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Abstract

We present a zonal hybrid Reynolds-averaged Navier-Stokes (RANS) — large-eddy simulation (LES)
strategy intended for application to problems involving turbulent flow separation. The methodology
couples the standard k-& linear eddy-viscosity RANS turbulence model with a two-equation nonlinear
subgrid-scale (SGS) model for LES. The nonlinear SGS model requires the solutions of two transport
equations for the subgrid turbulent kinetic energy and the subgrid viscous dissipation, which have the
same structural form as the transport equations of the standard RANS k-¢ model. Hence, the two trans-
port equations for the total/subgrid turbulent kinetic energy and the total/subgrid viscous dissipation
are solved in the entire domain with the coefficients of the production and destruction terms in the to-
tal/subgrid viscous dissipation transport equation set differently between the two zones. A source term
is additionally included in the total viscous dissipation transport equation solved in the RANS zone
and serves as a correction mechanism when the logarithmic-layer compatibility condition is not strictly
satisfied among the RANS model coefficients. The coupling between the RANS and LES zones is ac-
complished by means of a smooth blending function that linearly combines the RANS and SGS turbulent
stresses. A similar blending is also applied to the production, destruction and turbulent diffusion terms of
the two transport equations. The blending function depends only on the wall-normal distance and the lo-
cal maximum grid spacing. The proposed hybrid method applies the RANS calculation in the near-wall
region and switches to the LES in the outer region; hence, it can be considered an alternative form of a
wall-modeled LES. The present approach is free of the logarithmic-layer mismatch encountered in some
other hybrid approaches, as well as the modeled-stress depletion that may occur in detached eddy sim-
ulation (DES) under certain circumstances. Application of the hybrid methodology to two benchmark
test cases, which involve smooth-body flow separation around a Gaussian bump and a backward-facing
smooth ramp, is demonstrated. It is shown that for the two test cases, the proposed methodology pro-
vides reasonable predictions at about three orders of magnitude lower computational cost relative to that
of direct numerical simulation.

1 Introduction

Prediction of the turbulent flow separation induced by a severe adverse pressure gradient (APG) over a
smoothly-contoured body is a challenging task due to the inherently complex and nonlinear nature of turbu-
lence and the fundamental limitations of present turbulence models and computational tools. As this phe-
nomenon is commonly encountered in many practical applications, its accurate prediction at an affordable
computational cost has motivated research over several decades. While high-fidelity simulation techniques
such as direct numerical simulation (DNS) and wall-resolved large-eddy simulation (WRLES) have shown
good success in the prediction of canonical smooth-body flow separation problems, such tools will most
likely remain prohibitively expensive for practical problems in the foreseeable future even though the era of
exascale computing is already underway at the time of this writing. Meanwhile, lowest-fidelity turbulence



simulations in the form of Reynolds-averaged Navier-Stokes (RANS) calculations, with many orders of
magnitude lower computational cost relative to DNS or WRLES, have shown generally unsatisfactory per-
formance in the prediction of separated flows. There is not yet a universal turbulence model; a model that
works reasonably well in a particular scenario may perform poorly in another and thus require continuous
recalibration from one problem to another. Given these issues, the intermediate-fidelity wall-modeled large-
eddy simulation (WMLES) technique as well as various hybridized combinations of a RANS calculation
with an LES, broadly classified as hybrid RANS-LES (HRLES), currently appear to be the most viable tools
that can strike a reasonable balance between computational cost and solution accuracy in the prediction of
turbulent separated flows.

A detailed review of numerous tried-and-tested variants of WMLES and HRLES with varying levels
of complexity is beyond the scope of this work. Hence, we shall provide only a brief overview of some
of these approaches. The simplest version of WMLES is based on either an algebraic wall model derived
from the law-of-the-wall or an equilibrium wall model that solves a one-dimensional ordinary differential
equation (ODE) along the wall-normal direction in the near-wall region [43} 26, |6]. More sophisticated
non-equilibrium wall models of varying degrees of complexity proposed by several researchers are also
available [39] 24} 3]. The wall model uses the instantaneous velocity at some distance from the wall to
determine the wall viscous shear stress, which is then provided back to the outer region LES as a wall
boundary condition. There is no correction applied to the turbulent stresses very near the wall, which is a
region that is very poorly resolved by the WMLES grid. A review of the literature indicates that the simplest
version of WMLES (based on the algebraic or the equilibrium wall model) is also the most commonly used
since the incorporation of an algebraic or an ODE-based wall model into an existing flow solver is rather
straightforward.

The degree of complexity of the HRLES technique, on the other hand, can vary depending on whether
the method is zonal or non-zonal, the handling of the transition between the RANS calculation and the LES
and the particular details of the RANS and LES models to be employed. The zonal approach applies the
RANS calculation and the LES in separate regions. Unless some artificial forcing or synthetic turbulence is
introduced at the interface between the two zones, the transition region usually contains a discontinuity in
the numerical solution, which can manifest itself in the form of a logarithmic-layer mismatch [37]. Artificial
forcing or synthetic turbulence introduced over the transition region enables a quicker switch between RANS
and LES and helps alleviate the solution discontinuity over that region. A popular zonal HRLES technique
commonly known as the detached eddy simulation (DES) and its variants [54} [55} 53] employ shielding
functions to constrain the RANS calculation to at least some portion of the attached flow region or to its
entirety while applying the LES elsewhere. The length scale of the RANS turbulence model is adjusted
dynamically as the simulation switches from the RANS calculation to the LES so that the RANS turbulence
model serves as the subgrid-scale (SGS) model in the LES region. An enhanced version of the original DES
approach called the delayed detached eddy simulation (DDES) [S5] attempts to eliminate the modeled-stress
depletion [33154}169] that arises when the switch from the RANS calculation to the LES occurs prematurely
under certain circumstances and can lead to grid-induced flow separation. Other hybrid methods called the
partially-averaged Navier-Stokes (PANS) calculation [20], the partially-integrated transport model (PITM)
[48l [7] and the continuous RANS/LES approach [41} 42]] are non-zonal methods that attempt to perform a
more seamless coupling between the RANS calculation and the LES by making the transition dependent
on a local “resolution indicator” quantity, such as the ratio between the modeled and the total turbulent
kinetic energy. The RANS turbulence model of choice is modified to incorporate the resolution indicator in
its formulation and serves as the global turbulence model that becomes the SGS model in the LES region.
The main drawback of this type of approach is that the resolution indicator needed in the hybrid model
formulation may be quite cumbersome to determine in complex flows.

It should be noted that with low-order methods, the algorithmic dissipation is often larger than that of
the SGS model. The SGS model becomes more important when high-order methods with better dissipation



characteristics are used. Hence, as will be discussed, a nonlinear SGS model, which we believe is likely to
have the most benefit for high-order methods, is employed in combination with a fourth-order accurate spa-
tial discretization scheme in the present study that pursues a zonal HRLES strategy with greater simplicity
compared to other available variants. The proposed approach does not require the use of a resolution indica-
tor. This alternate hybrid strategy is also chosen over WMLES based on equilibrium or non-equilibrium wall
models for the following reasons: (a) As will be discussed, the SGS model used in this study requires the
solution of a transport equation for the subgrid turbulent kinetic energy and another transport equation for
the subgrid viscous dissipation. These two transport equations are structurally identical to those of the stan-
dard RANS k-g turbulence model and therefore can be readily used for the application of the k-& turbulence
model in the near-wall region. Thus, a straightforward transformation of our LES solver implemented with
the two transport equations to an HRLES solver based on the k-& model was possible with minimal effort. In
the current implementation, the RANS calculation is active in the near-wall region while the LES is active
elsewhere. A blending function linearly combines the RANS and SGS turbulent stresses that appear in the
governing equations. As will be discussed, a linear eddy-viscosity model is used in the RANS region and
a nonlinear SGS model is used in the LES region; (b) Our nonlinear SGS model allows backscatter of en-
ergy from the modeled to the resolved scales. This backscatter helps break down the large-scale structures
in the transition region between the RANS and LES zones, thus facilitating a relatively quick transition.
This already built-in feature of the SGS model therefore simplifies the HRLES implementation and other
measures such as artificial forcing or synthetic turbulence generation between the two zones are not needed;
(c) In principle, an HRLES approach can potentially offer more accuracy than a typical WMLES that only
makes use of the wall viscous shear stress provided by the wall model but does not make any corrections
to the near-wall turbulent stresses. In contrast, the k-¢ linear eddy-viscosity model applied near the wall in
the present HRLES implementation provides both the wall viscous shear stress and the near-wall turbulent
shear stress. Therefore, better accounting of the near-wall effect on the outer flow can be accomplished in
this manner.

This paper describes the proposed HRLES methodology and demonstrates its application to two bench-
mark test cases that involve smooth-body flow separation around a Gaussian bump and a backward-facing
smooth ramp. It is shown that for the two test cases, the proposed methodology provides reasonable predic-
tions at about three orders of magnitude lower computational cost relative to that of DNS. The results also
show that the present method does not suffer from logarithmic-layer mismatch and modeled-stress depletion
issues. Areas of future improvement are identified and discussed. The paper is organized as follows. The
details of the LES nonlinear SGS model and the RANS linear eddy-viscosity model are provided in Sec-
tions [2l and [3] respectively. The coupling between the RANS and LES zones is discussed in Section 4] and
the boundary conditions needed for the solution of the two transport equations are described in Section [3]
The pertinent details of the computational methodology are given in Section [6] The results obtained for
the two test cases are analyzed in Sections [7land [8l Section [0l summarizes the findings and provides the
concluding remarks.

