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Abstract

We present a multifrequency and multi-instrument methodology to study the physical properties of galaxy clusters
and cosmic filaments using cosmic microwave background observations. Our approach enables simultaneous
measurement of both the thermal (tSZ) and kinematic Sunyaev–Zeldovich (kSZ) effects, incorporates relativistic
corrections, and models astrophysical foregrounds such as thermal dust emission. We do this by jointly fitting a
single physical model across multiple maps from multiple instruments at different frequencies, rather than fitting a
model to a single Compton-y map. We demonstrate the success of this method by fitting the A399–A401 galaxy
cluster pair and filament system using archival data from the Planck satellite and new, targeted deep data from the
Atacama Cosmology Telescope, covering 11 different frequencies over 14 maps from 30 GHz to 545 GHz. Our
tSZ results are consistent with previous work using Compton-y maps. We measure the line-of-sight peculiar
velocities of the cluster–filament system using the kSZ effect and find statistical uncertainties on individual cluster
peculiar velocities of ≲600 km s−1, which are competitive with current state-of-the-art measurements.
Additionally, we measure the optical depth of the filament component with a signal-to-noise of 8.5σ and
reveal hints of its morphology. This modular approach is well-suited for application to future instruments across a
wide range of millimeter and submillimeter wavebands.

Unified Astronomy Thesaurus concepts: Galaxy clusters (584); Sunyaev-Zeldovich effect (1654); Cosmic web
(330); Large-scale structure of the universe (902); Cosmology (343); Intergalactic filaments (811); Warm-hot
intergalactic medium (1786); Cosmic microwave background radiation (322); CMBR detectors (259); X-ray
astronomy (1810); Radio astronomy (1338); Millimeter astronomy (1061)
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1. Introduction

The cosmic microwave background (CMB) is the radiation
from the early Universe released around 380,000 yr after the
Big Bang. First discovered in the mid-1960s (A. A. Penzias &
R. W. Wilson 1965), its analysis has played a pivotal role in
enhancing our understanding of what the Universe is made of
and how it has evolved over time. The CMB has proven to be a
powerful tool for probing the large-scale structure of the
Universe. One way this is achieved is by studying the
interaction of CMB photons with hot electrons as they pass
through galaxy clusters, the largest gravitationally bound
objects in the Universe, with masses of order 1013–1015M⊙
and average intergalactic gas temperatures as high as
5–10 keV.

As CMB photons interact with the hot, ionized electrons in
the intracluster medium, they gain energy via inverse-
Compton scattering. This process creates a distortion in the
CMB blackbody frequency spectrum toward higher frequen-
cies, an effect known as the thermal Sunyaev–Zeldovich effect
(tSZ; Y. B. Zeldovich & R. A. Sunyaev 1969; R. A. Sunyaev
& Y. B. Zeldovich 1970, 1972). The upscattering of photons
by the tSZ effect results in a temperature decrement
(increment) relative to the CMB blackbody at frequencies
below (above) 217 GHz.

In addition to the tSZ effect, the bulk motion of galaxy
clusters also imparts a Doppler boost to the CMB photons.
This effect, referred to as the kinematic Sunyaev–Zeldovich
effect (kSZ), does not distort the shape of the blackbody
spectrum but alters its apparent temperature as the photons
thermalize in the rest frame of the moving cluster. The
magnitude of the kSZ effect depends linearly on the line-of-
sight optical depth through the galaxy cluster and its peculiar
velocity relative to the Hubble flow. On the other hand, the tSZ
effect depends linearly on the integrated pressure along the
line of sight. M. Birkinshaw (1999) and T. Mroczkowski et al.
(2019) provide reviews of the SZ effects, with the latter
focusing on more recent astrophysical applications as well as
introducing some of the more recent relativistic corrections
discussed in Section 3.

The kSZ effect allows for measuring the peculiar velocities
of galaxy clusters along the line of sight, probing the velocity
field of the large-scale structure in the Universe, which is
sensitive to cosmological parameters. In particular, the
peculiar velocity distribution measured from samples of
galaxy clusters can be used to measure the dark energy
equation-of-state parameter (S. Bhattacharya & A. Kosowsky
2008) and distinguish between models of dark energy and
modified gravity (A. Kosowsky & S. Bhattacharya 2009).

Despite the promise of kSZ surveys, measurements of the
kSZ signal have proven to be an observational challenge. The
kSZ signal has the same spectral dependence as the primary
CMB anisotropies, and it is also weak: for instance, a galaxy
cluster with an optical depth τe = 0.005 and a line of sight,
receding peculiar velocity of 300 km s−1 has a kSZ signal of
ΔTkSZ ∼ −13.6 μK. On the other hand, the primary CMB
anisotropy on angular scales of ∼1° is ∼70 μK, about 5 times
larger than the kSZ signal. Another challenge is adequately
separating the tSZ effect from the kSZ effect. To do so,
observations near tSZ null (217 GHz) are important, where
only the kSZ signal is present. Figure 1 compares the tSZ and
kSZ spectra for a fixed optical depth of 0.01. Relativistic
effects, which become important when the gas is hot, alter the

SZ spectra—particularly the tSZ spectrum (see Figure 1)—and
shift the tSZ null frequency. They must be accounted for to
accurately model the SZ signal. Furthermore, the thermal
emission of dust in member galaxies of the cluster must be
accurately accounted for so as not to contaminate the kSZ and
tSZ signals.
While the kSZ effect has now been detected with high

significance by stacking or combining multiple galaxy clusters
(E. Schaan et al. 2021; B. Hadzhiyska et al. 2025b; B. Ried
Guachalla et al. 2025), attempts to constrain the kSZ effect in
individual clusters remain limited. J. Sayers et al. (2013)
measured the velocity of one of the subclusters in MACS
J0717.5+3745, a triple merging cluster, to be +2550 ±
1050 km s−1 using 140 and 268 GHz Bolocam data. R. Adam
et al. (2017b) also measured the gas velocity within MACS
J0717.5+3745 using the 150 and 260 GHz bands of the NIKA
camera at the IRAM 30m telescope. J. Sayers et al.
(2019) measured the tSZ and kSZ signal in a sample of 10
merging galaxy clusters using data from Bolocam/AzTEC,
Herschel-SPIRE, Planck, Chandra, and the Hubble Space
Telescope, finding a median velocity uncertainty per cluster of
∼700 km s−1, but without detecting any nonzero peculiar
velocities.
In addition to probing galaxy clusters, the SZ effect can also

be used to study the material present between the clusters. The
large-scale structure takes the form of a cosmic web, with
galaxy clusters at the nodes connected by cosmic filaments.
Simulations suggest that the diffuse gas in cosmic filaments
contains around 30% of the baryons in the Universe (e.g.,
J. R. Bond et al. 1996; R. Cen & J. P. Ostriker 1999; R. Dave
et al. 2001; D. Galárraga-Espinosa et al. 2021; T. Tuominen
et al. 2021). This cosmic web structure has been observation-
ally verified by galaxy surveys (e.g., M. J. Geller &
J. P. Huchra 1989; M. Colless et al. 2001; J. R. Gott et al.
2005; T. Sousbie et al. 2008; E. Tempel et al. 2014), molecular
absorption lines (e.g., N. Tejos et al. 2016; F. Nicastro et al.
2018; I. Pessa et al. 2018; J. Nevalainen et al. 2019;
S. J. D. Bouma et al. 2021), dispersion measurements of fast
radio bursts (e.g., J. P. Macquart et al. 2020), and X-ray
emission (e.g., D. Eckert et al. 2015; H. Tanimura et al.
2020, 2022; J. Dietl et al. 2024). Most relevant to our work,
filaments have also been detected via stacking tSZ
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Figure 1. Thermal and kinematic SZ effect including relativistic corrections.
We assume an optical depth of τe = 0.01 for these calculations. The vertical
dotted line is at the tSZ null at 217 GHz. For illustration, the markers show the
nominal central frequencies of the ACT and Planck frequency maps we used
in this work.
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measurements from multiple clusters (e.g., A. de Graaff et al.
2019; H. Tanimura et al. 2019; G. Isopi et al. 2025; M. Lokken
et al. 2025), via stacking of kSZ measurements (B. Hadzhiyska
et al. 2025a), and in a few limited cases, detected or
constrained in tSZ measurements of individual cluster pairs
(Planck Collaboration et al. 2013; V. Bonjean et al. 2018;
A. D. Hincks et al. 2022; G. Isopi et al. 2025).

The standard approach to measuring the tSZ effect involves
combining CMB temperature maps at multiple frequencies
into a single Compton-y map, which provides a dimensionless
measure of the integrated pressure along each line of sight.
This is typically done with an internal linear combination
(ILC) of the individual-frequency maps that isolates each of
the signals with a unique spectrum into its own map: the CMB
plus the kSZ signal, the tSZ signal, and the cosmic infrared
background (CIB; see, e.g., M. S. Madhavacheril et al. 2020;
W. Coulton et al. 2024). Compton-y maps have been used to
study the physical properties of galaxy clusters and filaments
(e.g., Planck Collaboration et al. 2013; V. Bonjean et al. 2018;
W. Coulton et al. 2024; G. Isopi et al. 2025). While the ILC
approach has several advantages, for noisy observations with
limited frequency channels (the situation for all millimeter sky
observations), the separation into individual components is not
perfect: a tSZ map will contain residual levels of CMB, kSZ,
CIB, and so forth. Variations on the ILC have been used to
mitigate this, such as deprojection methods (M. Remazeilles
et al. 2011; J. Chluba et al. 2017; M. Remazeilles et al. 2021),
but these come with large noise penalties and require complex
modeling of how the components are impacted by the ILC
procedure. Furthermore, signals with different spectral shapes
whose parameters are not known a priori, such as the
relativistic SZ and CIB, are not optimally extracted in the
ILC approach (see, e.g., M. Remazeilles & J. Chluba 2020;
W. R. Coulton et al. 2026). These difficulties motivate the
multifrequency approach presented in this work.

