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ABSTRACT

jvbob

In this paper, an optimum loop-gain-frequency function
is derived for a continuous linéar servo system of second or third
order operating with incremental data.

A ramp system input is closely approximated by integrat-
ing a pulse sequence and using the resulting sequential step func-
tion. The difference between the ramp and the system output is
taken as error. The error squared integral is used as a criterion
of the goodness of approximation of the ramp by the system output
and this integral is minimized for second and third order linear
systems. Digital computer techniques are used to minimize this
integral.

In both the second and third order systems, the functional
relationship between the loop gain and frequency which minimizes
the error squared integral is found to be linear. Furthermore,
the family of linear minimizing functions generated in the third
order case is of the same slope as the second order minimizing
function. It is also shown that by choosing the loop gain and fre-

quency correctly, it is possible to obtain values of the error

ii



squared integral very close to zero provided the pulse sequence

is not delayed more than a small fraction of the pulse period.
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INTRODUCTION

The purpose of the following analysis is to derive an
optimum functional relationship between the d.c. loop gain and
pulse frequency for a linear continuous servo system using incre-
rﬁental data. Second and third order systems operating with a
sequential step input will be analyzed.

A block diagram for a general linear feedback system
is shown in Figure 1. The transfer function for this system is:

6(s) _ G(
R(s) ~ 1+G(ss)lH(s) . (1-1)

In the following analysis -
I. System output 6(t) is required to describe, as closely as pos-

sible, a linear function of time. The desired output is:

Y(t) = ct. (1-2)

II. The reference input r(t) is a sequential step function (inte-
grated pulse train). See Figure 2.
k

r(t) = = p(t - kT) (1-3)
0




III. Actual output 0 (t) will also consist of a series of steps. How-
ever, their shape will be determined by physical characteristics
of a particular system.

IV. The first unit step is applied with the system at rest; but, in
general, succeeding steps are applied with variable initial con-
ditions which depend upon the value and slope of 0 (t) at the instant
the step is applied. See Figure 3.

V. The difference between the actual output 0 (t) and the desired

output Y(t) will be called error.
e(t) =0(t) - Y(t) (1-4)

As a criterion of the goodness of approximation of the desired
output by the actual output, the error squared integral
1 (K+ DT >
I= T [e(t)] dt (1-5)
KT

is used. K is taken large enough to assure steady-state behav-
ior; steady-state in the sense that initial conditions will not vary
essentially from pulee K to pulse K + 1. Reasons for this choice

of criterion are discussed in Sokolnikoff; '"Advanced Calculus",

page 378.




In order to simplify the analysis, the first unit step input
occurs at t = 0. Transfer functions have also been selected in a
form that will simplify equations.
V1. The problem is to find a loop-gain-frequency relationship

which minimizes 1.




DERIVATION OF THE ERROR SQUARED INTEGRAL
FOR THE SECOND ORDER SYSTEM

The transfer function for a second order underdamped

system can be written in the form:

2
ﬁs0
= (2-1)
(s + a)z + ﬁz

[~}
o

0
[~

2

where a and § are constants and [302 = uZ + 62. R(s) can be
found by transforming equation 1-3 into the domain of the Laplace
variable s.

R(s):l?[1+e'St+e'St+....;.] (2-2)

Substituting equation 2-2 into equation 2-1:

2

p
6 (s) = 02 = Lofrve Sty L ] (2-3)
(s+a) +B

S

Transforming equation 2-3 into the time domain:

g
6(t)=l+F0 e ot sin[ Bt - ¢ ]

Po

+1+ — e-a(t-T)

sin[ B(t-T) - ¢ ]




o (t-KT) . [B(t-KT) - ¢]

B. K
0(t) =K+1+— x o ~@(t-kT)

k=0

sin [B(t-kT) - ¢],

(2-4)
-18

where ¢ = tan ~—

Changing the sine function to exponential form,

e @ (-ET) i B (t-kT) - 6]

- om0t KT [ J[B(E-KT) - 4] __ ~5[B(t-kT) - ¢]]
2;

_ e-o.t_e_][ﬁt -¢] -eakT.e -iBkT
2j

o0t J[Bt- 4] _akT BT
2]

(2-5)

A summation of terms involving k from equation 2-5 can be ex-

pressed in closed form since they form a geometric series.

I; ekT(cL~ + jB) _ 1. e(K+1) (a +jB)T (2-6)

=0 @it




K re-js)  1-oK+D (@ -ip)T
= e S T {a-3p)T
k=0 l-e

(2-7)

At this point let a new time variable x be assigned with zero

reference at t = KT. Then
t = KT + x. (2-8)

Making use of equations 2-6, 2-7, and 2-8, the summation of

equation 2-4 becomes:

e ® (t-kT) sin[B (t-kT) - ¢ ]

>3

_1 [e-a(xﬂx) [B(ET+x) -4 ] _ (K+1) (a -jp)T
; ‘

1.e(a -3B)T

e -a(KT+x).e-j[ﬁ(KT+x) -¢] 1_e(K+1) (a + jﬁ)T]
RCERE

.1 [e-KT(a -3B) -x(e-3B) -ié ,_ _(K+1)(a -jp)T
2 | @ 38)T

o~KT(a+ip) _-x(a+ip) _jé | _(K+1)(a+jp)T J
L etipT

(2-9)




Expressing ¢ in terms of a and 8,

eJ¢ = cos [tan -1_‘3] + j sin [tan "_1_[3]
-a T
T WY T E
= B +j By By [a -jB]
(2-10)
It follows that
- =-Bi o +3p] (2-11)
0
Using equations 2-10 and 2-11, equation 2-9 becomes
K
= e-Q (t-kT) sin [ﬁ(t'—kT) - ¢]
=0
__atip (a-ipx e KT@-IR) _ (a-JB)T
23R o @ 3T
+ 2=3B _-(a+jB)x o"KT(a+jp) __(a+jB)T
238 L @+ipT
(2-12)

