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Abstract   9 

Near-Angle Scatter (NAS) of the host star’s light into the coronagraph dark hole may limit 10 

the ability of a potential Habitable Worlds Observatory (HWO) to detect and characterize an Earth-11 

like planet around a Sun-like star.  This paper summarizes a 5-year investigation of the impact of 12 

NAS on high-contrast coronagraphy.  Science requirements were flowed down to a draft flux ratio 13 

noise ratio (FRN) error budget with allocations for NAS.  The modeled sources of NAS include 14 

correlated (low and mid-spatial) surface structure, uncorrelated surface microroughness and 15 

coating structure, particulate contamination, micrometeoroid impacts and polarization leakage.    16 

The paper develops specifications for these sources of scattered light that meet their FRN 17 

error budget allocations, distinguishing between scatter that can and cannot be modulated.  The 18 

development process utilizes an analytical expression that predicts scatter throughput into the dark 19 

hole based on BRDF/BSDF.  Using this relationship, Photon Engineering performed a FRED® 20 

straylight analysis of the HWO EAC-1 (Exploratory Analytical Case #1) coronagraph to 21 

parametrically study predicted scattered light contrast in the dark hole.  The model revealed that 22 

primary mirror microroughness or contamination is not a significant source of scattered light; the 23 

most critical surfaces are the smallest and those located closest to the coronagraph focal plane 24 

mask.  The assessment found that uncorrelated microstructure, contamination, and micrometeoroid 25 

impacts require more investigation and potential significant sources of unmodulated scattered 26 
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light, and highlights that slow thermal wavefront drift is an order of magnitude more impactful 27 

than fast mechanical jitter. 28 

Keywords: near-angle scattered light, angular scatter, diffuse scatter, error budget, 29 

contamination, micrometeoroid impact, coronagraphy 30 

1 Introduction 31 

The National Academy Decadal Survey on Astronomy and Astrophysics 2020 [1] 32 

prioritized an ~ $11B mission (life cycle cost) to characterize ~ 25 Earth-like planets located in a 33 

greater than 60 milli-arc-second (mas), or 0.000017 degrees, orbit (nominal) from their Sun-like 34 

stars using a coronagraph.  Because Earth-like planets are small, they are typically ~1E-10 fainter 35 

than their host star.  To see an Earth-like planet, its host star's light must be suppressed by a factor 36 

of a few million relative to the host star’s point spread function intensity at the planet’s location.   37 

In the summer of 2021, before his death in 2022, Dr. James Breckinridge asked Dr. H. 38 

Philip Stahl to look into “how near-angle scatter might impact exo-Earth coronagraphy”.  Based 39 

on his 2018 paper [2], Dr. Breckinridge was concerned that near-angle scatter of a host star’s light 40 

from mirror surface microroughness and particulate contamination “may hopelessly overwhelm” 41 

the ability to detect and characterize a potential exo-Earth located 50 to 100 milli-arc-seconds 42 

(mas) from its host star – making exo-Earth science via coronagraphy impossible. 43 

Additionally, it was noted that no coronagraph testbed has yet achieved its theoretical 44 

performance limit. [3-5]  All test beds have been limited by a signal that cannot be modulated, i.e. 45 

a signal that cannot be reduced via a deformable mirror and the process of electric field conjugation 46 

(EFC).  One hypothesized cause of this unmodulated contrast is near-angle scatter.  47 

A review of the literature determined that, while ‘near-angle scatter’ is a well-known 48 

phenomenon, no previous mission had needed to determine the amplitude of near-angle scatter 49 
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irradiance at an angular separation of 50 to 100 mas from specular.  Thus, the risk to exo-Earth 50 

coronagraphic science had not been previously investigated.  The Exoplanet Exploration Program 51 

Office (ExEP) concurred with this risk assessment and endorsed a study.  After ExEP briefed 52 

Astrophysics Division (APD), a request for an assessment was submitted to and approved by the 53 

NASA Engineering and Safety Center (NESC).   54 

The NESC assessment was conducted using a science-driven systems-engineering 55 

methodology.  A team of subject matter experts (SMEs) from relevant disciplines (systems 56 

engineering, coronagraphy, straylight, coating, micrometeoroid, etc.) was assembled to derive 57 

physical optical surface parameter specifications from science requirements. 58 

A raw contrast error budget was developed for characterizing Earth-like planets around 59 

Sun-like stars and allocations assigned to sources of near-angle scatter (NAS), including but not 60 

limited to correlated surface structure, uncorrelated microroughness, coating structure, 61 

contamination, micrometeoroid impacts and polarization. [6-7] Diffraction from segment edges 62 

and ghost reflections were beyond the scope of this assessment.  Specifications for correlated 63 

surface structure and roughness were derived from the error budget contrast allocations using 64 

Rayleigh-Rice Vector Scatter Theory [8-11] and Generalized Harvey-Shack Scalar Scatter Theory. 65 

[2, 8-11] These specifications are completely consistent with specifications developed by others 66 

[12-16] and serve to validate the scatter theory methodology. 67 

An analytical relationship was derived between coronagraph contrast and Bidirectional 68 

Reflectance Distribution Function (BRDF) [7, 10-11] – sometimes also referred to as BSDF for 69 

‘scatter’.  This flowed naturally to a relationship between coronagraph contrast and wavefront 70 

Power Spectral Density (PSD). [7, 8] Using these relationships, a parametric straylight analysis 71 

was conducted of the Habitable Worlds Observatory (HWO) Exploratory Analytical Case #1 72 
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(EAC-1) coronagraph as a function of optical surface PSD (correlated and uncorrelated structure), 73 

microroughness, contamination and polarization using Photon Engineering’s FRED® software. 74 

[7] Three different PSD models were used for the FRED® analysis.  The first was provided by 75 

ExEP.  The other two were derived from measurements of candidate HWO reflectance coating 76 

performed by the Goddard Space Flight Center (GSFC) Coating Lab.  Again, the FRED® results 77 

are consistent with diffraction propagation modeling of others. [17-18] 78 

This paper summarizes 5 years of development and analysis. 79 

2 Science Requirement Drives Specifications  80 

Direct imaging of exoplanets requires 81 

coronagraph/telescope systems capable of 82 

rejecting the light from the host star to below the 83 

brightness of its companions. The potential 84 

Habitable Worlds Observatory (HWO) desires to 85 

detect and characterize Earth-like planets in the habitable zone of nearby Sun-like stars. Viewed at 86 

a distance of 10-parsecs, such planets would have a maximum angular separation of 100 mas (0.1˝) 87 

(Fig 1). As detailed in Appendix A, the flux ratio (i.e. ratio of planet’s reflected light to its host 88 

star’s direct light) for an Earth-like planet at an 80-degree phase angle is 150 ppt (part-per-trillion).  89 

HWO proposes to achieve this flux ratio with a coronagraph (Fig 2). 90 

 
Fig. 1: The flux ratio of an exoplanet depends on its 

radius, orbital semi-major axis, and the phase angle. 
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 91 

Coronagraphs achieve this flux ratio by blocking the star’s light with a focal plane mask 92 

(FPM). The planet’s light, which comes in at a slight angle, misses this mask and proceeds. After 93 

recollimation, a ‘Lyot’ mask removes most (but not all) of the remaining on-axis light. The beam 94 

is then focused onto the detector, creating what is usually referred to as a ‘dark hole,’ a zone where 95 

host star light has been strongly suppressed. The key attributes of any coronagraph needed to derive 96 

a direct-imaging error budget are core throughput, inner and outer working angles, and raw 97 

contrast. [12] For the NAS study, the key parameter is contrast. 98 

Contrast is the measure of coronagraph’s ability to achieve a given flux ratio. Contrast is 99 

defined as the ratio of two throughputs (see Fig 2 for coordinates): 100 

𝐶(𝑢, 𝑣) ≡
𝜏 (𝑢,𝑣)

𝜏𝑝𝑘 (𝑢,𝑣)
 , 101 

where 𝜏𝑝𝑘(𝑢, 𝑣) is the “peak” throughput or fraction of the star’s light, if it were located at (𝑢, 𝑣), 102 

detected within a solid angle region of interest Ω𝑟 centered at (𝑢, 𝑣) relative to the total light 103 

incident upon the primary mirror. And 𝜏(𝑢, 𝑣) is defined as the ratio of power at position (𝑢, 𝑣) 104 

divided by total incident power from the star, in its nominal position of (0,0). 105 

𝜏(𝑢, 𝑣) ≡
𝛷 (𝑢,𝑣)

𝛷𝑖 (0,0)
 , 106 

 

Fig. 2: Typical coronagraph: incoming light from the left is shaped in phase by a deformable mirror (or in phase 

and amplitude by two separated deformable mirrors), then sent through a focal plane and Lyot mask. The result is 

a ‘dark hole’ where (on-axis) starlight is strongly suppressed relative to the (off-axis) planet light. The inner and 

outer working angles (IWA, OWA, respectively, denote the limits of the coronagraph suppression region. 
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If a coronagraph were perfect, then 𝜏(𝑢, 𝑣) would be zero and 𝜏𝑝𝑘 (𝑢, 𝑣) would be 1. But 107 

coronagraphs are not perfect. Even after wavefront control gives the coronagraph its final level of 108 

starlight suppression, a small amount of light (E-field) will ‘leak’ around the coronagraph mask 109 

due to design inefficiency and wavefront instability. The contribution of this light to the dark hole 110 

is quantified by the speckle throughput, 𝜏𝑠𝑝.  Our study identifies another leakage source, near-111 

angle scatter (NAS), which is quantified by NAS throughput, 𝜏NAS.  NAS is largely coherent –112 

electric field diffracted by correlated spatial surface structure.  But NAS also has an incoherent 113 

contribution caused by uncorrelated spatial structure.  Other potential leakage sources include 114 

polarization retardance.  Total throughput is the sum of all sources: 115 

τ(𝑢,𝑣) = 𝜏sp + 𝜏NAS + … 116 

The importance of the ‘leaked’ E-field is that it produces a speckle intensity pattern given 117 

in the dark hole.  The dark hole speckle intensity is described by |𝐸(𝑢, 𝑣)|2.  Disturbance or drift 118 

error in the opto-mechanical configuration of the telescope or coronagraph produces small changes 119 

in the E-field.  These changes coherently add a perturbation field Δ𝐸(𝑢, 𝑣, 𝑡) to the ‘initial’ or 120 

‘static’ part of the field 𝐸(𝑢, 𝑣).  Coherent mixing of the original field 𝐸 and perturbation field Δ𝐸 121 

creates a temporally dynamic speckle pattern, the intensity of which is given by: 122 

|𝐸 + 𝛥𝐸|2 = |𝐸|2 + |𝛥𝐸|2 + 2 ℛ{𝐸∗ · 𝛥𝐸}         [Eq 1] 123 

It is the 2 ℛ{𝐸∗ · 𝛥𝐸} mixing term which maps into an error budget’s residual speckle allocation. 124 

Typical error budgets assume that the static E-field is entirely caused by coronagraph mask 125 

inefficiency when deriving a wavefront instability specification. But near-angle scatter can 126 

increase the static E-field. Consequently, to keep the heterodyne mixing term constant, the allowed 127 

wavefront instability 𝛥𝐸 must become smaller. Also, if NAS increases the static E-field, then it 128 

increases the |𝐸|2 shot noise. 129 
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As described in Appendix A, this paper following a methodology described in detail by 130 

Nemati et al. [19] allocate flux ratio into a top-level Flux Ratio Noise (FRN) error budget.  Figure 131 

3 shows a complete FRN error budget and one potential sub-allocation of this top-level error 132 

budget into modulated (coherent) and unmodulated (incoherent) noise contributions.  Also, as 133 

discussed in Appendix A, this error budget will be 7X smaller for an exo-planet with a limiting 134 

case flux ratio of 33 ppt. [20] 135 

 136 
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Fig 3: Scattered light error budget allocation flows from flux ratio to detect exoplanet with SNR = 7 and 40 hour 137 
integration time.  Scattered light contributes to both the random noise branch of the FRN error budget via shot noise 138 
and to the residual speckle branch via the heterodyne mixing term. 139 
 140 

Scattered light contributes to both the Random Noise and Residual Speckle branches of the 141 

FRN error budget.  And scattered light can be both modulated (coherent) and unmodulated 142 

(incoherent).  Modulated contrast is wavefront error that can be corrected via electric field 143 

conjugation (EFC) [21] and deformable mirror wavefront manipulation.  The Unmodulated 144 

