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1 Preface

This NASA Technical Memorandum presents the collective work carried out
during the Modeling Summer Visit (MSV) 2025, a collaborative research pro-
gram between NASA Ames Research Center and three leading European re-
search institutions: the University of Bordeaux, the von Karman Institute
(VKI), and École Polytechnique.

Held from July 7th to August 1st, 2025, the NASA ARC MSV program
brought together 42 researchers from Europe to work alongside NASA staff on
22 projects in entry systems modeling. The program was organized by Bruno
Dias, Sergio Fraile-Izquierdo, and Jeremie Meurisse from Analytical Mechan-
ics Associates, Inc., in collaboration with Marc Massot (École Polytechnique),
Jean Lachaud (University of Bordeaux), and Thierry Magin (VKI). The MSV
program traces its origins to an initiative started by Nagi N. Mansour in 2018,
with this 2025 edition representing a consolidation and expansion of that original
vision.

The projects were organized into six thematic groups: Porous Media, Numer-
ical Methods, Plasma/Rarefied Methods, Experimental Reconstruction, Flow
and Material Coupling Methods, and Transition and High-Speed Flows. Through-
out the four-week program, participants presented their work in three public
presentations (July 7th, July 21st, and August 1st), allowing for continuous
feedback and discussion of their evolving research.

Program Outcomes and NASA Benefits

The MSV program accomplished significant technical progress in one month.
Beyond the work documented in these reports, the program strengthened re-
search partnerships between NASA and European institutions, creating path-
ways for continued collaboration on fundamental research applied to entry sys-
tems. The visiting researchers applied advanced numerical methods to NASA
applications in thermal protection system modeling, plasma simulation, and
aerothermodynamics. NASA researchers gained exposure to state-of-the-art
methods such as adaptive mesh refinement, kinetic-based boundary conditions,
competitive chemical mechanisms, and scale-separated multi-phase flow model-
ing.

The diverse projects address different application areas of NASA’s inter-
ests. The porous media projects on competitive pyrolysis mechanisms and poly-
mer fiber modeling can directly improve our modeling capabilities and support
the development of next-generation ablative thermal protection systems. The
plasma and rarefied flow projects, including shock tube radiation modeling, pro-
vide better methodologies to extract chemical mechanisms derived from shock
tube experiments. The electrode kinetic layer study also helps us better un-
derstand electrode erosion and enhance the boundary conditions used to model
the arc jet testing facilities, which will ultimately improve the facility’s oper-
ational performance. The high-order coupling methods can help to advance
NASA’s capability to simulate the complex interactions between flowfield and
ablating surfaces, essential for accurate heat shield performance predictions and
optimizing the design process. The experimental reconstruction project devel-
oped techniques to extract three-dimensional surface recession data from ground
test facilities, enabling better validation of material response models. Finally,
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the transition and high-speed flow projects address boundary layer instability
mechanisms that are pertinent to the design of entry vehicles and provide a
more comprehensive understanding of the potential impact of this mechanism
on the TPS.
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Theoretical and computational framework for mass
conservation in a pyromechanics model.
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Abstract

Thermal protection systems (TPS) used during atmospheric re-entry experience coupled chemical, ther-
mal, and mechanical transformations driven by extreme conditions. Accurately predicting their behavior
requires a coupled multiphysics model that captures pyrolysis kinetics, heat and mass transfer, and the
deformation of the solid matrix. This work presents a conservative formulation of mass conservation
embedded within a pyromechanics model for reactive porous materials. The approach integrates the
evolving volume computed by the solid mechanics submodel directly into the mass conservation equa-
tion, ensuring consistency between morphological evolution and density changes. This formulation is
implemented in the Porous material Analysis Toolbox based on OpenFOAM (PATO), which couples py-
rolysis kinetics, heat and mass transfer, and stress and strain distributions. The method is validated on
a controlled thermal expansion case, demonstrating mass conservation throughout the transformation.
This establishes a foundation for future applications under full pyrolysis conditions, with the objective
of integrating a generalized pyrolysis model accounting for competitive reaction mechanisms.

Keywords: modeling, pyrolysis, pyromechanics, mass conservation

1 Introduction

During atmospheric re-entry, thermal protection sys-
tems (TPS) are exposed to extreme pressure and tem-
perature conditions. These systems protect the pay-
load by undergoing chemical degradation through py-
rolysis and surface recession through ablation, thereby
limiting the internal temperature rise. Pyrolysis in-
volves predominantly endothermic chemical reactions
that break down the material while simultaneously al-
tering the mass, volume, and both the microscopic and
macroscopic structure of the TPS.

Accurately capturing this behavior requires a fully
coupled treatment of the chemical processes occurring
during pyrolysis, heat and mass transfer phenomena,
and the material’s structural response. To address this
need, a dedicated modeling framework, the Porous ma-
terial Analysis Toolbox based on OpenFOAM (PATO),
has been developed for reactive porous materials
(Lachaud and Mansour, 2014; Lachaud, Scoggins, et
al., 2017). Historically, PATO has combined pyrolysis

kinetics, mass loss, and heat and mass transfer under
the assumption of a constant volume. More recently,
a solid mechanics module has been integrated to de-
scribe morphological evolution, primarily driven by
thermal expansion and pyrolysis shrinkage (Lahouze
et al., 2025). This approach, called pyromechanics, al-
lows to compute thermally induced stresses.

The present work introduces a methodology to
ensure mass conservation within the pyromechanics
model to account for volume change. First, the main
hypotheses and notations used to derive the model are
recalled, followed by the presentation of the method-
ology to integrate volume changes into the mass con-
servation equation along with the solid mechanics sub
model. Finally, the approach is validated on a con-
trolled thermal expansion case.

2 Hypotheses and notations
The material used in this study is wood, but the pre-
sented model is generalized to any type of material,

MSV 2025 - Modeling Summer Visit 2025 1



water
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Figure 1: Schematic of the REV for wood as a de-
formable material during pyrolysis.

including composite material. Wood is treated as
a porous, anisotropic, and deformable material com-
posed of a solid phase, denoted 𝑠, and a gas phase, de-
noted 𝑔. The solid phase is represented as a mixture of
sub-components. Macroscopic equations are obtained
using the volume averaging method (Whitaker, 1986a;
Whitaker, 1986b) considering a Representative Ele-
mentary Volume (REV) deforming at the intrinsic av-
erage velocity of the solid phase, ⟨𝒗𝒔⟩𝑠 (Fig. 1). The
volume of the wood particle at the initial time is de-
noted Ω0, and the volume of the REV at the initial
time is denoted 𝒱0. Similarly, the volumes in the cur-
rent deformed configuration are denoted Ω and 𝒱. The
density ⟨𝜌⟩ of wood, containing gas and 𝑁𝑝 solid sub-
components, is given by

⟨𝜌⟩ = ⟨𝜌𝑔⟩ + ⟨𝜌𝑠⟩ = 𝜖𝑔 ⟨𝜌𝑔⟩𝑔 + ∑
𝑖∈[1,𝑁𝑝]

𝜖𝑖 ⟨𝜌𝑖⟩
𝑖 . (2.1)

At the macroscopic scale, a configuration of the ma-
terial system is described by the set of positions of
its material points. The position of a point 𝑃 in the
reference configuration 𝐶0, taken as the initial config-
uration at 𝑡 = 0, is denoted by the position vector 𝑿.
The position 𝑃 ′ of the same point in the current config-
uration 𝐶𝑡 is denoted by the vector position 𝒙 (Fig. 2).
The same coordinate system is used for both the initial
and current configurations. The current position of a
point in the domain Ω, initially located at 𝑿 in Ω0, is
given by the mapping function

𝒙 = 𝝓(𝑿, 𝑡). (2.2)

Based on this relation (2.2), which links the mate-
rial coordinates 𝑿 to the spatial coordinates 𝒙, several
equivalent descriptions of motion may be adopted. In
the Lagrangian description, the independent variables
are (𝑿, 𝑡), and the unknowns are the three functions
𝜙𝑖(𝑿, 𝑡), 𝑖 ∈ [1, 2, 3]. Since the initial positions 𝑿
are known, the displacement of each material point be-
tween times 𝑡0 and 𝑡 is defined as

⟨𝒖(𝑿, 𝑡)⟩ = 𝒙 − 𝑿. (2.3)

In the Eulerian description, the independent vari-
ables are (𝒙, 𝑡), and the unknowns are the three com-
ponents of the velocity of the material point that was

𝒙
𝑿

𝝓(𝑿, 𝑡)

⟨𝒖⟩
𝑡0 𝑡Ω0 Ω𝐶0 𝐶𝑡

𝑃

𝒆2

𝒆3

𝒆1 𝑋2, 𝑥2

𝑋1, 𝑥1

𝑋3, 𝑥3

𝑂

𝑃 ′
⟨𝒗𝒔⟩

𝑠

Figure 2: Initial and current configurations of the ma-
terial domain.

at 𝑿 and is located at 𝒙 at time 𝑡. This velocity is
defined as

⟨𝒗𝒔(𝒙, 𝑡)⟩𝑠 = 𝜕𝝓(𝑿, 𝑡)
𝜕𝑡 = 𝜕𝒙

𝜕𝑡 . (2.4)

3 Solid mass conservation
3.1 Mass conservation
Following the volume averaging method, mass conser-
vation at the macroscopic scale for the solid phase dur-
ing pyrolysis is written as

𝜕(𝜖𝑠 ⟨𝜌𝑠⟩𝑠)
𝜕𝑡 + ∇ ⋅ (𝜖𝑠 ⟨𝜌𝑠⟩𝑠 ⟨𝒗𝒔⟩𝑠) = 𝜋tot. (3.1)

The rigorous formulation of the total mass loss source
term, 𝜋tot, requires a detailed modeling of the pyrolysis
kinetics. In practice, an empirical approach commonly
used in the field of pyrolysis consists in exploiting the
results of ThermoGravimetric Analysis (TGA) exper-
iments, which provide measurements of the evolution
of a small sample’s mass as a function of time and
temperature.

The present work relies on a pyrolysis mechanism
composed of four parallel reactions, each assigned to
a sub-component composing the solid phase. The py-
rolysis advancement 𝜒𝑖 of sub-component 𝑖 is modeled
according to the Arrhenius law:

𝑑𝜒𝑖
𝑑𝑡 = 𝒜𝑖 exp (− ℰ𝑖

𝑅𝑇 )(1 − 𝜒𝑖), 𝑖 ∈ [1, 𝑁𝑝], (3.2)

where 𝒜𝑖 is the pre-exponential factor, ℰ𝑖 the activa-
tion energy, 𝑅 the perfect gas constant and 𝑇 the tem-
perature. Pyrolysis advancement 𝜒𝑖, varying from 0 to
1 is defined as the ratio between the mass loss at time
𝑡 and the the total mass loss of sub-component 𝑖:

𝜒𝑖 = 𝑚0,𝑖 − 𝑚𝑖(𝑡)
𝑚0,𝑖 − 𝑚𝑓,𝑖

, (3.3)

where 𝑚0,𝑖 is the initial mass of component 𝑖, 𝑚𝑖(𝑡)
its mass at time 𝑡 and 𝑚𝑓,𝑖 its final mass. Eq. (3.3)
is rearranged by dividing by 𝑚0,𝑖 and by introducing

MSV 2



ℱ𝑖 = 𝑚0,𝑖−𝑚𝑓,𝑖
𝑚0,𝑖

to obtain an expression for the total
solid mass of the particle:

𝑚𝑠(𝑡) = ∑
𝑖∈[1,𝑁𝑝]

𝑚0,𝑖 (1 − ℱ𝑖𝜒𝑖) . (3.4)

The projection of this global measurement onto the lo-
cal scale, where the conservation equations are written,
relies on the specific experimental conditions of TGA.
This experimental framework, based on the small size
of the sample and its uniform temperature, allows its
volume Ω to be assimilated to the control volume 𝒱
of the REV. Since the model is expressed in terms of
density, Eq. (3.4) can be rewritten as

𝑚𝑠(𝑡) = ∫
𝒱

𝜖𝑠 ⟨𝜌𝑠⟩𝑠 𝑑𝑉

= ∑
𝑖∈[1,𝑁𝑝]

∫
𝒱0

𝜖0,𝑖 ⟨𝜌0,𝑖⟩
𝑖 (1 − ℱ𝑖𝜒𝑖) 𝑑𝑉0. (3.5)

with 𝑑𝑉 an elemental volume in the current configura-
tion and 𝑑𝑉0 an elemental volume in the initial configu-
ration. The variables ℱ𝑖 and 𝜒𝑖 are constant quantities
within the REV. Eq. (3.5) expresses the transformation
from a Lagrangian to an Eulerian description and can
be written in the simplified form

∫
𝒱

𝑔(𝒙, 𝑡)𝑑𝑉 = ∫
𝒱0

𝐺(𝑿, 𝑡)𝑑𝑉0. (3.6)

To perform the integration, we introduce the deforma-
tion gradient tensor 𝑭 defined as

𝑭 = 𝜕𝒙
𝜕𝑿 = 𝜕 ⟨𝒖⟩

𝜕𝑿 − 𝑰. (3.7)

The change of variables in a volume integral between
the current configuration and the reference configura-
tion then relies on the following relation:

𝑑𝑉 = det(𝑭 ) 𝑑𝑉0, (3.8)

where det(𝑭 ) is the Jacobian of the transformation.
Substituting Eq. (3.8) into Eq. (3.6) yields

∫
𝒱0

𝑔(𝒙, 𝑡) det(𝑭 )𝑑𝑉0 = ∫
𝒱0

𝐺(𝑿, 𝑡)𝑑𝑉0, (3.9)

giving
𝑔(𝒙, 𝑡) det(𝑭 ) = 𝐺(𝑿, 𝑡). (3.10)

Eq. (3.5) then becomes

𝜖𝑠 ⟨𝜌𝑠⟩𝑠 = ∑
𝑖∈[1,𝑁𝑝]

𝜖0,𝑖 ⟨𝜌0,𝑖⟩
𝑖

det(𝑭 ) (1 − ℱ𝑖𝜒𝑖). (3.11)

This equation expresses the Lagrangian form of mass
conservation, including the volume change. From an
Eulerian point of view, mass conservation is written as

𝑑𝑚𝑠
𝑑𝑡 = 𝑑

𝑑𝑡 ∫
𝒱

𝜖𝑠 ⟨𝜌𝑠⟩𝑠 𝑑𝑉 . (3.12)

Using Reynolds’s transport theorem,

𝑑𝑚𝑠
𝑑𝑡 =

∫
𝒱

[𝜕(𝜖𝑠 ⟨𝜌𝑠⟩𝑠)
𝜕𝑡 + ∇ ⋅ (𝜖𝑠 ⟨𝜌𝑠⟩𝑠 ⟨𝒗𝒔⟩𝑠)] 𝑑𝑉 . (3.13)

Integrating Eqs (3.1) and (3.5) in Eq. (3.13) it comes

∫
𝒱

𝜋tot𝑑𝑉 = − ∑
𝑖∈[1,𝑁𝑝]

∫
𝒱0

𝜖0,𝑖 ⟨𝜌0,𝑖⟩
𝑖 ℱ𝑖

𝑑𝜒𝑖
𝑑𝑡 𝑑𝑉0.

(3.14)
Applying the relation (3.8), it comes

𝜋tot = − ∑
𝑖∈[1,𝑁𝑝]

𝜖0,𝑖 ⟨𝜌0,𝑖⟩
𝑖

det(𝑭 ) ℱ𝑖
𝑑𝜒𝑖
𝑑𝑡 . (3.15)

The volume change term, det(𝑭 ), ensures mass con-
servation. Its evaluation follows the solid mechanics
formulation presented in the next section.

3.2 Momentum conservation
In the context of pyrolysis, it would be necessary to
adopt a nonlinear formalism both from the kinematic
point of view and in the constitutive law of the mate-
rial, due to potentially large displacements and a dam-
ageable plastic behavior. To circumvent this difficulty,
the chosen solution is to retain a linear formalism by
assuming that the material response is piecewise lin-
ear. Moreover, since the thermal problem is inherently
transient, this time dependence must be accounted for
when analyzing structural evolutions.

The time 𝑡 of the thermal problem serves as the in-
crement between successive equilibrium states. Any
variable Ψ(𝑡+𝑑𝑡) in the current configuration can then
be expressed as

Ψ(𝑡 + 𝑑𝑡) = Ψ(𝑡) + 𝛿Ψ, (3.16)

with Ψ(𝑡) being the variable in the previous configura-
tion and 𝛿Ψ the increment of Ψ between times 𝑡 and
𝑡+𝑑𝑡. The momentum conservation at equilibrium can
then be written as

∇ ⋅ ⟨𝝈(𝑡 + 𝑑𝑡)⟩ = ∇ ⋅ (⟨𝝈(𝑡)⟩ + ⟨𝛿𝝈⟩) = 𝟎, (3.17)

with 𝝈 being the Cauchy stress tensor. Since equilib-
rium at time 𝑡 must be satisfied, i.e., ∇ ⋅ ⟨𝝈(𝑡)⟩ = 𝟎,
the equation to solve is

∇ ⋅ ⟨𝛿𝝈⟩ = 𝟎. (3.18)

The constitutive law relating stresses to strains dur-
ing pyrolysis is formulated by considering that thermal
expansion and shrinkage due to mass loss occur in solid
regions where the temperature is high and decomposi-
tion is ongoing. The resulting strain field is not geo-
metrically compatible with the solid regions that have
not yet undergone pyrolysis, leading to a mechanically
induced strain tensor. Under the assumption of small
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perturbations between equilibrium states, the princi-
ple of superposition applies, and the total strain ⟨𝛿𝜺⟩
is assumed to be the sum of three contributions:

⟨𝛿𝜺⟩ = ⟨𝛿𝜺𝑒𝑙⟩ + ⟨𝛿𝜺𝑡ℎ⟩ + ⟨𝛿𝜺𝑠ℎ⟩ , (3.19)

where ⟨𝛿𝜺𝑒𝑙⟩, ⟨𝛿𝜺𝑡ℎ⟩, and ⟨𝛿𝜺𝑠ℎ⟩ are the elastic strain,
thermal expansion, and pyrolysis shrinkage, respec-
tively. The linearized strain tensor is expressed in
terms of the displacement ⟨𝛿𝒖⟩ as

⟨𝛿𝜺⟩ = 1
2 (∇ ⟨𝛿𝒖⟩ + (∇ ⟨𝛿𝒖⟩)𝑇 ) . (3.20)

Considering linear elasticity, stresses are related to
strains via Hooke’s law:

⟨𝛿𝝈⟩ = 𝑪 ∶ ⟨𝛿𝜺𝑒𝑙⟩

= 𝑪 ∶ (⟨𝛿𝜺⟩ − ⟨𝛿𝜺𝑡ℎ⟩ − ⟨𝛿𝜺𝑠ℎ⟩) , (3.21)

where 𝑪 is the apparent fourth-order stiffness tensor.
In this work, wood is considered as an orthotropic ma-
terial with three principal directions (Tangential, Ra-
dial, and Longitudinal).

To explicitly account for thermal expansion and py-
rolysis shrinkage, the REV volume 𝒱 is assumed to
be a function of temperature and the total pyrolysis
advancement 𝜏 defined by

𝜏 = ∑
𝑖

𝜖0,𝑖 ⟨𝜌0,𝑖⟩
𝑖 ℱ𝑖

∑𝑖 𝜖0,𝑖 ⟨𝜌0,𝑖⟩
𝑖 ℱ𝑖

(1 − 𝜒𝑖). (3.22)

Pressure effects are neglected in this work, therefore
an infinitesimal volume change can be written as

𝑑𝑉 (𝑇 , 𝜏)
𝒱 = 1

𝒱
𝜕𝒱
𝜕𝑇 𝑑𝑇 + 1

𝒱
𝜕𝒱
𝜕𝜏 𝑑𝜏. (3.23)

In Eq. (3.23), the volumetric thermal expansion coeffi-
cient 𝛽 is defined as

𝛽(𝑇 ) = 1
𝒱

𝜕𝒱
𝜕𝑇 , (3.24)

and, similarly, the volumetric shrinkage coefficient 𝜁
due to pyrolysis is defined as

𝜁(𝜏) = 1
𝒱

𝜕𝒱
𝜕𝜏 . (3.25)

Thermal expansion and shrinkage are anisotropic
(Hagge and Bryden, 2002; Kollmann and Côté, 1968).
Therefore, thermal expansion and shrinkage tensors, 𝜶
and 𝝃, composed of linear coefficients, are introduced
such that

𝛼𝑖 = 1
𝐿𝑖

𝜕𝐿𝑖
𝜕𝑇 and 𝜉𝑖 = 1

𝐿𝑖

𝜕𝐿𝑖
𝜕𝜏 , (3.26)

where 𝐿𝑖 is the length in direction 𝑖 ∈ [𝑇 , 𝑅, 𝐿]. Assum-
ing that lengths vary linearly with temperature and
pyrolysis advancement between equilibrium states, 𝜶

and 𝝃 are constant. In this framework, the strains as-
sociated with these phenomena are written as

𝛿𝜺𝑡ℎ = ∫
𝑇 (𝑡+𝑑𝑡)

𝑇 (𝑡)
𝜶 𝑑𝑇 = 𝜶 𝛿𝑇 , (3.27)

𝛿𝜺𝑠ℎ = ∫
𝜏(𝑡+𝑑𝑡)

𝜏(𝑡)
𝝃 𝑑𝜏 = 𝝃 𝛿𝜏. (3.28)

Finally, the constitutive law reads

⟨𝛿𝝈⟩ = 𝑪 ∶ (1
2 (∇ ⟨𝛿𝒖⟩ + (∇ ⟨𝛿𝒖⟩)𝑇 )

− 𝜶 ⟨𝛿𝑇 ⟩ + 𝝃 ⟨𝛿𝜏⟩ ). (3.29)

4 Results and discussion
The conservative form of the mass conservation equa-
tion is tested on a controlled thermal expansion case.
It consists of a 1D bar made of pine wood subjected to
a fixed temperature of 750 K. The thermal expansion
coefficient is chosen to be very large (𝛼 = 4×10−3 K−1)
in order to clearly visualize the difference between the
conservative and non-conservative cases. Fig. 3 shows
the comparison between the two cases: without the vol-
ume variation correction, the mass increases in order
to maintain a constant density.
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Figure 3: Mass evolution comparison between conser-
vative and non conservative cases.

5 Conclusions
This work presents a rigorous approach to ensur-
ing mass conservation within a pyromechanics mod-
eling framework. More specifically, it integrates the
anisotropic volumetric change into the mass conserva-
tion equation. This volumetric change is further solved
using a solid mechanics framework accounting for elas-
tic strain, thermal expansion and pyrolysis shrinkage.
The complete pyromechanics model has been imple-
mented in PATO and the conservative approach has
been validated on a simple thermal expansion case.

For future work, a test case under pyrolysis condi-
tions could be considered, but the main objective is
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to extend this approach to a pyrolysis model that en-
ables competitive reaction mechanisms accounting for
the heating rate.
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Abstract

As part of a project aiming for the development of a process allowing to produce sustainable and
cost-effective carbon fibers, this work seeks to understand, model and simulate the continuous charring
process used in the industry to transform polymer fibers into carbon fibers. This study is undertaken by
adapting an existing pyromechanics model initially developed for wood in the Porous material Analysis
Toolbox based on OpenFoam (PATO). The model couples decomposition kinetics, transport phenomena,
and solid mechanics via an incremental approach using linear orthotropic elasticity. Preliminary results
show the model’s ability to simulate the structural evolution of polymer fibers with complex cross sections.
This model provides a solid foundation for future improvements, including (visco)plastic behavior.

Keywords: pyromechanics, pyrolysis, PATO, polymer, carbon fiber

1 Introduction

This project is part of a PhD thesis titled "Sustain-
able and cost effective high performance carbon fiber
with lightweight impact," aiming to develop high-
performance, lightweight, sustainable, and low-cost car-
bon fibers. One of the major technological barriers in
producing these fibers lies in mastering the carboniza-
tion stage [1]. This complex pyrolysis process, carried
out under an inert atmosphere and mechanical tension
determine the final properties of the fibers [2, 3].

While numerous models describing the chemical
kinetics of polymer pyrolysis exist in the literature
[4, 5, 6], there is a significant lack of models specifically
dedicated to the continuous and controlled process of
industrial fiber carbonization. This process is distin-
guished by the simultaneous application of a precise
thermal profile and constant mechanical tension, aimed
at orienting the nascent graphitic structure [7, 3].

The main objective of this study is therefore to fill
this gap by developing a digital twin focused on the
fiber’s mechanical response (shrinkage, development
of internal stresses) during this critical carbonization
stage. Understanding and simulating these phenomena

is essential for optimizing the process, and accelerating
the development of competitive carbon fibers [8].

2 Background
Carbon fiber manufacturing is a multi-step process.
Initially, a polymer precursor is shaped into contin-
uous filaments using spinning techniques (e.g., wet
spinning or dry-jet wet spinning), producing polymer
fibers [7, 9]. These fibers are then subjected to an
oxidative stabilization step, typically conducted at tem-
peratures between 200°C and 300°C in an oxygen-rich
environment [8]. This step is crucial as it transforms the
linear polymer chains into a thermally stable ladder-like
structure, preventing melting during the subsequent
high-temperature carbonization [8].

The carbonization step itself involves heating these
precursor fibers in a series of furnaces under an inert at-
mosphere (usually nitrogen) to very high temperatures,
often reaching and exceeding 1000 °C, and potentially
up to 1500 °C or more for certain grades [10, 11]. This
intense thermal treatment causes the pyrolysis of the
polymer: non-carbon elements (hydrogen, oxygen) are
eliminated as volatile gases (H2O, CO, CO2, CH4, etc.),
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leaving behind an increasingly carbon-rich structure
[10, 5]. As the temperature rises, this carbon structure
organizes, transitioning from an amorphous state to
an increasingly ordered state, with the formation and
growth of oriented graphitic domains [10, 11].

A fundamental and distinctive aspect of fiber car-
bonization is the application of continuous mechanical
tension throughout the passage through the furnaces.
As pyrolysis progresses, the fiber undergoes significant
mass loss and naturally tends to shrink, both axially
and radially, due to this mass loss and the atomic rear-
rangement towards a denser structure [8]. The applied
tension primarily counteracts the longitudinal shrink-
age. By doing so, it promotes the alignment of the
forming carbon chains and graphitic planes along the
fiber axis [3, 2]. This tension-induced microstructural
orientation is directly responsible for the excellent me-
chanical properties (high tensile strength and Young’s
modulus) of carbon fibers in the axial direction [2, 12].
Mastering the complex interplay between the thermal
profile (temperatures, heating rates), the inert atmo-
sphere, and the tension level (which may vary along
the line) is therefore absolutely crucial for controlling
the microstructure and achieving the desired final prop-
erties.

3 Methods
The modeling approach adopted combines a pyrolysis
reaction model with a mechanical deformation model to
simulate the coupled behavior of polymer fibers during
thermal treatment under tension.

3.1 Simulation Tool
Simulations are performed using PATO (Porous mate-
rials Analysis Toolbox based on OpenFOAM). PATO is
an open-source toolbox for analyzing multiphase porous
reactive materials. It is built upon the OpenFOAM
finite volume calculation library and uses Mutation++
library for thermodynamic, transport, and chemistry
calculations [13, 6].

3.2 Adaptation of the Pyromechanical
Model

This work is built upon the pyromechanical model
developed by Flora Lahouze during her PhD for wood
pyrolysis [13]. This fundamental model is adapted to
the specifics of our use case:

• Material: The constitutive model for wood (con-
sidered an orthotropic composite of cellulose, hemi-
cellulose, lignin, and water) is simplified to initially
represent a cellulose fiber (potentially with resid-
ual bound water). This representation may evolve
in the future to incorporate other types of poly-
mer precursors. The material properties (thermal,
mechanical, kinetic, shrinkage) used initially are
derived from Lahouze’s model and will need spe-
cific calibration for the cellulose fiber under study.

• Thermal Treatment: Unlike the "classic" pyroly-
sis of a bulk sample where temperature results from
a complex energy balance (internal conduction, ex-
ternal convection/radiation, reaction heats), we
model the continuous industrial carbonization pro-
cess of fibers by imposing a thermal profile uni-
formly on the fiber. To simplify and accelerate
calculations compared to the real process (several
hours with different holding times and heating
rates), we apply a linear temperature ramp from
ambient temperature (20 °C) up to 1000 °C at a
rate of 10 °C/min (≈0.167 K s−1) [14]. The energy
conservation equation from the original model is
therefore deactivated and replaced by this imposed
temperature condition T (t) = T0 + βt.

• Mechanical Conditions: The mechanical consti-
tutive model is linear elastic (viscoelastic or plastic
effects are not taken into account for the moment).
To account for large strains an updated lagrangian
approach is adopted as the fiber goes under free
deformation during the thermal ramp.

3.3 Description of the Model
The proposed model relies on the following components,
solved in a coupled manner by PATO using the finite
volume method.

3.3.1 Pyrolysis Kinetics and Mass Conserva-
tion

The decomposition of cellulose (and potential residual
water) is modeled using a simple reaction scheme with
Np pseudo-components (here, Np = 2: cellulose, water).
Each component i irreversibly decomposes into gas and
a carbonaceous residue ("char") according to a first-
order reaction with Arrhenius-type kinetics:

dχi

dt
= Ai exp

(
− Ei

RT (t)

)
(1 − χi) (3.1)

where χi ∈ [0, 1] is the conversion degree of component
i, Ai is the pre-exponential factor, Ei is the activation
energy, R is the ideal gas constant, and T (t) is the
imposed temperature from the ramp.

The total mass loss rate per unit current volume,
πtot (kg m−3 s−1), which represents the gas source, is
calculated by summing the contributions from each
component:

πtot(t) = −
Np∑

i=1

ϵ0,i⟨ρ0,i⟩i

det(F) Fi
dχi

dt
(3.2)

where ϵ0,i and ⟨ρ0,i⟩i are the initial volume fraction
and initial intrinsic density of component i, Fi is the
mass fraction of this component that volatilizes (gas
yield), and det(F) is the determinant of the deformation
gradient, representing the local volume change.

This rate πtot couples the mass conservation equa-
tions for the solid phase (index s) and the gas phase
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(index g), averaged over the representative elementary
volume (REV):

∂⟨ρg⟩
∂t

+ ∇ · (⟨ρg⟩⟨vg⟩g) = −πtot (3.3)

∂⟨ρs⟩
∂t

+ ∇ · (⟨ρs⟩⟨vs⟩s) = πtot (3.4)

where ⟨ρk⟩ = ϵk⟨ρk⟩k is the apparent density of phase
k (k = s, g), ϵk is its volume fraction, ⟨ρk⟩k its intrinsic
density, and ⟨vk⟩k its average intrinsic velocity. Note
that ϵs + ϵg = 1.

3.3.2 Gas Flow

The flow of gases produced by pyrolysis through the
evolving porous structure of the fiber (permeability K,
porosity ϵg) is assumed to follow Darcy’s law, relating
the gas filtration velocity (relative velocity to the solid)
to the gas pressure gradient ∇⟨pg⟩g:

ϵg(⟨vg⟩g − ⟨vs⟩s) = − K
µg

· ∇⟨pg⟩g (3.5)

where µg is the dynamic viscosity of the gas mixture.
The permeability K is a tensor that can be anisotropic
and evolves as the fiber transforms.

3.3.3 Solid Deformation Mechanics (Incremen-
tal Approach)

The macroscopic deformation of the solid fiber is con-
sidered slow enough to assume quasi-static mechanical
equilibrium at each instant:

∇ · ⟨σ⟩ = 0 (3.6)

where ⟨σ⟩ is the Cauchy stress tensor averaged over
the REV. To solve this potentially non-linear problem
(large strains, evolving material properties) with a fi-
nite volume method, an incremental approach is used.
The transformation is discretized into small time steps
∆t. At each step, from t to t + ∆t, the displacement
increment δu = u(t+∆t)−u(t) is calculated by solving
the equilibrium equation for the stress increment δσ:

∇ · ⟨δσ⟩ = 0 (3.7)

Within this incremental framework, it is assumed that
the total strain increment ⟨δϵ⟩ = 1

2 (∇δu + (∇δu)T )
can be additively decomposed into a reversible elastic
part δϵel, a part due to thermal expansion/contraction
δϵth, and an irreversible part due to pyrolysis shrinkage
δϵsh:

⟨δϵ⟩ = ⟨δϵel⟩ + ⟨δϵth⟩ + ⟨δϵsh⟩ (3.8)

The thermal strain increment is related to the tem-
perature change δT = T (t + ∆t) − T (t) via the ther-
mal expansion tensor α: δϵth = αδT . The pyrolysis
shrinkage increment is related to the reaction progress
(change in total conversion δτ = τ(t + ∆t) − τ(t)) via
the shrinkage tensor ξ: δϵsh = ξδτ .

