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Abstract: Aeroelastic response of a wing structure due to a discrete gust is commonly com-
puted with linear doublet lattice aerodynamics, corrected in some way for transonic flows. The
aeroelastic response is computed in the modal space, and the key output of interest is some lin-
ear function of those modes, for example root bending moment. This work seeks to expand this
analysis to include stress-based outputs (with the modal acceleration method) and aerodynam-
ics based on computational fluid dynamics, as well as adjoint derivatives with respect to shape
and structural sizing variables. Examples are shown for generic wingbox structures under both
prescribed oscillatory loading and discrete aeroelastic gust loading.

1 INTRODUCTION

The state-of-the-practice in industry for aeroelastic gust computations uses linear doublet lattice
method (DLM) aerodynamics [1] in the frequency domain coupled to a modal representation of
the structure [2]. Continuous and discrete gust loads may be computed using various techniques
[3], with the latest certifications requirements listed in FAR-25 [4]. These linear aeroelastic
gust tools, with steady correction factors (to account for transonic effects) computed from wind
tunnel or numerical data [5], have been successfully used for transport aircraft design for many
years. Future trends in aircraft design, however, will include longer and thinner wings in an
effort to reduce environmental impact and operational costs [6]. The aeroelastic tools that have
governed past success may not translate to future nontraditional configurations, where the gust
mechanisms, and the ensuing wing designs, will be far more complex.

Transonic flows in particular may lead to an overly aggressive aeroelastic gust mechanism. Ap-
proaches based on correction factors [7] may be able to properly account for these mechanisms,
or a full accounting via computational fluid dynamics (CFD) may be required. CFD-based
gust computations in the time domain are very expensive [8, 9, 10], particularly in a design-
oriented setting, where reverse-time adjoint computations are required [11]. CFD-based gust
computations using the linearized frequency domain (LFD) method have been shown to pro-
vide high fidelity gust predictions at a reduced cost [12, 13] and are more amenable to adjoint-
based sensitivity computations [14, 15]. The linearization can, however, lead to inaccuracies as
well. Ref. [16] has shown that, for higher gust load amplitudes, a linearized computation can
over-predict the bending moments relative to a fully-nonlinear time domain computation, but
under-predict the torsional moments.
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The findings of Ref. [16] highlight another issue with state-of-the-practice aeroelastic gust com-
putations, which is that most of these tools utilize bending and torsional moment results as a
structural failure metric. Stress-based metrics and derivatives are more relevant for complex
wingbox structures but are relatively difficult to accurately extract from a modal structural ap-
proximation [17, 18]. Furthermore, stress-based failure indices (von Mises, VM, for metallic
structures, Tsai-Wu for composite structures, etc.) are nonlinear quadratic functions of the
modal response, and this can complicate certain gust response formulations [19].

The goals of this work are to advance the state-of-the-practice in computational aeroelastic gust
analysis by computing peak stresses (in time) of an aeroelastic wingbox, in response to a dis-
crete gust input, using a modal structural finite element solver and an LFD-based aerodynamic
solver implemented in the FUN3D flow solver [20, 21]. Stresses are computed with the well-
known modal acceleration (MA) method [17, 22, 23]. Coupling between the various solvers
is enabled with OpenMDAO [24] and MPhys [25], which allow for the computation of ana-
lytical adjoint derivatives of the peak stress with respect to a large vector of shape and sizing
parameters.

Results in this paper will first demonstrate the MA computations and adjoint derivatives on
a generic transport configuration driven by a prescribed (non-aerodynamic) unsteady loading.
Exact stress computations are available for this case, which allows errors related to the modal
approximation to be quantified. Next, aeroelastic gust loadings are computed. A key aspect
of the MPhys-based tool is the ease with which one discipline’s fidelity can be swapped for
another. Given this enabling feature, gust response results will be demonstrated with both linear
DLM aerodynamics and transonic LFD-based aerodynamics, an extension of past work from
Refs. [14, 15]. Finally, the computation and validation of adjoint derivatives of the stress-based
gust response will be demonstrated.