Contrast branch of the error budget cannot be corrected via deformable mirrors.  Both are a flow 145 

down from the Total Raw Contrast allocation.  To date, the best achieved contrast in testbeds has 146 

been at the level of ~ 4× 10−10, or 400 ppt.  The error budget of Fig 3 assumes a slightly better 147 

total average raw contrast of 300 ppt. 148 

3 Sources of Scattered Light  149 

There are many sources of scattered light.  As discussed in Appendix B, sources of 150 

scattered light include correlated surface structure (i.e. low- and mid-spatial frequency structure) 151 

and uncorrelated structure (microroughness and coating structure).  Other sources of scattered light 152 

include contamination, micrometeoroid impacts, polarization leakage, ghost reflections, and edge 153 

diffraction.  This assessment did not consider ghost reflections or edge diffraction. 154 

3.1 Correlated Surface Structure 155 

Correlated surface structure contributes to three terms in the FRN error budget: Initial Post-156 

EFC, Drift Field Mean and Jitter Field Variance.   157 

Initial Post-EFC speckle is caused by light scattered into the dark hole by static low- and 158 

mid-spatial structure of the residual wavefront error that is left unremoved after all wavefront 159 

control.  Because this wavefront error has spatial structure, it produces speckle at specific angular 160 

locations in the dark hole.  This analysis defines low-spatial structure to be structure whose spatial 161 
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frequency scatters/diffracts energy directly into the dark hole.  And mid-spatial structure is defined 162 

to be structure whose spatial frequency scatters/diffracts energy outside of the dark hole but 163 

contributes energy to the dark hole via a harmonic mixing process similar to the moiré effect. [22] 164 

Drift Field Mean FRN, that is FRN caused by the drift of the mean field within an 165 

observation, is caused by slow wavefront drift – primarily caused by thermal transients.   Jitter 166 

Field Variance FRN is caused by fast wavefront jitter – primarily caused by mechanical 167 

disturbances.  Because exoplanet photons arrive at a rate of approximately 1 per minute, 168 

coronagraphy requires hours of integration time to get a dark hole image.  As a result of this very 169 

long integration time, fast wavefront instability averages to a mean irradiance that can be 170 

subtracted by differential imaging, its noise contribution to the FRN error budget is via only 171 

speckle shot noise.  But because slow wavefront instability cannot be subtracted, it contributes to 172 

both shot noise and residual speckle.  The boundary between fast and slow depends on the science 173 

integration time (Fig 4).  For a two-hour integration time, the boundary is 0.001 Hz.  Any 174 

wavefront instability faster than a few Hertz contributes much less FRN than slow instability. 175 

 176 

Fig 4: Because exoplanet photons arrive at approximately 1 per minute, coronagraphy requires hours of integration 177 
to create an image.  Thus, because of integration averaging, fast wavefront instability (> 1 Hz) contributes significant 178 
less (<< 10X) flux ratio noise than slow wavefront stability (< 0.001 Hz).  Fast instability contributes to speckle shot 179 
noise.  Fast instability contributes to residual speckle noise. 180 
 181 
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3.1.1 Low-Spatial Frequency 182 

This analysis defines low-spatial structure to be structure whose spatial frequency 183 

scatters/diffracts energy directly into the dark hole.  To simplify deriving physical allocations of 184 

these error sources from the FRN error budget, this assessment uses Rayleigh-Rice (RR) Vector 185 

Scatter Theory (Appendix B.2.1) and assumes that all correlated structure produces a wavefront 186 

conjugate with the primary mirror.  While the pupil plane simplification yields results consistent 187 

with other researchers, we acknowledge the caveat raised by the assessment’s independent 188 

reviewers that it is insufficient to consider a system in which optical errors only occur at a pupil 189 

image, because chromatic Talbot effects lead to substantial chromaticity in the dark hole after 190 

EFC; and much of that is unresolved spatially or spectrally.  191 

Using RR theory, the near-angle scatter throughput at a single angle is given by: 192 

𝜏𝑁𝐴𝑆(𝜃)  ≡   
𝛷(𝜃)𝑠

𝛷𝑖
 =  (

2 𝜋 𝑎

𝜆
)

2

=  (
𝜋 𝑤

𝜆
)

2

 193 

Where a = peak-valley amplitude of the surface sinusoid and w = is amplitude of wavefront.  194 

Solving for w yields a first order estimate of the allowed residual WFE for 100 ppt of Initial Post-195 

EFC, 30 ppt of Drift Field Mean and 60 ppt of Jitter Field Variance Contrast (Table 1). 196 

Initial Post-EFC:  w = (
λ

π
) √100 𝑝𝑝𝑡 197 

Drift Field Mean:  w = (
λ

π
) √2 𝑥 30 𝑝𝑝𝑡 198 

Jitter Field Variance:  w = (
λ

π
) √30 𝑥 60 𝑝𝑝𝑡 199 

The factor of two for Drift Field Mean is because the total peak-to-valley drift is twice the mean.  200 

The factor of 30 for Jitter Field Variance is because, as shown in Fig. 4, the high-speed WFE or 201 

jitter averages to a mean value that can be subtracted.  It is the variance or uncertainty of this mean 202 

value that contributes to the FRN error budget.  Variance is equal to the uncertainty of estimating 203 

the mean’s true value or its standard deviation divided by square root of sample number: 204 



11 

 

Uncertainty of Mean Estimate of a Sine Wave = σ/√𝑁 = PV/√8𝑁 205 

Given that the photon arrival rate is about 1 per minute, a 2-hour integration has N = ~ 120 photons; 206 

and √8 𝑥 120 = ~ 30.  207 

Table 1:  WFE Specification as a function of Wavelength 

FRN Error Budget Term 

Wavelength 

300 nm 500 nm 600 nm 1800 nm 

Initial Post-EFC STATIC WFE [PV] 1.0 pm 1.6 pm 2.0 pm 5.8 pm 

Drift Field Mean WFE [PV] 0.7 pm 1.2 pm 1.5 pm 4.4 pm 

Jitter Field Variance WFE [PV] 4 pm 7 pm 8 pm 25 pm 

 208 

Again, Table 1 gives the PV amplitude of a correlated sinusoidal wavefront error that produces a 209 

speckle at a specific location in the dark hole.  A different sinusoid spatial frequency of the same 210 

amplitude will produce a speckle with the same contrast at a different location in the dark hole.  211 

Finally, these results are completely consistent with multiple prior studies which derived 212 

specifications based on diffraction theory and wavefront propagation. [12-16] 213 

3.1.2 Mid-Spatial Frequency 214 

This analysis defines mid-spatial structure to be structure whose spatial frequency 215 

scatters/diffracts energy outside of the dark hole but contributes energy to the dark hole via a 216 

harmonic mixing process. [22, 23] Figure 5 illustrates a simple case for a wavefront with two 217 

cosine errors of different spatial frequencies (whose direct scatter would be beyond the dark hole 218 

outer working angle) of PV amplitudes A1 and A2.  Mathematically, via a Taylor series expansion, 219 

these two electric fields produce a sub-harmonic field with a spatial frequency equal to the 220 

difference between their individual frequency and an amplitude equal to their average. 221 

𝐴 = 
𝐴1𝐴2

2
 222 
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 223 

Fig 5: Two electric fields with different spatial frequencies outside of the dark hole with PV amplitudes of A1 and 224 
A2 ‘mix’ to produce a single electric field of amplitude A equal to the average of the two and a spatial frequency 225 
equal to the difference between the two. [22] 226 

 227 

Because EFC (Electric Field Conjugation) can compensate for static ‘folded’ electric fields, 228 

the previously defined Initial Post-EFC PV static WFE specification is unchanged: it does not 229 

matter if residual error is from Low-Spatial or Mid-Spatial Folding.  But EFC cannot compensate 230 

for dynamic ‘folded’ electric field.  Thus, the specifications for Drift Mean and Jitter Field Variance 231 

must include mid-spatial frequency errors.  Because the folded amplitude in the dark hole is A/2, 232 

it takes twice as much mid-spatial instability amplitude to produce the same speckle noise as low-233 

spatial instability amplitude.  Extending the analysis to mid-spatial, this assessment arbitrarily 234 

allocated FRN error budget between low- and mid-spatial frequency to give each the same WFE 235 

amplitude (Table 2).   236 

Drift Field Mean Low-Spatial:  w = (
λ

π
) √2 𝑥 24 𝑝𝑝𝑡 237 

Drift Field Mean Mid-Spatial:  w = (
λ

π
) √2 𝑥 6 𝑝𝑝𝑡 238 

Jitter Field Variance Low-Spatial:  w = (
λ

π
) √30 𝑥 48 𝑝𝑝𝑡 239 

Jitter Field Variance Mid-Spatial:  w = (
λ

π
) √30 𝑥 12 𝑝𝑝𝑡 240 

 241 

Table 2:  WFE Specification as a function of Wavelength 

FRN Error Budget Term 

Wavelength 

300 nm 500 nm 600 nm 1800 nm 

Initial Post-EFC STATIC WFE [PV] 1.0 pm 1.6 pm 2.0 pm 5.8 pm 

Drift Field Mean Low-Spatial WFE [PV] 0.65 pm 1.1 pm 1.3 pm 4.0 pm 

Drift Field Mean Mid-Spatial WFE [PV] 0.65 pm 1.1 pm 1.3 pm 4.0 pm 
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Jitter Field Variance Low-Spatial WFE [PV] 3.6 pm 6 pm 7.2 pm 21.7 pm 

Jitter Field Variance Mid-Spatial WFE [PV] 3.6 pm 6 pm 7.2 pm 21.7 pm 

 242 

Again, please remember these are single frequency amplitudes that produce speckle noise at a 243 

specific dark hole location. 244 

3.2 Uncorrelated Surface Structure 245 

While correlated surface structure places energy 246 

into specific angular locations in the dark hole (as a 247 

function of correlated spatial structure), uncorrelated 248 

surface structure scatters light in all directions, (Fig. 6) 249 

producing a diffuse ‘haze’ over the dark hole.  Typically, 250 

one considers diffuse scatter to be incoherent.  But in this case, it is at least partially coherent 251 

because the optical surfaces are very smooth (<< λ) and Coronagraphs operate on narrow spectral 252 

bands of up to 20%.  Therefore, the coherence length of the spectral band is longer than the optical 253 

surface roughness.  Light scattered from a single point will have ‘zero’ optical path difference 254 

(OPD) from the input wavefront that illuminates that scattering point.  And as the host star’s 255 

wavefront propagates through the optical system, each time it reflects off an optical surface, a 256 

small amount becomes a diffuse E-Field, scattered by uncorrelated microstructure, that is in-phase 257 

(coherent) with the wavefront.  This scattered E-Field both contributes to the heterodyne mixing 258 

term of Eq. 1 that produces speckle noise and introduces a DC-bias to the dark hole.   259 

Because it remains unclear whether this diffuse scatter can be modulated via EFC, this 260 

assessment conservatively places scattered light from uncorrelated structure in the un-modulated 261 

FRN error budget branch.    Table 3 proposes a potential sub-allocation of the 50 ppt Straylight 262 

FRN allocation. 263 

 
Fig 6: Uncorrelated surface structure 

scatters light diffusely into all angles. [24] 
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Table 3:  Sub-Allocation of 50 ppt Straylight FRN Allocation  

Total Straylight 50 ppt 

• Reserve 15 ppt 

• Surface Microstructure 20 ppt 

• Coating Structure   7.5 ppt 

• Contamination   5 ppt 

• Micrometeoroid Impacts   2.5 ppt 

 264 

3.2.1 Surface Microstructure 265 

As discussed in Appendix B, from Generalized Harvey-Shack Scalar Scatter Theory and PSD 266 

theory, diffuse scatter amplitude is determined by surface microstructure RMS amplitude (𝜎) and 267 

correlation length (ℓ).   268 

PSD0 =   𝜋 ℓ2 𝜎2            [Eq 2] 269 

Surface structure beyond the PSD correlation length is correlated and produces angular scatter at 270 

specific angles into the dark hole.  Surface structure below the correlation length is uncorrelated 271 

and produces diffuse scatter across the entire dark hole.  The PSD(0) value is linearly proportional 272 

to the diffuse scatter power per solid angle.  Figure 7 (right side) illustrates that PSD(0) depends 273 

on both RMS amplitude and correlation length.  Having just a smooth RMS (long correlation 274 

length) does not guarantee a small PSD(0) or small diffuse scatter amplitude. [25] 275 

 276 

Fig 7. Correlated Structure scatters light into specific angles. Uncorrelated Structure scatters light diffusely into all 277 
angles.  PSD Correlation Length defines boundary between correlated and uncorrelated surface structure. [25] 278 