Substituting equation 2-12 into equation 2-4 and taking K large to
assure steady state response, the output becomes

o +ip o~ (a-iB)x

6(X)=K+1+ TJE— . e-(ﬂ.-jﬁ)T_l




~(a+i
o -jp _o-(atiB)x
23p @It
(2-13)
The slope of the desired output function y(t) is lT From equa-
tions 1-2 and 2-8, it follows that
Y(x) = K+ = (2-14)

T

Subtracting equation 2-14 from equation 2-13 and squaring the
result, the error squared integral for the second order system

becomes:

1=‘1‘fT s X2, (erjp)® PP
T J, 22T i’ (o @PT_ 2

2
Y -2(a +jB)x g -2ax
4 {a-jB) e + 0

_ap° (e-(ﬁjp)'r_l)z 2p° (e-(a-jﬁ)T_l) (e~(n+jﬁ)T_1)

; [1-%] ((°+J'ﬁ) (e““"'f’)"))_ (<a-js) e-<°+iﬁ>x) N

jﬂ(e-(a-jﬁ)T-l) jﬁ(e-(u+jﬁ)T-1)
(2-15)
T
-iB)x L 1 _-(a-jB)T_
Sy e !
(2-18)




foe-(a-ja)x g o X -la-jpx
0 a-jp 0

-+

o~ (a-iB)x
(a - Jﬁ)f dx

oo T fe-jp)T 1 (e (@-IBT
@- 3P  (a-38)

(2-17)

Integrating equation 2-15 with the aid of equations 2-16 and 2-17:

I=1+ T - 21 + (a +3jB) (1-e‘(°-.iﬁ)T)
i 3T3 ZTZ jpT(e'(°hjp)T-1) ) (a -3jB)
B} (a-jB) (1-¢~(etiP)T)
pr(e @HAT ) T et

+

(a+iB) (-1) [ ro-(@-IB)T (e-(a-jp)'r_l)}
)

sz (o7t P R  (a-jp)

+ (0-" Jﬂ) _ Te-(u+jp)'r } (e—(a +Jp)T_1)
ipT? (e~ (2 HIPIT ;) a +p e

+ (a.+jp)2 (e-Z(a-jﬁ)T_l) \ (a - jﬁ)z (e-Z(a+jp)T_1)

szT(n _iB) (e~(u - P )T_;l)z %2,1,(uL +3g) (e-(a +jﬁ)T__1)Z
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2
[50 (e-Zo.T_l)

+ : :
-%ﬁZT(e-(a—‘]ﬂ)T-l) (e-(a+Jﬁ)T-l)
(2-18)
Séin:.lplifying ’
pol _ _e+ip . a-iB . __atip  _ _ a-jp
3 : — : :

(a-38) (ce”(@*IPIT)
iBT(a+jp) (e~ (@ HIPIT y)

(a+jB) (e~(@ 3BT,

+ -
iBT(a - jp) (e~ @ IPIT

+

(a+jp)° (72 IRT_p (a-jp)° (e 2(eHIPIT_y)

~ +
86%T(a - ip) ('@ "IP)T_)2

+

86%T(a +jp) (e~ T IPIT )2

2
B0 (e-zaT-l)
4qp ZT(e-(a - jﬂ)T_l) (e'(ﬂ"'Jﬁ)T_l)

(2-19)

Equation 2-19 can be simplified by combining terms which appear

in conjugate pairs.

. "/ .
2Re _‘_Q_J,J_p’_}:m (@+p)’). _4aBi _ _4a
[ it~ 38) -i8T8," | -iTB,” By
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3
a +jp - (a+jB)
2Re ] 2 — 2 = 2Re [——Z—ZJ
BT (a-jB) BT B,

N 30.2[3 -f33 _ 6(12—2(32
I R T
BT B,

(2-21)

ZR{ — (enza-?piz) } ZR{ g-“jﬁ()z B)T
iBT(a-jp) (™ > IPT ) BT, (1- ' I

- S o
- 2Re -i(a®-p” + 2ap;)
5502T(1- T cos 5T-je°'T sinpT

2R | _(2:+38)% [(-3) (1-®Tcos BT) - e*Tsin pT]
BBOZT [ (1-e®TcospT)® + &% T sin® pT]

= 2 -(az—ﬁZEaT sin pT-2af (eo'Tcos BT -1)
BB OZT [(-e®Tcos pT)® + e2°T sin” BT]

Z(ﬁz-az) ea'T sin BT + 4ap (1- eaTcos BT)
2 2
BBy T [1+e°® T-2e% T

2e " cos BT]

(2-22)
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ZRe[ (a+3p)” (72 I ) J

862T (a- jp) (e~ P T2

(u.+jﬁ)3 [1+e-""T cos ﬁT+je°'Tsin BT
2Re | — =0T o T
8878, T [e" cos BT +je = sinBT-1]

(a+8)° [e **Tcos®pT -1+ **Tain®pT - 2je “*TsinpT]
el ) “aT 2 -2aT . 2
8p BO T [(e cos BT =1) + e @ sin BT]

2Re {:[a 3-30.62 + j(3uzﬁ -63)] [e_ZO'T-l - 2je -oT sin ﬁT]J

-2 -
8(32[302T [e oT e Tcos BT +1]

(a3-348%) (e'Z“T-l) + 2(3a%8 -8°) e °T sinpT

4f3ZﬁOZ (e-Zu.T_2

e—aTcos BT +1)

(2-23)

2
ﬁo (e-ZQT-I)
4u.ﬁ2T (e-(o' 'jﬁ)T_l) (eqa +jB)T_1)

2
60 (1- e-Zu.T)

4aB°T [e™®T (cos BT + j sin BT) -1] [e™® T(cos BT- j sin BT)-1]

2
Po (1-e2® Ty

40.[‘}2'1‘ [(e-u'T cos BT - 1)Z te

20T sinZ BT]
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2
Bo (1- e-ZnT)

4ap2’1‘ [e-ZuT -2e7°T cos BT + 1]

(2-24)

Substituting the results of equations 2-20 through 2-24 into equa-

tion 2-19:

4a 60.2 - 252
—. t =
T
ﬁo

1= 5 -
By T

2([32 - nz) T sin BT + 4ap (l-eaTcos BT)

pﬁozT 1+e%® T 26T cos pT)