A linear orthotropic elastic constitutive law (adapt-
ing the wood assumption) is postulated, relating the

stress increment to the elastic strain increment via the
stiffness tensor C (4th order):

⟨δσ⟩ = C(t) : ⟨δϵel⟩ = C(t) : (⟨δϵ⟩ − α(t)δT − ξ(t)δτ)
(3.9)

The material tensors C, α, and ξ, as well as the
permeability K, evolve during pyrolysis. This evo-
lution is modeled by a linear interpolation between
the properties of the "virgin" state (φv) and those of
the "charred" state (φc) based on the total pyrolysis
conversion τ(t) ∈ [0, 1] (where τ = 1 for the virgin state
and τ = 0 for the charred state):

φ(t) = τ(t) · φv + (1 − τ(t)) · φc (3.10)

The total conversion τ is calculated as a weighted aver-
age of the individual conversions χi based on the initial
mass of each component.

After solving Equations (3.7) and (3.9) to find the
displacement increment δu, the geometric mesh is up-
dated using an ALE (Arbitrary Lagrangian-Eulerian)
technique, where the mesh node velocity matches the
solid velocity ⟨vs⟩s = δu/∆t. This allows tracking the
large deformations of the fiber.

3.3.4 Geometry and mesh of the fiber

The model geometry is a 50 µm diameter fiber with a
hollow, 7-hole geometry (each hole 15 µm in diameter)
and a length of 100 µm. Meshing the geometry was
performed using the snappyHexMesh utility resulting in
a minimum meshsize of 1.5 µm × 1.5 µm × 1.25 µm
(in the x, y, and z directions, respectively).

4 Results
Figure 1 illustrates the evolution of the stress magni-
tude (sigma Magnitude) at three key moments of the
simulation.

• At t = 0 s (Figure 1a), the fiber is in its initial
state, before the thermal treatment. The internal
stresses are low but not at their lowest (light blue
scale), corresponding to the initial resting state.

• At t = 1560 s (Figure 1b), the simulation indi-
cates a pyrolysis conversion of approximately 0.5.
With the applied heating ramp (10 °C/min from
20 °C), this time corresponds to a temperature of
about 550 °C. At this moment, we observe that the
internal stress in the fiber is maximal. The zones
of highest stress (in red, reaching ≈ 3.8 × 106 Pa)
are located mainly in the material between the
holes and on the outer periphery of the fiber.

• At t = 4200 s (Figure 1c), at the end of the
simulation (temperature of 1000 °C), the stress
state has returned to a very low level, similar to
the initial state (entirely blue).

Visually, the comparison between Figure 1a and Fig-
ure 1c also allows us to observe the reduction in the
overall diameter of the fiber and the holes, illustrat-
ing the radial shrinkage phenomenon simulated by the
model.
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(a) t = 0 s (Initial state) (b) t = 1560 s (Conversion ≈ 0.5) (c) t = 4200 s (End of simulation)

Figure 1: Evolution of the stress magnitude (sigma Magnitude) in the hollow fiber at different times of the
pyrolysis simulation (blue: low stress; red: high stress).

5 Discussion

The observation of a significant stress peak at t = 1560 s
(Figure 1b) is the most striking result. This mo-
ment, corresponding to a temperature of approximately
550 °C and a reaction conversion of 0.5, is chemically
coherent. At this temperature, the polymer structure
(cellulose) has undergone its main decomposition and is
transitioning predominantly to the "char" state [5, 15].
This transition involves significant atomic reorganiza-
tion and mass loss, generating shrinkage strains (Equa-
tion (3.8)) which, if constrained by the geometry (such
as the presence of holes), induce internal stresses.

The fact that the stress is maximal at this precise
moment (Figure 1b) suggests that the transition phase
to char is the most mechanically critical. Before this,
the material is still predominantly polymer; after (Fig-
ure 1c), the material is a stable char that no longer
undergoes major chemical transformations, and the
internal stresses have relaxed (within the framework of
this elastic model).

The simulation of stress results clearly identifies zones
of high solicitation (between the holes). In a real case,
these high-stress zones could correspond to areas of
weakening or fragilization during carbonization. The
accumulation of internal stress could initiate micro-
cracks or structural defects, negatively impacting the
final mechanical properties of the fiber [16].

It is, however, essential to recall the limitations of
this simulation. The model uses an elastic constitutive
law (Equation (3.9)) and simulates free deformation.
The actual industrial process, in contrast, occurs under
mechanical tension [3, 2], and the material almost cer-
tainly exhibits (visco)plastic behavior, especially during
the state transition. The stress values obtained here
are therefore not quantitatively predictive but serve as
powerful qualitative indicators to locate critical points
in the geometry during the process.

6 Conclusions
This preliminary work demonstrates the capability of
the pyromechanical model, adapted from [13] and im-
plemented in PATO, to qualitatively simulate the car-
bonization of a polymer fiber with a complex internal
geometry. The model successfully couples pyrolysis
kinetics, transport phenomena, and solid mechanics.

The simulations have made it possible to:

• Visualize the radial shrinkage of the fiber during
the thermal treatment.

• Demonstrate the evolution of internal stresses,
with a maximum peak identified at t = 1560 s
(≈ 550 ◦C).

• Correlate this stress peak to the chemical transition
phase to char, which is physically coherent.

• Identify regions of high stress concentration, po-
tential areas of weakening in the real process.

Future work should focus on improving the model to
get closer to industrial conditions. The next steps will
include calibrating the material parameters (kinetic,
mechanical) specific to the fiber under study, integrat-
ing more complex mechanical behavior (viscoelasticity
or plasticity), and ultimately, simulating the process
under axial mechanical tension, to move closer to the
targeted digital twin of the carbonization process.
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Abstract

Porous ablative thermal protection systems (TPS) experience coupled processes of pyrolysis, gas release,
and skeleton shrinkage under hypersonic aerothermal loading. The architecture of the Porous material
Analysis Toolbox based on OpenFoam (PATO) is designed to allow the coupling of material response
(PATO-material class) to external flows (PATO-fluid class). This work develops a strongly coupled
framework that integrates the compressible solver rhoPimpleFoam in PATO. The approach enforces
conservative mass, momentum, and energy exchange at the moving porous/gas interface under a
local thermal equilibrium (LTE) assumption for the porous medium and a compressible Navier–Stokes
description for the gas. Arbitrary Lagrangian–Eulerian (ALE) mesh motion transfers pyrolysis-induced
displacement to the fluid mesh; Laplacian smoothing preserves mesh quality and conformality at the
receding interface. The methodology is demonstrated on a pore-scale geometry extracted from high-
resolution micro-CT of wood (∼ 120 µm cube). The results reproduce the expected qualitative behavior:
inward progression of the pyrolysis front, skeleton recession and morphology change, gas percolation, and
blowing that perturbs the near-surface flow. These findings establish the feasibility and robustness of
the integration of rhoPimpleFoam in PATO to study multiphysics processes in realistic microstructures.

Keywords: Arbitrary Lagrangian–Eulerian (ALE); Strong Coupling; Compressible Navier–Stokes;
Porous Media.

1 Introduction
Thermal protection systems (TPS) based on porous
ablators undergo pyrolysis, gas release, and skeleton
shrinkage under severe aerothermal loads. In this work,
we integrate a compressible OpenFOAM [1] fluid solver
(rhoPimpleFoam) within the Porous material Analysis
Toolbox based on OpenFoam (PATO) [2], enabling (i)
consistent interface conditions for mass, momentum,
and energy, and (ii) Arbitrary Lagrangian–Eulerian
(ALE) mesh motion [3] that propagates pyrolysis-driven
deformation from the porous domain to the fluid do-
main. The resulting framework supports conjugate
fluid–porous interactions with a moving, deforming
interface.

Contributions. (i) A strong-coupling strategy be-
tween rhoPimpleFoam and the material classes of
PATO with interface fields exchanged at each time

step; (ii) an ALE mapping that transfers incremental
solid displacement to the fluid mesh with robust Lapla-
cian mesh smoothing; (iii) a consistent set of interface
boundary conditions compatible with the local thermal
equilibrium model (LTE) in the porous medium [4] and
compressible Navier–Stokes in the gas.

2 Background
The architecture of PATO is designed to allow the cou-
pling of material response (material class) to external
flows (fluid class) [5]. The material class allows for solv-
ing macroscopic porous-media balance equations (mass,
momentum, and energy) under local thermal equilib-
rium (LTE), coupled to solid mechanics and finite-rate
pyrolysis kinetics [4, 6]. In this work, OpenFOAM’s
rhoPimpleFoam solver was integrated as a flow solver;
it implements the transient compressible Navier–Stokes
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equations with a total-enthalpy/energy formulation us-
ing the PIMPLE algorithm [7]. In carbon–phenolic
and lignocellulosic ablators, gas produced by pyrolysis
percolates through the shrinking skeleton; the resulting
interface motion modifies the outer flow and the surface
heat/mass transfer [8]. Capturing these interactions
motivates a tightly coupled multiphysics algorithm.

3 Methods
We solve two coupled regions: (i) a porous, reac-
tive, deforming solid–gas mixture (PATO-material
class) and (ii) an external compressible gas domain
(rhoPimpleFoam integrated as a PATO-fluid class).
Each region advances its own governing equations;
coupling is enforced via physically consistent inter-
face conditions and ALE mesh motion that transmits
the porous-domain deformation into the fluid mesh.
The fluid solver is integrated within PATO’s run-time
control to ensure synchronized time stepping, field ex-
change, and mesh updates.

3.1 Equations
Since there are two regions, different sets of equations
are solved in each region. All equations below are
those used in the present work and are accompanied
by concise definitions to avoid ambiguity.

Porous medium. Pyrolysis kinetics:

∂χi

∂t
= Ai exp

(
− Ei

R⟨T ⟩

)
(1−χi), ∀i ∈ [1, Np], (3.1)

where Np is the number of solid pseudo-components; Ai

and Ei are, respectively, the pre-exponential factor and
activation energy; χi is the conversion (advancement)
of component i; R is the gas constant; and ⟨T ⟩ is the
macroscopic temperature under LTE.

Mass conservation. Gas phase:

∂

∂t

(
εg⟨ρg⟩g

)
+ ∇·

(
εg⟨ρg⟩g⟨vg⟩g

)
= ⟨Π⟩. (3.2)

Here, εg is the gas volume fraction (porosity), ⟨ρg⟩g

and ⟨vg⟩g are intrinsic gas-phase density and velocity.
Solid phase:

∂ (εs ⟨ρs⟩s)
∂t

+ ∇ · (εs ⟨ρs⟩s ⟨vs⟩s) = −⟨Π⟩, (3.3)

where εs is the solid volume fraction, and ⟨ρs⟩s, ⟨vs⟩s

are intrinsic solid density and velocity.
Pyrolysis mass-loss term:

⟨Π⟩ =
∑

i∈[1,Np]

ε0,i ⟨ρ0,i⟩i

det(F ) Fi
dχi

dt
, (3.4)

where ε0,i and ⟨ρ0,i⟩i are initial solid volume fraction
and virgin density of component i, Fi is its mass-loss
fraction, and F is the deformation gradient [6].

Momentum conservation. Gas phase (Darcy–Biot
form [9]):

⟨vg⟩g = −
(

1
εgµg

K

)
· ∇ ⟨pg⟩g + ⟨vs⟩s

, (3.5)

with gas viscosity µg, intrinsic gas pressure ⟨pg⟩g, and
permeability tensor K.

Solid phase (quasi-static linearized form) [6]:

∇ · ⟨δσ⟩ = 0, (3.6)

and

⟨δσ⟩ = C :
(1

2
(
∇⟨δu⟩ + (∇⟨δu⟩)T

)
− α⟨δT ⟩ + ξ⟨δτ⟩

)
.

(3.7)
Here, C is the fourth-order stiffness tensor, α the ther-
mal expansion tensor, ξ the pyrolysis-shrinkage tensor,
δu the incremental displacement, and τ the overall
pyrolysis advancement:

τ =
∑

i

ϵ0,i ⟨ρ0,i⟩i Fi∑
i ϵ0,i ⟨ρ0,i⟩i Fi

(1 − χi) . (3.8)

Energy conservation under LTE. We assume ⟨Tg⟩ =
⟨Ts⟩ = ⟨T ⟩. The energy equation for both phases reads:

∑

i∈[1,Np]

∂t

(
εi⟨ρi⟩i⟨hi⟩i

)
+ ∂t (εg⟨ρg⟩g⟨eg⟩g)

=





∇ ·
(
k∇⟨T ⟩

)

+ ⟨vg⟩ · ∇⟨pg⟩g

− ∇ · (εg⟨ρg⟩g⟨hg⟩g⟨vg⟩g)

− ∇ ·
∑

i∈[1,Np]

εi⟨ρi⟩i⟨hi⟩i⟨vs⟩s

(3.9)

where k is the effective conductivity tensor (solid con-
duction, gas conduction, radiative transfer, and disper-
sion), ⟨hi⟩i are solid pseudo-component enthalpies, and
eg is the gas-phase internal energy.

Gas region. In the outer gas domain, we solve
the compressible Navier–Stokes equations and the
conservative total-energy equation in enthalpy form:

Mass conservation.
The compressible continuity equation for the gas reads

∂ρg

∂t
+ ∇·

(
ρgvg

)
= 0, (3.10)

where ρg is the gas density and vg the gas velocity.
Momentum conservation.

The balance of linear momentum is written in conser-
vative form as

∂(ρgvg)
∂t

+ ∇·
(
ρg(vg ⊗vg)+p I

)
− ∇·τ g = ρgg, (3.11)

with p the pressure, I the identity tensor, τ g the viscous
stress tensor, and g the gravitational acceleration.
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Total energy (conservative enthalpy form).
The total-energy equation is expressed as

∂(ρg(e + K))
∂t

+ ∇ ·(ρg vg (h + K))

= − ∇ · (kg∇T ) + ∇ ·(τ g · vg) + ρg g ·vg,
(3.12)

where e is the specific internal energy, K = 1
2 ∥vg∥2 the

specific kinetic energy, h the specific enthalpy, T the
gas temperature, and kg the gas thermal conductivity.

3.2 Boundary conditions at the
porous/gas interface

The coupling between the two regions is enforced
through the following interface conditions applied on
Γ, with the unit normal n directed from the porous
medium toward the gas region, consistent with previous
formulations [5].

Temperature continuity:

[T ]g = [⟨T ⟩]p, at Γ (3.13)

Conductive heat-flux continuity:
[

− kg(∇T ) · n
]

g
=

[
− k(∇⟨T ⟩) · n

]
p
, at Γ (3.14)

Pressure continuity:

[p]g = [⟨pg⟩g]p, at Γ (3.15)

Gas velocity condition (moving interface):

[vg − umesh]g =
[
εg

(
⟨vg⟩g · n

)
n

]
p
, at Γ (3.16)

These boundary conditions ensure consistent mass,
momentum, and heat transfer between the gas and
the porous material while preserving thermodynamic
compatibility under LTE assumptions [10].

3.3 Moving mesh strategy
Due to pyrolysis, the porous medium deforms and the
porous mesh moves following the incremental displace-
ment field δu computed in the solid region using the
ALE method. To ensure that the fluid mesh remains
consistent with this motion and that no gap appears
between the two regions, the following procedure is
applied at every time step:

1. Solve the solid momentum conservation equation
in the porous region to obtain the incremental
displacement field δu caused by pyrolysis.

2. Move the porous mesh by applying this incremental
displacement to each cell in the porous region.

3. The motion of the porous mesh creates a temporary
gap between the porous and gas meshes; the same
incremental displacement is therefore mapped to
the fluid-side interface cells so that these boundary
cells move and the two meshes remain connected.

4. This interface deformation may generate highly
skewed cells in the fluid domain; thus, a Lapla-
cian mesh-smoothing equation is solved in the gas
region to propagate the displacement throughout
the entire fluid mesh and restore the overall mesh
quality.

5. As a result, both the porous and fluid meshes
move consistently without gaps, while preserving
acceptable cell shape and mesh integrity in both
regions.

This strategy ensures that the interface motion remains
geometrically consistent and that the fluid and porous
meshes remain conformal, allowing the interface bound-
ary conditions to properly enforce mass, momentum,
and energy conservation across the evolving interface
[3].

4 Results: Pore-scale simulation
of pyrolysis

We demonstrate the strong fluid–porous coupling on a
pore-scale configuration obtained from a high-resolution
micro-CT scan of wood (voxel size ≈ 0.3 µm). From the
segmented dataset, a cubic sub-volume of characteristic
size ≈ 120 µm was extracted, representing the solid car-
bonaceous skeleton and its interconnected pore space.
At this microscopic scale, the volume includes only a
limited number of pores, which facilitates detailed res-
olution of the fluid–solid interactions during pyrolysis
while keeping the computational cost tractable given
the fine mesh required and the number of coupled gov-
erning equations.

Although pyrolysis is simulated here at the pore scale,
the coupling methodology developed in this work re-
mains the same as that used for macroscopic porous
ablators. To apply it in this microscopic context, we
treat the wood cell walls (the solid microstructure)
as a porous medium in the sense of PATO’s-material
class governing equations, while the “external” gas re-
gion corresponds simply to the gas occupying the pore
cavities. In other words, the porous–gas interface ap-
pears inside the microstructure itself: the solid skeleton
evolves according to the porous-medium model, and the
surrounding pore gas plays the role of the external fluid
domain. This interpretation allows the full coupling
strategy—interface mass-, momentum-, and energy-
consistent exchange together with ALE-driven mesh
motion—to be exercised directly on a real micro-CT
geometry.

Geometry and boundary conditions. The compu-
tational domain is a cube with the micro-CT solid skele-
ton centered inside. At the gas inlet, a uniform velocity
uinlet is prescribed with zero-gradient pressure. At
the outlet, atmospheric pressure is imposed with zero-
gradient velocity. No-slip velocity and zero-gradient
pressure are applied on lateral walls. A temperature
of 800 K is imposed at the inlet and lateral walls; the
interface conditions of Section 3.2 are applied at the
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Figure 1: Pore-scale computational domain used for the
coupled fluid–porous pyrolysis simulation. The solid
structure corresponds to a ≈ 120 µm wood microstruc-
tural segment reconstructed from high-resolution micro-
CT imaging (voxel size ≈ 0.3 µm), showing the cellular
anatomy and internal pore network. This segmented
solid skeleton is embedded within a cubic gas domain
where the external flow and thermal loads are applied.

porous/gas boundary. Figure 1 illustrates the domain
and boundary conditions.

Model parameters. All porous-material thermal,
mechanical, transport, and kinetic parameters used in
this study are taken directly from the reference dataset
in [6], where detailed descriptions, temperature depen-
dences, and tabulated values are provided. This ensures
full consistency with experimentally calibrated prop-
erties for wood pyrolysis while avoiding unnecessary
duplication here. Readers interested in the complete
parameter set are referred to [6].

Field evolution. Figure 2 shows solid skeleton defor-
mation over time as a function of the overall pyrolysis
advancement τ (with τ = 1 for virgin and τ = 0
for char). Figure 3 shows gas-phase streamlines high-
lighting pyrolysis-blowing emanating from the receding
skeleton and its effect on the external flow.

5 Discussion
The present results show that the coupled approach
captures the essential behaviors expected during ab-
lation. As the temperature rises, the pyrolysis front
advances inward and the solid skeleton progressively
shrinks, leading to a retreat of the porous/gas inter-
face. The gas released inside the material finds its way
through the pore network and exits into the outer flow,
where it locally disturbs the streamlines (Figs. 2 and
3). This blowing effect near the surface, although qual-
itatively demonstrated here, is known to influence heat
and momentum transfer in ablative thermal protection
systems.

The physical models used in this initial study—local
thermal equilibrium within the porous medium, a
Darcy–Biot formulation for gas transport, and a com-
pressible Navier–Stokes description for the external
flow—remain reasonable for the small and highly re-
sistive pore structures studied here. The ALE mesh
motion combined with Laplacian smoothing proved ef-
fective in maintaining a good mesh quality while the
interface deformed, which was essential to preserve
conservation at the boundary.

There are, however, clear limitations that need to
be addressed. The micro-CT volume is very small
(∼ 120 µm), which limits the representativeness of the
pore network. Material properties were taken from
a reference dataset and not specifically calibrated for
this specimen. In addition, the current setup neglects
multi-species chemistry and radiation, which can be-
come important at higher temperatures. These limita-
tions define the next steps for this effort, together with
a broader validation campaign against experimental
micro-CT and thermogravimetric data.

6 Conclusions
We presented a strong material-flow coupling that en-
forces conservative interface conditions under LTE
and uses ALE mesh motion to transmit pyrolysis-
induced deformation to the gas domain. On a micro-
CT wood geometry, the framework produced physi-
cally consistent skeleton recession and pyrolysis-driven
blowing that alters the outer flow. Next steps in-
clude specimen-specific calibration of kinetic/transport
laws, temperature- and conversion-dependent perme-
ability/porosity, multi-species gas with interfacial chem-
istry, and scale-up with adaptive meshing to support
predictive TPS simulation.
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Abstract

Wood pyrolysis is a fundamental process governing the ignition, flame spread, and degradation of
lignocellulosic materials in fire scenarios [1]. Accurate modelling of this process requires capturing the
complex interactions between heat transfer, mass transport, and chemical decomposition within the
evolving porous char layer [2, 3]. While existing pyrolysis models, such as the NASA-developed PATO
(Porous material Analysis Toolbox), primarily account for surface radiation and conduction [4], increasing
evidence highlights the significant role of in-depth radiative heat transfer through the char [1, 5, 6, 7].
In this work, we extend the PATO framework to incorporate two complementary radiation mechanisms:
(i) radiation absorption within the porous char matrix using a Beer–Lambert law formulation; and (ii)
radiation transport through crack networks forming in the char layer. These cracks act as preferential
pathways that amplify internal heating, thereby influencing pyrolysis dynamics, flame spread, and
structural response. The proposed modelling framework provides a more physically realistic representation
of heat transfer during wood pyrolysis, enhancing predictive capabilities for fire safety applications.

Keywords: wood pyrolysis, char cracking, heat transfer, radiation, modeling, cone calorimeter

1 Introduction

Wood pyrolysis governs the thermal degradation, igni-
tion, and fire spread of lignocellulosic materials. Accu-
rate modeling is essential for predicting fire dynamics
and improving safety engineering practices [8, 9, 10].
The NASA-developed PATO code [4] resolves cou-
pled thermal degradation and transport phenomena
in porous materials, typically accounting for surface
radiation and conduction. However, experimental ev-
idence indicates that radiation penetrates the porous
char layer, altering temperature distribution and py-
rolysis front dynamics [11, 12]. Additionally, crack
networks in char serve as preferential pathways for heat
and mass transfer, significantly enhancing radiation
penetration and accelerating pyrolysis [13]. This work
extends PATO by implementing: (i) Beer–Lambert law
for radiation penetration through porous char, and (ii)
a model for radiation transport through crack networks.
This combined approach improves heat transfer repre-
sentation during wood pyrolysis, enhancing predictive
capabilities for fire safety applications.

2 Material and Methods

2.1 Experimental setup

Experiments were performed in a cone calorimeter un-
der nitrogen flow (185 L min−1, < 1 vol.% O2) to isolate
pyrolysis from oxidation [14]. Heat fluxes of 20 and
50 kW m−2 were applied via an electrically heated cone,
calibrated with a Schmidt–Boelter gauge at 25 mm be-
low the heater. Monte Carlo simulations revealed radial
flux non-uniformities (Figure 1); cylindrical samples
(80 mm diameter) were used to ensure uniform heating
in the central region.

Wood specimens (80 mm diameter, 21 mm thick,
∼ 10 wt.% moisture) were cut with fibers parallel to the
exposed surface to control anisotropic heat transfer and
crack formation. Samples were mounted in a calcium
silicate holder (120 mm diameter, 80 mm height, ther-
mal conductivity 0.08 W m−1 K−1 to 0.14 W m−1 K−1)
to minimize lateral heat losses.

Measurements included: (i) continuous mass moni-
toring for mass loss rate (MLR), and (ii) temperature
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(a) Experimental Setup (b) Surface Heat Flux

Figure 1: Cone Calorimeter Setup (a) and Surface Heat
Flux Distribution (b)

profiles via three K-type thermocouples (0.5 mm diam-
eter) at 4 mm, 11 mm, and 17 mm depths (Figure 1).
Mass and temperature tests were performed separately
to avoid interference. At 20 kW m−2, minimal cracking
occurred; at 50 kW m−2, extensive surface cracking
developed.

2.2 Modelling approach
The pyrolysis of wood is modeled as a reactive multi-
phase porous medium. We use the volume-averaging
method [15, 16, 17, 18] to derive macroscopic conserva-
tion laws for heat, mass, and species.

The expressions for conservation equations and prop-
erty calculations follow the approach described in [3].

2.2.1 Volume averaging and phase definitions

For a variable ψ in phase A (solid Sj or gas G), the
phase average and intrinsic phase average are:

⟨ψA⟩ = 1
δV

∫

δVA

ψA dV, ⟨ψA⟩A = 1
δVA

∫

δVA

ψA dV,

⟨ψA⟩ = ϵA⟨ψA⟩A

(2.1)
Here, δV is the total volume of the REV, δVA is the
volume occupied by phase A within the REV, and ϵA
represents the volume fraction of phase A.

For each solid phase Sj , the volume fraction ϵSj , and
the porosity ϵG for the gas phase G are expressed as:

ϵSj
=
δVSj

δV
, ϵG = δVG

δV
, ϵG +

N∑

j=1
ϵSj

= 1 (2.2)

We assume constant total volume during pyrolysis,
δV is fixed, only phase fractions ϵSj

, ϵG evolve [4, 3].

2.2.2 Pyrolysis reaction scheme

Wood is decomposed into cellulose, hemicellulose, and
lignin, each forming char and gases. The general reac-
tion for each step Rm is:

Rm : Si →
NS∑

j=1
µj(Rm)Sj +

NG∑

k=1
νGk(Rm)Gk (2.3)

with µj(Rm), νGk(Rm) as stoichiometric coefficients. The
Arrhenius rate law is:

⟨ω̇Si⟩(Rm) = −k(Rm)⟨ρv0,Si⟩(Rm)

( ⟨ρSi
⟩(Rm)

⟨ρv0,Si
⟩(Rm)

)n(Rm)

(2.4)

where
k(Rm) = A(Rm) exp

(
−Ea(Rm)

R⟨T ⟩

)
(2.5)

Product rates:

⟨ω̇Sj
⟩(Rm) = µj(Rm)⟨ω̇Si

⟩(Rm), (2.6)
⟨ω̇Gk

⟩(Rm) = νGk(Rm)⟨ω̇Si
⟩(Rm) (2.7)

2.2.3 Mass conservation

Solid species Si and gas phase G mass balances are:

∂t⟨ρSi
⟩ = ⟨ω̇Si

⟩(form) − ⟨ω̇Si
⟩(dest) (2.8)

∂t(ϵG⟨ρG⟩G) + ∇ · (ϵG⟨ρGuG⟩G) =
NR∑

m=1

NG∑

k=1
⟨ω̇Gk

⟩(Rm)

(2.9)

2.2.4 Momentum conservation: Darcy’s law

Gas flow follows Darcy’s law:

⟨uG⟩G = − K

µG
∇⟨pG⟩G (2.10)

2.2.5 Gaseous species conservation

Each gas species Gk:

∂t(ϵG⟨ρGYGk
⟩G) + ∇ · (ϵG⟨ρGYGk

uG⟩G)

= ∇ ·
(
ϵG
η

⟨ρGDGk
∇YGk

⟩G

)
+

NR∑

m=1
⟨ω̇Gk

⟩(Rm)
(2.11)

2.2.6 Energy conservation

Assuming local thermal equilibrium (LTE), the solid
and gas share temperature ⟨T ⟩. The energy balance is:

∂t

(
⟨ρShS⟩ + ϵG⟨ρGhG⟩G

)
+ ∇ ·

(
ϵG⟨ρGhGuG⟩G

)

= ∇ · (keff∇⟨T ⟩) +
NR∑

m=1
⟨ω̇⟩(m)∆Ho

(m)

+ ∂t

(
ϵG⟨pG⟩G

)
+ ⟨uG⟩G · ∇

(
ϵG⟨pG⟩G

)
+ ⟨Qrad⟩

(2.12)

2.2.7 In-depth radiative transfer model

External radiation penetrates the char layer by two
mechanisms: (i) absorption in the porous bulk (Beer–
Lambert law), and (ii) enhanced penetration via cracks.
The total volumetric radiative source is:

⟨Qrad⟩ = ⟨Qsolid⟩ + ⟨Qcrack⟩ (2.13)

Bulk absorption:

⟨Qsolid⟩ = βI0αsurfe
−βx(1 − fcrack) (2.14)

I0: incident intensity, αsurf : surface absorptivity, β:
extinction coefficient, x: depth, fcrack: fraction into
cracks.
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(a) Mass Loss

(b) Mass Loss Rate

Figure 2: Mass Loss and Mass Loss Rate versus Time at
50 kW m−2

Crack-mediated radiation:

⟨Qcrack⟩ = AcrackI0ϕcrack(τ, x)ατe
−x/ℓcrack (2.15)

ϕcrack(τ, x): transmissivity, ατ : crack absorptivity,
Acrack: crack area/volume, ℓcrack: attenuation length.

Effective optical properties:

β = (1 − ϵmoisture)[(1 − τ)βvirgin + τβchar]
+ ϵmoistureβmoisture, (2.16)

α = (1 − ϵmoisture)[(1 − τ)αvirgin + ταchar]
+ ϵmoistureαmoisture (2.17)

where τ : conversion, ϵmoisture: moisture volume frac-
tion.

Crack parameters:

ϕcrack(τ, x) = ϕcrack,max max
{

0, τ − τthreshold
1 − τthreshold

}n

× exp(−x/ℓcrack), (2.18)

Acrack(τ, x) = Acrack,max max
{

0, τ − τthreshold
1 − τthreshold

}n

× exp(−x/ℓcrack) (2.19)

τthreshold: crack onset, n: sharpness, ϕcrack,max,
Acrack,max: max values.

3 Results and discussion
Some variability was observed between tests due to
wood’s heterogeneous nature (Figure 2), though overall
trends remain consistent and within acceptable limits.

The mass loss curve (Figure 2) shows two phases:
rapid decomposition of moisture, hemicellulose, and
cellulose (0–1470 s, mass drops to ∼30%), followed by
slow lignin degradation (1470–3000 s, mass stabilizes
at ∼25%). The MLR exhibits two peaks (50 s and

(a) At 50 kW m−2

(b) At 20 kW m−2

Figure 3: Temperature along sample depth

1470 s). The first peak corresponds to surface heating
and moisture/hemicellulose decomposition, followed by
a minimum at 750 s due to char layer formation acting
as a thermal barrier. The second peak results from heat
accumulation in the insulated bulk, enhanced by crack-
mediated radiation at high flux (50 kW m−2). After
1470 s, MLR stabilizes at low levels, reflecting slow
lignin decomposition.

Temperature profiles (Figure 3) show initial heat-
ing slowing near 100 ◦C due to endothermic moisture
evaporation. Between 100–400 °C, the rise is relatively
uniform, corresponding to hemicellulose and cellulose
pyrolysis. Near 350 °C, temperature acceleration is ob-
served at all depths, attributed to: (i) completion of
endothermic reactions, (ii) exothermic lignin decompo-
sition, (iii) thermal insulation at the back face (more
pronounced at 11 and 17 mm), and (iv) crack forma-
tion enhancing heat transfer (Figure 4). Around 3000 s,
temperatures plateau, indicating quasi-thermal equi-
librium. Temperature evolution correlates with MLR
trends: the initial slowdown matches moisture-driven
MLR peak, the sharp rise coincides with major MLR
peaks (hemicellulose/cellulose), and the plateau aligns
with slow lignin degradation.

At 50 kW m−2, significant surface cracks form (Fig-
ure 4), necessitating in-depth radiation modeling. Sim-
ulations without radiation show strong discrepancies
near 350 °C and 1000–1500 s (crack formation regime),
while 20 kW m−2 simulations (minimal cracking) match
experiments well.

Simulations using the in-depth radiation model
(Section 2.2.7) with parameters Acrack,max = 500,
ϕcrack,max = 0.05, τthreshold = 0.3, ℓcrack = 0.005,
n = 1 show improved temperature predictions, par-
ticularly near crack formation conditions, and better
MLR agreement (Figure 2). Remaining discrepancies
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(a) 20 kW m−2 (b) 50 kW m−2

(c) In-depth crack propagation at 50 kW m−2

Figure 4: Surface cracks (a,b) and in-depth crack propaga-
tion (c) in char layer

(a) Mass Loss Evolution

(b) Mass Loss Rate Evolution

Figure 5: Ranzi model predictions vs. Experiment at
20 kW m−2

are attributed to: (i) simplified 1D geometry (3D effects
observed in [2, 3]), (ii) simplified chemistry (Figure 5
shows detailed Ranzi’s mechanism improves late-stage
mass predictions), and (iii) finite-thickness pyrolysis
front with concurrent reactions (Figure 7). This demon-
strates the model captures main radiation-crack trends;
further parameter optimization and 3D simulations
with detailed chemistry are needed.