 279 
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And as discussed in Appendix B.3, near-angle scatter throughput is proportional to a 280 

mirror’s BRDF:  281 

𝜏𝑁𝐴𝑆   ≡   
𝛷𝑠

𝛷𝑖
= 𝐵𝑅𝐷𝐹 𝑑Ω =  𝐵𝑅𝐷𝐹 · 𝜋 (

𝜆

𝐷
)

2

 282 

Solving for BRDF 283 

BRDF =  𝜏𝑁𝐴𝑆  
1

𝜋
(

𝐷

𝜆
)

2

          [Eq 3] 284 

Combining Eq 1 and 2 and using the relationship between PSD and BRDF from Appendix B.3 for 285 

smooth mirrors at near normal incidence gives: 286 

PSD[Ǻ
2

 μm
2

] = [
108 𝜆4

16𝜋2 ] · BRDF         [Eq 4] 287 

Where 108 converts units from μm4 to Ǻ2 μm2.  288 

Now, using the relationship between surface statistics and PSD (Eq 2), between BRDF and 289 

Throughput (Eq 3), between BRDF and PSD (Eq 4) and assuming Gaussian surface statistics, a 290 

general expression can be derived that specifies an optical surface’s statistics to meet a given near-291 

angle scatter throughput error budget allocation: 292 

ℓ2 𝜎2  =
𝑃𝑆𝐷

𝜋
=  [

108 𝜆4

16𝜋3
] · BRDF =  [

108 𝜆4

16𝜋3
] · 𝜏𝑁𝐴𝑆  

1

𝜋
(

𝐷

𝜆
)

2

=  [
108 𝐷2𝜆2

16𝜋4
] · 𝜏𝑁𝐴𝑆  293 

𝜎 ℓ [Ǻ μm] < 104
𝜆𝐷

4𝜋2 √𝜏𝑁𝐴𝑆 294 

In Section 3.1, to simplify the correlated structure analysis, it was assumed that all scatter 295 

came from a wavefront conjugate with the primary mirror.  To simplify the uncorrelated structure, 296 

we assume that all surfaces have the same statistics and contribute equally to the total FRN error 297 

budget diffuse scatter allocation.  As a reminder, per Appendix B, diffuse scatter from optical 298 

surfaces sums (Fig B-3).  Assuming an allocation of 20 ppt for diffuse scatter (Table 3) and that 299 



16 

 

there are approximately 20 optical surfaces before the coronagraph focal plane mask (Fig 8), the 300 

simplified analysis allocates 1 ppt of diffuse scatter per optical surface. 301 

 302 
Fig 8. Every optical surface before the coronagraph focal plane mask is fully illuminated by host star light and can 303 

contribute scattered light into the dark hole. 304 
 305 

Assuming a 6-m telescope, Table 4 gives the allowed microstructure roughness, σ, (in Å) 306 

as a function of wavelength, λ, and microstructure correlation length, ℓ, (both in μm) for a single 307 

surface to meet a 1 ppt near-angle scatter throughput, τ𝑁𝐴𝑆, specification. 308 

Table 4:  Surface RMS Microstructure [Ǻ] to have NAS Throughput < 1 ppt 

   Wavelength (λ) [μm] 

Correlation Length (ℓ) [μm] 0.300 0.680 1.000 1.800 

10 450 1020 1500 2700 

100 45 102 150 270 

1,000 4.5 7.5 15 27 

10,000 0.5 0.8 1.5 2.7 

 309 

While the above simplified analysis is illustrative, as will be explained in Section 4, it is not very 310 

informative.  Optical surfaces do not contribute equally to diffuse scatter in the dark hole.  311 

3.2.2 Coating Microstructure 312 

In addition to scatter from surface microstructure, Dr. Breckinridge was concerned about 313 

scatter from the reflecting coating.  Aluminum reflectance coatings have aluminum grain structure 314 

(sometimes called columnar structure) that results from the physical vapor deposition process.  315 

[26] Consistent with the analysis of Section 3.2.1, the GSFC Coating Team developed a 316 

measurement and analysis process to quantify the PSD and statistics (𝜎, ℓ) of polished ULE® and 317 
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ZERODUR® low-expansion glass substrates before and after applying two candidate HWO 318 

coatings [27-29]:   319 

• Al+XeLiF:   65 nm Al + XeF2+ 15 nm LiF 320 

• Al+XeMgF2:  65 nm Al + XeF2+ 21 nm MgF2 321 

The surfaces were measured over different fields of view via different magnifications. (Fig 9) Both 322 

coatings increased surface roughness from 3 to 4 Å rms to close to 10 Å rms at the highest 323 

resolution measurement. The larger field-of-view measurements underestimate the surface 324 

roughness because at that magnification the instrument’s spatial resolution is too coarse, i.e. filters 325 

out (averaging over) the high frequency parts of the roughness spectrum. [27-29] 326 

             327 

Fig 9. ULE and Zerodur surfaces were measured at different magnifications before and after coating.  In all cases, 328 
coating increased surface roughness. 329 

 330 

Band limited PSDs were calculated for each measurement and combined into a 2D PSD 331 

for the surface. (see Appendix B.3.3) The PSDs of the ‘pre-coating’ surfaces exhibited a nominal 332 

fractal surface.  The ‘coated’ surfaces had a more complicated structure.  Analysis revealed that 333 

the coated surfaces were composed of multiple band-limited PSDs. (Fig. 10) Because of the 334 

columnar structure of the coating, the coating’s greatest impact occurs at the shortest correlation 335 

lengths.  The coating has only a minor impact on PSDs with longer correlation lengths (i.e. 336 

yellow curve) which is likely associated with surface microstructure.  [27-29] 337 
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 338 

Fig 10. Each magnification yields a Band-Limited PSDs which was combined into a Total 2D PSD model. 339 
 340 

Based on the analysis shown in Fig 10, for the modeling of Section 4, four arbitrary 341 

statistical surface PSDs were defined, each with a surface roughness of 10 Å rms but with 342 

different correlation lengths: 343 

• PSD #1:  0.1 μm Correlation Length (between red and green arrows) 344 

• PSD #2:     1 μm Correlation Length (approx. blue arrow) 345 

• PSD #3:   10 μm Correlation Length 346 

• PSD #4: 100 μm Correlation Length (approx. yellow arrow) 347 

Per the analysis of Section 3.2.1, PSD #1 will not be a significant source of diffuse straylight 348 

contrast because its correlation length is too short.  But PSD #4, which is mostly associated with 349 

native surface microstructure, is a significant source of diffuse scatter. 350 
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3.3 Surface Contamination 351 

Surface contamination is not caused by correlated 352 

surface structure.  It is caused by single scatters.  Its 353 

scatter is a combination of diffuse and directional based 354 

on the particle’s size and shape. And because it may or 355 

may not modulate, this assessment conservatively 356 

assigned it to the FRN unmodulated contrast scattered 357 

light allocation branch.  While contamination particles are not typically spherical, particulate 358 

contamination is generally modeled via Mie scatter.  Mie scatter is directional and the larger the 359 

particle the narrower and more directional its scatter cone (Fig. 11). Also, while we did not 360 

consider polarization as part of the contamination analysis, it is proper to note that each 361 

polarization state has its own scatter profile.  362 

Identical to primary mirror microstructure, a scattering particle on the primary mirror of a 363 

telescope/coronagraph will produce a spherical wavefront that is focused (by the secondary and 364 

aft-optics) into the conjugate pupil. The coronagraph collimates this focus such that most of its 365 

light passes the focal plane mask unobscured and is reimaged into the dark hole as a collimated E-366 

field. Because the particle is located on the PM, its E-Field is coherent and in phase with the host 367 

star’s light – thus, it increases the heterodyne amplification of any wavefront instability (Eq 1).  368 

Similarly, a particle on the secondary mirror produces a spherical E-field in the dark hole that adds 369 

with the primary mirror E-field and E-fields from all other surfaces.  Given the 5 ppt FRN 370 

allocation for contamination scatter (Table 3) and that there are approximately 20 optical surfaces 371 

before the coronagraph focal plane mask (Fig 8), a simplified analysis allocates 0.25 ppt of 372 

contamination per optical surface. 373 

Fig. 11 Normalized intensity vs scatter angle 

for s-polarization (left) and p-polarization 

(right).  D is sphere diameter. [30] 
Fest (2013) Stray Light Analysis & Control
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All surfaces have contamination, but because each 374 

contamination population is unique it is impossible to 375 

deterministically model contamination scatter. Thus, 376 

contamination is described statistically via Cleanliness Level 377 

(CL) and BRDF. [31] CL corresponds to the average particle size 378 

per 0.1-m2. (Fig 12) Thus, a CL-200 Surface has average of one 379 

‘equivalent’ 200-μm particle per 0.1-m2.  380 

BRDF varies with particle diameter to the 4th power (Fig 13). Consequently, large particles 381 

contribute more scatter throughput than small particles.  But standard cleaning processes can 382 

typically remove particles larger than 50 μm. [32] Also, Fig 13 illustrates how small amplitude 383 

surface microstructure creates a near-angle BRDF floor. 384 

 385 

Peak BRDF values can be derived for each cleanliness level. [30, 31]  Thus, using the 386 

BRDF to NAS throughput equation, a surface contamination specification can be defined for a 387 

given per surface scatter allocation.  For a 6-m telescope and a 0.25 ppt per surface allocation, the 388 

peak BRDF is: 389 

BRDF0 =  
𝜏𝑁𝐴𝑆

𝛺core 
 = 

0.25 · 10−12

𝜋 · 10−14  ≃ 8 [1/sr] 390 

 
Fig.13 Larger particles produce more scatter and larger BRDF [32] 

Fig. 12 Number of particles of 

Diameter larger than D per CL [30] 
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From Fig 14, a peak BRDF of 8 391 

corresponds to a cleanliness level of ~ CL-400 for 392 

a wavelength of 633 nm. For comparison, Webb 393 

had a CL-600 specification.  It is important to note 394 

that the surfaces will need to be cleaner if the 395 

coronagraph operates at shorter wavelengths – because particles scatter more at shorter 396 

wavelengths.  Furthermore, it is not necessary to divide the contamination scatter allocation 397 

equally between surfaces.  Because scatter sums, one could allocate more contamination to the 398 

telescope mirrors and require the coronagraph mirrors to be cleaner. 399 

4 FRED® Straylight Analysis of HWO EAC-1  400 

To move beyond simple first order approximations, Photon Engineering created a 401 

straylight model of HWO EAC-1 in FRED® (Fig. 15).  The model was used to investigate the 402 

near-angle scatter into the coronagraph dark hole caused by correlated surface structure, 403 

uncorrelated surface/coating microstructure, contamination and polarization leakage.  Modeling 404 

was performed by assigning PSDs and Cleanliness Levels (CL) to each optical surface.  Rays were 405 

propagated through the system to the dark hole where they were converted into a BSDF 406 

distribution.  Per Appendix B.3, BSDF is converted into near-angle scatter throughput and used to 407 

assess specifications consistent with potential FRN error budget allocations. 408 

Fig.14 Peak BRDF (at λ = 633 nm) vs CL [31] 
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 409 
Fig 15. FRED® Model of HWO EAC-1 410 

 411 

Multiple cases were analyzed.  Of these, we report on three: 412 

• Case 1:  JPL PSD + PCL 300 (all surfaces) 413 

• Case 2:  Coating PSD #3 (𝜎 =  10 Å rms, ℓ =  10 μm) + CL-300/150/75  414 

• Case 3:  Coating PSD #4 (𝜎 =  10 Å rms, ℓ =  100 μm)  + CL-300/150/75 415 

Case 1 used a set of PSDs for each optical surface supplied by JPL. (Fig. 16 left) [33] (JPL uses 416 

these PSD in their diffraction modeling) and assumed a particulate cleanliness level (CL) of 300 417 

for all surfaces.  Case 2 and Case 3 assigned variations of PSDs found from the Coating Structure 418 

analysis to every surface in the EAC-1 model. For each Case, FRED® modeled the scattered light 419 

in the dark hole before EFC correction and the contribution of each surface to this dark hole light. 420 

   421 
Fig 16. (left) JPL provided PSDs for HWO EAC-1 Surfaces; (right)  JPL PSDs rescaled to dark hole.  422 

 423 



23 

 

4.1 Case 1:  JPL PSD + PCL 300 (all surfaces) 424 

The JPL PSDs are composed of correlated structure with cycles ranging from approx. 5 to 425 

