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FOREWORD 

This handbook has been produced by the Space Systems Division of 
the Martin Company under contract NAS8-S03l with the George C. Marshall 
Space Flight Center of the National Aeronautics and Space Administration. 
The Lunar Flight Handbook is considered the second in a series of 
vo14mes by various contractors, sponsored by MSFC, treating the dynamics 
of space flight in a variety of aspects of interest to the mission 
designer and evaluator. The primary purpose of these books is to serve 
as a basic tool in preliminary mission planning. In condensed form they 
provide background data and material collected through several years of 
intensive studies in each space mission area, such as earth orbital 
flight, lunar flight, and interplanetary flight. 

Volume II, the present volume, is concerned with lunar missions. 
The volume consists of three parts presented in three separate books. 
The parts are: 

Part 1 - Background Material 
Part 2 - Lunar Mission Phases 
Part 3 - Mission Planning 

The Martin Company Program Manager for this project has been 
Jorgen Jensen; George Townsend has been Technical Director. Fred 
Martikan has had the direct responsibility for the coordination of 
this volume; he has shared the responsibility for the generation of 
material with Frank Santora. 

Additional contributors were Robert Salinger, Donald Kraft, Thomas 
Garceau, Andrew Jazwinski and Lloyd Emery. The graphical work has been 
prepared by Dieter Kuhn and Elsie M. Smith. John Magnus has assisted in 
preparing the handbook for publication. William Pragluski, Don Novak, 
James Porter, Edward Markson, Sidney Roedel, Wade Foy and James Tyler 
have made helpful suggestions during the writing of this book. 

The assistance given by the Future Projects Office at MSFC and by 
the MSFC contract management panel, directed by Conrad D. Swanson is 
gratefully acknowledged. 
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V. EARTH DEPARTURE 

INTRODUCTION 

Chapters II, III a nd IV pres ented material 
introductory to the pro blem of lunar flight s uch 
as a nalys is of the e nvironment in which the space 
vehicle moves (including some numerical values 
of constants describing this environment), the 
geometry a nd dynamics of motion in earth -moon 
space and fina lly, a general classification of 
missions and trajectories and trajectory simula
tion in earth - moon space . The material in 
Chapters II, III and IV has been qualitative, or --
if quantitative - -designed to provide background 
for a discussion of lunar trajectories . The 
present chapter is the first of six which p res ent 
detailed trajectory data for the various phases 
of a lunar mission, g iving detailed analyses and 
approaches to the p roblems, illustrating them 
with numerical exam pl es, or giving parametric 
variations of trajectory variables whenever 
necessary. Chapter V discusses earth departure - 
that part of the total trajectory of any lunar mis
sion between launch at a given time and site and 
injection into the desired translunar trajectory at 
the correct time and position. However, no di s 
cuss ion will be given of ascent trajectories from 
l aunch to booster burnout. 

To accomplish its mission, a lunar spacecraft 
must be placed at a p recise position at a precis e 
time with a very accurate velocity. In order to 
attain these injection conditions, the spacecraft 
must first be launched from the earth 's surface 
with the proper ascent trajectory. It is thus of 
utmost importan ce that this earth departure 
phase be as flexible as possible to ease the com
plexity of mission p la nning a nd to minimize the 
introduction of additiona l launch constraints . This 
cons ideration precludes discussion of direct as 
cent fr om launch to lunar trajectory injection 
(i. e ., direct earth departure ) by continuous rocket 
burning during this phase of the trajectory. 

Generally the most practical, effi cient, and 
likely technique of earth departure utilizes par k 
ing orbits abo ut the earth p rior to injection. Ad
ditionally' these parking orbits a llow greater 
mission fl exibility by providing : 

(1) T ime for final onboard and ground 
checkouts before injection is initiated . 

(2) Injection capability a ny t im e of th e 
month, twice a day . 

(3) The same nominal asce nt a nd injec t ion 
trajectory profile for a ny mission. 

