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The arneunt of energy absorbed &en a s t m a  of external mdia t ian  e n b r a  

a rectangular-groove cav i t y  has been calculated €or a var ie ty  of surface 

conditions, cavi ty  depths, and incident eneqzy dis t r ibut ions,  

of the  cavity are e i t h e r  diffuse refleo-bors o r  specular reflectors, and a wide 

range of r e f l ec t iv i tv  values have been considered= 

is ei ther  diffusely dist r ibuted across the cavity opening o r  e l s e ,  arrives in 

a butrdle of pamllel  rays, 

reported i n  terms of an apparent absorptivity, which f a  t h e  ratio of the 

energy absorbed i n  t h e  cavFty t o  tkt w5ich enter8, The ma3Ults show that 

f o r  d i f fuse  incoming radiation, a specular c a t i t y  absorbs more effect ively 

than  does a d i f f u s e  cavi ty,  Fcr incoming radiat ion i n  a pa ra l l e l  ray bundle, 

the CODpafi6011 depends on the angle of inc l ina t ion  of the rays. 

The surfaces 

The incoming radiat ion 

As a function of these parameters, r e su l t s  a re  

NOXEMCL AT'LTRE 

surface area 

sate of radiant  flu leaving unit surface area, radicbsity 

constants of integrat ion 

pate of d i . f f ~ s e  rzdiaticc pcr &-it area 0; opening 

angle f ac to r  

constants of integrat ion 

rate of incident  energy per  unit surface area 

cavity width 

Kl,K2 numerical constants, eq, (18) 

k number of surface contacts 

L cavi ty  depth 

L directly-illaminated depth 
i 
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p expments - 
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q 

S 

overall  rate of energy absorbed 

loca l  rate of energy absorbed per unit area 

energy rata per uni t  area normal t o  ray 

equivalent temperature of black surface, ei = G T ~  L 
Ti 
X dimensionless coordinate, x/; 

x distance from cavity opening 

X 

Y dimensionless coodinate,  y / ~  

y distance f r o m  cavity opening 

a surface absorptivity 

separation point for k and k- 1 surface contacts 

apparent absorptivity of cavity aa 

'$ 

6 dimensionless radiosity, B/e or B/S sin8 
i 

inc l lnat im angle, f i g o  b 

x,,x, numerical. con8tants, eqo (18) 

distance, I X  = Y[ 

p ref lect iv i ty ,  1 - w 

cf Stefan-Boltzmmn constant 



LNTRODUCTION 

This pager is concerned with the energy absorbed when radiation from an 

externa3 source enters  a rectangular-groove cavity,, It; is  well-known t h a t  t h e  

energy absorbed within 9 cavity i s  greater than tha t  which would be absorbed 

by a plane ama stretched t i gh t ly  over the opening of the cavity, 

cavity effect and MY be explained i n  t e r n s  of the addi t ional  opportunities for  

energy absorption which accompany the  multi-reflections within the cavityb The 

q a n t i t a t i v e  extent  of the  cav i t y  ezfect depends on the shap of Lhe cavity, 

as w e l l  as on the re f lec t ing  properties of t he  surface and on the  nature of the 

incorning energy, 

This is called 

The a i m  of t h i s  investigat5.on is t o  quant i ta t ively determim the  cavity 

eXw% frjr t h e  mc-tangular ~ I V O V ~ ~  

of conditions Mich include surface r e f l ec t iv i ty  properties, nature of incoming 

radiation, and groove aspect r a t ioo  

may reflect  e i ther  diffusely (i.ee, according to ~ambert'a Cosine !,awl o r  

speculbarly (angle of incidence equal8 angle of mf lec t ion) ,  

these mflectivity character is t ics ,  consideration i s  given t o  radiat ion which 

enters  the cavity e i t h e r  as a diffuse stream o r  as a Iiundle of para l l e l  i'ayso 

For t h e s e  various cases, energy absorption results are obtained and repor-csd as 

z function of surface absorptivity, groove aspect ra t io ,  and incliAati on ; ngle 

of the pa ra l l e l  ray bundleo 

T i e  analysis is extended over a wide ranga 

Consideration is given t o  surfaces which  

For each fine of 

A schematic diagram of the rectangiilar-groove cavity is shown i n  f i p n  1. 

along K i t n  d iwns iona l  nomenclatureo 

while the width is he 

plane of the figure is suf f ic ien t ly  g x z t  s o  that end e f fec t s  are negli@bPe, 

I n  the case of a pa ra l l e l  ray bundle en te r ing  the  cavity, the angle -r is used 

t o  s p c i f y  the incl inat ion of the rays t o  t he  nomalo 

The depth of t h e  groove is measured by L, 

The length of the cavity i n  t h e  direct ion norm:tf t o  th? 