+ (a3 - 3u.ﬁ2) (e-ZaT—l) + 2(30.26 - [33) e T gin BT

4pZBOZT e20T 2670 T o5 pT+1)

2
40.52 T (e-zaT-Ze-nT cos BT +1)

_ 1 4a + 6a2-=2£32 + Z(ﬁz-u,z) sin BT + 4ap (e_o'T—cos BT)
= 5 -

ﬁozT [304T2 Z[SBOZT (cosh aT - cos BT)
+ (30.62 - a3) 2 sinh oT + 2(30.2(3 -[33) sin BT

852502 . T(cosh aT - cos BT)
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2
Zﬁo sinh aT

+
8a ﬁZT (cosh aT - cos BT)
(2-25)
Simplifying,
I = 1 4a + 6q2 - Zﬁz
T3 T 2 4 2
Bo T Bo T

+ ([33 + Sazﬁ) sinh aT + (3a ﬁz - a3) sin BT + 8u26 (eﬂo'T—cos BT)
4a ﬁﬂOZT (cosh aT - cos BT)

(2-26)

Equation 2-26 expressés the error squared integral Ias a
function of three variables; a, B, and T. It can now conven-
iently be transformed into a function of the scaled time variable
aT and damping ratio {. The two forms of system character-

istic equation can be compared below.

2 2
s +2LW s+ W, = 0

SZ+20.S+0,2+BZ= 0
It can be seen that

W()2 = a2+ﬁ2 and a2=§,2W




Then

Let

15

A° . (2-27)

If the numerator and denominator of each term of equation 2-26

are multiplied by the appropriate power of T and the substitutions

eaT =Z and BT = AZ (2-28)

are made, I takes the form:

1 42;2 (622 - 2% zz) z_,4
=g -—1 4
z Z
+ (A3Z3 + 5AZ3) sinh Z + (3AZZ3 - z3) sin Az+8Az3(e°Z-cosAz)
4AZ4 1+ AZ) (cosh Z - cos AZ)
_a o al, ateoA)
— -3-— -

z Z
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+ (A3 + 5A) sinh Z + (3AZ - 1) sin AZ + 8A (e-z-cos AZ)

4‘;2 (cosh Z - cos AZ)

L

(2-29)

From equation 2-27

PO
4
therefore
2 2, 4® -1
3-A"=4-(1+A)= =2——
2
4
3 2 4g 41
A +5A=A(1+ A +4)=A—;T— ,
4
and
2 2 3. 4g°
3A7 -1=3(A"+1) -4= 2-a
;2

Finally, using these relationships in equation 2-29,

I U S 1S C S
3 Z ZZ

(4° +1) sinh Z + (3- 42°) (sinAZ) /At 812 (e Z-cos AZ)

* 4Z (cosh Z - cos AZ)

(2-30)



DERIVATION OF THE ERROR SQUARED INTEGRAL
FOR THE THIRD ORDER SYSTEM
The transfer function for a third order underdamped

system can be written in the form:

2
6,(s) i 78,

R(S)

(3-1)
(s+7v)[(s+ o) +p?]

where a, B, and v are constants, BOZ = az + |32, and R(S) is

defined by equation 2-2.

Then
B 2
BI(S) - 0 5 > - —Sl— [1+e‘ST+ e_ZST+ ......
(S+v)[(S+a) +87]
and
2
g B
6,(t) =1- Lz e My 2 oot sin[pt - ¢,]
7, B,
B 2 B
+1- LZ e Y(t-T) + E'y—o e ot - T) sin[B(t - T) -¢,]
Yo 0

17




18

+ ----- < o= - am - - - o a e = - ® - . e = e W e - - e wm w wm g =
g 2 B
0 - - - -
p1o 2 o YUE-KD) 0 e (t-KT) g e KT) -4,
BYg 1
'Yo .
(3-2)
g 2 x B =
_ 0 z -y (t-KkT) 0 = ~a{t - kT)
Gl(t) = K+1 —5 k=0 ¢ + 5 ke ©
¥ 0
0
sin[ B (t- kT) -¢,1 ,
2 _ 2 2 _ -1 B -1 B
where v ° = (@ - v)" +B and ¢, = tan — + tan v
(3-3)
K K -1t o (K+1)7T
5 e v({t - kT) IS (- JYKT _ e (l-eT )
k=0 k=0 1-e7
(3-4)

From equations 2-5 through 2-9 it can be seen that

K
=
k=0

o~ (t-KkT) sin[B (t- kT) - ¢ ,]
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21. \:e-jdbl .o~ KT(a -3B) _ -x(a - jB) 1. E+1) (@ -3B)T
j

) L. (@ - 3PT

_ ity Lo~ KTl@+j8) _-x(a+jB) | _(K+1) (a +iB)T
1- e(u' +jﬁ)T ’
(3-5)
where x is defined by equation 2-8.
-1 B -1 B )
Let tan — = a, and tan —— = B.. Then from equation
-a 1 Y-~-a )|
3-3
ej¢1=cos(o, + B,) + j sin(a, + B,)
17 Py 11 P
= cos @) cos B, - sin q, sin B, + j(sin a, cos B, + cosa, sin f&l)
- .o (-9 B B ,.|B (-o) (= B
= - . - . j . .
Po Yo fo Yo Po Yo Bo Yo
1 2 . .
=3 l:-u(‘r-a)-ﬁ + (B[ -a] -nﬁ)J
0’0
(3-6)
and

e, 1 2
e [-u(v-n)-ﬁ - i(8l v -a] —am].

(3-7)
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In terms of x, the right hand side of equation 3-4 becomes

e~ (KT +x) (l_e(K+1)'yT) oY (KT +x) Y (T -x)

1-e? T 1-e¥T

(3-8)

By using equations 3-4 through 3-8 and taking K large in equations
3-5 and 3-8, equation 3-3 can now be transformed into a steady

state response function for the third order system.