2 LES Nonlinear SGS Model

The LES SGS model used in this study is based on the dynamic nonlinear model that was previously pro-
posed by Uzun and Malik [64]]. The original version of this model requires test filtering of the resolved
flowfield using two different test-filter widths for the dynamic computation of the model coefficients. Since
test filtering of the resolved flowfield using two different filter widths can be impractical or difficult under
certain circumstances, the present study employs a slightly revised version of the model that requires test
filtering of the resolved flowfield using a single test-filter width. As also discussed in Uzun and Malik
[64]), the present nonlinear model, inspired by the original triple model idea of Bardina et al. [5], includes



a Galilean-invariant term called the modified Leonard stress tensor and two nonlinear terms based on the
products of the strain-rate and rotation-rate tensors for an improved representation of the subgrid-scale dis-
sipation, backscatter and anisotropy effects. Furthermore, as will be discussed, the model does not employ
any ad hoc averaging or clipping procedures and does not require the specification of a characteristic length
scale; hence, it avoids the ambiguities associated with defining a proper length scale for anisotropic grids.
For compressible flows, the flowfield variables are expressed in terms of Favre-filtered quantities [[14].
A Favre-filtered quantity is defined as f = pf/p, where p is the fluid density, f is the unfiltered variable, f
is the Favre-filtered variable and the overline denotes a spatial filtering operation. The governing equations
to be solved for the evolution of the compressible flow are formulated in terms of the Favre-filtered flow
variables. The corresponding SGS stress tensor that appears in the governing equations is given by

pw; it

Tij = puij = = p (g — i) )
where () now denotes the implicit grid filter imposed by the application of the numerical discretization
scheme on a local grid resolution of A, ( ) is the corresponding Favre filter and u; is the unfiltered velocity
component.

The nonlinear SGS model has the following form
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is the compressible version of the modified Leonard stress tensor, which is Galilean invariant [18, 30|, as
are the other terms of the model, and p is the grid-filtered or resolved density. The uppermost () in the E:’;
expression indicates explicit spatial filtering at a scale that is equal to the grid-filter width, which is taken
the same as the local grid spacing, A. The model coefficients C;, C;, C3 are determined using a localized
dynamic procedure, which requires test filtering of the resolved flowfield, as will be discussed. The SGS
turbulent kinetic energy, kg5 = O.Srlf]fs /o, appearing in Eq. (2) is obtained from the solution of a transport
equation to be introduced along with another transport equation for the subgrid viscous dissipation, &qg;.

The tensors 1\71,-‘,- and ﬁ,-.,- in Eq. (2) are defined as
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Note that in the above tensor expressions, the tilde symbol over a tensor is meant to indicate that the tensor
is based on the spatial derivatives of the Favre-filtered velocity components.
There is no characteristic length scale appearing in the second and third terms on the right-hand side
of Eq. (2). Instead, those terms contain Pksgs and are normalized by either |M| or |N| for dimensional
consistency. We do not use a length scale in our formulation because the matter of defining the most

*Note that either or both denominators may become zero in case a uniform inviscid or an irrotational region were to exist in the
immediate vicinity of the turbulent flow under investigation but such a scenario is unlikely in the problems for which the present
model is intended. A very small number may be added to the denominator to avoid division by zero if necessary. Another option is
to set the model coefficients to zero if a singularity were to occur since such a scenario would only arise outside a turbulent region.



appropriate length scale for anisotropic grids is far from being resolved. For example, in the study by
Schumann et al. [50], several different length scales, including the most commonly-used cubic-root of the
cell volume as well as the local maximum grid spacing among other choices, were considered in the LES
of turbulent channel flows. It was found that while some length scales performed better than others, none
produced results independent of the grid anisotropy. Such unresolved issues are avoided altogether in the
present model as its formulation does not require the specification of a length scale.

To derive an equation that can be used to compute the model coefficients, we first assume that the
constitutive relationship given in Eq. (2) for subgrid scales is also valid at larger scales, which are several
times the size of the largest subgrid scales. We can therefore write the following relationship, which has the
same structure as Eq. (2) with the same coefficients
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In the above formulation, the filtering operation denoted by (’\) has a width that is larger than the local
grid-filter width. Analogous to Eq. (2), the quantities to be filtered for the evaluation of H;; are constructed
from the flowfield variables extracted at the filter level of the left-hand side term, which is (/\) Likewise, the
tensors appearing in the second and third terms on the right-hand side are evaluated using the velocity field
extracted at the (/\) level.

Equation (6) cannot be applied directly in an LES because the unfiltered flowfield denoted by u; and p
would be unavailable for the filtering operations needed to evaluate the terms in that equation. In order to
make use of the above constitutive relationship to compute the model coefficients, we further assume that
this relationship holds true after u; is replaced with i; and p with p. After these substitutions, we have
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Note that the “Germano identity” [[19] has not been invoked anywhere during the derivation of the above
equations; thus, we avoid a formulation in which the model coefficients appear inside a filtering operation.
The usual practice in models derived using the Germano identity has been to pull the model coefficient out of



the test-filtering operation as if it were a constant, which is of course in direct contradiction with the spatially-
varying nature of the model coefficient. Some ad hoc averaging or clipping procedures are then needed to
maintain numerical stability in those models. The present model does not suffer from such an inconsistency.
The ratio of the test-filter width to the grid-filter width is a free parameter. Its value is typically chosen as 2
for most LES; we also set the test-filter width to 2A here. Using the test-filtered quantities, we can evaluate
all of the terms appearing in Eq. (L0), which are then used to solve for Cy, C,, Cs.

Due to the L;?} tensor symmetry, Eq. gives rise to a linear system of six equations with three
unknowns. As there are fewer unknowns than knowns, a least-squares approach [29] can be used to minimize
the error in the computed model coefficients. Let E;; be the associated error of the overdetermined system,
given by

Eij= L, - C1.%] - Coyij — C3;; (14
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The squared erroris Q = E; E;; = (ij - Cl.,?ﬁ - Coyij — C34; j) . The optimum coefficients are determined
by the constraint that minimizes the squared error [29], with
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Application of the above criterion then leads to the following 3 X 3 linear system, the solution of which
provides the dynamic model coefficients in a localized manner.
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2.1 Test Filtering for the Dynamic Evaluation of SGS Model Coefficients

Dynamic evaluation of the SGS model coefficients requires test filtering of the resolved flowfield using a
test-filter width that is taken as twice the grid-filter width. The local grid-filter width is assumed the same
as the local grid spacing. For LES based on finite-difference schemes, Shah [S2] derived a 3-point box
filter, applicable on structured grids, that takes the nonuniform grid spacings into account. The coefficients
of the filter were determined analytically by Shah [52] using Taylor series expansions and matching of the
coefficients that appear on the two sides of the equation derived for the filtered quantity. We follow the
universal procedure of Shah [52] to derive a 7-point explicit central box filter applicable to any structured
grid. The filter coefficients, which depend on the specified ratio between the filter width and the local
grid spacing, are determined numerically rather than analytically. This 7-point central filter accounts for
nonuniform grid spacings and allows test filtering with a maximum width of 6A on a uniform grid. On
nonuniform grids, assuming the grid spacing variation along a given direction is gradual, the maximum
filter width is also about 6A. Proper one-sided and biased explicit formulations are derived for the grid points
located near physical boundaries. In three dimensions, the filter is applied successively along the curvilinear
grid lines of a structured grid. The corresponding test-filter coefficients are determined separately for each
direction based on the local grid spacings and the chosen filter width. Filtering on physical boundaries is
performed only along the two transverse directions. It should be remarked that these procedures developed
for structured grids are not directly applicable to unstructured grids.



2.2 Transport Equations for the SGS Turbulent Kinetic Energy and SGS Viscous Dissipation

The SGS turbulent Kinetic energy, k4, needed in the model formulation is obtained from the solution of a
transport equation for kg [9, 51], which is given by

(95 kSgS 6ﬁaiksgs _ Uy aksgs _
+ =Pt +P, +—|la+-]- - 18
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where the four terms on the right-hand side represent the positive production (forward scatter), negative pro-
duction (backward scatter), diffusion (or spatial redistribution) and viscous dissipation of Ky, respectively.
ft is the molecular viscosity, y; is the eddy viscosity and o, o is the turbulent diffusion coefficient for kgy.
As our model allows both forward and backward scatter of energy between the resolved and modeled scales,
the net production of k,, is given by the sum of the positive and negative production terms as
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and Tl.LjEs is taken from Eq. (2). The diffusion term includes the viscous diffusion and the combined model
for turbulent transport and pressure diffusion, which is based on the gradient-diffusion hypothesis. The eddy
viscosity which appears in the modeled diffusion term is determined using the following relation [2]

- (T,.LjES - gﬁk‘vgséij)sij = Z#ZS?J'Sij . (21
This relation gives the equivalent eddy viscosity, u;, of a linear eddy-viscosity model that produces the
same net energy scatter as that by the deviatoric component of our nonlinear model. However, it does
not guarantee a positive u, value at all times. As the concept of a negative eddy viscosity lacks rigorous
justification, the equivalent eddy viscosity determined above is not allowed to become negative; hence,
clipping to zero is enforced whenever the above identity produces a negative u, value.