1000 cycles per diameter. (Fig 16 right) Each structure spatial frequency scatters energy into a 426 

specific angle.  Because the JPL PSDs have a power law amplitude falloff at spatial frequencies 427 

that angularly scatter light directly into the dark hole, FRED® predicts that EAC-1 will have 428 

scattered light in the dark hole with a power law falloff (Fig 17 left).  And, because Case 1 uses 429 

the same PSDs as JPL’s diffraction propagation codes, FRED®’s angular scatter distribution is 430 

similar to those code’s pre-EFC correction contrast predictions (Fig 17 right). [34, 35]  431 

             432 
Fig 17. (left) FRED® predicted dark hole BRDF; (right) JPL predicted dark hole pre-correction contrast. [35]  433 

 434 

FRED® predicts that the max contrast at the dark hole inner working angle (IWA) is ~ 250,000 435 

ppt (which is a very large number).  But, because this angular scatter is caused by correlated 436 

structure, it can be corrected by EFC WFSC. 437 

It is interesting to note that while JPL assigns the highest PSD value to the primary mirror,  438 

FRED® finds that for the JPL PSDs the secondary mirror (M2), tertiary mirror (M3) and polarizing 439 

beam splitter all contribute more scatter to dark hole than the primary mirror (M1).  (Fig 18) 440 

Smaller surfaces and surfaces closer to the focal plane mask contribute the most scattered light.  441 
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 442 
Fig 18. FRED® predicted per surface scattered light contribution to dark hole.  Secondary mirror (M2), tertiary 443 
mirror (M3) and polarizing beam splitter all contribute more scatter to dark hole than the primary mirror (M3).   444 

 445 

4.2 Case 2 and Case 3 446 

Because FRED® operates on PSDs, it can model the diffuse scattered light contributed to 447 

the dark hole by uncorrelated micro-structure (Cases 2 and 3).  Because the correlation length of 448 

these PSDs is short, there is no correlated angular scatter into the dark hole.  All scatter from the 449 

Case 2 and Case 3 PSDs is diffuse.  As expected, FRED® predicts a uniform contrast in the dark 450 

hole (Fig 19 left).  It is important to note that it is the smallest surfaces, and the surfaces closest to 451 

the focal plane mask that contribute the most diffuse scatter from microstructure (Fig 19 right).  452 

But, this is a bit misleading because Cases 2 and 3 arbitrarily assign the same PSD to every surface 453 

in the EAC-1 model.   454 

  455 

Fig 19. (left) Uncorrelated Surface Microstructure produces uniform Diffuse Scatter in the Dark Hole. (right) The 456 
smallest surfaces and surfaces closest to the Focal Plane Mask contribute the most diffuse scatter into the Dark Hole. 457 
 458 
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Table 5 summarized the diffuse scatter introduced into the dark hole for the Case 2 and 459 

Case 3 correlation lengths and contamination levels.  For Case 2, because the correlation length of 460 

the surface is small, surface contamination is a larger contributor to dark hole diffuse scatter 461 

contrast than surface microstructure.  For Case 3, because the correlation length is longer, surface 462 

contamination is less of a contributor. 463 

Table 5: Diffuse Scatter Contrast as a function of Correlation Length and Contamination 

Case 2:  Diffuse Scatter for 10 Å rms surface with 10 μm correlation length vs Contamination Level 

Cleanliness Level Irradiance [W/mm2] BSDF [1/sr] Scatter Contrast [ppt] 

75 2.3E-8 ~ 2 E3 20 

150 7.6E-8 ~ 6 E3 60 

300 1.9E-6 ~ 1.6 E5 1600 

Case 3:  Diffuse Scatter for 10 Å rms surface with 100 μm correlation length vs Contamination Level 

Cleanliness Level Irradiance [W/mm2] BSDF [1/sr] Scatter Contrast [ppt] 

75 2.0E-6 ~ 2 E5 2000 

150 2.3E-6 ~ 2 E5 2000 

300 3.6E-6 ~ 3 E5 3000 

 464 

The fundamental unresolved question is whether diffuse scatter is physically modulable.  If 465 

unmodulable, to meet the contrast error budget allocation will require coronagraph surfaces with: 466 

• 10 Å RMS, < 10 μm correlation length and CL-75, or 467 

•   5 Å RMS, 10 μm correlation length and CL-150, or 468 

•   1 Å RMS, 100 μm correlation length and CL-75 469 

Fortunately, as indicated in Fig 18, not every surface needs the same specification.  Each surface 470 

contributes scatter differently depending upon its solid angle to the dark hole.  The smallest 471 

surfaces and surfaces closest to the focal plane mask contribute the most.  Figure 20 shows an 472 

example of a ‘distributed’ contamination allocation published by Balasubramaniam, Shaklan and 473 

Give’on (2009). [35] 474 
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 475 
Fig 20. From REF 35, per surface contamination allocation that distributes 37 ppt of contrast [36] 476 

4.2.1 Can Diffuse Scatter be Modulated? 477 

Regarding the question of modulated or unmodulated, per the assessment’s independent 478 

reviewers, light with coherence that cannot be resolved is light that appears unmodulated.  If the 479 

source of the scatter cannot be decomposed into spatially correlated terms that correspond to 480 

specific locations within the dark hole, the DM will have to resort to a complex mixture of “hard” 481 

modes.  To test these constraints, a simulation was conducted using an existing propagation code 482 

model of the HWO testbed which contains a few OAPs in relays prior to the focal plane mask (in 483 

this case, a vortex).  Without any aberrations, the contrast was <10-11 over a 10% bandpass and 484 

over an annular Airy Disc ring from 3 to 9 λ/D. The geometric beam size was 300 pixels across. 485 

Adding to each (otherwise unaberrated) optic a pixel-to-pixel phase noise with a Gaussian 486 

distribution of RMS = 500 pm, the contrast degrades to 4x10-9. Running EFC returns the contrast 487 

to <1e-11 contrast.  The main caveat is that the optics in the testbed are all close to pupils, so there 488 

aren’t strong chromatic amplitude errors being generated by them.  There may be increased limits 489 

on optics far from pupils or near foci, where the beam diameter changes with wavelength and 490 

phase errors can generate chromatic amplitude errors (such a case is much harder to simulate 491 

accurately). [37] This simulation implies that EFC may be able to correct diffuse scatter caused by 492 

surface roughness, but the result is not definitive.  Therefore, this assessment chose to keep diffuse 493 

scatter in the unmodulated contrast branch of the FRN error budget. 494 
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Additionally, Balasubramaniam, Shaklan 495 

and Give’on (2009) report that EFC correction for 496 

contamination is limited by the absorption of the 497 

particle. (Fig 21) The amount of contrast that can 498 

be corrected roughly equals the uncorrected 499 

contrast scaled by the average particle reflectance. 500 

Thus, a shiny ‘reflective’ particle produces more 501 

uncorrected contrast than a black ‘absorbing’ 502 

particle.  For typical dust, the unmodulated correction limit is ~ 40% of the raw contrast. [36] 503 

4.2.2 Test Bed Unmodulated Contrast Noise Floor 504 

As mentioned in Section 1, no coronagraph testbed has yet achieved its theoretical 505 

performance limit. Theoretically EFC and DMs should be able to ‘dig’ an arbitrarily deep Dark 506 

Hole - limited only by temporal wavefront instability and DM resolution.  But, even with static 507 

wavefronts, test beds have been unable to achieve theoretical performance.  Test beds reach a noise 508 

floor that cannot be modulated by DMs and contribute shot noise into the FRN error budget. 509 

• HCIT (High Contrast Imaging Testbed) had 10,000 ppt of unmodulated contrast “which is 510 

independent of the errors we injected.” (2020) [3] 511 

• DST (Decadal Survey Testbed) had 200 ppt of unmodulated contrast of which the source 512 

of 50 ppt was unknown.  The rest was attributed to jitter and ghost reflections. (2019) [4] 513 

• Roman OMC (Occulting Mask Coronagraph) Testbed had 3,000 to 4,400 ppt (depending 514 

on jitter amplitude) of unmodulated contract (2017) [5] 515 

While causality of the testbed unmodulated contrast noise floor is not fully understood, the 516 

predicted diffuse scatter values in Table 5 are consistent with the reported testbed values. 517 

 
Fig. 21 Uncorrected (UC) and corrected contrast © 

with various particle types.  One particle is placed on 

a 30 mm pupil of the Apodizer Pupil Coronagraph in 

this broadband simulation with EFC. Where Hole = 

an ideal black hole, C = a carbonaceous black 

particle, and Al = a metallic shiny particle.  [36] 
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5 Micrometeoroid Impacts 518 

Similar to contamination, micrometeoroid impacts produce scatter that can reach the dark 519 

hole.  But there are differences.  One difference is that micrometeoroids are likely to only impact 520 

the primary mirror.  Another is that micrometeoroid impacts are significantly larger and more 521 

complex than contamination. (Fig 22)  Typical impact morphology consists of a small deep central 522 

hole, several 10s to several 100s of micrometers wide, surrounded by an impact pit ~50X larger, 523 

surrounded by a spall region ~11X larger than the pit diameter and ~10X larger than its depth. [38] 524 

 525 

Fig 22. Figures from REF 38 showing that micrometeoroid impacts produce a central pit surrounded by spall (fracture 526 
zone).  On average the spall is ~11X larger than the pit diameter and ~10X larger than the pit depth. [38] 527 

 528 

The size of the impact pit and spall diameter are 529 

a function of the kinetic energy of the impact – 530 

not the size of the impacting particle. Fig 23 531 

shows that for the highest energy impacts, the 532 

spall diameter is in the 1 to 100 mm range.  533 

Therefore, a micrometeoroid impact’s scatter 534 

may be significant and narrow.  Finally, there is 535 

no accepted method for modeling scatter from 536 

micrometeoroid impacts. 537 

 
Fig. 23 Figure from REF 38 showing that spall diameter 

is larger for higher kinetic energy impacts. [38] 
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One approach may be cleanliness level.  Because CL corresponds to the particle size whose 538 

average density is one particle per 0.1-m2 surface area, one can calculate a CL for a single 539 

micrometeoroid impact of a given size on the primary mirror by its area.  If the contrast allocation 540 

for micrometeoroid impacts is 2.5 ppt (Table 3), then the primary mirror needs a peak BRDF of 541 

less than 80 which corresponds to a CL-600 (one 600 μm diameter particle per 0.1-m2). (Fig 14) 542 

For a 28-m2 area primary mirror this is equal to a single 168-mm diameter impact.   543 

Another approach may be to model the impact as a circular hole surrounded by a conical 544 

or Gaussian shape pit that both diffract, surrounded by a spall region that scatters Lambertian.  545 

Starting with the hole, using 2D Gaskill notation [39], if one assumes that the micrometeoroid 546 

impact pit is a cylindrical circle of diameter d, then its scattered light will have a ‘Sombrero’ 547 

amplitude profile and its scattered light amplitude at small angles is approximately d2 times the 548 

ratio of power onto hole vs onto the primary mirror.  549 

cyl(r/d)  ⟨ℱ⟩  d2 · somb(d ρ) = ~ d2 for small angles 550 

𝜏𝑁𝐴𝑆 = ~ 
𝑑4

𝐷2
 551 

It is the same for the scattered light amplitude at small angles from a Gaussian (or conical) pit: 552 

Gaus(r/d)  ⟨ℱ⟩  d2 · Gaus(d ρ) = ~ d2 for small angles 553 

Figure 24 shows the contrast produced by holes or 554 

pits as a function of diameter. A hole of 3.1-mm 555 

diameter produces the error budget allocated 2.5 ppt 556 

of contrast.  Impacts with a hole smaller than 1-mm 557 

contribute negligible scatter to the dark hole.  But 558 

pit diameters have the potential of contributing 559 

significant contrast. 560 

 
Fig. 24 Contrast vs impact hole diameter 
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Now, considering the spall region.  If it scatters as a Lambertian surface, its BRDF is (1/π) 561 

and a spall region of diameter d will have a near-angle-scatter throughput of: 562 

𝜏𝑁𝐴𝑆 = (
𝑑2

𝐷2
) · 𝐵𝑅𝐷𝐹 · 𝛺𝐶𝑜𝑟𝑒 = (

𝜆𝑑

𝐷2
)

2

 563 

Assuming that the spall is 44 mm, i.e. 11X larger than the hole, then the contrast for a 6-m primary 564 

mirror and λ = 633 nm is 0.6E-6 ppt.  Further study is needed to determine if the Lambertian 565 

assumption is valid.  One potential method to test this assumption is to quantify the total integrated 566 

scatter of micrometeoroid impacts (see Appendix B.5). 567 

This study does not make an assessment as to the extent to which micrometeoroid scatter 568 

can be modulated and corrected by EFC.  But independent reviewer Stuart Shaklan asserted that 569 