1% fill be ccnvenient t o  give separate consideration t o  ;he C ~ S ~ S  There 

t h e  incorning eneTgy is diffusely distributed o r  arrives in a 3undle of paral le l  
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rays. The former w i l l  be tlleated firat and the lat ter second, Separate 

t x a t m e n t  will also be glven f o r  diffusely-reflecting and specularly-reflecting 

surfaces 

DIFFUS INCOMING ENEFOY, DIFFUSE SURFACES 

The stream of diffuse incoming energy is  uniforrdly dis t r fbuted over the 

opening of the cavity and may be characterized by e per  u n i t  ama of the 

opening. 
i 

For purposes of analysis, the condition of diffuse incominp e n e w  is  

exact ly  equivalent t o  t h a t  provided by a plane black surface of enisaive power 

e and temperature T (ei == p T i h )  atretched t i g h t l y  over the  cavity opening 

and radiatinp; i n t o  the cavityo 
i i 

Consideration is first piven t o  the case where the walls of the cavity am 

diffusely ref lect ing,  The first step in the analysis is t o  w f i t e  a radiant flux 

balance a t  an ama dA (see figure 1) located at a typica l  posi t ion xoo Sett ing 
*a - 

aside the oantzrlbutian of emission,* the energy leaving dA 

reflected portion of the incident energy, 

is aimply the 
xO 

Denoting the energy leaving a surface 

locat ion per un i t  time and area by the radiosi ty  8,  and the incident  energy per 

unit time and ama by Hb we can w r i t e  

B(x ) (1 = Cr: ) H(x 1 (a 1 
D 0 

e n r e  e. is me a!xc;zptA+iw %id 

incident at x arrives via two paths: 

and (b) ind i rec t ly  due t o  energy re f lec ted  a t  the other surfaces of the cavityo 

Fran the external source, there i s  incident per unit  area a t  x 

= (I-=) is $ne mfxectivity,, 'Lne energy 

(a) d i r e c t l y  fran the external  source 
0 

0 

e% Fxo- i 

where Fx is an angle f a c t o r  representing the f rac t ion  of the energy leaving - i  0 

9 
Energy from an external source e n t e r s  t h e  cavity, and it is desired t o  know the 
amount vhich is ultimately absorbed. Rith this i n  mind, it is only necessary 
t o  consider the  radiant interchange process for energy which originated a t  
the external  sourceo and energy emitted by the surface need not  be considered. 
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a typ ica l  posit ion x (ama dA-1 on the  surface of the cavity, there is incident  

which arrives a t  the surface i stretched a c m w  t h e  cavi ty  openinge From 
*@ 

where dFx - 
However, dA 

0 

xO 

A 

a t  x 
0 

is tie f rac t ion  of 

r+-a ive 8 radiat ion 

B(x)  dF x - x  (2b) 
0 

the  energy leaving dA 

from ell surface locat ions within i t s  range of 

which arrives a t  dAxo 
xO 

v i s i b i l i t y ,  a d  t h e  total contribution is obtained by in teera t ing  expression (2b), 

Thus, d t h  equations (2a) and (2bj for the incident energy, t he  radiant, flux 

br.tje&ien sf this equation, it may be noted t h a t  the unknown B appears under 

the  integral s5.p as w e l l  as i n  other parts of the equation, 

t .erefore an i~itegra3. equationo 

Equation (3) i s  

Once sol.*tions f o r  the radiosity B are available,  the energy absorbed in the 

catrity can k2 calculated, 

(per unit .,-ea) is  simply found by multiplying the inc ident  energy H by the 

first, -,he rate  q a t  which energy is l oca l ly  absorbed 

absoqtiv.  by9 

*:re eqiation (1) has been usedo 

~Ssorbec' i i i  the cavity as a mole may be obtained by in tegra t ing  equ3tion (4) over 

t!ie sur:'ace of the cavityo For a unit '8ength i n  the direct ion no& t o  figure 1, 

Next, the t o t a l  rata Q a t  which energy is 

0 

vhere, due 50 symmetry, the i n t e g r a l  is extended over only h a l f  t he  surface and * 

a fac to r  of two has been included., It is convenient t o  report the results i n  

terms of an apparent absomt iv i ty  defined 88 

= (total sbsorbed energy)/(total  incoming energy) ( 6 )  
Oca 

Noting that the energy ertering the  enclosure per u n i t  length normal t o  the 

Plane of figure 1 is e l i p  the apparent absorptivity may be evaluated u t i l i z i n g  i 



squation ( 5 )  as 

where (3 == B/e 

equation (3) holds the key bo the  determination of the apparent absorptivity,  

and X = x/Lo It i s  t'hus seen that the s c h t i o n  of the  in t eg ra l  
i 

I n  approaching the solution of this i n t e g m l  equaticn, it i s  advantageous 

first t o  simplify its form, 

the  other surfaces of the cavi ty  o r  else pass out through the opening, it followa 

Noting tha t  energy leaving dA, must. either strike 
0 

t h a t  I 

Introducing this i n t o  the in t eg ra l  equztion (3) and rearranpFEg, there is obtained 

whem 
B' == ei - B, or = :L - (B'/ei) C74 

But, the  in t eg ra l  equation f o r  B' is pmcisely tkat which describes the emission 

problem for a cavi ty  having gray, diffuse wal ls  which are a t  a +m).form +&aperaturn 

Ti (ei = @Ti )o Moreover, solut ions for the  emi.csion problem a m  already avafl- 

able (reference I), and these may be carried over to the absorptiop problem being 

-_i 

b 

considered here by application of the simple relat2onship indicated i n  equation ('/a). 