In this paper, we present a framework to model the SZ
signal in galaxy clusters and filaments using a multifrequency
and multi-instrument approach on a per-pixel basis. The
advantage of this technique is that it can effectively separate
the tSZ and the kSZ effects, while also accounting for
relativistic corrections. In addition, this methodology allows
for flexible per-pixel spatial and spectral modeling of
astrophysical foregrounds, such as point sources, dust emis-
sion, and radio sources. Our approach is modular and enables
the integration of new data from upcoming instruments across
a wide range of frequencies.

Our pipeline was first applied in J. van Marrewijk et al.
(2024), who performed joint model fitting of ACT and ALMA
data of the protocluster XLSSC 122. However, the application
of our technique in that paper was limited to exploring only the
tSZ effect, using just two ACT maps (98 and 150 GHz), and
the methodology was only briefly described. In this paper, we
provide a full description of the method and demonstrate its
capability to jointly model multiple astrophysical signals
across a wide range of frequencies. We demonstrate this
technique by applying it to the A399–401 galaxy cluster pair
and filament system (A399–401) using data from the Atacama
Cosmology Telescope (ACT) and the Planck satellite. Table 1
presents some basic information about the system.

2. Instrument and Data Overview

2.1. Atacama Cosmology Telescope

ACT was a six-meter telescope located at an altitude of
5190m in the Atacama Desert in Chile that observed in bands
roughly centered at 30, 40, 98, 150, and 220 GHz. The telescope
had a beam full width at half maximum (FWHM) of 2.1 at
98 GHz, 1.4 at 150 GHz, and 1.0 at 220 GHz. The Atacama
Desert is a dry site with low precipitable water vapor, which
makes it an excellent location for microwave astronomy
(T. W. Morris et al. 2022, 2025). The ACT project went
through three versions of detectors: (i) the Millimeter
Bolometric Array Camera (MBAC), which collected data from
2007 to 2010 (J. W. Fowler et al. 2007; D. S. Swetz et al. 2011)
(ii) ACTPol, which observed both the CMB temperature and
polarization data from 2013 to 2015 (R. J. Thornton et al. 2016),
and (iii) Advanced ACTPol, which collected temperature and
polarization data from 2016 to 2022 (S. W. Henderson
et al. 2016).
A399–401 is located within the regular ACT survey area,

but to better probe this unique system, 31.5 hr of targeted
observations were obtained with ACT in 2020 November. This
roughly doubled the ACT map depth of the system. We
combined these dedicated observations with the regular
DR6v2 survey data collected between 2017 and 2020. These
data include observations from three ACT polarized arrays
(PA) of detectors, PA4, PA5, and PA6, which provided
coverage at 98, 150, and 220 GHz. In this analysis, we
consider a 2°.1 × 2°.1 region centered on A399–401,
corresponding to 252 pixels on each side with a 0.5 pixel
scale. While more recent ACT DR6 data are available
(S. Naess et al. 2025a), we did not incorporate them in this
analysis. The targeted observations remain the dominant
contributors to the high sensitivity in our maps, and the
inclusion of newer data would offer only marginal improve-
ments while requiring substantial additional effort in handling
associated map-based systematics. Although the multifre-
quency methodology we developed in this work allows for
fitting individual point sources, we used source-subtracted
maps for this analysis to reduce the number of fit parameters.
Point sources with a signal-to-noise ratio of greater than 3
were removed using the combined ACT and Planck point-
source catalog. For the A399–A401 system, this procedure led
to the removal of 12 point sources. The radius of the point
source that is removed is defined by the beam size for a given
frequency map. Future analyses may benefit from explicitly
modeling the point sources as part of the fit. Finally, although
ACT also observed the system at 30 and 40 GHz, the data

Table 1
Basic Information About the A399–401 System

Parameter A401 A399 Filament

R.A. 44°.741 44°.464 44°.661
Decl. 13°.580 13°.040 13°.322
z 0.07366 0.07181 0.07274
Separation 36.21 (3.11 Mpc) ⋯
Length ⋯ ⋯ 15.6
Width ⋯ ⋯ 12.3

Note. The redshifts are taken from W. R. Oegerle & J. M. Hill (2001). We take
the filament redshift to be the average redshift between the two clusters. All
other parameters are the best-fit values calculated in this work, as shown in
Section 4.
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processing and calibration of these channels is still in process
and not yet mature enough for inclusion in most scienti-
fic work.

Four “splits” were made of each temperature map: the raw
time-ordered data were sorted into single-day blocks, which
were then optimally distributed across four independent sets to
ensure even data distribution and uniform sky coverage
(S. Aiola et al. 2020; S. K. Choi et al. 2020; S. Naess et al.
2025b), and made into separate maps, or “splits.” The splits
should contain the same astrophysical signal but have
independent noise realizations, which can be used to estimate
their noise properties. We used temperature maps and did not
require the use of polarization information. Figure 2 shows the
central fit region of A399–A401 and the surrounding regions
used for covariance estimation on the ACT PA5 98 GHz coadd
map. The sensitivity contours from the combined ACT maps are
also shown, highlighting the higher sensitivity toward the center
due to the 31.5 hr of targeted observations. The nonuniform
depth of the maps is discussed further in Section 3.4.4.

2.2. Planck Satellite

The Planck mission was a 1.5 m telescope that observed the
CMB from 30 GHz to 857 GHz, with resolutions ranging from

5 to 32 . It measured the CMB anisotropies over the entire
sky from 2009 to 2013, providing cosmological parameter
constraints consistent with the ΛCDM model (Planck
Collaboration et al. 2020). Planck carried two instruments:
the Low Frequency Instrument (LFI), with bands centered at

approximately 30, 40, and 70 GHz, and the High Frequency
Instrument (HFI), with approximate band centers of 100, 143,
210, 353, 545, and 857 GHz. In this work, we used point-
source subtracted Planck temperature maps from the npipe
release of the LFI and HFI. We did not include the 857 GHz
channel due to its uncertain calibration (Planck Collaboration
et al. 2016b). Two splits are available for each temperature
map for the Planck npipe data, corresponding to half-ring
splits for LFI and half mission splits for HFI. Each map is
reprojected from HEALPix (K. M. Górski et al. 2005)
to a Plate Carrée (CAR) projection (M. R. Calabretta &
E. W. Greisen 2002) with a 0.5 pixel size.

2.3. X-Ray Imaging Data

We compared our best-fit results with the Chandra broad-
band (0.5–7.0 keV) image of the A399–A401 system. We
constructed the map from 24 Advanced CCD Imaging
Spectrometer (ACIS) observations, which included both
ACIS-I and ACIS-S observations that span over two decades
of Chandra operations, resulting in nonuniform coverage of the
A399–401 field.30 Data were reprocessed using the standard
Chandra Interactive Analysis of Observations (CIAO;
A. Fruscione et al. 2006) package 4.17.0. The observations
were then light-curve filtered for flare events using the
deflare task with method=clean, and the resulting clean
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Figure 2. A coadded temperature map of ACT 98 GHz PA5 showing the A399–A401 cluster pair and regions around the pair used for estimating the signal and
noise covariance. The sensitivity contours are from the combined coadded variance maps from ACT and show that the data are deeper toward the center due to the
31.5 hr of dedicated observations of this system.

30 The following Chandra observation identification numbers (ObsIDs) were
used: 518, 3230, 2309, 10416, 10417, 10418, 10419, 14024, 22635, 22882,
26931, 27198, 27199, 27200, 27201, 27549, 27560, 27561, 27562, and 27586.
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intervals were merged into an exposure-corrected image using
the merge_obs task. The final image after processing is
binned 4 × 4 pixels for a resolution of 1.968 and comprises
∼452 ks of exposure time.

2.4. LOw-frequency ARray Data

We include the LOw-Frequency ARray (LOFAR) radio data
from J. M. G. H. J. de Jong et al. (2022) for comparison of the
diffuse radio emission with the best-fit Compton-y and
Chandra X-ray images. These continuum radio interferometric
observations span 120–168MHz and are binned to a central
frequency of 144MHz. Due to the wide field nature of these
observations, J. M. G. H. J. de Jong et al. (2022) used
WSClean (A. R. Offringa et al. 2014), a modern, multi-
faceted, multiscale deconvolution algorithm related to the
original CLEAN algorithm (J. A. Högbom 1974). For more
details on the reduction, we refer the reader to J. M. G. H. J. de
Jong et al. (2022).

3. Methodology

This section presents the methodology for the multi-
frequency approach. We discuss the spectral and spatial
models for SZ and dust signal in Section 3.1. The treatment of
bandpasses and instrument beams is discussed in Sections 3.2
and 3.3, respectively. The procedure for estimating the
covariance is described in Section 3.4. The likelihood
estimation and the model fitting procedure is discussed in
Section 3.5. We also compared our results with a Compton-y
map that we made from the same multifrequency maps.

3.1. Models

The CMB temperature decrement due to the thermal and
kinematic SZ effect is

( ) ( ) ( )=T x T dl
k T

m c
f T

v

c
n, , 1SZ CMB

B e

e
2 e

r
e T

where l is the distance along the line of sight, Te is the electron
temperature, ν is the frequency of the light, vr is the peculiar
velocity projected along the line of sight, and ne is the electron
number density; as usual, kB, me, c, and σT are Boltzmann’s
constant, the mass of the electron, the speed of light, and the
Thomson cross section, respectively. The function f (ν, θe)
encodes the frequency dependence of the tSZ effect,

( ) ( ) ( ) ( )= +f T A T, , . 2e 0 e

Here, ( ) ( )/=A x xcoth 2 40 , where x ≡ hν/kBTCMB, h is
Planck’s constant and TCMB = 2.726 K (D. J. Fixsen 2009); it
represents the temperature-independent contribution to the tSZ
spectrum, while δ(ν, Te) accounts for the temperature-
dependent relativistic corrections (see, e.g., N. Itoh et al.
1998; N. Itoh & S. Nozawa 2004; J. Chluba et al. 2012;
M. Remazeilles & J. Chluba 2025). In the nonrelativistic
Kompaneets approximation, fNR(ν) = A0(ν). Relativistic
corrections become important at temperatures pertinent to
the intercluster medium (≳ 1 keV), and therefore we include
these corrections in our modeling. For the kSZ effect, a
negative (positive) radial velocity means that the cluster is
moving toward (away from) the observer, resulting in a
temperature increase (decrease) in the CMB.