The major disadvantages of th is technique are the 
increas ed requirements for tracking, communica
tion and computational facilities . Even so, these 
disadvantages will become less severe as more 
ground support e quipment becomes operational 
and available for lunar mission support . Hence , 
parking orbits have been assumed for the earth 
departure phase throughout this chapter. 

Flexibility from a flight mechani cs point of 
view, as used here, is assessed in terms of 
launch frequency and launch tolerance. Launch 
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frequency is defined as the number of time 
peri ods for a poss ible launch during the month 
(lunar position in orbit) or during the day (earth 
rotation), while launch tolerance is the interval 
of time by which the l a unch can be expedited or 
delayed from the nomina l l aunch time, still 
y ielding the desired injection condit ions. 

There are two basic launch techniques that 
can be used to obtain launch frequency and 
launch tolerance. In the fir st technique, the 
earth parking orbit and translunar trajectory are 
fixed for a give n injection time . Direct or in
direct ascents are performed to attain the re
quired par king orbit. The direct ascent solves 
the timing problem of arriving at the proper in
jection point at the correct time on the ground 
before launch. In the indirect ascent method, 
the spacecraft is l aunch ed at any time, and the 
timing p roblem is solved while in the parking 
orbit . The former method results in l aunch 
tolerances measured in terms of a few minutes 
and a launch fr equency varying from one to four 
times a day. The indirect method is characterized 
by launch tolerances measured in hours, a fre
quency of one or two times a day, a nd a require
ment of two additiona l rocket engine ignitions . 
Furthermore, waiting times in parking orbit 
prior to injection can easily be 24 hr for the in
direct as compared to 2 h r for the direct ascent. 

The second technique assumes a variation of 
the translunar trajectory with delay time re
sulting in a l aunch frequency of twi ce a day, with 
a corresponding l aunch tolerance of approximately 
5 hr. Since no exces s propellant is required to 
obtain this l aunch tolerance, there is no payload 
penalty . However, this is not the case for the 
first technique, where l aunch tolerances are 
governed b y the amount of excess propellant 
available . This latter technique appears to be 
most favorable if an earth rendezvous is not re 
quired. 

Additional propellant may also be required to 
salvage a miss i on in the event the vehicle cannot 
be injected at the preplanned time. Essentially , 
this propellant provi des a n injection frequency a nd 
injection time tolerance once the spacecraft is in 
i ts parking orbit . Excess propellant is also de 
sirable for manned missions if an abort i s required 
during the injection phase, when the spacecraft is 
being accelerated from earth - orbital to translunar 
injection speed. 

The numerical data presented in this chapter 
r epresent l aunches from Cape Canaveral a lone . 
Magnitudes of launch tol erances are obtained by 
assuming a hypothetical l aunch vehicle and are 
includ ed solely for the purpose of giving insight 
into a nd comparison of the various aspects of the 
problem. 

All data presented in this chapter is based 
on Keplerian orbits during ballistic flight, 1. e . , 
the earth is assumed spherically symmetric in 
concentric layers , and atmospheric drag and 
other nongravitationa l forces on the vehicle are 
neglected . (On occasion, effects of atmospheri c 
drag and earth oblateness on the ascent trajectory 
will be mentioned . ) In most cases, rocket thrust 
is sim ulated by an impulsive change in the veloc-



ity--6. v; more details concerning the effects of 
finite burning times and a d iscussion of general 
orbital maneuvers are presented in Chapter VI of 
Ref. 1. 