4 Conclusions
This study advances the modelling of wood pyrolysis
by extending the PATO code to account for in-depth
radiative heat transfer through both porous char and
crack networks. The combined Beer—Lambert absorp-
tion and crack–mediated radiation transport provide

(a) Parallel Mechanisms

(b) Ranzi Mechanisms

Figure 6: Species Mass Fraction Evolution Comparison

(a) Pyrolysis Front Evolution

(b) Species Reaction Rate

Figure 7: Pyrolysis Front and Species Reaction Rate in
Ranzi’s Mechanism

a more realistic description of internal heating mech-
anisms, improving predictions of pyrolysis dynamics
and fire behaviour. These developments contribute to
more accurate fire safety assessments of wood–based
materials and structures under thermal exposure.

Acknowledgments: The authors gratefully acknowl-
edge the support of the NASA Ames Research Center
during the 2025 Modeling Summer Visit.
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Abstract
Pyrolysis, the thermal degradation of material at high temperatures, is crucial in applications from
biomass energy to spacecraft thermal protection. Current models in the Porous material Analysis
Toolbox based on OpenFoam (PATO) use simplified parallel reactions, limiting predictive accuracy
for gas species. This work focuses on implementing complex, competitive pyrolysis mechanisms (e.g.,
Ranzi) within PATO to address this limitation. We detail the integration methodology using PATO’s
chemistry framework coupled with the Mutation++ library, adopting a species-based approach with
frozen chemistry due to undefined secondary reactions. The implementation was validated in 0D against a
benchmarked Python script, showing excellent agreement (final error < 1 %). 1D simulations demonstrate
the model’s capability to capture coupled heat/mass transfer effects and the propagation of the pyrolysis
front. This work significantly enhances PATO’s predictive capabilities for detailed pyrolysis gas yields.

Keywords: Pyrolysis, PATO, Competitive Mechanisms, Heat Transfer, Mass Transfer.

1 Introduction

Pyrolysis, the thermal degradation of material at high
temperatures without oxygen, is a key phenomenon in
applications from biomass energy to spacecraft thermal
protection systems [1]. Accurate modeling is crucial,
and the PATO (Porous material Analysis Toolbox based
on Openfoam [9]) platform was developed to simulate
the coupled heat and mass transfers in degrading porous
media [10].

Current PATO models consist in parallel reactions
(typically 3–4) [2]. While computationally efficient,
this approach fails to capture the competitive nature
of pyrolysis or predict detailed gas species. Indeed,
pyrolysis is a complex network of competing reactions
(e.g., [3, 4]) where pathways depend heavily on oper-
ating conditions. Prior work focused on implementing
these mecanisms in a 0D python script [8]. However,
this approach ignores geometry and coupled transport
phenomena.

The main objective of the work carried out during
the MSV workshop was to fill this gap by developing
and integrating these competitive reaction mechanisms
directly into the PATO framework. This report details
the methodology and validation of this implementation.

2 Background and Methods
2.1 Thermochemical model
The implementation relies on OpenFoam’s chemistry
framework, which solves the species conservation equa-
tions for solid and gas phases:

∂(ϵs,i⟨ρs,i⟩)
∂t

= Mi⟨ωi⟩, ∂(ϵg⟨ρg⟩yi)
∂t

= Mi⟨ωi⟩, (2.1)

where ϵ is the volume fraction, ρ the density, yi the gas
mass fraction, Mi the molar mass, and ⟨ωi⟩ the net
molar production rate. It is computed from the com-
petitive chemical mechanism (e.g., Ranzi [4]) involving
Ns species Si and Nr reactions:

∑

i∈Ns

νf
i,rSi

kf
r−⇀↽−

kb
r

∑

i∈Ns

νb
i,rSi, r ∈ Nr. (2.2)

The total molar production rate of species i is

⟨ωi⟩ =
∑

r∈Nr

(νf
i,r−νb

i,r)

(
kf

r

∏

j∈Ns

⟨Xj⟩m
f
j,r − kb

r

∏

j∈Ns

⟨Xj⟩mb
j,r

)
,

(2.3)
where ⟨Xj⟩ is the molar density of species j. For pyrol-
ysis, reactions are assumed irreversible (kb

r = 0).
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Each forward rate follows an Arrhenius law:

kf
r = Ar⟨T ⟩nr exp

(
− Er

R⟨T ⟩

)
, (2.4)

where Ar, Er, and nr are the pre-exponential factor,
activation energy, and temperature exponent.

To manage the thermodynamics, PATO is coupled
with the Mutation++ library. This tool provides two
modeling pathways: an Elemental Approach (elements
like C, H, O are produced and equilibrated to estimate
the species composition) or a Species Approach (the
species composition computed within PATO is used
directly). The Species Approach can be used with
Finite Rate or Frozen chemistry; in this work, Frozen
chemistry is adopted due to the absence of defined
secondary reactions.

2.2 Development and Validation
The development was performed building
on J. Chevalier’s prior work on PATO’s
MaterialChemistryModel and PyrolysisModel
classes [6]. While previous work focused on the
EquilibriumElement model, this contribution fi-
nalized and validated the SpeciesConservation
PyrolysisMaterialChemistryModel.

Verification was progressive: first, a simplified 5-
species mechanism was used to test 0D, 1D, and 2D ro-
bustness (including pyromechanical coupling [1]). Sec-
ondly, the full Ranzi mechanism [7] was implemented
and verified compared with a 0D simulation capable of
reproducing Ranzi’s results [8] Finally, a 1D test-case
was run and the results are presented here.

3 Results
3.1 0D Verification: TGA Simulation
The first step was verifying the SpeciesConservation
PyrolysisMaterialChemistryModel in a 0D test case
(simulating a Thermogravimetric Analysis, TGA). This
0D approach models the material as a single finite-
volume cell, assuming a small particle with uniform
temperature and composition, neglecting internal heat
and mass transfer gradients. A consistent numerical
approach was used for the verification. Both the 0D
Python benchmark and PATO simulation solve the
species equations using an implicit Euler time integra-
tion scheme with a fixed time step of 0.5 s.

The test case simulated the pyrolysis of pine sawdust
(Pinus radiata) at 60 K/min using the mechanism and
initial composition from Ranzi et al. 2017 [7]. Gas
properties (enthalpy and heat capacity) for common
species (CO, CO2, H2O, CH4...) are accurately defined,
while those for more complex or intermediate species
are approximated as Nitrogen for the moment.

This verification was done by comparing PATO re-
sults against a standalone 0D Python script, which was
previously verified against literature (e.g., Ranzi [7])
and established as a reliable benchmark.

The results are presented in Figure 1. These figures
show the evolution of the mass fraction of all species
(solids and gases) over time/temperature. Solid species
are represented by shaded areas with a hatching pat-
tern, while gaseous species are represented by solid
colors (flat shading). Gases considered to be "trapped"
(intermediate species like G_COH2) are indicated by
small circular markers overlaid on their colored areas.

An excellent qualitative and quantitative agreement
is observed. The evolution of all solid and gaseous
species are virtually identical.

(a) 0D Python benchmark.

(b) 0D PATO simulation.

Figure 1: 0D verification of the full Ranzi competi-
tive mechanism at 60 K/min. Comparison between the
verified Python script (a) and the new PATO imple-
mentation (b).

To quantify this agreement, the absolute error
(MassFractionPATO − MassFractionPython) for each
species is plotted in Figure 2. The maximum abso-
lute error is around 0.13 (for G_CH4). Most errors are
transient, suggesting slight temporal shifts. The final
error stabilizes below 0.01 for all species, confirming
the final mass balance accuracy.
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Figure 2: Absolute error (PATO - Python) for each species during the 0D TGA simulation (60 K/min).

3.2 1D Simulation: Coupled Transport
and Chemical Effects

A one-dimensional simulation was performed
to demonstrate the coupled heat, mass,
and species transport phenomena using the
SpeciesConservationPyrolysisMaterialChemistry
Model . The numerical framework relies on an implicit
Euler integration scheme with an adaptative time step
governed by the pressure evolution. PATO employs a
Preconditioned Conjugate Gradient (PCG) solver for
solid-phase equations and PBiCGStab for gas-phase
transport to ensure stability.

The domain represents a 2.5 cm thick slab discretized
with 100 uniformly distributed cells, initially at equilib-
rium (300 K, 1 atm). Heating is applied via a Dirichlet
condition on the top surface (linear ramp of 60 K/min),
where gas pressure is fixed at Patm to allow gener-
ated volatiles to escape. All other faces are adiabatic
and impermeable. Material properties are linearly in-
terpolated between virgin and char states based on
degradation. Three probes record the local evolution
at the surface (0), mid-depth (1), and near the back
face (2).

Thermal and transport results.

Figure 3 gathers the temporal evolution of key variables.
The temperature front propagates from the heated
surface (>1200 K) toward the back face (≈600 K). As
heat penetrates, the solid density ρs decreases due to
devolatilization, confirming strong thermal-chemical
coupling. The material transitions from a virgin state
(bulk density ≈ 735 kg m−3, 51 % porosity) to a final
char residue of ≈ 95 kg m−3, reflecting the specific yield
determined by the competitive mechanism.

As volatile species form, internal pressure rises signif-
icantly, up to 102 800 Pa at the bottom of the material
(see Figure 3c). This overpressure drives Darcy flow
within the porous matrix, illustrated by the gas ve-
locity accelerating towards the outlet (Figure 3d) and
reaching 0.07 m s−1 at the end of the simulation. The
overall trends demonstrate a physically coherent cou-
pling between heat conduction, pyrolysis kinetics, and
gas transport.

(a) Temperature (Ta)

(b) Solid density (ρs)

(c) Gas pressure (p)

(d) Gas velocity (vg)

Figure 3: Temporal evolution of key fields at the three
probes (surface, middle, back face): temperature, solid
density, gas pressure, and gas velocity.

MSV 3



(a) Probe 0 (Surface)

(b) Probe 1 (Middle)

(c) Probe 2 (Back Face)

Figure 4: Temporal evolution of species mass fractions
at the three probes during the 1D simulation.

Species evolution and chemical pathways.
To analyze the chemical decomposition sequence, Fig-
ure 4 presents the time evolution of species mass frac-
tions at the three probes, as obtained from the full
Ranzi mechanism.

At the heated surface (probe 0), decomposition be-
gins early as the temperature rises, producing pri-
mary volatiles (e.g., water, CO, CO2) and levoglucosan
(LVG). The model correctly captures the transient na-
ture of intermediate lignin and cellulose fragments (LIG,
HCE), which appear and are then consumed, converting
into char and gases. Capturing these transient species
is crucial, as their secondary reactions (not modeled
here) can significantly alter the final gas yields. Deeper
in the material, at probes 1 and 2, the onset of pyrolysis
is significantly delayed due to the slower temperature
rise. At probe 1 (mid-depth), major decomposition
does not begin until 600 s. At probe 2 (back face),
the material barely starts to degrade by 1000 s. This
spatial variation of intermediate yields highlights the
sensitivity of the competitive reaction pathways to the
local temperature history—an effect naturally captured
in this coupled 1D framework but absent in purely
homogeneous 0D simulations.

4 Conclusions
The work during the MSV 2025 workshop suc-
cessfully finalized the implementation of the
SpeciesConservationPyrolysisMaterialChemistry
Model within PATO. This represents a significant
advancement, enabling the simulation of complex,
competitive pyrolysis mechanisms (like Ranzi) using a
“Frozen Chemistry” species-based approach, moving
PATO beyond simplified parallel reaction schemes.

The model was rigorously verified in 0D against a
benchmark, confirming the chemical solver’s accuracy.
It also demonstrated physically consistent coupling in
1D, showing robust results at a 60 K/min heating rate.
This 1D case proves the model can handle tight cou-
pling between heat conduction, internal gas transport,
and multi-species solid-phase chemistry. The imple-
mentation significantly enhances PATO’s capability for
predicting detailed pyrolysis gas yields, critical inputs
for modeling subsequent gas-phase combustion or gas-
surface interactions.

Extending the model beyond these initial validations
highlighted key challenges. Achieving robust solutions
at higher, application-relevant heating rates (e.g., >
1000 K/min) requires further development. These sce-
narios introduce extreme thermal gradients and very
high reaction rates, leading to severe numerical stiffness
that challenges solver stability. Moreover, while 2D sim-
ulations were robust with simplified mechanisms, the
full mechanism’s large species count (over 30 species)
causes numerical instabilities and computational over-
head, particularly affecting gas-phase convergence.

While gas properties (enthalpy and Cp) for common
species (e.g., CO, CO2, H2O) are accurately defined,
those for more complex intermediates are approximated
as Nitrogen. This approximation is non-negligible, as
heavier species have different thermochemical proper-
ties. It currently limits the model’s ability to capture
the full thermal feedback (endothermic/exothermic ef-
fects) from pyrolysis, directly influencing the tempera-
ture field, reaction rates, and overall energy balance.

Future work will therefore prioritize: (1) resolving
numerical stiffness and data-handling issues to ensure
robust 2D/3D simulations; (2) improving model stabil-
ity for high heating rates; (3) implementing realistic
gas mixture properties for all species, replacing the N2
approximation to enable accurate thermal feedback;
and (4) conducting thorough experimental validation
against gas-phase measurements (e.g., TGA-GC/MS).
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Abstract

We present a novel unified two-scale, fully compressible two-phase flow model extending a recently
derived isothermal two-scale model to full thermodynamics. In doing so, we identify and overcome
key conceptual challenges. The resulting model ensures thermodynamic consistency across scales and
broadens the applicability of the original formulation. A numerical proof of concept illustrates the impact
of the modeling choices and demonstrates the model’s potential.

Keywords: Two-phase flows, Two-scale models, Atomization, Interface regularization, Stationary
Action Principle, Irreversible thermodynamics

1 Introduction
Two-phase flows play an important role in a variety
of industrial applications, such as the injection and
atomization of liquid fuel in combustion chambers [5],
or the ablation through spraying of meteoroid melt [3].
The multi-scale nature of such flows prevents the use
of Direct Numerical Simulations, as mesh convergence
is out of reach [8]. Since different flow regimes can
be classified according to the topology of the interface,
a large number of models for either separate or dis-
perse regimes have been developed. However, as the
aforementioned applications are characterized by the
transition or co-existence of different regimes, many
efforts have been conducted to couple solvers originally
tailored for a particular regime [4, 10]. Still, for such
couplings, mass transfer from one solver to another
is often mesh-dependent and may induce numerical
instabilities, in particular for compressible flows.

Recently, a unified description of separated-disperse
phases has been proposed in [12]. It relies on a scale
separation wherein the disperse phase is represented
by a sub-scale model, independently of the mesh, so as
to naturally take into account the multi-scale nature
of atomization phenomena. The model is derived by
means of the Stationary Action Principle ensuring that
it is compatible with the conservation of total energy.
Its main novelty is that it allows for a mass transfer

process from the large-scale to the small-scale to be
defined as a local dissipative process which regularizes
the large-scale interface. This goal is achieved through
the modeling of surface tension effects at both scales
and by introducing a length-scale threshold. Whenever
the interface’s local curvature exceeds the prescribed
threshold, sub-scale droplets are locally generated thus
regularizing the interface. The sub-scale model relies
on a kinetic description of the disperse phase and is
obtained through a geometric method of moments. Ad-
ditional moments can be considered in order to account
for polydisperse or oscillating droplets [13] thus showing
the potentialities of the modeling strategy.

However, for the existing unified two-scale model to
be applicable to realistic flows, further modeling efforts
are necessary. First and foremost, the model has been
derived in the barotropic setting, limiting its applica-
tion to isothermal flows. Second, a thermodynamic
mismatch between scales prevents its extension to non-
isothermal flows in a consistent manner and introduces
a parasitic term in the inter-scale mass transfer terms.

In this contribution, we analyze the unified two-scale
model [12] and identify the key modeling challenges
that must be met to tackle realistic flows. This al-
lows for the derivation of a new two-scale model with
thermodynamic consistency across scales, supported
by a numerical proof of concept. The new modeling
approach allows to naturally extend the barotropic
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model to complete thermodynamics and thermal non-
equilibrium flows, as is briefly outlined in this note.

2 Analysis of the existing unified
two-scale model

In order to model the dynamics at different scales,
the liquid volume fraction αliq, is divided into a large-
scale liquid volume fraction αℓ and a small-scale liquid
volume fraction αd representing the disperse phase
(e.g. droplets). These satisfy the following saturation
constraint αℓ + αd + αg = 1, where αg is the volume
fraction of the gas. The effective mass is denoted mk =
αkρk, with k = ℓ, d, g, and ρk the associated density.
In addition to its volume fraction, the small-scale liquid
droplets d are characterized through their interfacial
area density Σd, such that 3αd/Σd represents their
Sauter mean radius. In [12], the small-scale droplets
are assumed to be incompressible, and it is proposed to
rescale the large-scale volume fractions by introducing
αℓ = αℓ/(1 − αd) and αg = αg/(1 − αd), so as to
represent the available volume. These satisfy αℓ +αg =
1. The unified two-scale model presented in [12] then
writes

∂tmg + ∇ · (mgu) = 0, (2.1a)
∂tmℓ + ∇ · (mℓu) = Rmℓ

, (2.1b)
∂tmd + ∇ · (mdu) = Rmd

, (2.1c)
∂tαd + ∇ · (αdu) = Rαd

, (2.1d)
∂tΣd + ∇ · (Σdu) = RΣd

, (2.1e)
Dtαℓ = Rαℓ

, (2.1f)
∂t (ρu) + ∇ ·

(
ρu ⊗ u + peffI − σΩ

)
= Rρu, (2.1g)

with Dt• denoting the material derivative. Here, eqs.
(2.1a–2.1c) represent the mass conservation equations.
The source terms on the right-hand side correspond to
the inter-scale mass transfer and satisfy Rmℓ

+Rmd
= 0,

so as to ensure global mass conservation for each phase.
Eqs. (2.1d) and (2.1e) represent the small-scale dy-
namics. Their source terms are proportional to Rmd

.
In particular, Rαd

= Rmd
/ρd ensures that Dtρd = 0,

in agreement with the small-scale incompressibility as-
sumption, while RΣd

determines the size of the droplets
transferred to the small-scale through a parameter
Savg/mavg. The large-scale interface dynamics are gov-
erned by (2.1f). As the model assumes velocity equilib-
rium between scales and phases, the total momentum
is governed by eq. (2.1g), where ρ = mℓ + md + mg

represents the total density, peff = αℓpℓ + αgpg is the
effective pressure given by the large-scale mixture pres-
sure, and σΩ is the large-scale capillary tensor which
accounts for surface tension following the Continuum
Surface Stress model [1], and is given by

σΩ = σ|∇αℓ|
(

I − ∇αℓ ⊗ ∇αℓ

|∇αℓ|2
)

. (2.2)

We refer to the original contribution [12] for details
concerning the derivation and the exact expressions of
the source terms, we simply recall the main ideas. In

particular, the large-scale volume fraction relaxation
source term writes

Rαℓ
= 1

ε

(
pℓ − pg − σ

1 − αd
H lim

)
, (2.3)

with H lim = max(H, Hmax), and where H = −∇ ·
(∇αℓ/|∇αℓ|) is the curvature of the large-scale inter-
face, while Hmax is the inverse of the cut-off length-scale
which induces the scale separation. When H ≤ Hmax,
this source terms represents a relaxation towards the
Laplace pressure equilibrium and the remaining source
terms are zero. However, when H > Hmax, it triggers
the atomization process: the inter-scale mass transfer
terms, which are proportional to ∆H = H − H lim, are
activated. These regularize the interface, and the pres-
sure relaxation then yields a Laplace law corresponding
to an interface which curvatures do not exceed the
threshold Hmax.

As the model is derived through Stationary Action
Principle, it is consistent with the conservation of the
total energy, which is the sum of the kinetic energy, the
internal energies and the surface energies at both scales,
σΣd and σ|∇αℓ|, as given by the Hamiltonian of the
system. In the barotropic case, the total energy serves
as mathematical entropy. For this entropy, the source
terms are in agreement with the second principle of
thermodynamics as they induce a dissipation Q which
writes

Q = −1 − αd

ε

(
pℓ − pg − σ

1 − αd
Hlim

)2

+ σ∆H

ε

(
σ

ρ1
αg

Savg
mavg

− σ

1 − αd
Hlim + (pℓ − pg)θ

)

+ u · Rρu. (2.4)

The first two terms of the second line in eq. (2.4)
represent the energy cost of the atomization process, as
an amount of interface ∝ Hlim is torn off the large-scale
ligaments and generates droplet surface ∝ Savg. As
the atomization process yields an increase of the total
surface energy, it must be drawn from other energy
reservoirs. This is the role of Rρu, chosen so that the
two last lines of (2.4) cancel each other and Q ≤ 0.

Note that this closure for Rρu causes the model nei-
ther to conserve total momentum nor to be Galilean
invariant. However, this is only a temporary limitation
due to the single velocity assumption, which forces the
surface energy increase to be drawn from the kinetic en-
ergy. In reality, atomization is triggered by slip effects
between the phases; lifting the single-velocity assump-
tion would then allow to draw the energy associated
to the atomization process from the energy associated
to relative velocity. The modeling of multi-velocity by
Stationary Action Principle is an on-going work [7, 6]
and is not considered in the present contribution.

Another important aspect of eq. (2.4) is the θ term
which is a parasitic inter-scale mass transfer term, re-
lated to an enthalpy difference between the liquid at
large- and small-scale. Its exact expression can be found
in [12], where it is denoted h, and claimed to be negligi-
ble. In the barotropic setting, enthalpy differences play
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the role of the chemical potential difference to drive
phase change. Consequently, this reflects a thermody-
namic mismatch between scales, since the inter-scale
mass transfer, which is primarily a geometrical process,
is partly represented as a phase change in the entropy
balance. Moreover, in the two-dimensional air-blasted
liquid column simulation presented in [12], the θ term
was not accounted for, since deemed negligible, how-
ever, for this same test case, it has a clear impact on
the inter-scale mass transfer as shown on the evolution
of the total sub-scale interfacial area density during the
simulation (Figure 1).

0.0 0.5 1.0 1.5 2.0 2.5
t (s)

0.0

0.5

1.0

1.5

2.0

d (
m

1 )

including 
neglecting 

Figure 1: Impact of the parasitic inter-scale mass trans-
fer term for the numerical test case of [12].

Finally, the model has been derived in the barotropic
setting. Moreover, the incompressibility assumption for
the small scale yields some difficulties for the extension
to complete thermodynamics. Indeed, in Stationary
Action Principle modeling, full thermodynamics is ac-
counted for by means of the internal energy as a func-
tion of entropy and density. For an incompressible fluid,
however, this is not clearly defined, as internal energy
becomes a function of temperature only. Furthermore,
the aforementioned thermodynamic mismatch between
scales is in part related to the fact that the thermody-
namic description of the liquid is not the same at all
scales.

However, it turns out that lifting the small-scale
incompressibility assumption does not suffice to correct
the thermodynamic mismatch. Indeed, if we follow
the derivation proposed in [12], but consider instead
compressible small-scale inclusions without changing
any of the other assumptions, we obtain two Laplace
laws, one for each scale. They write

pg − pℓ + σ

1 − αd
H = 0, (2.5a)

pg − pd + 2
3σ

Σd

αd
= −αℓ

σ

1 − αd
H. (2.5b)

While eq. (2.5a) is the exact large-scale Laplace law
obtained in [12], eq. (2.5b) represents the new small-
scale Laplace law. Note, however, that it is physically
incoherent as it suggests that droplets are directly af-
fected by large-scale interfaces in their vicinity. Using
(2.5a), eq. (2.5b) also writes peff − pd + 2

3 σ Σd

αd
= 0.

Computations show that the physical inconsistency in
eq. (2.5b) is directly related to the introduction of the
rescaled volume fractions α. This rescaling inevitably
leads to a "three-fluid" description where the small-scale

liquid may simultaneously mix with the large-scale liq-
uid and the gas, thus the Laplace law between pd and
the large-scale mixture pressure peff.

3 A novel two-scale model
We derive a novel unified two-scale model that extends
to full thermodynamics in a thermodynamically consis-
tent manner. First, we present a new two-scale descrip-
tion in the barotropic setting, aiming to develop a fully
compressible, thermodynamically consistent framework
with the same features as the previous model. We
then outline its extension to thermal non-equilibrium
flows. We closely follow the methodology adopted in
[12], that can be summarized as follows. First, starting
from the Lagrangian, which defines the phenomena
we account for through their associated energies, we
derive a model at pressure equilibrium, which satis-
fies a Laplace law due to surface tension. Next, we
derive its out-of-pressure-equilibrium version. The vari-
ational derivation ensures that the two models are
connected, as the out-of-pressure-equilibrium model
can be equipped with a dissipative relaxation source
term that drives it back toward equilibrium consistently
with the second law of thermodynamics. Finally, we
modify the Laplace law defining the equilibrium by
introducing a cut-off length scale to limit the curvature
and derive the inter-scale mass transfer terms necessary
to preserve the dissipative structure of the modified
relaxation process.

First, in order to enforce thermodynamic consistency
across scales, we must lift the incompressibility as-
sumption for the small scale. However, as discussed
previously, this is insufficient, and to prevent mixing
between the droplets and the large-scale liquid, we need
to adopt a two-fluid description, where one fluid corre-
sponds to the large-scale liquid while the other fluid is a
gas carrying particles — which are the droplets. While
this corrects the unphysical small-scale Laplace law, it
does not fully remove the thermodynamic mismatch, as
a parasitic inter-scale mass transfer, similar to θ, also
appears. To avoid this and ensure full thermodynamic
consistency, we then enforce that liquid particles retain
their thermodynamic properties during the atomization
process, and therefore we impose ρℓ = ρd. Hence, we
discard the small-scale volume fraction equation (2.1d),
as it is now determined by αd = αℓYd/Yℓ, where Yd

and Yℓ are the mass fractions of the liquid at each scale.
For the new at-pressure-equilibrium model, we then
obtain a single, two-scale Laplace law, which writes

αℓ (pliq − pg − σH)+αd

(
pliq − pg − 2

3 σ Σd

αd

)
= 0. (3.1)

Here, pliq is the pressure of the liquid at all scales. Near
the large-scale interface, αd ≪ 1, we recover the large-
scale Laplace law, while in the gas, αℓ ≪ 1, we recover
the small-scale Laplace law.

Next, we derive the out-of-equilibrium model so as
to obtain the following system in the barotropic setting,

∂tmg + ∇ · (mgu) = 0, (3.2a)
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∂tmℓ + ∇ · (mℓu) = Rmℓ
, (3.2b)

∂tmd + ∇ · (mdu) = Rmd
, (3.2c)

Dtz = Rz, (3.2d)
Dtαℓ = Rαℓ

, (3.2e)
∂t (ρu) + ∇ · (ρu ⊗ u + Π) = Rρu. (3.2f)

Here z is an auxiliary variable used to determine the
interfacial area density Σd = ρz/ρ

2/3
liq , while accounting

for compressibility [2]. Indeed, in the absence of inter-
scale mass transfer, Rz = 0, eq. (3.2d) reduces to

∂tΣd + ∇ · (Σdu) = 2
3 Σd∇ · u + 2

3 Σd
Dtαd

αd
. (3.3)

We recover the interfacial area density equation of [11],
with an extra term accounting for droplet compress-
ibility. The pressure tensor Π accounts for the phasic
pressures as well as the surface tension at both scales.

Owing to the fully compressible description that is
thermodynamically consistent across scales, the model
may be extended to complete thermodynamics by ac-
counting for the dependence of the Lagrangian on
the entropies. Here we extend the model into a two-
temperature model for which each phase has its own
temperature. The variational principle yields the sys-
tem in its entropy formulation. We then operate a
change of variables to recover the energy form. We
consider the phasic energies Eg = u2/2+eg +σ(|∇αℓ|+
Σd)/ρ, and Eliq = u2/2 + eliq + σ(|∇αℓ| + Σd)/ρ. The
phasic energy equations then write

∂t (αgρgEg) + ∇ · (αgρgEgu + αgΠgu) − u · Ξ
= RmgEg , (3.4a)

∂t (αliqρliqEliq)+∇·(αliqρliqEliqu + αliqΠliqu)+u ·Ξ
= RmliqEliq , (3.4b)

with Πg and Πliq the phasic pressure tensors, and Ξ
the kinetic energy exchange term, analogous to that in
the single-velocity, two-pressure model [14], but also
accounting for the capillary pressures. Similarly as
before, the volume fraction relaxation drives the system
towards the modified Laplace law, here Rαℓ

= [αℓ(pliq−
pg − σHlim) + αd(pliq − pg − 2

3 σ Σd

αd
)]/ε with Hlim =

max(H, Hmax). The inter-scale mass transfer terms
are chosen so as to obtain the following equation for
the total entropy ρs,

∂t (ρs) + ∇ · (ρsu) = 1
εαℓTeff

[
αℓ(pliq − pg − σHlim)

+ αd(pliq − pg − 2
3 σ Σd

αd
)
]2

, (3.5)

where T −1
eff = YgT −1

g + YliqT −1
liq .

Note that the surface energy is a mixture quantity
and must therefore be distributed among the phases
to define Eg and Eliq. The choice of how to distribute
it is not trivial and affects both the structure of the
equations and the source terms, in particular fixing the
interfacial pressure in the pressure relaxation source
terms. The choice considered here gives an interfacial
pressure pI = Yliqpg + Ygpliq in agreement with the
expression determined in [6].

4 Numerical proof of concept
We provide a numerical proof of concept of the new
model, implemented in the open-source library Samurai
[9]. We consider the test case presented in [12], and
adopt a similar numerical strategy to test our new fully
compressible model in the barotropic setting. In partic-
ular, we solve (3.2) by considering an operator splitting
between the convective fluxes, the surface tension oper-
ators and the sources terms. For the convective fluxes,
we use a second order MUSCL space discretization and
time integration is performed using a second order SSP
method. The source terms are treated as instantaneous
relaxations and a pseudo-time integration technique is
used to preserve admissible states.

Figure 2 shows a comparison between the interface
location represented by |∇αℓ|, without the two-scale
modeling 2a and with the two-scale modeling 2b. By
generating small-scale droplets (represented in green),
the two-scale model regularizes the interface, and mesh
convergence can be obtained for the large-scale features.
Without the two-scale approach, the interface keeps
spreading and, once it is no longer properly resolved
by the mesh, it is no longer closed. The extension of
the numerical method to the non-isothermal case is an
ongoing work.

(a) without inter-scale
mass transfer

(b) with inter-scale mass
transfer

Figure 2: Interface regularization

5 Conclusions
A novel thermodynamically consistent unified two-scale
multi-fluid model has been derived. Inter-scale mass
transfer relies on a local dissipative process that reg-
ularizes the large-scale interface without discarding
information concerning the small-scale features. Pre-
liminary numerical results in the barotropic setting
show the model’s potential.
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Abstract

We present two complementary open-source C++ libraries for the numerical simulation of multiscale
physical systems. samurai provides an efficient adaptive Cartesian meshing framework, while ponio offers
a wide range of time-integration schemes for ordinary differential equations. Together, they enable
the rapid implementation and testing of high-performance, adaptive space–time numerical methods for
PDEs. Both libraries emphasize modularity, data locality, and modern C++ design. Their capabilities are
illustrated through applications developed during the Modeling Summer Visit 2025, including two-phase
flows, rarefied gases, and reactive flows for aerospace applications relevant to NASA.

Keywords: adaptive mesh, AMR, adaptive multiresolution, time-stepping schemes, HPC.

1 Introduction
Numerical simulation of complex physical phenom-
ena requires the implementation of efficient numeri-
cal schemes for the discretization of both space and
time. The optimal choice of numerical methods depends
strongly on the problem under consideration, and the
landscape of available approaches continues to evolve
with the regular emergence of new algorithms. At the
same time, limited computational resources and the
demand for ever greater accuracy to resolve fine-scale
physical features make adaptive methods essential for
the efficient treatment of multiscale problems [9]. These
observations highlight two complementary needs: (i) to
quickly assess existing methods on complex problems
such as the ones that can be found in aerospace engineer-
ing, and (ii) to easily prototype and test new numerical
schemes. To address them, the pair of open-source
libraries samurai1/ponio2 provides efficient implemen-
tations of reference numerical techniques for the fast
solution of partial differential equations. samurai is a
parallel Cartesian mesher designed for mesh adaptation,
and ponio is an ODE solver (method of lines) that offers
a wide range of time-stepping methods readily available
to the user. Each library can be used independently,

1https://github.com/hpc-maths/samurai
2https://github.com/hpc-maths/ponio

and samurai alone enables the development of coupled
space-time schemes with mesh adaptation. Both are im-
plemented in modern C++, emphasizing flexibility and
ease of integration. In the following, Section 2 presents
the main features of samurai, Section 3 describes ponio,
and Section 4 illustrates how both libraries have been
applied in the context of the Modeling Summer Visit
2025 to a range of problems, including two-phase flows,
rarefied gases, and combustion models.