We model the tSZ and kSZ signal on a per-pixel basis using
the SZpack numerical library, which allows for fast and
precise computation of SZ signals up to high electron
temperatures (∼25 keV; J. Chluba et al. 2012, 2013). For the
spatial profile of the SZ signals in the clusters, we used the
classical β-profile to model the electron density within galaxy
clusters (A. Cavaliere & R. Fusco-Femiano 1976),

( )
[ ( ) ]

( )
/ /

=
+

n r
n

r r1
, 3e

e0

c
2 3 2

where r is the distance from the center of the cluster, rc is the
core radius of the cluster, ne0 is the density at the cluster
center, and β determines the slope of the profile. Although we
used the β profile for this work in order to compare our results
with A. D. Hincks et al. 2022 (hereafter H22), our
methodology is flexible and allows for using any other profile,
such as the generalized Navarro, Frenk, and White (gNFW)
profile (H. Zhao 1996; J. F. Navarro et al. 1997) introduced for
pressure profile modeling by D. Nagai et al. (2007). We
assume an isothermal gas temperature and use the elliptical β-
model for the spatial profile of the gas, projected to two
dimensions on the sky (see J. P. Hughes & M. Birkinshaw
1998 for the derivation of these equations). The total observed
two-dimensional model of the SZ signal is of the form

( ) ( )= +
+

I I
x ey

r
1 , 4SZ,model SZ

2

c
2

0.5 1.52

where

( ) ( )
( ) ( ) ( )

=
= + +

x x x y y

y x x y y

cos sin ,

sin cos , 5
0 0

0 0

x0 and y0 are cluster center positions in equatorial coordinates,
θ is the position angle (defined such that north is zero degrees,
and the angle increases in the counterclockwise direction
toward east), and e is the major-to-minor axis ratio. ISZ is
computed using SZpack with the following input parameters:

1. τe, the optical depth;
2. Te, the electron temperature in keV;
3. βo, the peculiar velocity of the observer with respect to

the CMB rest frame (βo = vo/c);
4. μo, the direction cosine of the line of sight with respect to

the observer’s velocity;
5. βc, the peculiar velocity of the cluster or filament

(βc = vc/c); and
6. μc, the direction cosine from the cluster to the observer.

We used the COMBO mode in SZpack for computing the
SZ signal, which uses a combination of asymptotic expansions
and basis functions, described further in J. Chluba et al.
(2013, 2012). This mode provides fast and precise computation
of the SZ signal for temperatures below 75 keV. The observer
velocity with respect to the CMB rest frame is known from
measurements of the CMB dipole, which indicate that the Sun
is moving with βo = 1.241 × 10−3 toward the galactic
coordinates ℓ = 264°.14 and b = 48°.26 (D. J. Fixsen et al. 1996;
D. J. Fixsen & J. C. Mather 2002). While the observer velocity
is known and fixed, it must still be accounted for in the kSZ
measurements, so that the kSZ signal can be transformed from
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the cluster rest frame to the CMB rest frame and then to the
observer’s rest frame; see J. Chluba et al. (2005, 2012) for
details. The direction cosine, μo, is computed from the cluster
location on the sky relative to the direction of motion of the
Sun with respect to the CMB.

For the spatial profile of the filament, we adopt the “mesa”
model used in H22:

( )
( ) ( )

( )
/ /

=
+ +

g l w
l l w w

,
1

1
, 6

0
8

0
8

where l is the length of the filament parallel to the line joining
the center of the clusters, and w is the width of the filament in
the direction perpendicular to l.

To model the dust signal, we use a modified blackbody
spectrum,

( ) ( )
[ ( ) ]

( )/

/
=

+
+

+

I A
z h k T

h z k T

1 exp 1

exp 1 1
, 7D D

0

3
0 B D

B D

D

where z is the redshift. We set the normalization frequency to
ν0 = 545 GHz and fix the dust temperature, TD, to 20 K and the
dust emissivity index, βD, to 1.5. These values were selected
based on the best-fit parameters from Planck Collaboration
et al. (2016a), who fit the spectral energy distribution of dust
using a stacked sample of more than 500 clusters observed
with Planck and the Infrared Astronomical Satellite. We allow

the dust amplitude, AD, to be a free parameter. Our observation
bands range from 30 to 545 GHz, where the modified
blackbody spectrum from thermal dust emission lies within
the Rayleigh–Jeans (RJ) regime, where variations in the dust
temperature and the dust emissivity index have a negligible
impact on the dust spectral shape, as shown in Figure 3. We
employ the same spatial profile for the dust signal as the SZ
signal for the clusters and the filament. The total signal for the
model is the sum of the SZ signal and the dust signal.
Note that we do not include the primary CMB as a separate

model component. Although it shares its spectral shape with
the kSZ effect, it acts as a large-scale background that does not
follow the spatial profile of the clusters or the filament. This
spatial distinction breaks the degeneracy, allowing us to
account for it in our noise covariance treatment and measure
the kSZ signal from the system.
The free parameters that we fit for each cluster are its

position on the sky, the profile shape β, the core radius rc, the
ellipticity e, the position angle θ, the optical depth τe,
the electron temperature Te, and the dust amplitude AD. For
the filament, we fit for the length l0, the width w0, as well as Te,
τe, and AD. We fixed the position angle of the filament to align
with the axis joining the two clusters. We adopt Gaussian
priors on the gas temperatures. For A399 and A401, we used
the results from XMM-Newton spectral fits (I. Sakelliou &
T. J. Ponman 2004),

( )
= ±
= ±

k T
k T

8.47 0.25 keV
7.23 0.19 keV. 8

B A401

B A399

For the intercluster filament, we used the results from
Suzaku observations (H. Akamatsu et al. 2017).

( )= ±k T 6.52 0.35 keV 9B fil

To model the kSZ effect and the peculiar velocities, we
considered three cases:

1. Case 1: Individual velocities. We fit the peculiar
velocities of the two clusters and the filament individu-
ally. This leads to three free parameters: vA399, vA401, and
vfil.

2. Case 2: Bound system, fixed velocity difference. We treat
the A399–A401 pair and the filament as a single,
gravitationally bound system:

( )
( )

( )

/

/

= +
=
=

v v v

v v v

v v

2

2

. 10

A401 system diff

A399 system diff

fil system

The only free parameter in the fit is the system’s
bulk velocity, vsystem. We fix the relative velocity
between the two clusters to vdiff = 520 km s−1, as
derived from their spectroscopic redshift difference
(W. R. Oegerle & J. M. Hill 2001). Equation (10)
assumes that the velocities of the system are nonrelati-
vistic, which is verified through self-consistency.

3. Case 3: Bound system, free velocity difference. Follow-
ing Equation (10), we fit for a single velocity for the
whole system, but we additionally include vdiff as a free
parameter rather than fixing it using the spectroscopic
data as done in Case 2.
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Figure 3. The top panel shows the modified blackbody spectrum from thermal
dust emission in galaxy clusters (normalized to 545 GHz) and the impact of
variations in the dust temperature and emissivity index. The observation bands
in this work lie in the Rayleigh–Jeans regime. The fiducial dust model we use
in this work is T = 20 K and β = 1.5. The bottom panel shows the intensity
ratio of the fiducial model and choice of other model parameters in our
observation band. While the choice of dust model parameters can lead to
∼35% difference in dust emission (e.g., at 100 GHz), the overall effect is
small since the SZ signal dominates the dust signal below around 300 GHz.
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The list of fit parameters and priors for the three cases is
shown in Table 2. We used Gaussian priors on the
temperatures and uniform priors on all other parameters.

3.2. Bandpasses

For a given array and frequency, we integrate the SZ
intensity signal and the dust intensity signal over the normal-
ized bandpass of the instrument. The bandpasses for ACT and
Planck are shown in Figure 4. For Planck, we used the LFI
bandpasses described in Planck Collaboration et al. (2016c)
and HFI bandpasses described in Planck Collaboration et al.
(2014). For a given array and frequency, we integrate the
signal as

( )=I
I R d

R d
, 11signal

signal,

where Rν is the bandpass and Isignal,ν is the intensity and
“signal” denotes either the SZ or the dust. In this work, the
total signal for the cluster or filament models is taken as the
sum of the SZ and the dust signal.

3.3. Instrument Beams

We convolve the model with the instrument beams for ACT
and Planck. The ACT beams are measured from observations
of Uranus and are approximated as being azimuthally
symmetric (M. Lungu et al. 2022). We model the Planck
beam as a two-dimensional Gaussian distribution with FWHM
values taken from Planck Collaboration et al. (2016d), which
are listed in Table 3.

3.4. Covariance

In our multifrequency framework, we simultaneously fit
maps from multiple arrays, frequency bands, and instruments,
in this case, ACT and Planck. It is therefore necessary to
account for the noise present in each individual map, but also
the noise that is covariant between different maps. Here, by
“noise” we mean any contribution to the map that is not

Table 2
Model Parameters, Priors, Units, and Descriptions

Parameter Prior Units Description

A401

R.A. Uniform(44.651,
44.851)

� R.A.

Decl. Uniform(13.472,
13.672)

� decl.

β Uniform(0.1, 2.0) ⋯ β-model index
rc Uniform(0.1, 6.0) Core radius
e Uniform(0.2, 2.0) ⋯ Ellipticity (b/a)
θ Uniform(90, 140) � Position angle
Te Gaussian(8.47, 0.25) keV Gas temperature
τe Uniform(0, 0.02) ⋯ Optical depth
AD Uniform(0,

2,000,000)
Jy sr−1 Dust amplitude

A399

R.A. Uniform(44.373,
44.573)

� R.A.

Decl. Uniform(12.930,
13.130)

� decl.

β Uniform(0.1, 2.0) ⋯ β-model index
rc Uniform(0.1, 10.0) Core radius
e Uniform(0.2, 3.0) ⋯ Ellipticity (b/a)
θ Uniform(75, 170) � Position angle
Te Gaussian(7.23, 0.19) keV Gas temperature
τe Uniform(0, 0.02) ⋯ Optical depth
AD Uniform(0,

1,000,000)
Jy sr−1 Dust amplitude

Filament

R.A. Uniform
(44.60, 44.80)

� R.A.