“while the diffraction component of a micrometeoroid impact is as controllable as any other 570 

diffraction component, if it arises from holes more than a micron or two deep, then it will be 571 

uncontrollable.” [40] These assertions are supported by Fig 20 which shows that it is easier to 572 

correct for smaller contamination particles than for larger particles.   573 

6 Polarization Leakage [7] 574 

Starlight arriving at the telescope entrance aperture has random polarization.  In the 575 

HWO EAC1 design, this light is separated into orthogonal S and P linearly polarized beams.  576 

The two polarization states go to separate coronagraph channels.  These two states have zero 577 

mutual coherence.  That is, even for τ=0, the temporal coherence, γ, is zero, regardless of the 578 

bandwidth.  Unfortunately, no polarization separation is perfect; there will always be some 579 

leakage. Leakage is quantified by the fraction of light going into the unwanted channel and 580 

referred to as the extinction ratio.  For intensity, the extinction ratio is typically 10-4 and the field 581 

strength is the square root.  This assessment defined the extinction ratio for fields as ϵ≃0.01. 582 
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Thus, the S channel coronagraph will have P polarization contamination field with ~ 1% relative 583 

strength. Fig 25 illustrates this in a highly simplified way, ignoring all other optics except the 584 

telescope’s primary mirror, M1, and the “analyzer” which selects the S polarized beam for this 585 

channel. 586 

Figure 25 describes the contributors to the speckle field under the planet signal (PSF 587 

core).  The nominal field under the PSF core is labeled 𝑆𝑠𝑝, (“specular” S-polarized beam) for 588 

which this channel was intended.  Other contributions include scattered light and polarization 589 

leakage.  The field strength for S and P polarizations are labeled as simply S or P.  The subscripts 590 

differentiate between specular (sp) and narrow angle scatter (NAS).  The P light in this channel 591 

is suppressed by the analyzer down to an extinction ratio of 𝜖.  592 

 593 

In the FRN error budget, polarization leakage contributes to both Average Raw Contrast 594 

(through Shot noise) and Speckle Contrast Stability.  And it is in both the modulated and 595 

unmodulated sub-branches of raw contrast. (Fig 3) The reason for the contribution to both sub-596 

branches is because of phase retardance between the S and leakage P components.  Figure 26 597 

shows a hypothetical case where the retardance is high, near 90 degrees, between the S and 598 

leakage P fields.  In this case the P-field cannot be modulated.  But, in EAC1, the angles of 599 

 
Fig 26: High-retardance case between nominal S field 

and leakage P field. Subscript “sp” stands for specular 

and “NAS” stands for Narrow Angle Scatter. Each 

phasor is the mean field over the core region over an 

integration time. The leakage P field is reduced by 

extinction ratio 𝜖 going through the S analyzer. 

 
Fig 25: Simplified diagram showing light 

arriving under the PSF core after reflection from 

the M1 mirror and passing through an analyzer 

that nominally selects the S state of polarization.  
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incidence are small, and the retardance is very small, on the order of a few milli-degrees.  Thus, 600 

for EAC-1, the P field can be modulated.  The EFC wavefront control process detects the 601 

majority field, S, and applies correction to remove it. In so doing it corrects the P leakage 602 

“collaterally”, since there is little retardance, and the same correction that reduces S will also 603 

reduce P (the phasors are near parallel).   604 

The worst-case contribution of Polarization Leakage to Total Raw Contrast was 605 

calculated, assuming a 1% E-field leakage (ϵ) and no EFC correction.  For the FRED® Case 1 606 

model with 250,000 ppt contrast (𝜏𝑁𝐴𝑆) at the IWA, the worst case of unmodulated contrast from 607 

Polarization Leakage would be 25 ppt.   608 

𝐶𝑃 𝑙𝑒𝑎𝑘𝑎𝑔𝑒 = |𝑃𝑁𝐴𝑆|2 = |𝜖√𝜏𝑁𝐴𝑆|
2

≃ 25 ppt 609 

𝑃𝑁𝐴𝑆 is the NAS E-field contribution from the P polarization state leaking into a coronagraph 610 

channel designated for the S polarization state – which is greater than this assessment’s 20 ppt 611 

error budget allocation.  Fortunately, designing an optical system with minimal retardance will 612 

reduce this error source contribution. 613 

The contribution of Polarization Leakage to Contrast Stability, because it is self-coherent 614 

and contributes to the heterodyne mixing term, also depends on retardance. 615 

Δ𝐶𝑝 ≃ 2 𝑃𝑁𝐴𝑆 Δ𝑃𝑁𝐴𝑆  ≃ 2 𝜖√𝜏𝑁𝐴𝑆 Δ𝑃𝑁𝐴𝑆  ≃ 10 Δ𝑃𝑁𝐴𝑆 616 

If there is no retardance, then to keep Contrast Stability below a nominal 5 ppt, the polarization 617 

leakage field must be stable to < 0.5 ppt.  Again, a system with minimal retardance will relax this 618 

specification. 619 
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7 Summary and Findings 620 

This paper summarizes a five-year assessment into the impact of near-angle scatter (NAS) 621 

on a coronagraph’s ability to detect an exo-Earth.  The assessment was conducted using a science-622 

driven systems-engineering methodology. A team of subject matter experts from relevant 623 

disciplines (systems engineering, coronagraphy, straylight, coating, micrometeoroid, etc.) was 624 

assembled to derive physical optical surface specifications from science requirements. 625 

A raw contrast error budget was developed for characterizing Earth-like planets around 626 

Sun-like stars with allocations assigned to sources of NAS, including correlated surface structure, 627 

uncorrelated microroughness and coating structure, contamination, micrometeoroid impacts and 628 

polarization.  (Diffraction from segment edges and ghost reflections were beyond the scope of this 629 

assessment.)  Specifications for correlated surface structure and roughness were derived from the 630 

error budget contrast allocations using Rayleigh-Rice Vector Scatter Theory and Generalized 631 

Harvey-Shack Scalar Scatter Theory.  Error budget allocations were categorized into modulated 632 

(can be corrected via Electric Field Conjugation) and unmodulated (cannot be corrected).   633 

An analytical relationship was derived between coronagraph contrast and Bidirectional 634 

Reflectance Distribution Function (BRDF), which flowed naturally to a relationship between 635 

coronagraph contrast and wavefront Power Spectral Density (PSD).  Using these relationships and 636 

Photon Engineering’s FRED® software, a parametric scattered light analysis was conducted of the 637 

Habitable Worlds Observatory (HWO) Exploratory Analytical Case #1 (EAC-1) coronagraph as a 638 

function of optical surface PSD (correlated and uncorrelated structure), microroughness, 639 

contamination and polarization.  640 

In the final report to the NESC, the Assessment Team identified multiple findings: 641 
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1. Post-EFC (i.e. corrected) modulated residual scattered starlight from correlated surface 642 

structure and unmodulated residual scattered starlight contribute contrast into the ‘Total Raw 643 

Contrast’ portion of the random noise branch of the contrast error budget. 644 

2. Modulated and unmodulated scattered starlight contribute noise into the Contrast Stability 645 

branch of the coronagraph flux ratio noise (FRN) error budget.   646 

|𝐸+𝛥𝐸|2 = |𝐸|2 + |𝛥𝐸|2 + 2 ℛ{𝐸∗·𝛥𝐸} 647 

Coherent spatially correlated scattered light contributes to the Δ𝐸 term.  And coherent diffuse 648 

scattered light adds to the E term and acts as an amplifier in the cross-term. 649 

3. Scattered light metric BRDF/BSDF can predict contrast leakage from scatter transmittance: 650 

τNAS [ppt] = BRDF  ·  𝛺𝑐𝑜𝑟𝑒 651 

4. Using Rayleigh-Rice Vector Scatter Theory, specifications were defined for long-spatial 652 

frequency correlated structure (angular scatter into dark hole) and mid-spatial frequency 653 

correlated structure (angular scatter beyond dark hole outer working angle) for a ‘composite’ 654 

surface based on the contrast error budget for three temporal states: 655 

• Initial Post-EFC is caused by Static Correlated Structure 656 

• Drift Field Mean is caused by Slow Correlated Structure 657 

• Jitter Field Variance is caused by Fast Correlated Structure 658 

5. Slow drift (i.e. thermal) is 10X more important than fast periodic motion (i.e. mechanical). 659 

6. Coating microstructure should not be a significant source of diffuse straylight contrast 660 

because its correlation length is too small.   661 

7. Native surface microstructure can be a significant source of diffuse straylight contrast 662 

depending on its correlation length. 663 
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8. The study does not make an assessment as to the extent to which diffuse scatter from 664 

microstructure can be modulated and corrected by EFC.  And while interesting, it may also 665 

be pure coincidence that FRED® predicts dark hole contrast uncorrelated microstructure 666 

consistent with the reported unmodulated noise floor of several coronagraph test beds.   667 

9. Straylight analysis codes can be a valuable modeling tool; they can predict both energy in the 668 

dark hole before correction from correlated surface structure (as described by a PSD) and 669 

from potentially uncorrectable uncorrelated surface structure (also described by a PSD). 670 

10. Not every surface requires the same specification.  Modeling indicates that each surface 671 

contributes scatter differently depending upon its solid angle to the dark hole.  The smallest 672 

surfaces and surfaces closest to the focal plane mask contribute the most scatter.  673 

11. Surface contamination may be a significant contributor to Raw Contrast Shot Noise.  674 

Fortunately, because different surfaces contribute differently to total contrast, not every 675 

surface will require CL-75. 676 

12. The study does not make an assessment as to the extent to which contamination scatter can 677 

be modulated and corrected by EFC.  Balasubramanian et al. (2009) concluded that scatter 678 

due to contamination was mostly uncontrollable. 679 

13. Micrometeoroid impacts may be a significant source of near-angle scatter – particularly if 680 

they are large or numerous.  But the study does not make a definitive micrometeoroid impact 681 

specification – in part because impact morphology is complex and there is no agreed method 682 

for assessing their contribution to dark hole contrast. 683 

14. The study does not make an assessment as to the extent to which scatter from 684 

micrometeoroid impacts can be modulated and corrected by EFC. 685 
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15. Finally, as long as the telescope/coronagraph optical system retardance is low, Polarization 686 

Leakage should not be a significant contributor to either Raw Contrast or Contrast Stability. 687 

  688 
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APPENDIX A: Science Requirements to Coronagraph Flux Ratio Error Budget 794 

Appendix A summarizes the methodology used to flow down the Habitable World 795 

Observatory science requirements to a flux contrast ratio error budget – as published in SPIE 796 

proceedings paper Reference 6 “Leveraging the Roman coronagraph approach for the HWO 797 

error budget” by Nemati and Stahl, 2024. 798 

A.1 Flux Ratio 799 

Detecting and characterizing an exoplanet requires measuring its signal in the dark hole 800 

against a background. The signal is proportional to the planet flux ratio, which is defined as the 801 

ratio of the flux from the planet, as received at the telescope, relative to the star. Traub and 802 

Oppenheimer [A-1] give a simple expression to estimate the flux ratio: 803 

 𝜉 = 𝐴𝑔 𝜙(𝛼) 𝑟𝑝
2 𝑎−2  

where 𝐴𝑔 is the geometric albedo and 𝜙(𝛼) is 804 

the geometric phase function, giving the 805 

variation of the light scattered towards the 806 

observer as a function of the orbital phase angle 807 

𝛼. (Fig. A-1) The last two factors are the planet 808 

radius 𝑟𝑝 and semi-major axis 𝑎. For the Earth, 809 

𝑟𝑝
2𝑎−2 is 1814 ppt (parts per trillion). If the 810 

exoplanet is taken as a Lambertian sphere, the 811 

phase function is given by Traub and 812 

Oppenheimer [A-1]: 813 

 
𝜙(𝛼) =

𝑠𝑖𝑛(𝛼) + (𝜋 − 𝛼) 𝑐𝑜𝑠(𝛼)

𝜋
  

At maximum elongation, i.e. when 𝛼 = 𝜋/2, 𝜙 ≃ 1/𝜋. At smaller separations, the phase function 814 

rises, but the advantage is offset by the increase in speckle from the star. A practical optimum can 815 

be selected, and for this paper we choose 80 degrees, at which 𝜙(𝛼) ≃ 0.4. 816 

It is noteworthy here that the appropriate albedo to use, for reflected light detection, is the 817 

geometric albedo, and not the Bond albedo. The latter is the ratio of the light incident on the planet 818 

that does not heat up the planet. This measure is appropriate for detection of the planet as a 819 

blackbody in the infrared, but not for reflected light observations. De Cock, et al. [A-2] use EPOXI 820 

mission data and obtain a range of geometric albedo values, from 0.176 to 0.255, for the Earth. 821 