Closure of the above transport equation for kg, requires a model for the SGS viscous dissipation, &gg.
Although some fairly simple algebraic models are available for &g, the performance of such models was
found unsatisfactory in the problems investigated during the course of this study as they did not lead to an
accurate free shear layer growth rate in the separated flow regions resolved by LES. Therefore, a separate
transport equation for g is solved, which is given by
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where the three terms on the right-hand side represent the production, diffusion and destruction of &gy,
respectively. Oy is the turbulent diffusion coefficient for g4, and Cg, and C, are the coefficients of
the production and destruction terms, respectively. The diffusion term contains the viscous diffusion of
&5¢s and the combined model for turbulent transport and pressure diffusion based on the gradient-diffusion
hypothesis. T is the hybrid time scale [70] defined as

k ~
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The first term on the right-hand side of the above expression is the turbulent time scale and the second term
is the viscous or the Kolmogorov time scale. To avoid a singularity in the dissipation transport equation as
ksgs approaches zero, T is taken as the sum of the turbulent and viscous time scales.




The transport equation for £, is very similar in structure to the analogous dissipation transport equation
of the RANS k-¢ turbulence model [22| 23| 27]], except for one important distinction. As our nonlinear
SGS model allows both forward and backward scatter of energy between the resolved and subgrid scales,
the effect of these two processes on the production and destruction of dissipation is taken separately into
account. Hence, the production term of Eq. (22) depends only on the positive production of kg or P]:rsgs.
This is in accordance with the assumption that the production of viscous dissipation is proportional to the
positive production of turbulent kinetic energy or the forward scattered energy. On the other hand, the
destruction term in Eq. R2]is set to depend on both &£5¢s and the negative production of kg, or P,;w because
both &, and Pl;gs will cause a reduction in the local ks, which will subsequently have a decreasing effect
on the local gg;.

The error in the dynamic model coefficients, which originates from solving an overdetermined system
using the least-squares approach, creates the possibility of excessive forward or backward scatter of energy
between the resolved and subgrid scales at isolated instants during the simulation. This may, in turn, lead to
numerical instability. To deal with this matter, a production limiter derived from the realizability constraints
of the modeled stresses can be imposed. Mokhtarpoor and Heinz [36] showed that for a linear eddy-viscosity
model, in order for the modeled stresses to satisfy the realizability constraints, the eddy-viscosity magnitude
should be bounded as

23 ,kags
| ] < ——"—= (24)
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On the other hand, Vreman et al. [[68]] as well as Kim and Menon [25]] among others derived the following
value based on an alternate analysis of the realizability constraints
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Note that this limit is about double the value found by Mokhtarpoor and Heinz [36]. In any case, given
a certain eddy-viscosity limit, 4/"**, we can determine the maximum allowable positive production of kg
(i.e., forward scatter) as
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Similarly, the limiter magnitude for the negative production of k. (i.€., backward scatter) is determined as
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As stated in the discussion of Eq. (21)), the positive or negative production of kg by the deviatoric compo-
nent of our nonlinear model can be represented by a linear model with an equivalent eddy viscosity. Thus,
the above production limiters derived for a linear model are assumed to be applicable to the present nonlin-
ear model. As the higher value of 1}"** would be less intrusive than the lower value, in this study we opt to
take _
max _ ip kSgS
—_ d N
V3 3]

Whenever a positive or negative production limiter is enforced, all relevant SGS stress components that
contribute to the positive or negative production are properly rescaled so that the associated tensor product

(29)



sum, —TleES Si i, becomes equal to the imposed limit. Other than this production term limiter procedure,
no spatial/temporal averaging or clipping of the dynamic nonlinear model coefficients is employed. The
limiter-constrained values of P,jw and Pl:sgs are used in both transport equations.

We now discuss the setting of the coefficients that appear in the transport equations solved in the LES
region. Since viscous dissipation occurs at length scales that are much smaller than those resolved in a typi-
cal coarse-grid LES, setting of the C,, and Cy, coefficients in the &, transport equation is highly empirical
in nature. Although Gallerano et al. [17] proposed a dynamic procedure to evaluate C,, and C,, within
the framework of a two-equation LES SGS model, this dynamic evaluation of the two coefficients works
only when the LES grid resolves at least part of the dissipative length scale range so that the scale-similarity
assumption can be invoked. On very coarse grids or at infinite Reynolds number, wherein none of the dissi-
pative length scales are resolved, such dynamic determination of C,, and Cy, via test filtering is not possible
since the resolved flowfield cannot provide any information pertaining to the dissipative length scale range.
As the current hybrid model is intended for applications involving rather coarse grids in general, various
strategies for the setting of C,, and C,, based on empirical correlations were investigated in this study. In
the current implementation, following the proposal of Durbin [[10}11], the coefficient of the production term,
Cyg,, is set as follows

Py .44
C., =C;, (1 +0.1 gkjgx] where C; = —1 : (30)
sgs .

The above formulation makes C, dependent upon the ratio between the positive production of ke and gg,45;
when P;W = &4, Cg, becomes 1.44, which is the same as the standard value used in the RANS calculation
of free shear layers with the k-& model [27]. The coefficient of the destruction term, Cs,, is set following
the work of Perot and Gadebusch [41}42]], who proposed a continuous two-equation RANS/LES model that
is valid at any mesh resolution. To reiterate, their model is based on a resolution indicator that requires
an estimate of the ratio between the modeled and the total turbulent kinetic energy. The destruction term

coefficient is given by
11 25 , Rer 60
Cey=—f+— h =—|4/1+—-1 31
o= gt gt where f= 20 {,/ * e (31)

and Rery is the unresolved turbulence Reynolds number defined as Rey = 5k%gs / (ﬁssgs). The above formu-
lation varies C, as a function of Rer. It gives the theoretical value of C., = 11/6 at high Rer and 5/3 as
Rer — 0. The turbulent diffusion coefficients in the transport equations solved in the LES region are set to
Ok, = 1 and o, = 1.2, which are among the commonly used values [41} 42].

3 RANS Linear Eddy-Viscosity Turbulence Model

The details of the RANS turbulence model are provided next. As noted earlier, in the present zonal hybrid
method implementation, the RANS calculation is active in the near-wall region, where the following linear
eddy-viscosity model is employed to compute the RANS turbulent stresses

2 1
TRANS = ZpK i — 2ufAN (Si,- - —Skkéij) where §;; =

1(oU; U,
+—.
3 3

= 32
2\ ox j o'?x,- ( )
U; denotes the velocity components of the RANS solution, quN 5 is the turbulent eddy viscosity, p is the
density and K is the total turbulent kinetic energy The turbulent eddy viscosity is given by
K2
pRkANS = pC, f,—  where C, = 0.09 (33)
€

"The uppercase K is used here to differentiate the total turbulent kinetic energy from k.



and f,, is the following near-wall damping function proposed by Fan et al. [13]
fu=04 Ju (1 -

VRer )[1 I ( 1. 63)]3 O

where Re; = VKd/v is a turbulent Reynolds number based on the velocity scale VK and the wall-normal
distance, d, Rer is the unresolved turbulence Reynolds number defined as Rer = K2/ (ve), v = u/p is the
kinematic viscosity and

Red Red Red Red
= 1—expi—Y VRea 1 - exp(- )] 35
S e"p{ 23 |23 889 [ *P\" 720 (39)
An eddy-viscosity limiter analogous to Eq. (26)) is imposed on uR4N5 as follows
2 pK 0ij
ANS d d J
NS < GE where S| (zsusu) L Sh=8y- 5 Sk (36)

3.1 Transport Equations for the Total Turbulent Kinetic Energy and the Total Viscous Dissipation

The analogous transport equations for the total turbulent kinetic energy, K, and the total viscous dissipation,
&, applicable in the RANS region are given by

K UK _ rans | 9 1 rans) 9K
= +0 - 37
T T S (1 + o AN ) —= e (37)
dpe  OpUie  CEMNS L vs 0 ~1 RaNns\ O€ ngA v
== = P +— [(u+ +S 38
ot 0x; 7, K 0x; (,u Te M ) Ox; T, pete ‘ %)
where PQAN 5 = —TfjAN 5s ij 1s the production of turbulent Kinetic energy, T; is the hybrid time scale [70]

defined as T; = K/e + \v/e and f; is a damping function that is expressed as the product of two functions
in the form of f; = f; - f>. The first function sensitizes C §2AN S to low Rer values in the vicinity the wall and
is taken as fi = 1 — 0.3 exp [—Re%] [40] while the second function provides O(d?) damping of & near the
wall [[13] as the production of dissipation vanishes there. It is given by f> = f2, where f,, is defined in Eq.
(33). ok and o, are the turbulent diffusion coefficients for K and &, respectively.