The emission solutions covered the range of c a d t y  aspect ra%ioE I,,& from 

0,25 t o  10 f o r  surface absorptivity values o( of Cbss Oo7S9 and 0 ~ 9 0  Results 

f o r  the appanmt absorpt ivi ty  aa corresponding t o  %hes? conditions ham been 

calculated by application of equation (Sa), 

graphically interpolated t o  good accuracy f o r  dz: 007, in order  tc provtde corn= 

UtlU.zing theseso( values have been 
a 

parisons w i t h  later results of t h i s  paper; 

obtained have been plot ted on figure 2 as a l%ction - f  c a v i t y  aspect r a t i o  foF 

?he apaanmt absorptivities thus 

pa'l"ame%ric values of t h e  surface a3sopptivityc 

Inspection of the  figure reveals that. f o r  casritbcs which are not toto deep, 

the  apparent absorpt ivi ty  increases w i t h  ir,creasing d,:pth of cavitly, Howemr, f o r  



sn f f i c i en t ly  deep 

f u r t h e r  increases 

value of apparent 

5 
cavi t ies ,  %he apparent absorpt ivi ty  becomes independent oi' any 

i n  depth- 

absorptivity decreases a6 the surface absorpt ivi ty  increases" 

The depth of cavi ty  required t o  achieve the ?iirrdting 

For instance, f o r d  = 009,  the limiting cr( 

a t  L/h = 2,s; w h i l e  for cd = O e 5 ,  a hole depth L/h = 7 i s  required t o  essenti.: .lly 

achieve the l imit ing value of CX. 

value (0,976) i s  essent ia l ly  aatiey-ed 
a 

(00850)0 a 
These findings am made plausible by considering the nature of the diffuse 

The energy density of d i f fuse ly  reflacted radiation is the re f lec t ion  process, 

same i n  a l l  directions,  Therefore, some of the energy ref lected a t  each surface 

contact passes outward through the opening of t h e  cavity, regardless a f  *.e depth 

of the cavity, 

cannot 3e f u l l y  absorbed. 

It is f o r  t h i s  reason t h a t  a l l  of the  encergy entering the cavi ty  

I n  appraising the resul ts ,  it mag be noted that i n  the absence of the cavi ty  

effect ,  would be ident ica l ly  equal t o  o( Thus, the increase of q re la t ive  
a a 

t o  c% is  a measure of the mgnitude of the cavi ty  ef fec t ,  

Indicate t h a t  the cavi ty  e f f e c t  is most pronounced fo r  deep ca:i t ies and fo r  

surfaces of low absorptivity. 

r a t i o  L/h = 7$ a 7m increase in the effect ive absorbing power can  be achieved 

r e l a t ive  t o  a plane surface of absorptivity O 0 5 .  Moreover, a 60% increase can 

be achieved w i t h  a cavity whose aspect r a t i o  i s  only 1.88 

TI>? results ef fiffum 2 

%us, u t i l i z ing  a d i f fuse  cavit3 having an zspect 

DIFFUSE INCOMING EMERGYs SPECULAR SURFAGES 

Consideration is new extended to a cavity whose surfaces am ;.pcubar 

r e f l ec to r s  on which the angle of ref lect ion equals the angle of incidence, 

It will be convenient t o  replace the incoming diffuse radiation by F black turfaor! 

c;f emissive power e 

sf the three specular walls of the c a v i t y  (designated 

black surface (designated as h ) d  

f igure 3, 

W i t h  t h i s ,  there is fonaed a co it~"h%e enclosvlz cornposed 

;J 1, 2, and 3 )  and t h e  

R. schemat;ic diagram of the enclosure is  shown 

io 

La? 
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One approach toward solving for the radiant  interchange within the enclosure 

would be t o  keep account of individual  rays as they  ref lect  and re-reflect on the 

specular surfaces- 

a new formulation {reference 2) which u t i l i z e s  a basic property of images which 

a m  fomed i n  plane mirrorso 

a plme  m i r r o r  appeam t o  corn from an image which is  located behind the mirror, 

the dis tance between the  image ana the mirror being %he same as the  ciistance 

between the object and the mirror. 

Fortunately, this arduous t ask  may be circumvented by applying 

Namely, tha t  l i g h t  o r  radiant  energy Eflected from 

The development of tae new calculation method is  deswibed i n  the references 

and only ii;s application to the absorption problem i n  the iectanguBar cavi%y will 

be discussed here, 

a t  the cavi ty  w a l l s  5s equal t o  the diffemnce between the enemy emitt,ed by the 

Considering figure 3, i t  i s  easy t o  see r h a t  t1:e energy absorbed I 

black surface and t h a t  which is absorbed by it. The energy el;zi:.ted per uni t  

1 length noma1 t o  the plane of the f igure is e , h o  Then, denoting by Hh the  energy 
1 

incident  per u n i t  time and area on the black surface, it follows tilat the rate Q 

a t  ;vhich eneqy is absorbed i n  the  cavi ty  as a whole is 

I n  terns of the apparent h- o( deflned by equation (d),  t h i s  bccones 
a 

It is thus seen t h a t  the  apparent absorptivity w i l l  be detemined as soon a:. %he 

incident  energy H has been calculated,  
& 

I n  the process of specular ref lect ion by the mirrors 1, 2, and 3$ a series sf 

images of surface h a m  fomed as indicated i n  f igure 30 The notation maybe 

explahned as follows: 

ref lect ion,  4 is  the image formed by two specular  mf lec t ions ,  and i n  gnneral ,  