502 LY (T-x%)

Ol(x)=K+1 - T

Yo l-e

'Yﬁo 1 2 . —x(a - jp)
¥ 2ipv, Bo7o -a(y-a) - p -j(B[ v -al -ap)) e

(a - jB)T |
: Jla -iB)T - ('°(7 -a) - 52 + j(B[ v=al -up)) o~x(a +3B)

e +ip)T
L @ -ifIT

(3-9)

Let

aly-a)+p5= M , 2ap - By =N,
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M+jN
o-(a +3B)T

M - jN

@ BT, - P

= D , and
(3-10)

Using equations 3-10 and 2-14, the error squared integral for

the third order system can be expressed as follows:

A SO P T s
17T |, T T AT,
0
2
T pe “X(a -iB) 7, -x(a +jp) dx
2jBr,
(3-11)
Squaring the integrand:
4
1 T 2 Bo e 27%
L=7 e
0 T Yo (e "7 -1)
72 2 -2x(a - jB) — -2ax =2 -2x{a +jB)
- De -2DDe +D e
4‘32 4
0
2 -yx
2p e . .
- 2—';'{' ¥ g ‘ + 2 De_x(o‘ -iB) _ De-x(a +ip)
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2B 2 x e“’yX
o 2t wx [peei®) g, e +j[3)J
Ty, (e "7-1) iTBY,
2 -Yx
g Ye . . ‘
+ 0 — pe ~X(a -iB) -De -x(a +jB) [\
By (e 7 7-1)

(3-12)
Integrating equation 3-12 with the aid of equations 2-16 and 2-17:

B 4 (e-Z'yT_.1
1= 1+ — 0 +
1 3 4, -

2Tyy, (e TTy?

) v2

2 4
4T 7,

2 -2(a -jB)T_ = _2a B2 (o-2(a +iB)T _
D™ ( — 1) DD (e 2 T_l)_+ D ( _ 1)
2(a - jB) a 2(a +jB)

2 . .
LR L [D(e-(a BTy Bl +.Jﬁ)T_1)}
T7702 jTﬁycz -(a - jB) (a +jB)

2
2By T 4T 1 YT
+ _ e + — e -1
7,2 (7 To) [7 v ( )]

p [D (T(e'(° -‘jrs)T) . (e-(a-jﬁ)T_l))
@i (a - 38)°
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2

) _15 Te-(a +jﬁ)T ' e-(o' +jﬁ)T_1 N ﬁo 7
@ v (o +3B)° iTer,* (77T )
D(e"(“ +v ’jﬁ)T_I) I_)(e-(a' +v +jﬁ)T_1)
-(a +v -3jp) a+v +jp

(3-13)

Equation 3-13 can be simplified by combining terms which appear

in conjugate pairs.

4, -yT -yT 4
By €77+ (77T B
0 0 T
- 2 ~T > = 4 coth -——2—- (3-14)
2Tyv, (e ¥ -1) 2Tyy
0 . 0
2 2 .2 . -2(a -jB)T
Y~ ,pe |M_-N"-2jMN) (e (o - B) -1)
2 4 ° . —(a -jB)T .\2
4Tp%y, 2(a - jp) (7@ TIPIT Ly
- 'YZ Re (M‘2 -N° - 2jMN) (e.o'T cos BT +1 + je-aTsin BT)
4Tﬁ2704 (a -jiB) (e""T cos BT -1+ je -aT sin BT)

*
7% Re {[a(M®-N%) +28 MN +j(8 (M® - N%) - 2a MN) ]

p) . .
4TB 704 ;502 [e™®TcospT - 1)° +e72%T gin T ]

Continuation of numerator

* - - -
[e72°T cos® BT - 1 - 25e *°T sinpT + e 27 sin” pT 1}
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*
_ 72 Re {[Q(MZ - NZ) + 2B MN + j(ﬁ(MZ - NZ) -2a MN) ]

2 _2 4 -2aT -aT

2e cos BT +1]

* [(e-zo’T-l) -2je -a'Tsin BT ]}

2 {[a (M- N°) + 28MN] [-sinh aT ] + sin T [B(M°- N°)- 2aMN]{
4T[32 }302 704 (cosh aT - cos BT)

(3-15)
2 —, - -
_ 1°DD (e ZuT_l) . _yZ (MZ + NZ) (e Zu.T_l)
4Tap" 704 4Tap? 704 (e ®Tcos BT - 1)% +e 2% TairlpT
_ ‘YZ (M2 + NZ) sinh aT
4Ta{:'32 ‘/04 (cosh aT - cos BT)
(3-16)

. D(e-(u = jﬁ)T_l)
Tﬁ‘YOZ ‘?ﬂ. - Jﬁ)

. (M- iN) o~ IPTy)
oy, -(a - p) (e-'* TP Ty)
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= 272 .Im {-(aM + BN) + j(aN-BM) ) = %_I\_I_Z_-jiz)
Tﬁyo Tﬁ.},o ﬁo
(3-17)
2 2
28, [-re-vT . e-vT_I] 28, [ T n
T2 -,02 AN L 2 T2702 -7
(3-18)
7 i (M Te @ TPIT ) 4 Ty
T ﬁ‘yoz (e_(;- Jﬁ)T-l)(n -jﬁ) (a -jB)Z (e-(q -Jﬁ)T_l)
S 2, [ T(M-N) (o + )
TZB‘YOZ 602[1- €®Tcos BT - je® T sin pT)]

(M-jN) (o - 8%+ 2jap)
4
Bo

2 —

2y ZQﬁM-N(az-ﬁ ) +1 T[a M+ BN +j(BM - aN)]
T2 2 4 ™2 aT . aT__
T B'yo Bo ﬁo [1-e “cos BT +je sin BT |
aT aT . |
2 . [(w-am (L-e"Tcos pT) - (aM-pN(e*Toin o)
TZB'}/OZ 602 (1- e®Teos [3'1')2 + ezc"Tsin2 BT N
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2

+ 2afM - N(a.2 - BZ)J
ﬁ()

B 2y T[(BM-aN) (1- e®T cos BT - (a M+ ﬁN)eo'TsinﬁT]
TZ (3’)'02 BOZ 2¢°T (cosh aT - cosBT)

s 2aBM-N(a” - ﬁZ)J
Po

(3-19)

B2 o [petetr BTy
7 Sl B CETNET)
Thy, (e ""-1)