The higher value is from polar measurements while the lower is from equatorial measurements. 822 

This data supports the adoption of 𝐴𝑔 = 0.2 as the representative geometric albedo value for an 823 

exo-Earth for error budgeting purposes. The combination of such a low albedo, small size of the 824 

Earth, and its proximity to the Sun makes the goal of direct imaging an exo-Earth analog 825 

challenging.  826 

In planning observations, one must also take into account the relatively strong dependence 827 

of the reflected light signal on the planet’s orbital phase angle at the observation epoch. As the 828 

phase angle becomes smaller, the planet becomes brighter. But the apparent angular separation 829 

between the planet and the star gets smaller and there is a limit as to how small this angle can be 830 

for detection. Coronagraphs have a minimum inner working angle (IWA) – inside of which the 831 

 
Fig. A-1: Geometrical elements affecting reflected light 

flux ratio include the planet radius, the phase angle, the 

distance to the observer, and the semimajor axis.  
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star’s light cannot be blocked and the planet not detected.  Also, when looking at star systems that 832 

are further away to increase the sample size, the minimum working phase angle increases.  Fig. A-833 

2 illustrates this for two different IWA cases. The shaded region under each curve is the phase 834 

angle range that is excluded.  835 

 836 

Fig. A-2: For a coronagraph with a given inner working angle (IWA), observing a planet at smaller working angles 837 
becomes harder for farther targets. Two cases are shown in this figure, one with a coronagraph with inner working 838 
angle (IWA) of 2 𝜆/𝐷 and the other with IWA of 3 𝜆/𝐷. In each case, the inaccessible phase angles are shaded.  839 

Figure A-3 shows the dependence of flux ratio on orbit phase angle. At quadrature phase 840 

(“half-moon”, at 90 degrees) the flux ratio is only 115 ppt. At 80 degrees it rises to about 150 ppt. 841 

Going to smaller phase angles can more than double the flux ratio, but, as shown in Fig. A-2, these 842 

phase angles are not allowed for stars that are farther away.  843 

 844 

Fig A-3: The expected flux ratio for an exo-Earth is calculated assuming a geometric albedo, the phase angle, the 845 
phase function. For 𝐴𝑔 = 0.2, the phase function for a Lambertian sphere is plotted as a black line (left axis), while 846 
flux ratios (in ppt) are plotted as points against the right axis. The blue circles correspond to an exo-Earth. The 847 
green shaded phase angle value of 80 degrees is adopted because it is the smallest phase angle that can be observed 848 
with a 3λ/D inner working angle coronagraph for a star system at 15 to 17 parsecs. Therefore, it is the limiting 849 
case for an Earth-like planet around a Sun-like star.  The red diamonds indicate the flux ratio needed to detect a 850 
planet that is 60% the size of Earth and a distance of 1.67 AU from its star. [A-3] 851 

In Fig A-3, we make a distinction between true exo-Earths, which pertain to observing our 852 

solar system from a few parsecs away, and planets that are roughly Earth-like, with sizes and 853 

orbital radii covering a wider range. Stark et al. [A-3], for example, considers an appropriate target 854 

for completeness to be a planet with flux ratio of 25 ppt (Δmag = 26.5). This case can be interpreted 855 

either as a low-flux ratio (e.g. crescent) phase of a larger planet or that of a smaller one with a 856 

longer period. If interpreted as the latter, it could be a planet at the edge of their allowed exoplanet 857 

phase space: radius equal to 0.6 time that of the Earth, and orbital radius of 1.67 AU. For this 858 

combination, the geometric factor 𝑟𝑝
2 𝑎−2 is 7.75 times smaller than for the Earth. Since they also 859 

assume a geometric albedo of 0.2 and Lambertian scatter, their flux ratio corresponds to a phase 860 
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angle of about 67 degrees. Figure A-3Error! Reference source not found. shows, in red diamonds, t861 

he flux ratios vs. phase angle for this limiting case and highlights with an “X” the reference point 862 

at 25 ppt / 67 degrees. 863 

The assessment assumes a true exo-Earth target, adopting 150 ppt as the target flux ratio 864 

for error budgeting purposes. However, it is an important caveat that the number of targets at this 865 

flux ratio may be very small. 866 

A.2 Signal to Noise Ratio  867 

When the planet’s location is not known a priori to adequate accuracy, the photometric 868 

signal to noise ratio must be high enough to avoid false positives. Suppose that the dark hole has 869 

an IWA of 3 𝜆/𝐷 and an outer working angle (OWA) of 10 𝜆/𝐷; and, that the core of the PSF 870 

covers an area of (𝜆/𝐷)2. The speckles in the dark hole, which arise from diffractive effects, will 871 

all be approximately the same size as the PSF core, so the dark hole contains approximately 286 872 

speckles, each (𝜆/𝐷)2 in size. In this context the speckles are ‘residual’, i.e. after some type of 873 

PSF subtraction or differential imaging. Therefore, for the purposes of statistical analysis, the 874 

speckle intensities, sampled within random (𝜆/𝐷)2 areas, are assumed to be normally distributed. 875 

This allows one to write a simple expression for the “false alarm” probability (𝑃𝐹𝐴 or FAP) that, 876 

across 𝑁𝑜𝑏𝑠 observations (imaging instances during a mission) culminating in a single final dark 877 

hole image with 𝑁𝐷𝐻 speckles, there would be one dark hole speckle whose intensity would exceed 878 

the standard deviation of the speckles by a factor greater than a given SNR. Such an expression 879 

ties the choice of SNR systematically to false positive rejection. This probability is given by: 880 

 
𝑃𝐹𝐴 = 1 − (1 −

1

2
erfc (

SNR

√2
))

𝑁𝑜𝑏𝑠⋅𝑁𝐷𝐻

  

where erfc is the complementary error function.  881 

Assuming a mission goal of searching 100 planetary systems for exo-Earths with a FAP of 882 

< 1%, requires a probability of less than 1% that a single ‘residual’ speckle in any of the 100 dark 883 

hole images reaches a SNR greater than our required SNR. Fig A-4 shows the evaluation of the 884 

above expression for various cases: per single 𝜆/𝐷 sized speckle (𝑁𝑜𝑏𝑠 = 1, 𝑁𝐷𝐻 = 1), per single 885 

dark hole (𝑁𝑜𝑏𝑠 = 1, 𝑁𝐷𝐻 = 286), and per single mission (𝑁𝑜𝑏𝑠 = 100, 𝑁𝐷𝐻 = 286). The third 886 

case is the most important and shows that a SNR greater than 5 is required so as not to exceed the 887 

allowable FAP.  888 

 889 

Fig A-4: False alarm probability (FAP) vs. the SNR setting, for three cases: (a) a single sample of one λ/D speckle, 890 
(b) one dark hole, and (c) 100 dark holes over the course of a mission. The dashed line represents a maximum false 891 
alarm probability of 1%. For a mission, the requirement that the FAP be less than 1% means the detection SNR 892 
requirement must be at least 5. 893 
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It is helpful to visualize the SNR and false positive probabilities. Fig A-5 shows a number 894 

of SNR cases, where a sample of pixels the size of the dark hole (in 𝜆/𝐷 sized speckles) contains 895 

one signal pixel with the stated SNR, from 3 to 7.  896 

 897 

Fig A-5: Each square represents the number of core-sized speckles in HWO's dark hole. Each square represents a 898 
single dark hole image with one signal pixel at a given SNR. SNR cases 3 through 7 are displayed in columns, 899 
with two instances each. False alarm probability increases as the number of dark holes increases (see Fig A-4). 900 

Fig A-4 shows that to maintain FAP below 1% over the mission, the minimum SNR needed 901 

is 5. But this is for the ‘mean’ expected signal and the ‘mean’ expected noise. In an ensemble of 902 

observations, 50% of the cases would result in SNR lower than this average value.  Therefore, a 903 

SNR must be selected that provides margin. A reasonable approach is to set a requirement on the 904 

maximum fraction of cases that are allowed to fail reaching the desired SNR. We will call this 𝑓𝑠. 905 

If the noise that accompanies the signal is Gaussian, then the SNR distribution has a standard 906 

deviation of unity and an expression can be written for a target SNR value (𝑆𝑁𝑅𝑡𝑎𝑟), above the 907 

desired SNR value (𝑆𝑁𝑅𝑚𝑖𝑛), which ensures that the goal SNR fails to be reached for no more 908 

than 𝑓𝑠 fraction of attempts.  909 

 
𝑓𝑠 =

1

2
erfc (

SNR𝑡𝑎𝑟 − SNR𝑚𝑖𝑛

√2
)     

Fig A-6, shows that a SNR of 7 is required to keep 𝑓𝑠 < 2% for a SNR of 5.  The left side shows 910 

that a SNR margin of +2 is required to keep 𝑓𝑠 < 2%. The right side shows a Gaussian SNR 911 

distribution, centered at SNR=7, and the 2-percentile lower region, ending in SNR=5, is shaded. 912 

Note, from a photometry standpoint, a SNR of 7 means a fractional error of 1/7, or 14%, can be 913 

expected on average. Also note that this SNR is independent of flux ratio. 914 

 915 

Fig A-6: Choosing a ΔSNR margin can ensure that no more than a fraction, 𝑓𝑠 of the observations end up with 916 
SNR below the desired value. Here, 𝑓𝑠 has been set to 2%, which, per the left graph, requires ΔSNR>2. The 917 
Gaussian probability density histogram on the right has been shaded in its lowest 2%, confirming that a target SNR 918 
of 7 is needed to ensure a mission level FAP of < 1%. 919 
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A.3 Flux Ratio Noise Error Budget  920 

Since the flux ratio is the basic measurement in direct imaging, the error budget should be 921 

based on the flux ratio noise (FRN). [A-4] As discussed above, the total allowable FRN for HWO 922 

is set to be 150 ppt by the bounding observing constraint of 80 degrees phase angle (Error! R923 

eference source not found.) and SNR of 7, for a total flux ratio noise allocation of 21.4 ppt. This 924 

allocation is then split into a budget with three major branches: random noise, speckle noise, and 925 

calibration errors. [A-4] Random noise includes shot noise and detector errors. Speckle noise is 926 

the residual error after imperfect differential imaging or PSF subtraction. Finally, calibration error 927 

pertains to relating the estimated signal, in its native units of counts (photoelectrons) to planet flux 928 

ratio. This does not affect the significance of the signal but is a systematic error in the conversion 929 

to flux ratio. 930 

An important practical consideration is the time it takes to reach the target SNR. This time 931 

depends on the signal rate from the planet, 𝑟𝑝𝑙, in electrons per second and the noise variance rate 932 

𝑟𝑛 (variance divided by the integration time). It also depends on the spatial variance 𝜎Δ𝐼
2  of the 933 

differential image, that is, the residual speckle variance. This variance in general does not, like 934 

shot noise, grow proportionally with integration time: in this case it is the standard deviation that 935 

grows linearly with time. Thus, it is helpful to define a “residual speck rate” 𝑟Δ𝐼 ≡ 𝜎Δ𝐼/𝑡, where 𝑡 936 

is the integration time. [A-4, A-5] In terms of these variables, the time needed to reach a target 937 

SNR is given by:  938 

 
𝑡𝑆𝑁𝑅 =

SNR2 𝑟𝑛

𝑟𝑝𝑙
2 − SNR2 𝑟Δ𝐼

2   

The residual speckle noise 𝜎Δ𝐼 is a decisive attribute of direct imaging performance and will 939 

eventually dictate what architectures are feasible for HWO and which ones are not. But with some 940 

basic assumptions we can come up with a top-level allocation for it.  941 

The assumptions that go into the random noise calculation are summarized in Table A-1. 942 

We also assume a low noise detector such as an EMCCD in photon counting mode. 943 

Table A-1: Assumption for forward calculation of random noise. 944 
Host Star V mag 5.9 mag 

 
Band Center 550 nm 

Host star distance 16.0 pc 
 

Band Width 20% 
 

Planet Flux Ratio 148.7 ppt 
 

Configuration IMG VVC6 
 

Planet phase angle 80.0 deg 
 

Core Throughput 25.7% 
 

Planet radius 1.0 𝑅⨁ 
 

Total Throughput 9.4% 
 

Planet SMA 1.0 AU 
 

Planet Working Angle 3.26 𝜆/𝐷 

Exo Zodi level 1.0 x solar 
 

Raw Contrast 301 ppt 

 945 

Following the approach in Reference [A-5], and using the assumptions above, Fig. A-7 946 

plots the total flux ratio noise of different source that can be assigned to the 21.4 ppt allocation as 947 

a function of integration time. Note that total random noise goes down as 𝑡1/2. 948 
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 949 