Decl. Uniform
(13.25, 14.00)

� decl.

l0 Uniform(0, 30) Length
w0 Uniform(0, 30) Width
Te Gaussian(6.52, 0.35) keV Gas temperature
τe Uniform(0, 0.005) ⋯ Optical depth
AD Uniform(0,

1,000,000)
Jy sr−1 Dust amplitude

Velocity parameters: Case 1 (individual velocity fits)

vA401 Uniform(−10,000,
10,000)

km s−1 A401 peculiar velocity

vA399 Uniform(−10,000,
10,000)

km s−1 A399 peculiar velocity

vfilament Uniform(−10,000,
10,000)

km s−1 Filament peculiar velocity

Velocity parameters: Case 2 (system velocity fit)

vsystem Uniform(−10,000,
10,000)

km s−1 A399-401 system velocity

Velocity parameters: Case 3 (system velocity fit + pairwise velocity)

vsystem Uniform(−20,000,
20,000)

km s−1 A399-401 system velocity

vdiff Uniform(−20,000,
20,000)

km s−1 Velocity difference between
A399 and A401

Note.We used Gaussian priors for the X-ray temperature, taken from I. Sak-
elliou & T. J. Ponman (2004) for A399 and A401 and H. Akamatsu et al.
(2017) for the filament. We assumed uniform priors for the other parameters.
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Figure 4. Bandpasses of the ACT and Planck maps used in this work. These
bandpasses have been normalized to have a peak of one.
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captured by our model; hence, for instance, the primary CMB
anisotropies are considered noise, as well as contributions
more traditionally thought of in these terms, such as
instrumental noise. Bearing this in mind, we separate the
covariance into a linear combination of “signal,” S, and
“noise,” N, components. The signal component includes the
contribution from all the unmodeled components that are
constant in time, including the CMB and astrophysical
foregrounds. The noise component includes all time-varying
signals, chiefly instrumental noise and atmospheric emission,
and is calculated from the splits described in Sections 2.1 and
2.2. The procedure for the covariance estimation broadly
follows the procedure discussed in M. S. Madhavacheril et al.
(2020) and is described further in this section.

We expect the signal covariance to be present between all
pairs of maps due to the contribution of the CMB signal and
astrophysical foregrounds at all frequencies from 30 to
545 GHz. For the ACT maps, we expect nonnegligible noise
covariance between frequency maps from the same array
due to the detectors observing the same atmosphere and the
presence of correlated instrumental noise on each array; we
assume the noise covariance to be zero for all other cases. We
also consider noise covariance between the Planck channels to
allow for potentially correlated noise between the channels.
Figure 5 is a schematic representation of a small portion of the
full covariance matrix, showing, by way of example, which
combinations of ACT PA5 (98, 150 GHz), ACT PA6
(150 GHz), and Planck (353 and 545 GHz) maps require noise
covariance estimates in addition to the signal covariance
estimates. The total covariance for a given map pair is two-
dimensional with pixel dimensions that match the fit region,
which is 2°.1 × 2°.1 or 252 × 252 pixels.

3.4.1. Instrument and Atmospheric Noise Power Spectrum

This section describes the procedure for calculating the
noise covariance for a given array, frequency, and instru-
ment pair.

1. For a pair of array and frequency maps, we first define
the notation array 1 and frequency 1 (af ) and array 2 and
frequency 2 (a f ). For example, for the combination of
ACT PA5 at 150 GHz and ACT PA6 at 150 GHz, we
have af = PA5–150 and a f = PA6–150, respectively.
For each array–frequency combination, we first compute
the difference map for each split,

( )=d s c, 12i i

where c is the coadd map (c = ∑sihi/∑hi), i is the index
for different split maps (1� i� k, where k is the number
of splits), and hi is the per-pixel inverse variance map for
each split. Subtracting a coadd map from the split map
removes all the signal components, including the CMB,
astrophysical foregrounds, as well as common systema-
tics that persist across splits, such as ground pickup.

2. We then create a normalized inverse variance map,
hi,n = hi/∑ihi.

3. We weight each difference map by hi,n,

( )= ×d d h . 13i w i i n, ,

4. We then apply an apodized mask, mapod, to eliminate
edge effects when performing the fast Fourier transform
(FFT), using a cosine profile that smoothly transitions
from 1 to 0 at the map edges. We used a window width
of 10 (20 pixels).

( )= ×d d m 14i i w, apod , apod

5. We then take the two-dimensional FFT of the normalized
and apodized difference map to get the noise (instrument
and atmospheric) power spectrum,

˜ ( )= Fd d ,i af i, , apod

where F is the FFT operator, and a tilde above a variable
indicates that it is in Fourier space.

6. We estimate the noise power spectrum from eight
background regions around the region containing the
system being modeled. The size of each background
region matches the size of the fit region. For A399–
A401, we used a square box with a side length of 2°.1.
This box size is chosen such that the cluster fit region lies
within an area with near-uniform map depth (see
Figure 2). We scale the white-noise level estimated from
the outer regions by the level calculated from the central
region, which is deeper. This procedure of noise scaling
is further discussed in Section 3.4.4.

Table 3
Summary of Beam FWHM for ACT And Planck

Instrument Frequency FWHM
(GHz) (arcmin)

Planck 30 32.4
Planck 44 27.1
Planck 70 13.3
ACT 98 2.1
Planck 100 9.7
Planck 143 7.3
ACT 150 1.4
Planck 217 5.0
ACT 220 1.0
Planck 353 4.9
Planck 545 4.6

Figure 5. An illustrative schematic of part of the covariance matrix required for the multifrequency approach in this work. We show the portion of the covariance
matrix that includes maps from ACT PA5 (98, 150 GHz), ACT PA6 (150 GHz), and Planck (353 and 545 GHz). The orange and blue elements are cases for which
covariant noise must be included, whereas the signal covariance is computed for all matrix elements. The noise covariance is assumed to be zero for the matrix
elements in white.
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7. For a given map region, the noise power spectrum is

˜( )
( )

( ˜ ) ( )= × *N d
k k w

d
1

1

1
, 15af a f

i i
i af i a f, reg , ,

where the weight ˜[(=w hi i af, ) ( ˜ )]× × ×m h mi a fapod , apod

accounts for the loss in power due to the apodized mask.
The k − 1 factor is used to convert the noise power
spectrum from the difference maps into a noise power
estimate of the coadd map under the assumption of
uniform noise weight per split.

3.4.2. Signal Power Spectrum

The signal covariance is estimated from the eight outer
regions around the fit region as follows:

1. The coadded maps are apodized:

( )
= ×
= ×

m m m

m m m

,

, 16
af af

a f a f

, apod apod

, apod apod

and the covariance is calculated, accounting for the
power loss from the apodization:

( )
( ) ( )

( ) ( )

=
×

×

F F *
S

m m

m m

N . 17

af a f
af a f

af a f

, reg
, apod , apod

apod apod

, reg

2. The noise power spectrum estimate, as determined in
Section 3.4.1, is then subtracted from the result of
Equation (17). The noise term is zero for the uncolored
elements in Figure 5 and nonzero for the colored
elements.

3.4.3. Total Covariance

Finally, we combine the signal and noise covariances:

1. For each element of the covariance matrix (each array
and frequency combination), the total covariance, P, is
the sum of the total signal power spectrum and the total
noise power spectrum:

¯
¯ ¯

= +

= +

P P S N

S N ,

af a f af a f af a f

af a f af a f

, , ,

, , regs , , regs

where S̄af a f, , regs and N̄af a f, , regs are the average over the
signal and noise power spectra from the eight back-
ground regions around the cluster fit region.

2. We smooth the total noise covariance with a Gaussian
kernel with a standard deviation of 1.25 pixels (0.75) to
mitigate biases due to random fluctuations. We validated
the choice of the smoothing kernel size by injecting
synthetic clusters in the ACT and Planck maps. When
varying the smoothing kernel between one to two pixels
(0.5 to 1 ), we consistently recovered the input parameters.

Figure 6 shows the one-dimensional signal and noise power
spectra of the ACT 98 GHz PA5 map and the Planck 217 GHz
map, by way of example. The noise from the CMB dominates
at low ℓ (large angular scales) for the signal power spectrum.
In the ACT noise power spectrum, the atmosphere dominates
the noise at low ℓ, and the detectors dominate the noise at high
ℓ (small angular scales). The Planck noise power spectrum is

roughly constant and does not increase at low ℓ due to the lack
of atmospheric noise. The Planck noise spectrum contains a
knee at ℓ ∼ 6100, which is due to finite band limit of the maps,
as the maps were transformed to the CAR projection using a
spherical harmonic transform = × n3max side, where
nside = 2048. Figure 7 shows the total covariance as a function
of instrument, array, frequency, and angular scale. This shows
that the weights are dominated by Planck on large scales
(ℓ ≲ 500), ACT on intermediate scales (ℓ ≳ 500), and white
noise on small scales (ℓ ≳ 3000). We note that some Planck
channels show nonzero weights at high multipoles in Figure 7.
This is a consequence of working in beam-convolved space:
instead of deconvolving the beam in the data, we convolve the
physical model with the beam (Equation (20)). At small scales
the beam heavily suppresses the sky signal, and the covariance
approaches the white-noise floor. The effective weights is
proportional to ˜ ˜×b Caf af a f

2
,
1

, which causes the Planck
contribution at high ℓ to be effectively zero.

3.4.4. Noise Covariance Estimate for A399–A401 with Spatially
Varying Depth

Due to the deeper ACT scans of the A399–A401 pair from
31.5 hr of targeted observations, the data are less noisy toward
the center of the map, as shown by the dashed line in Figure 2.
Whereas the signal covariance should be approximately
constant from region to region, the noise covariance will vary
due to the nonuniform map depth. To model this spatial
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Figure 6. The noise and signal power spectra as a function of multipole for
ACT PA5 98 GHz (top) and 217 GHz Planck (bottom). The noise levels in the
cluster region for ACT are lower due to the deeper scan in that region as part
of dedicated ACT observations of A399–401. The Planck noise spectrum
contains a knee at ℓ ∼ 6100 due to the finite band limit of the maps. The y-axes
of the two plots are in arbitrary units in Fourier space, but the relative scaling
of the plots and curves is the same.
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variability, we took the average of the noise covariance from
the outer regions and then rescaled the white-noise level at
ℓ� 3000 to match the white-noise level measured from the
central region. This method takes the slope of the atmospheric
noise power as a function of scale to be constant, which is
empirically found to be a reasonable approximation (e.g.,
S. Naess et al. 2025b), so that the benefit of longer
observations is lowering the white-noise level. However, we
also tried modeling an ℓ-dependent function from the central
region and found that our results were not significantly
different from rescaling by the white-noise level.