The source term S . that appears in Eq. (38) is given by [44] [38]]

4 C
5, =P [(CEZANS _ CflANS) VG _ U‘;ll - fa (39)

d? K2

where u. is the friction velocity at the nearest wall location, « is the von Karman constant and f; is a damping
function with a value between 0 and 1, the more specific details of which are to be discussed. This source
term originates from the following expression, to which the dissipation transport equation reduces in the
logarithmic layer of a turbulent boundary layer under a zero pressure gradient (ZPG), as shown by Richards
and Hoxey [47]

4 \/C
(€ ) v | = 0. o

The above expression leads to the following compatibility condition [27, 47] among the chosen model
coeflicients

RANS RANS -1 K2
CRANS _ CRANS _ 51 X 1)

=0, \/C_ﬂ
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When a given combination of the chosen model coefficients does not satisfy the compatibility condition,
Eq. no longer holds. Hence, in such a case, the addition of S, (with f; = 1) to the left-hand side
of Eq. would provide a zero net sum. When the compatibility condition is satisfied, the source term
magnitude becomes zero. As Eq. (@0) is strictly valid in the logarithmic layer, the damping function used in
Eq. (39), f4, should be designed such that it takes a value of 1 in the logarithmic layer and decays to 0 away
from the logarithmic layer. For f;, we repurpose the blending function employed in Menter’s improved k-w
turbulence models [31,32], which is originally referred to as F; in Menter’s work. Our damping function is
defined as f; = tanh [(f, / d)4], where ¢, is the turbulence length scale given by £, = K 312 /¢, Our fa1s identical
to Menter’s F in the logarithmic layer; it takes a value of 1 in the logarithmic layer and quickly decays to
0 as the wall is approached. Note that Menter’s more sophisticated F; switches to another quantity in the
argument of the hyperbolic-tangent function to enforce F; = 1 in the viscous sublayer, which is not needed
here. It should be also remarked that the friction velocity at the nearest wall location, u., that is needed
for the evaluation of S, may be cumbersome to determine under certain circumstances. In the present
implementation, u, is therefore estimated by assuming a constant stress layer within the RANS region, in
which the sum of the viscous shear stress and the turbulent shear stress at a given off the wall location is
taken to be equivalent to the viscous shear stress at the nearest wall location. The friction velocity is then
obtained from the computed total shear stress. Note that in the logarithmic layer, the viscous shear stress is
negligible and the total shear stress can therefore be taken the same as the turbulent shear stress.

We now discuss the setting of the model coefficients in the RANS zone. The usual practice in most
RANS calculations has been to set CSANS and CEANS to some static values, which are located within a range
of values based on empirical observations. The standard high Reynolds number value of C §IAN 5 is normally
taken as 1.44 or 1.45 in free shear layers [27, 40]. For wall-bounded flows, CR4NS values as low as 1 and
as high as 1.81 were used by researchers in various investigations with the corresponding C§2AN S values
ranging from 1.8 to 2 [40, 21]]. Dynamic coeflicient formulations were also proposed by some researchers
[450 146, 35,134, !41, 142]]. Several strategies were investigated for the setting of the RANS model coefficients
during the course of this work. In the current implementation, for C§1AN S we use the static value of 1.35
as recommended by Chien [8] for wall-bounded flows and employ the following dynamic formulation for

szAN 5 proposed by Merci et al. [35]
11 0.075QT
CRANS - 4 hhdtaiait 42
o2 6  1+827T7 @2
where
1(0U; 0U; 1(oU; 0U;

S = 25..5..1/2, Q= ZQ..Q..I/Z, §. == 4+ = , oo =77 43
( ij lj) ( ij l]) ij D) (9)6]' axi ij ) an axi ( )

and T; is the time scale introduced earlier. The values of the turbulent diffusion coefficients o and o are
set to 1 and 1.3, respectively, which are among the commonly used values [40, 21]. We take k = 0.41 and
C, = 0.09 in the computation of S, via Eq. (39).

4 Coupling of the RANS and LES Zones

The governing equations solved in the RANS and LES zones are identical but the solution variables naturally
have a different meaning between the two zones. The modeled turbulent stresses that appear in the governing
equations are combined linearly as follows, using the blending function proposed by Abe [1]

=yt + (= fy) TN (44)
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where

fr=1 —exp[—(cb‘A) ] , A =max(A1, Ay, A3), (45)

A; denotes the grid spacing along the three directions of a structured grid and d is the wall-normal distance.
For an unstructured grid, the above relation for A is not normally applicable and an alternate definition such
as the cubic-root of the cell volume can be used. Cj and « are free parameters that determine the blending
function shape and the near-wall extent of the RANS zone. Following Abe [1], the @ parameter which
controls the sharpness of f, is set to 6. This value can be taken as a universal constant. For the two test cases
considered in this study, the maximum wall-parallel grid spacing is on the order of 100 wall units in the
attached flow regions. Simulations indicate that C, = 2 is a reasonable choice for both test cases as it allows
the hybrid simulation to become a full LES beyond about 200 units in the wall-normal direction. This puts
the transition between the RANS and LES zones within the logarithmic layer in the attached flow regions.
The Cj, parameter may require adjustment with very different maximum wall-parallel grid spacings so that
the switch from RANS to LES does not happen suboptimally. Too early a switch could result in LES being
performed on a poor grid resolution in the near-wall region while too late a switch could potentially lead to
RANS being performed on a grid resolution that could have been used for LES instead. In the two transport
equations, the production and destruction terms as well as the quantities in the modeled turbulent diffusion
terms (i.e., u;/ T e and 0';1 quN S for the total/subgrid viscous dissipation and the analogous terms for the
total/subgrid turbulent kinetic energy) are blended linearly in a similar fashion to Eq. (44)). The blending of
the source term S ; is also similar, with its value set to zero in the LES region. The blended quantities are
used in the time integration of the transport equations.

Frohlich and von Terzi [15] noted that the linear blending of RANS and LES models as in Eq. (44) can
lead to the generation of unphysical flow structures in the transition region. Evidence of any such unphysical
structures would be present in the statistical results. As will be seen, the present HRLES method produces
a generally smooth transition in the mean velocity and turbulent shear stress profiles between the RANS
and LES zones. However, some excess turbulent kinetic energy within the transition region and parts of the
RANS zone can be present at certain locations in the flow. This is likely an artifact of the blending, but it
could also be related to the unsteadiness in the LES zone bleeding toward the RANS zone. The backscatter
generated by the present SGS model appears to mitigate the effects of any spurious phenomena as it helps
break down the large-scale structures in the transition region between the RANS and LES zone. This is
supported by the fact that no adverse impact of the blending is found on the mean velocity and turbulent
shear stress profiles.

5 Specification of the Boundary Conditions for Transport Equation Variables

We now discuss the boundary conditions for the transport equation variables, K or ks and € or gg,. At the
viscous solid wall where RANS is active, K = 0 while dissipation is balanced by viscous diffusion, which
then leads to the following boundary condition for &

K
Vy —2
Ox ;

(46)

E =

wall

where v,, is the kinematic viscosity at the wall. In this work, the following more computationally robust
form, which is equivalent to the above identity based on the asymptotic behavior of K and € very near the
wall, as shown by Jones and Launder [22]], is used instead

ax/?)z

ij

e=2v, ( @7

wall
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At an outer freestream or inviscid solid wall boundary where LES is active, kg, = 0 and g4, = 0.

The transport equations are solved without any modifications at the outflow boundary. At the domain
inlet, a rescaling-recycling technique described in Uzun and Malik [62, |63} 165] is applied to generate an
incoming turbulent boundary layer. The method originally developed for WRLES/DNS applications has
been modified to include the recycling of the transport equation variables. The present inflow generation
procedure is applicable to problems with a periodic spanwise direction. Application to problems without a
periodic spanwise direction would require some changes to the method. Assuming spanwise periodicity, the
transport quantities in the RANS region extracted from the recycle plane are rescaled and reintroduced at
the inlet plane as follows

2
%
U
nlet
K(Xinlet» ¥, 2, 1) = K(xrecyclea yérecycle/dinleta z+ Azt = Ar) (*1—] > (48)
Mrecycle
* 4
Ui et Vrecycle
e(Xinlet, ¥, 2, 1) = a(xrecyclm yérecycle/éinlet’ 7+ Az, t = A1) " . (49)
urecycle Vinlet

Analogous expressions apply for the rescaling and recycling of ks and &, in the LES region. Here, x,y, z
represent, respectively, the local streamwise, wall-normal and periodic spanwise directions, with y = 0
corresponding to the wall location, u* is the wall friction velocity and v is the wall kinematic viscosity.
The transport variables imposed at the time level, ¢, are taken from the previous time step level, r — Az. A
spanwise shift of Az, also applied in the original method reported in [62,163,165]], is introduced to suppress the
formation of a strong coherence between the inlet and recycle stations. The distance between the inlet and
recycle stations, (Xrecycle — Xinlet)s 18 typically chosen as 10 —20 times the incoming boundary layer thickness,
Ointet- The recycle plane boundary layer thickness, decycle, is determined dynamically from the running time
average of the mean recycle plane profile. The above expressions show that the variables introduced at the
inlet plane at the normalized wall distance of y/dinie¢ are extracted from the recycle plane at the wall distance
of YOrecycle/Ointet- Normalizing yorecycle/Ointet BY Orecycle produces the same relative position as that for the
corresponding inlet plane point. The above expressions are derived by assuming that the transport variables
in wall units at a given relative position within the boundary layer (i.e. y/d) have the same value between
the inlet and recycle stations.