2 The samurai library

Adaptive mesh refinement (AMR) [4] and multiresolu-
tion analysis (MRA) [12, 7] techniques are essential for
resolving steep gradients, shocks, or localized features,
while saving computational resources and memory trace
in domain regions where the solution is smooth. samurai
is a C++ library built around a data structure specifi-
cally designed to efficiently handle adaptive Cartesian
meshes. The originality of samurai’s approach hinges
on a special data structure enabling both AMR and
MRA, improving data contiguity and facilitating the
search for neighbours in stencil-based computations.
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2.1 The interval-based data structure
Most adaptive meshing frameworks rely on a quad-
tree/octree structure, individual leaves representing a
single cell (cell-based refinement) or a uniform block of
cells (block and patch-based refinement). For instance,
the meshing libraries p4est [6] and AMREx [18] use
octrees. In contrast, the fundamental building block
in samurai is the interval. An interval represents a se-
quence of identical, contiguous cells along a Cartesian
direction, storing only the indices of the first and last
cell and implicitly including all cells in between. This
process, applies in the x-direction, enables a first step
of compression. In a second step, the y-coordinates
associated with these x-intervals are also grouped when-
ever they are contiguous, yielding a list of y-intervals.
The association between each y coordinate and its cor-
responding list of x-intervals is organized in a manner
reminiscent of the compressed sparse row (CSR) format
widely used for sparse matrices. Additional axes (z,
etc.) are handled recursively in the same way, which
makes the approach dimension-independent. samurai is
therefore not limited to 3D, but natively handles any
dimension.

At each level of refinement, samurai maintains such a
multidimensional interval structure, and the complete
adaptive mesh is obtained as a hierarchy of these level-
wise data structures. This approach drastically reduces
memory usage and avoids the recursive pointer traversal
typical of tree-based structures.

2.2 Field storage and stencil-based com-
putations

When a data field is attached to the mesh, its memory
layout is determined by the numbering of the underlying
cells, since the stored values will follow the same order
in a contiguous memory space. In classical octree-based
approaches, cells are typically indexed using a space-
filling curve [16] (e.g., Hilbert or Morton ordering).
Such orderings improve spatial locality, which bene-
fits cache efficiency, but they do not guarantee strict
contiguity along Cartesian directions. This lack of axis-
aligned contiguity can hinder vectorized computations,
particularly for stencil-based numerical schemes.

In samurai, cells are numbered level by level and,
within each level, interval by interval along the x-
direction. As a result, data fields are stored contigu-
ously along every x-interval, providing both memory
alignment and cache-friendly access. This layout is
especially advantageous for stencil computations: for
instance, given a two-cell stencil to compute fluxes,
once the stencil is anchored on two neighbouring cells
(displayed either horizontally or vertically), it can slide
along the x-direction to vectorize the computation of
multiple fluxes, up until the end of the common interval
where the stencil has been anchored.

Stencil-based schemes require, for each cell, quick ac-
cess to its neighbors. A common strategy is to precom-
pute and store these relationships in a correspondence
table. While this allows fast lookup, it comes at the

cost of significant additional memory. In samurai, neigh-
bor relations are computed on the fly, without storing
explicit connectivity. The interval-based data structure
provides a set of simple geometric operations—union,
intersection, difference, translation, etc.—that make
this possible. For example, translating an x-interval
upward yields, in a single operation, the upper neigh-
bors of all its cells. Only the index of the first cell in
the translated interval needs to be retrieved from the
mesh’s internal storage; the rest follow contiguously.

2.3 Mesh adaptation
The interval-based mesh hierarchy in samurai supports
both AMR and MRA. Since the MSV projects pre-
sented here all rely on MRA, we give below a concise
and deliberately simplified overview of this technique.
Unlike AMR, which is a heuristic refinement strategy,
the MRA approach is driven by wavelet compression.
It does not require a user-defined refinement criterion.
Instead, refinement and coarsening are guided by an
intrinsic regularity test. The principle is as follows:
projection and prediction operators are defined so that
any local polynomial of degree up to a prescribed order
is exactly preserved when projected onto coarser cells
and then predicted back to the fine cells. This test
is applied to the numerical solution in each cell. The
discrepancy between the predicted value and the actual
value defines the so-called detail. By design, the detail
will be small if the solution is smooth, and will grow as
large as the regularity of the solution is low. Should a
cell be coarsened, the detail quantifies the information
that cannot be recovered by the prediction operator.
A user-defined tolerance specifies the acceptable loss of
information, and cells are refined or coarsened to ensure
that all details remain below this threshold. Compared
to AMR, which is heuristics-driven, MRA presents the
advantage of providing rigorous error control, directly
tied to the actual smoothness of the solution.

2.4 Flux-based user interface
samurai provides dedicated tools for implementing
finite volume schemes. In practice, the user only
needs to define how a flux is computed at the
interface between two cells, given a chosen stencil
size around that interface. The implementation is
fully dimension-independent: the same flux definition
applies in 1D, 2D, or 3D. Mesh traversal is handled
internally by samurai, which successively provides
the stencil values needed for flux evaluation. As
a result, the user can write schemes as if working
on a uniform mesh, without having to account for
level jumps. When such a jump occurs, samurai
automatically supplies the appropriate stencil values:
values predicted into ghost cells on the coarse side and
values from real cells on the fine side of the interface.
The following code illustrates the implementation of
the Laplace operator (the flux is a gradient) using the
classical second-order scheme with a two-cell stencil.
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[]( FluxValue <cfg >& flux ,
const StencilData <cfg >& data ,
const StencilValues <cfg >& u )

{
const int L = 0; // left
const int R = 1; // right
double dx = data. cell_length ;
flux = (u[R] - u[L]) / dx;

};

Interfaces for both conservative and non-conservative
fluxes are provided. In the conservative case, a single
flux is computed: the contribution is added to the
left cell and subtracted from the right one. In the
non-conservative case (useful, e.g., in two-phase flow
models), two distinct fluxes (incoming and outgoing)
must be computed.

The application of MRA requires that all field values
involved in flux computations be predicted at the finest
level of resolution via the MRA prediction operator.
To balance accuracy and cost, however, the prediction
level can be chosen by the user. In either case, the flux
function itself remains unchanged—the only difference
lies in the stencil values provided by samurai.

3 The ponio library
ponio is a C++ library providing a collection of ready-to-
use numerical integration schemes for ordinary differen-
tial equations (ODEs). It integrates first-order systems
of the form

u̇ = f(t, u), (3.1)

where t is the time variable, u is the unknown state,
and f a temporal flux function.

ponio also allows users to extend its capabilities by
defining custom Butcher tableaus, and provides Python
tools for the automatic analysis of numerical methods.

3.1 Automatic method analysis and
code generation

Each Runge–Kutta (RK) method is implemented di-
rectly from its Butcher tableau, which serves as the sole
input. From this tableau, dedicated and optimized C++

code is automatically generated. User-defined tableaus
can be imported in JSON format, triggering an analysis
that computes the method’s theoretical properties, such
as its stability domain, order of convergence, and, when
applicable, its stage order. The data of the 60+ Butcher
tableaus already imported is available online3, covering
a wide variety of classical and modern RK schemes.
The same analysis tools are also employed for more
advanced numerical schemes, such as extended-stability
and IMEX methods.

3.2 Catalogue of methods
A wide range of Runge–Kutta (RK) methods are avail-
able, including explicit RK schemes and their associated

3https://hpc-maths.github.io/ponio/

Lawson formulations [13], exponential RK methods,
and diagonally implicit Runge–Kutta (DIRK) methods.
Adaptive time-stepping is supported through embedded
RK schemes, such as the Dormand–Prince family for
explicit methods and ESDIRK(5,4) for implicit ones.

Several extended-stability methods are implemented:
(i) with an arbitrary number of stages: the Runge-
Kutta Chebyshev method RKC2 and the Runge-Kutta
Legendre methods [15] of first and second orders (RKL1
and RKL2); (ii) with a dynamically adjusted number of
stages: ROCK2 [2] and ROCK4 [1], available with both
fixed and adaptive time steps. This kind of method is
useful for diffusion problems or other problems with
very large negative eigenvalues.

Additionally, ponio includes operator-splitting ap-
proaches such as Strang [8] and Lie splitting, as well as
several (IMEX) schemes, offering a flexible framework
for stiff and multiscale problems alike.

3.3 PIROCK: a dedicated scheme for
reaction-diffusion problems

ponio also provides time-integration methods specifi-
cally designed for reaction–diffusion systems, among
which the most prominent is the PIROCK [3] scheme.

Reaction–diffusion equations present major chal-
lenges for numerical integration, owing to the stiff-
ness of the reaction operator and the spectrum of the
diffusion operator. They are commonly treated using
operator-splitting techniques, where each subproblem is
integrated with a dedicated solver. Although effective,
such approaches introduce a splitting error.

To overcome this limitation, the PIROCK method
combines an extended-stability explicit scheme
(ROCK2) for the diffusion operator—avoiding the so-
lution of large linear systems—with a DIRK scheme
for the reaction operator, which only requires solving
small, independent, local systems. These two integra-
tors are coupled within an IMEX framework, where the
stabilization stages are performed independently of the
reaction solve, followed by only four coupling stages.

Compared to the original PIROCK scheme, ponio
extends the method with a flexible mechanism for error
estimation. A naïve computation of the norm on an
adaptive mesh tends to overestimate the error in the
finest cells; ponio corrects this by weighting the error
according to cell size and, when necessary, normaliz-
ing each field component when their magnitudes differ
significantly.

3.4 A versatile user interface
Using C++ templates, ponio relies directly on the user’s
data structures to store the system state (i.e. the data
type of u in formula (3.1)). This can range from a
single scalar (for scalar-valued problems) to any ar-
ray or vector type, as long as it supports either basic
linear operations or random-access. In the context of
MSV 2025, samurai field types are typically employed
as state containers. The example below illustrates
how to define the flux function f for the heat equa-
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tion u̇ = ∆u using samurai, and how to integrate it
with ponio’s RKC2 solver configured with 20 stages.

// problem construction
auto u_ini = samurai :: make_scalar_field

<double >("u", mesh);
using Field = decltype ( u_ini );
auto laplacian = samurai ::

make_laplacian_order2 <Field >();
auto f = [&]( double t, auto && u, auto& du)
{

du = laplacian (u);
};

// ponio solver
auto method = ponio :: runge_kutta ::

chebyshev :: explicit_rkc2 <20 >();
double T = 1;
double dt = 1e -2;
auto sol_range = ponio :: make_solver_range (

f, method , un_ini , {0. , T}, dt);

// time loop
while (it_sol ->time < T)
{

++ it_sol ;
save(it_sol -> state );

}

4 Application to MSV projects

samurai and ponio have been used in MSV projects mod-
eling two-phase flows [11], rarefied gases [5], reactive
flows [10] and high-order code coupling [17]. Below, we
give details on how the samurai/ponio frameworks have
been leveraged for the first three projects.

4.1 Two-phase flow with scale separa-
tion

The two-phase flow model of [14] is extended to non-
isothermal regimes by incorporating complete equations
of state and accounting for energy exchanges during
inter-scale mass transfer. This ensures total energy
conservation and consistent entropy production in high-
enthalpy flows such as ablation or fuel atomization.

Numerical discretizations of both models have been
implemented in the samurai framework with Rusanov
and HLLC fluxes. Both diffuse and sharp interface
approaches are supported. Recent developments focus
on improving numerical robustness and validating the
fully compressible model through direct comparison
between these two interface representations within the
same samurai environment.

Note that the default MRA prediction operator is
built as a constant linear combination of field values,
without enforcing any exterior constraint. In partic-
ular, when predicting volumic fractions on the finest
level, the resulting values may very well be out of ad-
missible bounds (below 0 or above 1). To solve this
issue, a custom-made prediction operator has been
implemented.

4.2 Hybrid dense-rarefied flows
The simulation of hybrid dense–rarefied flows is ad-
dressed, where the transition between Navier–Stokes
and kinetic regimes remains difficult to capture with tra-
ditional hybrid Navier-Stokes/direct simulation Monte
Carlo methods. This work aims to develop a deter-
ministic Eulerian fluid solver capable of spanning both
continuous and rarefied regimes, reducing reliance on
heuristic coupling between solvers.

The approach is based on the method of moments,
which derives reduced fluid models from the Boltzmann
equation by tracking macroscopic moments of the veloc-
ity distribution instead of individual molecular states.
The main challenges include choosing suitable closure
relations and ensuring consistent coupling between dif-
ferent moment hierarchies. A relaxation scheme is
designed to smoothly connect these models across flow
regions. The resulting 2D solver is implemented using
the samurai library, leveraging its adaptive mesh refine-
ment and error control capabilities to efficiently resolve
local rarefaction gradients.

4.3 Multicomponent reactive flows
This work proposes a dual splitting/IMEX strategy
for efficiently solving multicomponent reacting flow
equations that exhibit strong stiffness and multiscale
coupling in space and time. Traditional explicit schemes
fail due to stability constraints, while fully implicit ones
are too costly.

The approach combines the advantages of adaptive
operator splitting with IMEX Runge–Kutta methods.
The convection term is integrated using high-order
monotonicity-preserving one-step schemes, whereas
the reaction–diffusion subsystem is handled with the
PIROCK method (cf. Section 3.3), offering stability
and error control. This hybrid technique aims to re-
tain the low computational cost of splitting methods
while overcoming their limitations in strongly coupled
regimes. It is tested on canonical reaction–diffusion
systems (ignition and Belousov–Zhabotinsky problems)
and will later be on combustion applications with in-
creasing chemical complexity, including premixed and
diffusion flames. The implementation relies on adap-
tive spatial and temporal discretization with samurai
and ponio to achieve optimal accuracy at minimal cost,
targeting performance comparable to or better than
existing adaptive-splitting strategies.

5 Conclusion
The development of samurai and ponio stems from
a common goal: to provide researchers with reliable,
modular tools for designing adaptive numerical solvers.
Both libraries emphasize clarity, composability, and
reproducibility, making them valuable testbeds for new
numerical ideas. Future developments will focus on
tighter coupling between spatial and temporal adaptiv-
ity, extended parallelization strategies, and the inclu-
sion of additional physical models.
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Abstract

Advanced numerical strategies for the predictive simulation of multiscale reactive flows with realistic
and complex models are mandatory for both computational efficiency or energy resource limitations.
Whereas a class of operator splitting techniques have shown such efficiency, they reach their limits
when the reaction and diffusion operators are coupled at small scales and also involve splitting errors.
In this context, there is a need to introduce a new class of methods that maintain the same level of
computational efficiency but avoid the drawbacks of splitting methods. The purpose of the present
contribution is to introduce such a dual splitting-ImEx approach and to analyze and assess it on simple
one-dimensional and two-dimensional test cases with dynamic mesh adaptation and error control.

Keywords: Reaction-diffusion multiscale PDEs, ImEx and operator splitting scheme, Mesh adaptation

1 Introduction
General convection-reaction-diffusion PDEs can model
a wide range of realistic physical phenomena in which
multiple processes can interact simultaneously at dif-
ferent time and spatial scales. Such multiscale systems
often exhibit stiffness and thus pose challenges for accu-
rate numerical simulation at reasonable computational
cost, especially when dealing with complex reactive
source terms. This is mainly the case for combustion
applications [1], where multiscale phenomena are a com-
mon feature and multicomponent reacting flows involve
complex chemistry and detailed diffusion transport.

Whereas fully explicit methods fail due to the in-
volved stiffness, implicit methods exhibit good numeri-
cal properties for solving such problems; however, they
can become too expensive because of the cost of solving
large nonlinear systems at each time step, especially in
multidimensional problems. To circumvent this issue,
[2] has designed a strategy based on time-adaptive op-
erator splitting combined with dynamically adaptive
mesh and error control. This strategy has optimal com-
putational cost properties, as the splitting time step is
chosen to control splitting errors, decoupling it from
stability limits. For instance, regarding combustion
applications [3], large splitting time steps compared
to the smallest time scale can be used without impair-
ing accuracy. Such an approach, however, can lose its
efficiency when high precision is required and when

the coupling between the various operators occurs at
the smallest timescale. This might be the case in reac-
tive flows with complex chemistry when the required
splitting time step obtained through error control is
too small. As an alternative, Implicit/Explicit (ImEx)
schemes [4] may be complex to implement and design
but offer several attractive features in terms of compu-
tational cost. They solve the diffusion terms using an
extended stability explicit Runge-Kutta method, while
the stiff reaction terms are solved implicitly. However,
the framework is usually related to the method of line
and based on an ODE approach, whereas the most
efficient schemes for convection can involved space-time
discretization [5]. Besides, since the time step used in
the global approach is based on the stability limit of
the schemes, the time step can be artificially limited
by advection for convection-dominated problems, such
as in [3], which reduces the efficiency of the method by
solving the reaction term too often.

The goal of this contribution is to propose a dual
method that combines the beneficial features of both
approaches to alleviate the limitations of operator split-
ting for reacting flow applications with complex chem-
istry, while offering the same impact in terms of limited
computational cost and adaptability in space and time
with error control. Although the objective of this work
is to tackle convection-reaction-diffusion PDEs, the
splitting part, where we use convection on the one side
resolved by One-Step Monotonicity Preserving methods
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[5] and reaction diffusion on the other side, has already
been presented in [3]. The present contribution is thus
primarily restricted to addressing reaction-diffusion cou-
pling problems. We present here the numerical strategy,
along with the libraries that we will rely on, in which
the reaction-diffusion PDEs are solved using a time-
adaptive ImEx method inspired by [4]. The present
strategy is designed to use an optimal time step to
solve the reaction-diffusion coupled problem while pre-
serving a large splitting time step to preserve the high
computational gain obtained in [3]. Additionally, the
ImEx approach is coupled with a multiresolution strat-
egy (MRA) [6, 2] for mesh adaptation, enabling the
handling of multiple spatial scales.

This ImEx strategy is evaluated through several nu-
merical tests for reaction-diffusion PDEs, enabling us
to highlight the advantages and drawbacks of the strat-
egy in comparison to operator splitting techniques. We
present results obtained for the three-equation 1-D
reaction-diffusion Belousov-Zhabotinsky (BZ) equation
to demonstrate the relevance of coupling reaction and
diffusion operators with an ImEx method compared to
a splitting operator approach. The good behavior of
the ImEx approach is assessed on the 2-D BZ problem
with dynamic mesh adaptation.

The report is organized as follows. In a second sec-
tion, we present the numerical strategy and the libraries
we will rely on. In a third section, several numerical
tests for reaction-diffusion PDEs are presented to clar-
ify the advantages and drawbacks of the ImEx strategy
compared to operator splitting techniques.

2 Numerical strategy
Starting from the convection-reaction-diffusion PDEs,
we use an operator splitting in order to separate convec-
tion on the one-side and reaction-diffusion on the other
side, with potentially adaptive splitting [7]. Whereas
the convection part is resolved through a couple in time
and space numerical strategy [5], the reaction-diffusion
part is first semi-discretized in space through a method
of line and we end up with an ODE of the form :

dty(t) = FD (y(t)) + FR (y(t)) , (2.1)

where y(t) ∈ Rm×N is the solution vector of the m
equations discretized at N points depending on time
(t). FD, and FR are, respectively, the diffusion and the
reaction operators. In order to solve this type of ODEs,
several time integration strategies can be adopted.

The operator splitting approach used in [7, 2] has
shown very interesting properties in terms of computa-
tional efficiency, it requires time-stepping adaptation
to ensure operator coupling at the proper scale and can
lead to very small time steps when the coupling of the
two operators is taking place at the finest scale such
as in complex chemistry. As an alternative, we study
the opportunity to use additive Runge-Kutta ImEx
schemes, which allows to eliminate the splitting errors,
while preserving the "good properties" of the operator
splitting techniques : solving the diffusion with explicit

stabilized RK methods, solving the reaction with an
implicit method that allows local source resolution in
each computational cell (embarrassingly parallel). In
the following, we first present the fully operator split-
ting strategy based on a Strang integration [3] and an
ImEx strategy based on the PIROCK method [4].

2.1 Strang operator splitting strategy
An operator splitting strategy [7, 2] has been employed
which allows the use of high-order time integrations
that are particularly well-suited to solve diffusion (FD)
and reaction (FR). This approach uses a 2nd-order
Strang procedure [8]:

y (t + ∆t) = FR
(∆t/2) · FD

(∆t) · FR
(∆t/2) · y (t) . (2.2)

A 4th-order extended stabilized explicit Runge-Kutta
method (ROCK4 [9]) is employed for solving the diffu-
sion operation. A fully implicit Runge–Kutta method
(Radau IIA) that is particularly suited for stiff and
differential-algebraic problems is used for the numerical
integration of the reaction operator.

Although this strategy has optimal properties in
terms of computational cost, it faces drawbacks when
high precision is required and when the coupling occurs
at the smallest timescale, because the splitting time step
must be drastically decreased to recover the physical
behavior [3]. This particularly occurs in combustion
applications at high Damköhler numbers when reaction
and diffusion are physically coupled, which can be
seen, for instance, in the presence of thermo-diffusive
instabilities for flame acceleration or in auto-ignition
of diffusive flame with complex chemistry.

2.2 An ImEx fully coupled strategy
We use an additive Runge-Kutta ImEx method orig-
inally developed for three operators (PIROCK intro-
duced in [4]), which we adapt for the reaction-diffusion
case. It relies on an extended stability domain Runge-
Kutta method (ROCK2 [9]) for a diffusion operator FD,
a Diagonally Implicit Runge-Kutta (DIRK) method for
the reaction operator FR, which is A− and L−stable.

The resulting method is based on a 5-step procedure:
1. Diffusion stabilization procedure:

y(0) = yn

y(1) = yn + αµ1∆tFD(yn)
y(j) = αµj∆tFD(y(j−2)) − νjy(j−1) − κjy(j−2),

j = 2, . . . , s − 2 + ℓ

where µj , νj , κj are the same coefficients as in the
standard ROCK2 method with s stages; α is a
degree of freedom to relax the stability domain.

2. Finishing procedure for diffusion:

y(s−1)
∗ = y(s−2) + σα∆tFD(y(s−2))

y(s)
∗ = y(s−1)

∗ + σα∆tFD(y(s−1)
∗ )

where σα = 1−α
2 +ασ, and σ is the same coefficient

as in the standard ROCK2 method with s stages.
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3. Stating value for reaction: ỹ = y(s−2+ℓ).

4. Finishing procedure for reaction and coupling:

y(s+1) = ỹ + γ∆tFR(y(s+1))
y(s+2) = ỹ + β∆tFD(y(s+1))

+ (1 − 2γ)∆tFR(y(s+1))
+ γ∆tFR(y(s+2))

y(s+3) = ỹ + (1 − γ)∆tFR(y(s+1))

where β = 1 − 2αP ′
s−2+ℓ(0) with P ′

s−2+ℓ is the
derivative of the stability polynomial of first s−2+ℓ
stages of ROCK2 method with s stages, this value
coming from order relations; γ = 1 −

√
2

2 .

5. Integration step computation y(n) 7→ y(n+1):

yn+1 = y(s)
∗ − σα(1 − τα

σ2
α

)∆t

(
FD(y(s−1)

∗ ) − FD(y(s−2))
)

+ 1
2∆tFR(y(s+1)) + 1

2∆tFR(y(s+2))

+ J−ℓ
R

2 − 4γ
∆t

(
FD(y(s+3)) − FD(y(s+1))

)

where τα = (α−1)2

2 + 2α(1 − α)σ + α2τ with τ
the same coefficient as in the standard ROCK2
method with s stages.

The stating value for reaction resembles an interme-
diate step of a Lie or Strang operators splitting method.
With this trick, we do not need to implicitly involve
the reaction at each step of the ROCK2 method, ev-
erything happens as if we make a splitting operator
method with the diffusion and reaction, but with a
stronger coupling which does not involve any splitting
error. The matrix JR = I − γ∆t ∂FR

∂u (y(s)) is used for
further stabilizing the coupling of the diffusion step
with the reaction operator. This trick has been noticed
by Shampine and presented in [10].

We explore two choices for the parameters ℓ and α:

• If FR → 0, so we want to take ℓ = 2 and α = 1 to
get the classical ROCK2 method. This choice is
relevant if the problem is dominated by diffusion.

• If α = 1
2P ′

s−2+ℓ
(0) so β = 0, with ℓ = 1 we can

reduce the computing cost.

For this method, we can build an embedded method
with error estimate for a variable step size control:

errD = ∆tσα

(
1 − τα

σ2
α

)
(FD(y(s−1)

∗ ) − FD(y(s−2))),

errR = ∆t

6 J−1
R

(
FR(y(s+1)) − FR(y(s+2))

)
.

The step size adjustments for adaptive integration
are based on the strategy ∆tnew =

(
tol
err

)1/p ∆t with
an optional safety factor, where p is the order of the
method. The global error takes the maximum value as
err = max(||errD||, ||errR||). The new time step is the
computed with ∆tnew = 0.8∆t

(
tol
err

)1/2.

3 Numerical results
We focus on the BZ system of reaction-diffusion PDEs
with three species, a classic example of catalyzed ox-
idation of an organic species by an acid bromate ion.
The system reads:





∂ta − Da ∆a = 1
µ

(−qa − ab + fc)

∂tb − Db ∆b = 1
ε

(qa − ab + b(1 − b))

∂tc − Dc ∆c = b − c

with the following parameters: ε = 10−2, µ = 10−5,
f = 3., q = 2 · 10−4, and diffusion coefficients given by
(Da, Db, Dc) = (2.5 · 10−3, 2.5 · 10−3, 1.5 · 10−3), with
homogeneous Neumann boundary conditions.

3.1 The 1-D BZ test case
The computational domain spreads over x ∈ [0, 4]. The
initial condition is given by:

b(x) =
{ 0.8 if θ < x0

q f+1
f−1 else , c(x) = q

f + 1
f − 1+ θ

8πf
,

a(x) is initialized at equilibrium fc(x)/(q + b(x)), x0
is the initial location of the sharp gradient, and

θ =
{

arctan (x − x0) + 2π if x < x0,
arctan (x − x0) elsewhere.

The solution is a multi-scale traveling wave computed
using the ImEx strategy (§ 2.2), with a constant number
of substeps in the ROCK2 integration. The L∞ errors,
computed at the final time t = 0.5, are plotted versus
the integration time step ranging from 5×10−5 to 10−3

in Figure 1, and compared with the Strang splitting.
Let us note that the Strang splitting procedure starts
by solving the reaction operator, since it involves the
fastest time scales. Both strategies recover the expected

Figure 1: L∞ errors versus integration time step ob-
tained at t = 0.5, for two spatial resolutions Nx = 201
(left), and Nx = 401 (right). The 2nd-order accuracy
is shown with the black dashed line.

2nd-order accuracy. Although the error magnitudes are
very similar at the lowest spatial resolution (Nx = 201),
the ImEx coupling strategy yields lower errors in the
asymptotic range of the time step for Nx = 401. At
the largest integration time steps, the ImEx method
exhibits larger errors, while increasing the number of
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RadauIIA Splitting/ImEx
relative tolerance elapsed time ratio

10−8 18.0
10−6 10.7
10−4 6.5
10−2 3.6

1. 3.6

Table 1: Elapsed time ratio at a specific time step
∆t = 2.5 × 10−4, between the splitting strategy for
several relative tolerances and the ImEx strategy.

substeps in the ROCK2 integration (compared to Nx =
201). This might be attributed to a loss of stability at
such large time steps.

The most important disagreement concerns the
elapsed time to recover all these solutions. They are
plotted versus the integration time step in Figure 2.
The ImEx approach is clearly more efficient than the
Strang splitting strategy, with elapsed times five to six
times lower than the splitting method. The high cost

Figure 2: Elapsed time used for computing solutions
up to t = 0.5 versus the integration time step, for two
spatial resolutions (Nx = 201, and Nx = 401).

of the splitting strategy can be attributed to the severe
tolerance we have used in the RadauIIA solver, where
the splitting error should be the main source of error
to enable adaptive splitting. For the sake of identifying
the impact of such a choice in terms of computational
time, we have prescribed the relative tolerance and
deduced the absolute tolerance with a ratio of 10−3.
We then vary the relative tolerance of the RadauIIA
integrator to compare with the ImEx elapsed time at
a specific time step (∆t = 2.5 × 10−4). The ImEx
strategy is very efficient, providing accurate solutions
at the expected 2nd-order at a cost at least 4 times
lower than the splitting strategy for loose relative toler-
ance. The elapsed time ratio can increase significantly
when the relative tolerance of the RadauIIA is reduced,
thus indicating that for a given error level, the ImEx
approach is computationally more competitive than the
splitting one, without involving splitting errors.

3.2 The 2-D BZ test case
The 2-D BZ test case has also been experienced to
demonstrate the capability of the ImEx coupling strat-
egy. The initial condition is given by:

b(x, y) =
{

0.8 if θ < 1
2

q f+1
f−1 else

, c(x, y) = q
f + 1
f − 1 + θ

8πf

where θ = arctan (x/y), and a(x, y) is initialized to
chemical equilibrium given by: a(x, y) = fc(x,y)

q+b(x,y) . The
solution is a spiral traveling wave.

Additionally, a new implementation of the ImEx
integration has been developed in a C++ open-source
software ponio [11]. Thanks to this new implementation,
the time integration can be coupled with spatial mesh
adaptation via a multiresolution strategy using the
open-source software samurai [12].

We present preliminary results from the new imple-
mentation of the ImEx integration, coupled with mesh
adaptation. These results obtained with a specific inte-
gration time step ∆t = 10−3 are plotted at a final time
t = 1 in Figure 3, for the Strang splitting strategy, on
the left, and the ImEx strategy (§ 2.2), on the right.
Both strategies give the same result with the same mesh

Figure 3: Results at time t = 1 of 2-D BZ PDE’s with
multiresolution, and Strang splitting (left) and ImEx
coupling strategy (right), with time step ∆t = 10−3.

adaptation, confirming the correct implementation of
the ImEx algorithm. However, as in the 1D test case,
the ImEx approach is more efficient, with an elapsed
time lower than that of the splitting.

4 Conclusion
We have presented a numerical strategy for solving the
reaction-diffusion PDEs using an ImEx method inspired
by [4]. The three-species Belousov-Zhabotinsky system
of PDEs has been used as a test case to highlight the
advantages and drawbacks of the strategy compared
to traditional operator-splitting techniques. In the 1D
case, the two methods have completely different sources
of error but yield a comparable level of error. The ImEx
strategy proves to be computationally more compet-
itive. However, separating the splitting errors from
the integration error of each operator using high-order
adaptive methods results in a strong dependence of
the time to solution for the splitting method, depend-
ing on the tolerance we use for the internal operator
integration. Eventually, since we can avoid splitting
errors as well as the usual weakness of the splitting
method, the ImEx strategy seems to be a very promis-
ing technique. We still have to demonstrate that it
remains the case when complex chemistry is involved
and the ImEx strategy is in the process of being coupled
through adaptive splitting to a convection operator for
combustion applications.
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Abstract

Rarefied gas flows are encountered in various aerospace applications, including hypersonic flight, atmo-
spheric re-entry, and rocket propulsion. These flows often span a wide range of rarefaction levels, posing
a challenge to the selection of suitable numerical models. While the Navier–Stokes equations efficiently
describe continuum regimes, their assumptions fail as the Knudsen number increases. Conversely,
the Direct Simulation Monte Carlo (DSMC) method accurately resolves rarefied regimes but becomes
computationally prohibitive near the continuum limit. In this work, we propose a fluid model that
efficiently solves flows with varying levels of rarefaction, from the continuum up to transitional regime.
The fluid model is derived applying the method of moments and formulating a relaxation scheme that
enables the coupling of moment systems of different orders without the need for an explicit interface. The
proposed approach is evaluated on the benchmark case of a two-dimensional expanding jet, representative
of high-altitude rocket plumes, compared with DSMC results and assessed.

Keywords: rarefied flow, moment method, relaxation scheme, numerical simulation, DSMC

1 Introduction
Rarefied gas flows occur in many aerospace applica-
tions, such as hypersonic flight, atmospheric re-entry,
and rocket propulsion. Their study is particularly chal-
lenging when rarefaction varies strongly, as in high-
altitude rocket plumes, where the dense nozzle flow
rapidly expands into a highly rarefied environment.

The degree of rarefaction is characterized by the
Knudsen number (Kn), defined as the ratio of the
molecular mean free path to a characteristic length. For
Kn ≪ 1, the flow is continuous and well described by
the Euler or Navier–Stokes equations. When Kn ≫ 1,
continuum assumptions fail, and the gas must be mod-
elled using the Boltzmann equation. Between these
limits lies the transitional regime, where Kn ≈ 1.

