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Abstract

In this paper we set out to develop a novel method for handling transient faults in gossip
protocols. In particular, we are interested in settings where a signal “P”” can come across
the network, followed by a signal “—P” at a later time. These signals could even come from
the same agent, and any agent is capable of failing as such. The main idea to handle such
a dramatically faulty setting is to use a technique from the philosophical literature called
“belief revision”. [31] This allows agents to update on information contrary to their beliefs
without resorting to probabilities. However, belief revision is often difficult to implement
in a practical setting. Therefore, we turn towards using simplicial semantics for epistemic
modal logic to represent each single time-slice of a protocol. Such models already have
a history of applications in distributed computing. [25] [36] [19] [26] [24] [22] [23] [29]
In order to model the transitions between time slices, we will use action models. These
too already have a history in distributed computing. [26] [19] [3] [34] [39] [15] We will
modify the application of action models to simplicial complexes in order to incorporate
belief revision. In so doing, we will be able to define a novel gossip protocol for handling
the prescribed fault scenario.
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1 Introduction

Imagine you are a disaster relief worker and you receive a message over the radio from a
colleague Anne—this message tells you that a particular road is clear, one you will need
to traverse to get to your next objective. Fifteen minutes later, Anne calls you again, but
this time she says that the road is in fact not clear. She had gotten a new vantage point on
the situation, and a fallen tree which was blocked from view previously was now clearly
visible to her. Our goal in this paper is to use examples like this to motivate a new model
for protocols used in distributed computing. There are a few key features in the above
example that are of interest to us in this paper. The first is to note that you at one time learn
a fact, call it P, and then at a later time learn precisely the negation of this fact, call it —P.
Moreover, you receive this contradictory information from the same source in each case.
This is not unusual in distributed computing systems comprised of many agents interacting
with real world. In our example, an agent, Anne, learned new information over time that
negated a fact she had previously reported in messages to colleagues. On the other hand,
the same behavior can be manifested in agents that are suffering from transient faults. We
will assume any agent in a distributed system is subject to such behavior. This precludes the
possibility of trying to identify faulty agents by assuming most of the network is not faulty.
At any given time, any node in the network might contradict what you already believe, or
even what they have already told you.

Under this highly restricted setting, we aim to investigate whether a notion from philos-
ophy, belief revision, will be of any use to us. This is a theory of learning that is intended
to handle information which is contrary to an agent’s beliefs: that is, it is intended to allow
agents who believe some fact P to learn —P without something catastrophic occurring, such
as the agents believing all facts to be true, including inherently contradictory ones. The de-
tails of how this system works will be left to the next section. However, what is needed is a
sufficiently rich mathematical setting in which we can describe protocols, and compare and
contrast some traditional protocols, in particular gossip protocols, from protocols which are
otherwise identical but employ belief revision.

To meet these ends, this paper will live in the intersection of four distinct areas of re-
search: Simplicial Semantics for Epistemic Logic, Action Models, Belief Revision, and
Distributed Computing, in particular gossip protocols. In general, epistemic modal logic,
algebraic topology, and distributed computing are areas of research that do not often over-
lap. We do not expect our readers to have a background in such a broad range of topics.
So the paper will largely set out to provide the necessary background. Section 2 will intro-
duce the gossip protocol we wish to model using our formalism. Sections 3 and 4 describe
background information, and can be skipped and returned to later if the reader is unfamiliar
with simplicial semantics. Section 5 describes a novel simplicial semantics, and introduces
a notion of belief revision which overcomes theoretical hurdles which have made belief
revision difficult to implement in practical settings historically. Section 6 will then define
action models, in particular define them with respect to our new simplicial models, and
then explain how action models can be used to represent protocols. Section 7 will then fa-
miliarize ourselves with this setting through a few examples of action models representing
some traditional protocols. Finally, in section 8 we will return to the disaster relief example,
and give a gossip protocol which is descriptive of this example, and explain how through
simulations of this protocol we can test the efficacy of belief revision in this setting.



2 Gossip Protocol: Overview

Picture this: You're at a conference with one thousand attendees, and you need to announce
an urgent room change. You could use a PA system (centralized broadcast), but what if
it fails? Instead, you whisper to three people nearby, who each tell three others, who tell
three more. Within minutes, everyone knows. This is gossip in action—and it’s exactly
how some of the world’s most resilient distributed systems stay synchronized [18].

Gossip protocols already have a storied history of applications. [35] [14] Our goal is,
in part, to extend this area of applications to disaster relief networks. The notion of gossip
protocol we are drawing on is Ken Birman’s white paper “The Promise, and Limitations, of
Gossip Protocols”. [10] There he identifies six features of gossip protocols:

1. “The core of the protocol involves periodic, pairwise, inter-process inter-
actions.

2. The information exchanged during these interactions is of (small) boun-
ded size.

3. When nodes interact, the state of one or both changes in a way that reflects
the state of the other. For example, if A pings B just to measure the round-
trip-time between them, it isn’t a gossip interaction.

4. Reliable communication is not assumed.

5. The frequency of the interactions is low compared to typical message
latencies, so that the protocol costs are negligible

6. There is some form of randomness in the peer selection. Peer selection
might occur within the full node set, or might be performed in a smaller
set of neighbors.” [10]

The above are informal criteria, and thus one cannot prove, specifically, whether a spec-
ified protocol satisfies them one way or the other. Moreover, when describing protocols
using action models, some of the above do not apply. Though this should not stop us. Take,
for example, the protocol given in “Knowledge and Gossip”. [3] It’s fairly easy to convince
oneself that 1-4 and 6 are satisfied by the sequence of actions given therein. And this is
good, because our protocol will be very, very similar.

Our protocol will function as follows. The first simplifying assumption we shall make
is that the information being sent over the network can be modeled as a vector privately
held bit values corresponding to each agent. Recall that, in the example described at the
beginning of Section 1, Anne is sending over the network information about whether or not
the road is clear. For each agent, say a, we will interpret the proposition “The road is clear”
as a logical atom A, which is the private bit value held by Anne. This means that agents
other than Anne are not able, at least at first, to comment on the value of A. Modifying our
protocol to do away with this last fact should not be difficult, but we are starting with the
simplest possible case. Without loss of generality, we assume that A being “true” is the true
bit value corresponding to the real state of the world.

The second feature of the protocol is that we assume, at each time interval, an agent is
randomly selected to send their vector of bit values over the network, and another agent is
randomly selected to be the unique receiver. Suppose a is selected as the sender and b as



receiver. Then, we assume there is a random chance that either A or —A is the value sent
over the network. In line with Anne sending that the road is not clear, when in fact it is,
we assume that if —A is sent, that a infended to send —A. From a’s point of view, if —A is
selected, and «a is observing A, no message is sent (a never intends to lie). Moreover, we
assume that if —A is sent and received, then b receives it correctly. However, there is also
a chance that b received nothing at all and is unaware that a attempted to contact them. So,
in summary, a and b are randomly selected from the pool of agents. There is a chance that
a intentionally sends A or that a intentionally sends —A. Furthermore, there is a chance that
b receives the intended message, or that b receives nothing and has no idea a message was
intended to be sent. All other agents are not aware of what was attempted.

In order to clarify the behavior of the protocol, we shall express the protocol in pseu-
docode (Figure 1). Lower case roman letters denote agents and upper case roman letters
denote the message being sent. Node x can send either the message X or =X in addition to
what they’ve learned so far. We will assume there are n agents in total. Each agent main-
tains an associative store V indexed by agent name containing the messages received from
other agents. Think of this as a vector of length n indexed by the agent name. So V(x)(X)
holds the value of X associated with agent x. The infix update operator U ® W takes two
vectors and returns a new vector. Messages are assumed to have the following format:

(src, dst, message),

where src and dst are the source and destination agents and message is the content being
sent. The protocol makes use of an oracle choose(A) that randomly selects an element from
the set A.

Our objective is to draw together action models, simplicial semantics, and belief revi-
sion in order to define and reason about an idealized gossip protocol for handling the kinds
of faulty agents motivated in the introduction. The notion of “Belief Revision” we incor-
porate in our logical formalism allows us to represent the way agents update information
over time. For readers unfamiliar, we will describe this idea in more detail in Section 5.3.
However, it suffices here to say that revision allows an agent to learn ¢, and at a later time
—¢, without either trivializing their beliefs, or just defaulting to what was learned most
recently. Naturally, there are many idealizing assumptions baked into this core example.
Future work, will seek to do away these so as to provide a framework for reasoning about
actual industrial strength gossip protocols.

3 Related Works

The reader should note that, if they are unfamiliar with simplicial semantics or belief re-
vision, this section should be skipped and returnd to later. Various work already exists in
some of these intersections. Seeing as the impetus for Simplicial Semantics is the use of
combinatorial topology in distributed computing, most of that literature acknowledges and
is indebted to this connection already. [25] [36] [19] [26] [24] [22] [23] [29] In particular,
the papers “Knowledge and Simplicial Complexes” and “Simplicial Belief” are already at-
tempts to give a semantics for belief, or non-factive (defeasible) knowledge. We will start
with “Knowledge and Simplicial Complexes”. There, they start with a typical simplicial



Gossip Protocol for Agent x

where

,;zfdéf{a,b,c...}

M E{AB,C,..}
var V,revd 1 & — (M — 2)
var X,y € &/

varce . #
skip

¢:=choose{0,1}.

;1if c=V(x)(X) then
y :=choose & —x
;send(x,y,V)

receive(y,Xx,revd)
;Vi=V®revd

var UW: & — A

Uow &

foralli € &
(UaW)(i) =
ifi#xthen
ifU@l)=W(i)=0then0
1£U() #O0AW(i) =0 then U(i)
ifU@GE)=0AW(i)#0then W(i)
1£U®@E) #OAW(i) # 0 then W(i)
if i=xthen U(i)

Figure 1.



model of knowledge, in our notation (N,V,S,L) (see Section 5). In particular, their mod-
els satisfy the UCF condition. Then each agent a € Ag is given an idempotent function
fa on the a colored vertices. That is, if N, := {n € N|V(n) = a}, f, : N, = N, such that
V(n) =V(fas(n)). The belief condition is given, then, by the following for X € .7 (S):

M X = Ba@ iff VY € F(S)if fu(ma(X)) = ma(Y) then .#,Y = ¢

Because each f, is idempotent, it is easy to check that B, satisfies the KD45 axioms.
However, this definition of belief has some unsatisfying properties. First and foremost, this
notion of belief does not satisfy the intuitive axiom “knowledge implies belief”. Specifi-
cally, if one gave the usual intersection semantics for knowledge,

M X =K i VY € Z(S) if 1,(Y) = m(X) then A ,Y = ¢,

Then K, — B, is not sound, which is undesirable. However, a natural solution to this
might be to strengthen the semantics such that this notion is sound. Suppose K, — B, ¢
were sound. Then the following must be true for any X € .7 (S).:

{Y € Z)fa(ma(X)) = ma(Y)} C{Y € F(8)|ma(X) = ma(Y)}

Under the UCF assumptions, this equality holds if and only if f, is the identity function.
It follows that belief and knowledge must coincide. This is strongly undesirable. If we take
the sense of belief from “Knowledge and Simplicial complexes”, we cannot have both UCF,
and the validity of “knowledge implies belief”, without trivializing belief to coincide with
knowledge.

The second approach to belief is given in “Simplicial Belief”. [13] The author’s ap-
proach here depends on breaking the UCF assumption. In particular, if X € .%(S), there
may be x,y € X such that x # y and V(x) = V(y). For X € .Z(S), they define m,(X) :=
|{n € X|V(n) = a}|. From this, they define the following relation:. For any X,Y € .#(S):

X < Y iff mu(X) <my(Y)

They also define the following usual intersection relation on facets. That is, in our
notation, X ~, Y if and only if 3n € X NY such that V(n) = a. Then <,=<, N ~,, and
their first condition for belief is equivalent to the following:

M, X |= B, iff VY € Z(S) if Xp,Y then A#,Y |= ¢

This says that @ is true at all facets 1: whose number of a-colored perspectives is capped
by the number of a-colored perspectives of X, and 2: whose intersection with X contains
an a colored node, then B, @ is true at X. They also take a second, stronger notion of belief:

M X =B, iff VY € F(S)if X >, ¥
and VZ € Z(S)(if X >, Z then my(Z) > m,(Y))
then Z.)Y |= ¢



This second definition says that if ¢ is true at all facets sharing an a-intersection with
X with a minimal number of perspectives over this collection, then B, @ is true at X. Both
of these are motivated by the idea that if a world contains more a-perspectives, then that
world is less plausible. [13] The reason is that agent is seemingly less certain of what they
believe in these worlds. If X contains more a-perspectives than Y, then a is less certain of
their internal configuration in X than in Y.

Each of these definitions does, clearly, have the property that K,¢ — B, ¢, which is
desirable. However, as mentioned earlier, their model throws out the UCF restriction. What
if one were to assume that § satisfied UCF? The immediate consequence would be that
for any X € .#(S), my(X) = 1. Hence, <, would be the total relation on .%(S), and so
<Jg=n~4. Since ~, is the usual relation for definition knowledge, this would, as before,
trivialize belief such that it coincided with knowledge. So, there is no way in this paper,
either, to have both “knowledge implies belief” and UCF without trivializing knowledge.
The primary advantage of our paper is that we are able to have all three considerations. We
will have that knowledge implies belief, our models satisfy UCF, and belief is not trivial.

The research reported in [2] and [37] connect epistemic logic more broadly to dis-
tributed computing by using epistemic information to track which messages should be fol-
lowed up on in a gossip protocol, while [3] brings in action models to describe gossip
protocols themselves. The protocol developed in [3] will be of great use to us. In this pro-
tocol, each agent has a secret, which one can think of as a privately held bit value. At each
time slice, a call between two agents is given. This call can take various forms: For exam-
ple, it may be common knowledge who the call is between, but the information shared over
the call is only known to the callers. By contrast, it may only be common knowledge that
some call was made, or agents not in the call may consider it possible that no call was made.
We will be interested in particular in this last case when we create our gossip protocol in
Section 8. The initial configuration of a gossip protocol in [3] (which they call the “Initial
Gossip Model”) Is a model whose unique world is itself a model (called the “Initial Gossip
Model”) whose worlds are all possible configurations of the truth values of the secrets, and
where (in our notation) each R, is the equivalence relation preserving the truth values of a’s
secret. Translated into the simplicial setting, this will be precisely the initial configuration
we will use in our gossip protocol. Similarly, the terminal configuration, or “Terminal Gos-
sip Situation”, is the model where only reflexive edges exist. This, too, defines the goal of
our gossip protocol. For each of the three calls described above, this paper describes how to
“update” a Gossip model using an action model corresponding to each call. These actions
use a language and notation similar to what we will describe in Section 6.1.