4 is the image formed af ter  n specular reflections.  The subscrip5 u refers 30 

4 a I s  the image of surface 4 formeu by one specular 
2 

n 

upper se t  of images, w h i l e  the lower images are without subscripts, Clearly, 
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since the upper images l i e  i n  the same plane as surface bo energy leaving these 

hages will not impinge d i r ec t ly  on surface La 
lower image surface h 

The radiation leaving a t,vpieal 
TI. per unit area is 

ei (I .. cx )" 
where (1-d) = p is the r e f l ec t iv i tyo  O f  t h i s ,  an amount 

reaches surface f r ,  where i t  is absorbed. 

d i f f u s e  radiatio-i between surfaces h and knO 

The angle f a c t o r  F corresponds t o  L - 4" 
From a l l  of the imac-s surfaces, 

and with this ,  %he apparent absorptivity may be evaluated from equatici  (ob) as 

It only remains t o  Ir- 4"" 
derived by the method of crossed and uncrossed s t r ings  due t o  iIottel* ( re fe-wm 3l0 

I n  this method, s t r ings  are imagined t o  be t i g h t l y  stretched between the end 

points of surfaces ,!I and brio The angle factor is t hen  obtained by summing the 

leng"&s of the two crossed strings and subtracting away the lengths of the two 

uncrossed s t r ings,  and then dividing the difference by 2ha I n  this way, there  
-- 

is obtained 

F - 2 
= [ +I n2 + (Z/h)* '  

h - h n  2 - 
11) 

Inspection of equations (10) and (11) reveals tha t  the apparent absorptivity 

CX depends upon two parameters, the  cavity aspect r a t i o  L/h and the surface 

absorpt ivi ty  

i n  equation (In) was summed, and CX 

a 

For each h/L,oc combination, the i n f i n i t e  ser ies  appearing 
thus obtaineda The actual numerical 

a 
_ ~ .  

9 
This  method appllea t o  surfaces which am very Long i n  one dimection, 
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calculat ions vere performed on a Univac 1103 dir i ta l  computere 

truncated when tne contribution of a given tern was less than ~7 '0f  the sum of 

The series was 

the ser ies ,  

Results f c r  t he  apparent absorptivity have been plot ted on f igure  h as a 

function of cavity aspect r a t i o  f o r  parametric values of the surface absorptivity.  

I n  recognitLfm of the fsct that specular surfaces may have higher r e f l e c t i v i t y  

values than diffuse surfaces, lower =X values have been included on f igure bo 

From the f.gure, it is  seen that  the apparent absorpt ivi ty  increases monotonically 

with i ncnas ing  cavi ty  depth, u l t i m a t e l y  approaching the value of unity f o r  

sufficielrt ly deep cavi t ies ,  This is i n  contrast  t o  the behavior of diffuse 

surfacf.s ('figure 21, fo r  which the apparent absorpt ivi ty  approaches a l imit ing 

valur: less than unity for vem deep cavities, These contrasting findings may be 

underytood by taking cognizance of the di f fe ren t  nature of the two ref lect ion 

pmccsseso I n  the  case of d i f fuse  reflection, a portian of t h e  energy ref lected 

a t  c:ach surface contact passes outward through the cavi ty  openingo In the case 

of specular ref lect ion,  only energy which reaches the  bottom of the cavity and is 

x f l e c t e d  frau the base surface 3 (figure 3) can ever/pass outward through the 
ultimately 

cavi ty  opening. Th*is, f o r  su f f i c i en t ly  deep specular cavi t ies ,  essent ia l ly  a l l  

02 the incoainp raffiation is absorbed, It  is a l so  e a s i l y  understood the% deeper 

cavities are needed t o  achieve the t o t a l  absorption condition f o r  surfaces of 

lower absorptivity, 

It i s  in ta res t ing  t o  cornpan? the absorbing power of diffuse and specular 

cavi t ies  for  diffuse incoming radiation. conparing corresponding curves on 

figures 2 ar3d bb it is seen t h a t  a specular cavity absorbs more ef fec t ive ly  than 

uses a dif'fuse cavityo The advantages o f t h e  specular cavi ty  are accentuated for 

deep cav'.ties and f o r  low surface absorpt ivi t ieso For example, f o r  0.5, the 

apparelit absorpt ivi ty  values for specular and diffuse surfaces a t  L/h = 1 82% 
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0,762 and 0,742. 

A similar comparison shows smaller deviations f o r  OC = 0,9., 

A t  L/h = 10, the  corresponding values are 0,963 and O.8SOe 

PARALLEL INCOMING RAYS, DIFFVSE SURFACES 

men a parallel ray bundle enters  the cavi ty  under an incl inat ion angle p ,  
a length Li of one cavi ty  w a l l  i s  d i m c t l y  illuminated as  shown in t he  i n s e t  of 

f i p r e  From the  yeometry of the  fipre, 

Li = h / t a n p  (12 1 
The remainder of the cavity w a l l s  receives radiation only be reflection. 

quant i t ies  of energy w i l l  thus be incident on oppositely-located positions on the 

paral le l  w a l l s  of the  cavity, 

ccordinates x and y a m  employed t o  specify posit ions on the p a r a l l e l w a l l s ,  see 

figure 5- 

Different 

I n  copizance of +,his  lack of sJpmtqD separate 

m e n  the surfaces of the cavi ty  a m  diffuse ref lectors ,  the radiant i n t e r -  

change wi th ih  the cavity is described by in t eg ra l  equatioris, 

assyme t r y  noted above, seveml in tegra l  equations are required. 