A widely used approach to solve the Boltzmann equa-
tion is the Direct Simulation Monte Carlo (DSMC)
method, popularized by Bird [1]. This stochastic tech-
nique estimates the molecular distribution function
by tracking representative particles undergoing binary
collisions. DSMC has proven highly successful but
its computational cost increases significantly near the

continuum regime due to the large number of sim-
ulated particles. To overcome this limitation, hybrid
Navier–Stokes/DSMC frameworks have been developed,
solving the continuum regions with a Navier–Stokes
solver and the rarefied zones with DSMC. Although
such hybrid strategies are now mature and applied to
industrial configurations [2, 3], their main challenge
lies in the accurate placement of the coupling interface,
which must be located where the Navier–Stokes equa-
tions remain marginally valid, yet within a sufficiently
rarefied region to keep DSMC computations tractable.

Motivated by these limitations, we propose a moment-
based fluid formulation capable of bridging the gap
between continuum and rarefied regimes. Although
moment methods are well established for rarefied
flows [4, 5], we improve efficiency by formulating a
relaxation scheme. This approach enables the coupling
of moment systems of different orders without the need
for an explicit interface, allowing the model to adapt
its level of description to the local degree of rarefaction.
The method is demonstrated on the benchmark case
of a two-dimensional expanding jet, representative of
high-altitude rocket plumes. While this study focuses
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on a single-species gas, the approach has the potential
to be extended to multi-species systems.

2 Numerical method
2.1 Moment method
In order to capture flow features in rarefied regions,
it is proposed that a reduced fluid model be derived
by employing the method of moments. Rather than
trying to estimate the density distribution function of
the molecules directly, as would a DSMC solver, this
deterministic method focuses on the computation of
moments of the distribution. Indeed, engineers are most
often interested in statistically averaged quantities such
as density, flow velocity or temperature.

We derive a system of equations on moments from
the Boltzmann equation. In the interest of conciseness,
calculations are shown in 1D space dimension and 1D
in molecule velocity phase space (1D1V). In this setting,
the Boltzmann equation reads

∂f

∂t
+ ξ

∂f

∂x
= C(f, f), (2.1)

where x and t are the space and time dimensions,
f(ξ, x, t) is the density distribution function of the
gas, ξ is the 1D peculiar velocity of a given molecule,
and C(f, f) a collision operator. Multiplying Eq. (2.1)
by the family

(
ξk

)
0≤k≤n−1 and integrating over the

velocity phase space, one obtains

∂t

〈
ξkf

〉
+ ∂x

〈
ξk+1f

〉
=

〈
ξkC(f, f)

〉
(2.2)

where ⟨.⟩ denotes the integration over R. Introducing
µk(x, t) =

〈
ξkf

〉
the k-th moment of f and Sk the

collision term, a system of n conservation equations for
the moments is expressed as

∂t (µk) + ∂x (µk+1) = Sk. (2.3)

Noting that the equation for µk depends on µk+1 it is
necessary to include an additional equation to close the
system. This equation takes the form of a relationship
providing an estimate f̂ of the unknown distribution f
from the n moments at our disposal,

f̂ (ξ, x, t) = F (µ0, µ1, · · · µn−1) (2.4)

and under the constraint that f̂ realizes the moments
(µk)0≤k≤n−1, i.e.,

∀k ∈ J0, n − 1K, µk =
〈

ξkf̂
〉

. (2.5)

The system is then closed approximating the unknown
moment µn by

µn ≈
〈

ξnf̂
〉

. (2.6)

The main difficulty encountered when designing a
moment method is the choice of the reconstruction
function F . Historically, the pioneering work of Grad
[6] proposed to express f̂ as a sum of Hermite polyno-
mials, but this approach suffers from severe drawbacks.

Namely, it has been shown this approach results in an
hyperbolic system only near equilibrium. Since then,
the development of closures for the moment system
has been an active field of research, developping new
closures based on the use of quadratures [7, 8, 9], en-
tropy minimization problems [10, 11, 5], or modified
Grad-like expansions [12, 13]. At the present time, no
consensus has be reached in the community designating
a specific closure as the best course of action. Compar-
ing methods is an important research subject, but it is
beyond the scope of the present report.

In this study, we adopt the classical Grad closure [6]
for its simplicity and low computational cost, as the
focus here lies on the development of the relaxation
scheme rather than on the closure problem itself. The
assumed shape of the distribution follows the ansatz

f̂ = M (ρ, u, θ)
n−1∑

α=0
fαθ−α/2Heα

(
ξ − u√

θ

)
, (2.7)

where ρ is the local density, u is the flow velocity, and
θ is the specific thermal energy, derived from the first
three moments. Heα denotes the Hermite polynomial of
order α, and (fα)0≤α≤n−1, local coefficients to be deter-
mined to ensure the compatibility condition Eq. (2.5).
Finally, M (ρ, u, θ) is the equilibrium Maxwellian dis-
tribution of parameters ρ, u and θ, expressed as

M (ρ, u, θ) = ρ√
2πθ

exp
(

−1
2

|ξ − u|2
θ

)
. (2.8)

The last missing piece in our model is the expres-
sion of the collision operator C(f, f). We consider the
Bhatnagar-Gross-Krook (BGK) operator [14], mod-
elling the collisional process as a relaxation toward
equilibrium,

CBGK(f, f) = 1
τ

(M (ρ, u, θ) − f) , (2.9)

Note that this simplifying assumption enforces a unit
Prandtl number. Future work will consider more re-
alistic collision models, such as ES-BGK [15, 16] or
Boltzmann collisions.

2.2 Relaxation scheme
To efficiently capture flows with spatially varying rar-
efaction levels, the governing equations should adapt
their level of detail to the local regime, retaining more
moments in rarefied regions and fewer in dense ones.
This is achieved through a relaxation scheme that cou-
ples moment systems of different orders without requir-
ing an explicit interface.

Relaxation schemes have been widely used to simplify
the numerical solution of complex systems [17, 18, 19].
Boileau et al. [20] applied this concept in spray mod-
elling to couple the Euler and pressureless gas dynamics
equations. Extending this idea, we use a similar strat-
egy to couple two moment systems of different orders
sharing a common Grad-type closure.

Suppose we have a full system of moment equations
including moments up to order N , which we aim at

MSV 2



coupling with a reduced system including moments up
to order n < N . We denote by V and U the state
vectors of the reduced and full system, expressed as

V =
(
µ0, . . . , µn−1

)
(2.10)

U =
(
V, µn, . . . , µN−1

)
, (2.11)

and we define the flux vectors G(V) and F (U) for the
reduced and full systems,

G(V) =
(

µ1, . . . ,
〈

ξnf̂n

〉)
(2.12)

F (U) =
(

µ1, . . . ,
〈

ξN f̂N

〉)
, (2.13)

where f̂n (resp. f̂N ) is the estimated distributions
provided by the closure based on the first n (resp.
N) moments. The reduced and full systems are then
expressed as

∂tV + ∂xG (V) = S(V) (2.14)
∂tU + ∂xF (U) = S(U), (2.15)

where S(U) and S(V) denote the collision operator.
To produce a relaxation scheme, we introduce the

relaxation operator

R(U) =
(
R0, . . . , RN

)
, (2.16)

where

Rk =





0, k ∈ J0, n − 1K
〈

ξkf̂n

〉
− µk, k ∈ Jn, N − 1K.

(2.17)

We then propose to solve the following relaxed sys-
tem,

∂tU + ∂xF (U) = S (U) + λR. (2.18)

The parameter 1/λ represents a characteristic relax-
ation time controlling the transition between the two
levels of description. In the limit λ → 0, the relaxation
term vanishes and the full N -moments system (2.15)
is recovered. Conversely, for λ → ∞, the higher-order
moments with index k > n are projected on values
provided by the closure implied by the first n moments,
yielding the reduced n-moment system (2.14).

By letting λ = 0 in rarefied regions to recover the
full system and λ → ∞ in dense regions to recover
the reduced one, substantial computational savings are
achieved by advancing the high-order moments (k > n)
only in cells where the full system is required.

This relaxation scheme can be generalized to higher
velocity dimensions by defining full and reduced systems
based on the moment index sets IN and In with In ⊂
IN . The relaxation operator is then

Rk =





0, α ∈ In

〈
ξαf̂n

〉
− µα, α ∈ IN \ In.

(2.19)

with ξ the multi-dimensional molecular velocity.
It is to be noted that this relaxation scheme is stable

only if the sub-characteristic condition is satisfied [21],

meaning that the characteristic speeds of the full system
are interlaced with those of the reduced one. Chen et
al. [22] introduced a strong condition to enforce this
stability, namely the dissipation of an entropy in the
relaxed system. For a system of moment equations,
compliance with this condition depends solely on the
chosen closure. In this study, Grad’s closure is adopted
as a proof of concept. Since it dissipates entropy only
near equilibrium, the method should be applied with
caution in strongly non-equilibrium regimes. Future
work will use this relaxation scheme in conjunction
with any hyperbolic closure for improved stability.

3 Results
The proposed relaxation scheme is implemented in
C++ leveraging the adaptative mesh refinement li-
brary Samurai1. It is tested on a 2D3V toy problem
representative of the high-altitude expansion of a single
species rocket plume.

The computational domain is a square of size L =
0.2 m. Two parallel argon streams enter from the left
boundary with identical velocity and temperature but
different densities, described by Maxwellian distribu-
tions of parameters

ρ(x = 0, y) =





3.5 × 10−3 kg/m3, 0 ≤ y < δ

3.5 × 10−4 kg/m3 δ ≤ y ≤ L

u(x = 0, y) =
(
300 m s−1, 0 m s−1)

θ(x = 0, y) = 104 m2/s2,

where δ = 5 mm denotes the interface between the
two streams. The denser jet mimics a rocket plume,
while the upper flow represents the surrounding rarefied
atmosphere. For argon, these conditions correspond
to T = 48 K, with pressures of P = 35 and 3.5 Pa in
the dense and rarefied regions, respectively. Neumann
conditions are imposed at x = L and y = L, while a
symmetry condition is enforced at y = 0.

Using δ as the characteristic length, the local Knud-
sen number ranges from Kn = 10−3 to 10−2. This
limited variation keeps the flow near equilibrium, en-
suring the Grad closure remains hyperbolic and the
relaxation scheme stable.

The relaxation time τ for the BGK collision operator,
is computed based on the local state as τ = µ/P . The
dynamic viscosity µ is computed employing the variable
hard sphere model [1]

µ = µref

(
T

Tref

)
sω

µref = 15
√

πmArkbTref
2 (5 − 2ω) (7 − 2ω) πd2

ref
,

(3.1)

with reference temperature Tref = 273 K, reference
diameter dref = 4.17×10−10 m, temperature index ω =
0.81 and argon molecular mass mAr = 6.63 × 10−26 kg.

Fluxes are computed using a first-order Rusanov
scheme. The full system retains moments up to third

1https://hpc-math-samurai.readthedocs.io/en/latest/
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order (including the heat flux as an explicit variable),
whereas the reduced system is limited to second-order
moments, corresponding to the anisotropic Euler equa-
tions. The computational grid consists of one million
cells, and results are compared against a reference
DSMC simulation using eight million cells.

The density field computed with both approaches
is shown in Fig. 1. Both methods are in fairly good
agreement. During expansion, the initially dense jet un-
dergoes rapid rarefaction, followed by a recompression
along the centreline further downstream. An oblique
region of increased density appears at the interface
where the two flow streams interact.
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Figure 1: Density field.

A more challenging quantity to capture is the heat
flux. Its x-wise component is shown in Fig. 2. Both
approaches reproduce a similar field topology, with a
pronounced oblique band of negative heat flux at the
collision zone, indicative of strong heating, and a region
of moderate positive flux below, corresponding to gas
cooling during expansion. Differences in magnitude
arise from the coarser mesh and first-order flux used in
the moment method.

A simulation performed without activating the re-
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Figure 2: Heat flux along ex.

laxation scheme produces identical results, while its
inclusion reduced the computational cost by approx-
imately 40%. Although this test case is of moderate
difficulty, comparable performance gains are anticipated
in more demanding configurations with stronger non-
equilibrium effects. Achieving this, however, requires
replacing Grad’s closure with a hyperbolic one to main-
tain the stability of the relaxation scheme.

4 Conclusions
In this work, we introduced a relaxation-based frame-
work for coupling moment systems of different orders
without requiring an explicit interface. The method was
evaluated on a moderately rarefied test case, demon-
strating substantial computational savings. Future
work will focus on incorporating higher-order fluxes
and extending the formulation to multi-species flows.
By employing hyperbolic closures, the stability of the
scheme will be assessed in more demanding configu-
rations featuring stronger non-equilibrium effects and
larger variations in Kn.
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Abstract

This work is a numerical study of strongly magnetized multi-species plasmas. Due to the multiscale
nature of the problem, accurate and reliable simulations of such a system are computationally expensive.
We present model based on moments of a gyrokinetic equations for the motion of electrons. This
approach filters out the fast cyclotron frequencies while preserving the essential dynamics. We introduce
a numerical adapted to this model when coupled with the ions dynamics and an induced electric field
through Poisson equation. The effectiveness of this numerical model is illustrated through a simplified
2D test case.

Keywords: Multi-species plasma, Highly-magnetized, Gyrokinetic, Gyromoments

1 Introduction

The accurate modeling of multi-species plasmas under
strong magnetic fields is a major challenge in plasma
physics. The main difficulties lies in their multiscale
nature, as such plasmas involve physical phenomena
with time and length scales varying by several orders
of magnitude. This results in systems that are stiff and
difficult to solve numerically with a sufficient accuracy
and at a reasonable computational cost (see e.g. [4]).
First, the considered setup includes an intense magnetic
field. As they are charged and they have a low mass,
the electrons undergo very rapid rotations around mag-
netic field lines. These gyrations define two other small
scales: the Larmor radius which is the radius of the cir-
cular motion of the electrons around the magnetic field
lines, and the cyclotron frequency of these rotations. A
second temporal disparity arises from the mass ratio
between electrons and heavy plasma species: Due to
their low inertia, electrons have a quick response to
the system dynamics, while heavy species respond on
much longer timescales. A third disparity is due to the
small size of the Debye length compared of the char-
acteristic length of the domain, which corresponds to
a quasi-neutral regime. However, such configurations
make commonly appear charge separation near the
boundary of the domain, so-called electrostatic sheath.
Its thickness is of the order of the Debye length, i.e.
very thin compared to the system global dimensions
(see e.g. [3]), but it prevents from treating the last two
disparity at the continuous level. Therefore, extend-

ing the work in [1], we propose a global strategy to
treat the different characteristic scales of such a plasma.
We employ a gyromoment approach for the electrons,
derived from gyrokinetic theory, to capture the rapid
dynamics in a reduced formulation. This method filters
out the fastest cyclotron oscillations while preserving
the essential transport at larger scales. This removes
the stiffness associated with the Larmor radius and cy-
clotron frequency. This type of strategy is established
in the field of fusion plasmas (see e.g. [5]), but remains
largely unexploited in cold plasmas. The stiffness re-
lated to the Debye length and the inertia of electrons
are treated through an adapted numerical approach.
We demonstrate how the approach previously devel-
oped in [1] extends and is physically enhanced through
the introduction of a dynamic coupling with an ion pop-
ulation. We illustrate this strategy on a simplified 2D
configuration. Such configurations highlight common
challenges encountered in various applications such as
for Hall effect thrusters, arcjets or plasma discharges.
Thus, the key achievement of this study is the formula-
tion of a comprehensive multiscale strategy that bridges
electron gyromoment modeling and ion dynamics to
accurately and efficiently capture magnetized plasma
behavior.

2 Modeling
Consider a reduced model consisting of a 2D fluid of
ion–electron coupled through electromagnetic interac-
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tions describing the (ex, ez)-plane. The magnetic field
B∗ = B∗

0 ez is assumed to be constant, uniform and
imposed along the z-axis. Meanwhile, the electric field
E∗ = Ē∗ +Ẽ∗ has a dominant contribution Ē∗ = E∗

0 ey,
also constant, uniform and imposed along the y-axis,
orthogonal to the 2D simulation plane. The remaining
contribution Ẽ∗ = −∇x∗ϕ∗ has a smaller magnitude,
and is given by Poisson’s equation. This setup can
be seen as an idealized modeling of a Hall thruster
acceleration zone, as described in [1].

direction

Figure 1: Representation of the field geometry

Electrons are described using the gyromoment ap-
proximation developed in [1], which retained four mo-
ments. This approximation is derived from the hydro-
dynamic limit of a gyrokinetic equation. Starting from
the Boltzmann equation in the regime of high electro-
magnetic fields, we take the asymptotic limit in which
the electromagnetic fields magnitude tends to infin-
ity. This procedure filters out fast cyclotron gyrations
while preserving the essential dynamics of magnetized
electrons. Then, using an entropy-based closure, we
obtain a reduced fluid formulation for the electrons.
This type of reduced modeling, based on the averaging
of cyclotronic motion, is well-established in highly mag-
netized tokamak’s fusion plasmas, and several codes
rely on such approximations (see e.g. [2]). However,
our modeling differs from these existing approaches, as
it focuses on a different physical regime, characterized
by both strong electric and magnetic fields. Ions are
modeled using the classical Euler system of equations,
derived from the hydrodynamic limit of the Boltzmann
equation in a highly collisional regime. Coupling be-
tween ions and electrons is provided solely through the
Lorentz force in those equations and through Poisson’s
equation. The resulting non-dimensional system reads
as follows:





∂tU
e + 1

ε ∇x · Fe = 1
ε Se,

∂tU
i + ∇x · Fi = Si,

−∆xϕ = ρi−ρe

χ .

(2.1)

Two dimensionless scaling parameters have been in-
troduced: The parameter ε ≪ 1 corresponds to the
square root of the mass ratio between electrons and
ions, quantifying the difference in inertia between the
two species. Electrons, being much lighter, react on
much shorter timescales than ions. The parameter
χ ≪ 1 represents the normalized Debye length squared.

Its small value reflects the fact that the Debye length
is much smaller than the system’s characteristic length
scale. Physically, this corresponds to a quasi-neutral
plasma. Note that, under realistic boundary conditions,
a charge separation between the electrons and the ions
develops at the boundary, leading to a local breakdown
of quasi-neutrality. The vectors of unknowns Ue and
U i involved in (2.1) are described below.

Electrons
The electron state vector is defined as

Ue = (ρe, ρeuz, ρeTx, ρeEz)T
,

where ρe is the electron density, uz the mean velocity in
the z-direction, Tx the temperature in the x-direction,
and Ez the electron energy in the z-direction. The
corresponding fluxes in the x- and z-directions are

F e
x = (ρe, ρeuz, ρeTx, ρeEz)T

,

F e
z =

(
ρeuz, ρeEz, ρeTxuz, ρeuz

(
3Ez − 2u2

z

))T
.

The electron source term reads

Se =
(
0, −ρeẼz, ε ρe

(
Teq − Tx

)
,

−2ρeuzẼz + ε ρe

(
Teq − Tz

))T
.

Note that the source term is stiff only because of
the electric field of order O(1/ε), unlike the relaxation
term relating the two directional temperatures of order
O(1).

The model for electrons consists of a constant drift
in the x-direction, i.e. the E × B direction, and a
classical Euler model in the z-direction. As detailed
in [1], this results from the limit of a dominant and
constant electromagnetic field tending to infinity.

For this reason, only the velocity uz in the z-direction
is considered. In the x-direction, the constant drift
velocity vD is not an independent variable.

Ions
The gyrokinetic approximation applies not for the ions
dynamics. This approximation canceled the y-velocity
in the electron dynamics, while it is non-zero in the ion
dynamics. Therefore, even if we are interested in a 2D
model, the electromagnetic field makes the dynamics
of ions intrinsically three-dimensional. We consider a
3D model for the ions with energy distributed over the
three spatial degrees of freedom. However we assume
that the mean velocity uy in the y-direction is fully
prescribed. This assumption allows the system to be
reduced to 2D equations. Accordingly, the ions are
modeled using a four-moment Euler formulation, where
the total energy is given by

E i = ρi
(
5T i + |ui|2

)
.

Here, the ion state vector consists of the density, mo-
mentum components in the x- and z-directions, and
the total energy

U i =
(
ρi, ρiui

x, ρiui
z, E i

)T
.
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The corresponding fluxes in the x- and z-directions are
defined as

F i
x =

(
ρiui

x, ρi
(
(ui

x)2 + T i
)
, ρiui

xui
z, ui

x

(
E i + 2ρiT i

))T
,

F i
z =

(
ρiui

z, ρiui
xui

z, ρi
(
(ui

z)2 + T i
)
, ui

z

(
E i + 2ρiT i

))T
.

Finally, the ion source term, which accounts for the
influence of electric and magnetic fields, reads

Si =
(
0, ρi(Ẽx + Bui

y), ρiẼz, 2ρi
(
ui

xẼx + ui
zẼz

))T
.

The scaling of (2.1) shows that the gyrokinetic ap-
proach reduces only part of the system stiffness by
filtering out cyclotron frequencies, and some remain
at the fluid scale due to the very multiscale nature of
the problem, albeit to a lesser extent. This residual
stiffness is addressed through the design of a specific
numerical strategy.

3 Numerical Methods
The system (2.1) can be viewed as a particular two-
fluid Euler-Poisson system, in a regime where the De-
bye length is small and the electron inertia is very
low. There is an extensive literature on this topic (see
e.g [6, 7, 3]) devoted to the development of asymptotic-
preserving (AP) numerical schemes suitable for this
type of system. In this context, we developed in [1]
a numerical scheme that solves the system (2.1) con-
sidering only the electrons, with the ions treated as a
fixed background. The ion population is solved here
dynamically. Thus, the stiff electron flux and the elec-
tric field are treated implicitly using the same strategy
developed in [1]: the linearity of the transport in the
x-direction allows for a simpler implicit treatment of
these fluxes. An upwind flux in the x-direction and
a HLL flux in the z-direction are used. The electron
dynamics is solved together with the Poisson equation
using an iterative fixed-point method. This allows us
to effectively handle the electric field in an implicit
manner. For the ions, the absence of stiffness (associ-
ated with their lower inertia) enables us to compute the
fluxes explicitly, using a HLL solver in both directions,
while treating implicitly the source term, using the
result given by the electron-Poisson solver.

4 Test-case and numerical re-
sults

Consider a 2D domain [−π, π] × [−π, π] with periodic
boundary conditions. The domain is discretized using
400 points in the x-direction and 100 points in the
z-direction. This anisotropic discretization is necessary
for the stability of the numerical scheme, as discussed
in [1]. The ion population is initialized with a homoge-
neous state, defined by

ρi = 0.5, ui
x = ui

z = 0, ui
y = 1, T i = 1.

The electrons are initialized with the same configu-
ration except for a density given by

ρe(x, z) = 0.5 + 0.1 exp(−x2) exp(−z2) + λ,

where λ is a constant that guarantee the global electro-
neutrality. The other quantities are initialized homoge-
neous

uz = 0, Tx = Tz = 1.

The small parameters are ε = χ = 10−2 and
B = 1. This test case aims at studying the response
of a quasi-neutral electron–ion plasma in which the
electrons are forced to drift at a constant velocity in
one direction, while the global density equilibrium
is perturbed by a localized spatial accumulation of
electronic charge. We observe, in a simplified case,
how a local loss of electro-neutrality evolves under a
realistic, multiscale physical regime, which is typically
challenging and hardly addressed in the literature. The
total computation time is 251 minutes using a Python
implementation running sequentially on an M2 Pro
CPU. The code is available at the following GitLab
repository: https://gitlab.labos.polytechnique.
fr/zoubair.tazakkati/toward-efficient-
simulations-of-highly-magnetized-plasma

5 Discussion and Perspectives
Fig 2 shows the time evolution of the ion and elec-
tron densities. Two characteristic timescales can be
distinguished in the dynamics observed. The first is a
rapid early phase (before t ≈ 0.1), beginning with an
excess of electron density at the center of the domain.
During this step, the electrons respond quickly. Un-
der the combined effect of the pressure gradient and
the Lorentz force, density waves propagate in the z-
direction and are reflected toward the center of the
domain by the periodic boundaries. Simultaneously,
all the electrons drift globally in the x-direction at a
constant speed. However, the ions hardly move and
their density remains nearly uniform. Then, in a sec-
ond timescale (from t ≈ 0.1), the ions start to respond
more significantly. They gradually follow the motion
of the electrons in the x-direction, and their density
variations become more pronounced, illustrating the
delayed response due to their larger mass and inertia.
These two timescales highlight the difference in mobil-
ity between electrons and ions. Electrons react almost
instantaneously to forces, while ions adapt more slowly,
leading to complex coupled x − z dynamics. Over time,
these interactions produce periodic patterns in elec-
tron and ion density. This simulation indicates that
the model can capture small-scale phenomena while
maintaining relatively low computational costs. The
dynamics of small cyclotronic oscillations are implicitly
accounted for through the use of a gyromoment model.
Overall, these numerical results suggest that the pro-
posed scheme remains stable and effective in regimes
involving small parameters. However, such a numerical
analysis is postponed to future work to fully confirm
this robustness.
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(a) t = 0.025 (b) t = 0.050

(c) t = 0.075 (d) t = 0.100

(e) t = 0.300 (f) t = 0.500

Figure 2: Evolution of the electron and ion densities.

6 Conclusion

This study illustrates the potential of our unified ap-
proach to model strongly magnetized, multi-species
plasmas. In a simplified 2D configuration, the method
captures key aspects of the coupled dynamics of dif-
ferent species across multiple scales. These results
suggest that the model can handle complex multiscale
regimes. While further validation and extensions are
needed, the approach appears promising for more re-
alistic simulations, such as those involving the sheath
and applications to space propulsion.
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Abstract

The NASA Ames arc heater facility operates by heating a working gas at temperatures of the order of
10 000 K through a DC electric arc sustained in a constrictor tube between two copper electrodes. Recent
simulations using fluid methods were conducted to investigate the mechanisms of arc instability. These
were able to capture the main features of the discharge; however, due to the simplicity of the boundary
conditions used, they did not faithfully represent the attachment of the arc to the electrodes, which
critically determines their erosion and premature failure. With this work, we aim to study the physics in
the thin layer where the arc attaches to the electrodes through 1D particle-based kinetic simulations.
This method allows us to include relevant physical mechanisms, such as electrode evaporation, thermionic
emission, and gas ionization and excitation, and to investigate their effects. We find that a large voltage
drop can develop in the cathode layer of the discharge, which also serves as the ionization source
sustaining the arc. We also find evidence that the metal evaporating from the electrode can strongly
influence the plasma discharge due to its low excitation energy threshold, providing a strong pathway
for energy exchange between electrons and heavy particles. Finally, we provide a strategy for using
small-scale simulations to improve the boundary conditions in the fluid simulations of the complete arc.

Keywords: electric arcs, arcjet, plasma, evaporation, particle methods, PIC, DSMC, Monte Carlo

1 Introduction

Arc-heater facilities at NASA Ames are used to test
spacecraft Thermal Protection Systems (TPS) under
relevant atmospheric re-entry conditions. The high
enthalpy plasma flow in such devices is typically mod-
eled using Magnetohydrodynamics (MHD). Recently,
the ARCHeS code, a state-of-the-art parallel, unstruc-
tured, finite volume solver based on the OpenFOAM
library, has been used to simulate the arc heater [1].
The study highlighted fluid-dynamic instabilities arising
from the interaction between the injected cold gas and
the hot plasma, as well as various plasma instabilities,
including kink and sausage modes. Such simulations,
however, considered simplified boundary conditions at
the discharge electrodes and neglected kinetic effects
in the bulk of the fluid. At length scales comparable to

the mean free path, within the Knudsen layer, particle
velocity distributions can deviate from the Maxwell-
Boltzmann distribution. Similarly, at scales on the
order of the Debye length, in the plasma sheath, the
plasma’s quasi-neutrality condition is not satisfied be-
cause the surrounding electrons do not promptly screen
positive charges.

The objective of this work is to study these phenom-
ena at the mesoscopic level under conditions relevant to
the NASA arc heater and, eventually, to extract bound-
ary conditions for the macroscopic flow variables of the
MHD model. First, we aim to simulate a 1D domain
using particle-based kinetic methods that include the
electrode kinetic region. We will use the hybrid Particle-
in-Cell – Direct Simulation Monte Carlo – Monte Carlo
Collision (PIC-DSMC-MCC) method, implemented in
the VKI code Pantera [2]. Some examples of similar
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studies of the near-electrode region, relevant for appli-
cations including high-power circuit breakers, pulsed
plasma thrusters, metal welding, and discharge lamps,
can be found in [3, 4, 5, 6, 7, 8].

The heat flux at the arc attachment points leads to
electrode material evaporation, which can diffuse in
the gaseous phase, ionize, or condense on the surface
[4]. Therefore, we will initially consider evaporation
from the metallic surface. First, in Section 3.1, where
the evaporated vapor is the only gas present, and then
in Section 3.2, where the metal evaporates in a back-
ground of argon at 1 atm of pressure. We will then
consider the plasma discharge, first with an imposed gas
background in Section 3.3, and then including coupling
to the background gas and metal vapor in Section 3.4.

Analysis of Characteristic Scales
First, it is helpful to determine the approximate dis-
charge properties in the cathode region of the NASA
Ames arc heater. From the simulations shown in [1], a
gas pressure of the order of 5-10 bar is estimated. The
plasma temperature in the bulk of the arc is approxi-
mately 10 000 K, decreasing to 3 000 K in the electrode
region. The number density of the background gas
can be expected to be approximately 1025 m−3. The
total current of the arc is of the order of 5 kA. The
mean free path for collisions with the background is
λ ≈ 6×10−8 m, and the Debye length, at an ionization
degree of 0.1%, is λD ≈ 7 × 10−8 m. We therefore
estimate that the kinetic layer will have a thickness of
a few micrometers.

2 Methods
The PIC-DSMC-MCC code Pantera [2, 9], developed
at VKI, is used for all kinetic simulations performed in
this work. All simulations are performed in 1D-3V on a
uniform grid. The results shown in Sections 3.2 and 3.3
use Monte Carlo collisions [10, 11] with an imposed
background. Otherwise, all species are simulated using
particles. We use species-specific macroparticle weights
when there is a large density disparity between species,
for instance, between plasma and neutral particles. The
collisional procedure we use in this case is adapted from
that of Araki and Martin [12].

Evaporation of copper is modeled by injecting from
a half-Maxwellian velocity distribution at the wall tem-
perature Tw from a reservoir with a density correspond-
ing to the vapor pressure at Tw. At 3 000 K, this is
pv ≈ 200 Pa for copper. We consider that all copper
atoms reaching the surface recondense.

Thermionic emission is modeled by emitting electrons
from a half-Maxwellian distribution at the temperature
of the wall Tw, with current density je determined by
the Richardson-Laue-Dushman equation, including the
Schottky effect.

je = AGT 2
w exp

(
−W − ∆W

kBTw

)
, (2.1)
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Figure 1: Ratio of the net evaporation mass flow rate
ṁvap to the emitted mass flow rate ṁe as a function of
the Mach number at the edge of the Knudsen layer.

where W = 4.55 eV is the work function of copper,
∆W = [q3

e E/(4πε0)]1/2 is the change in the potential
barrier due to the electric field on the surface of the
cathode, AG = λR4πmek2

Bqe/h3 is a universal constant
and λR ≈ 0.5 is a correction factor for metal surfaces.

3 Results and Discussion
In the following sections, we first consider the electrode
evaporation separately, and then include the plasma
discharge.

3.1 Evaporation of Copper
As a first step in modeling the electrode, we consider
the case of evaporation of the copper electron into the
pure copper vapor it generates. At the solid boundary,
we impose the evaporation rate. At the boundary fac-
ing the fluid, the “piston” boundary condition is used,
as described by Frezzotti in [13], which imposes a drift
velocity U∞ for the evaporating gas. This works by
reflecting particles specularly on an imaginary surface
that is constantly moving at a velocity U∞. Collisions
using the Variable-Soft-Sphere (VSS) model are consid-
ered in the gas phase. Collision parameters for copper
are taken from Gosma et al. [14]. A domain of the size
of approximately 100λ is simulated.

We find an excellent agreement between our results
and those of Dias [15]. We identify a region of thermal
nonequilibrium near the evaporating wall, where the
temperature is higher in the direction parallel to the
wall than in the perpendicular direction. In Figure 1,
we plot the fraction of the net evaporating mass flow
(emitted minus condensing) to the emitted mass flow,
also in agreement with the results of Dias [15]. This
measurement is an example of a macroscopic relation-
ship that could be used as a boundary condition.