In general, the procedures for using action models to describe protocols are understood
but new, showing up in [26], [19], [3], [34], [39], and [15]. In Section 7, we will translate
many of the examples of protocols in [29] into action models, broadly following the trends
of these papers. Modifying action models where agents learn via belief revision is also an
explored area, with work such as [7] and [8]. However, none of these models will use the
specific model of revision we will motivate in Section 5.



Figure 2.

4 Kripke Semantics

Many models of uncertainty in distributed computing have used the formal tool of “possible
worlds” or “states” to facilitate their model. [28] [33] [38] [30] [20] [37] [2] The basic
picture is thus. We start with a set of worlds/states W and for each agent a € Ag a binary
relation Z, C W x W. Furthermore, at each world, different things are true. Let £ : 3 —
2% be an “assignment” function which assigns to every logical atom of our language, the
set of atoms being ‘3, to a set of worlds. Intuitively, these worlds are those where the
logical atom is true. Given a world w € W, we say that at an agent “knows” or “believes”
a formula ¢ when, for all worlds u such that (w,u) € %,, ¢ is true at u. This conception
of knowledge underlies the applications of these models to distributed computing: one
simple application is using this conception to model consensus as “Everybody knows that
everybody knows that everybody knows that..”” We say that a model (W,{%Z,}acaq,?) is a
“Kripke” or “frame” model.

Let’s consider a few examples. We will focus on the idea of modeling belief. Suppose
there are three worlds, w; for i € {0, 1,2}. We’ll say that woZ%,w; and wo%Z,w>. Moreover,
w1 Z,w1 and wrZ,w,. How we draw this can be seen in Figure 2.

Suppose ¢(P) = {wo,wi,w2}. Then, at world wy, we can say that a believes P, as P is
true at w; and wy. Suppose by contrast £(R) = {w;,w,}. Then, as before, at world wy, we
can say that a believes R, as R is true at w; and w,. However, in this scenario, by contrast,
we say that a has a false belief. While a believes R at wy, R is also false at wg. One can
observe that is is because R is irreflexive at wg. Indeed, many epistemic properties have a
tight correspondence with frame properties. See [20] for more on this.

The most important concept, however, is multi-agent belief. We will, for the duration of
this paper, let the color red correspond with agent a and blue with b. So, for Kripke frames,
we will draw %, in red and R;, in blue.

Consider Figure 3. At w;, we have that b believes Q, because Q is true at wz and wy.
Similarly, at wy, b believes Q, since Q is true at w;. So, we say that B,Q is true at w; and
wa. So, a believes B,Q at wg. We would write this as B,B,Q, and say “a believes that b
believes that Q. Note, not only is Q false at wy, but B,Q is false as well. Similarly, Q is
false at wy. So, we say that “a believes that —Q is possible”. Since Q is false at wy, and
B0 is true, then a believes it’s possible that b has false beliefs.

Generally, in the previous literature, it is assumed that the %, are all equivalence rela-
tions. [20] [37] [2] This is related to the fact that the modality, or quantification over worlds
via the relations, is called “knowledge”. Because the %, are equivalence relations, indeed,
because they are reflexive, then at any world w, agent a considers w possible. Thus, if a
knows ¢ at w, then ¢ must be true at w. This is called “factivity”. However, for our pur-



Figure 3.

poses, this assumption is too strong. Indeed, to model disaster relief, it is very important that
a has some sort of affirmative attitude towards ¢, despite ¢ being false. For our purposes,
we will refer to this attitude as “belief”. For those familiar with the literature connecting
modal logic interpreted as knowledge to distributed computing, it suffices to interpret our
use of “belief” as “knowledge without the assumption of factivity”. Other domains, such as
Bayesian statistics, which interpret belief as having “degrees” or “strength”, are not relevant
for the discussion of this paper.

S Simplicial Semantics

5.1 Semantics for Belief

This paper will work in a similar but distinct setting to Kripke models. The basic epistemic
unit that we will start with we will call a “perspective” or “point of view,” very similar to the
idea outlined in [22]. Given a particular agent, let’s call her Alice, the perspective of that
agent consists abstractly of (some of) the information available to that agent. For example,
if the agent is sitting on a park bench, and sees a blue sky and ducks in the lake, all of this
information is what we might consider part of the agent’s perspective. This is indeed an
abstract notion, but crucial to us is that the information constituting a perspective can be
broken down into two pieces. The first is the hard information, or the information that is
in some sense indefeasible. If the agent on the park bench sees ducks, for instance, this is
reasonably considered hard information. By contrast, suppose Alice has a friend, Barbara,
who regularly goes to the park with her. Each time the pair has been to the park, they see
ducks; however today, her friend is home sick. Alice still goes to the park and sees ducks,
but Barbara of course does not. Both, however, believe that there are ducks in the lake.
However, for Alice, this is hard information. By contrast, Barbara believes there are ducks
in the lake in a weaker sense. This is an example of weak information.

The line between hard and weak information is only intuitive. In fact, the distinction
only matters as a modeling convention. In certain modeling contexts, it will be useful to
represent some information as indefeasible, and other information as defeasible. That is
all the distinction between hard and weak is meant to cache out. It rests solely on the
intuition that an agent’s point of view is made up of facts that are immediately obvious to
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Figure 4.

by(D)

aq (D) E— b1
Figure 5.

the agent and cannot be contradicted by further information, and other facts that are less so.
As a technical and simplifying assumption, we will assume that the hard information of a
perspective is given by a possibly empty set of literals associated with that perspective.

Since we are taking perspectives as our foundational epistemic object, how can we use
them to model uncertainty? One again imagines our agent at the pond with the ducks. Call
her agent a. Her friend will be agent b. If D is the logical atom that means ‘“The ducks are
in the pond at the park,” then we can say that D is assigned to a’s perspective, call it a;. b’s
perspective does not, in this language, consist of any hard information, and so we associate
b1 with the empty set. Since these perspectives are true simultaneously, we can group them
together as the set {a;,b; }, which we draw as Figure 4.

When we formally define simplicial semantics later, it will be clear that this object is a
(very basic) simplicial complex. In order to read the above, for now, it suffices to recognize
that this is equivalent to a Kripke model, with one world where D is true, and two reflexive
edges, one for each agent. The set with the two perspectives is the possible world, and each
agent recognizes that world in their perspective, hence the reflexive edges.

Now let’s imagine a slightly more complicated example. Both friends are going to the
park, but do not see each other yet. We will consider this from a’s point of view. She sees
the ducks in the pond, but is uncertain whether or not » sees the ducks yet. She cannot
imagine that b sees there are not ducks in the pond, as that would be inconsistent with her
own experience. But, she cannot tell whether or not b’s perspective is one where they are,
in fact, seeing ducks, or they have not seen the ducks yet. The latter is the same as b; as
above, but the former, which we call b,, will have D associated with it, as seen in Figure 5.

This is equivalent to a Kripke model with two worlds, one for each set a,b; and a, b;.
The worlds are indistinguishable to agent @, and all reflexive edges for both agents are
present. In the case of two agents, we will refer to sets containing two perspectives as
facets. The facets in the above examples are red because they are associated with agent a.

We have just enough informal background to motivate the main idea behind our model
of belief revision. Consider Figure 6. This model has two facets, namely X := {ag, bo }, and
Y :={ay,b;}. At any facet Z, we have that .#,Z = B, Q.

However, by contrast, consider Figure 7.

Note that this model differs only in the inclusion of =R in the vertices b; and a;. When
we formally specify truth in a model, we will be able to give a strong sense in which these
two models are equivalent. Ultimately, at each facet, the same formulas in a basic modal
language will be true. However, there is another sense in which they are not equivalent.
In Figure 6, the set {ag,b;} could have been included, as the vertices are consistent. The
same is not true in Figure 7. If, say, ~Q were announced, agent a in perspective ag could

11



ao(P,R) —— bo(Q,R)

bi(P) a1(Q)

Figure 6.

ao(P,R) bo(Q,R)

bi(P,~R) a1(Q,~R)

Figure 7.

“shift” the facet {ao,bo} to {ao,b: } in Figure 6, but not in Figure 7. We shall see that this is
an example of belief revision via the process of “imaging.” [31] [21] What simplicial com-
plexes afford us is a way to read off the “nearness” between possible worlds (here modeled
as facets) without needing to specify a “nearness” function as an additional component of
the model.

Now we proceed to give the details of these ideas formally. This paper will work in a
very slightly modified version of simplicial semantics, similar to the work in [25] [36] [19]
[26] [24] [22] [23]. Let ‘33 be a countable set of propositional atoms, and Ag a finite set of
agents. Then, for any P € 3 and a € Ag, we have the following grammar:

¢ :=P|L|p— ¢|B,p

Note that, in contrast with much of the previous work, we are interpreting our modal
operator B, as belief, as opposed to knowledge [25] [36] [19] [26] [24] [22] [23]. The
reason is, of course, that ultimately we will want to use our simplicial semantics to model
belief revision. In light of that, we should define the models for our language.

First, we must define a simplicial complex. Informally, a simplex is a triangle. That is,
it is a collection of vertices where each vertex is connected to each other. So, if one has 3
vertices, one is left with the usual triangle. 4 gives a tetrahedron, and in general, n» many
vertices is an (n — 1)-dimensional triangle. Triangles of arbitrary dimensions are called
simplices, and any subset of the vertices of the simplex is called a face of the simplex. The
dimension of a face will be the number of vertices. Any face not strictly contained in some
larger face is called a facet, following convention in the previous literature [19]. So, we
could have a triangle, as below:
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But simplicial complexes are more general than simplices. We could also have two
triangles, disconnected, as a simplicial complex:

N

Or, those two triangles could be connected at an edge:

b

c

b

a
c d e

f

a

N\
/

b c d
Or connected at a single vertex:

a b

c d e

Furthermore, they do not have to be both triangles. Simplices of different sizes could
be connected, such as a 2-simplex (triangle) connected to a 1-simplex (edge):

a

e

b d

C

A simplex can be thought of as the collection of its component pieces. A 0-simplex is
just a vertex. A 1-simplex, an edge, consists of its two vertices. A 2-simplex, a triangle,
consists of 3 edges, which each themselves consist of two vertices, though those vertices
will be shared among the edges. In general, simplices consist of the sub-simplexes that
compose them, though simplices may have nontrivial intersection. This clues us in to the
actual formal definition of a simplicial complex. Formally, a simplicial complex is a set S
closed under subsets. That is, if X C Y € §, then X € S. Any element of X € S is a face, and
any element X € S suchthat X CY € S implies X =Y is a facet.

In our motivating example at the beginning of this section with two agents, we used
the vertices of an edge to model perspectives, and treated the edges themselves as akin
to possible worlds. In this way, simplicial complexes give us the necessary machinery to
model such a conception of uncertainty. We will treat the vertices of a simplicial complex
as perspectives, and accordingly each vertex will be assigned to a unique agent. As per our
story above, these perspectives will have logical atoms assigned to them. Uncertainty is
cached out in terms of facets. To say that a; is uncertain between b; and b, is to say that
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both {a;,b1} and {a;,b,} are faces in the simplicial complex. This would mean that we
would model uncertainty by specifying sets of perspectives for each agent. That is, each
agent will have their own simplicial complex on the set of perspectives.

We will make two assumptions about simplicial complex models in this paper. The
first is that for every agent’s complex there can be no face containing two perspectives of
the same agent. This assumption means that agents are certain of the hard information in
their own perspective. The reason for this assumption is that without it, it is less clear how
to interpret what the atoms assigned to a perspective really mean. We have been treating
it so far as information that is readily and undeniably available to the agent given that
perspective, and this is inconsistent with the idea that the agent could be uncertain about
this information. The second assumption is that facets will have at least one (and so, exactly
one) perspective for each agent. Facets will be our stand-in for possible worlds, and so it
is important for our purposes that each agent have a perspective in each possible world. In
future work, this is an assumption worth weakening, and some of the previous literature has
indeed explored this in related simplicial semantics. [36] [25]

So, given this informal discussion, we shall turn towards giving the above formally.
What we need to define these semantics is a set N of nodes, a function V : N — A which
assigns each node to an agent, called the “coloring” function, and a function L : N — 3%
which assigns each node to a set of literals. The interpretation is that L(n)(P) = 1 if and
only if P is associated with n, L(n)(P) = 0 if and only if —P is associated with n, and
L(n)(P) = 2 if and only if neither is associated with n.

Our first key idea is that we can use N, V, and L to create a kind of maximal simplicial
complex. Like much of the previous literature, we will assume our simplicial complexes
are uniquely colored. Specifically, each facet of our complexes has dimension |Ag|, and
no two nodes are associated to the same agent. We call this condition UCF for “Uniquely
Colored Facets”.! Thus, the Maximal Complex is the set of subsets of N such that the
associated logical content with that subset is consistent, and it satisfies the UCF condition.
That is, it’s the subsets x C N such that x| = |A|, U, L(«) is consistent, and for all u,v € x,
V(u) # V(v). We refer to (N, V, L) as the Maximal Complex of N, V, and L.> When the
context is clear, we will refer to it simply as the maximal complex. The maximal complex
can be defined set theoretically as follows:

OM(N,V,L):={ye2V |Ixec2V(yCx
A=(3P € PA(Ju,v € x(L(u)(P) =1AL(v)(P)=0)))
A(lx[ =1A])
A(Vu,v € x(V(u) #V(v))))}

We are taking all sets of nodes y which are a subset of some set of nodes x satisfying the
following conditions: x is consistent, insofar as there is no atom P such that P is true at a

Under the UCF condition, our formal use of the word “facet” aligns with our informal use at the beginning
of this section.