A . FIXED TRANSL UNAR 
TRAJECTORY TECHNIQUE 

The timing and p lanning of a lunar mission 
reduces to the selection of a moon arrival date 
a nd time which depends on such mission con
siderations as solar illumination of the moon, 
the ability to establish prescribed orbits around 
the moon with circumlunar trajectories, and the 
ability to l and at designated landing sites which 
are librating relative to earth. This selection 
of arrival t ime then fix e s the translunar injection 
position <\J O ' the injection time and the inclina-

tion of the translunar plane iVT L (Chapter IV, Sec 

tion B). These fixed values, together with the in 
jection radius and velocity , are then specific re
quirements fo r the lunar mission which must be 
met if the mission objectives are to be attained 
with the particular vehicle . This is illustrated by 
considering a one -minute delay in the arrival at 
the predetermined injection point . A late injection 
of this magnitude into a ballistic trans lunar trajec
tory can change the miss distance (pericynthion) at 
the moon- by - 26 km, the vacuum peri gee alt itude 
(for a circumlunar trajectory) by + 305 km, a nd 
the return inclination ~TE by 2 deg . Another, 

and more severe example is an error in injection 
position. If the spacecraft is injected at the cor 
rect time but with an along-track pos i tion error 
of + 11 km, the peri cynthion of the ballistic c ir
cum lunar trajectory can change by + 135 km, the 
return vacuum perigee by - 14, 250 km and the 
return trajectory inclination by 7.5 deg . There 
for e , regardless of how the spacecraft leaves 
the earth 's surface, it must satisfy the trans lunar 
injection requir ements quite closely. Under 
standably' midcourse guidance can correct 
small errors at injection; but they must be small 
if the correction fuel requirements are no t to 
become excess ive and if the midcourse guidance 
scheme is to be easily mechanized. Major 
trajectory changes after injection require too 
much energy to be practical at this time and they 
should be avoided. 

1. Launch Tolerance with Direct Ascent 

a . Direct ascent without earth rendezvous 

With the ballistic translunar trajectory fixed, 
the injection conditions of the spacecraft (radius 
a nd velocity vector ) are a lso fixed . To achieve 
these injection conditions, a coast per i od and 
parking orbits are likely to be used during the 
ascent phase . 

The inclination of the parking orbit to the 
equatorial plane is quite important. If this in
clination is not the same as the inclination of the 
translunar trajectory to the equatorial plane, a 
lateral maneuver will be required at velocities 
between earth orbital and escape speed . This 
is expensive in fuel since a large velocity vector 
must be changed in direction or "turned. " There-
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fore, throughout the handbook, the parking orbit 
prior to injection is assumed to lie in the same 
plane as the initial translunar trajectory, and 
any lateral maneuvers, if required, will be per 
formed during ascent into the parking orbit . 

In order to satisfy the injection conditions, 
one can first visualize a "phantom" satellite in 
the parking orbit having t he correct position for 
ac hieving the injection conditions at some pre
determined time. 

The problem now reverts to one that requires 
the spacecraft to ascend from the earth 's surface 
and rendezvous with the phantom satellite . For 
mission planning , information is required as to 
the fuel penalty if the launch of the spacecraft is 
del ayed on the ground . 

In the direct ascent method, the spacecraft 
is boosted directly to the altitude of the parking 
orbit . The time of arrival at this altitude is 
planned such that the spacecraft and phantom 
satellite are coincident. The spacecraft is then 
injected into orbit, and it executes any turns that 
may be required to establish itself in the parking 
orbit plane during the orbit injection . In other 
words, a fictitious rendezvous is made with the 
phantom satellite . The direct ascent method is 
illustrated in the following sketch. 

® Earl y Launch 

@ Nominal Launch 

© Late Launch 

_ P owered 
Tr ajectory P hase 

Coast Trajectory 
Phase 

As can be seen, the spacecraft is accelerated 
from launch to some cutoff altitude . It then 
coasts to the parking orbit altitude, where ren-
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dezvous is made with the phantom satellite . If 
a turn (i. e .• orbit inclination change) is required, 
it is made during the second powered phase, as 
shown. 

First, consider Case B in the sketch, where
the launch site lies in the parking orbit plane and 
the phantom satellite is in the correct position, 
such that rendezvous occurs at the end of the as
cent phase. For this case, no turn is required 
at the rendezvous point, and Case B will be con
sidered as the nominal ascent trajectory in this 
discussion. 