3.2 Evaporation Into a Background Gas
Here, we consider the case in which the copper elec-
trode evaporates into a background of argon gas under
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static conditions. In this case, the evaporating cop-
per acts essentially as a trace species diffusing into the
background gas. As in the previous case, we impose the
evaporating flux at the wall and a “piston” boundary
condition at the fluid-facing boundary. We perform
simulations in a domain of roughly 20λ with a back-
ground argon gas at 1 atm and 3 000 K, the same as
the wall temperature. We perform simulations with
piston velocities U∞ ranging from 30 to 1 500 m/s. The
results, shown in Figure 2, indicate that the evapo-
rating copper essentially obeys Fick’s law of diffusion.
In 1D, assuming copper is at the limit of infinite dilu-
tion, a linear density profile is expected, as shown in
the figure. The results suggest that the evaporating
copper is everywhere in thermal equilibrium with the
background gas. The net evaporating flux appears to
be insensitive to the piston velocity, with a value of
jCu = 0.127 kg m−2s−1. For piston velocities above
500 m/s, almost no particle is reflected into the domain,
and the results are essentially unaffected, as shown by
the curves at 500 and 1 500 m/s.
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Figure 2: Number density of copper for the case in
which it evaporates into a background of argon at 1 atm
and 3 000 K.

These results suggest that the correct way to impose
an evaporation boundary condition for the arc heater
would be to assume (near-)thermal equilibrium of cop-
per with the background gas in the “kinetic” layer, and
that whatever concentration gradient is imposed at the
fluid boundary would be maintained throughout the
layer.

3.3 Plasma Discharge With a Fixed
Background

As a first step towards simulating the electrode kinetic
layer, we model a 1D plasma discharge that includes
thermionic emission from the cathode. This was in-
spired by microdischarge simulations such as that of
Zhong et al. [16]. A potential difference is applied
across the domain boundaries via an external circuit
comprising a series ballast resistor and a parallel ca-
pacitor. A background of argon at 1 atm and at the
temperature of the cathode Tw is imposed, correspond-
ing to a density nAr = 3.19 × 1024 m−3. MCCs are

Table 1: Elastic and inelastic processes included in the
simulation of the microdischarge.

Name Process Ea

IZ1 e– + Ar → e– + Ar+ + e– 15.8 eV
EX1 e– + Ar → e– + Ar∗ 11.5 eV
EL1 e– + Ar → e– + Ar 0
EL2 Ar+ + Ar → Ar+ + Ar 0

computed between the plasma and the background gas
(see Table 1).

The results, averaged at steady-state, are shown in
Section 3.3. The cathode and anode sheaths can be
distinguished by inspecting the potential drop across
each. Since the size of the discharge is limited, the
quasineutral plasma column is limited to the center
of the discharge at 0.4 < x/L < 0.5. This value of
current density produced a discharge with a plasma
density of the order of 1018 m−3, so with a rather
low ionization degree of ≈ 10−6. The temperature
plot shows that ions equilibrate with the background
neutrals through elastic collisions. Electrons, on the
other hand, do not exchange sufficient energy with
the neutrals within the domain to equilibrate with the
heavies. Godyak [17] proposed a simplified expression
for the electron temperature relaxation length λe that
accounts for all electron energy loss mechanisms in a
discharge. We report it here as written by Chabert and
Braithwaite [18],

λe = λen

[
2me
mi

+ νee
νm

+ 2
3

(
qeεexc
kBTe

)
νexc
νm

+ 2
3

(
qeεiz
kBTe

)
νiz
νm

]−1/2

, (3.1)

where λen is the electron-neutral mean free path. The
first term in parentheses is due to elastic collisions. The
second term arises from electron-electron (Coulomb)
collisions. The third and fourth terms are due to elec-
tron energy loss by inelastic collisions (ionization and
excitation). Here, we do not show the term due to
energy loss at the boundaries. The elastic term for ar-
gon is of the order of 10−5, and the Coulomb collision
term is also typically considered negligible. However,
this should also be verified in the conditions of interest.
At the temperature of ≈ 5 eV measured in this case,
the terms due to ionization and excitation are also
small (νiz, νexc ≪ νm), since the electron temperature
is well below the ionization and first excitation thresh-
olds εexc = 11.5 eV and εiz = 15.8 eV. However, metal
vapors, which typically have much lower thresholds for
electronic excitation, could play a role in equilibrat-
ing electrons. This motivated the simulation in the
following section.

3.4 Plasma Discharge Coupled to the
Neutral Background

To investigate the role of excitation reactions in energy
transfer between electrons and heavy particles, we in-
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Figure 3: Number densities, electric potential, and
temperatures in the plasma discharge with imposed
background.

clude the lowest-energy excitation reaction for copper,
at εexc = 1.5 eV. We then need to include a mechanism
for energy transfer from the excited copper to the other
heavy species. This requires a coupled solution of the
plasma and neutral flow. Therefore, we also simulate
the background argon and copper as particles, with the
weight of Ar neutrals increased by a factor of 2 000 and
that of Cu by a factor of 10.

The results are shown in Figure 4. In this case,
a distinct quasineutral plasma column forms, where
electrons cool to a temperature below 1 eV. However,
while ions further equilibrate to the neutrals, electrons
remain out of thermal equilibrium.

3.5 Formulation of the Boundary Con-
ditions

In the previous sections, we presented the simulation
at the kinetic level of conditions representative of the
layer in proximity to the arc heater electrodes. The
initial goal of formulating MHD boundary conditions
would be to run simulations over a matrix of condi-
tions to extract functional relationships between the
parameters. Although we did not perform this task,
we now have a better sense of which variables could
serve as inputs and outputs. In the simulations, one
must fix the wall temperature Tw, the driving volt-
age ∆V , the resistance of the external circuit R, the
temperature(s) Tf and neutral density nn,f at the fluid
interface, and the density of copper vapor nCu,f (or
equivalently its diffusion velocity). Electrons must be
adequately reflected to avoid the formation of an arti-
ficial anode. The simulation in turn will provide the
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Figure 4: Number densities, electric potential, and
temperatures in the plasma discharge with neutral-
plasma coupling.

electrode evaporation rate ṁvap, (electron) arc current
at the fluid interface je,f and heat fluxes at the wall q̇w
and at the fluid interface q̇f . These will generally differ
due to inelastic collisional processes taking place in the
kinetic layer. Notice that such a model could also be
coupled to a material solver to yield self-consistently
the electrode temperature based on q̇w.

4 Conclusions and Future Work

In this work, we investigated the kinetic layer near the
electrodes in high-pressure arc discharges by performing
increasingly complex particle-based simulations. The
results showed that the background gas fundamentally
alters the dynamics of evaporation of the electrode
material with respect to the “strong blowing” case con-
sidered by Dias [15]. In turn, the metal vapors play
an important role in electron-heavy energy transfer
through excitation reactions and could alter the plasma
dynamics in the electrode layer. These findings suggest
that evaporation and plasma attachment are coupled
and should be investigated as such. For arc simulations,
we considered a setup analogous to a microdischarge
between two electrodes. It would be convenient to
consider only the region between an electrode and the
bulk of the discharge. However, formulating the proper
boundary conditions for the fluid side proved challeng-
ing and is left for future work.
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Abstract
Future missions such as the Uranus Orbiter and Probe will require robust modeling tools to predict
the extreme thermal environments encountered during atmospheric entry at velocities approaching
25 km/s. Under these conditions, radiative heating can contribute significantly to the total heat
flux, making accurate radiation modeling essential for thermal protection system design. This work
focuses on developing a predictive framework for the radiative output of H2/He entry flows and on
identifying the chemical processes that most strongly influence radiative heating. Radiance predictions
are computed by a one-way coupling of a flow model with detailed chemistry to NASA’s Neqair
radiation software. A variance-based sensitivity analysis was performed to quantify the contribution of
reaction rate uncertainties to variations in radiative output. Model results show the model’s ability to
reproduce East experimental data, and a preliminary sensitivity analysis identifies H2 dissociation and
electron-impact excitation as the groups of reactions with the most significant influence on radiative
intensity, establishing the foundation for future calibration of reaction rates using shock tube experiments.
Keywords: ice giant, reentry, state-to-state, collisional-radiative model, plasma

1 Introduction
The study and exploration of Ice Giants has been iden-
tified as a priority in the National Academy of Sci-
ences’ Decadal Survey [1]. Planned missions such as
the Uranus Orbiter and Probe [2] reflect this grow-
ing interest. Among other goals, this mission would
provide in-situ measurements of Uranus’s atmosphere,
providing invaluable data about the formation of our
solar system. Designing a probe for entry into an outer
planet’s atmosphere poses significant challenges due to
the extremely high entry velocities, which can reach
about 25 km/s for Uranus. Under such flow conditions,
it is essential to quantify the different heating mecha-
nisms acting on the probe. Shock tube tests have shown
that, under these conditions, radiative heating can con-
tribute up to 20% of the peak heating [3], highlighting
the need for accurate radiation modeling.

Extensive experimental campaigns [3–6] have pro-
vided valuable data for model validation. Several re-
search groups have proposed approaches to predict ra-
diative heat flux in these flow regimes [7–12]. However,
no consensus yet exists on the dominant mechanisms,
and reaction rate coefficients can vary widely across

sources. For instance, Colonna et al. [7] proposed a
9-species model emphasizing the role of H+

3 , H+
2 , and

H− ions opening new paths for the generation of free
electrons, while Carroll et al. [11] achieved similar agree-
ment with East measurements [3] using a 6-species
model excluding these ions, but boosting reaction rates
of electron-driven processes within their uncertainty
bounds.

These modeling discrepancies highlight the need to
identify dominant reactions in H2/He entry flows, and
to determine accurate reaction rates consistent with
experimental data. This work, therefore, aims to build
a predictive model of the radiative output of Ice Gi-
ant entry flows and to perform a sensitivity analysis
to identify the reactions that most strongly affect it.
Ultimately, these developments lay the groundwork for
future calibration of reaction rates within an uncer-
tainty quantification framework.

This report is structured as follows: Section 2 de-
scribes the radiation model and sensitivity analysis
methodology; Section 3 presents simulation results and
preliminary sensitivity analysis; and Section 4 discusses
the findings and outlines future work.
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2 Methods
In this section, we describe the modeling methodology
for predicting spectrally resolved radiance based on
pre-shock flow conditions and reaction rate coefficients.
The model consists of a fully coupled flow and chem-
istry model, with its outputs passed to the radiation
model via one-way coupling. We then describe the
methodology for the preliminary sensitivity analysis to
identify the reactions with the highest impact on the
radiance predictions.

2.1 Flow and chemistry model
The flow model is a multispecies, two-temperature, 1D
steady state Euler model for thermal relaxation past
a shock wave [13,14]. The rotational temperature, Tr,
is assumed equal to the heavy translational one, Tt,
while the vibrational temperature, Tv, equal to the
electronic temperature, Te, and to the free-electron
temperature, Tfe. This model offers the advantage of
being an inexpensive set of ordinary differential equa-
tions that can be solved with a space-marching method,
while still capable of capturing complex chemistry and
thermal non-equilibrium effects. The initial conditions
are determined from the Rankine-Hugoniot jump re-
lations based on the specified inflow conditions. The
equations solved are mass conservation for each species,
momentum conservation, total and internal energy con-
servation:

d
dx

(ρiu) = ωi, i ∈ S (2.1)

d
dx

(
ρu2 + P

)
= 0 (2.2)

d
dx

(ρHu) = P (2.3)

d
dx

[
u

(
ρev + ρee + ρeet

e
)]

+ Pe
du

dx
= Ωin (2.4)

where x (m) is the axial position, ρi (kg/m3) is the
density of species i ∈ S in the set of species consid-
ered, ρ (kg/m3) the total density, ωi (kg/(m3s)) the
net production rate of species i, u (m/s) is the flow
velocity, P (Pa) the pressure, H (J/kg) the total en-
thalpy, P (W/m3) the volumetric heat source term, ev,
ee, et

e (J/kg) the components of the internal energy,
respectively the vibrational, electronic and free electron
translational specific energies, Pe (Pa) the electron pres-
sure, and Ωin (W/m3) the volumetric power transferred
from internal energy to translational energy.

The species considered in the model are H2, H+
2 , H+

3 ,
H, H+, H−, He, He+ and e−, defining the species set S,
as proposed by Colonna et al. [7]. A state-to-state (StS)
approach is used for the first 10 energy levels of atomic
hydrogen H(n = 1 − 10), treated as pseudo-species, to
allow for non-Boltzmann distributions of excited states
as observed experimentally [3].

The collisional reactions taken into account include
dissociation of H2 by heavies and electrons [15, 16],
dissociative recombination [17], electron- and heavy-
impact ionization for H2 and helium [16,18], electron-
impact electron detachment [7], charge exchange [7],

electron- and heavy-impact ionization from H levels [19]
and electron- and heavy-impact excitation for H levels
[19]. For each reaction, the forward rate coefficient is
parametrized by a modified Arrhenius formula

kf,r(T ) = ArT ηr exp
(

−Ta,r

T

)
, r ∈ Rcoll (2.5)

where Ar and ηr are the fitting parameters, and Ta,r

is the activation temperature. The rate-controlling
temperature, T , is reaction-type-dependent, consistent
with Park’s two-temperature approach. The backward
reaction rate coefficients kb,r are computed from the
equilibrium constant of the reaction Keq,r.

In addition to the collisional reactions, radiative
decay H(u) → H(l) + hν, u ∈ {2, . . . 10}, l < u
is accounted for, adding 45 reactions. The Einstein
coefficients Aul (s−1) are extracted from the NIST
Atomic Spectral Database [20]. Radiation trapping
is accounted for by reducing the effective decay fre-
quency with local transition-dependent escape factors
Λlu (-) between 0 and 1, according to the Mewe em-
pirical formula [21]. The rate coefficient for radiative
decay reactions therefore reads

kf,r = ΛluAul, r ∈ Rrad. (2.6)

Since absorption is accounted for through the escape fac-
tors, no backward rate coefficients are considered for ra-
diative decay reactions: kb,r = 0, r ∈ Rrad. The model
just described is implemented in the code Broders++

[14], which relies on the library Mutation++ [22] for
all the thermo-chemical models.

2.2 Radiation model
The flow and chemistry models described in the pre-
vious sections provide densities of each species in S
along x after the shock, including the excited states of
atomic hydrogen. These outputs, as well as the evo-
lution of the two temperatures, are given as input to
NASA’s line-by-line radiation code Neqair v15.3 [23].
This one-way coupling approach assumes non-local ra-
diation effects are negligible; only local reabsorption
is accounted for by the escape factors in the chem-
istry model. Neqair provides spatially and spectrally
resolved intensity maps I(x, λ) (W/(cm2µm sr)) for
selected spectral regions. Each line is broadened based
on the physical flow properties, then convolved with
the instrumental response functions in both the spatial
and spectral dimensions.

The chosen wavelength regions correspond to those
measured experimentally in the East facility [3]. In
particular, we focus on the Blue (323 to 497 nm) and
Red (653 to 659 nm) spectral regions, capturing the
H-Balmer lines.

2.3 Sensitivity analysis
A sensitivity analysis was conducted to quantify the
influence of chemical kinetic parameters on the simu-
lated radiative quantities of interest (QoI). The analysis
focused on the Arrhenius pre-exponential factors Ar.
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Figure 1: Evolution of the species densities after the
shock, in the conditions of Test 56 shot 7.

Sampling of the input parameter space was performed
using Saltelli’s extension of the Sobol sequence [24],
as implemented in the Salib Python library [25, 26].
Total Sobol sensitivity indices [27] were then computed
to evaluate the effects of the parameters on the model
outputs.

In total, 12 QoI were defined to capture the spatial
evolution of the Balmer-α, β, γ, and δ lines:

QoIi,j =
∫ λ0,i+∆λ

λ0,i−∆λ

∫ x1,j

x0,j

I(x, λ) dx dλ (2.7)

where λ0,i (nm) are the wavelengths associated with
the transitions of interest, and x0,j and x1,j (cm) are
the spatial bounds of integration. For each line, we
define three consecutive sets of bounds to capture the
onset of radiation. For the Balmer-α line, these bounds
are (x0,j , x1,j) ∈ {(1, 2), (2, 3), (3, 4)} cm, while for all
other lines we use (x0,j , x1,j) ∈ {(2, 3), (3, 4), (4, 5)}.

Due to the computational cost of a full-scale analysis,
the sensitivity analysis was restricted to grouped reac-
tions by type rather than to each reaction, enabling
identification of the most influential reaction groups
within the project timeframe. The reactions were there-
fore separated into six groups: H2 dissociation, charge
exchange, electron-impact ionization, heavy-impact ion-
ization, electron-impact excitation, and heavy-impact
excitation. The analysis of variance was carried out
on a scaling factor applied to the Ar coefficients of all
reactions within the same group, thereby exploring the
space around the reference values. The logarithms of
these multiplication factors are the values sampled for
the sensitivity analysis, spanning two orders of magni-
tude in each direction around the reference value for
all reaction types. In total, 14 336 samples were used
for the sensitivity analysis.

3 Results
3.1 Shock tube radiation predictions
Figures 1 and 2 show typical species densities and
temperature evolutions behind the shock, as predicted
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Figure 2: Evolution of the two temperatures after the
shock, in the conditions of Test 56 shot 7.
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Figure 3: Boltzmann plot of the densities of H(i) at
three positions after the shock, in the conditions of Test
56 shot 7.

by the flow and chemistry model of Equation (2.1)
to Equation (2.4). These results were obtained for
the flow conditions of shot 7 in the Test 56 campaign
in the East facility [3], with pre-shock flow velocity
u∞ = 27.8 km/s, pressure P∞ = 0.5 Torr, and room
temperature T∞ = 291 K.

Focusing on Figure 1, we see a region of a few cen-
timeters far from chemical and thermal equilibrium.
The dissociation of H2 is nearly instantaneous. In this
simulation, the creation of H+ ions primarily occurs
via charge exchange, H + H ⇌ H+ + H−. We see
that the presence of negative H− ions balances the
charge. Most electrons are then produced by electron
detachment from these negative ions, until their den-
sity is high enough to drive the chemistry to a fast
equilibrium. The progressive evolution to equilibrium
is also illustrated in Figure 3 by the densities of excited
states of atomic hydrogen, which start from a highly
out-of-equilibrium configuration to a perfectly aligned
Boltzmann distribution at the electron temperature.

Figure 4 (a,b) shows the spatially and spectrally
resolved radiative intensity predictions computed by
Neqair, when fed the results discussed above, for the
Blue and Red spectral regions measured experimen-
tally, capturing the H-Balmer series of lines. Figure 4
(c,d) shows the experimental intensity measurements
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Figure 4: Radiative predictions and comparison to experiment for Test 56 shot 7. (a) Blue region, synthetic. (b)
Red region, synthetic. (c) Blue region, experimental. (d) Red region, experimental.

for Test 56, shot 7 [3], in the same spectral regions.
We see that they compare well, both qualitatively and
quantitatively: the onset of radiation occurs a few
centimeters behind the shock and persists; the exper-
imental broadening is also well represented; and the
absolute intensities are comparable.

3.2 Preliminary sensitivity analysis
The total Sobol indices representing the relative influ-
ence of the different reaction groups were computed for
the QoIs defined in Equation (2.7). Figure 5a shows the
results for a given window in the x direction (from 2 to
3 cm after the shock), for the considered H-Balmer lines.
From these results, we see that varying the electron-
impact excitation and dissociation rates has by far the
most significant impact on the radiative predictions.
Figure 5b shows similar results, but highlights the im-
pact of each reaction type on QoI of the Balmer-α
line defined by different x intervals. Further from the
shock, the impact of H2 dissociation rates is lower,
while electron-impact excitation becomes increasingly
important.

4 Discussion
The results of Section 3 show that our model has the
potential to replicate the experimental measurements.
However, high uncertainties remain on the reaction
rates, which vary widely depending on the source [11,
28], with the model defined in Section 2, very different
results can be obtained depending on how the reaction
rates are tuned, as illustrated in Figure 6 where three
runs of the model were performed in the same flow
conditions (Test 56 shot 7), but for different sets of
reaction rates, respectively by boosting or slowing some
reaction groups. This further justifies the need for
careful calibration of these rates and is also a promising

first result, showing that the model is suited for this
task as we approach the experimental results.

The results of the sensitivity analysis show how this
approach can help identify reactions that affect the
model’s radiative output. However, such an approach
using reaction groups has limitations, as it does not
allow discrimination between individual reactions.

5 Conclusions
This work presented the development of a predictive
model for radiative heating in H2/He entry flows rel-
evant to future ice giant missions by combining flow,
chemistry, and radiation models, which can provide
good agreement with the experiment. This work also
lays the groundwork for future model calibration with
a variance-based sensitivity analysis, identifying the
reaction groups whose uncertainties have the highest im-
pact on the predicted radiative output. This represents
a key step toward reducing the current discrepancies
in chemical mechanisms observed across the literature
and achieving predictive consistency with experiment
in radiative heating models for outer planet entries.

Future work will focus on performing a large-scale
sensitivity analysis of individual reactions and iden-
tifying the coefficients that require the most careful
calibration. Bayesian inversion will then be carried out
to calibrate the most critical reaction rate coefficients
using high-quality East experimental data, providing
a calibrated kinetic model suitable for mission design
applications.
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Abstract

Characterization efforts for the supersonic mode of the VKI Plasmatron Inductively Coupled Plasma
wind tunnel have so far been limited by the available numerical tools, with no single tool that models all
key phenomena including chemical and thermal non-equilibrium (CNEQ/TNEQ) and the magnetohydro-
dynamic interaction in the plasma torch. This project establishes an initial simulation pipeline based on
a chaining of three CFD codes: the VKI ‘ICP’ code, CFD++ and VKI ‘Stagline’. Simulation results
clearly point to the presence of CNEQ and thermal freezing in the nozzle, which fits with experiment.
The flow is found to be close to rarefied. Rebuilding of heat flux and stagnation pressure measurements
remains a challenge, but it is clear that ground-to-flight extrapolation using the traditional subsonic
LHTS method and standard (50mm) intrusive probes is not possible due to the non-equilibrium in front
of the probe. Moving to larger probes to promote equilibrium could be a solution, leading to equivalent
flight conditions around 70km altitude and 8km/s velocity.

Keywords: Ground testing, plasma wind tunnel, ground to flight extrapolation, flight relevant testing,
supersonic jet, plasma flow, non-equilibrium flow

1 Introduction

The use of ground testing is crucial to the study of
atmospheric entry. Plasma wind tunnels, which include
arc-jet and Inductively Coupled Plasma (ICP) facili-
ties reproduce the high-temperature hypersonic shock
layer encountered in flight. The von Karman Institute
for Fluid Dynamics (VKI) uses the ‘Plasmatron’ ICP
facility for this purpose. The test methods used in
this facility have in the past primarily revolved around
subsonic stagnation point testing. In this context, the
Local Heat Transfer Simulation (LHTS) methodology
is employed to relate ground test to flight conditions
and vice-versa (see Section 2). LHTS is based on the
idea of reproducing exactly the stagnation point bound-
ary layer. This must be contrasted with methods that
rely on direct duplication of heat flux and stagnation
pressure, without necessarily reproducing the exact
stagnation point environment. The latter are often
employed at arc-jet facilities, including those of NASA
Ames Research Center [1, 2]. However, supersonic noz-
zles have come into operation at the VKI Plasmatron
that both extend the operating range of the facility
and enable flat plate (off-stagnation point) testing with
higher shear [3]. Two main questions arise: what is the

exact nature of the flow coming out of these nozzles,
and is it still possible to relate the ground test condi-
tions to flight in the case of supersonic stagnation point
testing? This work attempts to answer these questions.

2 Background
The LHTS framework, as outlined by Kolesnikov and
applied at VKI [4, 5, 6] states that, assuming the
flow is in Local Thermodynamic Equilibrium (LTE)
at the boundary layer edge, three parameters need to
be matched between flight and ground to reproduce the
stagnation point boundary layer. They are the stagna-
tion pressure ps, the stagnation enthalpy hs, and the
(inviscid) stagnation point velocity gradient due

dx |s = βs.
The assumption of LTE, meaning thermal and chemical
equilibrium conditions at the boundary layer edge, is
usually fulfilled for subsonic VKI Plasmatron operation
(except for low pressures around 15 mbar) [7, 8]. For
the supersonic operation, two complications appear.
Firstly, chemical and thermal non-equilibrium (CNEQ,
TNEQ) effects must be considered in the nozzle and
after, which is supported by recent spectroscopic mea-
surements that suggest high levels of CNEQ and TNEQ
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after the nozzle exit and the probe location [9].
Secondly, the flow may become rarefied during the

expansion through the nozzle. The key parameter
to monitor is the Knudsen number, the ratio of the
mean free path λ and a relevant length scale L. In
a nozzle flow, there is no clear way to define a fixed
L, and λ changes significantly during the expansion.
Candler and Bird [10] define the Gradient Length Local
(GLL) Knudsen number, with λ calculated locally and
L defined using the gradient of a strongly varying flow
property, such as density:

KnGLL = λ

L
= λ

ρ

∣∣∣∣
∂ρ

∂x

∣∣∣∣ (2.1)

With objects in the flow, like probes, one can use the
shock stand-off distance as a length scale [11]. To
capture the CNEQ/TNEQ effects, this work uses a
finite-rate 11 species air model (N, O, NO, N2, O2, N+,
O+, NO+, N+

2 , O+
2 , e−) and Park’s two-temperature

(2T) model [12, 13, 14]. The dissociation reactions are
modeled using Arrhenius laws with forward rates K:

K = CT n
a e− H0

kTa (2.2)

where the controlling temperature Ta =
√

TevTrt is the
geometric average of the electronic-vibrational temper-
ature Tev and the rotational-translational temperature
Trt.

3 Simulation methodology
The aim is to simulate the flow in the supersonic VKI
Plasmatron, including plasma torch, nozzle and cham-
ber, with and without the presence of an intrusive
stagnation point probe. As of now, a code able to
capture all the complex phenomena present in the flow
(compressibility, high-temperature CNEQ/TNEQ, mag-
netohydrodynamics in the ICP torch) is not available
to us. As such, the domain has been divided into three
regions with a different code used for each to be able to
reproduce the relevant phenomena in the flow regions
where they occur. Coupling between the regions and
codes is done manually. These are described in the
following sections.

3.1 Simulation of plasma torch with
VKI ‘ICP’ Code

The in-house VKI ‘ICP’ code based on the COOLFluiD
platform is used to solve the plasma torch and the elec-
tromagnetic coupling between the flow and the induc-
tion coil [15]. However, the ICP code is limited in that
it can only model LTE chemistry, making it unsuitable
to handle the CNEQ/TNEQ flow in the nozzle and jet.
To reproduce a test condition, the mass flow rate in
the torch is imposed and the numerical electrical power
(different from the measured electrical power listed in
Table 1 because of the unknown coupling efficiency
between coil and plasma [16]) is adjusted until the nu-
merical reservoir pressure in the torch Pres matches the

measured value. Because the subsonic flow in the nozzle
contraction affects the flow field in the torch itself, the
simulation domain goes up to and slightly beyond the
nozzle throat. The outputs of the ICP simulation are
the flow profiles at the start of the nozzle contraction,
which are passed to the CFD++ simulation. A similar
approach using a parabolic inlet profile at the throat
of the nozzle, defined using macro properties from the
reservoir, has been used by NASA Ames for the arc-
jets [11]. Both the ICP and CFD++ simulations are
2D-axisymmetric around the jet centerline to reduce
computational cost.

3.2 Simulation of nozzle and chamber
with CFD++

The code chosen to solve the flow through the nozzle
and in the test chamber is CFD++ from Metacomp
Technologies Inc., due to prior knowledge of the code
and its relative ease of use and robustness. The CFD++
simulation domain with boundary conditions (BC’s) is
shown in fig 1. The inlet profiles of pressure, tempera-
ture and chemical composition are taken from ICP sim-
ulations, as described in sec 3. The nozzle is modeled as
an isothermal wall (350 K). The top of the chamber is an
inviscid wall and is placed far enough away not to affect
the jet development. The outlet is a supersonic outlet
with imposed back pressure equal to the experimental
static chamber pressure. The left chamber side is a
blowing BC, where constant static pressure, x-velocity,
temperature, and chemical composition are imposed.
The blowing stabilizes the simulation. Park’s 2T model
is used with an 11-species air model, described in sec 2.
The tabulated chemical kinetics are extracted from the
Mutation++ thermodynamic library [17].

3.3 Simulation of intrusive probe stag-
nation line with VKI ‘Stagline’ code

The simulations are meant to replicate the experimen-
tal conditions in the Plamsatron chamber, that feature
intrusive heat flux and stagnation pressure measure-
ments. Experimental cold wall heat flux measurements
were taken with a 50 mm diameter hemispherical probe
with a copper water-cooled calorimeter, experimental
stagnation pressure is measured with a pitot probe of
the same geometry. The experimental values are listed
in Table 1. Considering the available computational re-
sources, the intrusive probe simulations were not done
in CFD++, but rather with a fast pseudo-1D code
‘Stagline’ based on the Dimensionally Reduced Navier-
Stokes Equations (DRNSE) [18, 19]. These are valid
on the stagnation line towards a sphere. The Stagline
simulations, with a domain extending 10 cm from the
probe wall, take as inlet BC the CFD++ output on
the centerline at the probe location: Trt and Tev, the
species composition, and the flow velocity. Stagline is
also coupled with the Mutation++ library and uses
the same 2T model. However, an issue with the han-
dling of charged species in Mutation++, believed to
be due to a bug, prevented the use of the 11-species
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Figure 1: Example CFD++ solution Mach number
contours including BC conditions. Lower line is a sym-
metry BC. The dotted line figure is an approximation
of the experimental probe location in the jet.

air model. Instead, the composition was converted to
a 5-species model (O2, N2, NO, O, N) by adding the
densities of the ions to those of the corresponding neu-
trals. The wall boundary condition is set to replicate
the cooled calorimeter surface: 350 K imposed tem-
perature with surface recombination treated using the
‘gamma’ model defining surface recombination prob-
abilities γN = γO = γ equal to the ratio of the flux
of impinging atomic species divided by the flux of re-
combined species [20]. The value of γ is both hard
to determine and has a strong effect on the computed
heat flux [16]. This work uses the pressure-dependent
γ model defined by Viladegut & Chazot [21], with the
gamma values interpolated at the measured ps.

4 Results and discussion

4.1 Plasma jet

Figure 4 shows the value of KnGLL along the centerline
of the cases considered in Table 1. The red line shows
the limiting value of KnGLL suggested by Boyd et.
al. [10] above which the continuum flow assumption
breaks down, and the shaded areas roughly indicate
the different flow regimes. There is only one region
where the Knudsen number barely exceeds the limit:
in the compression region of the flow, after the probe
location. The use of CFD methods to characterize the
flow is therefore deemed appropriate in the region of
interest: before the probe and in the nozzle.

To look at the effect of CNEQ and TNEQ, Trt, Tev,
and the mass fractions of O and N are plotted along
the jet centerline in Figure 2. The temperatures show
a large deviation from thermal equilibrium developing
through the nozzle (>4000 K difference), as expected.
The compression shock is visible as an increase in Trt

after the probe location. Tev stays frozen from the exit
of the nozzle, to the end of the domain. The squares in
the plot are spectroscopic data measuring a supposed
’LTE’ temperature from the O777 spectral line, see
Holum et. al [9]. This spectral line from atomic oxygen
is sensitive to the electronic temperature, and the CFD
simulations show this staying high along the jet. Hence,
the 2T model is crucial to match the experimental
result. The CNEQ is also clear as atomic oxygen stays
fully dissociated, and atomic nitrogen stays almost
above 50% mass fraction to the end of the jet even
with low Trt, and the geometric averaged temperature
driving the chemical kinetics in Park’s 2T model is
below 4000 K, where an LTE calculation (Mutation++)
gives less than 5% atomic oxygen.

4.2 Intrusive probe simulation
The outputs of the Stagline reproduction of the ground
tests are listed on the right of Table 1. The left plots of
Figure 3 show the species composition and temperature
profiles for case 3 of Table 1. It is clear that the
assumption of LTE, necessary for the application of the
LHTS method, does not hold. The species composition
at the boundary layer edge is far from equilibrium, and
there is no equilibration between Trt and Tev. This
is due to the small size of the heat flux probe, which
is reflected in the large βs values. Comparing the
intrusive measurements with the Stagline reproduction
in Table 1, the heat flux results fluctuate around the
measured values. The inconsistency could be attributed
to the unknown value of γ. The stagnation pressure is
consistently overestimated by Stagline. Measurement
uncertainty for q̇ and ps are typically taken as 10%
[22]. Modelling assumptions, like non-catalytic nozzle
walls, may account for higher stagnation pressure as
less energy is removed from the flow in the nozzle.
Simulations with other catalytic assumptions, like a
super-catalytic condition for O and N recombination as
in Stewart et. al., should be attempted [11]. Ground
to flight extrapolation with LHTS is performed by
deriving the flight velocity V∞ from hs; altitude from
the V∞ and ps; and the equivalent flight radius Req from
Modified Newtonian theory, or another approximate
pressure distribution method. For a more in-depth
overview see [5]. Due to the lack of LTE, applying this
method directly to the cases of Table 1 results in flight
conditions that poorly reproduce the boundary layer
and heat flux. LTE can be promoted in the ground
test with a larger probe. The right plots of Figure 3
shows the results of the ground to flight extrapolation
performed by simulating a fictional probe with Req =
1m in the Plasmatron. The flow is clearly closer to
LTE and the resulting boundary layer is well duplicated.
This shows also in the close match of the simulated
heat flux (Table 2). The velocities lie roughly in the
7.5-8.5 km/s range, and the altitudes are in a small
range between 69-73 km, reflecting the near-rarefied
state of the flow (Section 4.1). The flight Req is close
to that of the ground test (typically not the case for
subsonic Plasmatron operation). Increasing the Req of
a Plasmatron probe while limiting the base diameter
Rb can be done by using flat-faced probes, with a
theoretical limit of Rb ≈ 0.3Req [23]. Additionally,
the increased shock stand-off distance requires placing
the probe farther back in the chamber and blockage
issues may arise. Further study is needed to see if
a realistic configuration can be found that allows for
LHTS ground-to-flight extrapolation in the supersonic
Plasmatron.