2We could just as easily say that the function L is a map to consistent sets of literals, as the maximal complex
selects faces on the basis of consistency. Any inconsistent vertices would simply not be able to be incorporated
into the maximal complex. It is simpler to do it this way, however, as our discussion of revision will reference
inconsistent perspectives.
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node u in x, and P is false at a node v in x; x contains |Ag|-many nodes; finally, each node in
x is assigned a different color. Because the subset of a consistent set remains consistent, it’s
clear that the maximal complex is a simplicial complex. All complexes we consider in this
paper will be UCF subcomplexes of the maximal complex. In general, a Simplicial Model
is a tuple .# = (N,V,L,W,{S,}4caq,) Where N is a set of nodes, V : N — Ag is a coloring
function, L : N — 3%, W is a UCF subcomplex of (N, V, L), and for each a € Ag, S, is a
UCF subcomplex of W.?3

Under the UCF condition, there is a useful function one can define. For any facet X and
agent Ag, we say that m,(X) is the unique vertex of X which is a-colored. Also, let .7 (S)
denote the facets of S for any simplicial complex S. With this in hand, the satisfaction
conditions are as follows, supposing X € W:

A, X E Piff Ja € A(L(m,(X))(P) = 1)

MXE L

MXE @ — yiff, if #,XE ¢ then 4 . XEy

M X E By ift VY € Z(S,) if my(X) = my(Y) then A4 ,Y E @

An important note at this point is that the axiom D, or consistency, is not true of this
definition of belief. This is because it is possible to have a facet X € W such that there is
noY € .#(S,) where m,(X) = m,(Y). That is, there may be facets where agents consider
no worlds possible. This would be simple enough to fix. All we would have to do is ensure
that for every n € N such that V(n) = a, there is X € .7 (S,) such that n € X. That is,
every perspective is included in some facet. However, such restrictions will not be easy
to maintain as we incorporate action models and belief revision. All of the models we
consider, for the most part, will exhibit consistent beliefs. In particular, all of our initial
models will validate D, and all action updates we define will also validate D. But for the
ease of some proofs, we do not force this restriction in our definitions.

The previous literature does not directly define models on the basis of consistent unions
of perspectives. [19] [36] [25] [26] [24] [22] [23] The closest comparison is [26], where
unions of agent perspectives are assumed to be maximal consistent sets by fiat. That is, at
each vertex, either P or —P is assigned. Here, instead, consistency is the process by which
we build the simplicial complex. Other literature assigns propositions directly to the facets
themselves, and achieves the same effect [25]. Our semantics attempts to thread the needle
between these two choices. However, we also do not assume that the assignment of atoms
to vertices necessarily fixes the truth of each literal explicitly on each face. That is, we
do not assume that for each literal P and each face X, there is a vertex x € X containing
either P or —P. Instead, each vertex is given its own assignment of literals, determined by
the desires of the modeler. Our definition of truth then determines that, on any face which

3 As the name of this set W suggests, this is analogous to a set of worlds. Indeed, being a single, non-agent-
differentiated complex, it would be very easy to define a knowledge modality using this set, standard with the
rest of the literature. Such a modality would have nice properties, such as K,¢ — B,¢. Forthcoming work
with Adam Bjorndahl explores a system defined as such. However, for the purposes of this memo, having both
knowledge and belief present is a distraction. W is introduced here solely as a technical device which will help
us prove completeness later. Moreover, without W, we must assume something like if X € Useaq 7 (Sa), then
it becomes valid that at every world some agent has true beliefs. This is undesirable. That said, sometimes we
will not specify W. In this case, we assume that W = 9(N,V,L).
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does not have a vertex containing P or —P, P is assumed to be false. We call this “truth
minimality.” 4
By contrast, our system will make true the following for any P € ‘3:

NU:P— \/ B.,P
acA
We call this axiom NU for “No Uncertainties,” and it says that if an atom is true, then
there is some agent who believes it. We verify its soundness below.

Lemma 5.1. Validity of NU for arbitrary .#

Proof. Suppose that .#,X F P. Then there is some agent a € A such that P € L(7,(X)).
Then for all ¥ such that 7, (X) = m,(Y), P € L(m,(Y)). The desired result follows. O

NU should be interpreted as saying that worlds (facets) are purely constituted by the
perspectives of which they consist. That is, there are no atomic facts that are true except
by way of being introduced by some agent’s perspective. In general, this is an idealized
assumption, like many in the previous literature, and we adopt it here for convenience.

We should pause here to discuss why we need distinct simplicial complexes for each
agent. This is directly connected to our shift from interpreting the epistemic modality as
belief rather than knowledge. The previous literature does not make this assumption, and it
is arguably the biggest departure from that literature in our formalism. [25] [36] [19] [26]
[24] [22] [23] So, consider the simplicial model drawn in Figure 8. Here, the black edges
should be interpreted as shared among all agents, so in this case, all agents i have the exact
same simplicial complex S; associated with them.

Since S, = S, for all a,b € Ag, we can see that this is similar to supposing that there
is a single simplicial complex S, rather than a distinct one for each agent. Suppose al
is announced. The facet X = {ao,b1,co} is inconsistent with this, and thus disappears.

4Truth minimality is such that our models do not make sound the “Locality” axiom present in previous
literature [19]. In this literature, A partition is made on ‘3 over Ag, so that each a € A corresponds with
a distinct subset of 3. The set of atoms assigned to a given agent are called the “local variables” for that
agent. [19] Given this, the following is sound when P is local to a:

LOC : B,PV B,—P

The previous literature would interpret the modality as knowledge, instead of belief, but the axiom itself is
the same. Note that, in the setting where we have local variables and the axioms of K, LOC clearly implies
NU, but the reverse does not hold.
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However, there is a nearby5 facet, Y = {a,by,co}, which is consistent with a1. Indeed, Y
is the facet satisfying al whose intersection with X is largest. So, the agents update their
belief complex as drawn in Figure 9.

However, this has some very undesirable consequences. Indeed, imagine being agent a
with perspective a1. What is announced is your hard information. You already believe this
in a very strong sense, so intuitively, you should learn only that al is common knowledge.
In this case, a’s set of beliefs should strictly expand. However, this is not what happened.
Notably, agent a in perspective al is now uncertain about b’s bit value! This of course
contradicts the good intuition that when al is announced, a’s set of beliefs should strictly
expand. It is easy to construct examples like this if there is not a distinct belief complex for
each agent; hence, we give each agent their own simplicial complex.

We conclude with an exploration of why the D rule is not sound in our system. Suppose
that there is an a-perspective x, and no facet X in S, such that 7,(X) = x,. That is, a
considers no worlds possible when she is in perspective x,. It is easy to see, then, that
B, is true at X. Moreover, if B,L is true at X, then there cannot be any Y in S, such
that m,(X) = m,(Y). This means that when B,_L is true at a facet X, we know that a has
eliminated any facet containing 7m,(X). This interpretation seems distinct from previous
literature exploring making the axiom D false in simplicial models [25] [36]. This literature
interprets B, L to mean that a has had a kind of signal failure—they are no longer an active
participant in the signaling game. Notably, this literature falsifies D by weakening UCF.
We do so by, in contrast, restricting the maximal complex in distinct ways for each agent.
Given this distinction, the different interpretations for the same formulas seem plausible.

5.2 Belief Revision in Simplicial Complexes: Informally

Belief Revision is a well trodden idea in formal philosophy. [27] [31] The main underlying
intuition is the following: If an agent learns that world w is false, they may not merely
remove w from their model. They may additionally incorporate new worlds, not present in
the model before, which are sufficiently “nearby” to w but not contradictory with what they
just learned. This is very important when dealing with modal concepts of belief. If I believe
that ¢, but this belief is false, then when I learn —¢, under normal circumstances I would
cease to believe any worlds are possible. Obviously this is quite extreme!

Unfortunately, this notion of “nearer” is not easy to discern in practice. In [31], any
two worlds may be as near or far from one another as the modeler desires. Simplicial

>“Nearby” in the sense of Section 5.3.



Semantics, we will argue, offers a particular restriction on the concept of revision which
is both already present in the formalism, and independently conceptually motivated. We
will begin with that conceptual motivation. We, importantly, do not want to overstate our
case here. We do not claim that the intuition we motivate is the only plausible intuition one
could have about what constitutes nearness. All we are hoping to demonstrate to the reader
is a particular intuition which seems reasonable enough that it is worth following up on in
a formal setting.

Consider the following case: You are agent a. You believe your friend b is in Schenley
Park, and your other friend c is in Frick park. However, you learn from a trusted source, im-
portantly one that you trust more than your previous beliefs, that b is in fact not in Schenley
park. The first intuition is the following: If you only learn that b is not in Schenley park,
why would you stop believing that c is in Frick park? When I believe that b is in Schenley
and c is in Frick, every world I consider possible has to be a world where both of these facts
are true. Hence, when I learn that b is not in Schenley, I have to rule out all such worlds.
Intuitively, there are two kinds of candidate replacements worlds I could re-incorporate into
belief set: those where b is not in Schenley, and c is in Frick, and those where b is not in
Schenley and c is not in Frick. It seems natural that the former is a much better intuition.

But why are worlds where c is still in Frick better candidates for “nearer” worlds to
the ones we started with? There are surely many possible explanations to this question,
corresponding with various intuitions, though I will focus on the following intuition: worlds
are “nearer” when they preserve more of the perspectives of your fellow agents. To see this,
suppose, as before, that you believe your friend b is in Schenley Park, and your friend
c is in Frick park. However, additionally, you believe that your friend d is in Highland
park. Imagine in particular that each friend has reported to you the information about their
location. Then, you learn from an even more trusted source the following fact: Either b and
¢ are both indoors (i.e., not at any park), or d is indoors. Intuitively, there are three kinds of
replacement worlds that you could appeal to:

1. d is not in Highland
2. bisnot in Schenley and c is not in Frick
3. bis not in Schenley, c is not in Frick, and d is not in Highland

I believe that each collection of worlds is less appealing as a potential revision set than
the last. The reason is that, in the first collection, you are only throwing out d’s testimony.
In the second, you are throwing out both b and ¢’s testimony, and in the third collection, you
believe nobody’s testimony. So, in an attempt to be charitable towards as many friends as
possible, you revise to the first collection. This has the following unusual property. Before
learning everything, you believe that b is in Schenley, c is in Frick, and d is in Highland.
Then, after learning that either b and c are both indoors, or d is indoors, you believe that d
is not in Highland. This is in an effort to be charitable to b and ¢, who in their conjunction
seem to “outrank” d. Hence, you reject the information about d.

This intuition depends on a few assumptions. First, and maybe most obviously, one
must “rank” all of their fellow agents equally. If d were a far more trustworthy source of
information than b or c, that would seem to force the second collection of worlds above to
be the best collection to revise to. Relatedly, it seems that we need to learn information
in perspectives by testimony of those perspectives. For example, we learn that b is in
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Schenley because b reported it to us. In the examples below, this will be cached out in that
the information in perspectives that we learn will consist of information about privately held
bit values associated with each agent. And, finally, it can’t be that these bits of information
are dramatically different in the weight we give to them. It could be that, maybe, while we
trust our friends equally, we place a lot more weight on the fact that d is in Highland than on
the fact that b is in Schenley and c is in Frick. Again, we will cache out this assumption in
our examples by assuming the relevant facts we learn concern information about privately
held bit values. However, in a more general setting, it is good to know that in “The promise,
and limitations, of gossip protocols”, Birman restricts gossip protocols to be those that
“The information exchanged during these interactions is of (small) bounded size.” [10] This
seems to line up with the idea that we can’t significantly rank the information of certain
signals over others. Thus, the overriding information needs to be the number of friends
which we are forced to change our mind about.

There are two final notes I want to make about these informal examples. Firstly, all
of these examples can be done in the language of local variables. [19]. So, if one prefers
that setting to ours, modifying the below work to live in that setting seems entirely well
motivated. Secondly, one might notice that in all of these examples, the information we
learn rules out every world we consider possible. Perhaps, then, one might argue that this is
the only setting in which belief revision is warranted. The authors would agree, in fact, that
this idea is very reasonable. We will address this briefly below, though we do not formally
explore this idea in this memo.

5.3 Belief Revision in Simplicial Complexes: Formally

With this intuition on hand, we shall return to describing the concept formally. Now that
we’ve set up our semantics for belief, we should explore some examples and explain how
we will draw them for the duration of this paper. In general, we will color code vertices
to correspond with the agent. Vertices will be denoted by the agent and a subscript if
necessary, with the literals assigned to that vertex written afterwards. Sometimes, we will
denote a vertex in, where i is an agent and »n is a nonsubscripted numeral O or 1. Here, the
vertex i0 should be thought of as abbreviating a vertex i(P;), where P, is a literal associated
with agent i, and i1 abbreviates i(—P;). We will treat P; as a bit value associated with agent
i, which can either be 1 or 0, corresponding with P, being false or true respectively. So, i0 is
an i-vertex where i has bit value 0, and i1 an i-vertex where i has bit value 1. When we are
dealing with such a setting, we will sometimes say that /0 is announced instead of P;, and
similarly that i1 is announced instead of —P,, since there is a 1-1 correspondence in this case
between atoms and perspectives. In such a setting, we can refer to P; as the singular, unique
literal at the node i0 and —F; as the unique literal at i1. One should note that the gossip
protocol motivated in Section 2 is one such setting where this notation is useful. There, the
only relevant facts are private agent bit values, and these constitute all of the perspectives.
Consider the model drawn in Figure 10. This depicts the simplicial complex S;,. There
are two facets, namely {ao,b} and {a,,b}. The former makes true Q and P, where as the
latter makes true —Q and P, due to truth minimality. Note, then, that if a, were replaced
with a,(—Q), the truth values of all formulas in the model would be unaltered. Facts such
as this will be of paramount importance in the next section. Also take note of a;(=Q,—P,R)
as an unincorporated vertex. This does not contradict UCF, as indeed, every facet in the
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model is uniquely colored. Note further that, at either of the two facets, —R is true.

Also consider the model drawn in Figure 11. Note that this example uses the abbreviated
language outlined above, where i0 corresponds with i(P;) and il with i(—F;) for all i € Ag.
Since it is drawn red, Figure 11 depicts the simplicial complex S,. There are three facets:
{al,00,c1}, {al,b0,c0}, and {a0,b1,c0}. The literals true at each of these facets, as
explained above, correspond with the vertices themselves. So at {al,b0,c1}, by is true,
while ag and ¢ are false (equivalently, a; and ¢, are true).

Now to turn to how we will define belief revision in simplicial models. Let’s motivate
the main idea with by looking again at Figure 6. Note that S;, is depicted. At any facet X,
we have that .#, X £ =B, (—~Q).° However, in this model, nothing prevented the possibility
of the modeler selecting Z := {a¢,b; } as an element of S,. If they had, of course, .#,Z F
By(—0).