t.?e s3,lut.ions of these integral equations will depenc on three independent para- 

me=rs: and the  incl inat ion 

angle 

several  simultaneous inteemlaequations m d  three independent parameters i s  a v e q  

formidable coaputational undertaking, especially since numrica l  means rniist be 

ut i l ized-  

faces, it was  found that ravities of moderate depth displayed absorption character- 

i s t i c s  very l i t t l e  di f fe ren t  from those of a cavity of i n f i n i t e  deptho 

cognizance of this, it was decided t o  reduce the number of parameters i n  the 

p a a e n t  problem of incoming para l l e l  ray3 by focusing a t ten t ion  or! the  cavity of 

i n f i n i t e  depth, 

auxiliary calculations were carried out t o  determine the depth of tne f i n i t e  

cavity for which t h e  infinite cavity resiilts would apply, 

Because of the 

Acicitionally , 

the aspect r a t i o  L/h, the surface aSsorptivit-y 0: 

of the incoming rays. A complete se t  of solutions t o  t h i s  problem involvi-ng 

Now, i n  the  previous case of diffuse incorning energy and di f fuse  sur- 

Taking 

Such a cavity i s  shown i n  the in se t  of figure So Approximate 
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The anathematical formulation of the problem follms pallallel t o  t h a t  which 

has Seen carr ied out for  the case of diffuse inco.ninp energy, The radiant flux 

balance of equation (1) continues t o  apply. 

energy Ho 

unit time and area normal t o  the ray, then 

It remains t o  evaluate the incident  

If the energy carried by the para l le l  ray bundle is  denoted by S per 

S sinif  (13) 

i s  the rate a t  which external  energy i s  incident per unit  area of surface i n  the 

range 0 e x  sz L 

of external  radiation is terno The contribution t o  H of radiation reflected 

On a l l  o the r  regions of the cavity surfaced t h e  d i r ec t  incidence 
i 

from the surface of the cavity i s  obtained by integrat ing e x p r e s s i o n s  having the 

form of equation (2b), Thus, we can w r i t e  

To complete the formukation, it is necessary t o  derive the <=:.n_gl-e fmt01.a. 

For the case vhere the surfaces are very long i n  the  direct ion normal t o  tht plane 

of the figure, the- i s  a par t icu lar ly  si.nple method for finding angle fac tors  

which i s  based on equation (31-58) of reference 4. 

the  normal is constructed a t  x and the connecting l i n e  i s  drawn from x t o  yo 

For instance, to find dFx- >, 

The angle included between the normal and t h e  connecting l i n e  i s  denoted by@ 

Then, applying the d i f f e ren t i a l  form of equqtion (31-58), which states that. 
2 

dF = d ( s in$ )  dy 
2 dy x-  y 

there  i s  obtained 



4 similar expression is found for dF except tha t  dy is  =replaced by dx, 

%ems of dimensionless vafiables X = xi%, Y = y/h, the angle fac tors  become 

In  y- X I  

"he function [(Y- X)* + qo3l2 has been plot ted as a so l id  cum en f igure 6,  

with F repmsenting the distance YL- X 

general form of an exponentid. 

It is seen that this funct-on has the 

The f i g r e  shms that a gimn sui-face i~ . ; a t , i~n  

is  most affected by radiat ion from other surface locat ions which a= di.rec~?y 

acrose froxi it, ioeod a t  small p 
4 f inal  dimensionless form of the in tegra l  equations (14) is  obtained by 

l e t t i n g  
= B/S s i n g  

"he e f f e c t  of t h i s  subst i tut ion i s  to  replace B by 3 i n  a l l  terms of equations ( l k ) ,  

and t o  replace S s i n 8  by lo 
f 

The numerical solution of equations (lh) as a f inc t ion  of two independent 

computer solutions can, however, be circumvented by applyine a method first used 

by Buckley (refemnce 5 )  w i t h  very good accuracy (reference 6) i n  connection w i t h  

the emission problem i n  c i r c u l a r  holes. Later invest igators  have used BuekleyVs 

rie thod fo r  various cases of radiant  interchange i n  circular-cylindrical  tubes, 

but t o  the hawledge of the authors, this approach has y e t  t o  be applied t o  *&e 

rectangular groove I) Buckley recognized t h a t  the angle f ac to r  varied appmxinately 

en t ia1  function of distance, and he proposed that the actual angle 

f ac to r  be approximated e i t h e r  by a sinple exponential or by a sum of exponen%ialso 



