig. 5 solves for the necessary energy dissipation
conditions by employing the vehicle’s states as initial
conditions at the moment of the calculation as illustrated
in the example given in Fig. 2. This produces an exact
solution of the constant optimal guidance commands
to achieve the necessary energy dissipation and fulfill
the desired landing conditions. Since it is very unlikely
that the vehicle is already configured at the optimal WE
state at the moment of the calculation, the WE cycle
is constantly repeated, and the optimal states change
continuously as the vehicle pursues the most current
optimal states. Within the WE cycle, convergence is
defined as obtaining the desired precision of the optimal
guidance commands. Per the energy conservation
principle, the calculation will always converge, although
the calculated throttle may be outside the physical
capabilities of the engine. For example, if the WE yields
a lower throttle value than the lowest physical limit of
the engine, the engine will not be ignited and the WE
calculation will continually yield an increasing throttle
value as the vehicle approaches the LS until the physical
lowest limit of the engine is reached. If the WE yields a
higher value than the maximum physical throttle limit,
the horizontal distance to the LS must be extended,
which would result in an overshooting of the intended
LS. In the work presented here, it has been observed that
5 to 8 iterations are sufficient to achieve convergence in
the WE calculation, and a default maximum value of 10
iterations is employed.

Although the WE cycle yields optimal conditions for
energy dissipation, the desired trajectory may be shaped
by defining different energy states or waypoints along the
path to satisfy certain constraints (e.g., attitude, veloc-
ity, altitude, glide-slope). Another simple way to reshape
the trajectory is through adding small corrections to the
optimal attitude angle θ

Opt.
in order to modify both down-

range and vertical time intervals (τy and τz). For exam-
ple, it is typical that τy < τz during the final approach
trajectory, which means that the LS will first be reached
horizontally, and then a vertical descent will complete
the landing maneuver. Sometimes, mission constraints
may require a shorter vertical descent time, or require
the LS is reached at the same time horizontally and ver-
tically. Alternately, during the braking-burn maneuver,
τy > τz, and it may desirable to reach both altitude and
distance from the LS at the same time in order to tran-
sition to the approach maneuver at the mission required
altitude and down-range distance. Therefore, in order to
approach convergence when τy ≈ τz, an empirical form for
the optimal attitude angle corrections is formulated as

δθ1 = c
1
· |τz − τy|

τz
, (28a)

δθ2 = c
2
· |τz − τy|

τy
, (28b)

where the constant correction angles c
1
and c

2
(in degrees

or radians) are determined heuristically, and the correc-
tions are applied to the optimal attitude angle in the
form

θ
Opt.

=

{
τy > τz, θ

Opt.
− δθ1

τy < τz, θ
Opt.

+ δθ2
(29)

The logic supporting these small attitude corrections
is that with a slight decrease in the attitude angle, the
vertical component of thrust increases, which increases
the descent time while simultaneously reducing the
down-range time. With a slight increase of the attitude
angle, the opposite results are obtained.

After calculating the WE optimal attitude and yaw
angles, the vehicle’s physical characteristics (e.g., mass,
moment of inertia, propellant slosh, center of mass) re-
quire that optimal angular rates are calculated in order
to smoothly steer the vehicle to the optimal orientation
while setting the throttle to the optimal value (referred
in this paper as pursuing the optimal state). Therefore,
the commanded angular velocities in the LS frame are
calculated using

ωθ = k
θ
·
(θ

Opt.
− θo)

δτ
, (30a)

ωϕ = k
ϕ
·
(ϕ

Opt.
− ϕo)

δτ
, (30b)

where the vehicle’s current attitude and yaw angles
with respect to the LS (see Fig. 3) are represented by
θo and ϕo, and the constants k

θ
and k

ϕ
are determined

heuristically according to the physical characteristics of
the vehicle. The time interval δτ is defined according to
the intended maneuver as shown in Figs. 6 and 7.

The commanded attitude and yaw angles for the vehi-
cle during the guidance time interval ∆t are given by

θ
CMD

= θo + ωθ ·∆t , (31a)

ϕ
CMD

= ϕo + ωϕ·∆t , (31b)

where ∆t is the reciprocal of the guidance calculation
frequency (∆t = 0.1 sec. in this work).

Finally, the commanded engine throttle is calculated
using

T
CMD

hrtl =
Fz

F
Tmax.

· cos
(
θo +

1
2 ·ωθ ·∆t

) , (32)

where during the approach maneuver, the commanded
throttle is always calculated in reference to the vertical
force Fz in order to prioritize full vertical energy dissipa-
tion at every point of the maneuver to avoid a crash.
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The commanded angular rates with respect to the vehicle’s navigation reference (roll, pitch, and yaw as illustrated
in Fig. 3) are calculated using [for the derivation see Appx. C, Eq. (C9)]

ω
Nav.

LS
=−ωϕ· cos(θ)·x̂Nav.

+ ωθ ·ŷNav.
− ωϕ· sin(θ)·ẑNav.

. (33)

Figure 6 summarizes the optimal WE guidance commands calculated during the first stage of the approach
maneuver (τy < τz) before the final vertical descent as represented in Fig. 4.

Figure 6: Summary of the WE guidance calculation employed during the final approach maneuver when τy < τz (or
τy > 0). In this work, the cross-range time fraction inside the WE cycle is set to ax = 0.76 in order to reach a full
cross-range correction when 76% of the horizontal time dissipation is achieved, before reaching vertical descent. For
the simulated vehicle, the yaw angle is limited to |ϕ| ≤ ϕ

max
= 15◦ in order to avoid overcorrecting the cross-range

position and velocity during both the first stage and vertical descent of the approach. The constant correction angles
employed in Eqs. (28a) and (28b) to adjust time convergence (τz ≈ τy) are obtained heuristically according to the
vehicle’s characteristics and desired approach profile, with values c

1
= 100.0◦ and c

2
= 2.525◦. The non-dimensional

constants employed in Eqs. (30a) and (30b) to calculate both LS-referenced attitude and yaw angular velocities are
k

θ
= 6.70 and k

ϕ
= 5.68, which are heuristically determined according to the vehicle’s physical characteristics, and

the time interval in Eqs. (30a) and (30b) is set to the horizontal time value δτ = τy. Both magnitudes of the attitude
and yaw angular velocities are limited to the vehicle’s maximum angular velocity of 5◦/sec. In this work, the
differential time defined by the reciprocal of the guidance calculation frequency is ∆t = 0.1 sec.17
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The WE cycle illustrated in Fig. 6 is performed as long as τy < τz and τy > ∆t. Once τy ≈ 0 (τy ≤ ∆t), the vehicle is
approaching the LS along the down-range direction (yf − yo) ≈ 0. The WE formulation should no longer be applied
to horizontal guidance due to the risk of singularity in Eq. (24a). As illustrated in Fig. 23, when the vehicle is
closely located above the LS, the priority for both down-range and cross-range guidance is to ensure zero horizontal
velocities at landing to avoid toppling the vehicle upon touchdown. Therefore, the final attitude angular velocity and
optimal attitude and yaw angles are calculated using Eqs. (A12), (A20), and (A21) as described in Fig. 7, and the
down-range displacement during the final rotation maneuver may be obtained from Eq. (A19) (all derived in Appx. A)

Figure 7: The WE cycle only calculates the optimal vertical descent state, while optimal attitude and yaw angles
are calculated using Eqs. (A20) and (A21) to guarantee close-to-zero horizontal velocity at touchdown. For this
maneuver, τy = τz, and the cross-range time fraction is set to ax = 0.38 to reach zero cross-range velocity during 38%
vertical dissipation time. The optimal attitude angular velocity is calculated using Eq. (A12), and when valid
(τ

Rot.
> 0), θ

Opt.
= 0 (see Fig. 23). For the case when τ

Rot.
≤ 0, the attitude angular velocity is calculated using Eq. (30a),

with δτ = τz used to calculate the optimal yaw angular velocity from Eq. (30b), which employs the same
non-dimensional constant values for k

θ
and k

ϕ
shown in Fig. 6.
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IV. BRAKING-BURN WORK-ENERGY CALCULATION

The WE formulation is also employed in calculating guidance commands for orbital-and-sub-orbital-type maneuvers
where, due to the Moon’s rotation, the displacements are calculated by estimating the location of the LS at the
moment of landing. Lunar rotational corrections may also be applied to the final approach maneuver described in
the previous section (Figs. 6 and 7). Figure 8 illustrates the application of the WE formulation to the calculation of
a braking-burn sub-orbital maneuver, and Fig. 9 summarizes the WE guidance calculation.