However, by contrast, recall Figure 7. Note that S, is depicted. Note that this model
differs only in the presence —R in the vertices b; and a;. Because of truth minimality, this
means that the facets satisfy the exact same formulas in this example as in the previous. So
in this way, the two models are equivalent. However, in this situation, the modeler could
not have included the facet {ag,b;} as an element of S,. Nor could the modeler include
{ay1,bp}. Note that these are the two uniquely colored facets in the maximal complex which
satisfy =Q. So, in a sense, in this model, it is not the case that b could come to consider
= possible. Note that this lines up with our informal examples; we are treating worlds
as nearer when they preserve more perspectives. The goal of this paper is to utilize this
intuition to give a semantics for Belief Revision.

Consider Figure 6 again. Imagine that the formula —(P A Q) was publicly announced,
and consider what this might seem like from b’s point of view. After —(P A Q) is announced,
b knows the facets {ao,bo} and {a;,b; } are no longer tenable, as each of these facets makes
true P A Q. In a usual update, b would delete these facets and be done. However, we
want to take some intuition from the literature on imaging [31] [21]. Imaging describes

B¢ is an abbreviation for =B;—¢. It can be read as “agent i considers ¢ possible”

20



b (P) ai1(Q)
Figure 12.

/b] al \
X e

a0 b0

Figure 13.

an update procedure whereby worlds eliminated after learning a piece of information may
be replaced by a “selection function.” Suppose w is ruled out after ¢ is learned. Then
rather than just erasing w, the agent might use the selection function to come up with a
set of worlds, all of which satisfying ¢, which will replace w in the model. Often this
selection function takes the form of a “preference relation,” as is the case in the AGM
Belief Revision Literature. [27] Here, we imagine the relation as signifying “degrees of
preference” or “degrees of nearness” between worlds. So, when w is ruled out, one replaces
it with the nearest or most preferred set of worlds still satisfying ¢. We believe simplicial
complexes afford us the possibility of doing something similar.

Consider the model from the perspective bg. The facet {a, b} has been deleted, as this
facet makes true P A Q. Is there a compelling replacement facet? A good candidate replace-
ment would have to contain by, and also make true —(P A Q). Indeed, such a replacement
does exist. {aj,bp} fits the bill quite nicely! Similarly, viewing the from perspective by,
{ao,b; } is a good replacement for the removed facet {a;,b; }. We draw this as Figure 9.

This example is a bit crude, in that there really is in every case only one candidate
replacement for every world which disappears, and that replacement suffices. Consider
instead, then, the model in Figure 13.

For the sake of simplicity, interpret the above model where S is the simplicial com-
plex where every uniquely-colored triangle is a facet, and S, = S, = S, is the above sub-
simplicial complex. Suppose a; is announced. We want to view what happens from the
point of view of each perspective. Consider first agent a. If agent a is in perspective aj,
of course, nothing changes. In this perspective, a considers two worlds possible, and both
of these are still consistent with the announced information. By contrast, if agent a is in
perspective ay, the facet {ao, by, ¢} is not consistent with the announced information. How-
ever, ag is welcome to try to replace that world/facet with another that would be consistent
with the available information. However, because « is inconsistent with «;, the announced

21



al

J

a0 b0
Figure 14.
bl al

i

a0 b0

Figure 15.

information, of course no such world/facet exists. Therefore, a’s updated simplicial com-
plex is as drawn in Figure 14.

Now consider agent b. If b is in perspective by, they in the same situation as a;. They
consider two faces possible, neither of which are removed by the announcement of ;. Now
consider perspective b;. They consider one facet possible, namely {ao,b;,co}. Of course,
this facet is inconsistent with the announcement @;. So b could either choose to replace this
facet or erase it. As before, one plausible condition for a replacement facet is that it should
contain b;. Another is that it should make true a;. Another necessary condition is that it
should come from the maximal complex. This leaves two candidate facets for replacement,
{a1,b1,c0} and {a;,b;,c, }. Note that the former has a larger intersection with the removed
facet, {ap,b;,cn}. Because it shares more perspectives in common, we want to argue that
this world is “nearer” to the removed world. The intuition is that worlds that share more
perspectives have more in common, and this shared information is the sense in which they
are nearer. If we use this intuition, then b’s updated simplicial complex is as drawn in Figure
15.

Finally, consider agent c. At c1, things are easy to imagine. ¢! considers a single facet
possible, and this facet already makes true al. At 0, however, things are different. The
facet {ao,b1,co} is obviously no longer tenable. 0 then seeks to replace it. Two candidates
are {aj,bo,co} and {a;,by,co}. Both of these contain ¢0 and make true a1. However, why
should the latter be “nearer”? Applying our intuition from before, note that the intersection
between {a;,b;,co} and {ag,by,co} is larger than the intersection between {a;,bo, o} and
{ap,by,cp}. In this sense, the former is “nearer” to the removed complex, and thus a better
counterfactual replacement. We draw this in Figure 16.

There is a different intuition one could appeal to here. Consider Figure 16 from b’s point
of view. Suppose their initial complex is the same. By appealing to intersection size, their
update complex is also the same as above. However, the situation from b1’s perspective is
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distinct. The only facet 1 considers possible is eliminated in the update. For this reason,
switching that facet to {a1,b1, 0} may make the choice to switch seem more “forced” onto
b, and therefore more reasonable. Arguably, this would mean that 0 should not replace the
lost facet, as 0 still considers {a0,b1,c0} possible after eliminating those where 0 is true.
This intuition would capture the idea that agents should update purely by removing facets
unless they remove every facet they consider possible, and only in that extreme case should
they “image.” This would be an intuition halfway between the classical, Bayesian update
(only removing facets) and imaging. While we believe this is worth exploring, we will set
such a possibility aside for the remainder of the paper.

We now move to formally define our new update procedure, where replacement worlds
are those with maximal intersection with removed worlds. Call the updated model . [¢]:

Definition 5.1. Consider a UCF simplicial model .# = (N,V,L,{S.}aca,W). Let Ny := N,
Vo:=V,and Ly := L.

Let F be the subset of W which satisfy ¢. We need to define a function %, : 7 (S,) —
W. We call Z, the “replacement” function.

B(F) =W N{G € F, | (ma(F) = 1,(G))
AVX € Fo((1(X) = 7(G)) = (IFNG| = XN G]))}

Note that, if G € Fy, then Z,(G) = {G}. Let S, be the simplicial complex whose
facets are elements of the set Upc #(s,) Za (F). Itis easy to check that this is a UCF sub-
simplicial complex of the maximal complex of Ny, Vy, and Ly. W is unaltered. We say that
A @] := (Ngp,Vop,Lo,{Sa,¢}aca) is the update of .# after imaging on ¢.

The next obvious question to ask would be: What axioms are these models sound
and complete for? The simpler question—which for this memo is the only one we shall
address—is soundness and completeness for the language without public announcement
formulas. To answer that, we will use techniques already known from the existing litera-
ture [25] [36] [19] [26] [24]. There, completeness is proven by a “categorical equivalence”
between a category of simplicial models and a category of Kripke frame models. The
equivalence consists of two Functors, one which translates a simplicial model into a Kripke
model, and another which goes the other direction. If the class of Kripke models is known to
be complete for a certain collection of formulas, and the functors preserve the truth of log-
ical formulas, then one can say that the class of simplicial models is complete with respect
to the same collection of formulas. We use this technique to conjecture the following:
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Theorem 5.2. The class of UCF simplicial models is sound and complete with respect to
propositional logic plus K45 + NU, modus ponens and necessitation for each belief modal-

iry.

The proof is given in the appendix, and is similar to those in the existing literature,
beginning with a relevant categorical equivalence between a category of frame models and
a category of simplicial models. [19] [26] There are some interesting technical concerns

that make lifting this categorical equivalence to the completeness proof slightly unusual,
though similar to concerns mentioned in [25].

6 Action Models

Action models started in the philosophical logic and epistemic logic literature as a means to
model “updating” an epistemic model with what could be called an “epistemic scenario”.
[6] If the latter seems broad, that is because it is. An “epistemic scenario” will be a separate
epistemic model, specifying its own worlds where agents can tell apart some worlds but
not others. Therefore, the output of matching some input model to this new scenario will
be a restriction of the Cartesian product of the input and the scenario. New worlds will be
ordered pairs, whose first entry is from the input and whose second is from the scenario.
This intuitively makes sense - we are matching input worlds with potential changes, as
delineated by the scenario. However, the point is that the scenario will rule out some ordered
pairs. If a world in the scenario is somehow incompatible with a world in the input, that
world can’t be added in the new update model.

The preceding discussion is deliberately vague: Action models are capable of describ-
ing a great many things. However, for our purposes, it will suffice to say that action models
describe signals. In the previous section, our capacity to model something “dynamic” was
restricted to the landscape of public announcements. However, public announcements are
very unrealistic as signals in any kind of applied setting. More typically, we are talking
about signals like “a sends a message to b and c is aware that a message is sent, who sent
it, and who received it, but is unaware of the content of the message.” Action models are
ideally suited for representing such signals, and for the rest of the paper, we will explore
actions purely in terms of how they can model single signals and sequences of signals such
as this one.

Anyone familiar with the realm of distributed computing will recognize the possibility
of a connection with action models immediately. Indeed, any distributed algorithm is a
description of a sequence of signals similar to if not identical to the one described above.
Such a connection is already well understood in the literature as well. [34] [24] [19] [3] In
particular, the paper [3] already uses action models to model gossip protocols, which will
be akin to our end goal in this paper.

6.1 Kripke Action Models

We will first explore action models as described in [6], over Kripke frames, before devel-
oping our own definition of actions similar to [19] and [24], though modified for our new
particular simplicial semantics. Consider the following signal:
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“a sends a message to b whose content is P,. However, ¢ is unaware that any message
was sent at all, and furthermore, there is a chance the message will not be received, in which
case b will think no message was sent.”

To model this signal as an action model, we need to represent it using something very
similar to a Kripke frame. Therefore the first step is to describe the worlds. As it stands,
there are three. The first world, which we shall call £, is the world where a message is sent,
but not received. The second world, which we shall call m, is the world where a message
is sent, but is received. Naturally, a cannot tell these worlds apart. However, b can. At m,
b considers m possible. However, at k, b should not consider k possible. After all, if the
message is not received, b thinks that no message was sent. This tells us that we need a
third world, /, which is the world where nothing happens. At world k, b falsely believes the
world is /. Similarly, at both k and m, c falsely believes the worlds is /. The only curious
touch is that, at world [, a should think the world is /. After all, this is the world where no
message was sent - if a doesn’t send a message at all, they think they are in world /. This
description gives us the Kripke frame in Figure 17

As before, red corresponds to %,, blue to %), and green to %,. Black edges are those
edges present in all three relations. However, the above frame is insufficient to describe the
action. After all, these worlds are not compatible with every possible input. Imagine an
input world w where —P, were true. Presumably, since P, is a fact that a is aware of, i.e., a
secret pertaining to a or a bit value which a is aware of, it is not possible that a sends out P, at
w (we are assuming that a is not lying and the signal always goes through correctly if it goes
through). Hence, w is incompatible with k and m. Actions use the notion of “preconditions”
to bear this out. Basically, in order for world k to obtain, it must be the case, and hence, it is
a precondition, that P, is true. We will mark preconditions with parenthesis, like we do for
truth conditions in typical models, and let context differentiate. However, preconditions, at
least for actions over Kripke frames, are distinct from truth conditions, as a world can have
a precondition which is not an atomic formula. Writing in the preconditions gives us the
the model depicted in Figure 18

[ is compatible with any input, however, k and m require that P, to be true in order for
them to obtain. Nicely, this is precisely the action given on page 22 of [5], just with the
precondition K, ¢ swapped out for P,: these preconditions are equivalent so long as we only
ever assign P, to a-colored perspectives in the input, and hence, P, will be true if and only
if B, P, is true.

Now that we understand what actions look like, let’s imagine what updating an input
with an action model might yield. Consider the input model as drawn in Figure 19. This
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input is easy enough to interpret - it is the Kripke equivalent of the simplicial example 13,
with the truth values of the atomic formulae specified explicitly. Following our heuristic
description of how to update some input with an action, we know that worlds in the update
are ordered pairs, whose first term is from the input, and whose second term is from the
action. However, not all ordered pairs are allowed - if at a world w, the precondition for the
action world n is false, then the pair (w,n) cannot be allowed in the action update. Worlds
in the update model are typically given as ordered pairs, with a world from the input in the
first place and a world from the output in the second place. The allowable pairs are those
where the first world satisfies the preconditions of the second world. For our example, using
figures 18 and 19, this gives us the collection of worlds drawn in Figure 20.

What should the truth conditions at these worlds be? Well, if (w,, k) is the world w,, but
where the message is sent but not received, then this should take on the same truth values
as wp. Indeed, actions don’t change what’s true at a world. Rather, they create copies of
worlds which can be differently interpreted. This gives us the model as drawn in Figure 21

All that is left to determine is each R; for i € Ag. When should (w,n)R;(w',n’)? Well,
(w,n) is world w where n has occurred. So, if w and w’ are differentiable, so should (w,n)
and (w',n’). The action does not change what is true at worlds, and so does not make

(W27 m) (W3 ) m)

(W27 k) (W3 ) k)

(wi,1) (w2,1) (w3,1)
Figure 20.
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Figure 22.

worlds which were differentiable suddenly undifferentiable. However, if n and n" are dif-
ferentiable, then (w,n) and (w',n") should be differentiable, even if w and w' are undiffer-
entiable. After all, this is the main point - these were the same world, or at least undiffer-
entiable worlds, but something different has occurred in each. This gives us a very natural
definition: (w,n)R;(w',n’) if and only if wR,w" and nR;n’. This gives us the output model as
drawn in Figure 22

Using our heuristic understanding, it’s not difficult to imagine what each world in the
above model means. At any world (wj,n), ¢ should only consider possible those worlds
(wp, 1) such that w;Z.wj, because ¢ always falsely believes no signal was sent. Similarly,
at world (w»,k), all four of (wy,k), (wa2,m), (ws,k), and (w3, m) are indistinguishable for
a, as a cannot tell apart w, and ws, nor can a tell apart k from m. In general, one can think
of an action update as creating (restricted) “copies” of the input model, and these “copies”
are indistinguishable in terms of the relations in the action. Hence, the [ “copy” of the input
model contains the only worlds which ¢ considers possible, etc.