2
2By Y Im [(M - jN)(e’(a+ NT oo BT - 1+je-(o.+ Y)TsinﬁT)J
1)

T(3704(e'7 & ~(atv-iB) (™ TcospT-1+je T sinpT)
2 *

_ %Y [[Maty)+Np+i[EM - N(a+1)]] [e" 2 T
TBYO4(e-7 T-1) [(<1+~y)2 + ﬁlj [(e’“Tcos BT - 1)7‘ +e-2°'Tsin2[3T

* - - -¥T, -aT
#1-0+e ¥ ) e Teos T +j(1-e" "T) e~ sinﬁT]:'
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2 %
7By [M(a+7)+Np] [(L-e7T) e *Tgin pT] +

T5704(e-7T'1) [(a+ ’Y)Z + (32] Ze-o’T[ cosh aT - cos BT]

* [BM-N (a.+7)] [e‘(z“ T, mT 1+e Ty cosBT]

2 E 3
[M(a +7v) +NB] [-sin BT] + [BM-N(a +7)]

T6704 [(a +'y)2 + (32] [cosha T - cos BT]

"Yﬁo

, T
* [cos BT coth ~ 2 + (e‘(“ ), ®T) /(e'YT-l)J

(3-20)

Substituting the results of equations 3-14 through 3-20 into

equation 3-13:

4
‘50 ¥T Y 2
4

1

I, = — + —— coth &= + —t

1 3 4 2 2 2
2Ty, 4TP Po Yo

B (M2 - Nzl-ZalviN] sin BT -[a (MZ - NZ) +2BMN] sinh aT
cosh aT - cos BT

2

2
+ Y (M2+NZ) sinh oT - Zﬁ0 + 2v(aN - BM)

2
4Taf 2704 (coshaT - cosBT) Tyy 0 Tﬁ’yoz (302
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2 2 2
0 T, 1] ,__2v  |zapM-N@” -p%)

2 2 ¥T 2 2 2 2 2

2p
+

+ T[(BM - aN) (e_aT-cos BT) - (aM + BN) sin BT
2(cosh aT - cos BT)

2 *
7‘30 -[M(a +7) + BN] sin BT + [BM - N (a +7)]

T[3704 [(a +y)2 + ﬁz] [cosh aT - cos BT]

¥T
* [cos BT coth 2 + (e-aT + e(a +Y)T) /(l-e.YT)]

(3-21)

Let aT = Z and BT = AZ as in the case of the second order system

where A is defined by equation 2-27. In addition let

YyT = \NZ
(3-22)

Then from equations 3-1, 3-3, and 3-10:

2
MT = aT(YyT-aT) + ﬁZTZ = zz(x -1+A2),
NT? = 2aT” - BT = 22 (2- 1)
2 2.2 2
'yOZT = (uT-'yT)2+[5 T =2 [(1-x)2+A2],
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2,2, 2.2 2 2 2,2
ﬁOZTzzaT +p°T = 27(1+A7)=2"/C

(3-23)

Using equations 2-27, 2-28, 3-22, and 3-23, equation 3-21 can

be expressed as a functionof {, A\, and Z.

4 A
fs0 T Z4/§.4 coth 2
coth —— = 7 z 2
27y, T 2N Z- 25 [(1-2)"+A°]
AZ
coth —'—2—

2 xzzf[ (1->‘)2 + AZ] 2

(3-24)

Y [p(M% - N*) - 2a MN]

2 2
4TB B, 704

*
XZZZ[AZ(Z4 (x -1+AZ] Z-Azz4[2 - x]z) -223[7\-1+A2]

1a%7% 2% 24 - NP4 A% 1% (P

AZ%[2-1]]
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gzxz[(x -1+A2)2 -AZ 2 - x)z -2{\ -1+AZ) (2-2)]
4az [(1-2)% + A%%

(3-25)

-7 [a (M% -N%) + 2BMN

2 2 4
4Tp 60 Yo

*
Az [z(z4[x —1+A2l2 -AZZ4[2- x]?‘) + 2Az3(x-1+ AZ)

~aa? 2%(z% 1% 24 [0 + a%2

*azl2-2]]
_ %014 4H? AP 0P 2a% (2 -0) (- 1+ A7)
an%z [(1- 0% + A%)°
(3-26)
2P e NG aPZP 2t 14407 1 a%20 e 0
4aTB v 04 4z-a%7% z4»[(1 NG
) AZ[(a-1+ A%Y + A% 2 - 2%
an®z [ - N2 + A%)?
(3-27)
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L N Y 00 ) 2
Try,’ az3 [ - 0% +a] A2z [(1-2%+ A%]
(3-28)
3 3 2
2y(aN - BM) _ 2AZJAZ" (2 -2) -AZ” (A-1+ A7)]
BTy, By az> (z%18%) [0 - % + A7
_o2ag[z-an +1-4% _ 2ag’ip-2an-a?)
Z[(1 - x)z + AZ] Z[(1 - x)z + AZ]
(3-29)
2
2By T, 1
TZYOZ v(1-e” T) ¥
o 2z%it 1 ,
zZ [0 -n2 + 8 | az@-er? r2z?
= 2 ! 1 \ + _1_.
tiaz[a-a)P+a’] [1-rF 0 M2
(3-30)

2y [2aBM - N (a°- 8%)]

2 2 2 _ 2
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2\Z [2Z -AZ .z2 [» -1+ Aj -az? (2 -12) (z2 - AZZZ)]
az (z*¢h 2% [0- 0% + A7

z;4x f2(n -1 +A2) -(2-2)Q1- AZ)]
z% [0 - \)% + A%

(3-31)
3 2 3
29T (BM - aN) _ Az [Az” (A-1+4%) - az> (2 -]
21° ﬁﬁoz 102 AZ (z%/1%) 2% [ - )% + A%
A %A [2)- 3 + A7
AZ[@ - N + A%]
(3-32)
-2yT (aM+ BN) _ -\Z [z3 (A-1+ AZ) + A%Z3 (2-2)1
212 ;3[302 7, Az(z%71%) 2% [ - 0% + A%
_ gzx[x -1+ 3A°% - ZAZx]
AZ [{1-2)°% + A%
(3-33)
2
7By M(a +7) + NB