Figure 8: The initial and final gravitational accelerations go(Ro) and gf (Rf) are a function of the radial distances Ro

and Rf with respect to the lunar center of mass, and Rm is the average radius of the Moon along the ground path.
Gravity may also be a function of initial and final latitudes and longitudes [see Eq. (2)]. The higher and lower
down-range paths are a function of the total angular displacement ∆Θ: ∆lo = Ro ·∆Θ and ∆lf = Rf ·∆Θ . The total
vertical displacement is represented by ∆z, while the angle Φ represents the angle between the ground-track of the
trajectory and the lunar angular rotation path Ωm. Rave. is the average radius along the trajectory, which is needed
to calculate the net down-range displacement ∆lave.= Rave.·∆Θ , that is employed in the WE formulation.

By taking into account the curvature of the trajectory
and the variation of the gravitational acceleration with
respect to altitude during the initial WE calculation cycle
(before knowing the average altitude z̄ and τy), the av-
erage gravitational acceleration along the trajectory and
down-range displacement are approximated using

gave. ≈ 1
2 ·
[
go(Ro) + gf (Rf)

]
, (34a)

Rave. ≈ 1
2 ·
[
Ro +Rf

]
, (34b)

∆lave. ≈ 1
2 ·
[
Ro +Rf

]
·∆Θ . (34c)

During subsequent WE cycles, the average altitude z̄
along the trajectory is calculated using Eq. (19), and the

average radius with respect to the lunar center of mass
is given by Rave.= Rm + z̄.

The gravitational acceleration with both cross-range
and down-range displacements during the time interval
τy (plus the estimated final approach maneuver time
τapch.), including lunar rotation displacements as a func-
tion of local latitude λ, are calculated using

gave.= g(Rave.) , (35a)

∆x = (τy + τapch.)·Ωm·Rave.· cos(λ) sin(Φ) , (35b)

∆y = Rave.·
[
∆Θ+ (τy + τapch.)·Ωm· cos(λ) cos(Φ)

]
.

(35c)
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These quantities along with the vertical displacement
∆z are employed in the WE calculation cycles. The hori-
zontal and vertical force components are calculated using
Eqs. (24a) and (24b), the optimal attitude and yaw an-
gles are calculated using Eqs. (25) and (26a), and the
engine optimal WE throttle is obtained from

Thrtl =
F

Tmax.√
F 2
z +

[
Fy/cos(ϕOpt.

)
]2 , (36)

which is employed in Eq. (3) to calculate the value of
the engine mass flow.

The commanded angular velocities are calculated us-
ing Eqs. (37a) and (37b), in which a set maximum value
ω

max
and non-dimensional heuristic parameters k

θ
and

k
ϕ
are employed. When the cross-range displacement

[Eq. (A38)] is within the limits of the LS radius (see
Fig. 24), the yaw angular velocity is calculated using
Eq. (A33).

ωθ = k
θ
·ω

max
·
(θ

Opt.
− θo)

|θ
Opt.

− θo|
, (37a)

ωϕ = k
ϕ
·ω

max
·
(ϕ

Opt.
− ϕo)

|ϕ
Opt.

− ϕo|
. (37b)

Due to the changing orientation of the vector normal to
the surface with respect to the vehicle’s motion along the

curved surface, a curvature angular velocity correction
during the guidance time interval ∆t is calculated using

ωc = − vy(
Rm + z + 1

2 ·vz ·∆t
) , (38)

which is added into the commanded attitude angular
velocity (ω

θ
→ ω

θ
+ ωc).

The commanded throttle for the vehicle is obtained
with

T
CMD

hrtl =
Fy

F
Tmax.

· sin
(
θo +

1
2 ·ωθ ·∆t

)
· cos

(
ϕo +

1
2 ·ωϕ·∆t

) , (39)

in which the throttle is always calculated in reference to
the horizontal force Fy in order to prioritize horizontal
energy dissipation. Horizontal energy dissipation is
prioritized because in general, during orbital and subor-
bital maneuvers, the horizontal kinetic energy is much
higher than the vertical potential energy and τy ≫ τz.
During braking-burn, the time intervals are forced to
converge τy ≈ τz at the end of the maneuver in order to
satisfy final altitude, distance, and velocity constraints
by employing attitude correction angles calculated from
Eqs. (28a) and (28b).
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Figure 9: Summary of the WE calculation employed during the braking-burn suborbital maneuver. The cross-range
time fraction inside the WE cycle is set to ax = 0.10, thus intending to reach a full cross-range correction when 10%
of the horizontal time dissipation is achieved, and the yaw angle is limited to |ϕ| ≤ ϕ

max
= 4.5◦ in order to avoid

overcorrection of the cross-range position and velocity. Because τy ≫ τz during the braking-burn maneuver, the
constant correction angles employed in Eqs. (28a) and (28b) to force time convergence (τy ≈ τz) before the end of the
braking-burn are set to c

1
= 13.5◦ and c

2
= 1000.0◦. The non-dimensional constants used in Eqs. (37a) and (37b) to

calculate both attitude and yaw angular velocities are set to k
θ
= 0.475 and k

ϕ
= 0.475, with a maximum angular

velocity value set to ω
max

= 5◦/sec. All these values are obtained heuristically according to the vehicle’s physical
characteristics and desired approach profile. The differential guidance time is the same as the one employed during
the final approach trajectory, with a value of ∆t = 0.1 sec.
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V. PROPELLANT CONSUMPTION MINIMIZATION AND ENGINE EFFICIENCY

As shown by previous work, Pontryagin’s maximization principle is employed to minimize fuel consumption by
reducing the amount of time the engine is fired.1,2,4 This same time minimization principle is commonly employed
in convex-optimization calculations to minimize propellant consumption.8,9 Since the WE formulation directly
calculates both the necessary engine throttle (or engine thrust force) and the engine firing duration to achieve the
required energy dissipation, the time minimization principle is easily implemented into the calculation. This is
accomplished by defining a minimum throttle threshold (or range of thresholds) to ignite the engine. The lower
the throttle threshold for ignition, the longer the burn-time needed, and the more propellant consumed during
the maneuver. Conversely, the higher the throttle threshold for ignition, the shorter the burn-time, and the less
propellant consumed. Therefore, increasing the throttle threshold is equivalent to delaying the ignition of the engine,
and increases propellant efficiency at the cost of valuable time. The highest propellant efficiency is attained at 100%
minimum throttle threshold, leaving no time left for corrections. Figure 10 illustrates the propellant consumption
minimization scheme from the WE perspective.

Figure 10: Illustration of the propellant minimization scheme from the WE formulation perspective. In this case,
propellant minimization is no longer determined by a time minimization assumption (where burn-time is minimized
in order to minimize propellant consumption).8,9 Instead, the optimization is determined from a crew-resource/risk
management perspective. Both time and usable propellant are finite resources which are important to conserve to
achieve mission objectives. In the case of an engine failure or misfire, for example, having extra time for the crew to
troubleshoot may be as important as saving propellant. By solely considering the burn-time minimization principle,
the most propellant-efficient throttle threshold would be 100%; this approach minimizes both propellant consumption
and time but reduces control-authority, and does not allow extra time for further corrective maneuvering in case of a
mishap which increases the risk of mission failure. The WE formulation has the advantage of real-time calculation of
the necessary throttle and engine firing duration needed to accomplish the maneuver with the use of a few simple
analytical expressions that help to quantify both fuel consumption and time throughout the whole maneuver.

Another important consideration to minimize propellant consumption, is the actual efficiency and performance
of the engine. A typical assumption is that the thrust force is a linear function with respect to the mass flow with
constant slope, defined as effective exhaust velocity ve [Eq. (5)].