This gives us the following formal definition of an action:

Definition 6.1. Formally, an action model A is a tuple (W, {Ra,;}icag, pre) such that pre
is a function from worlds w € W to sets of formulas.” Given a Kripke model .# :=
(W,{Ri}icaq,V), and an action model A, we define the action update model .Z[A] :=

W, is a set of worlds, and each Ry, ; is a binary relation on those worlds.
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(WIA], {Ri[A] }ieag, V[A]) as follows:®

WIA] :={(x,y) € W X Wy|.# ,x E pre(y)}
Ri[A](x,y) :={(x,y") e WA]|X' € Ri(x) AY € Rai(y)}
VIA|(P) :=={(x,y) e W[A]|x e V(P)}

6.2 Simplicial Action Models

With this in hand, we turn our attention to simplicial actions. We will work through the
example just described but using simplicial, as opposed to frame, based models. The sim-
plicial translation of the input, per the previous section, is Figure 13. We explicitly label the
truth values of the atoms in Figure 23.

We now turn towards defining the simplicial version of the action model. While we
could simply translate the frame version above into a simplicial complex, it will be in-
formative to go through the exercise of directly interpreting the intuition into a simplicial
complex. First we will need to itemize perspectives. The simplest agent to start with is
agent c. Note that, no matter how the world looks, agent ¢ believes that nothing has hap-
pened. So, there is a single ¢ perspective, which we shall label “c”. More complex is the
situation for agent a. Whether or not the message is received by b, agent a has the same
perspective: The message was sent. But there is another relevant perspective of agent a’s
we must consider. ¢, naturally, never considers that a is in the perspective where the mes-
sage is sent - they believe that a has not sent a message, no matter what. So there are two
perspectives: a;, where a has sent the message, and a—g, where a has not. The story is much
the same for . So long as the message is not received, b believes nothing has happened:
we will call this b_,. If the message is received, of course, b observes this, and so their
perspective is b,. This gives us the set of perspectives drawn in Figure 24

The next piece of information to identify are the facets. There are three - corresponding
to the worlds where nothing happens, where the message is sent and not received, and
where it is received. Importantly, all three agents consider the world where nothing happens
possible. This would be the facet {a—s,b-,,c}. To see why, imagine what worlds a considers
possible at a—. Similarly, {as,b-,,c} is a facet - this is the world where the message is sent,
but not received. This is a world that a considers possible, but neither b nor ¢ considers
it possible. At this world, both b and c¢ believe, falsely, that nothing has happened. And

8W[A] is a subset of W x Wy, Each R;[A] a binary relation on W[A], and V[A] : ¢ — 2], just as in any
Kripke model.
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finally, {as,b,,c} is a facet. This world is one that both a and b consider possible, as only ¢
has false beliefs in this world. This gives us the simplicial complex drawn in Figure 25

The last thing to handle is the representation of the preconditions. Note that, to be
in perspective ay, there is a sense in which it must be the case that P, is assigned to that
perspective. This is because a wouldn’t announce P, unless P, were true, and P, is true
when it is assigned to a’s perspective. The other interesting perspective is b,. It doesn’t
make sense to say that P, has to be true at b, to be in the action-perspective b,. However,
if b has perspective b,, they observe that P, is true by way of the received message. We
will therefore use what we will call a “postcondition”, similar to what is given in [19]. The
perspective b will have P, added to it after the action product is computed. We denote
postconditions with brackets. This gives us the action model drawn in Figure 26

When computing the action product, we will want to take orders pairs of perspectives,

as(Pa) by [Py]
A N —/
T
/ \
b-(T) a-s(T)
Figure 26.
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akin to [19]. If x is a world in the input, and y is a world in the action model, (x,y) will be a
perspective in the product if and only if the formulas assigned to x are consistent with those
aty. Also, x and y need to be assigned the same color. Of note, this is not necessarily the
only way to set this up, and we shall explore that when we give the definition of actions in
simplicial complexes formally. Additionally, perspectives should take on the truth values of
the input, except when overwritten by a postcondition. As described, this gives us the set
of perspectives drawn in Figure 27

The question then is when should a set of perspectives form a facet? If F is a set of
perspectives in the product, such that for each i € Ag there is a unique element of F whose
color is i, then F is a facet if and only if the set of x such that there is a y such that (x,y) € F
is a facet in the input, the set of y such that there is an x such that (x,y) € F is a facet in
the action model, and F is consistent. By this last, we mean that there is no contradictory
assignment of literals to the vertices in F. This gives us the simplicial complex drawn in
Figure 28. Significantly, this model is precisely the translation of the output in the frame
setting into a simplicial model.
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We can now give the definitions formally. In general, we will use definitions for actions
similar to those in [25] and [19]. Actions will have both pre and post conditions. We
will denote these first with parenthesis, and the latter with brackets. Formally, an action
A is a tuple (N, Va,La,{Sa.q}acag, Post), where Post : N, — 3%.2 Given a model .# =
(N,V,L,{Sa}acaq), we define the update model

M A] = (N[A],V[A],LIA], {Sa[A] }acag) """

as follows:

N[A] :={(x,y) € N x Na|V (x) = Va(y)
AVP € B((L(x)(P) = 1 = La(y)(P) #0)
A(L(x)(P) = 0= La(y)(P) # 1))}
VIAI(x,y) =V (x)
Post(y)(P) if Post(y)(P) # 2
La(y)(P) if L(x) (P) =2
L(x) otherwise

LIA](x,y)(P) :

mo(F) € 7 (Sa)
F(Sa[A]) := { F € 2NV AT (F) € F(San)
AF is consistent w.r.t. L[A]

We say that a facet X is consistent with respect to a function L if, for all x,y € X and
P e, L(x)(P) =1 implies L(y)(P) # 0, and L(x)(P) = 0 implies L(y)(P) # 1. Let us
show that this simplicial model satisfies the UCF property.

Lemma 6.1. For any input model .# with the UCF property, and action model A, the
output model ./ [A] also satisfies the UCF property.

Proof. Fix b e Ag. If my(F) € .7 (S,), then there is x € my(F) € % (S,) such that V(x) = b,
as S, satisfies the UCF property. So, there is y € V4 such that (x,y) € F, and V[A](x,y) = b,
as desired. Suppose (x,y), (x',y') € F and V[A](x,y) = VIA](X',y') =b. SoV(x) =V(y) =
Va(x') = Va(y’) = b. The condition that my(F) € % (S,) and m (F) € .% (Sa4), and the fact
that both S4 and S4 , are UCF, means that there is a unique w € N such that (w,y) € F and
V(w) = b, and similarly a unique z such that (x,z) € F and V4(z) =b. So,x=x"and y =y,
it follows that (x,y) = (x',)’), as desired. O

Our definition of N[A] is not the only one which could be motivated. In fact, all three of
the definitions below are defensible.

* VP e P((LX)(P) =1 = La(y)(P) = ) A(L(x)(P) = 0= La(y)(P) = 0))

9N, is a set of nodes, Vy : Ny — Ag, Ls : Ny — 3%, and each Sa.q is a UCF subcomplex of MM(N4,Va,La),
just as in a regular simplicial model.
10N[A] is a subset of N x Ny, V[A] : N[A] — Ag, L[A] : N[A] — 3%, and each S,[A] is a UCF subcomplex of
M(N[A],V[A],L[A]), just as in a regular simplicial model.
Since we have not been specifying W in any of these examples, we should recall that in such a case we
assume W, or the set of possible facets, is always the relevant maximal complex.
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* VP e P((La()(P) = 1 = L(x)(P) = 1) A(La(y)(P) = 0 — La(x)(P) = 0))
* VP e P((Lx)(P) =1 = La(y)(P) # O) A(L(x)(P) = 0 = La(y)(P) # 1))

We will refer to these as modes 0-2. Indeed, mode 2 is the one introduced in our
definition above. For our purposes in this paper, it will suffice.

6.3 Incorporating Belief Revision

We would like to say that this notion of an action is a protocol. However, the notion of
protocol standard to this literature, given in [29], is insufficient for our purposes.

Definition 6.2 (Simplicial Protocol). A Simplicial Protocol is a triple (.#, %, E) where
& is a simplicial model for knowledge, called the “Input Complex™, &7 is a simplicial
model for knowledge called the ‘“Protocol Complex” (better thought of in our context as
the output complex) and Z : .# — 27 is called the “Execution Map”, which takes faces in
 to sets of faces in & such that if 6 C 7, E(0) C E(7), and E(c No’) = E(o) NE(0)).
Moreover, for any face o in .#, {a € Ag| Ix€ (Vs (x)=a)} ={a € Ag| IX € E(0),x €
X(Vo(x) = a)}. When this is true we say that & is Chromatic. And, additionally, & =
UGE] E(G)

In general, & specifies which input perspectives go to which output perspectives. The
restrictions on E bear further analysis. Consider in particular the intersection property:
E(ono’) =E(c)NE(0’). The textbook justifies it by saying no agent “can “tell” whether
the execution started with inputs from ¢ or from ¢’”. [29] Here, “tell” refers to the usual
understanding of knowledge in simplicial complexes, where the accessibility of two facets
is given by their nonempty intersection.'? Suppose that a node x is in the image of ¢ and ¢’.
That is, x € Z(0) NE(0’). Then, it follows from our intersection rule that x € E(c N o’).
By our intersection semantics, these are precisely the nodes which are in the image of those
that cannot distinguish between ¢ and ¢’. So, nodes which cannot tell whether they are in
the image of ¢ or 6’ are precisely those whose preimage cannot tell whether they are in ¢
oro’.

Intersection preservation is meant to ensure that no agent “knows” whether they came
from face X or Y. Since we have shifted over to belief, that is no longer available to us.
We need the corresponding version of the intersection property which uses the definition
of truth for modalities in the belief setting. In particular, we will need an execution map
for each agent. But, it will only be relevant that the a-colored execution map preserve the
intersections of a-colored vertices.'? This motivates the following definition of a Belief
Protocol:

Definition 6.3 (Belief Protocol). A Belief Protocol is a triple (.%, &2,{E,}4ca) Where .¥
is a simplicial model for belief, called the “Input Complex”, & is a simplicial model for
belief called the “Protocol Complex” (better thought of in our context as the output com-
plex). Let .#, denote the a-complex for .# and similarly for &,. For each a € Ag a function
=, 7 —27 is called the “Execution Map”, which takes faces in .#, to sets of faces in &,

12This is one place where the textbook gestures at intuitions afforded by the simplicial semantics.
13This is especially relevant in the revision setting.
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such thatif 6 C 7, E,(0) C E4(7), and E,(m,(0cNo’)) = m,(E.(0)) N7 (E,(0")). More-
over, for any face o in &, {a€Ag| Ixco(Vy(x)=a)} ={acAg| X €E,(0),x€
X(Vz(x) =a)}. When this is true we say that £, is Chromatic. And, additionally, for each
a€Ag, Py=UscrZa(0).

We now show the sense in which action models for belief are protocols. Let I be a
simplicial model for belief whose a complex is denoted /,, and A a simplicial action for
belief. As before, intuitively, our protocol complex should be give by /[A]. What we need
to define is for each a € Ag an execution map &, : [, — 20lAl A it turns out, the correct
map is given by the analogous map to the knowledge case:

Z,(F) = {X € L,[A] | m(X) C F}

Where X € I,[A] is shorthand for “X is a face in the simplicial complex of I,[A].” This
gives us the following:

Theorem 6.2. Let I be a simplicial model for belief and A an action model. The tuple
(I,11A],{Z4}ucag) is a Belief Protocol.

Proof. See 10.3. O

Morally, this is true because of the following. Chromaticity follows roughly because
VI[A]((x,y)) = V(x). This then entails the intersection property roughly as follows. If F
and G share an a-node, call it x, £, will send that a-node to a collection of a-nodes in
the I[A]. In particular, E,({x}) is the set of all singletons {(x,y)} in I,[A]. Now consider
E4(F). By definition, this is the set of all faces X in I,[A] such that my(X) C F. Since
m(X) ={z]| (z,y) € X}, if X € E,(F), then m,(my(X)) = {x}. Hence, E,(F) contains the
set of all faces X in I,[A], whose a-node is a tuple (x,y). Hence, 7,(Z,(F)) is the set of all
singletons {(x,y)} in I,[A]. The same reasoning applies to G as to F. So, we can conclude

that

as desired.
Now we need to modify this definition of an action to use the notion of revision above.
The key idea is to modify the facets from .# (S,[A]).

Definition 6.4 (Simplicial Action for Belief with Revision). Given a simplicial model for
belief .# = (N,V,L,S), And a simplicial action for belief A = (N4, Va,La,{Saa }acag, Post),
we define the update model with revision

M [Algg := (N[Algr, V[Algr, LIA]sr, {Sa[Al R }acag) ™

as follows:

4N[A] is a subset of N x Ny, V[A]pg : N[A]pr — Ag, LIA]pr : N[A]gr — 3%, and S,[A]pg is a UCF subcom-
plex of M(N[A]pr, V[A]gr,L[A]gr), just as in a regular simplicial model.
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N[Algr :={(x,y) € N x Na|V(x) = Va(y)}
AVP € B((L(x)(P )—1—>LA(y)(P) 0)
A(L(x)(P) =0 — La(y)(P) # 1))}
VI[A]gr((x,y)) :=V(x)
Post(y)(P) if Post(y)(P) # 2
LIA]gr((x,y))(P):= ¢ La(y)(P)if L(x)(P) =2

L(x) otherwise

Defining S,[A]pr will take some more work. Fix a € Ag and let X be a UCF facet in
2N*Na guch that y(X) € Z (S,) and 71 (X) € F (Sq.a)- Call the set of such X F4(N x Ny).
Let X be a UCF facet in 2VMIsr such that X is consistent, and 7 (X) € .7 (S,.4). Call the set
of such X .7, (2NWAlsx),

Then we can define a replacement function as follows for X € .Z (N x Ny):

Ru(X) = {YGya(ZN[A]BR””a(Y):na(X)

AVZ € Z,(2VAR (1,(Z) = mu(X) — [Y NX| > |Zn X))}

We say that S,[A]|pr is defined as the simplicial complex whose facets come from
Uxezavxn,) Ra(X).

Theorem 6.3. Let .4 be a simplicial model for belief and A a simplicial action model for
belief. Then the output model .4 [A]pr also satisfies the UCF property.