Following through on t h i s  idea for the case of the rectangular groove, one aid 

t w o  tern exponential approximations for  the angle fac tor  have been derived 2nd 

are plotted on f i g u r e  60 

for  the angle factor and dll be used here ,  

The two tern exponential provides a good re?resentntioa 

IR incorpora3ing the exponential zpproximation lnto the analysis, cognizaee 

must be taken of the fact that)? replesents a 

therefore in t r in s i ca l ly  positiye, This means that f o r  Y 

while f o r  Y > 11, F denotes ? -  Xe 

ecui t ion (Ilra) i n  terms of the exponential angle factc-r, 

*mbfeen points and is 

X, F denctes X.- Yy 

This po in t  xay be i l l u s t r a t e d  by evaluatdng 

where 

Continuing w i t h  the analysis, it ?A convenient t o  represent the unknowna 

by four functions as follows 

The next s tep  is t o  Educe the governing i n t eg ra l  equa’vions t o  d l f f e m n t f a l  

equations il 

such as e‘ a t ( x -  yl and e- AL’x--  

or Y 
T h i s  i s  possible because t h e  X/dependence of exponentEaX f x c t j  o m  

fa  unchmged by differenttatlan- Ir, %?cog- 

ni tdon of this, eqirqtion (%?) is  dfffeI.enr;iated fwr t h e s  wi-sh a-espect t:, XJ 



it. is found that a l l  the terns containing ini:.i?gralS cw.ceB ovt,  leaving 

where the  prim9 denote d i f f e r e n t i a t i o n .  In a similar way, di f fe ren t ia t ion  of 

9 
hmogeneous part of such equations must have eqmnen t i a l  solut ions 

InLrodiicing these i n t o  the homcgeneous p a r t  G? t he  d i l " f e r e n t i a ~  ~ q u a t i o ~ a  !2Cz) 

coef f ic icn ts  is zeroo T h i s  y ie lds  a pol3n~mia l  o f  ei,:ht degree (the so-called 

secular equation) for the exponent, p, f o r  vrhich it is found t-iat them are ei$? 

mab roots. These roots p a i r  off together as f q l h w s o  

A l i s t i n g  of the expressions for p,# pZ2 p 

ileturning t o  the l i n e a r  algebraic equations, it is addatiunally found t h a t  

+ pap 2 ppp 2 p3p 2 phn - 
arid p is given Lq t h e  Appendix- 

i 3 I J  

D = E  f o r  i 1, 2, 3, 

D = -E for i = 5 ,  5, 7, 8 
i is 

i i' 
T h e ~ e f ~ m ,  x i t h  t h i s  information, the  soiutiom for p a d  r h  can be x.,riti'tan- 

I 

-_ 
i? 
right-hand side8 equal zeyo. 



where E, and Do a m  the  particular solutions. 

Proceeding along the  same l i n e s  indicated i n  the preceeding paragraph, the 

i n t eg ra l  equations for  

Both of these d i f f e r e n t i a l  equations have precisely the form of equation (211, 

can be reduced t o  di f f erent ia l  equat iws-  

with p and 

for this p a i r  of simultaneous, l inear ,  hanogeneous d i f f e r e n t i a l  equations am 

respectively replaced by (3 and r e? by p and (3 2 o  , Solutiona 

PY = H e  PX 
r 3  

= G e  , r 2  
Subst i tut ing these into the d i f f e r e n t i a l  e'quations leads t o  a pair of l inear ,  

homogeneous algebraic  equations which gLve eighth roots f o r  p: + pl, p 2 p 2 3 r- 

and a l s o  t h a t  2 PI! 
H = G  i 11, 2, 3, 4 
i is 

H =Gio i 5, 6 ,  7s 8 
i 

may be w r i t t e n  as 
2 and Lt 

Vith this information, t he  s olutions for 

-PIX -P*X -P3X -PhX 
+ G  e (2%) 8 + G  e 7 + G  e g, = G 3  e & 

-Ply -P*Y -P3Y -P3Y 
= G  e + Gh e - G  e ( 2 3  1 - G  e 7 8 

e 3  
P1X "2y' 

G5# and G are nul t ip l ie ra  of terms such as Q , e , e t c o  
p3 G29 6 

The constants G 

These exponentials appmach i n f i n i t y  as X and Y approach in f in i ty .  Therefore, 



t o  s a t i s f y  the condition t h a t  are everywhere f i n i t e  

Gi = Gp = G5 = G6 = 0 

To complete the solution, it only mmains to deternine the  constants of 

integrat ion which appear in equations (22a), (22b), (23a), and (23b). These may 

be found by returning t o  the four in tegra l  equations of the problem and intro-  

ducing the solutions for pl, p, p 3 >  and p L  as  given bs equations (22a), (22b), 

(23a), and (23b)0 

according t o  the exponential (e,g., e%', Sh2', etc.) which multiplies t h e m o  In  

After the integrations are carr ied out, terms are grouped 

tnis way, them are obtained 14 l i n e a r  algebraic equations f o r  the lh unknown 

constantso These equations are solvable i n  closed fonn, and the f i n a l  expressions 

are Riven i n  the Appendix, By inspection of these expmssions, it i s  seen that 

the solut ions depend upon the surface absorptivity o( and t h e  incl inat ion angle 

of the incident  rays. 