The next sketch shows three ascent trajec
tories (I, 2, 3) and the times of arrival at 
apogee (t l , tN' t 3). Trajectory number two is 
the nominal ascent, and tN is the nominal apogee 

arrival time, with the nominal launch time be ing 
tL · 

Now consider that for Case B, the phantom 
satellite was not at the correct position at 
launch (tLl. but instead was at (t

L 
- 6tl ) as 

shown 

VPar1t1ns 
\ Or bit 

\ 
hp-l 

/ 
If 6 tl is equal to the difference between the 

nominal apogee arrival time and tl (tN > t Il. the 

spacecraft can still perform the rendezvous by 
flying the number I trajectory. This is called 
an early launch. The same reasoning applies 
if the phantom satellite occupies the position 
(t

L 
+ 6 t

3
) at launch (late launch). If 6 t3 is 

equal to (t
3 

- t
N

) the spacecraft can rendezvous 

by flying the number 3 trajectory. In other words, 
by extending the ascent range Pa the spacecraft 

can be launched at any time in the interval6tL = 

(t3 - t l ), where l:.tL is the launch toleran ce ob

tained by extending Pa from Pal to <P a3 . 

Another method of obtaining launch tolerance 
consists of shaping the ascent trajectory. Con
sider the nominal ascent which arrives at the 
parking orbit altitude hp with zero flight path 

angle (y = 0). Now, for a given range angle Pa , 

allow the spacecraft to intersect the parking 
orbit with y ! 0, as shown in the following sketch: 
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a t (t L -t,>"'-j 
Pbantom 
S atellite 'f 
(at tIl' 

at (t l -'l. r1 
@--Roa1.al 

'-.S""Park1ag 
" Orbit 

Assume further that upon arrival at the parking 
orbit altitude hp a rendezvous is performed, 

and the flight path angle is reduced to zero. 
Trajectory number I (early launch) arrives at 
t l , where tl > tN' and trajectory number 3 

(late launch) arrives at t3 < tN' By utilizing 

the same approach presented for the range ex
tension method, it is similarly found that the 
launch tolerance from trajectory shaping is 
6 tL = (t i - t 3)· 

Thus far, the discussion has been restricted 
to Case B where the launch site lies in the 
parking orbit plane. However, this is not true 
in general because as the phantom satellite 
progresses in its orbit, the launch site, on the 
rotating earth, rotates out of the parking orbit 
plane. The real situation, greatly exaggerated, 
is depicted in the sketch on page V -2 by the as
cent trajectories A and C. Because of the 
earth's rotation, Case A occurs prior to the 
nominal launch time tL and Case C after tL , 

and it is evident that some turn is required if 
launch took place at those times. The following 
sketch gives the pertinent geometry for deter
mining the required turn angle 6 A which can be 
obtained from spherical trigonometry: 

Ascent Tu rn Angl e ueometry 

Ascent 
Trajectory 



. -1 [ sin 28 . 5° cos iVE 
sm ± --~------

Sln "F a 

- cos 28 . 5° .Sin iVE sin '"NL ] 

sm CJi a 

(1) 

where the launch site is assumed in the northern 
hemisphere for this formula to hold, and 

( + ) 

( -) 

launch site on the polar side of 
the orbital ground trace (not 
shown) 

launch site on the equatorial 
side of the ground trace 

+ 28. 5° latitude of Cape Canaveral, the 
launch site 

Equation (1) shows that the longitude of the 
launch site "L' the ascent range Cji a' and the 

parking orbit inclination to the earth 's equator 
i
VE

' determine the magnitude of the required 

turn angle 6; A . Furthermore, the minimum 
turn angle occurs when <l?a = 90 deg . Assuming 

that the launch site is Cape Canaveral, which is 
at a latitude of + 28. 5 deg and iyE is limited to 

between 28.5 and 35 deg, typical values of 6; A 
are shown in Fig. 1 for the nominal case <l?a = 
90 deg . Since the phantom satellite moves 
along the parking orbit at approximately 4 deg/ 
min, and the launch site rotates with the earth 
at approximately 0 . 25 deg/min. the value of 
6; '" will always be small for a given nominal 
phantom satellite pass (s ee sketch on page V - 2) . 
Consequently. because of the short interval of 
time the phantom satellite is in a favorable 
rendezvous position in a given revolution. the 
required 6; A is small. This particular point 
will become quite clear when the actual magni
tudes of the launch tolerances are discussed 
below. 