Proof. See 10.4. ]

Now we need to show that simplicial actions for belief with revision are belief protocols.
To do this, we need the following notion. Note that if ¥ € .7 (S,[A]pr), then R, (Y) is the
preimage. We need to define this preimage for all faces in S,[A|gg. Given a face X €
S.[A]gr, say that R, '(X) is the set of faces which subset of all facets

RNX):={X'|3Y € Z(S,A]pr)(X CY A €R I (Y)(X CY'))
AVa € Ag(Fx € X(V[Alpr(x) = a) < I € X' (V[A]pr(¥') = a))}

Theorem 6.4. Let I be a simplicial model for belief and A an action model. Define =, pr
similarly to E,:

Easr(F) :=={X € L[Algr | VX' € R, (X)(m(X') C F)}
Then, the tuple ( 1[A]BRr,{Ea,BR }acag) is a Belief Protocol.
Proof. See 10.5. O

Morally, this is true because the replacement function takes facets to sets of facets that,
among other things, share a-colored nodes. Hence, the same moral argument we gave above
still applies to show the intersection property.
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1(x,—S,R)

2(»,5,7R)

3(_‘y>S7_'R) - 4(_|X,_|S,R)
Figure 29.

b3(y757_'R

)
)\

b4(_‘y7S7 _'R)

ao(—S) a(—S,R)

aj(—=S,R

Figure 30.

7 Examples

As we have already mentioned, there is existing work which establishes the connection
between action models and protocols. [26] [19] [3] [34] [39] [15] In particular, [19] even
gives some examples. We will do much the same, using examples from the text “Distributed
Computing through Combinatorial Topology” as our baseline. [29] These examples are nice
because they are already given in the framework of simplicial complexes. All we need to
do is prove that it is possible to represent these existing protocols using action models.

Consider the Alternating Message Passing Protocol on page 30 of [29]. In this protocol,
there are two agents, call them a and b. As usual, these will be the red and blue agents
respectively. The initial arrangement is that each agent has a personal bit-value, and they
will be sharing that bit value with each other. We will call these bit values x for a’s bit value
and y for b’s bit value. One agent is designated the first sender, and we shall pick b. The
input complex will have four perspectives, two for each agent corresponding to the possible
bit values, and total uncertainty. Since b is the first sender, the two b perspectives will be
marked with the literals S and —R, and since a is the first received, they will be marked with
the literals =S and R. This gives us the input as drawn in Figure 29.

Now we must describe the protocol. The main idea of the alternating message protocol
is that agents are sending messages back and forth, and there is always a chance a message
does not go through. If an agent doesn’t receive a message, they don’t send. Let’s imagine
what happens when b sends the first message. There are two b perspectives, corresponding
to where b sends y and where b sends —y. These should have preconditions S, =R, and y or
-y as appropriate. We will call these b3 and b4. By contrast, there are three a perspectives.
These correspond with a learning y, a learning —y, and a learning nothing. We will call
these aj, ap, and ag respectively. The preconditions on a; and a, are =S and R, while the
precondition on ag is merely —S. This last will be important for repeated applications of the
protocol - any a perspective which is not a sender can receive nothing, possibly after having
received nothing for many turns. This partially defined action model is drawn in Figure 30.

We now must draw the postconditions. Consider perspective b3. Having just sent, they
turn into a receiver. So the postconditions here should be —S and R. Same for b4. Similarly,
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bS(yaS - )[_'SR b4(_'y7 s ! )[_'S?R]

T /\

ar(=S,R)[S; ~R] ao(=S)[-R az (=S, R)[S; ~R]
Figure 31.
bi(=S,R)[S,— bo(=S)[-R by(=S,R)[S,—R]
a3(x, S, ﬂR) [—\S R a4(—|x S —|R)[—\S R]
Figure 32.

receivers become senders, so the postconditions on a; and a, should be S and —R. Lastly,
the postcondition on ag should be —R. If a receives nothing, they continue to not be a
sender, but now are also not a receiver. This action model is draw in Figure 31.

The last step in the protocol is to create the mirror image of this for when a is the sender
and attach it to the existing drawing. This is seen in Figure 32.

The last thing to acknowledge is that an edge must be drawn between ag and by - faces
between two edges where nothing is received continue to be faces after any step of the
protocol, as these are the worlds where nothing happens. This gives us the complete action
model, which is drawn in Figure 33.

Now let’s compute the output of applying this action model to the specified input. The
output vertices are (1,ap), (1,a1), (1,a2), (2,b3), (3,bs), (4,a0), (4,a1), (4,a2). This
gives the output as drawn in Figure 34. Excitingly, this is precisely the output speci-
fied on page 30 of [29]. There are new perspectives created for when a learns the truth
value of y, but also the original a perspectives are present, now corresponding to a failed
signal. Let’s apply the action again. The output vertices are ((1,ap),a0), ((4,a0),a0),
((27b3)7b0)’ ((23b3)’b1)’ ((27b3)7b2)7 ((3’b4)ab0)’ ((37b4)7b1)> ((3ab4)7b2)’ ((476’1)“4)9

b3(y,S, ~R)[~S,R] ba(—y,S,7R)[~S,R]

a1 (=S, RIS, ]\ 0(=8)[-R /(ﬁS R)[S,—R]

b1(=S,R)[S, - bo(=S)[-R by (=S, R)[S, —R]

a3(x,S,~R) [ﬂS,R]/ \a4(—|x, S, ~R)[~S,R]
Figure 33.
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(4,a1)(—x,S,—R)

(27173)()7, _'SvR)

(4,a2)(—x,8,7R) —— (3,b4)(—y,~S,R) —— (4,a9)(—x,—S,—R)

(1,a2)(x,8,~R)

(1,ap)(x,—S,—R) (1,a1)(x,S,—R)

Figure 34.
Cl(d(),S) - b(blvs)
Figure 35.

((1,a1)az), ((4,a2)aa), ((1,a2)as). This gives the correct result, as seen in Figure 34.

An important observation - when creating the action, we have to think through copies of
perspectives. Even though creating a "base" copy of the 2 world in the input (i.e., pairing it
with bg) would seem to make sense, it doesn’t. We need to transform this perspective from
a sender to a non-sender. This is the role b3 and b4 play in the action. The base (ag and bg)
duplicate everything up to the sender perspective. Then, b3 duplicates the sender, while a;
duplicates the receiver (already duplicated by ag, hence an additional copy).

Let us prove by induction that this example works no matter how many times we apply
the protocol.

Proof. The above examples are our base case. Suppose Output(n) is a square of four nodes,
with two strings off each blue node, alternating in color, of length n (so four strings total).
Everything is =S, —R, except the last two nodes on each string, which are S, R just before
the tip and S, —R at the tip. We will show that applying the action increases the length of
these strings by 1. Suppose, without loss of generality, that the tips of the strings are red.
Then ap and by copy everything up until the tip of each string. Each tip is copied by either
as or aq, and the nodes just before the tip are additionally copied by b and b,. Because the
tip of each node is either copied by a3 or a4, the additional copies from b, uniquely attach
to their respective a3 tipped string, and the b, copies their respective a4 tipped string, as
desired. O

We will now turn towards our next example, the “layered message passing protocol”.
Here, the two agents simultaneously write their bit value to a ledger at each time interval (so
the protocol is synchronous). However, at each interval, there is a chance that at most one
agent will fail. Upon observing a failure, the agents will stop. We will consider the situation
where a has bit value 0 and b has bit value 1 first. Each of course starts as a sender, giving
us the input as drawn in Figure 35.

The protocol itself is trickier. The action of course has four main perspectives. These
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2(by1,8)[~S] —— 3(ao,b1,S)[b1] —— 4(ao,b1,S)]ao] 5(ag,S)[—S]

\ /

1(ag,~S) ——— 6(by,—S)
Figure 36.
(61075)(61(),_‘5‘) - (b174)(a07b17S) - (610,3)(610,191,5) - (b172)(b17_'S)
Figure 37.

being where a receives the message, a does not, and the same for b. But there are two other
perspectives, one for each agent, which are less obvious because they are not relevant in
the first step of the protocol. That is the perspective of @ where at some point in the past,
they failed to receive a message, and therefore on this particular step of the protocol did not
send any message. All told, this gives the action model drawn in Figure 36. For example,
perspective 2 is one where b sent, but failed to receive. 4 is where b sent and received, and
6 is where b did not send. Same for the a perspectives. The most nonideal thing about this
setup is the need for the ag pre and post-condition in 4, and the similar setup in 3. These will
be necessary to prevent unwanted duplications, corresponding to receiving ag and then ay,
in the setup where the bit values are not fixed in the input, as we shall see. But as presented,
they do seem overly restricted. Other workarounds would be ideal.

If we apply the action model to the input a single time, we get the drawing in Figure
37, which is as given on page 31 of [29]. If we apply it again, we get the output as drawn
in Figure 38, which is again as desired.

Now we want to apply this intuition to a more complicated setting, where the bit values
are not predetermined in the input. This input is drawn in Figure 39.

Delightfully, the action model is easy to describe given the work we’ve already done.
We simply need four copies of the action model previously, corresponding with the four
combinations of pairs of bit values. We then stitch these together we get Figure 40.

Applying the action model once gives us the model in Figure 41, exactly as we would
want per page 31 of [29]. Applying it a second time gives us the model in Figure 42. The
values of variables are left off for ease of reading. It is here that it is important we include
the non-ideal additional pre and post conditions. Otherwise, we could have perspectives

((b174)72)(007b1’_‘s) - ((a0,3),3)(a0,b1,S) — ((b1,4),4)(a0,b1,S) — ((a()73)'5>(b1700’_'s)
((a(),S),])(ao,ﬁS) ((b152)76)(b17ﬁs)
Figure 38.
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bl(bl,S) E— a()(a(),S)

al(al,S) E— b()(b(),S)

Figure 39.

(4,4)(ao,S)[~S]

;3)(a0,bo,S)ao]

(1,4)(b1,8)[=S]

T

(1,3)(at,b1,S)[b1]

(4,2)(00,b0,5) [b()]

T

(4,1)(bo, S)[=S]

(1,2)(611,1?1,5)[61

(1,1)(a1,8)[=S]

Figure 40.

in the above like ((ao,(2,4),(4,2)), which would be where a first learns b; and then by.
Nevertheless, we can show that the protocol applied » times is a square with side length
2n—1:

Proof. The above examples are our base case. Suppose Output(n) is a square of side length
2(n+1). The center two nodes on each edge are labeled S, all other nodes —S, and every
node but the corners contains a unique a;, b; pair. Applying the action duplicates every node
but the centers of the edges of the input. These are duplicated by the center four nodes of
the action, namely (2,3), (3,3), (2,2), and (3,2). The two center nodes of each edge are
first copied by their respective a;,b; pair. These copies will be the center two nodes of the

(b1,(1,4))(b1,—S) (a0, (2.4))(a0,b1,8) —— (b1,(3,4))(a0,b1,5) (ao,(4.4))(ao,~S)

(a1,(1,3))(a1,b1,5) (bo. (4,3)) (a0, bo, )

(b1,(1,2))(ay,by,S) (ap,(4,2))(ag,bo,S)

(ar,(1,1))(a1,=8) —— (bo,(2,1))(a1,bo,S) (a1,(3,1))(a1,b0,S) —— (bo,(4,1))(bo, =S)
Figure 41.
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((81,(1,4)),(3,3)) ((a0(2.4)).(4,4)) ((61(3,4)),(3,4) ((a0,(2,4)),(2,4)) —— ((51(3,4),(1,4)) —— ((a0,(4.4)).(2,3))

(((,1.(1.3‘)).(1. 1) ((bo-(4‘3‘)>-,(4-1))

((b].(l,Z‘))a(l,Z)) ((a0,(4,2)),(4,2))

((mA(LJ)).us)) ((bo, (4,3)).(4,3))

((b]A(lAZ‘)),(lA)) ((u(.A(4A2‘)>A(4A4))

(m-(l-l‘))-(&i)) — ((bo,(2.1)).(4,1)) ((@1,(3,1)), (3, 1)) —— ((bo,(2,1)),(2, 1)) ((@1.(3,1)),(1,1)) —— ((bo, (4, 1‘)%(2-2))
Figure 42.

string of four nodes that will replace each center pair. In this case, the ag b; edge are copied
by (2,4), (3,4). Then the a is copied additionally by the a; corner, and the b node is copied
additionally by the b; corner. These are the outer two nodes of that string of four nodes. No
other copies are possible, as these nodes specify both the a; and b; value, and are S nodes.
So, as desired, we have a single copy of every node except the center of each edge, which
gets two copies each, as desired. 0

8 Gossip Protocol

Recall that our desired setting of application was disaster relief. In this example, we are
considering faults like the following. At time ¢, agent a announces to agent b that a certain
road is clear. Call this fact P. Later, agent a gets a new vantage point over the geography
of the region, and sends a new message to b. In fact, P is false, as they can see that a fallen
tree is blocking it.

This example poses a few significant challenges. The first, and most obvious, is that
agents have to learn information contrary to their beliefs. On the usual conception of action
models (and therefore of protocols), after @ announces to b that P, b believes that P is true,
because the simplicial complex associates to b, namely Sj, will no longer have facets where
P is true. This means that when a announces —P, S, becomes empty, and b either believes
everything or nothing, depending on how you interpret this. This is obviously undesirable,
and inconsistent with what happens in practice in disaster relief scenarios. Luckily, belief
revision is designed precisely to handle such problems. [31] [21]

Gossip protocols which handle faults like this or similar to this do already exist and
are quite common. [4] [1] [32] [17] [9] [16] However, these tend to assume at least one of
the following: there is some cap on the number or percentage of faulty agents, or there is
some cap on the number of faulty signals. Neither of these, ultimately, seems tenable in the
disaster relief example. Of course, at any time, any agent can send a faulty signal, either
because they have bad information, and therefore bad beliefs, or because the message itself
became garbled. Similarly, there is no cap on the number of faulty signals. There is no
point in time at which we can imagine guarantees that signals will cease to be faulty.'> As

15This second characterization may be worth weakening in the future, as it is fairly strong.
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ag(A) br[A]
>,
(T)
/ \
b (T) a-s(T)
Figure 43.

such, the model will assume that faults are transient in the sense of [12] and faults “appear
for a short time” (P is announced) and then “disappear” (—P is announced). We assume
additionally that faults are persistent; there is no time beyond which faulty messages cannot
be sent.