16 However, engine performance is better characterized
as a combination of affine and/or polynomial functions as illustrated in Fig. 11
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Figure 11: Sample of the characteristic curves of a
rocket engine. The figure shows the relationships
between engine thrust to negative mass flow, engine
throttle, chamber pressure, and effective exhaust
velocity ve. Most quantities are parametrized as affine
functions, while the effective exhaust velocity is
parametrized as a polynomial. Notice that for this
specific sample engine, the effective exhaust velocity
attains its highest value at maximum throttle,
representing a maximum thrust force in relation to
mass flow. Therefore, the maximum engine performance
and propellant efficiency is attained at maximum
throttle, a feature which may not apply to all engines.

Real engine characterization is easily implemented
into the WE formulation, since WE calculates the total
engine thrust required to accomplish the desired energy
dissipation. The thrust force is used in conjunction with
the engine parametrization curves to obtain engine throt-
tle, effective exhaust velocity, and mass flow, which in
turn are incorporated back into the WE calculation cycle.

VI. MONTE-CARLO BRAKING-BURN AND
APPROACH LUNAR DESCENT TRAJECTORIES

The WE formulation described in this paper has been
implemented into the NASA Marshall Space Flight Cen-
ter GeneraLized Aerospace Simulation in SIMULINK
Framework (GLASS).17 GLASS is a 6DoF lunar-lander
simulator that encompasses all maneuvers from lunar
de-orbiting to landing and includes navigation and
sensor errors in its computations. To protect sensitive
proprietary data, the comparisons presented here are
purely qualitative rather than quantitative; however, it is
the opinion of the authors that the general trends shown
are applicable to other real-world scenarios. In this work,
lunar trajectories that include both braking-burn and
final approach maneuvers are calculated and compared
to results from other methods also implemented in the
GLASS simulation, namely a Fractional-Polynomial
(FP) Apollo braking-burn powered descent guidance
algorithm,5,6 and a 6-DoF Quadratic-Programming
(QP) convex optimization guidance algorithm.9,10

To generate a convex optimization benchmark case,
the QP algorithm is employed during flight to gener-
ate minimum time trajectories (as a proxy for minimum
propellant).9 The algorithm is called at fixed time inter-
vals (2 Hz due to its comp. intensity) during the de-
scent to capture off nominal conditions and changes in
mass properties. The underlying optimization problem
is stated as:

min
x(t), u(t)

t

subject to: ẋ = f(x(t), u(t)) ,

xo = x(0) ,

x ∈ X ,

u ∈ U ,

xtf = x(tf) , (40)

where the state, x and input, u, belong to the closed
sets X and U respectively. To solve the underlying QP
underlying optimal control problem during every call, a
direct transcription is employed by making the following
assumptions (for both QP and FP guidance):

1. The LS is considered an inertial frame;

2. The vehicle can be represented by rigid body equa-
tions of motion;

3. The dynamics are linearized and represented as a
discrete time system;

4. The moment of inertia of the vehicle is unchanging
over a single solution;

5. The system constraints can be represented as linear
functions of state and control.

In contrast with both the FP and QP algorithms,
the WE approach does not assume that the LS is in an
inertial frame (as illustrated in Figs. 1 and 8). Therefore,
the WE guidance calculation is based on the projected
position of the LS at the moment of landing. Both the
FP and WE are called every tenth of a second (10 Hz)
to provide real-time guidance commands. While WE
and QP employ the same minimum throttle threshold
value and similar final target conditions during the
braking-burn maneuver, while the FP employs a very
different parametrization.17

To compare the FP, QP, and WE methods, a Monte-
Carlo (MC) calculation that consists of 101 seeds
(1 nominal case plus 100 seeds) is conducted. All
methods are qualitatively compared and evaluated with
respect to predetermined boundaries and limits, such
as a specified radius near the LS and horizontal and
vertical velocity limits at touchdown. Landing within
the determined velocity limits is critical since they
represent a margin of safety for the lander in order to
ensure the vehicle will not topple or crash during landing.
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The first comparison includes a perfect navigation and vehicle mass case, where navigation and mass-determination
errors are not included. This comparison is intended to assess solely the performance of the guidance algorithms
without being “contaminated” by navigation errors. The second comparison is performed using baseline navigation
and mass that includes errors in both navigation and vehicle mass-determination. This allows for evaluation of the
robustness and resilience of the methods when varying navigation performance is present. Figures 12, 13, and 14
show the MC results for the landing performance of the modeled lunar lander employed in this work, while Figs. 15
and 16 show the baseline Nav./Mass Braking-Burn and Approach trajectories.

Figure 12: Position performance with respect to LS boundaries. All three methods achieve 100% when perfect
Nav./Mass is present, while the FP method degrades to 91.1% when baseline Nav./Mass is present compared to
both WE and QP, which both continue to achieve 100%.

It is observed that the FP method is highly sensitive to the accuracy of the navigation data when compared to
WE and QP methods. As shown in Figs. 12 through 14, when the baseline navigation and mass are employed, the
FP method misses a significant portion of the final landing conditions. While both WE and QP methods constantly
calculate guidance commands with respect to the best estimate of the vehicle’s position,velocity, and mass, the FP
method is tuned by coefficient vectors in R3 with respect to an ideal trajectory,5,6 which causes significant errors in
the guidance solution when the true state of the trajectory deviates from the ideal. The navigation solution could
be further improved by the implementation of the engine-based lunar navigational aid formulated in Appx. D, and
which is the subject of future work.
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Figure 13: Horizontal velocity performance with respect to LS limits. Both WE and QP methods achieve 100%
when perfect Nav./Mass is present, while FP only achieves 97%. When baseline Nav./Mass is present, the FP
method further degrades to 38.6%, while both WE and QP still achieve 100%.

Figure 14: Horizontal vs vertical velocity performance with respect to LS limits. FP and QP methods achieve bellow
100% (95% and 99%) respectively when perfect Nav./Mass is present, while WE achieves 100%. When baseline
Nav./Mass is present, the FP method further degrades to 34.7%, WE degrades to 97%, and QP does not change.
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Figure 15: Braking-burn trajectories calculated using FP, WE, and QP methods. The FP trajectory has a lower
target altitude in comparison to WE and QP with very similar final targets. Both WE and QP yield very similar
trajectory profiles that satisfy glide-slope mission constraints.

Figure 16: Approach trajectories calculated using FP, WE, and QP methods. The FP trajectory begins at a lower
altitude in comparison to both WE and QP, which have very similar initial conditions, performance, and trajectory
shapes.
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The three methods are compared with respect to propellant consumption. The total spent propellant mass after
the approach maneuver is compared to the initial propellant mass before braking-burn. In order to accurately
compare the three methods, only the cases that achieved both LS position boundaries and velocity limits are included.

The FP calculation commands a lower throttle during the braking-burn, and a full throttle during most of the
duration of the approach maneuver. This high maximum throttle setting yields the lowest net propellant consumption
compared WE and QP, while greatly reducing control-authority, thus inhibiting the possibility of further corrections
and yielding higher percentage of landing failures. As such, it is observed that FP yields the lowest performance with
respect to the LS boundary limits. Figure 17 shows the net propellant consumption for all three methods.

During the braking-burn maneuver, both WE and QP employ the same minimum throttle threshold to ignite the
engine. However, it is observed that WE yields a smooth monotonically increasing throttle command during braking-
burn, followed by a smooth monotonically decreasing throttle command during the approach maneuver compared
to QP. This smooth monotonically increasing and decreasing throttle and angular commands produced by the WE
formulation have the added benefit that astronauts may easily follow them during manual control, although the
plotted solution of the throttle has been omitted from this work because is considered to be sensitive proprietary data.

As discussed in Sec. V, overall propellant consumption may be reduced by increasing the throttle ignition threshold
during the braking-burn maneuver; Fig. 18 shows the reduction of both consumed propellant and maneuvering time
as a function of minimum throttle threshold for the WE during braking-burn.

Figure 17: Net propellant consumption during braking-burn and approach maneuvers for both perfect and baseline
Nav./Mass cases. Due to the maximum throttle commanded by the FP calculation during most of the approach
maneuver, the FP yields both the lowest propellant consumption and the lowest performance with respect to the LS
position and velocity constraints. Both WE and QP yield very similar propellant consumption with differences
within 0.3%.
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Figure 18: WE net propellant consumption as a function of minimum ignition throttle threshold. The threshold is
varied in increments of 10%, with the highest threshold kept below 100%. The consumption includes both
braking-burn and approach maneuvers, but the throttle threshold is only increased during braking-burn. The time
reduction percentage is calculated in reference to the nominal braking-burn maneuvering time. Note that by
increasing the threshold by 10%, propellant consumption is reduced by 0.4% and the maneuver time is reduced by
6%. In this example, maximum propellant reduction is obtained by increasing the threshold by 40%, thus reducing
propellant consumption by 1.1% and reducing maneuvering time by 17%.