2 AEROELASTIC FRAMEWORK

The modal aeroelastic equations of motion are given in the Laplace domain as:

(s2 ·M + s ·C +K − q ·Ass
) · η = q ·Asg · wg/U (1)

where M , C, K, and A are the mass, damping, stiffness, and aerodynamic matrices, respec-
tively, and the overbar designates a modally-reduced quantity. The vector η is the vector of
modal amplitudes, s is the Laplacian, q is the dynamic pressure, U is the flow speed, and wg

is the speed of the vertical gust column. The ss and sg superscripts designate structure-on-
structure and gust-on-structure partitioning of the aerodynamic terms.

These results are computed for a discrete gust with a 1 − cos profile, where wg is a Fourier
transform of that function. An inverse Fourier transform [2] of η will provide these modal
amplitudes as a function of time. The modal amplitudes are converted into a stress distribution
at each time step (as detailed below), the stress distribution is aggregated into a single scalar
metric at each time step [26], and finally the maximum aggregate value (in time) is extracted for
design optimization purposes. Alternatively, η may be left in the frequency domain to compute
the stresses in the frequency domain also; the stresses can then transformed via an inverse
Fourier transform, and the process proceeds as in the first option. Either option will give the
same answer, but the computational effort will vary.
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2.1 Modal Acceleration

If the matrix of structural mode shapes is given by ϕ, then the full-order structural response
vector is u = ϕ · η. Plane stress in a given finite element can be computed as:

σx

σy

σxy


e

= Bσe · u (2)

where the matrix Bσe is different for each element e.

As noted previously, computing these stresses as Bσe ·ϕ ·η (a formulation commonly called the
modal displacement method, MD) is inaccurate, as stress is not easily extracted from a modal
reduction. The more accurate MA method is computed as [17]:

uMA = ϕ · η +K−1 · F − ϕ ·K−1 · ϕT · F (3)

The first term in Eq. 3 is simply the MD approach, and the second two terms are additional
enrichment that improves the accuracy of the stress results when computed as Bσe ·uMA. These
enrichment terms are driven by a full-order force vector, F , defined as:

F = q ·Ass · η + q ·Asg · wg/U (4)

The terms Ass and Asg are partial full-order aerodynamic terms: the rows of these matrices
remain in the modal space, but the columns are in the full-order finite-element space [22]. These
matrices are related to the overlined modal terms in Eq. 1 as A

ss
= ϕT ·Ass and A

sg
= ϕT ·Asg.

As noted above, frequency-domain versions of F , η, and uMA may be utilized in Eqs. 3 and 4.
In that case, the stresses can also be computed in the frequency domain, and finally the stresses
can be converted into the time domain via an inverse Fourier transform of σx, σy, and σxy.
Alternatively, inverse Fourier transforms of F and η can be used in Eqs. 3 and 4, meaning uMA

and the stresses will be directly computed in the time domain. The computational effort of either
option is driven by the second term in Eq. 3 (K−1 · F ), which is a linear system of equations
with multiple right hand sides, i.e., multiple columns of F in Eq. 4. In the frequency domain,
the number of (complex-valued) right hand sides is the number of frequencies considered in
Eq. 1. In the time domain, the number of (real-valued) right hand sides is the number of time
steps considered in the inverse Fourier transform. The most computationally-efficient choice
will be problem-dependent.

2.2 Unsteady Aerodynamics

The CFD-based aerodynamics are computed via the stabilized finite element (SFE [27]) solver
in FUN3D [20]. The general flow equations are written as:

A(q, q̇,xG, ẋG) := MA(q,xG, ẋG) · q̇ +RA(q,xG, ẋG) (5)

where q is the flow state vector, xG is the vector of volume mesh coordinates, RA is the spatial
residual, and MA is the mass matrix. The steady computations over a wing are obtained by
setting the time derivatives to zero:

A0(q0,xG0) := RA(q0,xG0) = 0 (6)

where the 0 subscript indicates a steady state solution.
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One can then assume small oscillatory perturbations of the form xG = xG0 +
∑n

j=1 x̂Gj
· ei·ω·t,

and q = q0 +
∑n

j=1 q̂j · ei·ω·t, where q̂ and x̂G are Fourier coefficients, and ω is the oscillation
frequency. Each Fourier coefficient corresponds to a structural mode shape j of interest. Using
these assumptions, the LFD equations can be written as:

ALFD,j

(
xG0 , q0, x̂Gj

, q̂j, ω
)
:=(

i · ω · MA|xG0
,q0

+
∂RA

∂q

∣∣∣∣
xG0

,q0

)
· q̂j +

(
i · ω · ∂RA

∂ẋG

∣∣∣∣
xG0

,q0

+
∂RA

∂xG

∣∣∣∣
xG0

,q0

)
· x̂Gj

= 0

(7)

Equation 7 represents a linear complex-valued system of equations, which must be solved once
for each structural mode shape j and each frequency value ω of interest.