With t h e  soltition for the radiosi ty  €3 now a t  hand, consideration can b e  given 

t o  the energy absorbed i n  the cavity, 

unit  area i s  given by equation ( b ) ,  

The l oca l  ra te  of energy absorption per 

e f- Substi tuting the  current def in i t ion  of 

equation (16), the  expression for q becomes 

The rate of energy absorption i n  t h e  cavity as a whole can be obtained by integrating 

equation (25) along both w a l l s  of the  cavity. Then, noting that the t o t a l  rate 

of incoming energy i s  (S s i n  0" 1 Lis the apparent absorpt ivi ty  o( 

from its def in i t ion  (6) aa 

can be evaluated 
a 

where h/L has been replaced by tan 8 according t o  equation (12)0 

for (3 as given by equations (22a), (22b), (23a), and (23b) may then be introduced, 

The soPutions 
i 



and after the indicated integration is carried out, t h e r e  i s  obtained 

UtiUzing cquation (26a) i n  conjunction with the expressions for po D, E, 

and G as given i n  the Appendix, the apparent absorptivity has been evaluated f o r  

inclination an;les 

ranging from 0.3 t o  009, 

it i s  seen t?iat  t h e  apparent absorptivity i s  greater as  the inclination angle $" 
decreaseso 

penetrates more (eeply in to  the cavity as 

many diffuse re-lec%tims before appreciable amounts can escape, 

bundles which :rrive a t  deep diffuse cavities under small angles of inclination, 

there i s , a  v e i ~  appreciable cavity effect. 

ranging from loo t o  80" and f o r  surface abso rp t iv i t i e sa  

These resul ts  a x  plotted i n  figure From the figure, 

This finding is  made plausible by noting that the  external radiation 

decreases and must therefore undergo 

Thus, f o r  ray 

As before, the cavity effect is 

accentuated v f t h  decreasing surface absorptivityo 

It is  i i k r e s t i n g  t o  inquire as t o  whether the diffuse-surfaced cavity absorbs 

more e f f e c t l s l y  i f  the inconing energy is i n  a paral le l  ray bundle o r  is diffusely 

distributed, For deep cavities, this information can be obtained hy c c ~ p z r h g  

the curves cf figurn 5 w i t h  t h e  horizontal asy:Tptotes of fi,gure 2* From this 

compafison! it i s  found that rays which arrive a t  a small inclination angle S are 
more full1 absorimd than is diff'use incoming energy. 

rays which arrive under a large inclination angle. These findings may be illuminated 

by notirg tha t  a ray bundle arriving a t  a small inclination angle penetrates deeply 

i n t o  tke caviLg; substantially deeper t h a n  the diffuse incoming stream. 

ray h J e  ar,niving a t  a large inclination angle, t h e  opposite i s  t rueo  

inspendon of figures 2 and 5 reveals that when ;1'\s3O0, the two typea of incoming 

radiation a:c absorbed about equally well. 

The contrary is true for 

For a 

Further 
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The results of Pigum 5 were obtained from an analysis  for the  capitiy of 

i n f i n i t e  depth. 

t o  f ini te  cavities of suff ic ient  depth, 

t o  determirle the  depth of f ini te  cavity t o  which the i n f i n i t e  cavi ty  r e su l t s  

would apply t o  within 2%* 

of incminrr rays as they diffusely reflected and re-reflected within the cavity,  

Accoiint wa8 kept of t h e  energv absorbed a t  each surface contact and summation 

gem the t o t a l  energy absorbed. 

t iv i ty ,  the  depth of cavity f o r  which the apparent absorpt ivi ty  i s  approximately 

98% of that given on figure 5 was found by t r ia l  and error.  

r a t io s  thus obtained are plotted h figure 7 as a function of incl inat ion angle 

f o r  parametric values of surface absorptivity. From the figure, it is seen t h a t  

f o r  cav i t i e s  with surface absorp t iv i t ies  of 0,s and larger ,  only moderate cavi ty  

depth8 are needed t o  achieve the  absorbing p m r  of a cavi ty  of i n f i n i t e  depth. 

For cav i t i e s  of l o w e r  absorptivity, deeper cav i t i e s  are required, especial ly  a t  

small incl inat ion angles. 

However, as already indicated, these results should a l so  apply 

An approximate calculation was performed 

These calculations wem carried out by following groups 

For each inc l ina t ion  angle and surface absorp- 

The cavi ty  aspeot 

PARALLEL INCOMING RAYS, SPECULAR 2URFACES 

The analysis  f o r  the case of para l le l  rays incident  on a specular cavi ty  

may be carr ied through by a d i f f e ren t  and basically simpler approach than that 

given fo r  diff 'use  surfaces. 

Here, them is shown a single  ray entering the cavity, re f lec t ing  on the walls, 

and then emerging from the opening. 

the base surface is also shown a t  the l e f t  by the dashed lines. Suppose, f o r  the 

moment, that the base surface is removed and t h a t  the ray can move f m e l y  through 

a cavi ty  of length 2L, Then, the figure denonstrates t h a t  the re f lec t ion  pa t te rn  

i n  the dashed ( imp)  portion of this cavity is i den t i ca l  t o  t h a t  m i c h  occurs 

in the ac tua l  cavity after the ray haa been reflected from the base surface. 

T h e  dellivation is f a c i l i t a t e d  by e f e r e n c e  t o  f i g u r e  8, 

A mirror image of the cavi ty  as formed in 
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Thus, the number of surface contacts which a ray experiences within the actual 

cavity is equal t o  the number experienced i n  a cavity of length 2L open a t  both 

ends, plus one additional t o  amount f o r  reflection Irt the base. 