3.5. Model Fitting Procedure

To fit the model to our data, we seek to maximize the
Gaussian likelihood:

( ) ( ) ( )
/

=L
C

d m C d m
1

2
exp

1

2
, 18T

1 2
1

where d is the vector of data, m is the vector of the model, and
C is the covariance matrix. In our case, d consists of the maps
from all arrays and frequencies from ACT and Planck, which

can be concatenated into a single vector,

[ ] ( )= …d d d d , 19N
T

1 2

where daf are the individual maps at each array–frequency
combination af. The model m and covariance C can be
constructed analogously. We work in Fourier space, in which
the residual maps, i.e., data minus model, are:

˜
˜ ( ) ( )

( )=
× × ×F F

r
d m m m

m

b
, 20af

af af afapod apod

apod

where we apodize both the map and the model with an
apodization window (10 ), mapod, to eliminate any edge
effects, and also convolve the model with the telescope beam
window function, b̃af . In the denominator of Equation (20),
〈mapod〉 is the mean value of the apodization map, which
properly renormalizes the result. Taking the logarithm of
Equation (18), ignoring its normalization (which is constant
and does not matter for the optimization problem) and
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Figure 7. The relative statistical weights (calculated as inverse covariance) as a function of instrument, array, frequency, and angular scale. The maximum weight in
each panel is normalized to 1 (shown as black) with linear scaling. This shows that the statistical power is dominated by Planck on large scales (ℓ < 500) and ACT on
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inverse covariance shown here multiplied by the beam transfer function squared. Due to the large Planck beams, their constraining power at high ℓ vanishes as
expected.
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switching to component notation, we have:

˜ ˜ ˜ ( )L r C rlog , 21
af a f k k

af k af a f k k a f k, , , ,
1

,

where k represents a Fourier pixel in a residual map raf. Our
estimation of the covariances (Section 3.4) implicitly assumes
that the noise—whether “signal” noise or instrumental/atmo-
spheric noise—is stationary, such that each individual
covariance map is diagonal in Fourier space. Thus, the overall
covariance is block-diagonal: ˜ ˜=C Caf a f k k af a f k k k k, , , , , , , , and
each Fourier pixel can be treated independently when
computing the log-likelihood:

˜ ˜ ˜ ( )L r C rlog , 22
k af a f

af k af a f k a f k, , ,
1

,

where we have dropped the superfluous index k from C̃. The
inversion of the covariance matrix in Equation (22) is
completely tractable because for each k, C̃af a f k, , is only an
N × N matrix, where N = 14 is the number of ACT and Planck
maps that we fit in this work.

We minimized Equation (22) using the emcee (D. Forem-
an-Mackey et al. 2013b) Python package with the MCMC
algorithm. We ran the MCMC for >50τ iterations, where τ is
the autocorrelation time, to ensure that the chains have
converged. We estimated the autocorrelation time by comput-
ing the autocorrelation function for each walker individually
and then averaging these estimates, which leads to a more
stable and lower variance estimate of τ compared to averaging
all walkers into a single chain before computing the
autocorrelation (see more in the documentation of emcee31).

4. Results

4.1. Best-fit Models

Table 4 shows the best-fit model parameters that we obtain
for the A399–401 system, for each of the three kSZ cases
described in Section 3.1. We define the best-fit value as the
median of the posterior distribution and report 1σ error bars
from the 16th and 84th percentiles. Fit results from H22 are
also shown for comparison and are discussed further below.
Corner plots of the posterior distributions are shown in the
Appendix (Figures 15–21).

Figures 8–9 provide informative visual summaries of our
results: Figure 8 shows the spectra of the best-fit models for
Case 1, including the contributions from the individual signal
types—tSZ, kSZ, dust—for each of A399, A401, and the
filament. Figure 10 shows a 1D slice along the axis joining
A399 and A401 of the best-fit SZ model for Case 1 for a
representative set of maps that were fit. Note that at
frequencies near the tSZ null (Planck 217 GHz and ACT
220 GHz), the kSZ signal can be seen as the curve crosses
from positive to negative between the two clusters, which are
moving in opposite directions. Finally, Figure 9 provides the
most complete visual representation of the results, showing the
original map, the best-fit SZ model, and the residuals for each
of the maps included in the fit.

The optical depth of the filament in the A399–A401 system
is measured with a statistical significance of 8.5σ, providing

strong evidence for its existence, in line with previous work
that fit directly to Compton-y maps (Planck Collaboration
et al. 2013; V. Bonjean et al. 2018; A. D. Hincks et al. 2022),
but now using our more flexible multifrequency method.
The dust amplitude is not well constrained for either the

clusters or the filament, in all cases being consistent with zero.
The large uncertainties in the dust spectrum are not unexpected
given our lack of resolution and sensitivity at higher
frequencies; including better infrared data in future studies
could better constrain the dust signal.
Our results exhibit the expected degeneracy between the

temperature and the optical depth, since the tSZ effect is
proportional to the product neTe and is only sensitive to them
independently via the relativistic effect (see Equations (1) and
(2)). We therefore rely on the temperature prior from X-ray
measurements to break the degeneracy and obtain a good
measurement of the optical depth; note that the posterior of Te
is virtually the same as the prior. We assess the consequences
of relying on the X-ray temperature in our fits below, in
Section 4.4. We also see a degeneracy between the optical
depth and the peculiar velocity, since the kSZ effect is
proportional to the product τevr. However, because we can
constrain the optical depth with good significance in the tSZ
signal with the help of the X-ray temperature priors, we can
obtain meaningful constraints on the peculiar velocities.
To see if any significant residuals remain after subtracting

our best-fit models from the maps, we combined the residual
maps shown in Figure 9 (right columns) into a single
Compton-y map using the Internal Linear Combination (ILC)
method (C. L. Bennett et al. 2003; J. Delabrouille et al. 2009)
as implemented in W. Coulton et al. (2024). Rather than using
a needlet basis, which is optimal for large maps, we work in
regular Fourier space on our relatively small maps. We create
two Compton-y maps of residuals, shown in Figure 11: one in
which only the best-fit model of the clusters is subtracted
(leaving the bridge signal untouched) and one in which the full
model, including the bridge model, is subtracted. For
visualization, we also create a Compton-y of the system
without any models subtracted (left panel in Figure 11). The
“mesa” model appears to be a reasonable approximation of the
filament, as seen in the middle panel. No obvious residuals
appear in the model-subtracted maps, but there are some
suggestive small-scale features in the data that are discussed in
Section 5.

4.2. Comparison to Direct Compton-y Fits

Table 4 includes the best-fit parameters from H22, who fit
their model directly to a Compton-y map made from Planck
data and earlier, nondeep ACT data. Comparing their results to
ours is a robust check that our multifrequency method is
working properly. The only significant (>3σ) discrepancies
compared to H22 are in the R.A., the core radius, and the β
parameter for A401. The core radius and β are known to be
correlated quantities in the isothermal β-model, so, coupled
with the mismatch in R.A., these differences from H22 are not
surprising. The discrepancy in the R.A. appears to be a real
difference in the maps: the H22 best-fit location for A401 from
the non-dust-deprojected y-map appears to be off-center (see
Figure 22 in the Appendix). However, the best-fit coordinates
of A401 from the dust-deprojected map in H22 agree with our
results. This suggests that there might be a systematic
astrometry mismatch in the H22 non-dust-deprojected map31 https://emcee.readthedocs.io/en/stable/
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of around 0.5 (or one pixel) in R.A. and decl. The rest of the
results from our multifrequency analysis are consistent with
the Compton-y map results in H22.

The Compton-y parameter derived from our best-fit values of
ne and Te is consistent with results obtained directly from the
Compton-y map in H22. This highlights the robustness of our
technique in measuring the tSZ effect without relying on a y-map.

With the deeper ACT data used for our results, we obtain a
∼30% improvement in the measurement of the bridge
amplitude; the relevant comparison is between the Compton-
y measurement of H22, which has an uncertainty of 16%, and

the τ measurement in this work, which has an uncertainty of
12% (for Case 1, where we fit for the individual velocities).
Other parameters do not show a similar improvement, such as
the cluster amplitudes, which are in fact slightly less well
constrained. There are a couple of reasons for this. First, our
multifrequency approach introduces additional fit parameters
(Te, AD, v) that are correlated to τ. Importantly, Te and τ are
correlated via the tSZ effect, and v and τ are correlated through
the kSZ effect, so uncertainties on the gas temperature Te,
which are dominated by the priors from the X-ray measure-
ments, propagate to affect the uncertainties on τ. This source

Table 4
Best-fit Parameters for the A401–A399 Galaxy Cluster Pair System from the Application of the Multifrequency Methodology Developed in This Work

Parameter Compton-y Multifreq. (Case 1) Multifreq. (Case 2) Multifreq. (Case 3) |Δind| |Δsys| |Δdiff|
(A. D. Hincks et al. 2022) (Individual Velocities) (System Velocity) (System + Diff) (σ) (σ) (σ)

A401

R.A. [deg] +44.751 0.002
0.002 +44.741 0.001

0.001 +44.741 0.001
0.001 +44.741 0.001

0.001 4.47 4.47 4.47
Decl. [deg] +13.572 0.002

0.002 +13.580 0.002
0.002 +13.580 0.002

0.002 +13.580 0.002
0.002 2.83 2.83 2.83

β +0.82 0.06
0.07 +1.112 0.056

0.066 +1.094 0.054
0.065 +1.110 0.056

0.066 3.28 3.11 3.25
rc [ ] +2.6 0.3

0.4 +4.328 0.380
0.410 +4.040 0.349

0.379 +4.272 0.370
0.405 3.27 2.85 3.20

e (b/a) +0.81 0.05
0.06 +0.800 0.044

0.046 +0.794 0.046
0.050 +0.800 0.046

0.048 0.14 0.22 0.14
θ [deg] +123 8

9 +107.8 5.5
5.7 +107.82 5.7

5.7 +107.9 5.4
5.6 1.49 1.48 1.49

y ( ) ×+12.6 100.6
0.6 5 (1.219 ± 0.077) × 10−4 (1.258 ± 0.079) × 10−4 (1.224 ± 0.078) × 10−4 0.42 0.02 0.37