An observed source of inefficiency during the WE braking-burn maneuver, is the oscillatory nature of the optimal
yaw commands as calculated in Eq. (26a) when (xf − xo) ≈ 0. As shown in Eq. (26a), when (xf − xo) ≈ 0 and
|vxo

| > 0, the yaw forces vxo
to zero while drifting away from the cross-range centerline. Once vxo

≈ 0, the yaw forces
the vehicle to the centerline, which is repeated cyclically, leading to wasted propellant. This effect is observed during
braking-burn once the vehicle reaches the centerline along the cross-range, and may explain the 0.3% propellant
consumption difference between WE and QP. Implementing a low-pass filter for the yaw guidance commands once
the centerline is reached during braking-burn may increase fuel efficiency, and an increase in the minimum throttle
threshold during braking-burn may serve to increase efficiency even further.

Figure 19 compares the computational time (CPU time) required for WE, QP, and FP methods to calculate the
first 100 guidance commands at the start of the nominal approach maneuver. For this work, the GLASS simulation
is run in an AMD Ryzen Threadripper 3970X Model 49 cluster with 32-Core x86 64 processors (2 threads per core),
with a maximum clock of 4549.1211 MHz (minimum 2200.0000 MHz), 256GB DDR4 Ram at 3200MHz with 43
bits of physical memory (48 bits of virtual memory). The cluster is run using Linux Ubuntu 22.04.3 LTS (Jammy
Jellyfish) operative system.
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Figure 19: Comparison between the computational times required to calculate the first 100 guidance commands
during the start of the nominal approach. The WE performs each of the calculations on the order of tens of a
microseconds compared to the QP, which takes in between tenths of a second to over a second to complete each
calculation. Due to its simplicity, the FP takes in the order of tenths of microseconds to complete each calculation.
The 4-orders of magnitude difference between WE and QP indicates WE is significantly more able to calculate the
real-time/high-frequency guidance commands necessary for an astronaut to follow during manual control, while still
maintaining comparable performance and efficiency with QP.

VII. WORK-ENERGY-BASED REAL-TIME DIVERT-SPACE DETERMINATION

The WE formulation is also employed in real-time calculation of the divert-space around the LS and can be
considered an alternate answer to the EDL Challenge Problem stated during the NESC Trajectory Optimization
Workshop.18 This is efficiently accomplished by calculating an energy boundary contour map around the LS that
satisfies the energy conservation principle of the vehicle at every instant of flight. A divert landing is a maneuver
that is performed when astronauts may consider the current LS to be unfeasible or unsafe and an alternate LS must
quickly be determined.
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Figure 20 illustrates a general WE divert maneuver.

Figure 20: WE divert-space determination. The total maneuvering time along the down-range and cross-range
directions must be equal to the total flight (“airborne”) time τz in order to achieve zero horizontal velocity at
touchdown. Both total “airborne” time τz and optimal attitude angle θ

Div.
are calculated while managing precise

timing on the yaw control to guarantee effective energy dissipation and a safe landing.

The divert maneuver is initiated by setting the throttle
to the selected maximum optimal value that satisfies both
full energy dissipation and propellant constraints:

dm

dt
= ṁ = ṁ

max.
. (41)

As shown in Fig. 20, a higher throttle value translates
into a higher thrust-vector, and thus a higher optimal di-
vert angle θ

Div.
. The higher divert angle leads to a higher

horizontal thrust vector, and therefore higher horizontal
control authority is available to expand the divert-space,
which also translates into higher propellant consumption.

The optimal divert attitude angle may be calculated sim-
ply using

θ
Div.

= cos−1

[
Fz

F
Tmax.

]
, (42)

where F
Tmax.

is the maximum optimal thrust force that
corresponds to the selected maximum value of the mass
flow ṁ

max.
.

Figure 21 shows the WE approach cycle used to determine the optimal divert attitude θ
Div.

, and the total flight
time τz available to calculate the boundary of the divert maneuver.
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Figure 21: Divert WE calculation of the optimal attitude angle θ
Div.

, and the total available maneuvering time τz for
the selected ṁ

max.
. The calculation begins by selecting the maximum mass flow during divert. This provides a total

flight time τz, which is used to calculate the required propellant during the maneuver. If propellant consumption
falls above constraints, a lower ṁ

max.
value is chosen, which also reduces the divert range. A divert yaw angle with

respect to the horizontal velocity vector ϕ
Div.

is chosen according to the desired divert direction. The yaw orientation
must be accurately timed with respect to the calculated τx1

and τy1
[Eqs. (B2) and (B4), derived in Appx. B], before

reversing yaw direction to dissipate both cross-range and down-range velocities before landing. The optimal pair of
yaw angles from Eq. (B6) may be chosen to both minimize vehicle’s maneuvering and maximizes divert range.

The divert-space boundary is symmetric with respect to the horizontal velocity vector at the moment the maneuver
is initiated. This simplifies the calculation since initial yaw divert angles in between 0 ≤ ϕ

Div.
≤ π are chosen to

generate half of the the maximum divert-space contour, which can be mirrored onto π < ϕ
Div.

< 2π and then mapped
to the local LS coordinates.

The advantage of the WE approach for divert-space determination is that it becomes possible to calculate the
entire divert space in real-time. This method is computationally efficient, and assists astronauts when switching to
manual control and guiding the vehicle to a safe landing located within the boundary. Note that the divert-space
contour or “energy contour map” represents the ideal maximum range possible to reach with respect to the instant
energy state of the vehicle, which is not reachable in practice due to the real maneuverability of the vehicle and time
delays. However, by minimizing vehicle maneuvering to reach a specific divert area, the effective range can be kept
as close as possible to the ideal range. During approach, the engine thrust vector is pointing against the velocity
vector of the vehicle to dissipate energy. During divert, reaching the closest set of angles in relation to the initial
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velocity vector (right of left of the velocity vector) serves to minimize maneuvering. The optimal divert pair of yaw
angles can be calculated using Eq. (B6), which is derived in Appx. B.

Figure 22 shows calculated divert-space boundaries (“divert energy maps”) using the WE formulation during
equally delayed time intervals along a sample nominal approach trajectory.

Figure 22: Divert-space boundaries calculated using the WE formulation. The figure on the left shows the 3D
nominal approach trajectory (green-line), while the ovals around the LS represent the divert boundaries initiated at
equally delayed time intervals along the trajectory. The right plot shows a top view of the divert boundaries that are
symmetric with respect to each of their initial horizontal velocity vectors when diverts are initiated. The blue arrow
represents the direction of the horizontal velocity vector at the start of the approach trajectory. As expected, the
divert boundaries shrinks around the LS the later the divert maneuver is initiated, and become more circular as the
horizontal velocity component is reduced. Note also that the divert boundary is much larger along the horizontal
velocity direction, and shorter in the backward direction.

VIII. CONCLUSION

The WE formulation applies the energy conservation
principle to derive very simple analytical algebraic
expressions, which can be used to calculate the instant
guidance commands necessary at any point during
the trajectory to reach the desired final state. In this
formulation, all integral equations are solved analytically
and do not require any forward time-propagation,
linearization, or computationally intensive linear algebra
to be employed in order to calculate possible optimal
reference trajectories, as is required by more complex
methods such as convex optimization.

Due to the implementation of simple algebraic expres-
sions, a very significant reduction in the computational
load is attained. This allows real-time and high-
frequency guidance commands to be computed, thus
aiding astronauts with manual control when performing
different types of maneuvers such as braking-burn,

landing, ascent, etc., as well as providing them with
real-time boundary limits of the available divert-space
to assist in finding alternate landing-sites during the
critical final approach.