6 Computational Methodology

The code used in this study solves the unsteady three-dimensional compressible Navier-Stokes equations
discretized on multiblock structured and overset grids. For the two test cases, single-block grids are used
because of the relatively simple geometries. An optimized prefactored fourth-order accurate compact finite-
difference scheme [4] is used to compute all spatial derivatives in the governing equations. This optimized
scheme offers improved dispersion characteristics compared to the standard sixth- and eighth-order com-
pact schemes [28]. It is derived from the standard eighth-order compact scheme that has been shown to
possess “spectral-like” resolution [28]]. Third-order one-sided and biased schemes, respectively, are used on
a boundary point and on the point next to the boundary. To eliminate the spurious high-frequency numerical
oscillations that may arise from several sources and ensure numerical stability, the present simulations use
the tenth-order compact filtering scheme [16], [[67]], with matching one-sided biased formulations near the
physical boundaries. A Beam-Warming type approximately factorized implicit scheme with subiterations
is used for the time advancement [[12]. More details of the simulation methodology can be found in the
publications by Uzun and coworkers [60, 157, 158, 59, 61].
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7 First Test Case: Spanwise-Periodic Flow over the Speed Bump

The first test case chosen for the evaluation of the hybrid methodology is the flow past a Gaussian bump (also
known as the speed bump) for which comparison data from a high-fidelity simulation by Uzun and Malik
[65] is available, which is referred to as the DNS in the results presented below. The spanwise-periodic
configuration of the speed-bump flow assumes a uniform two-dimensional profile along the span, which is
described by y(x) = hexp (— (x/ xo)z), where xg = 0.195L, x and y denote the axial and vertical directions,
respectively (with z being the spanwise direction), 2 = 0.085L is the bump height and L is the bump length
that is taken as the reference length scale. As depicted in Figure[l] the main features of the problem include
the strong favorable pressure gradient (FPG) over the windward side of the bump that generates a substantial
acceleration of the incoming flow toward the bump apex and the strong APG over the leeward side that leads
to flow separation at a sufficiently high Reynolds number.

| [
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Figure 1. DNS visualization of the flow separation over the leeward side of the Gaussian bump. Con-
tours denote the instantaneous normalized total vorticity magnitude on an x — y plane.

7.1 Simulation Details

The simulation parameters and the computational domain setup are identical to those in the DNS [65]]. The
Reynolds number based on the upstream reference velocity, U, and L is Rey, = 2 million. The correspond-
ing Reynolds number based on % is 1.7 x 10° while the freestream Mach number is 0.2. The mean inflow
boundary-layer thickness is 6;; = 0.0055L, giving 6/h = 0.065. The corresponding inflow momentum-
thickness Reynolds number is Rey ~ 1035. The periodic domain span is set to 0.08L. A schematic of the
computational domain is shown in Figure[2l The domain inflow boundary is at x/L = —0.8 while the outflow
boundary is at x/L = 2. The physical domain ends at x/L = 1. The region from x/L = 1 to 2 is the sponge
zone, in which rapid grid stretching is applied along the streamwise direction. This zone contains a negli-
gible number of points compared to the physical domain because of the significant grid stretching applied.
The sponge zone dampens the turbulence in the flowfield before it reaches the outflow boundary, where
standard characteristic outflow boundary conditions are applied. Viscous isothermal boundary conditions
are imposed on the lower boundary, which contains the speed bump profile. The uniform wall temperature
is set the same as the reference freestream value. The outer boundary in the vertical direction is placed at
y/L = 1, on which a nonreflecting characteristic boundary condition is imposed.

The grid used for the HRLES is extracted from the DNS grid, the details of which are available in
Uzun and Malik [65)]. To generate the HRLES grid, the DNS grid is coarsened by a factor of 8 along
the streamwise direction in much of the computational domain except very near the inflow plane, where the
streamwise spacing is kept the same as that in the DNS grid over a short region to enable the proper injection
of the incoming turbulent fluctuations by the inflow generation technique. The uniform spanwise spacing of
the HRLES grid is nearly 20 times coarser than that of the DNS grid in the entire domain. The maximum
wall-parallel spacings in the attached flow sections are around 100 wall units. It should be remarked that
in pure RANS calculations, the maximum wall-parallel grid spacings in wall units can be in the thousands.
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The coarsening factors applied to the DNS grid to extract the HRLES grid are based on the assumption that
a maximum wall-parallel spacing of about 100 units would be a reasonable resolution in the attached flow
sections. As the RANS equations are integrated down to the wall, the wall-normal spacings near the wall
are kept similar to those in the DNS but the total number of grid points along the wall-normal direction is
smaller by a factor of about 2.3 relative to the DNS because of the grid stretching applied away from the
wall. The wall-normal spacing on the wall in the attached flow sections is less than or equal to 1 wall unit.
The HRLES grid contains about 29 million points in comparison to the 10.2 billion points for the DNS.

normalized pressure
| o .
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08 F
06 F
/L >
04 f sponge zone
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Figure 2. Computational domain schematic. Contours denote the instantaneous pressure normalized
by the reference value.

The second-order accurate implicit Beam-Warming scheme [12]] is used for the time integration with
four subiterations applied per time step. The time step taken in the HRLES is six times the value used in
the DNS [65]. The chosen time step corresponds to a maximum Courant-Friedrichs-Lewy (CFL) number of
about 30 based on the sum of the acoustic speed and the local flow velocity. This CFL value is close to the
stability limit of the implicit time advancement scheme in unsteady simulations. It takes nearly 30, 000 time
steps to compute a time interval of L/Us. The solution is filtered at every time step using the tenth-order
compact filter with a filtering parameter of ay = 0.49 [16], [67]. The procedures used for the turbulent
inflow generation were described previously. The mean flow imposed at the inflow boundary is taken from
a RANS calculation performed with the low-Reynolds-number correction version of the Spalart-Allmaras
model [56]. To reiterate, the mean inflow boundary-layer thickness at x/L = —0.8 is §;, =~ 0.0055L. The
same mean inflow profile was also used in the DNS [65]. The distance between the inflow and recycle
planes is about 126;,. The statistical results in both the HRLES and the DNS were time averaged over about
20L/Us.

7.2 Results

We now examine the HRLES predictions for the speed-bump flow and make comparisons with the corre-
sponding DNS results [65]. Figure [3| provides the surface pressure coefficient, C,, and the skin-friction
coefficient, Cy, distribution comparisons between the two simulations. These coeflicients are given by

(P) — Poo (Tw)
Cp= L7 and cp= (50)
NS Lo U2

where po, P, Uso, reSpectively, are the reference freestream density, pressure and velocity, (p) is the mean
surface pressure and (7,,) is the mean wall shear stress. Figure[3/shows a reasonable overall agreement with
some notable differences between the two simulations. The C,, plot indicates that the incoming boundary
layer encounters an initially mild APG that becomes progressively stronger as the flow approaches the bump
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foot. The pressure gradient becomes strongly favorable starting at x/L ~ —0.29 until very near the bump
apex. The strong FPG is responsible for the substantial flow acceleration toward the bump apex, which
steepens the mean streamwise velocity gradient adjacent to the wall and causes nearly a fourfold increase
in the surface skin friction between the start and the end of the acceleration region. This phenomenon is
captured well in the HRLES. As will be seen, the acceleration due to the strong FPG increases the boundary-
layer edge velocity to a value of around 1.4U, at the bump apex. The strong APG encountered immediately
past the bump apex leads to the onset of separation at x/L =~ 0.1 in both simulations. In the HRLES, the
Cy magnitudes in the separation region are seen to be slightly higher relative to the DNS, indicating a bit
stronger reversed flow there while the HRLES C; magnitudes within the recovery region downstream of the
flow reattachment point are lower relative to the DNS. The C), distributions show some related differences
between the two simulations in the separated region. The C, peak magnitude of the HRLES is slightly
lower than that of the DNS; this is believed to be associated with the differences observed in the separated
region. The separated flow reattachment point is at x/L =~ 0.427 and 0.431 for the DNS and the HRLES,
respectively. The corresponding difference in the separation bubble size is only about 1.22%.
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Figure 3. Surface pressure coefficient, C,, and skin-friction coefficient, C, distributions.

The evolution of the time- and spanwise-averaged mean streamwise velocity, U/U, profiles at six
evenly-spaced stations over the bump windward side is depicted in Figure 4l while Figure[S]provides the same
profiles in terms of wall units. The corresponding turbulent shear stress, —(u’v’)/ U2, and turbulent kinetic
energy, TKE = 0.5 (u'u") + (V'V') + (w'w')) /U, 2 profiles at the same stations are plotted in Figures [6] and
[Z) respectively. Here, (u’u’), (v'v'), and (w'w’), respectively, are the streamwise, wall-normal and spanwise
components of the turbulent stress in the local wall-normal (or orthogonal) coordinate system at a given
statio and the ( ) operator denotes averaging in time and along the span. The turbulent shear stress and
the mean streamwise velocity are also defined with respect to the local orthogonal system. The six stations
cover the region from the bump foot at x/L = —0.5 till the bump apex at x/L = 0. The first two stations
are positioned within the initial APG section identified above while the third station is located near the end
of this section and the start of the strong FPG section. The fourth and fifth stations are positioned within
the strong FPG section and the sixth station is located at the bump apex and slightly downstream of the end
of the strong FPG section. In Figures [4] [6] and [Z, the normalized wall-normal distance, n/L, is plotted in

*For this analysis, the mean velocity and turbulent stress components originally defined in the Cartesian coordinate system are
first interpolated from the simulation grid onto the local wall-normal line constructed at a given streamwise station. Using the local
wall-normal and surface tangent vectors, the interpolated values are then transformed to the corresponding quantities in the local
orthogonal coordinate system at a given x/L position on the curved surface.
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logarithmic scale. In Figure 5l n* = nu./v,, Ut = Ulu,, where u; is the local friction velocity and v,,
is the kinematic viscosity at the wall. The figures also include the blending function, f. To reiterate, the
simulation is in full RANS mode when f;, = 0, in full LES mode when f;, = 1 and in the blended RANS-
LES mode when 0 < f;, < 1. To enable a meaningful comparison with the DNS quantities, the resolved and
modeled components of the turbulent shear stress and the TKE are added together in the HRLES and the
total quantities are shown.
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Figure 4. Normalized mean streamwise velocity profiles over the bump windward side. Solid black
line denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the
blending function, 0 < f; < 1.