The complex-valued oscillatory flow fields q̂j can be used to compute oscillatory aerodynamic
forces, fAj

[11]. These aerodynamic forces are mapped onto the structural mesh with the
MELD framework [28] (Matching-based Extrapolation for Loads and Displacements) to form
fSj

. Finally, the Ass term used in Eq. 4 is defined as:

Ass =
[
fS1 fS2 · · · fSn

]
(8)

A computation of the gust terms proceeds in a similar manner but with an alternate version of
Eq. 7:

Agust,j

(
xG0 , q0, x̂Gj

, q̂j, ω
)
:=

(
i · ω · MA|xG0

,q0
+

∂RA

∂q

∣∣∣∣
xG0

,q0

)
·q̂j+

∂RA

∂wg

∣∣∣∣
xG0

,q0

·ŵgj = 0

(9)
where ŵgj is the harmonic gust perturbation field [14]. As above, aerodynamic forces can be
mapped and grouped to form Asg.

For lower fidelity aerodynamics via the linear DLM, unsteady aerodynamic pressures, for each
mode shape and frequency of interest, are computed via the typical complex-valued aerody-
namic kernel operations [1]. As with the CFD tools, those unsteady pressures are mapped onto
the structural mesh with MELD and then grouped to obtain Ass and Asg.

2.3 Analytical Adjoint Derivatives
With the assistance of MPhys [25], separate OpenMDAO components are created for each
of the modules used here: steady aerodynamics, unsteady aerodynamics, MELD-based load
mapping, structural and modal computations, MA-based stress computations, and finally the
inverse Fourier transform. OpenMDAO can automatically handle the forward connections for
each component. Each component is individually-tasked with computing analytical adjoint
derivatives across its local inputs and outputs; OpenMDAO can then handle the reverse adjoint
connections between components for the final derivative of the output (the peak stress aggregate
value, in time, during the gust encounter) with respect to a large vector of shape and sizing
parameters.

A final stress-based metric is given as J = J(uMA), where J will be defined via σx, σy, and
σxy from Eq. 2. If the various design variables are collected in the vector x, the sought-after
derivative is computed as:

dJ

dx
=

∂J

∂x
+ λT

η · ∂Rη

∂x
+ λT

ϕ · ∂Rϕ

∂x
+ λT

F · ∂RF

∂x
(10)
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where the residual Rη is defined by the solution of Eq. 1, the residual Rϕ is defined by the
solution of the structural eigenequations, the residual RF is defined by the solution of Eq. 4,
and the λ terms are the associated adjoint vectors. The adjoint vectors are computed as:(

∂Rη

∂η

)T

· λη = −∂J

∂η
(11)

(
∂Rϕ

∂ϕ

)T

· λϕ = −∂J

∂ϕ
(12)

(
∂RF

∂F

)T

· λF = − ∂J

∂F
(13)

Derivatives of Rη are simply computed by differentiating Eq. 1, derivatives of Rϕ are computed
via Nelson’s method [29], and derivatives of RF are derived in Ref. [14].

The three right-hand-sides needed in the three adjoint equations are computed by differentiating
the modal acceleration equation Eq. 3:

∂J

∂η
= ϕT · ∂J

∂uMA

(14)

∂J

∂ϕ
=

∂J

∂uMA

·
(
η − 2 ·K−1 · ϕT · F

)
(15)

∂J

∂F
=

∂J

∂uMA

·K−1 − ∂J

∂uMA

·
(
ϕ ·K−1 · ϕT

)
(16)

The explicit derivative of J with respect to the design variables x needed in Eq. 10 is computed
via the stiffness matrix (and the reduced stiffness matrix):