The physics-based WE formulation is intuitive with
respect to vehicle dynamics and seeks to satisfy the
instant work-energy conditions that guarantee a safe
landing, thus achieving similar propellant consumption
within 0.3% when compared with convex optimization
methods. The efficiency of the WE method may also
be increased further by operating at a higher frequency,
which is possible due to the reduced computational
complexity. The WE guidance calculation has also
proved to be very robust with respect to navigation
errors. Accurate navigation data is necessary to de-
termine the total distances, altitude, and velocities
required by all guidance algorithms to provide correct
guidance commands (see Figs. 12, 13, and 14). Further
corrections to navigation may be possible by employing
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the engine-based lunar navigation as a complement
to inertial-based navigation, derived in Appx. D and
described by Eqs. (D1a) through (D4d).

This approach is tunable with respect to vehicle
control-response, therefore the angular velocities needed
to orient the vehicle into its optimal attitude and yaw
may be employed as tuning parameters. Future work
includes to find a more methodical way to determine
turning parameters with respect to vehicle character-
istics. Possible numerical singularities when reaching
the final state points are easily avoided by employing
simple analytical expressions. Different trajectory
shapes and constraints are easily implemented using
the WE formulation by dividing the trajectory into
different energy waypoints and adding small corrections
to the optimal attitude angle. This may be employed to
include glide-slope, and/or different velocity limits and
constraints.

In summary, employing the WE formulation allows a
more intuitive physical understanding of the trajectory
and the consequences of changes due to perturbations
and manual control, eliminates the need for constant
recalculation and optimization of reference trajectories,
allows real-time high-frequency calculation of guidance
commands at any point along the flight, and allows
real-time high-frequency calculation of the boundaries
of the divert-space for alternate landing.

A similar WE formulation for calculating real-time
guidance commands in atmospheric conditions (such as
Earth or Mars) is currently being formulated.
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Appendix A: Formulation of Final Rotation Maneuvers

The transition region between the horizontal to the
final vertical decent maneuver as shown in Fig. 4, is
critical when trying to achieve complete horizontal
energy dissipation. The goal of this final rotation
maneuver is to successfully achieve vertical landing
(attitude θ ≈ 0) with minimum horizontal velocity. From
the WE perspective, this is achieved with a constant
vertical force Fz calculated using Eq. (24b) as illustrated
in Fig. 23.

Figure 23: Final attitude rotation maneuver before
landing. The maneuver starts with initial attitude θo
and initial down-range velocity vyo

. A constant vertical
force Fz is necessary to dissipate the total vertical
kinetic and potential energy, thus achieving a safe
landing with final down-range velocity vy = 0, with total
displacement ∆y, and final attitude angle θ = 0.

In order to formulate the solution with constant rota-
tion, the down-range acceleration from Eq. (8b) is written
as

dvy
dt

= ṁ
m ·ve cos(ϕ) sin(θ) , (A1)

where by assuming a constant vertical force Fz, Eq. (5)
is written in the form

F
T
=

Fz

cos(θ)
= −ve·ṁ , (A2)

and the mass flow is expressed as a function of the atti-
tude angle θ as

ṁ = − Fz

ve· cos(θ)
. (A3)

By substituting Eq. (A3) into Eq. (A1), and by assum-
ing a constant angular attitude rate ω

θ

dvy
dt

=
∂vy
∂θ

·
∂θ

∂t
= ω

θ
·
dvy
dθ

= −Fz · cos(ϕ)·
tan(θ)

m(θ)
. (A4)

The mass as a function of the attitude angle m(θ) is
obtained from Eq. (4). By setting the time t =

(θ−θo)
ω

θ
, and

by employing Eq. (A3), the mass is expressed as

m(θ) = mo·

[
1− Fz

ω
θ
move

·
(θ − θo)

cos(θ)

]
. (A5)

The difference between down-range velocities is ob-
tained by solving and integrating Eq. (A4) with respect
to the attitude angle in the form

vy(θ)− vy(θo) = −Fz

ω
θ

· cos(ϕ)·

∫ θ

θo

dθ′·
tan(θ′)

m(θ′)
. (A6)

By expanding to the first order, the reciprocal of the
mass yields

1

m(θ′)
≈ 1

mo
·

[
1 +

Fz

ω
θ
move

·
(θ′ − θo)

cos(θ′)

]
, (A7)

and the integral Eq. (A6) is expressed as a simple trigono-
metric integral

vy(θ)− vy(θo) = − Fz

ω
θ
mo

· cos(ϕ) (A8)

×
∫ θ

θo

dθ′· tan(θ′)·

[
1 +

Fz

ω
θ
move

·
(θ′ − θo)

cos(θ′)

]
,
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with solution given by

vy(θ)− vy(θo) =
Fz

ω
θ
mo

· cos(ϕ)·

{
ln

[
cos(θ)

cos(θo)

]
− Fz

ω
θ
move

·

[
(θ − θo)

cos(θ)
− ln

[
cos(θo)

1+ sin(θo)
·
cos(θ)

1− sin(θ)

]]}
. (A9)

By setting θ = 0 and ���*
0

vy(0) [See Fig. 23], with vyo
= vy(θo), Eq. (A9) is simplified to

vyo
=

Fz

ω
θ
mo

· cos(ϕ)·

{
ln
[
cos(θo)

]
− Fz

ω
θ
move

·

[
θo + ln

[
cos(θo)

1+ sin(θo)

]]}
. (A10)

Equation (A10) is rewritten in the quadratic form with respect to ω
θ
as

ω2
θ
− Fz

movyo

· cos(ϕ)·ln
[
cos(θo)

]
·ω

θ
+

F 2
z

m2
ovyo

ve
· cos(ϕ)·

{
θo + ln

[
cos(θo)

1+ sin(θo)

]}
= 0 , (A11)

and by completing the square, the solution of the optimal constant attitude angular rate is given by

ω
θ
=

Fz

2·movyo

·

{
cos(ϕ)·ln

[
cos(θo)

]
±

√
cos2(ϕ)·ln2

[
cos(θo)

]
− 4F 2

z · cos(ϕ)·

[
vyo

ve

]
·

{
θo + ln

[
cos(θo)

1+ sin(θo)

]}}
. (A12)

A further approximation for the angular rate may be
obtained by noticing that the vertical force Fz ∼ mo·g,
where g is the local value of the lunar gravity accelera-
tion. Therefore Fz

move
∼ g

ve
≪ 1, and the second term on the

RHS of Eq. (A10) may be ignored. The approximated
angular rate is thus given by

ω
θ
≈ Fz

movyo

· cos(ϕ)·ln
[
cos(θo)

]
. (A13)

The estimated time for the final rotation maneuver is
simply calculated using

τ
Rot.

= − θo
ω

θ

. (A14)

The down-range total displacement as a function of the
angle is formulated from Eq. (A9) in the form

dy

dt
=

∂y

∂θ
·
∂θ

∂t
= ω

θ
·
dy

dθ
= vy(θ) , (A15)

that is integrated and expressed as

y(θ)− y(θo) =
(θ − θo)

ω
θ

·vyo
+

F 2
z

ω3
θ
m2

ove
· cos(ϕ)·(θ − θo)·ln

[
cos(θo)

1+ sin(θo)
·
cos(θ)

1+ sin(θ)

]
+

Fz

ω2
θ
mo

· cos(ϕ)·

∫ θ

θo

dθ′· ln

[
cos(θ′)

cos(θo)

]
. (A16)

The logarithmic integral with trigonometric terms can be solved using a Taylor expansion with respect to θo using

f(θ′) = ln

[
cos(θ′)

cos(θo)

]
=

∞∑
n = 0

f (n)(θo)

n!
·(θ′ − θo)

n

≈− sin(θo)

cos(θo)
·(θ′ − θo)−

1

2
·

1

cos2(θo)
·(θ′ − θo)

2 − 1

3
·
sin(θo)

cos2(θo)
·(θ′ − θo)

3

− 1

12
·

[
1 + sin2(θo)

]
cos3(θo)

·(θ′ − θo)
4 − 1

60
·
sin(θo)·

[
5 + sin2(θo)

]
cos4(θo)

·(θ′ − θo)
5

− 1

360
·

[
5 + 18· sin2(θo) + sin4(θo)

]
cos5(θo)

·(θ′ − θo)
6 , (A17)
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where in this work, the expansion is expressed as a 6th order polynomial. By substituting the truncated expansion
from Eq. (A17) into Eq. (A16), and by integrating with respect to θ′, the following solution is obtained

y(θ)− y(θo) ≈
(θ − θo)