If 6.A and <l?a are known. the required position 

of the phantom satelli te f3 can be determined req 
by use of spherical trigonometry (see the above 
sketch): 

f3
T 

= cos -1 [ { cos Ta cos 6 - sin <l?a sin <5 cos 6;A 

cos [± <a -lV~} {I -sin <l?a sin 6;A 

where 

(-) 

sin 6 sin ~ (0' - iVEm -1] (2) 

launch site on the polar side of the 
orbital ground trace 

l aunch site on the equatorial side of the 
orbital ground trace 
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6 

-1 tan 
[

tan 28. 5
0J 

sm'"L 

. -1 [Sin 28. 50J Stn -~,-~-
s tn 0' 

af3 T \ 
then f3 req = f3

T 
- ascent time (~. 

13
T 

is the orbital central angle of the rendezvous 

point (measured northward from the ascending 
node of the parking orbit--see previous sketch). 

But first. the required ascent range as a 
function of launch del ay time must be determined. 
If a nominal l aunch (<I?a = 90 deg) is possible at 

a g iven time (tL ), there are only two parameters 

which can be changed to effect a rendezvous at 
a later instant. These variables are the actual 
launch time t a nd the ascent range (I' a . The mo-

tion of the phantom satellite as a function of these 
variables is given by: 

a f3 a (: 13t~ d13 = T dt+ (_t_) 
req ~ a <l?a 

(3) 

Likewise. the motion of the intersection point of 
the parking orbit and ascent trajectory is g iven 
by 

dt 
<I? constant 

a 

(4) 

In order to effect a rendezvous. the phantom 
satellite and the intersection point must be co 
incident. Therefore. by equating Eqs (3) and 
(4), the range extension as a function of launch 
time can be found as 

af3 T 
(a

13
t
T j 

d<l?a 
---ar-

'P a = constant 
(5) crt &13

T j at df!T 
(~ - a 'P~ ""ift a t = const 

A typical magnitude of d 'Pa/ d t for near -earth 

parking orbits is 55 deg/min. Thus if a nominal 
launch calls for 'Pa = 90 deg. a launch can be made 

one minute before nominal by decreasing Cji a to 

35 deg or one minute after nominal by increasing 
'P a to 145 deg. In other words. for this practical 

range variation. launch tolerances obtained by 
range extension for the direct ascent technique 
are measured in minutes rather than hours. 

ote that Eqs (3), (4) and (5) apply to the range 
extension method only. Besides being used in
dividually, the methods of range extension and 
trajectory shaping also can be used together to 

\ 
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obtain a launch tolerance as shown in the numeri
cal example of Subsection A-1c below . 

b. Direct ascent with earth rendezvous 

It becomes immediately evi dent that if the 
phantom satellite were replaced by an orbiting 
vehicle, the launch tolerances given by the 
previous discuss ion are directly applicable. 
Therefore, if a mission entails a physical ren
dezvous with a fueling vehicle in earth orbit, 
for example, the methods for launching the 
spacecraft are not a ltered . 