Te [keV] ⋯ +8.452 0.250
0.249 +8.447 0.249

0.254 +8.455 0.249
0.247 ⋯ ⋯ ⋯

τe ⋯ ( ) ×+7.368 100.411
0.415 3 ( ) ×+7.612 100.409

0.429 3 ( ) ×+7.398 100.415
0.418 3 ⋯ ⋯ ⋯

AD [Jy/sr] ⋯ ( ) ×+2.37 101.59
2.15 5 ( ) ×+1.86 101.29

1.95 5 ( ) ×+2.28 101.53
2.13 5 ⋯ ⋯ ⋯

A399

R.A. [deg] +44.473 0.004
0.004 +44.464 0.003

0.003 +44.464 0.003
0.003 +44.464 0.003

0.003 1.80 1.80 1.80
Decl. [deg] +13.030 0.003

0.003 +13.040 0.003
0.003 +13.040 0.003

0.003 +13.040 0.003
0.003 2.36 2.36 2.36

β +0.81 0.08
0.11 +1.146 0.079

0.107 +1.166 0.085
0.135 +1.147 0.080

0.119 2.53 2.45 2.45
rc [ ] +3.0 0.6

0.7 +4.343 0.516
0.585 +4.533 0.524

0.613 +4.320 0.517
0.601 1.58 1.78 1.54

e (b/a) +0.93 0.07
0.05 +0.934 0.075

0.088 +0.921 0.077
0.089 +0.929 0.078

0.091 0.04 0.09 0.01
θ [deg] +133 26

27 +107.2 25.3
36.9 +109.6 19.8

34.9 +111.1 21.7
36.0 0.63 0.61 0.56

y ( ) ×+8.1 100.6
0.6 5 (9.215 ± 0.699) × 10−5 (8.953 ± 0.786) × 10−5 (9.211 ± 0.738) × 10−5 1.21 0.86 1.17

Te [keV] ⋯ +7.228 0.191
0.193 +7.214 0.193

0.190 +7.231 0.186
0.186 ⋯ ⋯ ⋯

τe ⋯ ( ) ×+6.514 100.499
0.427 3 ( ) ×+6.341 100.624

0.437 3 ( ) ×+6.509 100.544
0.443 3 ⋯ ⋯ ⋯

AD [Jy/sr] ⋯ ( ) ×+9.60 107.06
13.36 4 ( ) ×+1.08 100.78

1.42 5 ( ) ×+9.42 106.90
13.09 4 ⋯ ⋯ ⋯

Filament

R.A. [deg] +44.68 0.02
0.02 +44.661 0.024

0.016 +44.658 0.036
0.019 +44.658 0.031

0.017 0.67 0.65 0.70
Decl. [deg] +13.37 0.03

0.02 +13.322 0.028
0.022 +13.322 0.048

0.025 +13.322 0.039
0.023 1.36 1.08 1.21

Length [ ] +12.3 1.4
1.7 +15.593 1.333

2.542 +15.822 1.494
6.341 +15.674 1.395

4.667 1.33 0.84 0.99
Width [ ] +10.8 1.0

1.1 +12.270 0.907
1.009 +12.413 1.056

1.098 +12.377 1.027
1.116 1.03 1.07 1.05

y ( ) ×+1.10 100.18
0.17 5 (1.436 ± 0.186) × 10−5 (1.471 ± 0.187) × 10−5 (1.481 ± 0.184) × 10−5 1.32 1.45 1.50

Te [keV] ⋯ +6.509 0.347
0.347 +6.492 0.351

0.358 +6.483 0.345
0.349 ⋯ ⋯ ⋯

τe ⋯ ( ) ×+1.127 100.130
0.136 3 ( ) ×+1.116 100.130

0.135 3 ( ) ×+1.167 100.127
0.134 3 ⋯ ⋯ ⋯

AD [Jy/sr] ⋯ ( ) ×+6.61 104.76
8.31 4 ( ) ×+7.13 105.15

9.08 4 ( ) ×+7.50 105.39
9.00 4 ⋯ ⋯ ⋯

Velocities: Case 1 (individual velocity fits)

vA401 [km/s] ⋯ + +1026 580
609 ⋯ ⋯ ⋯ ⋯ ⋯

vA399 [km/s] ⋯ +1007 525
553 ⋯ ⋯ ⋯ ⋯ ⋯

vfilament [km/s] ⋯ +1252 1361
1290 ⋯ ⋯ ⋯ ⋯ ⋯

Velocities: Case 2 (system velocity fits)

vsystem [km/s] ⋯ ⋯ +116 358
376 ⋯ ⋯ ⋯ ⋯

Velocities: Case 3 (system + velocity difference fits)

vsystem [km/s] ⋯ ⋯ ⋯ +124 358
366 ⋯ ⋯ ⋯

vdiff [km/s] ⋯ ⋯ ⋯ + +1944 783
786 ⋯ ⋯ ⋯

Note.We compare our results to the Compton-y results from A. D. Hincks et al. (2022). The columns titled Δind, Δsys, and Δdiff show the significance of the
difference between the Compton-y and the multifrequency results for the three kSZ cases where we considered. (i) Case 1: fit the individual velocities of A399,
A401, and the filament. (ii) Case 2: fit one system velocity with a fixed velocity difference between the clusters. (iii) Case 3: fit the system velocity and the velocity
difference, respectively. We report the best-fit value as the median of the posterior distributions and uncertainties based on the 16th and 84th percentiles. The
Compton-y parameter in our multifrequency fitting results is derived from the optical depth and the temperature.
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of uncertainty is not accounted for when the cluster amplitude
is characterized by a direct fit to y as was done in H22. Second,
the deeper ACT data only dominate on small angular scales,
while on large angular scales Planck provides more constrain-
ing power. Therefore, for this low-z cluster with a large
angular size, the deeper ACT data do not have as large an
impact as they would for a smaller system. Still, the 30%
improvement on the bridge amplitude is an important gain,
especially given the introduction of the additional parameters.

4.3. Peculiar Velocities

Figure 12 shows the posterior distributions of the velocities
for the three different kSZ cases. The best-fit individual
velocities in Case 1 for A401, A399, and the filament are
+ +1026 580

609 km s−1, +1007 525
553 km s−1, and +1252 1361

1290 km s−1,
respectively. The best-fit single system velocity in Case 2 is

+116 358
376 km s−1, and the best-fit system velocity and the

velocity difference in Case 3 are +124 358
366 km s−1 and

+ +1944 783
786 km s−1, respectively. We measure a velocity

difference of +2033 ± 802 km s−1 between the two clusters
in Case 1, which is consistent with the expected velocity
difference (520 km s−1) based on the redshift difference at the
1.8σ level. The velocity difference constrained in Case 3 is also
consistent with 520 km s−1 at the 1.8σ level. The sign of the
individual peculiar velocities indicates that A399 is moving
toward us and A401 is moving away from us.

The statistical uncertainties for the individual velocities are
higher than constraining a single system velocity, as expected,
but are nonetheless on par with current state-of-the-art
measurements of the kSZ effect in galaxy clusters (e.g., in
J. Sayers et al. 2019). The statistical uncertainty for
the filament’s individual velocity is higher than that for the
individual cluster velocities, which is expected due to the
lower signal-to-noise ratio of the filament signal compared to
the clusters and the higher variance from the primary CMB
anisotropies at the larger spatial scale of the filament compared
to the individual clusters. For Cases 2 and 3, we find a
consistent single system velocity and thereby appear to place a
strong constraint on vsystem, even if we are not yet sensitive to
vdiff. Our results highlight the promise of this multifrequency
approach to statistically constrain the kSZ effect in galaxy
clusters and filaments.

4.4. Impact of Temperature Variations

As discussed in Section 4.1, we are not able to indepen-
dently constrain the gas density and gas temperature from SZ
measurement alone, and we rely on X-ray-derived tempera-
tures to break this degeneracy. This potentially introduces a
bias in our fits because the X-ray brightness arises from free–
free emission and is proportional to ne

2, whereas the SZ effects
are proportional to ne. Thus, the temperature obtained from
X-ray spectroscopy has a different weighting of ne along the
line of sight than the weighting relevant to the SZ signal
(A. Vikhlinin et al. 2009; R. Adam et al. 2017a; E. Lee et al.
2020; S. T. Kay et al. 2024).

Using FLAMINGO simulations, S. T. Kay et al. (2024)
found that the difference between the y-weighted temperature
(relevant to the SZ) and the X-ray spectroscopic temperature is
∼5% from r = 0.1R500c to r = 0.5R500c, with the difference
increasing further starting at r = 0.5R500c to up to 25% at
r = R500c, where R500c is the radius within which the average

density is 500 times the critical density of the Universe at the
cluster’s redshift. While there appears to be evidence that
the two individual clusters in the A399–A401 pair may be
remnants of smaller mergers, the pair itself is believed to be in
an early-merger state with no evidence of strong prior
interaction between the two clusters (see the literature review
in A. D. Hincks et al. 2022). Therefore, it is reasonable to use
simulations of nonmerging/premerger clusters to explore the
impact of X-ray temperature variations on parameters recovery
for the A399-401 system.
To investigate whether this difference in temperature

measures significantly biases our result, we varied the central
value of the Gaussian prior of the cluster temperature from 5%
to 25% away from the X-ray-based values and observed how
this altered the best-fit peculiar velocity, optical depth, and the
Compton-y parameter.
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Figure 8. The best-fit tSZ, kSZ, total SZ, dust, and total signal for the A399–
A401 system for Case 1.
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Figure 9. The panels show the data, best-fit SZ model, and residual plots from fitting A399–401 using our multifrequency approach. The triplet sets of panels range
from the lowest frequency in the upper left to the highest in the lower right. We used Planck and ACT data from 30–545 GHz. The beam size for each instrument and
map is shown in the black circle. We note that the two clusters have SZ model signals that are opposite in sign at 217 and 220 GHz, where the kSZ signal is dominant
over the tSZ, due to their opposite line-of-sight peculiar velocities.
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The top panel in Figure 13 shows the peculiar velocity of
A401 as a function of temperature. Although the error bars
remain large, there is a shift in the best-fit value of the velocity
in the direction expected for preserving the tSZ and kSZ
signals. As the temperature increases, the best-fit optical depth
decreases, as shown in the middle panel of Figure 13. These
results are not surprising, since the optical depth and the
temperature are degenerate in the tSZ signal. As the optical
depth decreases, the magnitude of the best-fit peculiar velocity
increases to preserve the kSZ signal. However, even up to
temperature variations of 25%, we find that the statistical
uncertainty in the peculiar velocity dominates compared to
temperature systematics.