ω
θ

·vyo
+

F 2
z

ω3
θ
m2

ove
· cos(ϕ)·(θ − θo)·ln

[
cos(θo)

1+ sin(θo)
·
cos(θ)

1+ sin(θ)

]
− Fz

2·ω2
θ
mo

· cos(ϕ)·

{
sin(θo)

cos(θo)
·(θ − θo)

2 +
1

3
·

1

cos2(θo)
·(θ − θo)

3

+
1

6
·
sin(θo)

cos2(θo)
·(θ − θo)

4 +
1

30
·

[
1 + sin2(θo)

]
cos3(θo)

·(θ − θo)
5

+
1

180
·
sin(θo)·

[
5 + sin2(θo)

]
cos4(θo)

·(θ − θo)
6

+
1

1260
·

[
5 + 18· sin2(θo) + sin4(θo)

]
cos5(θo)

·(θ − θo)
7

}
. (A18)

The total displacement during the final rotation maneuver is obtained when the attitude angle reaches zero (θ = 0),
thus giving

y(0)− y(θo) ≈− θo
ω

θ

·vyo
− F 2

z

ω3
θ
m2

ove
· cos(ϕ)·θo· ln

[
cos(θo)

1+ sin(θo)

]
− Fz

2·ω2
θ
mo

· cos(ϕ)·

{
sin(θo)

cos(θo)
·θ2o −

1

3
·

1

cos2(θo)
·θ3o +

1

6
·
sin(θo)

cos2(θo)
·θ4o

− 1

30
·

[
1 + sin2(θo)

]
cos3(θo)

·θ5o

+
1

180
·
sin(θo)·

[
5 + sin2(θo)

]
cos4(θo)

·θ6o

− 1

1260
·

[
5 + 18· sin2(θo) + sin4(θo)

]
cos5(θo)

·θ7o

}
. (A19)

Just before landing, the WE formulation may approach
a singularity when the denominator in Eq. (24a) ap-
proaches zero [(yf − yo) → 0] along the down-range. For
the vertical component, this problem may be avoided by
just keeping the force Fz at its constant previous value.
In these type of conditions, it is no longer suitable to cal-
culate the optimal approach angle using Eq. (25). There-
fore, in order to drive the horizontal velocity to its final
desired value, the attitude angle is directly solved from
Eq. (9b) inside the same calculation cycle illustrated in
Fig. 7 using

θ
Opt.

= sin−1

{ [
vy(τy)− vyo

]
ve cos(ϕ)·ln

[
1 + ṁ

mo
·τy

]} , (A20)

with τy = τz, and the optimal yaw angle is solved from
Eq. (9a) in the form

ϕ
Opt.

= sin−1

{ [
vx(τx)− vxo

]
ve sin(θ)·ln

[
1 + ṁ

mo
·τx

]} , (A21)

with τx = ax·τz, where the positive constant ax ≤ 1, and
its value is adjusted heuristically as a tuning parameter.
In order not to induce oscillations into the small hori-
zontal component of the velocity, the optimal attitude
angle obtained from Eq. (A20) is truncated to a maxi-
mum angle θ

Max.
= γ·|vyo | deg., with the positive constant γ

obtained heuristically (γ = 1.35◦sec/m in this work).
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In a similar analysis, a final yaw rotation maneuver
performed during braking-burn in order to ensure that
the cross-range velocity reaches zero at the center-line
position of the down-range motion is formulated. During
braking-burn, the energy-dissipating force is concen-
trated against the down-range motion of the vehicle.
The constant down-range force Fy is calculated using
Eq. (24a), and is illustrated in Fig. 24.

Figure 24: Final yaw rotation maneuver during
braking-burn. The maneuver starts with initial yaw ϕo

and initial cross-range velocity −vxo
(approximating the

center-line position). A constant down-range force Fy is
necessary to dissipate most of the total vertical kinetic
energy in order brake the vehicle, and achieve the
required velocity for the final approach maneuver. The
desired final cross-range velocity is vx = 0 when the yaw
angle reaches ϕ = 0, and a total displacement ∆x during
the rotation in order to end as close as possible to the
center-line.

As done previously, the cross-range acceleration from
Eq. (8a) is written in the form

dvx
dt

= ṁ
m ·ve sin(ϕ) sin(θ) . (A22)

By assuming a constant down-range force Fy (as it is
the case during braking-burn), Eq. (5) rewritten as

F
T
=

Fy

cos(ϕ) sin(θ)
= −ve·ṁ , (A23)

and the mass flow is expressed as a function of the yaw
angle ϕ as

ṁ = − Fy

ve· cos(ϕ) sin(θ)
. (A24)

By substituting Eq. (A24) into Eq. (A22), and by as-
suming a constant angular yaw rate ω

ϕ

dvx
dt

=
∂vx
∂ϕ

·
∂ϕ

∂t
= ω

ϕ
·
dvx
dϕ

= −Fy ·
tan(ϕ)

m(ϕ)
. (A25)

The mass as a function of the yaw angle m(ϕ) is ob-
tained from Eq. (4). By setting the time t =

(ϕ−ϕo)
ω

ϕ
, and

by employing Eq. (A24), the mass is expressed as

m(θ) = mo·

[
1− Fy

ω
ϕ
move· sin(θ)

·
(ϕ− ϕo)

cos(ϕ)

]
. (A26)

The difference between down-range velocities is ob-
tained by solving and integrating Eq. (A25) with respect
to the attitude angle in the form

vx(ϕ)− vx(ϕo) = −Fy

ω
ϕ

·

∫ ϕ

ϕo

dϕ′·
tan(ϕ′)

m(ϕ′)
. (A27)

By expanding to the first order, the reciprocal of the
mass yields

1

m(ϕ′)
≈ 1

mo
·

[
1 +

Fy

ω
ϕ
move· sin(θ)

·
(ϕ′ − ϕo)

cos(ϕ′)

]
, (A28)

and the integral Eq. (A27) is expressed as a simple
trigonometric integral

vx(ϕ)− vx(ϕo) = − Fy

ω
ϕ
mo

(A29)

×
∫ ϕ

ϕo

dϕ′· tan(ϕ′)·

[
1 +

Fy

ω
ϕ
move· sin(θ)

·
(ϕ′ − ϕo)

cos(ϕ′)

]
,

with solution given by

vx(ϕ)− vx(ϕo) =
Fy

ω
ϕ
mo

·

{
ln

[
cos(ϕ)

cos(ϕo)

]
− Fy

ω
ϕ
move· sin(θ)

·

[
(ϕ− ϕo)

cos(ϕ)
− ln

[
cos(ϕo)

1+ sin(ϕo)
·
cos(ϕ)

1− sin(ϕ)

]]}
. (A30)
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By setting ϕ = 0 and ���* 0

vx(0) [See Fig. 24], with vxo
= vx(ϕo), Eq. (A30) is simplified to

vxo
=

Fy

ω
ϕ
mo

·

{
ln
[
cos(ϕo)

]
− Fy

ω
ϕ
move· sin(θ)

·

[
ϕo + ln

[
cos(ϕo)

1+ sin(ϕo)

]]}
. (A31)

Equation (A31) is rewritten in the quadratic form with respect to ω
ϕ
as

ω2
ϕ
− Fy

movxo

·ln
[
cos(ϕo)

]
·ω

ϕ
+

F 2
y

m2
ovxo

ve· sin(θ)
·

{
ϕo + ln

[
cos(ϕo)

1+ sin(ϕo)

]}
= 0 , (A32)

and by completing the square, the solution of the optimal constant yaw angular rate is given by

ω
ϕ
=

Fy

2·movxo

·

{
ln
[
cos(ϕo)

]
±

√
ln2

[
cos(ϕo)

]
− 4·F 2

y ·

[
vxo

ve· sin(θ)

]
·

{
ϕo + ln

[
cos(ϕo)

1+ sin(ϕo)

]}}
. (A33)

A further approximation for the angular rate may be
obtained for the case that the down-rage force Fy ≪ move
in Eq. (A31) thus giving

ω
ϕ
≈ Fy

movxo

·ln
[
cos(ϕo)

]
. (A34)