For the fixed translunar trajectory technique, 
the methods for launching a nd the launch toler 
ances for the fueling vehicle are identical to 
those of the spacecraft, since for an earth ren
dezvous mission with a subsequent translunar 
injection requirement, the fueling vehicle must 
first rendezvous with a phantom satellite and 
then the spacecraft must rendezvous with the 
fueling vehicle. Part of the mission planning 
must include the time required in parking orbit 
to perform the rendezvous maneuver, mate the 
vehicles and make final preparation for injection 
into the trans lunar trajectory. 

c. Numerical example for direct ascent 

The various concepts for direct ascents to 
the parking orbit and their relative merits can 
best be illustrated by a numerical example . 
Figure 2 presents launch tolerances obtained 
by range extension for a hypothetical launch 
vehicle with a burnout altitude of 185 .2 km . The 
data shows that launch tolerance increases with 
increasing parking orbit altitude, and for the 
same range extens ion, it decreases with in
creasing initial ascent range . Both of these 
effects are evident from Eq (5), the first being 
due to the decrease of a f!.T/ a t with increasing 

altitude, and the second due to increasing 
( a t/ a ~ ) t 1 h t· with increasing initial cons aunc tme 
range. 

Another aspect of the direct launch involves 
a set of orbit injection conditions (discussed in 
Section C) as well as l aunch tolerances for each 
orbital pass of the phantom satellite, since launch 
a nd rendezvous can take place on orbital revolu
tions prior to a nd after the nominal. This is also 
illus trated in the sketch showing direct ascent, 
whereby in Case A (early launch) the rendezvous 
with the phantom satellite may occur one revolu 
tion before the nominal, and in Case C (l ate 
launch) the rendezvous may occur one revolution 
after the nominal. Since the parking orbit period 
is approximately 90 min for the orbital altitudes 
considered, the launch site will have approxi 
mately a 22.5 -deg longitude difference from the 
parking orbit p lane for a pass before or after 
the nominal revolution. It becomes quite clear, 
for these cases, that much larger turns are re
quired when the spacecraft intersects the parking 
orbit (Fig. 1). The additional 6. V of launching 
one r evolution before nominal (due to turn) i s 
approximately 1 311 m/sec for the parking orbit 
inclination iVE = 35 deg. This 6. V decreases 

with decreasing i
VE

' but it still is 549 m/ sec 

above nominal for iVE = 29 deg. For launches 
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after nominal, the additional fu e l requirement 
rises, but not nearly as sharply as for launches 
before nominal. A launch one rev olution aft e r 
nominal requires a n additional 6. V = 762 m/sec 
for iVE = 35 deg and only 91. 5 m/se c fo r iVE = 
29 deg . For some case s, three or foul' launches 
per day are possible . 

The velocity capability required V for req 
the nominal ascent (Ca s e B) is give n fo r tne 
hypothetical booster in Table 1. 

TABLE 1 

Total Vel ocity Required for 
Nominal, No Turn, Rendez vous, 

V (m/sec) req 

h
BO 

= 185.2 km 

Parking Orbit 
!Altitude hp 

Ascent Range Angle, 

(km) 60 90 120 

277 . 8 7848.3 7848.0 7847 . 4 
466 .7 7964.7 7958. a 7955 . 9 
7 40 . 8 8 136.9 8114.4 8107.1 

ilia (deg) 

180 

7847.1 
7955. 9 
8104.3 

By extending the ascent range, the total 
velocity requirements are affected, the total 
velocity required being defined as 

V req = velocity at burnout + 6. V (injection and 
turns) 

Table 1 shows that the required velocity de 
creases slightly with increasing ascent range . 
Thus , for the nominal case , launch tolerance is 
obtained with an attendant reduc t ion in V and req 
hence in fuel expenditure. Of course , V in-req 
creases with parking orbit altitude, as can be 
seen from Table 1. 

For the off- nominal case and the parking orbit 
inclinations of interest, practical turn angles 
from a standpoint of fuel requirements will vary 
from a to 4°. 

Figure 3 shows that for a constant turn angle 
at hp = 466 . 7 km the required velocity drops 

with decreasing range angle (see solid curves) . 
However, the turn a ngle required will not remain 
constan t as g; a changes and the "dashed" curves 

in Fig. 3 show how-the total velocity r e quirement 
varies. For range extens i ons from 6 0° to 90' , no 
additional vel ocity is required ; but by extending 
the range beyond 90 ' and below 60 ", the velocity 
required increases rapidly. 