5 Conclusions
During the MSV, a first simulation pipeline has been
established to simulate the whole supersonic Plasma-
tron operation, including the ICP torch, supersonic
nozzle expansion, and shock layer environment in front
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(left), and the probe location when inserted (right). Y-axis, right: Temperature [K], left: Mass fraction [-]

Operating conditions Intrusive measurements Stagline results (% error w.r.t. ground test)
ID ṁ Pel pchamber ptorch q̇ ps q̇SL ps,SL hs,SL βs,SL

g/s kW P a mbar MW/m2 mbar MW/m2 mbar MJ/kg 1/ms

1 6 300 236 125 3.92 28.9 3.02 (-23.0%) 33.6 (16.3%) 29.4 101,4
2 6 400 238 138 4.20 30.8 3.68 (-12.4%) 37.9 (23.1%) 34.1 109,2
3 10 300 344 165 3.31 39.1 3.77 (13.9%) 49.8 (27.4%) 31.0 103,6
4 10 400 346 179 4.96 44.7 4.18 (-15.7%) 54.7 (22.4%) 34.6 109,2
5 10 500 346 196 5.72 48.7 4.53 (-20.8%) 58.8 (20.7%) 37.2 114,4
6 12 400 416 201 3.12 47.7 4.63 (48.4%) 63.6 (33.3%) 35.6 110.7
7 12 500 408 215 5.33 54.0 4.96 (-6.9%) 67.2 (24.4%) 37.9 115.4

Table 1: Table of the experimental Plasmatron conditions simulated using ICP, CFD++ and Stagline (SL).
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Figure 3: Left: Stagnation line profiles of case 3, with a 50 mm diameter hemispherical probe. Dashed lines in
mole fractions plot indicate equilibrium species composition. Right: Stagnation line profiles of same ground test
conditions with Req = 1 m, and equivalent flight conditions (Table 2).
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Figure 4: Average KnGLL along flow centerline for all
CFD++ simulations. The shaded region indicates the
max and min value across all simulations. Vertical line
shows probe location (0.377 m).

Ground test (Req = 1m) Flight conditions (% error w.r.t. ground test)
ID q̇SL,ground q̇SL,flight Velocity Altitude Req,flight

MW/m2 MW/m2 km/s km mm

1 0.537 0.572 (6.5%) 7.67 72.6 1025
2 0.653 0.698 (6.9%) 8.25 72.7 1024
3 0.669 0.701 (4.8%) 7.88 70.2 1028
4 0.735 0.768 (4.5%) 8.32 70.3 1027
5 0.778 0.808 (3.9%) 8.63 70.3 1025
6 0.802 0.831 (3.6%) 8.44 69.4 1028
7 0.836 0.864 (3.3%) 8.71 69.4 1026

Table 2: Equivalent flight conditions for the test con-
ditions of Table 1 with a simulated Req = 1m probe.
Heat flux computed with a hot wall (Tw = 2000K)
boundary condition.

of the measurement probes (pressure and heat flux).
CNEQ is shown to be present throughout the flow field,
and persists after the bow shock, affecting boundary
layer chemistry and heat flux. This invalidates the
LHTS ground-to-flight extrapolation methodology. To
promote LTE at the boundary layer edge, a bigger
probe has been simulated, showing chemistry closer
to equilibrium and leading to equivalent flight condi-
tions around 70km altitude and at LEO entry velocities,

with issues of practical implementation of such a probe
remaining. The simulation pipeline shows promise in
replicating the physical phenomena occurring during
a supersonic Plasmatron test. Still, the difference be-
tween experiments and simulations is quite high for
ps, q̇, and freestream temperature. Some are due to
experimental error, especially freestream temperature.
However, there are many improvements to be made in
the supersonic plasma jet modeling. In the reservoir
(ICP simulations), the LTE assumption is known to be
restrictive in the plasma generation [8]. The effect of
catalycity both on the probe and in the nozzle should
be explored. Moving to a single code to model the
entire domain could improve accuracy.
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Abstract

Ground testing of materials used for atmospheric entry requires reliable methods to monitor the evolution
of sample geometry during exposure to high enthalpy flows. Existing approaches at NASA Ames Research
Center and von Karman Institute for Fluid Dynamics mainly rely on side view imaging for real time two
dimensional tracking or on ex-situ three dimensional scanning before and after testing. These techniques
do not capture transient deformation or localized recession that may develop during a test. This work
presents a proof of concept for an in-situ three dimensional reconstruction system intended for use
in high-enthalpy plasma facilities. Several open source and commercial structure from motion tools
were evaluated and a complete calibration and reconstruction pipeline was implemented on the NASA
ARCTRON facility. The system was tested first on a sample inside the chamber and then during an
operating run. The study shows that real time three dimensional monitoring is feasible when cameras
are carefully arranged and pre calibrated and when additional surface features are introduced to ensure
robust image matching. The results provide a first demonstration of three dimensional reconstruction
under relevant conditions and outline the steps needed for future integration of this capability into
routine facility operations.

Keywords: in situ 3D reconstruction, structure from motion, photogrammetry, high-enthalpy testing,
thermal protection systems, plasma wind tunnels

1 Introduction

Ground testing of Thermal Protection Systems (TPS)
and other materials is essential for validating space-
craft performance during atmospheric entry. At NASA
Ames Research Center (ARC), the Arc Jet Complex
hosts several facilities capable of reproducing these ex-
treme environments. As mission requirements evolve
toward higher fidelity and faster turnaround, the need
for in-situ 3D reconstruction arises, enabling real-time
geometric monitoring of samples under high-enthalpy
testing conditions.

Currently, surface evolution during these tests is typ-
ically characterized using either (1) side-view imaging
for real-time 2D profile tracking, or (2) ex-situ 3D
scanning of the samples before and after testing, of-
ten complemented by simple recession-length measure-
ments. While effective for global recession assessment,
these methods lack the temporal and spatial resolution
needed to capture transient deformation and localized

ablation phenomena occurring during exposure. An
automated in-situ 3D reconstruction pipeline would
therefore provide valuable real-time insight into mate-
rial behavior under high-enthalpy conditions.

During the NASA Ames summer visit, a proof-of-
concept in-situ 3D reconstruction system was developed
for ground testing in high-enthalpy facilities such as
the ArcJet and Plasmatron. While similar work has
been demonstrated at the DLR Stuttgart facility, such
capabilities are not yet implemented at NASA Ames
(ArcJet, ARCTRON) or at the VKI Plasmatron, moti-
vating this study.

The methodology followed three main steps: (1)
performing 3D reconstruction outside the chamber to
benchmark available techniques, including open-source
libraries (OpenCV, COLMAP, Meshroom [1] ) and com-
mercial software (Agisoft Metashape, RealityScan); (2)
designing and installing the imaging setup on the ARC-
TRON facility in non-test conditions to validate the
pipeline; and (3) deploying the system during an actual
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test, reconstructing sample geometry in real time with
plasma exposure.

By addressing key challenges in imaging, calibra-
tion, and reconstruction under extreme environments,
this work extends earlier photogrammetric recession-
measurement approaches such as those demonstrated in
[2], and shows the feasibility of real-time 3D monitoring
of TPS samples during arc-jet testing. The following
sections describe the calibration and reconstruction
methodology, preliminary results, and perspectives for
integrating this capability into routine facility opera-
tions.

2 State of the Art
2.1 Previous work
Efforts to characterize recession and ablation of TPS
materials during ground testing have historically relied
on two complementary approaches: ex-situ 3D scan-
ning before and after exposure, and in-situ video-based
imaging during the test. Both methods aim to quan-
tify surface evolution under high-enthalpy conditions,
but they differ in resolution, temporal coverage, and
feasibility across facilities.

At NASA Ames, the STARscan system was devel-
oped as a multi-camera photogrammetry rig to recon-
struct high-resolution 3D meshes of samples before
and after ArcJet testing [3, 4]. It uses turntable-based
acquisition and structure-from-motion to achieve sub-
millimeter precision, and is routinely used to quantify
recession and deformation. However, its workflow is
inherently ex-situ and does not provide time-resolved
evolution.

In parallel, the arcjetCV tool was designed to an-
alyze the evolution of the shock location and sample
edge position from video recordings of ArcJet tests, en-
abling time-resolved tracking of sample boundaries and
in-plane recession [5]. It incorporates lens-distortion
correction and edge-following algorithms to quantify
geometric evolution directly during the test. While ar-
cjetCV filled a critical gap in enabling in-situ analysis,
it remains restricted to 2D edge tracking and does not
support full 3D shape reconstruction.

Outside of NASA, multiple groups have explored real-
time or near-real-time photogrammetric reconstruction
in harsh aerothermal environments. At the DLR In-
stitute of Space Systems in Stuttgart, Löhle and col-
laborators demonstrated stereo and photogrammetric
tracking in plasma wind tunnels [6], showing that 3D
reconstruction is feasible under luminous plasma expo-
sure using specialized optical configurations tailored to
the PWK facilities.

Similarly, Yee et al. developed a dual-camera pho-
togrammetric setup capable of reconstructing 3D sur-
face morphology during oxyacetylene OTB testing [7].
Their system produced time-resolved 3D meshes at a ca-
dence of one second using Agisoft Metashape, enabling
the extraction of recession rates and demonstrating sen-
sitivity to camera settings and illumination. Although
their test environment differs from arc-jet facilities,

their results further confirmed the potential for in-test
3D reconstruction of ablative materials.

To our knowledge, such in-situ 3D reconstruction ca-
pabilities have not yet been implemented at the NASA
Ames ArcJet Complex or at the VKI Plasmatron. This
motivated the present effort to integrate SfM pipelines
with in-test acquisition setups adapted to these facili-
ties, bridging the temporal resolution of arcjetCV with
the geometric fidelity of STARscan.

2.2 Structure-from-Motion
Structure from Motion (SfM) is a photogrammetric
computer vision technique that simultaneously deter-
mines both the 3D coordinates of scene points and the
positions and orientations of the cameras that captured
the images. It generally works in the following key
steps, [8, 9]:

• Image acquisition: Capture multiple images
with good overlap and varying viewpoints.

• Feature detection and matching: Detect and
match key features across images using algorithms
such as SIFT, SURF, or ORB.

• Camera internal parameters: Camera intrin-
sics K are either known from prior calibration or
estimated via monocular calibration. The intrinsic
matrix encodes the camera’s internal geometry, in-
cluding focal lengths, principal point coordinates,
and possible skew. They are used to convert the
fundamental matrix F into the essential matrix:

E = K′⊤FK,

which is then used for camera pose estimation.

• Camera poses estimation: Determine the ex-
trinsic parameters using the fundamental and es-
sential matrices F and E. The extrinsic parame-
ters define the camera’s position and orientation
in space relative to the scene.

• Scene reconstruction: Compute the 3D coor-
dinates of the scene points by triangulation using
the known camera poses and intrinsics.

• Bundle Adjustment: Refine both intrinsic and
extrinsic parameters by minimizing the total re-
projection error over all cameras and 3D points:

arg min
{Ri, ti, Ki, Xj}

∑

i,j

∥xij − π(Ki, Ri, ti, Xj)∥2
,

where xij is the detected 2D location of 3D point
Xj in image i, and π(·) projects 3D points into the
image. The optimization adjusts the 3D points
and camera parameters to minimize the distance
between observed points and their reprojected po-
sitions.
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2.3 Software
Multiple open-source software and libraries were first
considered namely: OpenCV, Meshroom, COLMAP.
But it was then decided to use commercial softwares
their easiness of use when calibrating the system and
robustness to the quality of the image data set. The
commercial software explored are Agisoft Metashape
and RealityScan

3 Methodology
3.1 Setup
The imaging setup consisted of multiple industrial cam-
eras equipped with fixed focal-length lenses selected to
maximize field of view overlap while maintaining suffi-
cient spatial resolution on the sample surface. Custom
camera mounts were designed and 3D printed to rigidly
adapt the cameras to the existing optical ports of the
ARCTRON facility. The cameras were positioned to
maximize angular separation, improving triangulation,
while preserving sufficient overlap between neighbor-
ing views to facilitate feature matching. Since most
reconstructions were performed outside plasma condi-
tions, artificial lighting was needed to ensure uniform
illumination and sufficient texture for feature matching.

Figure 1: ARCTRON facility CAD.

3.2 Calibration
The calibration procedure is performed prior to the
test using an image dataset of a calibration target
with abundant features, acquired from a set of cameras
that typically exceeds the number used for the test
reconstruction. This approach improves calibration
accuracy by providing a larger and more consistent
dataset than what can be obtained during the test
itself. In contrast, performing calibration in real time
during experiments generally yields less reliable results,
as the imaging conditions (e.g., the presence of plasma
or reduced feature visibility) are less favorable.

After performing the calibration in Agisoft, the soft-
ware exports a text file containing the calibration data
for several camera rigs, this happens because each set
of images obtained with multiple cameras is treated
as a separate rig. A Python script was developed to

parse the exported file, extract the calibration informa-
tion for each rig, and save it as an individual text file.
In contrast, the calibration workflow in RealityScan
is more straightforward: an .xmp file is generated for
each image and named identically to the image file. To
apply these calibration files, simply move them into the
test-image folder and rename them so that they match
the corresponding test images, RealityScan will then
automatically apply them when importing the image
set for reconstruction. In both software packages, the
rig yielding the smallest reprojection error is selected
for the final reconstruction. From this rig, the cali-
bration parameters of a chosen subset of cameras are
extracted and applied to the reconstruction process.

3.3 Reconstruction
Once the cameras are calibrated, the reconstruction pro-
cess begins by importing the corresponding calibration
files into the selected software (Agisoft or RealityScan).
The intrinsic parameters, distortion coefficients and
relative camera poses are kept fixed, ensuring that the
reconstruction relies solely on image correspondences
rather than re-estimating geometry during alignment.

The reconstruction pipeline follows the regular SfM
workflow. Both Agisoft and RealityScan provide quality-
assessment tools such as reprojection error and confi-
dence maps to evaluate reconstruction quality.

4 Results & Conclusions
4.1 In-situ calibration & reconstruction
The two main objectives of the group for the month
were, first, to perform an in-chamber reconstruction
in the ARCTRON facility, which required installing
the setup and applying the reconstruction pipeline de-
scribed in the previous paragraphs to objects placed
inside the chamber, and second, to carry out a recon-
struction during an actual test. In the latter case, the
setup is calibrated before the test, and during the test,
sets of images from all cameras are captured simulta-
neously. A reconstruction is then performed for each
image set, providing a three-dimensional representation
of the sample at each acquisition time.

In theory, reconstructions during a test present two
main challenges. The first is the need for all cameras
to capture and store images simultaneously, since the
sample evolves during the test. The second arises from
the presence of plasma between the cameras and the
sample, which must somehow be filtered out. A recon-
struction was successfully performed during a test, but
since the facility was only operating at 1 kW and the
magnetic coil, intended to concentrate the plasma and
achieve higher local heating rates, had not yet been
installed, the plasma was barely visible on the images.
As a result, it did not interfere with the reconstruc-
tion, and no filtering solutions could be tested in-situ.
Furthermore, synchronization of the cameras was un-
necessary because the sample did not evolve over time.
Consequently, the test reconstruction did not provide
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new insights, and the remainder of this section focuses
on comparing two in-chamber (not during a test) re-
constructions performed with Agisoft Metashape and
RealityScan.

It should also be noted that several samples were
3D printed with shapes similar to those used in real
ablation experiments to provide realistic test objects.
The only sample for which results are presented in
the following paragraphs is a wedge with a hole on its
upper surface, shown in Figure 2. This geometry is
similar to samples used in NASA experiments, where it
is of particular interest because it allows the evolution
of the hole to be monitored during testing. The
results shown in this section are reconstructions of the
top surface of the wedge including the hole, which is flat.

Figure 2: 3D model of the sample.

Setup installation procedure

There are several key aspects to consider when posi-
tioning cameras in a facility for 3D reconstruction:

• The overlap between camera fields of view must
be high enough for the reconstruction software
to match a sufficient number of common features.
This is not necessarily easy to achieve depending
on the optical accesses of a given facility.

• Lighting should be uniform across the object. This
is particularly important for in-chamber recon-
structions not performed during a test, as during
real tests the plasma around the object will act
as the main light source. Additionally, all cam-
eras should ideally share identical settings, espe-
cially exposure. Adjusting exposure individually to
equalize brightness between cameras can cause in-
consistencies when more than two or three cameras
are used. It is therefore simpler to keep the same
exposure on all cameras and adjust the lighting
instead.

• The entire object should be in focus, which re-
quires lenses with a large depth of field and ade-
quate zoom so that the object occupies most of
the frame. Since achieving a large depth of field in-
volves closing the iris, strong and uniform lighting
becomes even more critical.

Calibration & Reconstruction

As shown in Figure 3, a sheet of paper with printed
features was attached to the surface of the model with
tape for both calibration and reconstruction, since the
SfM software could not detect enough matching points
on the raw 3D-printed material due to its reflective
surface. For calibration, a total of 12 images of the

sample were used, corresponding to 2 sets of images
taken with the 6 cameras installed in the facility. For
each of the 2 image sets the sample was placed in a
different position. For the reconstruction, the goal
was to use a single set of 4 images corresponding to
the subset of cameras providing the best overlap, but
initially no reconstruction could be obtained despite
the printed features. To address this, a laser projecting
an array of green points was introduced, as shown
in Figure 3b.

(a) Features added on the
sample during calibration.

(b) Features added on the
sample during reconstruc-
tion.

Figure 3: Features added on the sample for calibration
and for reconstruction.

The reconstructions obtained with 4 images with Ag-
isoft Metashape and RealityScan are shown in Figure 4
and Figure 5.

(a) Reconstruction with Ag-
isoft Metashape with tex-
tures.

(b) Reconstruction with Ag-
isoft Metashape without tex-
tures.

Figure 4: Reconstructions obtained with Agisoft
Metashape.

(a) Reconstruction with
RealityScan with textures.

(b) Reconstruction with
RealityScan without tex-
tures.

Figure 5: Reconstructions obtained with RealityScan.
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Accuracy of the results

Due to time constraints, it was not possible to properly
assess the measurement accuracy of the setup. However,
both SfM software tools provide confidence maps for
the reconstructions, shown in Figure 6, which indicate
if the number of features successfully matched at each
location on the reconstructed surface was sufficient or
not.

(a) Confidence map of Ag-
isoft Metashape.

(b) Confidence map of Reali-
tyScan.

Figure 6: Confidence maps of both SfM softwares for
their respective reconstructions.

It is immediately apparent that the software’s confi-
dence in the reconstruction, and therefore its accuracy,
is higher in regions where more features can be matched.
For Agisoft Metashape, the areas surrounding the green
laser dots on the sample’s surface correspond to high-
confidence regions, while confidence decreases farther
from the dots. Additionally both software tools strug-
gled to achieve reliable reconstruction in the right-hand
region where blue tape covered part of the sheet of
paper. Finally, the confidence map produced by Real-
ityScan appears at first glance to be more optimistic,
however this should be interpreted with caution, as
the software seems overly confident and exhibits clear
artifacts near the edges of the reconstructed surface,
particularly in the upper-right edge of the reconstruc-
tion.

5 Future work
The results presented in this study demonstrate that
in-situ 3D reconstruction inside a high enthalpy fa-
cility is feasible, provided that cameras are carefully
arranged, pre-calibrated, and supported by sufficient
surface features to ensure robust image matching. Sev-
eral limitations remain, however, and these outline the
next steps for continuing this work.

A first priority is to reproduce and extend these ex-
periments at the VKI Plasmatron. The facility offers
different optical access and higher plasma luminosity
compared to the NASA ARCTRON setup. Demonstrat-
ing reconstruction robustness under these conditions
will be essential for validating the approach across mul-
tiple high-enthalpy environments. In particular, future
work will investigate the impact of stronger plasma

emission on feature detection, evaluate potential filter-
ing strategies, and test reconstruction stability when
the sample undergoes significant deformation.

A second direction will be to repeat the in-situ tests
at NASA Ames once the ARCTRON nozzle is opera-
tional. Concentrating the plasma column will increase
local heat flux and provide more representative abla-
tion conditions, enabling a more realistic assessment of
reconstruction performance and the influence of plasma-
induced optical distortion.

On the software side, additional reconstruction tools
will be evaluated to improve performance, robustness,
and processing speed. A newly released version of
Meshroom (August 2025) includes upgraded feature-
detection pipelines, improved depth-map computation,
and more advanced GPU acceleration. Future work will
benchmark this new release against Agisoft Metashape
and RealityScan, both for in-chamber and in-test re-
constructions. Integrating the Meshroom pipeline into
an automated acquisition system may further enable
near–real-time reconstruction.

Finally, subsequent steps will involve developing a
fully automated workflow including camera triggering,
synchronized data capture, real-time preprocessing, and
live monitoring of reconstruction quality. Achieving
this level of automation will be necessary for routine
operational use in plasma wind tunnels and arc-jet
facilities.

Overall, the results of this study form the basis for
a broader effort to establish reliable in-situ 3D recon-
struction capabilities at NASA Ames, VKI, and other
high-enthalpy test facilities.
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Abstract

This work demonstrates a staggered coupling strategy between a flow solver and a material solver to
model high-enthalpy flows with ablation. The approach is validated using a test case based on the
Zuram material, a carbon-phenolic composite, under experimental conditions from the VKI Plasmatron
facility. The coupling leverages the PreCICE library for data exchange, handling the mapping and
interpolation of the solution at the interface. The flow solver, ArgoDG, computes the high-enthalpy
aerothermal environment as well as recession, while the material solver, PATO, models the thermal and
mechanical response of the ablative material, including thermal response and pyrolysis. Results show
that the coupled simulation captures the interaction between the flow and material, with the interface
evolving dynamically over time. While the coupled approach overestimates stagnation point temperature
and recession compared to experimental data, potential causes such as oxidation modeling and inflow
conditions are discussed. This work establishes a foundation for future studies on more complex materials
and coupling strategies.

Keywords: hypersonics, ablation, recession, discontinuous Galerkin, high-enthalpy flows, coupling
strategy, thermal protection systems

1 Introduction
During atmospheric entry, spacecraft encounter ex-
treme aerodynamic heating that poses severe con-
straints on structural integrity. To withstand such
harsh conditions, Thermal Protection Systems (TPS)
are employed. These often use ablative materials that
undergo pyrolysis and surface ablation at high temper-
atures, absorbing the incoming heat through thermal
decomposition and material removal [13].

Predicting the response of ablative TPS materials for
design and sizing purposes remains a significant chal-
lenge. This process requires highly detailed modeling of
the aerothermal environment, the interaction between
gas and surface, and the internal thermal response of
the materials. Additionally, since the high-enthalpy
flow surrounding the capsule and the material behavior
are strongly dependent, accurate prediction of the ab-
lative heat flux must account for the evolving surface
shape during material recession, as demonstrated in
the work of Gokcen et al. [10].

The numerical modeling of ablation is commonly

divided into four distinct strategies. The first involves
using a flow solver with an ablative boundary condition
to directly impose heat and mass balances [2, 6, 15, 25].
In the second approach, the primary focus is on study-
ing the material’s response by using approximated flow
correlations applied at the surface boundary. This
method employs the B′ formalism, which represents a
coupled mass and energy flux-balance condition derived
from a control volume analysis at the interface between
the external flow and the material surface [17]. This for-
mulation acts as a blowing correction factor, accounting
for the effect of surface mass injection into the bound-
ary layer on convective heat transfer at the surface.
This method has been used over the past year for TPS
design, and is implemented in ablation codes such as
FIAT [5], PATO [12] and KATS [28]. To overcome the
limitations of the approximated boundary conditions,
the third approach establishes a staggered coupling
between the two previous models. Different coupling
methodologies have been proposed, each adapted to a
specific flow environment and material behaviour, and
differing in time-stepping depending on the explicit

MSV 2025 - Modeling Summer Visit 2025 1



or implicit nature of the coupling and on the param-
eters that are exchanged [4, 8, 21, 23, 24]. Building on
these efforts, Schroeder et al. [1, 20] developed ARES,
a coupling framework designed to link the flow and
material solvers, accurately managing the time and
spatial exchange of data during the simulation. Finally,
the last strategy integrates numerical tools capable of
simultaneously resolving the flow and material domains
in a unified framework [9, 22]

The present work consists of coupling two simulation
tools to address the two main aspects of ablative mate-
rial modeling: the aerothermal environment, handled
by the ArgoDG [11] solver, and the thermochemical
material response with the Porous-Material Analysis
Toolbox based on OpenFOAM code, PATO [12]. Data
exchange between the two solvers is performed through
the preCICE library [7], which enables interpolation,
mapping and temporal coupling of the boundary quan-
tities at the interface of the two domains. This is ac-
complished by solving the surface mass balance within
the flow solver and the surface energy balance within
the material solver. As a result, the material surface
recession is determined by the flow based on finite-rate
chemistry, while the material code computes the sur-
face temperature and the pyrolysis gas injection rate,
following an explicit approach.

This paper will first describe the numerical coupling
methodology. The developed methodology will then be
validated against an experimental test case performed
in the inductively coupled Plasmatron facility at the
von Karman Institute, focusing on the ablative carbon-
phenolic Zuram material [26]. Finally, conclusions and
perspectives for further improvements will be provided.

2 Methods
The method is based on two solvers. ArgoDG, a flow
solver based on discontinuous Galerkin method and
immersed boundary, able to simulate high-enthalpy
flows with thermo-chemical non-equilibrium and ab-
lation [3, 11], is used to solve the flow environment
around the probe. PATO, a material solver based on
the finite volume method and on the framework of
OpenFOAM [27], able to simulate the thermo-chemical
and mechanical response of ablative materials [12], is
used to solve the material response, including recession
and pyrolysis.

2.1 Boundary conditions
Reaching convergence requires a conservative and con-
sistent model, which implies a well-posed setup and
correctly implemented boundary conditions. Therefore,
the equations solved at the interfaces between the two
solvers need to be chosen with care. In this work, the
mass balance is solved on the flow solver side by im-
posing, as a Neumann boundary, the mass fluxes Ji of
species i as the right-hand side of the balance. It is
given by

Ji = −ρiṁblow
ρ

+ ω̂i + ṁgCi,pyro, (2.1)

with
ṁblow =

∑

i

ω̂i

︸ ︷︷ ︸
ṁc

+ṁg, (2.2)

ρi being the density of species i, ρ the total density,
ṁblow the total blowing rate, ω̂i the production rate
of species i from chemical reactions in the flow, ṁc
the mass blowing rate from char oxidation and ṁg the
mass blowing rate from pyrolysis and Ci,pyro the mass
fraction of species i in the pyrolysis gas. The latter
is computed under the assumption of chemical equi-
librium with constant elemental fractions. The mass
blowing rate from pyrolysis, ṁg, is provided by PATO.
The pyrolysis gas flow within the porous material is
calculated using Darcy’s law, with gas motion driven
by pressure gradients and temperature. The wall nor-
mal velocity is imposed inside ArgoDG as a Dirichlet
condition and corresponds to the total blowing velocity
vblow = ṁblow/ρ. On PATO’s side, the energy balance
is computed as

qconv,CFD + ṁchc + ṁghg

− σεw(T 4
w − T 4

∞) − qcond = 0, (2.3)

with

qconv,CFD = −k∇T +
∑

hiJi − hw(ṁc + ṁg), (2.4)

qconv,CFD being the convective heat flux computed on
the flow solver side, hc the enthalpy of the char oxida-
tion products, hg the enthalpy of the pyrolysis gas, σ
the Stefan-Boltzmann constant, εw the wall emissivity,
Tw the wall temperature, T∞ the ambient temperature,
qcond the conductive heat flux inside the material, k the
thermal conductivity, hi the enthalpy of species i, and
hw the enthalpy of the gas at the wall. The heat flux
qconv,CFD and the ablation mass blowing rate, ṁc, are
provided by ArgoDG as constant input values at the
surface and are imposed in PATO as Neumann bound-
ary conditions. As a result, surface temperature, Tw,
is retrieved from PATO, and then passed to ArgoDG,
where it is imposed as a Dirichlet boundary condition.

2.2 Time-stepping strategy
The two solvers communicate through the software Pre-
CICE [7], which ensures the mapping and interpolation
of the solution at the interface between them. The
time iterations are launched and handled in PATO,
which computes the material response for a given time
step, knowing the pressure, the heat flux, the ablative
blowing rate and the shear stress at the interface. The
latter exchanges the position of the interface, the sur-
face temperature, and the pyrolysis blowing rate with
ArgoDG. ArgoDG then computes the flow solution in a
steady-state manner. Once converged, ArgoDG sends
the necessary boundary conditions back to PATO. A
schematic view of the coupling is proposed in Figure 1.
These steps are repeated until the final time is reached,
supposing that ablation, recession, and pyrolysis are
fully resolved.
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Figure 1: Coupling algorithm between ArgoDG and PATO using PreCICE.

2.2.1 Thresholds and exchange criteria

The boundary conditions imposed in PATO remain
constant during a time step. To avoid excessive calls to
ArgoDG, which would be computationally expensive,
the latter is only called when certain thresholds are
reached. In this work, we impose a threshold on the
increases in temperature and the recession at the stag-
nation point. The temperature threshold is ∆T = 50 K,
and for recession is ∆δrecc = 0.32 mm. The tempera-
ture threshold is low enough to correctly consider the
transitional phase of the temperature, and the reces-
sion threshold allows the flow to be updated during the
established phase. These two thresholds remain wide,
to avoid too many calls to ArgoDG, but can be reduced
to gain precision.

3 Results

3.1 Numerical setup

A verification and validation test case is conducted to
assess the correctness of the coupling implementation.
The latter corresponds to a case from an experimen-
tal campaign on a 25 mm radius hemispherical sample
made of carbon–phenolic Zuram [29], conducted in
the VKI’s high-enthalpy Plasmatron under the project
AblaNTIS [26]. Numerical reproduction of these exper-
iments with PATO are also available in the AblaNTIS
project and will serve as verification. These previous
numerical simulations were performed in PATO using
flow approximations at the boundary, based on the B′

method, as described in [16]. This approach is required
when the material solver is used in standalone mode.
The selected test case is Exp-2-x-Z.

The numerical setup is presented in Figure 2, with
the corresponding boundary conditions. The initial
temperature for the material is T = 300 K. In this
case, the pressure profile along the sample is kept
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constant as Pw = 5417 Pa. For the flow, the inlet
conditions are constant and evaluated based on the
boundary layer edge total enthalpy given by the re-
built free-stream testing conditions [26]. The cho-
sen mixture for the flow is composed by 12 species:
N, O, NO, N2, O2, C, CO, CO2, CH4, H2, OH, H2O, as
taken in [14] for study of charring ablator. For the
chemical rates of the mass balance, Equation 2.1, only
oxidation is chosen and follows the Park model [18]
where the recombination probability βi is of Arrhenius
type and depends on the temperature as

βi = γi exp(−Ea/(RTw)), (3.1)

with γi = 0.63 a recombination probability constant,
Ea the Arrhenius activation energy and R the universal
gas constant where Ea/R = 1160 K.

Figure 2: Numerical setup for the Zuram test case.