The ray which has been constructed i n  the figure has a special charactelllstic, 

Namely, that af'ter making #me contacts opith the surface, it g? the cavity 

wall as it leaves through the opening. 

t ha t  rays e i c h  i n i t i a l l y  strike the surface in the region x4;X" ell experience 

four surface contacts within the cavity, while rays which i n i t i a l l y  strike i n  the 

range x ~ 3 i  w i l l  experience three surface contactso 

i n t o  two eonea, such that rays st r iking within each zone have a unifom number 

of surface contacts. 

Additional study of the figure indicates 

Thus, E divides the surface 

The number of surface oontacts k experienced by rays which str ib i n  the 
I 

region 0 s. x 4 x' may be determined from the geometry of figure 8 as 

k = integral [ 2(mi) + 2 j (27) 

If the quantity in braces is pmcisely an integer, then k is  equal t o  Mat  integer 

minus one. x 5 Lis the number 

of surface contacts which are experienced within the cavity is k- 1. F'urthennore, 

from the geometry of t he  figure, it follows tha t  the dividing point is given by 

For rays wMch st r fke the surface i n  the region 

Z/Li = 2(L/LI) (k- 2) 

When a ray experiences k contacts with the surface, the fraction of its 

energy which is thus absorbed is 

(2%) 
k-r 

-: d(,-d) z 
tK f d(f-o() + O ( ( P d ) +  - .  

This is a geometric series whose sum is 

(29b) 1 (1-4) k 

W i t h  this, we can now calculate the appawnt absorptivity d from i t s  definition, 
a 
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where S denotes the energy per un i t  area normal t o  the ray, 

anergy enters  the cavity is L S st”$ a 
i 

The rate a t  which 

Then, introducing this information 

i n t o  equation (6) and 

OL a = p t  
It is easily ver i f ied 

taking E from equacion (28), there i s  obtained 

1 = (1-00 + k - 1 = 2 - ”][ 1- ( 1 4 )  ”’”] (31) ”3 c Li 
that this expmasion is equally val id  f o r  L/Li.c I aa rreU 

as f o r  L/L& z 1. 
Consideration may now be given to the Co-nputaUon of numerical resu l t so  

From equation (27), it is  seen that f o r  0 C L/LiL 1/2, k = constant = 2; 

1/2 4 L/Li.;- 1, k =; constant = 3; 1< L/L G 3/2, k = constant = 4, and soforth. 

From t h i s ,  i t  is  c l ea r  t h a t  the number of surface contacts increases by one as a 
i 

length increuent 3.12 L is addedo Then, turninp. t o  equation (31), it is  seen 

t h a t  within a eiven range such as 0 L. L/LiC 1/2, or; increases l i nea r ly  with 
i 

t i  

i 
-=US L/L~ 

is composed 

L/Li = 112, 

F i  :.urn 

of d o  The 

L/L The same is t r u e  in the range 1/2 4 L/LI.f. 1, except that the slope of 6 a 
is d i f f e ren t  (because k is di f femnt) .  

of a succession of s t r a i g h t  l i n e  segments which change slope a t  

Therefore, a graph of d a 

1, 3/2, 2, o 0 e o  

9 pmsents  results f o r  O( 

previously-described changes in slope are c lea r ly  evidento 

as a functior! of L/L~ f o r  pasioa-6 values a 
From the 

abscisea, it is aeen that L/h and 

rather, combine as the s ingle  parameter (h/L) tan$ . 
it is evident from the figure t h a t  a given cavi ty  ( L e o ,  given L/h) absorbs energy 

mom ef feo t ive ly  when the rays arrive under a la rge  angle of inc l ina t ion  ( iaeog  

large ‘6 
re f lec t ions  than do ra-ys which arrive a t  a small argle of incl inat ion.  

precisely opposite t o  the characterrfstics of diffusely-reflecting cavi t ies ,  

which are more effective absorbers f o r  rays xhich ai*riVe under a small angle of 

inc l ina t ion  (see figure 5 ) ,  

inc l ina t ion  (given 6 

do not appear at3 separate parameters, but 

Taking cognizance of t h i s ,  

This is beuause such rays undergo a grriater number of specular 

This  i s  

Additionally, for rays arriving a t  a given angle of 

figure 9 indicates that t h e  amount of energy absosbed 
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increases steadily as the cavity depth increases and ultimately approaches total 

absorption, L e o D  @ =lo For diffuse surfaces, it may be recalled that complete 

absorptim i s  not possible regardless of the depth of the cavity. 
a 

It i s  interesthg to inquire whether a specular cavity abaorbs mre effectively 

when the incoming radiation is a diffhse stream or a parallel ray bundle. 

a study of f3-s 2 and 9, it i s  found that parallel rays arriving at a large 

angle of inclination are more strongly absorbed than is diffbse incoming energy. 

On the other hand, rap arriving under a small angle of inclination are less 

strongly absorbed than i s  diffuse energy. 

plpm 
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APPENDIX 

p3\, 

p4 1 
Let z1 = 

Then D = Z 2 E = Z2/& 
0 1 2  0 

For k = 1, 2, 5, 6 

where i, j, and m are given by the following table: 

k i 3 m 

1 3. 2 3L 

2 2 1 P 

5 3 h 2 

6 & 3 2 



wbrs i, J1, and m a m  given by the following tablet 

k i J m 

3 II 2 1 

4 2 3. l 

7 3 4 2 

8 b 3 2 
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Fig. I Rectangular - Groove Cavity 
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