So, in this section, we hope to define a gossip protocol which is descriptive of the disas-
ter relief scenario. This protocol will be similar to the one given in [3], and the pseudocode
for this protocol is given in Figure 1. In [3], the action model for a step of a protocol
describes two agents sharing all of their knowledge with each other during a call. Other
agents’ degree of awareness is not assumed, and various possibilities are entertained. How-
ever, before we build a simplicial action model representing that protocol, we will start
with a much simpler protocol. In this simpler protocol, as in the final gossip protocol,
agents each have a secret, which we shall label I for each i € Ag. The set of nodes N will
be the set of {ix|i € Ag,k € 2}, and the validation will be given by V (I)(ix) = k (otherwise,
V(I)(jx) = 3). The input complex will be the set of all UCF facets. More specifically,
S; ={X C N|h, j1 € X — h # j}. The main idea will be that the agents are trying to dis-
cover the true value of every other agent’s private bit value. We will assume, without loss
of generality, that the true bit value for every agent is 0. (Definition 3 of [3]) So, the goal
of the task will be the complex {ip|i € Ag}. This, along with the morphism mapping every
facet in the input to the unique facet in the output, is very obviously a “task” as defined
in [29].

The protocol itself will be very crude and simple. Unlike [3], we will assume agents
only ever send some other agent their secret, not the sum total of secrets they have learned so
far. Moreover, we will assume there is always a chance that this message fails to go through,
and that agents other than the message and receiver are totally unaware any message is sent.
We are already familiar with what this action model is where a sends b, as it is more or
less drawn in Figure 26. It is redrawn as Figure 43 where the signal itself is labeled A. The
pseudocode for this procedure is given in Figure 44.

At each time slice, a and b will be randomly selected, and the action model will be
combined with the previous step’s output. However, there is always a chance of course
that —A is sent instead. There are a few ways we could interpret this as an action model.
However, we will use the action model given in Figure 45 to represent this. Baked into
this representation is the idea that when a sends b the “faulty” signal, they are doing so
intentionally, and the message, if it goes through, goes through clearly. Obviously other
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I 1
Simple Protocol for Agent x

ddﬁf{a,b,c...}

A (A B,C,..}
var V,revd 1 & — (M — 2)
var X,y € o

varc e A
skip

¢ :=choose{0,1}.

;if ¢ =V(x)(X) then
;¥ := choose &/ —x
;send(x,y, V)

receive(y,X,revd)
;V:=rcvd

Figure 44.

kinds of fault are possible. a could “intend” to say that the road is clear, and b could
mishear, for instance. But this way of modeling the fault most closely aligns with our initial
example. So, with each step of the protocol, two agents are selected at random, call them a
and b. Fix a probability p > .5. With probability p, the signal A is sent, and with probability
1 — p, the signal —A is sent. This is our overly simplistic protocol. Again, the pseudocode
is given in Figure 44.

However, this protocol is too simple to be called a gossip protocol in the usual sense. So,
we now turn to modifying this simple protocol into a gossip protocol, and then describing
that protocol as an action model. Recall the protocol we described in Section 2. Suppose a
is randomly selected as the sender and b as the receiver. a then sends to b every single literal

as(—A) b[—A]
>,
(T)

/ \
bo(T) a~(T)
Figure 45.
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brulA, (vm) \ [[B]l]

brl [A7 <VI> \ [[B”]

Figure 46.

they are aware of. At this step of execution, there are still only finitely many a-perspectives
in the model. Each of these will have a string of literals associated with them. For each
a-perspective, we imagine this string, in addition to either A or —A, chosen at random, is
sent. In the event that b receives this packet, b updates on all of the information except the
value of B, preserving this regardless of what was received. So, for example, if A sends the
literals A, B, and —C, a b-perspective where B is true will update on the entire packet, while
a b perspective where B is false updates merely on A and —C. The pseudocode describing
this procedure is given in Figure 1.

Now we must turn this procedure into an action model. Intuitively, all we have to do to
the above example is duplicate the a, perspectives, depending on the packet of information
that a perspective would send. In parallel, we duplicate the b, perspectives similarly. Then,
with some random chance, a chooses whether to share A or —A. As mentioned above, there
are finitely many a-perspectives in the model at any stage of execution. Suppose without
loss of generality that there are n-many. Let each v1,...,vn represent the tuple of literals
true at each corresponding a perspective, sans either A or —A. Then A, (v1) represents the
set literals in vl appended with A. Similarly, (v1)[[B]] represents the set of literals in v1
sans either B or —B if either appears in v1. So, the precondition for an a perspective where
A is along with the rest of the packet is that that perspective honestly believes the packet,
and hence is given by A, (v1). The postcondition for b receiving a packet is to overwrite all
literals except the value of B, and hence is given by A, (v1)[[B]]. This is drawn in Figure 46,
for the case where A is sent. The action for when —A is sent is obvious.

Figure 46 looks messy but it is simple to parse. In order to make it more readable, we
have also drawn the protocol broken up into its constituent simplicial complexes S; for all
i€Ag. S, is given in Figure 47, S;, in Figure 48, and S, in Figure 49. All we have done is
duplicate the triangles {ay1,b-,,c} and {ay1,b,1,c} for each possible packet of information
that a might send, and » may or may not receive. The preconditions on the a, ensure
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,a’m(A’ (vn)) bralA, (vn) \ [[B]]]

ag (A, (12)) bralA, (v2) \ [[B]]]

as1(A, (v1)) br[A, (V1) \ [[B]]]
(™) /
b-p(T) / \ a-s(T)
Figure 47.
(A, (vn) bnlA, (vr) \ [[B]]]
ag (A, (12)) bra[A, (v2)\ [[Bm

asi (A, (v1)) b[A, (v1) \ [[B]]]

/
\a

(T)

\/

b(T)

-5(T)

Figure 48.

that the only perspectives where the given vector of values is true will send. Similarly, the
postconditions ensure b updates, here (vi) \ [[B]] is shorthand for the vector of literals vi,
sans either B or —B if it is present. That only means that » will not change her opinion on B
if a shares it, but will still update their beliefs about what a believes about the truth of B.

One might be surprised, at this point, at the lack of fanfare. It seems that specifying
the protocol was, at the end of the day, decently simple. Is this really meant to be the
culmination of this entire paper? The contention of the authors is that the ease with which
protocols can be articulated, as seen here, is in fact the point of expressing protocols using
action models. Articulating protocols and modifying them is both simple and intuitive.
Once the background work for defining actions using revision is given, it’s also simple to
incorporate this potential tool for fault tolerance into the protocols as well.

This ease of presentation will also let us make simple modifications to the protocol.
Imagine instead that the receiver updates far less cautiously. That is, if b is the receiver,
even the value of B may be overwritten if it is received in a packet. The pseudocode for this
protocol is given in Figure 50. It is also simple to imagine how one changes the simplicial
representation of such a protocol. One only has to update how the postcondition is evalu-
ated. If A, (v1) is received, instead of updating with A, (v1) \ [[B]], instead b updates with
merely A, (v1). This is drawn in Figures 51, 52, and 53.

By contrast, we can also imagine a much more cautious receiver. Perhaps instead,
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asn(A, (vn)) by [A, (vn) \ [[B]]]
as(A, (12)) bra[A, (v2) \ [[B]]]
as1(A, (v1)) brlA, (V1) \ [[B]]]
(T)
b-p(T) a-s(T)
Figure 49.
Gossip Protocol 1 for Agent x
o = {abc..}

where

L%®%ABC 3

var V,revd 1 & — (M — 2)
var X,y € o/

varce€ . #

skip

¢ :=choose{0,1}.

;if c=V(x)(X) then
y:=choose & —x
;send(x,y,V)

receive(y,X,rcvd)
:V:=Vdrevd

var U W: &/ — A
def

UpW =
foralli € &
(UeW) (i) =
ifU W(i)=0then0

(i) =
ifU@{) #OAW(i)=0then U(i

1£U@E) =0AW(i) # 0 then W(i)
if U(i) ZOAW(i) # 0 then W(i)

Figure 50.
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brn [A, (vn)]

bialA, (v2)]

Figure 51.

‘?sn (A, (vn))

/
\

b-(T) a-s(T)

Figure 52.

‘fsn (A, (vn))

apn(A,(v2))
as1 (A, (v1)) bri[A, (v1)]
oM
b (T) a-(T)
Figure 53.
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whether or not they update on a received packet should be conditional on whether or not
that packet agrees with their own perception of their bit value. In this case, updating is
itself conditional. The receiver won’t update in response to a packet of information if that
packet contains a truth value for the receiver’s literal contradictory to the one assigned to
the perspective. The pseudocode for this is given in Figure 54.

Modifying our action model to represent this is straightforward. A precondition for
b updating of course corresponds to a precondition. If the packet received is A, (v1) the
precondition that must be met is the value of B if it is present in (v1). We denote this (v1p).
If this precondition is met, the postcondition is then the whole packet.'® This is drawn in
Figures 55, 56, and 57.

161f the precondition is met, it follows that updating by the whole packet won’t change the value of B at the
perspective.
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Gossip Protocol 3 for Agent x

dif{abc -}

A (AB,C,..}

var V,revd 1 & — (M — 2)
var X,y € &

varc e . #

skip

¢ := choose{0,1}.

;if ¢c=V(x)(X) then
y :=choose & —X
;send(x,y, V)

receive(y,X,revd)
;V:=Vorevd
where

varUW: o/ — #

Uow &

foralli € &
(Uow)() =
if U(x) =W(x) then
ifU@l)=W(i)=0then
ifU@GE)#OAW()=0then U(i
ifU@l) =0AW(i) #0 then W(i)
1fU(l)7é(Z)/\W()7E(Z)thenW(1)
if U(x) # W(x) then U(i)

Figure 54.

vam (A, {vn))

ap(A, (v2)) b2 ((v2g))[A

asi (A, (v1)) bri((v1g))[A, (v1)]

/
/\

b-(T) a-s(T)

Figure 55.
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n (A, (vn)) b,,?((vn3>)[A, (vn)]

ao(A, (2)) bra((v28))[A, (v2)]

asi(A, (v1)) bri((v1g))[A; (v1)]

\ o /

b (T) / \ a-s(T)

Figure 56.
| a(A, (vn) @r,;((vnB))[A, (vm)]
wmab2)) bea((v2)) A, (42)]
as1 (A, (v1)) br((vg))[A, (v1)]
o(T)

b-(T) a-s(T)

Figure 57.
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9 Conclusion

In this paper we have given a novel semantics for epistemic modal logic in simplicial com-
plexes. The goal of this semantics was to unify two ideas. The first of these ideas is
already established, the second is novel to this memo. Firstly, simplicial complexes are
an excellent and up-and-coming tool for modeling distributed protocols. [29] Secondly, we
demonstrated here that simplicial complexes have a very natural tool built in for modeling a
notion of “nearness” between worlds. This notion allows for the modeling of a distinct kind
of learning, called “belief revision”. Belief revision is particularly desirable when agents
are likely to learn facts which they believe to be false, that is, when agents are likely to learn
¢ despite @ being false at every world/state the agent considers possible.

Taking these two ideas in hand, we were able to give a new definition of a protocol,
in the spirit of the existing literature on the applications of simplicial complexes to dis-
tributed computing, where agents learn via “belief revision” as opposed to learning in a
more conventional way. This is inspired by potential applications to disaster relief, where
the possibility of false signals, or contradictory signals, is well documented. We showed
that our new semantics can express existing protocols, and we defined a novel protocol
meant to capture the disaster relief scenario, albeit in a crude sense.

This leads us to directions of future work. The first major direction for future work
would be to implement action models in simplicial complexes in a simulation. In particular,
a program which could compute action updates would be very helpful. Even small examples
get large very quickly, and being able to work with more examples would help us to answer
many questions, some of which we have already posed.

Firstly, does belief revision actually help with fault tolerance? If so, how? In what
contexts? Answering this would require comparing and contrasting many protocols, ideally
being able to compare protocols who only differ in whether or not they use the revision
updating procedure. Getting clear on exactly how revision affects a protocol, especially
after many stages, would go a long way towards addressing the question we started with:
would belief revision help in a disaster relief scenario?

Secondly, what are the limitations of representing protocols using actions? A question
this paper has not addressed is the actual, provable, scope of using action models to repre-
sent protocols. Are there protocols which cannot be represented using action models? If
so, which ones? Why? A place to start would seem to be to take the definition of protocol
from [29] and try to see if one can prove that all such protocols could be defined as actions.

Moreover, there are multiple nuances that can be added to the given gossip protocol.
Restrictions on the number of contradictory signals as well as restrictions on who can send
a contradictory signal are worth exploring. More significantly, the current protocol assumes
agents only share their own private bit value with each signal. Expanding the model to share
the totality of what they’ve learned (including, importantly, potentially false information)
seems crucial.

10 Appendix

In this section we will formally prove a completeness theorem for our simplicial seman-
tics. As is standard in the literature we will begin with a categorical equivalence. [19] [24]
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Consider the following:

Definition 10.1 (&). Let S| and S, be UCF simplicial models. We say that f: S| — Sy is a
morphism iff, treating f as a function on vertices, X is a simplex in S, iff f[X] is a simplex
in S,, f preserves color, and for each vertex v, L(v) = L(f(v)). Note that the preservation
of color and simplexes guarantees that f preserves maximality of simplexes. We say that
the category whose objects are UCF simplicial models with these morphisms is &.

A quick definition:

Definition 10.2. A Kripke Model K = (W,{%,}4ca,C) is proper if and only if for any
world w € W there is no world u such that wZ,u for all a € A. We borrow this definition
from [19].

And the following is the “natural” category of proper Kripke models.

Definition 10.3 (R). Let K| and K be transitive and Euclidean proper Kripke models such
that for any world w and atom P true at that world, there exists an agent a € A such that if
wku and w € £(P), then u € £(P). It’s easy to see that this makes NU sound. We call such
Kripke models Ideal. We say that g : K| — K> is a morphism iff, treating g as a function on
worlds, wR, ju iff g(w)R,28(u), and w € £, (P) iff g(w) € £»(P). We say that the category
whose objects are ideal Kripke models with these morphisms is K.

One would like to say that G and K are equivalent categories. That is, one would like
to say that there exists a pair of full and faithful functors from one category to the other
which are inverses of each other. However, in this instance, this fails. The reason can be
observed in the discussion of Figures 6 and 7. Intuitively, one would like to say that these
two simplicial models are distinct - that is, they are not treated as equivalent in &. However,
this cannot be the case if G and R are to be treated as equivalent, as the natural functor from
G to K would map these to the exact same Kripke frame. The reason is that these models
have corresponding facets which satisfy the same theories. To get around this, we will
modify the category of Simplicial models.

Definition 10.4 (&’). Let S; and S, be UCF simplicial models. We say that f : S| — S is
a morphism iff, treating f as a function on .% (W) ), we have that for any facets X,Y € W,
and X € Sy, Y € S14 and 7, (X) = 7, (Y) iff f(Y) € S2, and 7m,(f (X)) = 7, (f(Y)), and
furthermore, U,cp L(74 (X)) = Ugea L(ma(f(X))). We say that the category whose objects
are UCF simplicial models with these morphisms is &'.