3.2 Simulation results and discussion
At first, the coupling works as expected. The exchange
is performed correctly using the second-order interpo-
lation scheme from preCICE each time the threshold
on temperature or on recession is reached. The de-
formed interface from the material solver is correctly
retrieved in ArgoDG and rebuilt using the immersed
interface method, allowing the flow quantities to be
updated with respect to the new geometry. The stag-
nation point temperature and recession are presented
in Figures 4 and 5, respectively, together with the re-
sults obtained using only PATO, only ArgoDG, and
the experimental data. Note that the bump in tem-
perature appearing at approximately t = 55 s for the
PATO simulation corresponds to the moment when
the mass blowing rate of the pyrolysis gas becomes
negative, meaning the solver considers that the ma-
terial is absorbing pyrolysis gas from outside, which
rapidly increases the surface temperature. However,
since this phenomenon is not physical and there is no
production of pyrolysis gas inside the flow, ArgoDG
ignores the pyrolysis contribution in the mass balance
whenever the associated blowing rate becomes nega-
tive. When comparing the different numerical methods,
all the temperature estimations are of the same order
of magnitude as the experimental data, but they all
over-predict it. The same observation applies to the

Figure 3: Temperature fields of the flow and the ma-
terial for time t = 1, 50, 100 and 150 s. The blue line
corresponds to the interface evolving with time, while
the translucent blue one corresponds to the interface
at initial time.

recession at the stagnation point and so to the mass
blowing rate from ablation.

However, the temperature from ArgoDG and the
coupling simulation is even more overestimated than
with only PATO. It has been observed that oxidation
is too high, and that reducing it lowers both the tem-
perature and the recession. This may be influenced by
the finite-rate model, although it uses the Park model,
which is widely used in the literature and should not
be adjusted. Another possible cause could be the inlet
conditions, which are assumed to be constant rather
than following a torch profile. Moreover, the imposed
inflow temperature and velocity are determined based
on an approximated reconstruction from matching the
mixture enthalpy at the boundary layer edge with the
one evaluated from free-stream reconstruction, where
the latter reconstruction is an another source of error.
Furthermore, in [26], that conducts the numerical repro-
duction of this test case using PATO, also point out the
over-estimation of both temperature and recession and
could not find apparent reasons. They express their
uncertainty about the correct evaluation of the oxygen
content in the free-stream conditions, or a quicker re-
combination of atomic oxygen in the boundary layer
against the one computed by the gas-chemistry model
in the flow, as well as pyrolysis gas injection that could
have provided oxidation protection to the downstream.

4 Conclusions and perspective
This work details the implementation of a coupling
framework between ArgoDG, the flow solver, and
PATO, the material response solver. The exchange
of coupled boundary conditions is enabled using the
preCICE library through an explicit coupling approach.

A hemispherical 25 mm radius probe made of car-
bon–phenolic Zuram material exposed to the high-
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Figure 4: Comparison of the temperature at stagnation
point with respect to time for the coupling, the material
solver, the flow solver and the experimental values. The
red dots for the coupling curve corresponds to the calls
to the flow solver to update the quantities for the
material solver.

enthalpy Plasmatron flow is simulated using the de-
veloped methodology. The results indicate that the
exchange is correctly achieved whenever the temper-
ature or recession threshold is reached. Data is accu-
rately transferred and preserved through the preCICE
second-order nearest-neighbour interpolation scheme.
When comparing the numerical with the experimental
results, we observe an overestimation of both tempera-
ture and recession. While further investigations should
be performed, this discrepancy may be attributed to
uncertainties in the free-stream oxygen content, simpli-
fied inflow boundary conditions, or limitations of the
finite-rate gas chemistry model and pyrolysis gas injec-
tion effects. In addition, uncertainties in the material
database can also contribute to the observed devia-
tions. Future work should include a sensitivity analysis
to assess the influence of such parameters.

The present study provides a basis for extending the
coupling methodology to more complex materials, such
as cork, whose swelling and shrinkage during ablation
introduce dynamic surface evolution that must be taken
into account. Future advancements to improve both
efficiency and accuracy focus on enhancing the current
exchange strategies, such as implicit coupling and high-
order spatial interpolation methods. The latter can be
accomplished by using the CWIPI coupling library [19],
instead of preCICE.
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Abstract

The multistep coupling scheme has recently been introduced as a new temporal coupling strategy
for multiphysics simulations involving multiple specialized monophysics solvers. It enables high-order
temporal accuracy and dynamic adaptation of the coupling time step. This work presents the first
implementation of the multistep coupling scheme, building on the open-source parallel spatial interpolation
library Cwipi, A multidimensional solid-solid conjugate heat transfer test case demonstrates the
capabilities of the approach.

Keywords: multiphysics simulation, high order, multistep code coupling, time adaptation, error
estimate, conjugate heat transfer

1 Introduction

Complex systems often involve multiphysics interac-
tions as well as multiple temporal and spatial scales.
To simulate such systems, it is advantageous to rely on
existing specialized and validated solvers for each mono-
physics subsystem – the so-called partitioned approach
– rather than developing a new monolithic solver. How-
ever, numerically coupling several specialized solvers
remains a challenging task. Two main issues arise: one
related to spatial coupling and the other to temporal
coupling. On the spatial side, the difficulty lies in accu-
rately and efficiently exchanging information between
non-conforming meshes that may overlap or remain
disjoint. A number of libraries have already been devel-
oped to tackle this task, e.g. Cwipi [1] or Precice [2].
On the temporal side, the challenge is to let the solvers
evolve in a coherent manner, dealing with their differing
time scales and time integration techniques, while en-
suring both the stability and accuracy of the overall cou-
pled solution. Simple techniques, e.g. Jacobi/parallel-
staggered, or Gauss-Seidel/serial coupling are tradition-
ally used, where the various solvers exchange at discrete
coupling time points the required information (e.g.heat
flux, temperature), referred to as coupling variables.
The exchanged quantities are assumed constant until
the next coupling point. They however lack dynamic

time step adaptation, and cannot go beyond second-
order accuracy [3]. Various monolithic-like approaches
have also been proposed, e.g. multirate schemes or
additive Runge-Kutta schemes, offering interesting nu-
merical properties, at the cost of being much more
intrusive [4], [5]

The multistep coupling scheme introduced in [6], [7]
is a newly proposed partitioned approach that uses a
polynomial approximation of the temporal evolution of
coupling variables to achieve a high order of accuracy in
time. It could be interpreted as a generic adaptive high-
order time-domain decomposition method, with explicit
or implicit variants. The latter is useful to improve the
stability of a coupling, at the expense of being iterative
in nature. It has initially been implemented in the
Python demonstrator Rhapsopy1, showing promising
results. This contribution aims at presenting a first
implementation of the multistep coupling scheme within
the open-source C++ library Cwipi, which already
provides a space interpolation framework for coupled
simulations in a massively parallel context. Dynamic
adaptation of the coupling time step based on error
estimates is also discussed. Finally, the capabilities
of the proposed approach are assessed on a conjugate
heat transfer test-case between two solids using solvers
based on the Samurai [8] and PETSc [9] libraries.

1github.com/hpc-maths/Rhapsopy
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2 The multistep coupling scheme
The multistep coupling scheme is briefly recalled. The
approach is similar to staggered schemes, but instead
of keeping the coupling variables frozen between each
coupling time points, their evolution is prescribed by
high-order polynomial predictions based on past values.

The time-continuous coupled problem, after all re-
quired spatial discretizations have been applied on each
monophysics submodel, is described by the set of N ≥ 2
monophysics problems:

{
dtyi(t) = Fi(yi(t), ui(t), t)

ui = hi(y1, . . . , yM )
(2.1)
(2.2)

with i ∈ [[1, N ]] the index of the subsystem, ui the
coupling variables (e.g. wall temperature or heat flux),
which a priori depend on all state vectors through the
Lipschitz functions hi.

Let k be a non-negative integer. Over a coupling
step [tn, tn+1], the system solvers integrate in paral-
lel or sequentially their internal dynamics described
by ODE (2.1), where ui(t) is replaced by ûn

i (t) the
degree-k polynomial extrapolation defined by the past
points un−k

i . . . un
i at times tn−k . . . tn. The resulting

multistep scheme is explicit. An implicit variant can be
formulated by incorporating the yet unknown coupling
variables un+1

i at time tn+1 in the definition of the in-
terpolation polynomial ûn

i (t). This leads to a nonlinear
system, which can be solved iteratively, for instance by
means of Picard iterations. The iterative procedure is
initialized with an explicit prediction to get a first value
for un+1

i and stopped once the coupling variables have
converged. In both variants, the order of convergence
in time is k + 1.

One advantage of this scheme is that the solvers can
use any integration technique for their subsystem, po-
tentially with substepping. Their time schemes should
only be at least of the same order as the coupling
scheme, and care should be taken in the code to eval-
uate the polynomial approximations at each internal
substep (e.g. each stage of a Runge-Kutta method).

A first natural and cost-free estimate ϵi of the cou-
pling error over a single step can be obtained by com-
paring the coupling variables updated by the solvers
after integration over [tn, tn+1] with the initial explicit
extrapolation ûn

i (tn+1) :

ϵi =
∣∣un+1

i − ûn
i (tn+1)

∣∣
atol + rtol ·

∣∣un+1
i

∣∣ (2.3)

For given absolute and relative tolerances atol and rtol,
this error estimate can be used to compute an optimal
time step ∆topt given in Equation (2.4) that ensures
the estimated relative error is not larger than 1:

∆topt = β∆tn ·
[
max

i
ϵi

]− 1
k+1 (2.4)

with β a safety factor, typically set to 0.85. A sec-
ond error estimate, referred to as embedded, can be
constructed by comparing with a higher-order or lower-
order coupled solution. This however roughly doubles
the cost of each coupling step.

The estimate based on comparing the extrapolated
and updated values is well suited to the explicit case,
but may limit the implicit coupling scheme to use time
steps within the stability limit of the explicit variant,
since the extrapolation is inherently explicit. The em-
bedded estimate may thus be better suited for an im-
plicit coupling.

The multistep coupling framework has been intro-
duced in Cwipi during the Modelling Summer Visit.
The library handles internally the construction of the
polynomials and the error estimate. A small set of
new functions are available to steer the temporal cou-
pling, which each coupled code should call in a specific
order in their internal time loop. For the space inter-
polation, Cwipi already requires each code to provide
a memory buffer where the interpolated data to be
received can be written. Upon calling the new func-
tion CWP_Predict(t) at each internal substep, these
buffers are updated with the corresponding evaluation
of polynomial approximations.

The implicit variant does not require any additional
function call from the codes, everything being handled
internally by Cwipi.

3 A conjugate heat transfer test
case

To demonstrate the applicability of the coupling strat-
egy with Cwipi, we consider in this section the heat
transfer between two solids, as an academic test case
representative of typical applications where diffusion is
the dominating process near the coupling interface.

3.1 Modelling
The configuration of the test case is depicted in Fig-
ure 1. The left domain [−Ls1, 0] × [0, H] is subjected
to a Dirichlet boundary condition on the left side
T (x = −Ls1, y, t) = TH(y) = TH ·(H−y)/H and on the
bottom side T (x, y = 0, t) = TH(x) = TH ·(Ls1−y)/Ls1,
and a zero-flux Neumann boundary condition on the
top side. The right domain [0, H] × [0, H] is subjected
to a Dirichlet boundary condition on the right side
T (H, y, t) = TC , a zero-flux Neumann boundary con-
dition on the top and bottom sides. The coupling
condition between both domains at x = 0 at the con-
tinuous level is obtained by imposing the continuity
of the temperature and the normal heat flux, assum-
ing both domains have the same conductivity: We set
H = Ls2 = 1 and Ls2 = 5 · Ls1.

Within both solid domains, the temperature field is
governed by the heat equation, with αs1 (resp. αs2)
the diffusivity of the left solid domain (resp. right):

∂Tsi

∂t
= αsi∆Tsi i = 1, 2 (3.1)

In order to reduce the number of parameters of the
system, the equations have been put in dimensionless
form, using θ = (T − TC)/(TH − TC), τ = t/tref where
tref = H2/αs2, x = x/H and y = y/H. Denoting the
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Figure 1: Conjugate heat transfer configuration

dimensionless Laplacian operator as ∆, the dimension-
less equations read:





∂θs1
∂τ

− αs1
αs2

∆θs1 = 0

∂θs2
∂τ

− ∆θs2 = 0

∂θs2
∂x

∣∣∣∣
x=0+

= ∂θs1
∂x

∣∣∣∣
x=0−

(3.2)

3.2 Spatial and temporal discretiza-
tions

Both solid models are implemented in separate C++
files within the framework provided by the Adaptive
Mesh Refinement (AMR) library Samurai [8], which
provides an efficient and flexible spatial discretization
framework through adaptive structured grids. Mesh
adaptation is disabled to ensure a constant position and
a constant number of coupling variables during the sim-
ulation, guaranteeing the temporal coherence of their
polynomial representations. Properly handling mesh
adaptation along with polynomial-in-time predictions
of the coupling variables will be tackled in future work.
The left domain is discretized at level 2 (i.e. with a
4 × 20 Cartesian grid) and the right domain at level 3
(8 × 8 Cartesian grid). The equations are discretized
with a cell-centered finite-volume approach, using a
second-order centered scheme for the Laplacian.

Standard Neumann-Dirichlet coupling conditions are
used at the interface: the left solid prescribes its surface
temperature profile as a Dirichlet condition to the right
solid, while the latter provides a Neumann condition
(heat flux) to the left solid. This conditions are suited
for αs1/αs2 < 1 and should otherwise be reversed. The
coupling variable vector ui is then composed of the
discrete heat flux values interpolated on the interface
grid of the left solver, and the discrete temperature
values interpolated on the interface grid of the right
solver.

For temporal integration, both solvers use the im-
plicit Butcher tableau of the 5th-order IMEX addi-
tive Runge-Kutta scheme ARK25(4)8L[2]SA2 from [10],
with a single substep per coupling step. The linear
algebra is handled by the PETSc library [9].

Figure 2: Convergence analysis of the multistep cou-
pling scheme

3.3 Convergence analysis
The theoretical convergence order of the multistep cou-
pling scheme are now verified by part of the heat trans-
fer transient with a constant coupling step size ∆t, and
studying the convergence of the coupled result as ∆τ
is decreased. The first few coupling steps are however
inherently of low order, since not enough past data is
available. Hence, their error contribution is mitigated
by starting the simulation with ∆τ0 = ∆τ/104, then
increasing it by a factor of 1.5 at each new coupling
time step (thus 22 initial steps before reaching the tar-
get ∆τ). Simulations use a ratio αs1/αs2 = 1 and are
performed up to the dimensionless time τf = 4 · 10−2,
roughly corresponding to the middle of the transient.
For the implicit variant, the fixed-point iterations are
stopped once the relative error between two consecu-
tive iterates is below 10−10. Figure 2 illustrates the
convergence of the L1-error on all coupling variables
at time τf relative to a very fine reference solution.
The obtained curves confirm the expected orders of
convergence.

The ratios between the error constants of the explicit
and implicit schemes provided in [7] is well verified by
comparing the errors for coupling time step ∆τ = 10−4

which is, for all convergence graphs, in the asymptotic
regime. Compared to the theoretical error ratios given
in brackets, the ratios observed are, for order 1 to 5:
1.0 (1.0), 5.0 (5.0), 9.8 (9.0), 15.3 (13.2), 19.0 (17.6).

In order to compare the efficiency of the explicit and
implicit multistep coupling schemes, work-precision di-
agrams can be considered. The cost is evaluated in
terms of iterations, i.e. the number of calls to both
monophysics solver. Figure 3 shows the obtained dia-
grams. It can be seen that the higher-order schemes
are extremely beneficial when looking for an accurate
solution.

In the implicit variant, the iterative fixed-point pro-
cedure used at each step logically leads to a higher
cost per step compared to the explicit variant. In the
same spirit as Adams predictor-corrector methods for
ODEs [11, Sect. 5.4.2], one may expect a gain in accu-
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Figure 3: Cost in terms of the relative L1 error

racy thanks to the lower error constants of the implicit
scheme. However, it turns out that this does not coun-
terbalance the additional cost, unless seeking very high
accuracy. This may be explained by the fact that our
chosen coupled test case is not stiff, even though the
choice αs1/αs2 = 1 is typically expected to yield the
stiffest Neumann-Dirichlet coupling. The main reason
for the lack of stiffness is the coarse mesh resolution
around the interface.

3.4 Time adaptation analysis
The error estimates from Section 2 may be used to
dynamically adapt the coupling time step. To study
the performance of the dynamic time adaptation, simu-
lations are run with the explicit scheme with the extrap-
olation error estimate from Equation (2.3), and the im-
plicit scheme with the embedded estimate. We use the
previous test case, as well as a stiffer variant obtained
by increasing the diffusivity ratio to αs1/αs2 = 103,
without reversing the coupling conditions. In both
cases, we simulate up to τf = 0.04 s.

Figure 4 presents the time step histories generated by
the 5th-order time adaptive multistep coupling scheme
for both cases. The explicit variant (denoted “exp.
extrap.” in the legend) is compared against implicit
coupling employing a higher-order embedded error esti-
mate (“imp. emb.”). The error tolerances for time step
adaptation are atol = rtol = 10−3, and the fixed-point
convergence tolerance for the implicit coupling is set to
10−4. Although the implicit scheme consistently selects
larger time steps than the explicit scheme for both dif-
fusivity ratios, it is actually more costly in the non-stiff
case, requiring 126 iterations in total, compared to 51
for the explicit variant.

The advantage of the implicit strategy however
clearly emerges in the stiffer case: the final time is
reached in 35 time steps (with no rejected steps), for
a total of 243 iterations (approximately 7 iterations
per step on average). By contrast, the explicit scheme
requires 903 accepted steps, in addition to 209 rejected
steps, resulting in a total cost of 1112 iterations. The
implicit coupling scheme is able to use the same time

Figure 4: Time step histories for the adaptive 5-th
order multistep coupling scheme

steps in both configurations, while the explicit variant
is plagued by its stability limit, clearly identified by the
plateau in coupling time step values, which has been
verified to be almost independent of the error tolerance,
as is typical for stability-bound schemes.

4 Conclusions
This work demonstrates the successful implementation
of the explicit and implicit multistep coupling schemes
within the Cwipi library, extending its capabilities from
spatial interpolation to temporal coupling, thus con-
stituting a complete space-time coupling library. The
proposed approach combines several key advantages:
it achieves high-order temporal accuracy, it maintains
a minimally-intrusive partitioned framework, and it
enables adaptive time stepping.

The conjugate heat transfer test case validates the
implementation and demonstrates high-order conver-
gence in time for both explicit and implicit variants.
The ability to dynamically adapt the coupling time
step based on generic error estimates opens the door to
efficient coupled simulations with heterogeneous time
scales.

Future work will focus on exploring more complex
multiphysics applications, e.g., fluid-structure interac-
tion or fluid-solid conjugate heat transfer with combus-
tion and radiative heat transfer. Other work will be
centered on the improvement of the implicit coupling,
by relying on convergence acceleration methods, e.g.
quasi-Newton approaches, for the fixed-point problem.
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Abstract

Superficial irregularities and environmental disturbances can trigger the boundary layer (BL) laminar-
to-turbulent transition, resulting in increased wall heat flux, which in turn accelerates the ablation
phenomena. The strong coupling between BL transition with ambient fluctuations and ablated surface
could be critical during atmospheric reentry. In this context, we studied the BL behavior of the canonical
hypersonic blunt cone configuration when subjected to surface irregularities, i.e. cavity and step, and
imposed freestream noise. Our numerical experiments were based on the H3 conditions, the hypersonic
blowdown Mach 6 wind tunnel at the von Karman Institute. The effect of the surface imperfections have
been investigated by using the Linear Stability Theory (LST) to compute the amplitude of the main
modal instabilities (1st and 2nd modes). A Direct Numerical Simulation (DNS) using the Discontinuous
Galerkin method, instead, was employed to gain understanding on the effect of the noise. Results shows
that the cavity does not affect much the BL, whereas the step strongly amplifies the 2nd mode. The
DNS, instead, shows good agreement with LST as long as the linear growth remains dominant.

Keywords: Hypersonics, Boundary Layer, Laminar-to-Turbulent Transition, Roughness, Noise

1 Introduction

Hypersonic boundary layer (BL) laminar-to-turbulent
transition is a crucial phenomenon during any hyper-
sonic flight. When it occurs, wall heat transfer and
skin friction rises, increasing the drag of the spacecraft
[1]. It also influences the flow separation location. This
alters the maneuverability and the dynamic stability of
the spacecraft , leading to major unsteady loads along
the spacecraft’s surface while inducing large vibrations
to the hull and payload [2]. Naturally, the BL transition
phenomenon has a strong influence on the design and
performance of any high-speed vehicle. Accurate pre-
diction of its occurrence and impact is therefore critical,
but inherently difficult since it is highly sensitive to
surface roughness and environmental noise [3]. In this
regard, the current work analyzed the effect of surface
imperfections and freestream noise over the canonical
hypersonic blunt cone configuration considering the H3
conditions, the blowdown Mach 6 wind tunnel at von
Karman Institute (VKI). The effect of surface rough-
ness, particularly a cavity and a step along the cone
wall, is investigated with the Linear Stability Theory
(LST), which gives information on the behavior of the

main modal instabilities (1st and 2nd modes). The
effect of the noise, instead, has been studied with a two-
dimensional Direct Numerical Simulation (DNS) using
the high-order Discontinuous Galerkin (DG) method,
which shed light on the receptivity mechanism across
the shock as well. In detail, the present report is orga-
nized as follows: section 2 describes the configuration
and the conditions, as well as LST with the numerical
method used for the base flow computations and how
the DNS has been forced; section 3 shows the results
of the stability analysis as well as of the noise injection.
Finally, section 4 draws the conclusions and comments
on possible future investigations.

2 Methods
This section details the blunt cone configuration and
the freestream conditions considered, the LST, the
employed numerical code, and how the perturbations
are introduced in the DNS.

2.1 Configuration and conditions
The geometry used is the canonical hypersonic blunt
cone. A nose radius of RN = 0.126 mm, and a cone
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angle of θ = 7 deg with an axial length of Lcone = 265
mm have been considered. For the wall, the standard
no-slip condition is applied along with an isothermal
temperature Tw = 295 K. The inlet conditions are the
one of the VKI H3 facility [4], shown in Table 1.

M̄∞[−] p̄∞[Pa] T̄∞[K] Re∞,unit[m−1]
6 1358.69 60.975 18 × 106

Table 1: VKI H3 freestream conditions.
The air is assumed to behave as a calorically per-

fect gas. The dynamic viscosity is computed with
Sutherland’s law and the thermal conductivity is re-
trieved by the Prandtl number, which is kept constant
at Pr = 0.7368. For the cavity and step configurations,
a size of 0.98 mm has been investigated, located at 39
mm from the stagnation point along the cone axis. In
the following, (x, y) are the axial and radial coordinate,
whereas (ξ, η, ζ) are the streamwise, the wall normal
and spanwise coordinate, respectively.

2.2 Linear Stability Theory (LST)
In the following, Q = (ρ, ρv, ρE) is the state-vector
of fluid-dynamic system (density, momentum, energy).
The LST [5] considers writing the state vector as the
sum of the steady-state laminar solution (base flow)
Q̄b, with the assumption that the perturbation is much
smaller than the base flow (small perturbation):

Q = Q̄b + Q′ Q′ ≪ Q̄b (2.1)

Substituting Eq. 2.1 into Navier-Stokes (NS) equations,
performing a Taylor expansion and neglecting the high-
order terms, we get the linearized NS equations. Then,
assuming that the base flow is locally parallel, i.e. Q̄b =
Q̄b (η), and a wave-like perturbation, the following
stability equations are obtained:

∂Q′

∂t
= JQ′ Q′ = q̂(η)ei(αξ+βζ−ωt) (2.2)

where J = ∂NS/∂Q|Q̄b
is the Jacobian operator of the

linearized NS operator. Therefore, performing a BL-
LST analysis means solving the linear dynamics of the
perturbations. Also, α and β are the streamwise and
spanwise wavenumbers, respectively. Here, ω = 2πf
is the angular frequency, where f is the frequency.
Inserting Q′ in the linearized NS, the analysis leads to
an eigenvalue problem for the Jacobian operator. To
solve the spatial stability problem, f and β are specified
and real-valued, and the α is the complex eigenvalue
unknown. Instead, Q̂(η) is the complex eigenfunction,
which gives the mode shape through the BL. The nature
of instability depends on the sign of the imaginary part
of the streamwise wavenumber (ℑ (α)). The opposite
of ℑ (α) is referred to by the streamwise growth rate. It
could be positive, negative, or null, corresponding to a
damped, amplified, or neutral wave, respectively. The
integration of −ℑ (α) gives the well known N−factor,
which is a measure of the instability amplitude:

N = −
∫ ξ

ξ0

ℑ (α (χ)) dχ (2.3)

where x0 is the neutral point, so the first point where
ℑ (α) = 0. As described above, LST is a linear for-
mulation and thus does not provide information about
where transition occurs, but it gives insights on the
instability behavior. In detail, the LST has been run
with the VKI in-house stability tool VESTA [6].

2.2.1 Base flow computation

The base flows for VESTA simulations have been com-
puted with the hypersonic code US3D [7], developed by
the University of Minnesota. US3D is a cell-centered
Finite Volume solver, and it has been run using a 2nd
order MUSCL (Monotonic Upstream-Centered Scheme
for Conservation Laws) scheme. To perform the US3D
simulation the mesh has been aligned to the shock
thanks to the HEROES VKI-internal library [8]. More-
over, for the smooth wall configuration, the US3D base
flow has also been compared with the one obtained
by the ArgoDG code. ArgoDG is a high-order solver
based on DG spatial discretization [9]. In this work,
p-adaption has been used to force a zero-interpolation
order for the elements encompassing the shock to pre-
serve the positivity of the scheme [10], and to have
higher resolution inside the BL (p=4). To alleviate
the decrease of accuracy in the shock region, mesh re-
finement tailored to the shock position is performed.

2.3 Receptivity of acoustic waves
The BL receptivity to tunnel-like noise has also been
investigated. Two kinds of free-stream disturbances,
fast acoustic waves and slow acoustic waves, with a
single frequency f = 450 kHz. These perturbations
were modeled as time dependent inlet boundary con-
ditions where the simulation has been restarted from
the steady-state solution. In case of ± signs in rele-
vant component of the following expressions, the top
sign represents the fast acoustic wave and the bottom
sign represents the slow acoustic waves. Moreover, the
subscript (∞) denotes far-field quantities, while the
notations (̄·) and (·′) represent mean flow quantities
and the perturbations, respectively. Then, the instan-
taneous quantities at the inlet boundary due to the
disturbances at time t can be defined as

q∞ = q̄∞ +
∑

|q′| ei[kx(x−a)+ky(y−b)−ωt], (2.4)

where q is the vector of the non-conservative primitive
variables [p, u, v, T ], and kx, ky are the streamwise and
wall-normal component of the wave number vector
k. The perturbations are considered with an angle
of incidence of zero such that kx = k∞ and ky = 0,
where k∞ = M̄∞ω

ū∞(M̄∞±1) is the absolute wave number.
The source of the perturbations is located far from the
body at (a, b) = (−Lcone, 0). The amplitudes of the
perturbations, denoted as (|·′|), are defined as follows:

|p′| = ερ̄∞ū2
∞, |u′| = ±εM̄∞ū∞,

|T ′| = ε(γ − 1)M̄2
∞T̄∞, |v′| = 0.

(2.5)

In Eqs. 2.5, the amplitudes of the perturbations are
characterized by the small parameter ε. The employed
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amplitude is ε = 1 · 10−5, which ensured the linearity
of the receptivity process.

3 Results
The laminar base flows are shown first, then the results
of LST and finally the outcomes of the noise injection.

3.1 Laminar base flows
The base flows comparison of the three configurations
simulated with US3D is shown in Fig. 1. The Mach con-
tour is plotted in color whereas the numerical schlieren
is plotted in grayscale.

Figure 1: US3D base flow of the three configurations.

In detail, from the above picture we can notice that
the cavity introduces a weak shock which is then en-
hanced by the presence of the step. Fig. 2 shows, the
code-to-code comparison between ArgoDG and US3D
on the laminar base flow of the smooth configuration.
Apart from minor differences attributed to the different
numerical schemes employed, the results are in a good
agreement between the solvers.

Figure 2: ArgoDG-US3D base flow comparison for the
smooth wall configuration

3.2 Boundary layer stability results
The N−factor has been computed for both 1st and
2nd modes over all the frequency range dictated by
the considered conditions. Fig. 3 and Fig. 4 show
the envelope evolution and the contour plot of the
N−factor, respectively. In detail, in the contour plot of
the smooth wall configuration (Fig. 4, right), the white
lines represent the neutral curves, i.e. the boundaries
between the stable and unstable regions. Here, we
can notice that f = 450 kHz is the most amplified
frequency at the end of the cone: that is the reason
why this frequency has been used to force the DNS for
the noise investigation. Looking at the envelopes (Fig.
3), the considered cavity does not affect the instabilities
since the envelopes match with the ones of the smooth
wall. Probably the considered size is too small to affect
the BL under this freestream conditions. In opposite,
the step configuration amplifies the 2nd mode right after
its location. For the 1st mode, we found out that the
step stabilizes the flow. However, these results require
further analysis, as the presence of the step disrupts
the computation and reduces the amplitude of the 1st

mode.

Figure 3: Comparison of the N−factor envelopes for
the 1st and 2nd instability modes.

3.3 Noise injection
The impact of fast and slow acoustic waves on the
development of the 2nd mode has been investigated us-
ing high-order DNS computations. The simulation has
been performed on the smooth wall configuration for a
total runtime of 1 ms. In what follows, harmonics will
be denoted as f⟨i,0⟩ where i corresponds to the level of
the harmonic, f⟨1,0⟩ = 450 kHz being the frequency of
the perturbations that are injected at the inlet. The am-
plitude of a perturbation in Eq. 2.5 at a given harmonic
can therefore be designated as |·′ |∗⟨i,0⟩. In relevant cases,
the superscript (∗) represents the normalization by the
maximum amplitude corresponding to the harmonic
referred in the subscript. If no harmonic is indicated
in the subscript, the normalization is based on the
main harmonic f⟨1,0⟩. Fig. 5 shows the amplitude of
the pressure perturbations on the wall. First, one can
observe destructive and constructive interactions at a

MSV 3



Figure 4: Contour plot of the N−factor in the frequency-ξ plane of the three configurations.

relatively constant amplitude between the two types
of perturbations from the nose region up to ξ = 165
mm. Amplification of the perturbations amplitude re-
lated to the main harmonic f⟨1,0⟩ can be observed at
ξ = 165 mm. The first higher harmonic f⟨2,0⟩ = 900
kHz is generated at ξ = 190 mm, then followed by the
excitation of the higher harmonics at ξ = 215 mm show-
ing nonlinearities in the flow-field. The generation of
higher harmonics is likely due to self-interactions of 2nd

mode disturbances where first level interactions would
generate the first higher harmonic [11]. Then, inter-
actions between lower and high harmonics would lead
to second level interactions that would generate even
higher harmonics (i.e. f⟨3,0⟩ = 1350 kHz, f⟨4,0⟩ = 1800
kHz, f⟨5,0⟩ = 2250 kHz).

Figure 5: Amplification of the main harmonic f⟨1,0⟩ and
generation of the higher harmonics along the cone. The
amplitude of the pressure fluctuations is considered.

The presence of the 2nd mode instability is confirmed
by the well-known observed rope-like structures inside
the BL, as well as strong wall pressure fluctuations.
Both are shown in terms of T ′ in Fig. 6.

Figure 6: 2nd mode rope-like structures obtained from
the temperature fluctuations along the cone.

Fig. 7 compares the normalized amplitudes of q
along the wall normal direction that are obtained by
LST and by the DNS. Note that the profiles from LST
were computed based on the baseflow provided by US3D
and not ArgoDG, so the comparison may not be exact.
Nevertheless, good agreements are obtained between
the two results until ξ = 210 mm. Further downstream,
strong nonlinearities are observed (see Fig. 7, right
column). Indeed, nonlinearities cannot be captured by
LST, which instead can be considered by non-linear sta-
bility methods, such as Nonlinear Parabolized Stability
Equations (NPSE) [12]).

Figure 7: Comparison of fluctuations between LST and
DNS at the stations x = 210 mm (left column) and
x = 260 mm (right column).
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4 Conclusions and future works
The current report had a double goal: investigate the
effect of the roughness and freestream noise on hyper-
sonic BL transition of a blunt cone under the VKI H3
conditions.

• For the former, the effect of a cavity and a step
of size 0.98 mm along the cone wall have been
investigated on the main modal instabilities (1st

and 2nd modes) with LST. Results show that the
considered cavity does not significantly affect the
BL, most probably its size is too small, whereas
the step highly amplifies the 2nd mode instability.

• For the latter, a DNS of a smooth wall cone has
been forced with the slow and fast acoustic waves
at a frequency given by the previous LST analysis.
Results capture the rope-like structures, as well as
the wall pressure fluctuations, typical of the 2nd

mode instability. Moreover, the DNS results are
aligned with those of LST until nonlinearities start
to be dominant.

However, future investigations could be done on both
sides. Indeed, LST does not give any answer on the
non-modal instabilities (streaks) that could rise from
the surface imperfections. The next phase of this DNS
study, instead, will be to extend it to a 3D configuration
to analyze the instability growth until breakdown to
turbulence, as well as future analysis should be done
on the choice of wave amplitudes.
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