The down-range total displacement as a function of the
angle is formulated using Eq. (A30) in the form

dx

dt
=

∂x

∂ϕ
·
∂ϕ

∂t
= ω

ϕ
·
dx

dϕ
= vx(ϕ) , (A35)

that is integrated and expressed as

x(ϕ)− x(ϕo) =
(ϕ− ϕo)

ω
ϕ

·vxo
+

F 2
y

ω3
ϕ
m2

ove· sin(θ)
·(ϕ− ϕo)·ln

[
cos(ϕo)

1+ sin(ϕo)
·
cos(ϕ)

1+ sin(ϕ)

]

+
Fy

ω2
ϕ
mo

·

∫ ϕ

ϕo

dϕ′· ln

[
cos(ϕ′)

cos(ϕo)

]
. (A36)

As previously, the logarithmic integral with trigonometric terms is solved using the same Taylor expansion given in
Eq. (A17), but with respect to the angle ϕo. Thus the following solution is obtained

x(ϕ)− x(ϕo) ≈
(ϕ− ϕo)

ω
ϕ

·vxo
+

F 2
y

ω3
ϕ
m2

ove· sin(θ)
·(ϕ− ϕo)·ln

[
cos(ϕo)

1+ sin(ϕo)
·
cos(ϕ)

1+ sin(ϕ)

]

− Fy

2·ω2
ϕ
mo

·

{
sin(ϕo)

cos(ϕo)
·(ϕ− ϕo)

2 +
1

3
·

1

cos2(ϕo)
·(ϕ− ϕo)

3

+
1

6
·
sin(ϕo)

cos2(ϕo)
·(ϕ− ϕo)

4 +
1

30
·

[
1 + sin2(ϕo)

]
cos3(ϕo)

·(ϕ− ϕo)
5

+
1

180
·
sin(ϕo)·

[
5 + sin2(ϕo)

]
cos4(ϕo)

·(ϕ− ϕo)
6

+
1

1260
·

[
5 + 18· sin2(ϕo) + sin4(ϕo)

]
cos5(ϕo)

·(ϕ− ϕo)
7

}
. (A37)
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The total displacement during the final rotation maneuver is obtained when the yaw angle reaches zero (ϕ = 0), thus
giving

x(0)− x(ϕo) ≈− ϕo

ω
ϕ

·vxo
−

F 2
y

ω3
ϕ
m2

ove· sin(θ)
·ϕo· ln

[
cos(ϕo)

1+ sin(ϕo)

]

− Fy

2·ω2
ϕ
mo

·

{
sin(ϕo)

cos(ϕo)
·ϕ2

o −
1

3
·

1

cos2(ϕo)
·ϕ3

o +
1

6
·
sin(ϕo)

cos2(ϕo)
·ϕ4

o

− 1

30
·

[
1 + sin2(ϕo)

]
cos3(ϕo)

·ϕ5
o

+
1

180
·
sin(ϕo)·

[
5 + sin2(ϕo)

]
cos4(ϕo)

·ϕ6
o

− 1

1260
·

[
5 + 18· sin2(ϕo) + sin4(ϕo)

]
cos5(ϕo)

·ϕ7
o

}
. (A38)

Appendix B: Divert-Space Time Management Calculation

The boundaries of the divert-space are limited to the
total vertical descent (“airborne”) time τz calculated
using Eq. (11c), and the optimal attitude divert angle
θ
Div.

obtained from Eq. (42). When the divert maneuver
is initiated, the divert-space is symmetric with respect
to the latest horizontal velocity vector. Therefore, for
divert calculations purposes, the cross-range position
is defined as to the right/left of the current velocity
vector (not with respect to the LS) defined with a

yaw angle ϕ
′
, initial cross-range velocity vxo

= 0, and
initial down-range velocity vyo

. Once the divert-space is
calculated with respect to the velocity vector, it is then
transformed into the LS coordinates.

In order to maneuver the lander to the maximum
boundaries, the yaw angle is changed according to the
desired divert direction, and the change of the yaw angle
orientation must be timed precisely to guarantee a zero
horizontal velocity at the time of landing. Therefore,
Eq. (9a) is broken into two maneuvers with different yaw
angles (pointing right/left), and times for the cross-range
in the form

vx
1
= ��* 0

vxo
+ ve sin(ϕ

′

1) sin(θDiv.
)·ln

[
1 + ṁ

mo
·τx

1

]
, (B1a)

��* 0
vx

2
= vx

1
+ ve sin(ϕ

′

2) sin(θDiv.
)·ln

[
1 + ṁ

m
1
·τx

2

]
, (B1b)

where ϕ
′

1 = ϕ
′

and ϕ
′

2 = −ϕ
′

(or ϕ
′

2 = ± ϕ
′
+ π), and

m1 = mo + ṁ·τx
1
.

By noticing that τz = τx
1
+ τx

2
(with τx

2
= τz − τx

1
),

Eq. (B1a) is plugged into Eq. (B1b) and solved for τx
1

giving

τx1
= −mo

ṁ
·

[
1−

√
1 + ṁ

mo
·τz

]
. (B2)

In a similar manner, Eq. (9b) is broken into two maneu-
vers with two different yaw angles (forward/backward)

for the down-range (forward/backward) component in
the form

vy
1
= vyo

+ ve cos(ϕ
′

1) sin(θDiv.
)·ln

[
1 + ṁ

mo
·τy

1

]
, (B3a)

�
�>

0
vy2

= vy1
+ ve cos(ϕ

′

2) sin(θDiv.
)·ln

[
1 + ṁ

m
1
·τy2

]
, (B3b)

with ϕ
′

1 = ϕ
′

and ϕ
′

2 = −ϕ
′

(or ϕ
′

2 = ± ϕ
′
+ π),

m
1
= mo + ṁ·τy1

, and τz = τy1
+ τy2

, Eq. (B3a) is plugged
into Eq. (B3b) to solved for τy1

(with τy2
= τz − τy1

)

τy
1
= −mo

ṁ
·

[
1−

√
1 +

mo

ṁ
·τz ·e

vyo

2ve cos(ϕ
′
) sin(θ

Div.
)

]
. (B4)

The optimal divert yaw angle is the angle that natu-
rally makes the down-range time equals to the airborne
time (vertical time of flight). By setting τy = τz, and the
final down-range velocity to zero [y(τy) = 0] in Eq. (11b),
the following expression is obtained

−τz ·ve cos(ϕ) sin(θDiv.
) = mo

ṁ ·vyo
+

[
y(τz)− yo

]
. (B5)

By solving Eq. (B5) for the yaw angle yields

ϕ
Div.

= ± cos−1

[
−vyo

ve sin(θDiv.
)·ln

[
1 + ṁ

mo
·τz

]] , (B6)

where this angle is calculated with respect to the local
velocity vector when preforming the divert maneuver.
Therefore, the spacecraft may be stirred either to the
right or to the left, preferable towards the same direction
where the engine is already pointing in order to reduce
the maneuver workload and to maximize the divert range.
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Appendix C: LS-to-Body Angular-Rates Transformation

The attitude and yaw angles (θ and ϕ) defined in
Fig. 3, greatly simplify the mathematics employed
to calculate angular-rate commands. However, these
angular-rates are given with respect to the local LS
coordinate frame, while the lander needs to perform
these rotations with respect to its body-reference frame
(or navigation). In this derivation, the angular-rates
in the navigation frame are separated into two simple
rotations as illustrated in Fig. 25.

Figure 25: Yaw and attitude angular rotation-rate
transformation from LS-coordinates into the body
frame. First rotation (Yaw) is performed from the LS
frame into the intermediate prime frame, while the
second rotation (Attitude) is performed from the
intermediate prime frame into the body (navigation)
frame of the lander.