L
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xz(zzlgz) [zz(x -1+ AZ) (z + \2) + AZ z3(2 - \)]
AZZ [ - 0% + A%1%[(z + 22)? +A%Z%]

_ xz[(x-1+A2) 1+ >‘)+A‘2 2-121

) ;‘ZA [@- x)z + AZ]Z ZZ[(I + x)z +A2]

(3-34)

~1By” [BM - N (a + 7)]

oy, * [la +v)° + 8%

Az (288 [az3 (0 1445 - Az% 2 - W) (Z - A 2)]
Az -zt [(1- x)z + AZ] 2 [(z + XZ)Z + AZZZ]

ANZ [x?‘ + A -3]

A;Z [a- x)z + AZ]Z z2 [+ x)z + AZ]

(3-35)

Substituting the results of equations 3-24 through 3-35 into

equation 3-21:

1 coth (A Z/2)
I = * 4 2 2.2
2 Z [ -2 +A7]

1 3
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*
At -1+ 452 A% 2 - 0% 2200 -1+ A%)(2-2)] sinAZ

4AZZ [ - x)z + AZ]Z [cosh Z - cos AZ]

A% -1+ A% A% 2 -2+ 2a% 2 - 0) (-1 4+ AD)]simh 2

xz [(A -1+ AZ)Z + A° (2 - x)"j sinh Z
2
4A77 [(1- x)z + Az]2 [cosh Z - cos AZ]

A 2 . 2 g2 (3-2x\ - AZ)

A2 2Z [( - 0 + AT z [0 - 2% + A7

+ 2 1 s L
ngz[(l-x)2+A2] 1-eM? Az

etz -1+44%) - (2 -2 (1-4%)
2~ [(x - 1)2 + AZ]

gZAx(AZ - 342)) (e'Z-cos AZ) - gzx (A-1+ 3A2- Azx) sin AZ

AZ [(1 - X)Z + AZ] [ cosh Z - cos AZ]

*
)‘(3A2 +\ -1) sin AZ - A\ [A2+ xz -3] [cos AZ coth (AZ/2)

ALZZ [Qa- X)Z + AZ]2 [Q+ 7\)2 + AZ] [cosh Z - cos AZ]

* -Z Z(1+\) \NZ
+ (e t+e Y/L-e )]

(3-36)
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In order to simplify equation 3-36 and to facilitate programming

for digital computation, let

X -1+A%=m,

FARID =P,
2

1-2%+a% -G, and

cosh Z - cos AZ = R.

(3-37)
Then
1 - __;_ 4 coth (222/2)
AVAM e
+ AgzxZ[HZ-AZPZ -2PH ]sinAZ - gZxZ[HZ -AZPZ-i-ZAZPH] sinh Z
4a%zc%r |
+ £ [H‘2 + AZPZ] sinh Z _ 2
4A%7G°R )J,ZZG

2
+ng(P-H)+ 2 1 s L

ZG \Z \Z

XZLZG l1-e
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2)$4[2H-P - a®

ZZG

)]

Are? (1-P) (e"%-cos AZ) - P\ (H + A%P) sin AZ

AZGR
2, .2 *
A[3A7 + X" -1] sin AZ - [G - 2P] A\ [cos AZ coth (A\Z/2)
A(.,Z zG? (G+ )R
(e z, ez(1 + "))/(1 _ exz)]
(3-38)




INTRODUCTION TO THE PROGRAMMING PROGRAM

Equations 2-30 and 3-38 represent the error squared
integrals for second and third order underdamped systems
respectively. If the systems are critically damped,

sin AZ

3’ = O’ i
1 A and lim A

A>0

e
il

lim Z cos AZ = Z

A0
(4-1)
by L' Hospital's Rule.
In this case, equation 2-30 becomes
. -Z
I—.l_.,i.g. 6 +551nhZ-Z+8(e -1)
-3 Z 72 4Z (cosh Z - 1)
(4-2)

and equation 3-38 becomes

coth (A Z/2) + xZH (H-2P) Z + zxZP (P - H)sinh Z

1
11_-§—+ 4 4

2\ZH 4ZH R

37
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) 2 +2x(P-H) b 2 1 1

)\ZHZ ZH2 )\ZI—? 1- e)‘Z Az

+ 2AH-P]  A(H-P) (e'z-l) - \HZ

ZZH2 ZHZR

x(x?‘ -1) 2 - (xz - 3)\ [coth (AZ/2) + (e"Z+ ez(”"))/(l-e)‘z)]
ZH4R (HZ + 4\)

+

(4-3)

If the systems are overdamped, { >1 and A is imaginary.

Then

cos JA_Z = cosh AOZ, and

0

-} sin JAOZ = sinh AOZ.

(4-4)
For the second order overdamped case,

2
a® 28 (@ -y
Z ZZ

1
I—-3—'-

2 -
+ (14 4¢") sinh Z + (3-4:_:,2) (sinh AOZ)/AO + 8;2 (e Z—cosh AOZ)
4Z (cosh Z - cosh AOZ)

(4-5)
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and for the third order overdamped case

I - _;_ , coth (\2/2)

1 2azetc?
+ szgz [HZ + A%p% 2PH] sinh AZ + gzx?‘ [HZ + a%p%. ZAZPH]sinhZ
4zrA%G?

\° [AZPZ- HZ] sinh Z 2 zx;.z (P - H)

+ z.. .2 -t ZG
4A"ZRG A\TZG
4 2
2 1 1 AL [2H-P (1+ A7)]

+ z z z|t 2

AZGL 1-e Z°G

Ax;z [H - P] [e'z-cosh AZ]- gzx [H - AZP,]sinh AZ

AZGR
2 2 2 2 *
+ X A" -3A"-1] sinh AZ- [A" - A" - 3]JAX [coshAZ coth(\Z/2)
AgZZRGZ (G + 4E)
*

+ (e-Z + eZ(l-!- X)) / Q- e)\Z)]

(4-6)

Consider first the second order systemn. The problem

is to find a d.c. loop gain-frequency function which minimizes I,
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or to find an equivalent relationship of the form r,Z = £(2)
which minimizes I. This can be done by setting the derivative
of I with respect Z equal to zero and solving the resulting ex-
pression explicitly for QZ = f(Z). Even the simplest of the
error squared integrals is too complex to handle analytically
in this manner.