∂J

∂x
= − ∂J

∂uMA

·K−1 · ∂K
∂x

·uMA +
∂J

∂uMA

·
(
ϕ ·K−1 · ϕT · ∂K

∂x
· ϕ
)
·K−1 ·ϕT ·F (17)

3 RESULTS

3.1 Non-Aerodynamic Loading

The results shown in this section are for the wingbox (Fig. 1) of the Simple Transonic Wing
introduced in Ref. [30]. It is a semispan (14 m) composite wingbox structure consisting of a
leading edge spar, a trailing edge spar, upper skins, lower skins, and 23 ribs. The finest L0
mesh from Ref. [30] is used here, with 73,000 shell finite element nodes. A non-aerodynamic
oscillatory tip load of 30,000 N is applied to the structure at a frequency of 2 Hz. For reference,
the first bending frequency of the structure is 4.2 Hz. Because these are non-aerodynamic loads,
and because the input is purely harmonic, the exact stress distribution of the full-order finite
element model (without any modal approximation) can be found and benchmarked against MD
and MA approximations.

The oscillatory stress distribution (exactly in-phase with the input load, since no structural
damping is included here) is shown in Fig. 2, in terms of the Tsai-Wu failure indices of the
90◦ skin and spar composite fiber plies oriented parallel to the wingbox ribs. These failure
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Figure 1: The Simple Transonic Wing’s wingbox structure.

indices are nonlinear functions of σx, σy, and σxy in each shell finite element. MD and MA
results are shown in Fig. 2, both using 3 structural modes, for comparison with the exact results.
As expected, the MD results show clear differences from the exact result, whereas the MA
result is not visually distinguishable. The stresses in Fig. 2 are then aggregated into a single
Kreisselmeier-Steinhauser (KS) scalar, and the log of the error-norms in this scalar are shown
in Fig. 3 as a function of the number of modes used in the MD and MA approximations; the
latter is consistently 3-4 orders of magnitude better than the former.

Figure 2: Oscillatory stress distribution in the wingbox.

Figure 3: Log scale error norm of the aggregated KS function for both MD- and MA-based approximations.

Next, the derivatives of the KS scalar with respect to the grid coordinates of every finite element
node are computed, and the z-coordinate derivative is shown in Fig. 4, again using 3 modes. The
strong influence of the rib-skin topology is clearly seen in these shape derivative contour plots,
and again, the MD-based method shows strong inaccuracies relative to MA. The quantitative
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error norm is shown in Fig. 5, with MA again 3-4 orders of magnitude more accurate.

Figure 4: Z-coordinate shape derivatives of the aggregated KS stress metric.

Figure 5: Log scale error norm of the KS function shape derivative for both MD- and MA-based approximations.

3.2 Aeroelastic Gust Loading

The results in this section utilize a wingbox more suitable (compared to the Simple Transonic
Wing) for dynamic aeroelastic loading, the Common Research Model (CRM) developed in
Ref. [31]. This model is shown in Fig. 6, with a similar wingbox topology as the Simple
Transonic Wing, and a lumped mass representation for the leading/trailing edge devices and the
nacelle/pylon. These lumped masses ensure that the structural torsional frequency is sufficiently
low to induce aeroelastic interactions. This is a metallic model, and so the von Mises stress
criteria are used as failure indices, rather than the Tsai-Wu metrics used for the composite
wingbox in the previous section. The finite-element mesh is also coarser than used previously,
with 9,700 nodes.

The outer mold line of the wing jig shape (also shown in Fig. 6) has a wing span of 58.7 m, a
mean aerodynamic chord of 7.0 m, a taper ratio of 0.25, and a quarter-chord sweep angle of 35◦.
Despite the carry-through topology modeled in the structural finite-element model, the fuselage
is not modeled aerodynamically, and the outer mold line simply extends to the symmetry plane
of the model. Discrete 1 − cos gust loads (superimposed upon a static aeroelastic load) are
applied to the wing at Mach 0.85, a flow speed of 254 m/s, and a dynamic pressure of 12.9
kPa. A range of 1 − cos gust lengths are utilized between 25 m and 250 m, each with a gust
amplitude of 20 m/s.
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Figure 6: The Common Research Model wingbox structure and lumped mass representation (left) and outer mold
line (right).