We also investigated the difference in the Compton-y
parameter with temperature variations. The bottom panel in
Figure 13 shows the Compton-y parameter distribution as a
function of temperature for A401 under Case 1 (fitting its
individual velocity). There is no significant change in the best-
fit Compton-y parameter with temperature, indicating the tSZ
signal is effectively being separated from the kSZ signal with
this methodology. Comparing with the y-map results from
H22, we find a 0.42σ, 1.21σ, and 1.32σ discrepancy in the y
parameter for A401, A399, and the filament, respectively.
While the discrepancy in Compton-y for the filament is larger
than the clusters, it remains statistically insignificant. The
result of temperature variations on the kSZ effect and the
Compton-y parameter were similar for A399 and the filament
and for the other two kSZ cases, so we only show the results
for A401 under Case 1 for brevity. While we used a simple
treatment of the temperature by using an isothermal profile
with Gaussian priors from X-ray data in this work, a more
detailed treatment, including using a three-dimensional profile,
will be explored in a future work. We performed a test where
we doubled the assumed uncertainties on the Gaussian
temperature priors, and found that while the recovered
uncertainty on τ did increase, the change was not significant,
which hints that our uncertainties may be noise dominated, and
including more data in the future (e.g., from the Simons
Observatory) may help further reduce the uncertainties.

5. Discussion

The left panel of Figure 14 shows our best-fit tSZ contours
from the ACT PA5 98 GHz model overlaid on the Chandra
X-ray map. The X-ray emission shows broad overall
agreement with the best-fit model for the tSZ effect in the
system. We note, however, that A399 exhibits an offset
between the tSZ and X-ray signals typical of a merger
(C. Zhang et al. 2014). The merger hypothesis in A399 is well-
established and supported by multiple previous studies
(I. Sakelliou & T. J. Ponman 2004; H. Bourdin & P. Mazzotta
2008; M. Murgia et al. 2010), while closer examination shows
a large-scale sloshing spiral likely induced by the same merger
producing the offset. We also note that the connection of the
bridge to A399, rather than following the direct linear path
between the cluster’s X-ray peaks, appears to be offset farther
to the west, consistent with the direction of the tSZ/X-ray
offset within A399. This feature in the bridge is even more
apparent in the Compton-y residual map showing the bridge
signal only (middle panel of Figure 11). The residuals perhaps
show hints of smaller-scale morphology in the bridge that are
not captured by the simple mesa model, such as the middle of
the bridge, on the east side, where the signal is strongest,
consisting of two “fingers,” but the signal-to-noise of such
features is too low to say anything conclusive. The tSZ and
X-ray centroid offset in A399 suggests that a more detailed
study on the impact of centroid offsets and the assumed
temperature profile on other recovered parameters is merited in
a future work.
In the middle panel of Figure 14, the best-fit tSZ model is

shown on the LOFAR radio imaging. We note the strong
correspondence between the diffuse radio emission and the
thermal gas (as already seen in, e.g., F. Govoni et al. 2019;
F. Radiconi et al. 2022). The arc-like radio feature to the
southeast of A399, visible in the LOFAR observations, was
identified as a possible radio relic by F. Govoni et al. (2019)
and F. Radiconi et al. (2022) that may be associated with the
merger component driving the sloshing event. However,
examination of high-resolution LOFAR observations
(J. M. G. H. J. de Jong et al. 2022) indicates that it is more
likely a radio galaxy that may simply be located near a
sloshing discontinuity in projection. Overall, further work will
be required to provide a more detailed SZ+X-ray character-
ization of the merger and sloshing activity in A399.
The right-hand panel of Figure 14 shows the Compton-y

map with lensing convergence and red sequence (RS) galaxy
density contours overlaid from S. Fu et al. (2024) using data
from the Dark Energy Camera. While the peaks in the
convergence map appear to agree well, within the uncertain-
ties, with the corresponding peaks of the tSZ map, there is an
apparent offset between the RS galaxy distribution peak and
the tSZ in A399 that may further hint that this system is out of
thermal hydrostatic equilibrium. Further, we highlight the
excess overdensity of RS galaxies in the filament region, as
previously reported in S. Fu et al. (2024). There are also hints
of correlation between the RS galaxy density and the tSZ
signal at the link regions connecting the filament with
the clusters, confirming that the offset is likely real. Again,
further study of the exact nature of the correspondence and
morphological offset is merited.
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Figure 10. The best-fit SZ signal as a function of frequency along the line
joining A399 and A401 for Case 1.
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6. Conclusion

In this work, we present a multifrequency and multi-
instrument approach to study the physical properties of galaxy
clusters and filaments using high-resolution cosmic microwave
background data. This technique allows for measuring the
thermal and kinematic Sunyaev–Zeldovich effects in clusters
and filaments, while accounting for relativistic corrections. In
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Peculiar velocity (km s−1)
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(case 3: vdiff not fixed)

Cluster velocity difference
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Figure 12. Comparison of peculiar velocity measurements of A399–401. The
black curve shows the case where we fit the individual velocities of the two
clusters and the filament (Case 1). The green curve shows the case where we
fit for a single system velocity, while fixing the velocity difference between the
clusters based on their redshift difference (Case 2). The orange curve shows
the case where we fit for both the system velocity and the velocity difference
between the two clusters (Case 3).

−2500 −1500 −500 500 1500 2500 3500
Velocity (km s−1) (Abell 401)

Temperature: X-ray

5% higher than X-ray

10% higher than X-ray

15% higher than X-ray

20% higher than X-ray

25% higher than X-ray

0.005 0.006 0.007 0.008 0.009 0.010
Optical depth τ (Abell 401)

Temperature: X-ray

5% higher than X-ray

10% higher than X-ray

15% higher than X-ray

20% higher than X-ray

25% higher than X-ray

0.00010 0.00012 0.00014 0.00016
Compton-y (Abell 401)

y-map (H22)

Temperature: X-ray

5% higher than X-ray

10% higher than X-ray

15% higher than X-ray

20% higher than X-ray

25% higher than X-ray

Figure 13. Constraints on A401 best-fit parameters as a function of gas
temperature. The distribution in black in the Compton-y map (bottom) is from
A. D. Hincks et al. (2022)

Figure 11. Compton-y maps made from the multifrequency maps (left), from the residual maps with the clusters subtracted (middle), and from the residual maps
with the clusters and the filament subtracted (right). The contour levels in the middle and right panels are 5σ, 4σ, 3σ, 2σ, 1.7σ, and 1σ, respectively, from the best-fit
tSZ model from the PA5 98 GHz map. The maps have been smoothed with a Gaussian filter with a standard deviation of 1.25 pixels for visualization.
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contrast to the previous technique of using Compton-y maps to
measure the tSZ effect, this approach provides more flexibility
in accounting for both relativistic corrections to the tSZ and
kSZ effect, and allows modeling the astrophysical foreground,
such as fitting the dust emission and point sources as needed in
individual systems on a per-pixel basis. We present the
methodology for this approach and apply it to the A399–401
cluster pair system using maps from the Atacama Cosmology
Telescope and the Planck satellite. We assumed Gaussian
priors on the gas temperature based on X-ray data.

We measure the filament optical depth with ∼8.5σ precision
and find tSZ results consistent with previous studies of
the system using Compton-y maps. We also measure the
individual peculiar velocities of the two clusters and the
filament, obtaining statistical uncertainties of ≲600 km s−1,
competitive with current state-of-the-art measurements. We
also explore the impact of temperature variation on the
recovered parameters.

Our approach is well-suited to apply to future instruments
across subterahertz frequencies to study galaxy clusters and
filaments, such as, for example, the Simons Observatory (SO;
The Simons Observatory Collaboration et al. 2025), the CCAT
Observatory’s Fred Young Submillimeter Telescope (FYST;
CCAT-Prime Collaboration et al. 2023), CMB-HD (CMB-HD;
The CMB-HD Collaboration et al. 2022), and the Atacama
Large Aperture Submillimeter Telescope (AtLAST; L. Di
Mascolo et al. 2025).
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Appendix

In this appendix, we include the full corner plots for our fit
results. There are too many parameters to show in a single plot,
so we split them up as follows: all parameters except the
peculiar velocity are shown for A401 in Figure 15, for A399 in
Figure 16, and for the filament in Figure 17. The optical depth,
temperature, and velocity—the three parameters that determine
the amplitude of the tSZ and kSZ signals—are shown for A401
in Figure 18, for A399 in Figure 19, and for the filament in
Figure 20, all for Case 1. The velocities for Case 2 and Case
3 are shown in Figure 21. Finally, we show the discrepancy
between our results and H22 for the best-fit position of A401
in Figure 22.
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Figure 15. Corner plots for Cases 1, 2, and 3 for A401. The contour levels are 0.5σ, 1σ, 1.5σ, and 2σ. The red curve shows the Gaussian prior used for the gas
temperature.
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Figure 16. Corner plots for Cases 1, 2, and 3 for A399. The contour levels are 0.5σ, 1σ, 1.5σ, and 2σ. The red curve shows the Gaussian prior used for the gas
temperature.
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Figure 17. Corner plots for Cases 1, 2, and 3 for the filament. The contour levels are 0.5σ, 1σ, 1.5σ, and 2σ. The red curve shows the Gaussian prior used for the gas
temperature.
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Figure 18. The posterior distribution of the optical depth, the gas temperature,
and the peculiar velocity for A401. Figure 19. The posterior distribution of the optical depth, the gas temperature,

and the peculiar velocity for A399.
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Figure 20. The posterior distribution of the optical depth, the gas temperature,
and the peculiar velocity for the filament.