As shown on the left of Fig. 25, the Yaw rotation con-
sists on a left-hand (negative) angular rotation of mag-
nitude ϕ with respect to the ẑLS axis, and that coincides
with the intermediate prime reference ẑ′ expressed in the
form

ωr′

LS
= −ϕ̇·ẑ

LS
= −ϕ̇·ẑ′ , (C1)

with the frame-rotation from the LS frame into the inter-
mediate prime frame represented by the matrix operationx̂′

ŷ′

ẑ′

 =

− sin(ϕ) − cos(ϕ) 0
cos(ϕ) − sin(ϕ) 0
0 0 1

 ·

x̂LS

ŷ
LS

ẑ
LS

 . (C2)

The attitude rotation shown on the right of Fig. 25,
consists on a right-hand angular rotation of magnitude
δθ along the intermediate prime ŷ′ axis that coincides
with the body ŷ

B
axis, and that is expressed in the form

ω
B

r′ = θ̇·ŷ′ = θ̇·ŷ
B
, (C3)

with the frame-rotation from the intermediate prime
frame into the body frame represented byx̂B

ŷ
B

ẑ
B

 =

 cos(δθ) 0 − sin(δθ)
0 1 0

sin(δθ) 0 cos(δθ)

 ·

x̂′

ŷ′

ẑ′

 . (C4)

Therefore, the total angular-rate transformation be-
tween the LS and body is given by

ω
B

LS
= ωr′

LS
+ ω

B

r′ = −ϕ̇·ẑ′ + θ̇·ŷ
B
, (C5)

where the prime intermediate frame is expressed in terms
of the body frame by inverting the matrix from Eq. (C4)x̂′

ŷ′

ẑ′

 =

 cos(δθ) 0 sin(δθ)
0 1 0

− sin(δθ) 0 cos(δθ)

 ·

x̂B

ŷ
B

ẑ
B

 , (C6)

and by expressing the ẑ′ axis in terms of the body frame
yields

ẑ′ = − sin(δθ)·x̂B
+ 0·ŷ

B
+ cos(δθ)·ẑB

. (C7)

By substituting the solution from Eq. (C7) into
Eq. (C5), the angular-rates transformation is expressed
in the form

ω
B

LS
= ϕ̇· sin(δθ)·x̂B

+ θ̇·ŷ
B
− ϕ̇· cos(δθ)·ẑB

. (C8)

Notice from Fig. 25, that δθ = θ − π
2 . Therefore, the

final form of the frame transformation of the angular-
rates from LS into body is given by

ω
B

LS
= −ϕ̇· cos(θ)·x̂

B
+ θ̇·ŷ

B
− ϕ̇· sin(θ)·ẑ

B
. (C9)

Appendix D: Formulation of an Engine-Based Lunar
Navigation

During the final descent phase, accurate guidance cal-
culations rely on the fusion of both Inertial Navigation
System (INS) and Radar Altimeter through Kalman fil-
tering to accurately estimate the altitude and vertical ve-
locity needed to achieve a safe landing. In case of radar
blackout or failure when performing this critical maneu-
ver, the INS integration becomes less reliable with respect
to time due to the accumulation of process noise during
the forward state propagation process.
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In an effort to reduce error estimation and improve guidance, an engine-based altimeter to help correct the INS
during final descent is suggested. While the INS is based on the integration and double integration of a drifting
accelerometer data with highly accurate gyroscopic data to estimate velocity and position vectors, the engine-based
altimeter is based on the same gyroscopic data combined with the expected acceleration from the well characterized
operating engines instead of relying on accelerometers.

For an interval ∆t with constant net engine mass flow ṁ, the vertical states are calculated using Eqs. (9c) and (10c)
in the form

vz = vzo − g·∆t− ve cos(θi)·ln
[
1 + ṁ

mo
·∆t

]
, (D1a)

z = zo +
[
vzo + ve cos(θi)

]
·∆t− 1

2 ·g·∆t2

− ve cos(θi)·
mo

ṁ ·
[
1 + ṁ

mo
·∆t

]
·ln

[
1 + ṁ

mo
·∆t

]
, (D1b)

where vzo , zo, θo, mo, and ω
θ
are the latest vertical velocity, altitude, attitude, estimated mass, effective exhaust

velocity, and attitude-rate states of the lander with standard deviations: σvzo , σzo , σθo
, σmo , σve , σω

θ
, and σω

ϕ
.

The average attitude and yaw angles during the integration interval ∆t are estimated using θi = θo + 1
2 ·ωθ

·∆t and
ϕi = ϕo + 1

2 ·ωϕ
·∆t, and the variances for the estimated states are calculated using

σ2
vz = σ2

vzo
+ σ2

g ·∆t2 + σ2
ve · cos

2(θi)·ln
2
[
1 + ṁ

mo
·∆t

]
+

v2e cos
2(θi)·∆t2[

mo + ṁ·∆t
]2 ·[σ2

ṁ + ṁ2

m2
o
·σ2

mo

]
+ v2e sin

2(θi)·ln
2
[
1 + ṁ

mo
·∆t

]
·
[
σ2
θo +

1
4 ·σ

2
ω

θ
·∆t2

]
, (D2a)

σ2
z = σ2

zo + σ2
vzo

·∆t2 + 1
4 ·σ

2
g ·∆t4 + σ2

ve · cos
2(θi)·

{
∆t− mo

ṁ ·
[
1 + ṁ

mo
·∆t

]
·ln

[
1 + ṁ

mo
·∆t

]}2

+ v2e sin
2(θi)·

[
σ2
θo +

1
4 ·σ

2
ω

θ
·∆t2

]
·
{
∆t− mo

ṁ ·
[
1 + ṁ

mo
·∆t

]
·ln

[
1 + ṁ

mo
·∆t

]}2

+ v2e cos
2(θi)·

[
σ2
ṁ

ṁ2 +
σ2
mo

m2
o

]
·
{
∆t− mo

ṁ ·ln
[
1 + ṁ

mo
·∆t

]}2

, (D2b)

with the standard deviations of the modeled gravity and mass flow represented by σg and σṁ .

In general, the same engine-based navigation formulation may be extended to estimate both cross-range and down-
range horizontal positions and velocities, which is accomplished by expressing Eqs. (9a) and (9b) together with
Eqs. (10a) and (10b) in the form

vx = vxo
+ ve sin(ϕi) sin(θi)·ln

[
1 + ṁ

mo
·∆t

]
, (D3a)

vy = vyo
+ ve cos(ϕi) sin(θi)·ln

[
1 + ṁ

mo
·∆t

]
, (D3b)

x = xo +
[
vxo

− ve sin(ϕi) sin(θi)
]
·∆t

+ ve sin(ϕi) sin(θi)·
mo

ṁ ·
[
1 + ṁ

mo
·∆t

]
·ln

[
1 + ṁ

mo
·∆t

]
, (D3c)

y = yo +
[
vyo

− ve cos(ϕi) sin(θi)
]
·∆t

+ ve cos(ϕi) sin(θi)·
mo

ṁ ·
[
1 + ṁ

mo
·∆t

]
·ln

[
1 + ṁ

mo
·∆t

]
, (D3d)
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with variances calculated using

σ2
vx = σ2

vxo
+

{
σ2
ve · sin

2(ϕi) sin
2(θi) + v2e cos

2(ϕi) sin
2(θi)·

[
σ2
ϕo

+ 1
4 ·σ

2
ω

ϕ
·∆t2

]
+ v2e sin

2(ϕi) cos
2(θi)·

[
σ2
θo +

1
4 ·σ

2
ω

θ
·∆t2

]}
·ln2

[
1 + ṁ

mo
·∆t

]

+
v2e sin

2(ϕi) sin
2(θi)·∆t2[

mo + ṁ·∆t
]2 ·

[
σ2
ṁ + ṁ2

m2
o
·σ2

mo

]
, (D4a)

σ2
vy = σ2

vyo
+

{
σ2
ve · cos

2(ϕi) sin
2(θi) + v2e sin

2(ϕi) sin
2(θi)·

[
σ2
ϕo

+ 1
4 ·σ

2
ω

ϕ
·∆t2

]
+ v2e cos

2(ϕi) cos
2(θi)·

[
σ2
θo +

1
4 ·σ

2
ω
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·∆t2

]}
·ln2
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1 + ṁ
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·∆t

]
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v2e cos

2(ϕi) sin
2(θi)·∆t2[

mo + ṁ·∆t
]2 ·

[
σ2
ṁ + ṁ2

m2
o
·σ2

mo

]
, (D4b)

σ2
x = σ2

xo
+ σ2

vxo
·∆t2 +

{
σ2
ve · sin

2(ϕi) sin
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2
ω
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·∆t
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1 + ṁ
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ṁ
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, (D4c)
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