For the result in Fig. 7, the low-fidelity DLM is used for steady and unsteady aerodynamics,
and 9 vibration modes (ϕ) are used for the structural solver. The first two modes are rigid
body plunge/pitch modes, but the finite-element model is attached to the ground with very soft
springs to prevent the stiffness matrix (K) from becoming singular, as required by the modal
acceleration computations (Eq. 3) [22]. Figure 7 shows a time history of the von Mises stress
in the wingbox, where the peak value of the stress throughout the finite-element model is shown
at any given time. As such, minor C-1 discontinuities are seen in Fig. 7, as the location of the
peak stress may change from one time step to the next. These stresses are also normalized by
the yield stress, such that a value greater than 1 would indicate a structural failure.

Both MD and MA results are shown in Fig. 7 for a gust length of 25 m and 250 m: unlike in the
previous section, no exact result is available for these aeroelastic gust simulations. All of the
time traces start at a normalized stress of 0.35, which is due to the static aeroelastic loads at an
angle of attack (AoA) of 1◦ (non-trimmed). The longer gust length (250 m) induces higher loads
at a lower frequency response and shows sizable differences between MD and MA also. The
shorter gust length (25 m) shows no appreciable differences between MD and MA. A sweep of
peak gust stress values is shown in Fig. 8, as a function of gust length, and it can be seen that
that a gap between MA and MD predictions exist for gust lengths above 100 m.

Figure 7: Time history of the peak von Mises stress during the gust encounter.

The static aeroelastic and peak gust stress contours at 250 m are shown in Fig. 9. The gust
stresses are shown at a time instance of 0.6 s (corresponding to the first peak in Fig. 7). Stresses
are generally largest at the geometry break between the carry-through and the swept wing and
also in the wing spar near the geometry break in the outer mold line trailing edge. These latter
spar stresses are not well-computed by MD, relative to MA, and is the source of the discrepancy
at a 250 m gust length in Fig. 7 also.

As noted above, no exact result is available for these cases, and while there is an expectation
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Figure 8: Peak von Mises gust stresses across different gust lengths.

Figure 9: Static aeroelastic stress contours and peak gust stress contours during a gust length of 250 m.

that MD and MA will converge to the same result as the number of included modes increases
(with MA converging at a faster rate, as seen in the previous section), this result is challenging
to demonstrate in practice due to the unsteady aerodynamics. Both the DLM and the CFD-
based LFD tool operate on an array of reduced frequencies (i.e., the oscillation frequency in
Eq. 7), and including more modes will require more reduced frequencies, which in turn changes
the requirements on the aerodynamic mesh, etc. Table 1 does show, however, that up to the
number of modes included in the previous results (nine), the MA-based predictions are much
less sensitive to the mode number, compared to MD-based predictions.

Table 1: Modal convergence of the MD- and MA-based peak stresses, for a gust length of 250 m.

number of modes MD stress MA stress
3 0.4877 0.4866
5 0.5505 0.4911
7 0.5821 0.4918
9 0.5701 0.4916

The previous results in this section all utilized low-fidelity DLM aerodynamics, and high-
fidelity CFD-based results are included next. A range of static aeroelastic CFD results are
shown in Fig. 10, using a relatively coarse inviscid mesh with 60,000 nodes. The nacelle/pylon
aerodynamics are not modeled here, and so these components only exist inertially (as seen in
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Fig. 6). Again using a Mach number of 0.85 and a dynamic pressure of 12.9 kPa, increasing the
AoA increases both the static aeroelastic deflection and the strength of the transonic shock.

Figure 10: Static aeroelastic Mach contours over the wing.

The dependency of the peak stress upon AoA is shown in Fig. 11. Note, the linear DLM results
at 1◦ are repeated from the previous figures. The figure shows both the peak stress (along the
wing) during the static aeroelastic result, and the peak stress (along the wing, and in time)
during the gust encounter, all computed with the MA method. For DLM aerodynamics, the
static aeroelastic result is obviously a function of AoA, but the unsteady incremental gust loads
are not, as linear aeroelasticity is completely separable into static and dynamic terms. As such,
the static aeroelastic and gust stress trends computed by DLM are largely parallel versus AoA.
The fact that they are not exactly parallel is because of the nonlinear (quadratic) dependency
of the von Mises stress upon the state. If some linear metric had been plotted (root bending
moment, e.g.) the static and dynamic DLM curves would be exactly parallel. Furthermore,
there are some discontinuities in the DLM stress plots between -1 and 0◦; this is because the
location and mechanism of the peak stress shifts from the wing skins (-1◦) to the spar (0◦).