Fig. A-7: Integration time can be defined by balancing Total Random Noise with Residual Speckle.  Calculation 950 
assumes a relatively optimistic set of characteristics as obtained from a vector-vortex charge 6 coronagraph.  951 

Setting aside a reserve of 20% and 2% for calibration errors, the remainder, in a root-sum-952 

square (RSS) sense, is what can be allocated to residual speckle. It can be seen in Fig. A-7 that the 953 

cross-over point where the allocations to random noise and residual speckle are equal is at about 954 

34 hours of integration. At 40 hours, random noise reduces to 11.3 ppt, allowing for 12.4 ppt of 955 

residual speckle. Going longer will afford more residual speckle, but with diminishing returns. It 956 

is noteworthy that the largest contribution to the random noise is exo-Zodi, and for this a rather 957 

optimistic value of 1x solar is assumed. If the universe fails to cooperate, there will be a large 958 

impact on allowable errors and the error budget. Please note that Fig. A-7 calculations are for 959 

direct imaging. The time to SNR for spectroscopy will be much longer. 960 

Fig. A-8 shows the top-level error budget for HWO direct imaging of an exo-Earth with 961 

150 ppt of flux ratio in the visible (550 nm, 20% band). Additionally, it is assumed that, beyond 962 

any benefit from stability within a differential imaging scenario, there is an additional factor (𝑓𝑝𝑝) 963 

of 5x improvement from post-processing algorithms. Reference A-4 describes the factor 𝜅𝑐 which 964 

is a conversion factor from residual speckle standard deviation (Δ𝐶) and its contribution to flux 965 

ratio noise (𝛿𝜉). 966 

 967 

Fig. A-8: Top level error budget for direct imaging of an exo-Earth. The calibration branch allocation is 2% of the 968 
target flux ratio. The Random Noise allocation is from the “All Random” curve in Fig. A-7, for 40 hrs of 969 
integration. The reserve of 20% is a conventional engineering choice. The residual speckle allocation is obtained 970 
from subtracting the Calibration and Random Noise allocations from the Flux Ratio Noise total, in quadrature. 971 

For completeness, Fig. A-8 shows the top-level error budget for HWO direct imaging of a 972 

limiting-case exo-planet with 33 ppt of flux ratio in the visible (550 nm, 20% band). To achieve a 973 

SNR of 7 requires an integration time of 300 hrs. 974 



46 

 

 975 

Fig. A-9: Top level Flux Ratio Noise error budget allocations for limiting case exo-planet.    976 
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APPENDIX B:  Scattered Light Models and Mathematics 992 

Given that coronagraph scientists typically use diffraction propagation models to predict 993 

contrast leakage, Appendix B provides a tutorial overview of scattered light then summarizes 994 

models and mathematics used to describe the physical production of scattered light and its 995 

connection to coronagraph contrast leakage via the mathematics of Contrast Throughput (τ), 996 

BRDF/BSDF (bidirectional reflectance/scatter distribution function) and PSD (power spectral 997 

density).  Appendix B merges content from three SPIE proceedings papers: REF 9. "Assessment 998 

of near-angle scatter on exo-Earth coronagraphy," 2023; REF 10. "Impact of near-angle scatter 999 

on exo-Earth coronagraphy," 2024; and REF 7. "Flowdown of the HWO error budget to mirror 1000 

specifications constraining diffuse narrow angle scatter," 2025. 1001 

B.1 Scattered Light 1002 

For an ideal telescope/coronagraph system 1003 

(one with a perfect wavefront, i.e. no aberrations, 1004 

and no scatter), the telescope produces an ideal 1005 

point spread function (PSF) of the host star and the 1006 

coronagraph blocks its light completely, allowing 1007 

light from the exo-Earth to be detected and 1008 

characterized.  But, even in a perfect system, 1009 

diffraction produces some leakage. And, in an 1010 

imperfect system, wavefront or amplitude errors 1011 

(whose distribution in spatial frequency can be 1012 

described by their power spectral density – PSD) can scatter light out of the host star’s PSF and 1013 

onto the exo-Earth’s PSF (Fig B-1). PSD is typically divided into 3 spatial frequency regimes: 1014 

Low, Mid and High. The low-spatial frequency regime (dominated by figure errors) determines 1015 

the shape of the PSF core. Mid-spatial frequency errors produce small-angle scatter which broaden 1016 

the PSF. High-spatial frequency micro-roughness produces wide angle and uniform Lambertian 1017 

scatter across the entire PSF. [B-1]  1018 

Surface structure (low, mid, and high) that can be 1019 

decomposed into specific spatial frequencies scatters 1020 

(actually diffracts) light out of the PSF to specific angles. 1021 

These spatial frequencies are referred to as ‘correlated’ 1022 

surface structure.  Surface structure that cannot be 1023 

decomposed into specific spatial frequencies diffusely 1024 

scatters light into all angles. This structure is referred to as 1025 

‘uncorrelated’. An example of uncorrelated scattering is a 1026 

Lambertian surface which scatters incident light uniformly 1027 

into all projected solid angles. 1028 

By conservation of energy, assuming no transmission or absorption, all light incident upon 1029 

a surface comes off of that surface via one of three mechanisms: specular reflection, correlated 1030 

scatter/diffraction or uncorrelated/diffuse scatter. The amplitude of each component of this 1031 

reflection depends upon the surface’s roughness. (Fig B-2) The smoother the surface, the smaller 1032 

the amplitude of its diffuse scatter. But all surfaces, even super polished surfaces, have some 1033 

amount of uncorrelated microstructure and thus have some amount of diffuse scatter. [B-2] 1034 

 
Fig B-1: Surface (or wavefront) spatial frequency 

error scatters light out of core PSF. [B-1] 

Harvey & Kotha, Optical Engineering (1995)

 
Fig B-2: Conservation of Energy balances 

Specular and Diffuse Scatter. [B-2] 
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Because the host star is in the field of view, every optical surface is a scattering source with 1035 

a direct path to the detector. Host star light directly illuminates the primary mirror. The primary 1036 

mirror scatters some of that irradiance into an angle which, after reflecting off the secondary mirror 1037 

spreads energy across the coronagraph dark hole, including in the region of the exo-Earth signal. 1038 

Next, some the host star light (specular reflection of PM) incident on the secondary mirror is 1039 

scattered across the PSF and into the dark hole. And so on for the tertiary and quaternary mirrors. 1040 

At this point it is very important to note that scattered light sums. (Fig B-3) It does not root-sum-1041 

square (RSS) like wavefront errors. [B-3] 1042 

 1043 

Fig. B-3 Each surface in telescope/coronagraph optical train is an ‘in-field’ source of near-angle scatter which 1044 
sums in focal plane. [B-3] 1045 

It is also important to note that the scattered E-fields are constructively coherent with the 1046 

leakage E-field. Because the scattered light is from the host star light, there is no phase difference.  1047 

Because the optical surfaces are very smooth (nanometers rms), the optical path difference is much 1048 

smaller than the host star light’s coherence length (micrometers) – because the coronagraph 1049 

spectral band is narrow (i.e. < 20%). 1050 

Finally, scattered E-fields from the primary mirror are collimated in the dark hole. Consider 1051 

a single point scatterer on the primary mirror. The secondary and aft optics reimage that scattering 1052 

source into a conjugate plane in the coronagraph. In Fig 2, the pupil mask is located at this plane. 1053 

And, per Fig 2, a diverging point source in the pupil mask plane is collimated, focused, and 1054 

recollimated into the dark hole. Now consider that the primary mirror’s uncorrelated 1055 

microstructure can be decomposed into billions or trillions of point scatterers each contributing a 1056 

very small constructively coherent collimated E-field into the dark hole. Similarly, the secondary 1057 

mirror contributes E-fields, which, while not collimated, have radii on the order of 30 meters. 1058 

B.2 Scatter Models 1059 

There are two scatter models in common use: Rayleigh-Rice Vector Scatter (essentially the 1060 

grating equation) and Generalized Harvey-Shack Scalar Scatter (a parametric model).  Both 1061 

models have been used in the past to reliably predict wide angle scatter from as close as a few 1062 

degrees from a bright source.  1063 

B.2.1 Rayleigh-Rice (R-R) Vector Scatter Theory 1064 

Rayleigh-Rice is a ‘smooth’ surface theory.  Where ‘smooth’ is defined to be a surface 1065 

whose RMS roughness is either smaller than < λ/100 (< ~5 nm rms) [B-2] or < λ/1000 (< ~ 0.5 1066 

nm rms). [B-4, B-5] To first order, R-R vector theory uses the diffraction grating equation to 1067 

calculate the amount of power at a given wavelength λ that is removed from the PSF into a given 1068 

scatter angle 𝜃𝑖 by the surface PSD spatial frequency 𝑓𝑥 1069 
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sin 𝜃𝑖 =  𝜃𝑖 = 𝑓𝑥  𝜆 = 
𝜆

𝑑
 1070 

Scattered light as a function of angle is proportional to the surface’s PSD and scales with 1071 

wavelength.  Because diffraction is a physical optic phenomenon, we refer to this as coherent 1072 

scatter.  Dark hole speckle noise is caused by scatter from long spatial frequencies (Table B-1). 1073 

Table B-1: Long Spatial Frequency Errors that Scatter into Dark Hole 

Scatter Angle [mas] PSD Spatial Frequency [1/µm]  

for λ = 600 nm  

Spatial Period [m] Cycles  

per 6-m Aperture 

30 2.5 x 10-7 4 1.5 

60 5 x 10-7 2 3 

200 1.7 x 10-6 .6 10 

600 5 x 10-6 0.2 30 

According to R-R [B-2], the ratio of power in first diffraction order (at a given angle for a given 1074 

wavelength) to incident power (i.e. flux ratio) is given by: 1075 

 
𝑃±1

𝑃𝑖
 =  (

2 𝜋 𝑎

𝜆
)

2

 𝑐𝑜𝑠𝛳𝑖𝑐𝑜𝑠𝛳±1 1076 

Where a = peak-valley amplitude of the sinusoid.  For incidence and scatter angles smaller than 1077 

0.1 rad (~ 5 deg), the cosine terms are unity. Thus, the scattered light across the dark hole is 1078 

essentially flat and the required peak amplitude stability is proportional to wavelength.   1079 

a = ~ (
𝜆

2
)  𝑥 10−6 1080 

B.2.2 Generalized Harvey-Shack (GHS) Surface Scatter Theory 1081 

Generalize Harvey-Shack (GHS) 1082 

surface scatter theory is a parametric or 1083 

‘scalar’ theory that provides accurate 1084 

predictions for moderate-amplitude randomly 1085 

rough surfaces at arbitrary incident and 1086 

scatter angles. [B-6] GHS theory models 1087 

BRDF and is described by three parameters, 1088 

Slope S, Knee L and Peak b0 (Fig B-4) [B-7]: 1089 

𝐵𝑅𝐷𝐹(𝜃) =  𝑏0  [1 + (
𝜃

𝐿
)

2

]

𝑆/2

 1090 

The b0 parameter is the near-specular (peak) BRDF and because the angles are so small, its value 1091 

is constant for all angles across the coronagraph’s dark hole.  The S parameter is the power-law 1092 

falloff of the surface’s PSD.  S is how smooth the mirror is polished and typically varies from -2 1093 

to -3. The L parameter is the angle at which BRDF transitions from a power-law falloff to a 1094 

constant Lambertian value (i.e. angle at which scatter becomes a constant incoherent 1095 

background).   1096 

 1097 

 1098 

 
Fig. B-4: Parametric variables that describe Harvey-

Shack scatter function for a smooth optical surface. [B-7] 



50 

 

B.3 BRDF, PSD and Near-Angle Scatter Throughput 1099 

Bidirectional Reflectance 1100 

Distribution Function (BRDF) (defined by 1101 

Nicodemus in 1977 [B-8]) is a geometric 1102 

relationship to describe surface scatter in 1103 

radiometric terms. (Fig B-5) BRDF is 1104 

defined as the reflected radiance, L, (power 1105 

per unit solid angle per unit projected area) 1106 

divided by the incident irradiance, E, (power per unit area). [B-2, B-9] (Please note that the 1107 

international standard (SI) radiometric irradiance E notation is different from electric field E 1108 

vector.) 1109 

𝐵𝑅𝐷𝐹 (𝜃𝑠,  𝜑𝑠;  𝜃𝑖 ,  𝜑𝑖) =  
dL (𝜃𝑠,  𝜑𝑠;  𝜃𝑖 ,  𝜑𝑖)