Figures [4] and [5] show that the response of the mean streamwise velocity profile to the adverse and
favorable pressure gradients encountered over the bump windward side is captured reasonably well in the
HRLES. As seen in Figure [4(f), the acceleration caused by the strong FPG increases the boundary-layer
edge velocity to about 1.4U., at the bump apex. The profiles in wall units depicted in Figure[3/do not show a
logarithmic-layer mismatch as the switch from the RANS calculation to the LES takes place. However, the
logarithmic-layer intercept constant of the HRLES mean velocity profile at the first station is slightly lower
than that in the DNS, which might be hard to distinguish due to the plot scale. This initial difference in the
mean velocity profile convects downstream and appears at the other stations as well. Despite this difference,
the overall agreement in the mean velocity profiles over the bump windward side is deemed satisfactory.

The evolutions of the turbulent shear stress profiles over the windward side of the bump depicted in
Figure6]also show a satisfactory overall agreement between the DNS and the HRLES. The reasonably good
agreement with the DNS data in the near-wall region covered by RANS shows no indication of modeled-
stress depletion [33] [54]. Figure [6] additionally includes the resolved portion of the turbulent shear stress
profiles in the HRLES. We observe that the resolved component is nonzero in parts of the RANS zone
due to the fact that the unsteadiness originating from the LES zone crosses over into parts of the RANS
zone. As seen in the profiles at the first three or four stations, in the early part of the LES zone, there is a
considerable difference between the resolved and the total shear stress, indicating a significant contribution
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from the modeled component. With further distance from the wall, the difference between the total and the
resolved shear stress diminishes. It should also be kept in mind that any backscatter generated by the SGS
model would energize the resolved motions and thus appear in the form of resolved, rather than modeled,
turbulent fluctuations. As the flow moves deeper into the acceleration region and nears the bump apex, the
outer region stress levels decay, and the difference between the resolved and the total shear stress in the early
part of the LES zone lessens. The two quantities become nearly identical over much of the LES zone at the
bump apex, where the outer region stresses are much lower relative to those in the near-wall region.
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Figure 5. Mean streamwise velocity profiles in wall units over the bump windward side. Solid black
line denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the
blending function, 0 < f; < 1.

The TKE comparisons in Figure [7] reveal that at the first few stations, although a good agreement with
the DNS is found very close to the wall and in the outer part of the boundary layer, the intermediate region
between the RANS and LES zones contains excess TKE levels, which also appear to cross into parts of the
RANS zone. These excess TKE levels might be an artifact of the linear blending of the RANS and LES
models [[15]] but could also be related to the unsteadiness in the LES zone bleeding toward the RANS zone,
as noted earlier in Section 4] Yet, this spurious effect does not appear to have any detrimental effect on
the mean velocity and turbulent shear stress predictions of the HRLES. As the flow enters the strong FPG
region and begins to accelerate, the excess TKE containing portion of the profiles becomes less prominent.
Over the latter half of the bump windward side, the TKE profiles show reasonable overall agreement with
the DNS despite some observed differences.

As discussed in Uzun and Malik [65], an internal layer develops beneath the accelerated boundary layer
over the bump windward side, which is initiated by the switch from the mild adverse to the strong FPG near
the bump foot. Since the original peak of the turbulent shear stress is located further away from the wall,
the emergence of a strong inner peak close to the wall is one indication of the emerging internal layer. As
the flow accelerates, the outer turbulent shear stress peak decays along with the outer region TKE levels as
a result of the stabilizing FPG effect there and also that of the convex streamline curvature in the late stages
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of acceleration toward the apex. These phenomena are duplicated reasonably well by the HRLES when
compared to the DNS. However, we observe that the outer peak of the turbulent shear stress and the outer
region TKE levels at x/L = —0.2 and —0.1 are lower in the HRLES. This likely indicates that an increased
LES resolution is needed in the outer part of the accelerated flow for an improved agreement with the DNS.
Meanwhile, the original peak of the TKE profile in the incoming boundary layer is positioned close to the
wall and falls within the full RANS zone of the HRLES; the near-wall original TKE peak becomes engulfed
within the developing internal layer and is further strengthened as the flow acceleration takes place. Despite
some differences relative to the DNS, the strengthening of the original TKE peak and the emergence of the
near-wall turbulent shear stress peak in the HRLES are captured with reasonable accuracy.
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Figure 6. Normalized total and resolved turbulent shear stress profiles over the bump windward side.
Solid black line denotes the DNS result; dashed red line denotes the total value in the HRLES; dashed
green line denotes the resolved component in the HRLES; dashed blue line indicates the blending
function, 0 < f < 1.

Next, we move on to the analysis of the profiles at six stations taken over the bump leeward side, which
are positioned at x/L = 0.05,0.1,0.25,0.4,0.7 and 1, respectively, as depicted in Figures[8] [0 and [I0l The
first station at x/L = 0.05 is located about halfway between the bump apex and the flow separation point
while the second station at x/L = 0.1 is at or very near the flow separation point. The third station at
x/L = 0.25 is located roughly in the middle of the separated flow region and the fourth station at x/L = 0.4
is positioned slightly upstream of the flow reattachment point. The last two stations at x/L = 0.7 and 1
are located within the recovery zone. Figure [8(a) shows that as the flow past the bump apex interacts with
the strong APG and decelerates toward separation, some differences begin to emerge in the mean velocity
profile shapes between the DNS and the HRLES. Associated differences also appear at the second station
where the flow is about to detach from the wall, as seen in Figure [8(b). The APG decelerates both the
near-wall and outer regions of the boundary layer, and this leads to the formation of an intermediate buffer
zone that looks much like a free shear layer, as also seen in Figure [8(b). Once all near-wall momentum has
vanished, the flow separation occurs at about the same location in both cases, where x/L ~ 0.1. The mean
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velocity profile shapes in the middle of the separated flow region are quite similar between the two cases, as
seen in Figure [8(¢), but the reversed flow is a bit stronger in the HRLES, as indicated by the more negative
velocities between the wall and the free shear layer. The mean velocity profile shapes near reattachment are
also similar, as seen in Figure[8(d), with a relatively stronger reversed flow in the HRLES. Once the separated
flow reattaches and the recovery flow begins to develop, we find qualitatively similar mean velocity profile
shapes between the two cases, as depicted in Figure [8(e) and [8(f), but there is a noticeable difference in the
portion of the velocity profile that corresponds to the logarithmic layer. This discrepancy correlates with the
lower C predictions in the same region, as seen earlier in Figure 3]
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Figure 7. Normalized total turbulent Kinetic energy profiles over the bump windward side. Solid black
line denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the
blending function, 0 < f; < 1.

Examination of the turbulent shear stress and the TKE profiles over the bump leeward side, depicted
in Figures[9and [10] shows a reasonable similarity between the DNS and the HRLES at some stations and
greater differences at others. The turbulent shear stress and TKE peaks, which are positioned very close to
the wall within the internal layer at the bump apex, weaken as the flow decelerates toward separation. This
is due to the substantial reduction in the near-wall strain-rate magnitude by the strong APG, which then
turns off the production of turbulence in the vicinity of the wall by the time the flow separates. We also
observe the formation of new outer peaks within the emerging free shear layer, as depicted in Figures [O(b)
and [L0(b). These phenomena are duplicated with an acceptable level of accuracy in the HRLES. At the
separation point, the turbulent shear stress and the TKE profiles show some differences between the DNS
and the HRLES, which are related to the mean velocity profile differences at the same station noted earlier.
The relative agreement in the middle of the separated region is quite good for both the turbulent shear stress
and the TKE, as seen in Figures [9(c) and [L0(c). However, differences start to reappear near the point of
reattachment, as seen in Figures [9(d) and [10(d). We find lower peaks for both the turbulent shear stress
and the TKE within the free shear layer in the HRLES along with the lower TKE levels within the reversed
flow region beneath the shear layer. This indicates that the free shear layer and the reversed flow beneath
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it evolve somewhat differently in the HRLES relative to the DNS. The free shear layer generates energetic
eddies, as evidenced by the high TKE levels within the shear layer, that impinge on the wall in the vicinity of
the reattachment point. Some of these eddies get diverted into the reversed flow region and move upstream
along the wall while the rest get dragged downstream by the recovery flow. Consequently, the peak TKE
levels within the free shear layer are correlated with the considerable TKE levels found in the recirculating
flow. The rise in the turbulent shear stress within the reversed flow region near the wall is not as prominent
as that in the TKE since the wall-normal velocity fluctuations are rather small in that part of the flow.
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Figure 8. Normalized mean streamwise velocity profiles over the bump leeward side. Solid black line
denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the
blending function, 0 < f; < 1.