Indeed, this modification works.
Theorem 10.1. &' and R are equivalent categories.

Proof. First we need to define two functors. For the first functor, define F : &’ — £ such
that for a UCF model S, F(S) is a Kripke model such that for each maximal facet X in some
Sq, there is a unique world wy in F(S), and wxZ,wy iff n,(X) = m,(Y) and Y € .Z(S,).
By design, worlds and facets are in bijection. Furthermore, wy € ¢(P) iff P € J,cx L(x).
We need to show that this is an ideal Kripke model. It’s obvious that %, is transitive
and Euclidean for each a € A. Now consider any atom P and world wx. Suppose that
wyx € £(P). Tt follows that P € [J,.x L(x). Fix x € X such that P € L(x). Since S is UCF,
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fix a such that V(x) = a. Suppose further that wx#,wy. Then x = 7,(X) = m,(Y), and so
P e L(my(Y)) € Upey L(Y). It follows that wy € ¢(P), as desired. Finally, if wxZ,wy for
all a € A, then 7, (X) = m,(Y) for all a € A. This means that X =Y, and so wy = wy, which
tells us that F(S) is a proper Kripke model. This shows that we have an ideal Kripke model.

Now we must show that F' as given above is a functor. Let f : S; — S, be a &’ morphism.
Then F(f) : F(S1) — F(S2) is defined as follows: F(f)(wx) = wpx). We need to show
that this is a & morphism. Indeed, by design, wy(x)) is a world in F(Sz). Let Ry be the
relation in F(S;) and R, be the relation in F(S,). Suppose wxR{wy. This is true if and
only if 7,(X) = m,(Y) and Y € .7 (S, 4). Call this shared vertex v. This follows if and only
if f(v) € f(X)Nf(Y), and since f(Y) is in Sy, this is true if and only if wrx)RIWp(y),
as desired. Suppose wx € ¢1(P). This is true iff P € [J,cx L(x). Because [J,cx L(x) =
Uref(x) L(x), this is true if and only if P € U,cs(x)L(x). This is true iff wy(x) € €2(P), as
desired. This shows that F is well defined.

It’s obvious that F' preserves the identity. We must show that it preserves composition
to establish its functoriality. Let f; : S1 — S; and f> : S, — S3 be morphisms. Then the
following holds:

F(f20f1)(wx) =wpopx)
=Wh(fi(x)
—F(fz)(wfl( )

F(f2)(F(fi)(wx))
= (F(f2)oF(f1)) (wx)
)

From this it follows that F(fao fi) = F(f2) o F(fi
first functor, and shown that it is a functor.

Now we must define the second functor. Define G : & — &’ such that for an ideal model
K, G(K) is a simplicial model where the facets of W are of the form X,, for each world w
in K, and the facets of each S, are of the form X,, fr each world w in K such that w%Z,w.
Because K is ideal, worlds and facets are in bijection. We assume each facet has a unique
vertex for each agent. The only further stipulation is that 7, (X,,) = 7,(X,) and X,, € F (S,)
if and only if wZ,u.!” For each atom P true at w, we say that P € L(7,(X,,)) iff P is true
at all u such that wZ,u. By the fact that K is ideal, we know such an a exists. It is easy to
see that this is a UCF model. Indeed, the disjoint collection of facets X, is vacuously UCF,
and each association of two vertices preserves the UCF property.

Now we must show that G as given above is a functor. Let g : K; — K> be a & morphism.
Then G(g) : G(K1) — G(K) is defined as follows: G(g)(Xy) = X,(,,)- We need to show this
is a &’ morphism. It suffices to show that G preserves facets and the logical information.
Since g preserves reflexive edges, G(g) therefore preserves facets in each S, in G(K)).
Let X be a facet in W) in G(K;). Fix w in the worlds of K such that X = X,,. Then
G(8)(Xw) = Xg(w) Which is by definition a facet in G(K3), since g(w) is a world in K3. Now
suppose P € L(7m,(X,)). This is true iff u € ¢(P) for all u such that wZ,u. This is true iff
g(u) € ¢(P) for all u such that wZ,g(u). This is true iff P € L(m,(g(w))). This is true iff
P € L(G(g)(ma(X,))), as desired. This shows that G is well defined.

, as desired. So, we have given our

17By the Euclidean axiom, we have that, if w%,u, then uZ,u, so X, € % (S,) is actually redundant as a
condition.
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It’s obvious that G preserves the identity. We must show that it preserves composition
to establish its functoriality. Let g; : K; — K> and g» : K» — K3 be morphisms. Then the
following holds:

G(g2081)(Xy) = Xgy081 (w)

From this it follows that G(g> 0 g1) = G(g2) 0 G(g1), as desired.

What remains to be shown is that for any Kripke model K, FG(K) is isomorphic to K
and for any Simplicial model S, GF (S) is isomorphic to S. For the first case, note that the
worlds in FG(K) are of the form wy, where w is a world in K. The above demonstrated
this identification is a bijection. Moreover, for any worlds w and u in K, wZ%,u in K iff X,
is in S, and m,(X,,) = m,(X,). This is true iff wx, Z,ux,, as desired. Moreover, w € ¢(P),
iff there is some a € Ag such that P € L(m,(X,,)), which is true iff wx, € £(P). This shows
that K and FG(K) are isomorphic.

Suppose X and Y are facets in W, m,(X) = m,(Y) and Y € S,. This is true iff wxZ,wy,
which, because Y € S, and so wy Z,wy, is true iff @,(X,,, ) = m,(Y,, ) and ¥,,, € .Z (S,) for
GF(S). Suppose instead that U, L(7(X)) = Uzes L(7,(Y)) This is true iff wy, wy € £(P).
Because F(S) is ideal, for each P, there is an agent a € Ag such that if w € ¢(P), then for
all u such that wZ,u, u € ¢(P). By definition of G, this means that (J,cs L(7:(Xwy)) =
Uaea L(74(Yy, ). This shows that S and GF (S) are isomorphic. O

Theorem 10.2. The class of UCF simplicial models is sound and complete with respect to
propositional logic plus K45 + NU, modus ponens and necessitation for each belief modal-
ity in the language without public announcement.

Proof. First, we need to show that F" and G are logic preserving functors. This is a simple
structural induction.

Suppose P is an atomic formula, K is a Kripke model, and § is a simplicial model.
Suppose further that K,w = P and S,X F P. Then, w € {(P) and there is a € Ag such that
P e L(m,(X)). So, wx € £(P), and P € L(m,(Xy)), showing that F and G preserve atomic
formulas.

Assume the obvious inductive hypothesis for formulas up to depth n. The only inter-
esting case is the modal one. Let ¢ be a formula of depth n. Suppose that K,w F B,¢ and
S,X E B,¢. We will handle the Kripke case first. This means that, for all « such that wZ,,u,
K,uF ¢. By the IH, and the definition of G, for all facets Y € S, such that 7,(Y) = m,(X,),
we have that G(K), X, F ¢. The result follows. Because S, X F B, ¢, then for all Y € S, such
that m,(X) = m,(Y), then S,Y = ¢. By the IH, and the definition of F, F(S),wy F ¢. The
result follows.

The next step is to construct a canonical K45+NU frame model, using the usual “un-
boxing” method. That is, construct a model K- whose set of worlds W is the set of all
maximal consistent K45+NU sets of formulas, ¢(P) = {w € W¢|P € w}, and wZ,u if and
only if all formulas ¢, if B, € w, then ¢ € u. It is easy to show that this model is such
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that Kc,w F ¢ if and only if ¢ € w. In general, this model is not proper, but we can apply
the translation from [11] to generate a bisimilar model which is. Then, applying G to this
proper model gives us a canonical simplicial model. Completeness follows. O

Theorem 10.3. Let I be a simplicial model for belief and A an action model. The tuple
(I,11A],{Z4 }acag) is a Belief Protocol.

Proof. Suppose F and G are faces of S, and F C G. Then suppose X € E,(F). Then
7o(X) C F. Then mp(X) C G, so X € E4(G), as desired.

In order to show that each &, is chromatic we will first establish the result for singletons.
Let n € I be a node and fix a € Ag such that V(n) = a. Then in particular, if X € E,({n}),
then my(X) = n. It follows from the UCF property that |X| = 1, and fixing (n,y) € X,
VIA]((n,y)) =V (n) = a.

Now we generalize this to larger faces. For each n € F where F is a face in /, we know
that V[A](E,({n})) = V(n). Suppose X € E,(F). Then, for each a € Ag such that there’s
an (x,y) € X such that V[A]((x,y)) = V(x) = a, it because my(X) C F, x € F and thus there
is an a-perspective in F. This suffices to show chromaticity.

Let F and G be two faces of S,,. To verify the intersection property, we can see that the
only interesting case is when m,(F NG) # 0. If m,(FNG) =0. Then, E,(n,(FNG)) =
7. (E4(F)) N1 (Eq(G)) = 0. Suppose X € E4(m,(FNG)). Then mp(X) C m,(FNG). Note
that this implies that 7y (X) is a singleton containing the unique a-colored node in both F
and G. So, my(X) C F and my(X) C G, and we get that X € m,(E,(F)) N7, (Z4(G)), as
desired. Suppose now that X € m,(E,(F)) N7, (E4(G)). Then X € m,(E,(F)). So, by the
UCEF property, X is an a-colored singleton in I,[A]. By the definition of E,, there is X’
such that X C X’ and my(X’) C F. Since X contains the unique a-colored node of X', we
can conclude that my(X) C F is the singleton set containing the unique a-colored node of
F. The same argument will show that m(X) is the singleton set containing the unique a-
colored node of G. So, my(X) is the singleton set containing the unique a-colored node of
FNG. Hence, my(X) = m,(F NG). By definition, then, X € E,(m,(F NG)). This suffices
to show the intersection property.

By construction, Ugsc » E4(0) C I[A]. Suppose that X is a face in I[A]. Take 0 = mp(X).
By the definition of I[A], o is a face in /. Fix Y any facet containing X. This suffices to
show Uge s Eq(0) = I[A]. O

Theorem 10.4. Let ./ be a simplicial model for belief and A a simplicial action model for
belief. Then the output model .4 [A]pr also satisfies the UCF property.

Proof. This follows immediately from the fact that, by assumption, each facet in S,[A]pr
is given by Z,(X) for some X € .F%(.#[A]). Because Z,(X) C .F,(2NAIs) for all X €
F(M|A]), and the facets in .7, (2V)5r) are assumed to be UCF, the result follows. [

Theorem 10.5. Let I be a simplicial model for belief and A an action model. Define =, pr
similarly to E,:

Eapr(F):={X € L[Alpr | VX' € R'(X)(my(X") C F)}
Then, the tuple (I,1[A]r,{Z4,BR }acag) is a Belief Protocol.
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Proof. Suppose F and G are faces of S, and F C G. Then suppose X € E, pg(F). Then for
all X" € R, (X) mo(R, 1 (X")) C F. Then my(R; ' (X')) € G, so X € E,5r(G), as desired.

In order to show that each E, pg is chromatic we will first establish the result for sin-
gletons. Let n € I be a node and fix a € Ag such that V(n) = a. Then in particular, if
X € E,pr({n}), then for all X' € R; ' (X), mo(X") = n. It follows from the UCF property and
the fact that R, ! preserves colors that |X| = |X’| = 1. Fix y such that (n,y) € X’ and x and 7
such that (x,z) € X. By the definition of R, !, V[A]pr((x,z)) = V[Alzr((n,y)) =V (n) = a.

Now we generalize this to larger faces. For each n € F where F is a face in I, we
know that V[A|pr(Z.pr({n})) = V(n). Suppose X € Z, pr(F). Consider each a € Ag such
that there’s an (x,y) € X such that V[A]pr((x,y)) = V(x) = a. For all X’ € R;'(X), we
have that 7y(X’) C F. Fix (z,w) € X'. Then z € F and because a = V (x) = V[A]pr(x,y) =
VI[A]gr(z,w) = V(z), there is an a-perspective in F. This suffices to show chromaticity.

Let F and G be two faces of S,. To verify the intersection property, we can see that the
only interesting case is when 7, (F N G) # 0. If m,(F NG) = 0. Then, by the singleton case
of chromaticity, it follows that =, gr(7,(F N G)) = my(Ea8r(F)) N u(Z4,r(G)) = 0.

It will be useful for the reasoning below to realize the following. If X is a singleton,
a-colored node, then R;!(X) = X. Suppose X’ € R, !(X). Then by definition there is
Y € Z(S4|A]pr) such that X C Y and there exists Y’ € R;'(Y) where X’ C Y'. By the
definition of R,, m,(Y) = m,(Y'). So, by UCF, and the fact that R, ' preserves colors,
X' = m,(Y') and X = 7m,(X’). = Suppose X € E, pr(7,(F NG)). Then for all X' € R, '(X),
mo(X') C m,(F NG). Note that this implies that 775 (X") is a singleton containing the unique
a-colored node in both F and G. So, my(X’) C F and my(X’) C G, and we get that X €
7a(Easr(F))N1a(Eqr(G)), as desired. Suppose now that X € 7,(E, gr(F)) N7, (E4(G)).
Then X € m,(Z,8r(F)). So, by the UCF property, X is an a-colored singleton. By the fact
that R ! preserves color, for all X’ € R, '(X), X" is an a-colored singleton. By the definition
of &, gr, To(X ") C F. Since X’ contains the unique a-colored node of X, we can conclude
that my(X’) C F is the singleton set containing the unique a-colored node of F. The same
argument will show that my(X’) is the singleton set containing the unique a-colored node of
G. So, my(X') is the singleton set containing the unique a-colored node of F NG. Hence,
mo(X") = m,(F N G). By definition, then, X € E, gr(7,(F NG)). This suffices to show the
intersection property.

By construction, Uge s, Za,r(0) C 14[A]pr. Suppose that X is a face in I[A]pz. We
first need to show that R, !(X) is nonempty. Fix ¥ € .7 (S,[A]pg) such that X C Y. Then
by definition, there is Y’ € R;'(Y). Fix X’ to be the subset of ¥’ which shares the same
colors as X. Then X’ € R, !(X), as desired. Because Y’ € .F4(N x Ny), m(Y') € F(1,).
So, because X' CY', my(X') € I,. It follows that X € &, gr(mo(X")). This suffices to show

Use.s EaBr(0) = I[A]pr. O
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