Because of the complex structure of the I functions,
digital computer techniques were used to plot and locate the
minimums of these functions. All programs were written in
the language of Burrough's Algebraic Compiler. A discussion
of the programming techniques used is taken up on the following

pages. A listing of all programs used appears in the appendix.




PROGRAMMING FOR THE SECOND ORDER ERROR INTEGRAL

The evaluation of I for several values of the parameter
{ was simply a matter of substituting values into the derived
functions I for L>1, L =1, {<l. Rough plots of the I family of
curves were made first using slide rule calculations. These
plots were used to select points for the input arrays. There
were unexpected irregularities in some of the curves, especially
those of very low { which made it necessary to rerun the three
programs for additional points. Resulting curves are shown in
Figures 5 and 6.

The second phase of the problem is that of accurately
locating the true absolute minimum for each curve. An analytic
expression for the derivative of I with respect to Z is required
in the minimization procedure used. The three forms of I' (Z)

are listed below for reference.

s’ a (al’ o)

ZZ Z3

Underdamped I' (Z) =

z

+{[(+ 4§2) cosh Z + (3—4;2) cos AZ + 8{,2 (A sin AZ-e )]

41
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Z [cosh Z - cos AZ] - [(1+ 4{,2) sinh Z

sin AZ

+(3 - 4% 2

+ 8;2 (e-z-cos AZ)] [cosh Z

+ Z sinh Z - cos AZ + AZ sin AZ]} /4Z2 [cosh Z - cos AZ.]'2

(4-7)

2 2 2
Overdamped I' (Z) = 4§’2 2 (‘;@ - 1)
z z

+ {[(l + 4{,2) cosh Z + (3 - 4!_’,.2) cosh A Z - 8;2 (AO sin A _Z

0 0

-e -Z) ]Z [cosh Z - cosh AOZ] - [(1+ 4;2) sinh Z

sinh A _Z
2 0
+ (3 -4¢) —

+ 8@2 (e-Z-cosh AOZ)] [cosh 2
0

+ Z sinh Z - cosh AjZ - A Z sinh AOZ]} /4:z2 [cosh Z - coshAozf‘

0
(4-8)
Critically damped I' (Z) = —— . —£

z° z?

+{[5 cosh Z -1 - 8e -Z] Z [cosh Z - 1] -[5 sinh Z
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-Z+ 8(e-Z=-l)] [cosh Z + Z sinh Z - 1]} /4ZZ[cosh Z - l]2
(4-9)

A plan for accelerating the convergence of iterative processes

described by J. H. Wegstein in Communications of the Associa-

tion for Computing Machinery, Volume 1, number 6, page 9, of

June, 1958, was used to find the roots of the family of curves

1'{Z) = 0. The procedure is explained below.

[—
.

Write I'(Z) = O in the form
Z =2 +gl'(2) = F{Z), where g # 0 is a constant.
2. Choosea Z, (refer to Figure 7, page 59)

3. Let Z1

F(Zo)

4,
Let Z2

1l

F(Zl)

Instead of using Z_ to continue the process, find the intersection

2

of the secant joining Z F(ZO) and Z,, F(Zl) with the line y = Z

Ol

and call this value EZ' For each new Z, follow this same pro-

cedure. Each En is obtained from the intersection of y = Z

+1

and the secant joining —in’ F(En) and En F(Z 1). Note

-1 n -

from the graph that each F(—zn) =7 From the geometry

n+1

of the graph, there are two relationships that are of use.
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7 _ Zn+lzn-1_znzn
n+1l - >
zn+1 Zn-l~1mzn'-zn
(4-10)
and
Zn+1 = F(Zn)
(4-11)

A flow chart for the procedure appears in Figure 8.

Several tries were required before the process would
work satisfactorily. The problem was to find the right combina-
tion of g (the arbitrary constant multiplier of I' (Z) and h (for the

convergence test |2 - En! <h). Too large a g caused the

n+1l
hyperbolic functions to go out of range and too small a g caused
overflow in the calculation of En T h also had rather narrow
limits. Results were not reliable unless h was kept near some
very small value, yet when h was made too small, Z oscillated
without converging. It is also evident from the plots of I(Z)
that it was necessary to have a good idea of where the absolute
minimums were located since there are several roots to the

derivative equations in some cases. Results of the minimi-

zations are shown in Figure 9. The surprising fact is that
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{4 2 = f(Z) is a linear function, therefore no curve fitting problem

exists! The equation of the minimizing function is:

t? = 0.2562.

(4~12)




PROGRAMMING FOR THE THIRD ORDER ERROR INTEGRAL

The third order case is complicated by an additional
parameter A. Evaluation of I1 was performed by using the
same procedure that was used in the second order case except
that data was read into the program by using the FOR statement
rathe r: than by an input array. Several sets of points were
needed; one set for each family of curves, since the minimums
form a surface rather than a plane curve. Plots of I (z2)
appear in Figures 10, 11, and 12.

An examination of the third order error squared integral
will reveal why it was impractical to use Wegstein's method,
which requires the derivative of I1 (z), for locating the minimums
of each function. They were found instead by constructing a net
from the plots of I (Z) in the neighborhood of each minimum.
Spacing of the net was decreased until 3 points were determined:

Z.,Z_ + A, and Z

o' Zo - & such that I, (Zo) was less than either

0
L (Z0 + A) or I1 (Z0 « A) where A is the tolerable error in Z.

Results of this analysis are shown in the family of straight lines

2
in Figure 13. Each line represents a minimum function ¢~ = £(Z)

46
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for a particular value of A\. These lines are parallel, therefore,

the minimizing surface can be expressed as
2
t" =m2zZ + f(b) ,

where b is the ordihant of the g?‘ axis intercept for each line, and
m is the slope of the family of straight lines.