𝑑𝐸 (𝜃𝑠 ,  𝜑𝑠;  𝜃𝑖 ,  𝜑𝑖)
=

𝛷𝑠/𝛺

𝛷𝑖𝑐𝑜𝑠 (𝜃𝑠, 𝜑𝑠)
=  

𝛷𝑠/𝛺

𝛷𝑖
 1110 

where: 1111 

𝛷𝑖   = Total Power Incident on Entrance Pupil, i.e. Primary Mirror Area, = 𝐸𝑖  𝑥 𝐴𝑃𝑀 1112 

𝛷𝑠/Ω = Power per unit Solid Angle Scattered from Entrance Pupil, i.e. PM Area 1113 

Ω = π (λ/D)2  = Solid Angle of the Primary Mirror’s PSF 1114 

λ   = Wavelength 1115 

D  = Primary Mirror Diameter 1116 

(𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖) = (Nλ/D, Nλ/D; 0, 0) where N = 1 to 30 so that (𝜃𝑠, 𝜑𝑠) are very small 1117 

 1118 

BRDF is frequently plotted in (β – β0) space where β = sin(𝜃𝑠), β0 = sin(𝜃i).  Thus, the 1119 

scattered power from the PM, directly imaged into a dark hole pixel is given by: 1120 

Φs(𝑢, 𝑣)
𝐶𝑜𝑟𝑒 =  BRDF(λ/D < (β – β0) < Nλ/D)  ·   𝛷𝑖  ·   𝛺𝐶𝑜𝑟𝑒 1121 

BRDF is also mathematically equivalent to the surface’s PSD [B-2]: 1122 

PSD(𝑓𝑥,  𝑓𝑦) = [
108 𝜆4

16𝜋2 ] · BRDF(𝛽 − 𝛽0) [Ǻ2 μm2] 1123 

For small angles, the equation simplifies to PSD0 and BRDF0, because both are constant across 1124 

the dark hole. 1125 

PSD0 = [
108 𝜆4

16𝜋2 ] · BRDF0 [Ǻ
2 μm2] 1126 

Finally, BRDF provides a direct method to calculate Near-Angle Scatter Throughput of 1127 

contrast leakage (as defined in Appendix A): 1128 

𝜏𝑁𝐴𝑆   ≡   
𝛷𝑠

𝛷𝑖
= 𝐵𝑅𝐷𝐹 𝑑Ω =  𝐵𝑅𝐷𝐹 · 𝜋 (

𝜆

𝐷
)

2

 1129 

B.4 Power Spectral Density 1130 

Given that both Rayleigh-Rice and Harvey-Shack models use surface BRDF scatter function or 1131 

PSD structure functions, and, given that both these expressions can directly give NAS Throughput, 1132 

it is important to spend some time with the mathematics of PSD.  Particularly given how PSD can 1133 

inform both correlated (i.e. angular) and uncorrelated (i.e. diffuse) scatter. 1134 

 
Fig B-5: BRDF Defining Geometry 
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B.4.1 Surface Power Spectral Density (PSD) and Auto-Covariance Function (ACF) 1135 

PSD decomposes any data set into contributions 1136 

per frequency (spatial or temporal). The PSD of a data set 1137 

can be calculated two ways: either by taking the modulus 1138 

square of the Fourier transform of the data set, or by taking 1139 

the Fourier transform of the autocovariance function 1140 

(ACF) of the data set. (Fig B-6) The ACF of a data set is 1141 

calculated by taking its autoconvolution, i.e., shearing the 1142 

data set against itself.   1143 

A typical PSD is described by three parameters: 1144 

PSD(0) (zero-frequency value of PSD); correlation 1145 

length, ℓ; and the roughness exponent H (for Hurst). 1146 

(Fig B-7) [B-10] For optical surfaces, the PSD to the 1147 

‘right’ of the correlation length cutoff falls off as a 1148 

statistical function with negative slope. For polished 1149 

surfaces this slope is typically between -2 and -3. This 1150 

region of the PSD describes the surface’s structure that 1151 

can be decomposed into correlated spatial frequencies 1152 

– spatial frequencies which scatter light into discrete 1153 

angles via the grating equation. The PSD to the ‘left’ of 1154 

the correlation length cutoff is flat because at these 1155 

spatial frequencies surface structure is uncorrelated. Thus, these spatial frequencies scatter light 1156 

diffusely into all angles. As a reminder, the PSD of an ideal Lambertian surface is simply a flat 1157 

line for all spatial frequencies. Obviously, correlation length is important. 1158 

B.4.2 Correlation Length 1159 

Correlation Length (ℓ) is the maximum shear for which the surface spatial structure is 1160 

correlated (i.e., the longest spatial wavelength Fourier decomposed periodic component). Surface 1161 

structure separated by a distance larger than the correlation length are statistically independent, 1162 

i.e., uncorrelated. Some define ℓ to be where the ACF equals zero, others define it as where the 1163 

ACF equals 1/e. It is important to understand that the correlation length calculated from a data set 1164 

is ‘band limited’. If the surface is smooth, then the limit is either L or L/2 where L = sample length 1165 

(depending on how correlation length is defined). If the surface is not smooth, then the limit might 1166 

be shorter. 1167 

 
Fig. B-6: PSD is modulus square of data set 

Fourier transform or Fourier transform of data 

set’s autocovariance function. 

 
Fig. B-7: Graphical representation of PSD. [B-10] 
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B.4.3 Band limited Data 1168 

The problem with calculating PSD (and ACF) 1169 

from measured surface data is that no single 1170 

instrument can cover the entire frequency range.  1171 

Measured data is band-limited, therefore, 1172 

calculations of PSD (and ACF) are band-limited. 1173 

(Fig. B-8) The longest spatial period (lowest spatial 1174 

frequency) is limited by sample length. The shortest 1175 

spatial period (highest spatial frequency) is limited 1176 

by pixel size and Nyquist spacing. Interferometers 1177 

and micro-profilometers can measure from one cycle 1178 

across their data set (maybe half cycle) to a few 1179 

hundred cycles. Interferometers typically measure a surface’s full aperture. While micro-profilers 1180 

(and sub-aperture interferometers) sample the surface. Micro-profilers measure areas of a few 1181 

millimeters. Each instrument provides a band-limited measured RMS roughness estimate: 1182 

𝜎 =   [∫ 𝑃𝑆𝐷(𝑓)𝑑𝑓
𝑓2

𝑓1

]

1/2

 1183 

Total RMS roughness for the surface is obtained by calculating the root-sum-square (RSS) of the  1184 

the band-limited estimates: 1185 

σ2
Total = σ2

Low + σ2
Mid + σ2

High 1186 

While it is well known that instruments are 1187 

band-limited in their measurement of surface 1188 

statistics, what is less well known is how these band-1189 

limited estimates impact near angle scatter. The 1190 

answer requires a somewhat complicated but linear 1191 

development. First, if PSD is band-limited, then so 1192 

is ACF.  The total ACF of a surface is the summation 1193 

of individual band limited ACFs. Each instrument 1194 

produces its own ACF with its own band-limited 1195 

estimate of RMS roughness and correlation length. 1196 

(Fig B-9) It is important to understand that the 1197 

correlation length of a given measurement may be 1198 

due to the instrument’s limitation and not the surface statistics. For example, the low and mid-1199 

spatial frequency correlation length due to the instrument’s band limits and not the surface.  1200 

Next, a surface’s total PSD (or PSF) is a stack of their band-limited estimates. (Fig B-10 1201 

& Fig B-11) The reason is because no single instrument can measure the scattered light caused by 1202 

surface structure outside of its band limits.  1203 

 
Fig. B-8: Measured PSD is band-limited. [B-11] 

 
Fig. B-9: As PSDs are band limited, so are ACFs, 

and each has their own correlation length. [B-12] 
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    1204 

So, what does this mean for near-angle scatter? The answer is: even if one removes all a 1205 

mirror’s correlated low- and mid-spatial frequency surface structure, either via computer-1206 

controlled polishing or a deformable mirror, the 1207 

surface will always have some amount of 1208 

microstructure. And, while the spatially correlated 1209 

portion of this microstructure scatters (diffracts) light 1210 

into large angles, the spatially uncorrelated portion of 1211 

this microstructure diffusely scatters light into all 1212 

angles, including angles very close to the specular 1213 

reflection. (Fig B-12)    1214 

B.4.4 Importance of Correlation Length and Distribution Functional Form 1215 

While typically overlooked, Correlation Length (ℓ) 1216 

may be the most important parameter for Near-Angle 1217 

Scatter. According to Beckmann-Kirchhoff theory [B-2], 1218 

for an isotropic random surface with normal (Gaussian) 1219 

height distribution much smaller than the illuminating 1220 

wavelength and a Gaussian autocorrelation function, the 1221 

PSD is determined by a surface’s microstructure rms 1222 

roughness, σ, and correlation length, ℓ,  1223 

PSD2𝐷(𝑓) = π ℓ2 𝜎2 𝑒−(πℓ𝑓)2
, 1224 

where f is spatial frequency. Thus, the amplitude of the 1225 

near-angle ‘Lambertian’ scatter is given by PSD2𝐷(0) = π ℓ2 𝜎2.  Fig B-13 shows that for two 1226 

surfaces with the same RMS roughness, the surface with the longer correlation length (i.e. the 1227 

smoother surface) has a higher PSD1𝐷(0). Thus, this surface will have higher near-angle scatter.  1228 

More generally, PSD is often represented by an inverse power law model,  1229 

𝑃𝑆𝐷2𝐷(𝑓) =
𝐾𝐴𝐵

[1 + (𝐵𝑓)2](𝐶+1)/2
, 1230 

where: 1231 

𝑃𝑆𝐷2𝐷(0) = 𝐾𝐴𝐵 =
𝐶−1

2𝜋
(𝐵𝜎)2  if C > 1. 1232 

 
Fig. B-10: Angle Resolved Scatter (ARS) vs angle 

of incidence. Dotted line is Airy Diffraction 

envelope. Solid lines are scattered light. [B-13] 

 
Fig. B-11: Point Spread Function (PSF) is sum 

(stack) of diffraction and scatter. [B-12] 

 
Fig. B-13 PSD1D (0) depends on 

roughness and correlation length. [B-10] 

PSD(0)

 
Fig. B-12: Scatter consists of large coherent 

component and small diffuse component. [B-14] 
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In the case of 𝐶 = 2, the PSD profile is Lorentzian. Thus, from the inverse Fourier transform, the 1233 

ACV is a decaying exponential, and B is the 1/e correlation length. In the case where 𝐶 = 2𝜋2 +1234 

1, the equation for 𝑃𝑆𝐷2𝐷(0) profile is Gaussian and 𝐵 = ℓ. Note that the Gaussian case has a 1235 

𝑃𝑆𝐷2𝐷(0) that is a factor (2𝜋2 + 1)/2 greater than the Lorentzian case, given the same values of 1236 

𝐵 and 𝜎. [B-15] 1237 

B.5 Total Integrated Scatter (TIS) and Near-Angle Scatter Throughput 1238 

Total Integrated Scatter (TIS) is another scatter metric that has relevance to Scatter 1239 

Throughput.  There are multiple methods to quantify TIS. [B-2] Assuming perfect reflectance, TIS 1240 

can be defined as the ratio of total hemispherical scattered flux to total incident flux. 1241 

𝑇𝐼𝑆 =  
𝛷𝑠

𝛷𝑖
 1242 

Mathematically, it is the integral of BRDF over the full projected hemispherical solid angle. 1243 

𝑇𝐼𝑆 =  ∬ 𝐵𝑅𝐷𝐹  𝑑Ω 1244 

TIS is typically quantified experimentally with an 1245 

integrating sphere by reflecting an incident beam off a 1246 

sample and measuring the total power on to the sample, the 1247 

power in the reflected specular beam and the diffuse scatter. 1248 

(Fig B-15)   The diffuse scatter component is related to 1249 

surface roughness. 1250 

𝑇𝐼𝑆𝑑𝑖𝑓𝑓𝑢𝑠𝑒  =  (
4𝜋 𝜎

𝜆
 cos𝜃)

2

 1251 

For near-angle, the cosine term goes to 1. 1252 

TIS can be used to estimate the near-angle diffuse scatter throughput in the dark hole by 1253 

multiplying TIS by the primary mirror’s PSF solid angle 1254 

𝜏𝑁𝐴𝑆   ≡   
𝛷𝑠𝑐𝑜𝑟𝑒

𝛷𝑖
=

𝛷𝑠

𝛷𝑖
 𝑑Ω = 𝑇𝐼𝑆 𝑑Ω 1255 
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