The turbulent shear stress profile comparison at x/L = 0.7, located in the recovery region, once again
shows a good agreement between the DNS and the HRLES despite the relatively lower TKE levels in the
HRLES at the same station. As the recovery flow evolves, the initially high near-wall TKE levels, which are
found in the vicinity of the reattachment point, decrease as the energetic eddies from the impinging shear
layer move along the wall beneath the recovery flow and dissipate. The weakly favorable pressure gradient
of the recovery region causes the remnants of the free shear layer to gradually dissipate as the flow moves
downstream, as indicated by the corresponding velocity profile shapes in Figure[8l This causes the turbulent
shear stress and the TKE peaks within the remnants of the free shear layer to weaken with downstream
distance. Those outer peaks would eventually disappear with a sufficiently long domain. Meanwhile, another
internal layer begins to emerge near the wall within the recovery flow, as indicated by the formation of a new
turbulent shear stress and TKE peak there, without any sign of modeled-stress depletion. As the recovery
flow develops further, reasonable similarity is found in the turbulent shear stress and TKE profiles at x/L = 1.
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Figure 9. Normalized total turbulent shear stress profiles over the bump leeward side. Solid black
line denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the

blending function, 0 < f; < 1.
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Figure 10. Normalized total turbulent Kinetic energy profiles over the bump leeward side. Solid black
line denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the

blending function, 0 < f; < 1.
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To summarize the findings, the comparisons with the DNS data show reasonable success for the HRLES
in the prediction of the speed-bump flow. Although better agreement with the DNS would be desirable in
certain parts of the flow, the comparisons have shown that the main features of the problem are predicted
with an acceptable level of accuracy by the HRLES performed using about 29 million grid points as opposed
to the 10.2 billion grid points for the DNS. While grid refinement in parts of the flow resolved by LES
should provide a better agreement with the DNS for some quantities, improvement of the recovery flow
Cy predictions would likely require further enhancements to the RANS model since the accuracy of the
near-wall solution strongly depends on the performance of the RANS turbulence model. To reiterate, the
maximum wall-parallel spacings within the attached flow sections covered by RANS correspond to around
100 wall units while the wall-normal spacing on the wall is less than or equal to about 1 wall unit. This holds
both in the attached flow upstream of separation and the downstream recovery region. With this resolution,
the details of the near-wall region upstream of separation are predicted reasonably well by the RANS model.
Note that in pure RANS calculations, the maximum wall-parallel grid spacings in wall units can be in the
thousands, compared to which the present maximum wall-parallel spacings are considerably finer because
the outer region is resolved using LES. These observations suggest that the underprediction of C; within
the recovery region is likely associated with a shortcoming of the RANS turbulence model in this particular
region rather than with insufficient grid resolution in the RANS zone.

8 Second Test Case: Spanwise-Periodic Flow over the Smooth Ramp

The second test case chosen for the evaluation of the hybrid methodology is the flow past a smooth ramp
for which comparison data from a DNS by Uzun and Malik [66] is available. The smooth ramp profile is

described by
3 4 5
y_h 1—10(3) +15(f) —6(5) 51)
I°L L i3 L

where x, y, z, respectively, denote the axial, vertical and spanwise directions, L is the ramp length that is taken
as the reference length scale and 7 = 0.22L is the ramp height. The ramp profile begins at (x, y) = (0, #) and
ends at (x,y) = (L,0). The sections upstream and downstream of the ramp are straight segments, as seen in
Figure [11] that also depicts the flow separation due to the strong APG induced by the ramp profile.
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Figure 11. DNS visualization of the APG induced flow separation around the smooth ramp. Contours
denote the instantaneous normalized total vorticity magnitude on an x — y plane.

8.1 Simulation Details

The simulation parameters and the computational domain setup are identical to those previously used in the
DNS [66]. The Reynolds number based on the inlet reference velocity, U,, and L is Re;, = 0.667 million.
The corresponding Reynolds number based on £ is about 1.47 x 10°. The inlet Mach number is set to 0.2.
The incoming boundary-layer thickness is ¢;;, = 0.024L. The corresponding inflow momentum-thickness
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Reynolds number is Rey = 2000. The periodic domain span is set to 126;, = 0.288L. A schematic of the
computational domain is shown in Figure[I12] The inflow boundary is at x/L = —1 while the outflow bound-
ary is at x/L = 7. The physical domain ends at x/L = 4. The region from x/L = 4 to 7 is the sponge zone, in
which the grid is highly stretched in the axial direction. The sponge zone damps out the turbulence before it
reaches the outflow boundary, where standard characteristic outflow boundary conditions are applied with a
specified back pressure. Viscous adiabatic boundary conditions are imposed on the lower wall that contains
the ramp profile. The top boundary is a straight segment placed at y/L = 0.74, on which an inviscid wall
boundary condition is applied. The imposition of an inviscid top wall makes this an internal flow problem.
Hence, the back pressure at the outflow boundary has to be set to 1.013 times the inlet pressure in order to
obtain a Mach number of 0.2 at the inlet. This value was determined via precursor WRLES runs performed
prior to the DNS [66]. The same back pressure is used in the HRLES.

The grid used for the HRLES is extracted from the DNS grid, the details of which are described in Uzun
and Malik [66]. To generate the HRLES grid, the DNS grid is coarsened by a factor of about 10 along the
streamwise direction in much of the computational domain except over a short section near the inflow plane,
where the streamwise grid spacing is kept the same as that in the DNS grid to enable the proper injection
of the incoming turbulent fluctuations by the inflow generation technique. The uniform spanwise spacing of
the HRLES grid is about 20 times coarser than that of the DNS grid in the entire domain. As in the speed-
bump-flow, the coarsening factors applied to the DNS grid to extract the HRLES grid for the smooth-ramp
flow are chosen such that the maximum wall-parallel spacings in the attached flow regions correspond to
around 100 wall units. The wall-normal spacings in the vicinity of the lower wall are similar to those in the
DNS and the wall-normal spacing on the wall is less than or equal to about 1 wall unit. The total number
of grid points along the wall-normal direction is smaller by a factor of about 2.5 relative to the DNS. The
HRLES grid contains about 23.6 million points in comparison to the 10.3 billion points for the DNS.
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Figure 12. Computational domain schematic. Contours denote the mean pressure normalized by the
reference value. Note that the sponge zone downstream of the physical domain is omitted here.

The second-order accurate implicit Beam-Warming scheme is used for the time integration with
four subiterations applied per time step. The time step taken in the HRLES is six times the value used in the
DNS [66] and corresponds to a maximum CFL number of about 30, which is close to the stability limit of the
implicit time advancement scheme. It takes about 8333 time steps to compute a time interval of L/U,. The
solution is filtered at every time step using the tenth-order compact filter [16]], [67] with a filtering parameter
of @y = 0.475, which is lower than the usual value of 0.49 since ay = 0.49 leads to numerical instability
on the present HRLES grid. The DNS was performed with @y = 0.49 [66]. The turbulent inflow generation
is based on the same procedures described previously. The mean flow imposed at the inflow boundary is
taken from the DNS of Schlatter and Orlii [49] at Rey = 2000 for a ZPG turbulent boundary layer. The mean
inflow boundary-layer thickness at x/L = —1 is d;;, = 0.024L. The same mean inflow profile was also used
in the DNS [66]. The distance between the inflow and recycle planes is 106;,. The statistical results in both
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the HRLES and the DNS were time averaged over about S0L/U, as the internal flow nature of the problem
required a fairly long averaging interval for the full convergence of the statistics.

8.2 Results

We now examine the HRLES predictions for the smooth-ramp flow and make comparisons with the corre-
sponding DNS results [66]. Figure [13| provides the surface pressure coefficient, C,, and the skin-friction
coefficient, Cy, distribution comparisons on the lower wall. These coefficients are given by

(Tw)

_»-p
%pr U%

and
%p r U%

(52)

Cp Cf =

where p,, p,, U,, respectively, are the inlet density, pressure and velocity, which are taken as the reference
values, (p) is the mean surface pressure and (7,,) is the mean wall shear stress. Figure[13|shows a reasonable
overall agreement with some differences between the two simulations. The incoming boundary layer en-
counters an initially mild FPG far upstream of the ramp, as indicated by the C,, variation there. The upstream
FPG becomes relatively stronger in the vicinity of x/L = —0.2 and persists over the early ramp section until
x/L ~ 0.12. This causes a rise in Cy over that segment. After passing through the FPG region over the
early ramp section, the flow encounters the strong APG and begins to slow down. This deceleration leads
to the onset of separation at x/L ~ 0.383 in the DNS and slightly later at x/L ~ 0.397 in the HRLES. We
find that the HRLES predicts relatively higher C magnitudes in the middle section of the separated region,
indicating a stronger reversed flow there. The C; magnitudes within the downstream recovery region are
lower in the HRLES, similar to what was observed in the speed-bump flow. The reattachment point of the
separated flow is at x/L =~ 1.474 and 1.445 for the DNS and the HRLES, respectively. The corresponding
difference in the separation bubble size prediction is about 3.94%. The stronger C), plateau of the HRLES
relative to the DNS, as seen in Figure is believed to be associated with the stronger reversed flow of the
HRLES in parts of the separated region.

DNS
Hybrid RANS-LES

DNS
Hybrid RANS-LES

x/L

x/L

Figure 13. Surface pressure coefficient, C,, and skin-friction coefficient, C, distributions.

The evolution of the time- and spanwise-averaged mean streamwise velocity, U/U,, total turbulent shear
stress, —(u’v’)/Urz, and total turbulent kinetic energy, TKE = 0.5 ((u'u) + (V'V') + (W'w')) /Ur2 profiles at
six stations over the region where —0.6 < x/L < 0.4 are depicted in Figures [14} [15] and [16] respectively.
Here, (u'u’), ('), and {(w'w’), respectively, are the streamwise, wall-normal and spanwise components of
turbulent stress in the local orthogonal system at a given station and the ( ) operator denotes averaging in
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time and along the span. The turbulent shear stress and the mean streamwise velocity are also defined with
respect to the local orthogonal system. The first station is positioned well upstream of the ramp while the
second station is at the start of the ramp. The third station is located near the end of FPG section while
the fourth and fifth stations are positioned within the APG section. The sixth station is located slightly
downstream of the separation point. The profiles are normalized using U,. The wall-normal distance from
the bump surface, n, is normalized by L and is plotted in logarithmic scale. The figures also include the
blending function, fj.
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Figure 14. Normalized mean streamwise velocity profiles where —0.6 < x/L < 0.4. Solid black line
denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the
blending function, 0 < f; < 1.