By determining a functional relationship b = f(\), an
analytical expression for LZ = f(Z, \) can be written. A plot of
b = £f(\) is shown in Figure 14. The resulting curve forms one

leg of an equilateral hyperbola. Its equation is:

Ab = .515 ,
(4-13)
therefore
t? =256z + 2222
A
(4-14)

is the required minimizing function for the third order system.
There is a very slight scattering of points in Figure 13.
This can be attributed to the complex function which was being

evaluated. When such a large number of computations involving
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extremely large variations in magnitude are required to plot a

single point, small errors are bound to occur.




CONCIL.USIONS
y = t/T (5-1)

¥y = t/T + b1 (5-2)

Mathematically, a delay in the system input pulse

sequence is equivalent to shifting the desired output y =t/T

as shown in Figure 4. The analysis of this paper was based on
a linear desired output (equation 5-1). Optimizing functions

were derived based upon minimization of

) (K+1)T 5
T [6(t) -t/T]" dt. (5-3)
KT

It can be seen from plots of this integral that in all cases it
approaches zero for some T.
If a similar study is made based on equation 5-2 for a

delayed pulse sequence, the integral to be minimized becomes:

1 (K+1)T 5
I = = [6(t) - (t/T + bl)] dt
KT

49
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(K +1)T 2b (K +1)T b 2 (K+1)T
1 2 1 1 !
= — [6(t) -t/T] 4t - — [6(t) - t/T] dat + —= dt
'r“i;T T Jkr T &t
(5-4)

The first member of the right hand side of equation 5-4 has been
plotted for second and third order systems in sections 2 and 3 of
this paper. The value of the third integral is blz. The second
integral can be handled with the aid of equations 2-8, 2-13, and

3-9, In the steady-state second order case:

Zb1 (K + l)T Zb1 T
-Tf[e(t)-t/T]dt=-—f 1- = +
KT 0

B O S i OSSP ciall R
2jp -(0- 3BT _| o (@tiB)T_,

it U P L S T . __a-jp

T 2T 2jp [-(a-38)] 2B [-(a+jB)]

2b
= b - — (@ - - e
2jTBB,

b 4blo.

1 502T

(5-5)
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If the terms added to the integral I by consideration of a pulse

delay are denoted by Is, then for the second order case

4a b
I =b2%_b + 1 (5-6)
s 1 1 B ZT
0
In terms of { and Z, equation 5-6 becomes:
4 __2
1 =b12—b1+4b1 > Z > =b12+ ZIL -b1
s Z°(1 + A%
(5-7)
The third order case can be handled similarly.
2
Zb1 (K+1)T Zbl T < Bo oYX
- TT [e(t)'t/T]dtz'Tf l-g5+— 3T
T 0 Yo (e” 77 -1)
* 2 @ - JB)T - -(a+jB)T o
2B, e~la-3B)T ) e \@TIRIE
2b ‘ 2 B 2
_ . . I, 00 1), v M-jN  MtjN
T 2T 2 a2 | -(a-3B) -(a+jB)
Yo 2iBv,,
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2
] 2b1‘30 Zbl‘Y(Z) M - jN M + jN
= -b t — 7 a -jp ~ atjp
7Y, T ZjTﬁ’YO
(5-8)
__15 Im [(M - jN) (a + i) - (M + jN(a - jB)]
Bo
- 2 [BM-aN]
B,
(5-9)

Substituting equation 5-9 into 5-8, Is for the third order case
can be written
2
2b [30 4bl'y
I. =b.“-b. + —A— 4 ——— [BM - aN]
T T PTBy 7o

(5-10)

Interms of { , Z, and \, equation 5-10 bécomes:

Zblzz(l + A%
Ils = b1 - b1 +

)\z-z2 [(1- x)z +A2]

4b N\ Z [Az .z2 (N -1+ AZ) -z .az% (2 - )]
+

AZ- z° a+ AZ) 2? [@- x)Z + AZ]
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1
2b b A5 [TZ + 2\ - 4]
2 1 1 4
=b bt z . .2 * 1 z
ANLTZ /LT N - 2)] z[—7+x - 2]

L

(5-11)

Plots for equation 5-7 are shown in Figures 15 through 20 for
several values of { and for b1 = 0.25, 0.50, 0.75. A summary
of the results of varying b1 are shown in Figures 21 and 22.
Increasing b1 beyond 0.25 makes it impossible to obtain a zero
value for I. This effect is even more pronounced as { is in-
creased. Even for { = 0.5, no clearly defined minimum exists
for b1_>_0. 5. In all cases where it is possible to obtain high
accuracy (I = 0), the optimum frequencies are lowered consider-
ably by the pulse delay. Pulse input delays do, however, flatten
the I curves in the vicinity of the minimums so that when I can
be made to approach zero, gain-frequency selection is less
critical when delay is involved.

Equation 5-11 is plotted in Figure 23 for x =10, { = 0.1
and b1 = 0.25, 0.5, 0.75. These curves should be added to the
{ = 0.1 curve of Figure 11. A casual inspection will show that

considerable error is involved for even the b1 = 0.25 curve. In-
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creasing either { or b1 makes the situation worse so that in the
third order system not even b1 = .25 can be tolerated.

Plots of the error squared integral functions show that
a linear system output can be generated to any desired degree of
accuracy by selecting system parameters according to equations
4-12 and 4-14. They also indicate relative errors which will
result from not selecting parameters correctly. The slope of all
curves increases very rapidly to the left of the minimums
(higher frequencies) and these minimums are much more sharply

defined for curves of small damping ratio.
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FIG. | — A GENERAL LINEAR FEEDBACK SYSTEM
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FIG. 2 - REFERENCE INPUT FUNCTION r(t)
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FIG. 3 - OUTPUT 6(t) SHOWING VARIABLE INITIAL CONDITIONS

y=t/T+b, y=t/7

/£
/

FIG. 4 - y(f) FOR DELAY IN THE INPUT PULSE SEQUENCE




. 5-1=1(Z), PARAMETER {



58

FIG. 6 - I=1(Z), PARAMETER {
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FIG. 9 — {* = f(ZMIN)
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APPENDIX B

COMPUTER PROGRAMS

In the programs which follow, the variable X represents
the Z of the analysis and the variable F represents the I of the

analysis.
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