Figure 21. The system velocity and the velocity difference posterior
distributions for Case 2 and Case 3.

23

The Astrophysical Journal, 1004:81 (25pp), 2026 June 10 Gill et al.



ORCID iDs

Ajay S. Gillaa https://orcid.org/0000-0002-3937-4662
Yilun Guanaa https://orcid.org/0000-0002-1697-3080
Adam D. Hincksaa https://orcid.org/0000-0003-1690-6678
Tony Mroczkowskiaa https://orcid.org/0000-0003-3816-5372
Zachary Atkinsaa https://orcid.org/0000-0002-2287-1603
Eleonora Barbavaraaa https://orcid.org/0000-0002-2011-9012
Elia S. Battistelliaa https://orcid.org/0000-0001-5210-7625
J. Richard Bondaa https://orcid.org/0000-0003-2358-9949
William Coultonaa https://orcid.org/0000-0002-1297-3673
Adri J Duivenvoordenaa https://orcid.org/0000-0003-2856-2382
Matt Hiltonaa https://orcid.org/0000-0002-8490-8117
John P. Hughesaa https://orcid.org/0000-0002-8816-6800
Giovanni Isopiaa https://orcid.org/0000-0002-8458-0588
Joshiwa van Marrewijkaa https://orcid.org/0000-0001-
9830-3103
Kavilan Moodleyaa https://orcid.org/0000-0001-6606-7142
Sigurd Naessaa https://orcid.org/0000-0002-4478-7111
Bruce Partridgeaa https://orcid.org/0000-0001-6541-9265
Bernardita Ried Guachallaaa https://orcid.org/0000-0002-
0418-6258
John Orlowski-Schereraa https://orcid.org/0000-0003-1842-8104
Cristóbal Sifónaa https://orcid.org/0000-0002-8149-1352
Eve M. Vavagiakisaa https://orcid.org/0000-0002-2105-7589
Edward J. Wollackaa https://orcid.org/0000-0002-7567-4451

References

Adam, R., Arnaud, M., Bartalucci, I., et al. 2017a, A&A, 606, A64
Adam, R., Bartalucci, I., Pratt, G. W., et al. 2017b, A&A, 598, A115
Aiola, S., Calabrese, E., Maurin, L., et al. 2020, JCAP, 2020, 047
Akamatsu, H., Fujita, Y., Akahori, T., et al. 2017, A&A, 606, A1
Astropy Collaboration, Price-Whelan, A. M., Lim, P. L., et al. 2022, ApJ,

935, 167
Astropy Collaboration, Price-Whelan, A. M., Siőcz, B. M., et al. 2018, AJ,

156, 123
Astropy Collaboration, Robitaille, T. P., Tollerud, E. J., et al. 2013, A&A,

558, A33
Bennett, C. L., Hill, R. S., Hinshaw, G., et al. 2003, ApJS, 148, 97
Bhattacharya, S., & Kosowsky, A. 2008, PhRvD, 77, 083004

Birkinshaw, M. 1999, PhR, 310, 97
Bond, J. R., Kofman, L., & Pogosyan, D. 1996, Natur, 380, 603
Bonjean, V., Aghanim, N., Salomé, P., Douspis, M., & Beelen, A. 2018,

A&A, 609, A49
Bouma, S. J. D., Richter, P., & Wendt, M. 2021, A&A, 647, A166
Bourdin, H., & Mazzotta, P. 2008, A&A, 479, 307
Calabretta, M. R., & Greisen, E. W. 2002, A&A, 395, 1077
Cavaliere, A., & Fusco-Femiano, R. 1976, A&A, 49, 137
CCAT-Prime Collaboration, Aravena, M., Austermann, J. E., et al. 2023,

ApJS, 264, 7
Cen, R., & Ostriker, J. P. 1999, ApJ, 514, 1
Chluba, J., Hill, J. C., & Abitbol, M. H. 2017, MNRAS, 472, 1195
Chluba, J., Hütsi, G., & Sunyaev, R. A. 2005, A&A, 434, 811
Chluba, J., Nagai, D., Sazonov, S., & Nelson, K. 2012, MNRAS, 426, 510
Chluba, J., Switzer, E., Nelson, K., & Nagai, D. 2013, MNRAS, 430, 3054
Choi, S. K., Hasselfield, M., Ho, S.-P. P., et al. 2020, JCAP, 2020, 045
Colless, M., Dalton, G., Maddox, S., et al. 2001, MNRAS, 328, 1039
Coulton, W., Madhavacheril, M. S., Duivenvoorden, A. J., et al. 2024, PhRvD,

109, 063530
Coulton, W. R., Duivenvoorden, A. J., Atkins, Z., et al. 2026, PhRvD, 113,

043520
Dave, R., Cen, R., Ostriker, J. P., et al. 2001, ApJ, 552, 473
de Graaff, A., Cai, Y.-C., Heymans, C., & Peacock, J. A. 2019, A&A,

624, A48
de Jong, J. M. G. H. J., van Weeren, R. J., & Botteon, A. 2022, A&A,

668, A107
Delabrouille, J., Cardoso, J. F., Le Jeune, M., et al. 2009, A&A, 493, 835
Dietl, J., Pacaud, F., Reiprich, T. H., et al. 2024, A&A, 691, A286
Di Mascolo, L., Perrott, Y., Mroczkowski, T., et al. 2025, ORE, 4, 113
Eckert, D., Jauzac, M., Shan, H., et al. 2015, Natur, 528, 105
Fixsen, D. J. 2009, ApJ, 707, 916
Fixsen, D. J., Cheng, E. S., Gales, J. M., et al. 1996, ApJ, 473, 576
Fixsen, D. J., & Mather, J. C. 2002, ApJ, 581, 817
Foreman-Mackey, D., Conley, A., Meierjurgen Farr, W., et al. 2013a, emcee:

The MCMC Hammer, Astrophysics Source Code Library, ascl:1303.002
Foreman-Mackey, D., Hogg, D. W., Lang, D., & Goodman, J. 2013b, PASP,

125, 306
Fowler, J. W., Niemack, M. D., Dicker, S. R., et al. 2007, ApOpt, 46, 3444
Fruscione, A., McDowell, J. C., Allen, G. E., et al. 2006, SPIE, 6270, 62701V
Fu, S., Dell’Antonio, I., Escalante, Z., et al. 2024, ApJ, 974, 69
Galárraga-Espinosa, D., Aghanim, N., Langer, M., & Tanimura, H. 2021,

A&A, 649, A117
Geller, M. J., & Huchra, J. P. 1989, Sci, 246, 897
Górski, K. M., Hivon, E., Banday, A. J., et al. 2005, ApJ, 622, 759
Gott, J. R., III, Jurić, M., Schlegel, D., et al. 2005, ApJ, 624, 463
Govoni, F., Orrù, E., Bonafede, A., et al. 2019, Sci, 364, 981
Hadzhiyska, B., Ferraro, S., Ried Guachalla, B., et al. 2025b, PhRvD, 112,

083509
Hadzhiyska, B., Ferraro, S., & Zhou, R. 2025a, PhRvD, 111, 023534
Harris, C. R., Millman, K. J., van der Walt, S. J., et al. 2020, Natur,

585, 357
Henderson, S. W., Allison, R., Austermann, J., et al. 2016, JLTP, 184, 772
Hincks, A. D., Radiconi, F., Romero, C., et al. 2022, MNRAS, 510, 3335
Högbom, J. A. 1974, A&AS, 15, 417
Hughes, J. P., & Birkinshaw, M. 1998, ApJ, 501, 1
Hunter, J. D. 2007, CSE, 9, 90
Isopi, G., Capalbo, V., Hincks, A. D., et al. 2025, JCAP, 2025, 078
Itoh, N., Kohyama, Y., & Nozawa, S. 1998, ApJ, 502, 7
Itoh, N., & Nozawa, S. 2004, A&A, 417, 827
Joye, W. A., & Mandel, E. 2003, ASPC, 295, 489
Kay, S. T., Braspenning, J., Chluba, J., et al. 2024, MNRAS, 534, 251
Kosowsky, A., & Bhattacharya, S. 2009, PhRvD, 80, 062003
Lam, S. K., Pitrou, A., & Seibert, S. 2015, in Proc. Second Workshop on the

LLVM Compiler Infrastructure in HPC (ACM), 1
Lee, E., Chluba, J., Kay, S. T., & Barnes, D. J. 2020, MNRAS, 493, 3274
Loken, C., Gruner, D., Groer, L., et al. 2010, JPhCS, 256, 012026
Lokken, M., van Engelen, A., Aguena, M., et al. 2025, ApJ, 982, 186
Lungu, M., Storer, E. R., Hasselfield, M., et al. 2022, JCAP, 2022, 044
Macquart, J. P., Prochaska, J. X., McQuinn, M., et al. 2020, Natur, 581, 391
Madhavacheril, M. S., Hill, J. C., Næss, S., et al. 2020, PhRvD, 102, 023534
Morris, T. W., Battistelli, E., Bustos, R., et al. 2025, PhRvD, 111, 082001
Morris, T. W., Bustos, R., Calabrese, E., et al. 2022, PhRvD, 105, 042004
Mroczkowski, T., Nagai, D., Basu, K., et al. 2019, SSRv, 215, 17
Murgia, M., Govoni, F., Feretti, L., & Giovannini, G. 2010, A&A,

509, A86
Naess, S., Guan, Y., Duivenvoorden, A. J., et al. 2025a, JCAP, 2025, 061
Naess, S., Guan, Y., Duivenvoorden, A. J., et al. 2025b, JCAP, 11, 061

44.80◦ 44.75◦ 44.70◦ 44.65◦

13.65◦

13.60◦

13.55◦

13.50◦

Right Ascension

D
ec

lin
at

io
n

Abell 401

This work

H22 (non-dust deprojected)

H22 (dust-deprojected)

0.2 0.4 0.6 0.8 1.0
Compton-y ×10−4

Figure 22. This shows the Compton-y of A401 made from the same maps we
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this multifrequency approach and the Compton-y maps in A. D. Hincks et al.
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