For the CFD results, both the static aeroelastic and the gust stresses depend strongly upon
AoA, and this effect is more prominent at a gust length of 250 m, compared to 25 m. With
increased AoA at 250 m in Fig. 11, the CFD-computed gust increment (i.e., the gap between
the static aeroelastic and peak gust stress) increases substantially, as would be expected from
the heightened aerodynamic sensitivity in transonic conditions.

Figure 11: Peak static aeroelastic and gust stresses, as computed with different aerodynamic fidelities.
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3.3 Aeroelastic Gust Derivatives

Derivatives of the peak stress seen during the gust response, as computed with Eq. 10, are shown
in Table 2. These derivatives are computed with DLM, while higher fidelity CFD-based deriva-
tive computations are left for future work. Derivatives with respect to four design variables
are shown in the table: two shape variables which morph the planform of the wing (span and
sweep), a variable which uniformly scales the thickness of every shell member in the wingbox
skins, and a variable which uniformly rotates the orientation of every stiffener in the wingbox
skins.

Table 2: Finite difference verifications for adjoint derivative computations.

span sweep shell thickness stiffener rotation
δ = 10−1 0.02077307 -0.01103294 -0.39739819 -0.07549076
δ = 10−2 0.02077811 -0.01102925 -0.42903259 -0.08413435
δ = 10−3 0.02074661 -0.01097282 -0.43248136 -0.08492742
δ = 10−4 0.02080855 -0.01100512 -0.43349744 -0.08524694
δ = 10−5 0.02247007 -0.01070739 -0.43349744 -0.08524694
analytical 0.02078934 -0.01103300 -0.43288614 -0.08499070

A finite difference step size study is included in the table; more-accurate complex-step pertur-
bations are not possible here, as the forward analysis itself utilizes complex numbers. The four
derivatives are generally shown to be accurate, under different step sizes, to within 3-4 decimal
places. The rigid body modes used here (seen at the wing root of Figure 9) generally degrade
the range of acceptable finite difference step sizes for gust response. Though not shown here,
models with a clamped boundary condition have a wider range of acceptable step sizes.

4 CONCLUSIONS

This work has demonstrated the unsteady stress-based response of a wingbox structure to both
prescribed loads and aeroelastic gust loads, as well as the derivative of those stresses with
respect to a large vector of shape and structural sizing variables. These computations are con-
ducted with OpenMDAO and MPhys. Stresses and stress derivatives are computed for both the
modal displacement method and the modal acceleration method, with the latter shown to be
substantially more accurate under prescribed oscillatory loading, for a given number of modes.

Either low-fidelity DLM-based aerodynamics or high-fidelity CFD-based aerodynamics (invis-
cid) are used to compute the gust loads, deriving oscillatory aerodynamic forces in the frequency
domain, and then computing time domain gust response with Fourier transforms. The modal
acceleration requires those forces to be in the full-order space, in addition to the typical modal
aerodynamics. Differences between modal acceleration and modal displacement are seen for
longer gust profiles (but not shorter ones) for a given number of mode shapes. Differences
between DLM-based and CFD-based gust stresses are shown to accentuate at higher angles
of attack. The increased transonic flow leads to stronger aerodynamic sensitivity for the CFD
solver, whereas the unsteady portion of the DLM solver is completely independent of angle of
attack.

Strict modal convergence of these gust stresses are not demonstrated here, given challenges
with computing unsteady aerodynamics at higher reduced frequencies. For a given number
of modes, the computational cost of the modal acceleration formulation is higher than modal
displacement: a factor of 3-4 to compute the elastic stresses in the wing, for the cases consid-
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ered here, However, modal acceleration will require fewer modes for a given level of accuracy,
substantially reducing the computational cost of the CFD-based aeroelasticity.

Finally, the accuracy of the DLM-based adjoint stress derivatives are computed with a finite
difference step study, where the companion CFD-based derivatives are left for future work.
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