Figure [14] shows very good agreement in the mean velocity profiles at the first three stations located
within the FPG region noted above. There is no discontinuity in the portion of the velocity profiles corre-
sponding to the logarithmic layer as the transition from the RANS calculation to the LES takes place. The
boundary-layer edge velocity in the accelerated flow due to the FPG sees a modest increase to a value of
about 1.055U, at x/L = 0.1, which is positioned near the end of the FPG. Some differences begin to emerge
between the two simulations once the flow starts interacting with the APG prior to separation. The fourth
station positioned in the early stages of the APG still shows a reasonable agreement while the fifth station
positioned deeper in the APG shows a more significant difference. These comparisons suggest that the flow
deceleration near the wall occurs at a relatively faster pace in the DNS, which then leads to a slightly earlier
flow separation relative to the HRLES. At the sixth station where the flow has already separated in both
cases, we find similar velocity profile shapes with some differences evident in the initial portion of the free
shear layer. The evolutions of the turbulent shear stress and the TKE profiles over the same region, as re-
spectively depicted in Figure[15]and[16] show a reasonable overall agreement over the first four stations and
greater differences between the two simulations in the late stages of the APG, which are associated with the
mean velocity profile differences at the same locations. The HRLES profiles do not show any indication of
modeled-stress depletion. The buildup of excess TKE in the intermediate region between the RANS and
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LES zones and its crossover into parts of the RANS zone, first identified in the speed-bump flow analysis,
are also present here as can be seen in the first few stations depicted in Figure [L6]

10"

Figure 15. Normalized total turbulent shear stress profiles where —0.6 < x/L < 0.4. Solid black
line denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the
blending function, 0 < f; < 1.

Next, we examine the profile comparisons at six stations that cover the separated flow and the down-
stream recovery regions. These profiles are positioned at x/L = 0.8,1.2,1.5,2,3 and 4, respectively, as
depicted in Figures and The first two stations are located within the separated region, the third
station is positioned slightly downstream of the flow reattachment point and the last three stations are lo-
cated within the recovery zone. The mean velocity profiles depicted in Figure|l17| show a reasonable overall
agreement with some differences between the two simulations. As seen in Figure [17(a), the reversed part of
the separated flow is relatively stronger in the HRLES at x/L = 0.8, as also hinted by the C; comparison ex-
amined earlier. The agreement at the station where x/L = 1.2, which is positioned in the latter stages of the
separated flow, is quite good with some differences reappearing again at x/L = 1.5 due to the slightly ear-
lier flow reattachment in the HRLES. Within the recovery flow, the velocity profile shapes are qualitatively
similar but there are differences in the portion of the velocity profile corresponding to the logarithmic layer,
as also observed in the speed-bump flow. This is consistent with the lower C predictions of the HRLES in
the same region.

Comparison of the turbulent shear stress and the TKE profiles in Figures [18 and [19 shows a qualitative
similarity at some stations and a more quantitative agreement at others. At x/L = 0.8, the turbulent shear
stress and the TKE peaks are stronger in the HRLES relative to the DNS while the overall agreement is
much better at x/L = 1.2. This observation suggests that there are differences in the evolution of the free
shear layer between the two simulations, which also have some effect on the development of the reversed
flow region. Such differences propagate downstream as the separated flow reattaches and the recovery
from separation starts. Subsequently, we find relatively weaker turbulent shear stress and TKE peaks at
x/L = 1.5 and 2 in the HRLES. As the recovery flow develops further, the turbulent shear stress profiles
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show reasonable quantitative agreement at the last two stations while the TKE profiles still exhibit some
differences. Once again, there is no indication of modeled-stress depletion as the recovery flow develops.
The differences in the evolution of the free shear layer between the two simulations, which is believed to be
responsible for the mixed level of agreement observed here, suggest that further grid refinement within the
separated flow region covered by LES would be necessary to obtain an improved agreement with the DNS.

TKE
011

Figure 16. Normalized total turbulent kinetic energy profiles where —0.6 < x/L < 0.4. Solid black
line denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the
blending function, 0 < f; < 1.

To summarize the findings, the analysis of the smooth-ramp flow results and the comparison with the
DNS have shown that the main features of the problem are predicted with a reasonable level of accuracy by
the HRLES using about 23.6 million grid points as opposed to the 10.3 billion grid points for the DNS. We
anticipate that grid refinement in parts of the flow resolved by LES should provide a better agreement with
the DNS for some quantities, but the improvement of the recovery flow C predictions would likely require
further enhancements to the RANS model for an improved representation of the near-wall flow physics in
that region. To reiterate, the maximum wall-parallel spacings within the attached flow sections covered by
RANS throughout the entire domain correspond to around 100 wall units while the wall-normal spacing on
the wall is less than or equal to about 1 wall unit. These spacings are very similar to those used in the speed-
bump flow. As in the speed-bump flow, with this level of wall-parallel grid resolution that is considerably
finer than those typically used in pure RANS calculations, the details of the near-wall region upstream of
separation are also predicted reasonably well by the RANS model in the smooth-ramp flow with similar
discrepancies observed in the recovery zone C predictions relative to the DNS in both cases. Rectification
of the RANS model shortcoming in that particular region remains a subject of future investigations.
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Figure 17. Normalized mean streamwise velocity profiles where 0.8 < x/L < 4. Solid black line
denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the

blending function, 0 < f; < 1.
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Figure 18. Normalized total turbulent shear stress profiles where 0.8 < x/L < 4. Solid black line
denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the

blending function, 0 < f; < 1.
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Figure 19. Normalized total turbulent kinetic energy profiles where 0.8 < x/L < 4. Solid black line
denotes the DNS result; dashed red line denotes the HRLES result; dashed blue line indicates the
blending function, 0 < f; < 1.

9 Summary and Concluding Remarks

A zonal hybrid RANS-LES strategy intended for application to turbulent separated flow problems has been
developed. The methodology couples the standard RANS k-¢ linear eddy-viscosity turbulence model with
a two-equation nonlinear SGS model for LES. The nonlinear SGS model, inspired by the triple model
idea of Bardina et al. [S], replaces the scale-similarity term of the original triple model, which is not
Galilean invariant, with the modified Leonard stress tensor, which is Galilean invariant. The SGS model also
contains two nonlinear and Galilean invariant terms based on the products of the strain-rate and rotation-
rate tensors for an improved representation of the forward and backward scatter of energy between the
resolved and unresolved scales and the anisotropy effects. Furthermore, the model formulation does not
use a characteristic length scale for any of its terms and hence naturally avoids the ambiguities associated
with defining a proper length scale for anisotropic grids. The nonlinear SGS model additionally requires
the solutions of two transport equations for the subgrid turbulent kinetic energy and the subgrid viscous
dissipation, which have the same structural form as the transport equations of the standard RANS k-& model.
Hence, the two transport equations for the total/subgrid turbulent kinetic energy and the total/subgrid viscous
dissipation are solved in the entire domain with the coefficients of the production and destruction terms in the
total/subgrid viscous dissipation transport equation set differently between the two zones. A source term is
additionally included in the total viscous dissipation transport equation solved in the RANS zone and serves
as a correction mechanism when the logarithmic-layer compatibility condition is not strictly satisfied among
the RANS model coefficients. The coupling between the RANS and LES zones is accomplished by means of
a smooth blending function that linearly combines the RANS and SGS turbulent stresses. A similar blending
is also applied to the production, destruction and turbulent diffusion terms of the two transport equations.
The blending function depends only on the wall-normal distance and the local maximum grid spacing. The
hybrid method applies the RANS calculation in the near-wall region and switches to the LES in the outer
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region; hence, it can be considered an alternative form of a WMLES.

Application of the proposed HRLES methodology to two benchmark smooth-body flow separation prob-
lems has been demonstrated. Both test cases feature flow separation induced by a strong APG that, in turn,
is generated due to a change in the body contour. The analysis of the results show that the main features
of both problems are captured with a reasonable level of accuracy at about three orders of magnitude lower
computational cost relative to that of DNS. More specifically, the grid point ratio between the DNS and the
HRLES is 10.2 x 10?/29 x 10 ~ 352 for the speed-bump flow and 10.3 x 10?/23.6 x 10 ~ 436 for the
smooth-ramp flow. The time step of the HRLES is six times the value taken in the DNS in both test cases
while the computational cost of the HRLES per time step per grid point is about 2.5 times that of the DNS.
This additional cost comes from having to solve the two transport equations as well as the dynamic determi-
nation of the nonlinear SGS model coeflicients that require filtering operations on a number of quantities and
the additional subiteration(s) of the implicit time integration scheme needed at high CFL numbers. Hence,
for a given convective time unit worth of simulation time, the computational cost ratio between the DNS and
the HRLES is 352 6/2.5 = 845 for the speed-bump flow and 436 x6/2.5 = 1046 for the smooth-ramp flow.
Analysis of the results also demonstrated that the present approach is free of the logarithmic-layer mismatch
encountered in some other hybrid approaches as well as the modeled-stress depletion that may occur in DES
under certain circumstances. However, the underprediction of skin friction within the recovery region in
both test cases remains a matter that warrants further investigation. As the accuracy of the near-wall solu-
tion strongly depends on the performance of the RANS turbulence model, rectification of this matter would
likely require some enhancements to the model, which could be in the form of a near-wall source term that
can become active/inactive in particular regions of the flowfield based on some local features.
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