Launch tolerances as obtained from trajectory 
shaping have not been considered thus far . 
Essentially, the tolerances derived from the 
"shaping" method are limited only by the velocity 
capability of the booster and are dependent on the 
booster characteristics . Figure 4 presents the 
vel ocity requirement above nominal fo r obtaining 
launch tol erances by this method with the assumed 
booster and for hp = 466. 7 km. For a fixed hp 

l 
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and a fixed launch time tolerance, the vel ocity 
requirement increases with decreas ing ascent 
range angle . 

Il should be noted that the slopes of the ,6. V 
versus t,.t

L 
curves are quite steep and increase 

(not shown), with decreasing parking orbit altitude. 
In addition, more velocity is required to obtain 
a ( + ) launch tolerance (launch late ) than a (-) 
tolerance. Practical tolerances (t,. V ~ 300 m/ sec) 
again are measured in minutes. 

A third method for generating tolerances is by 
combining the first two methods. This is poss i
ble by shaping the asce nt trajectory for an early 
launch at the minimum ascent range angl e a nd a 
late launch at the maximum range angl e . Con 
sider as an example a parking orbit (hp = 466 . 7 

km, iVE = 30.25°) and a booster (V req = 81 86 m/ 

sec, h
BO 

= 185. 2 km). At this inclination 

(iVE > 28 . 5°, the l aun ch latitude) three launches 

daily are possible - -two for Case B, sin ce the 
parking orbit ground trace intersects the lau nch 
parallel at two points, and one for Case C, since 
the maximum turn a ngle required at iPa = 90 0 is ap-

proximately 2°, which is within the velocity capa
bility of the booster , as illustrated in Fig. 3 . 
Case B and Case C are illustrated in the sketch 
on page V -2. 

Table s 2, 3 and 4 show the l aunch toler ances 
for this velocity capability us ing range extension 
only, trajectory shaping only, an d a combinat ion 
of the two methods f or parking or bit altitudes of 
277 .8 km, 466 .7 km, and 740. 8 km . The nominal 
ascent range a ngl e is 60° and, for the range ex
tension method only, was varied to 180° for l aunch 

tolerance. For the max imum turn case, the max 
imum ascent range angl e is reduced to 125° be
cause of the incre ased cost for turning (see Fig. 
3) . The nomina l ascent range for trajectory 
shap ing is 90° for the no - turn cases and approxi
mately 65° for the turn cases . 

Note that for the lower parking orbit alt itudes 
(hp < 70 3. 8 km) and for the no-turn case (,6.A = 0), 

it is best to use the combination method . Above 
703. 8 km, the range extens i on method becomes 
the most efficient . Also note that if i t is not 
practical to extend the ascent range from 60° to 
180°, for example, limi t iPa to 120°, then the 

max 
combination method is the most efficient. For 
the example, ' presented (V = 8186 . 6 m/sec and req 
iVE = 30 .25), a launch time tolerance of 3 min is 

available for the no-turn case at the parking orbit 
alt itudes of interest . At hp = 888 . 9 km, the en-

tire velocity capability V i s required to e s tab-
req 

lish a circular orbit, a nd therefore there is no ex 
cess velocity availabl e for range extension or tra
jectory shaping. Conse que ntly, there is zero launch 
tolerance at this altitude . 

Tables 2, 3 and 4 also pOint out how the launch 
tolerances are reduced considerably for the max
imum turn case because part of the excess veloc ity 
must be used to perform the turn . 

One way of increasing the launch tolerances is 
to increase the velocity capability. For instance, 
by increasing the velocity capability of the previ
ous exampl e from 8186 . 6 to 8338. 7 m/sec, the 
launch tolerance can be increased by one minute 
for a parking orbit altitude of 466.7 km . 

TABLE 2 

Launch Tolerance (min) 

hBO 185 .2 km, hp 277. 8 km, V req = 8186.6 m/ sec 

No Turn (Case B) Maximum Turn (Case C ) 

Total Total 
Method - Tolerance +Tolerance Tolerance -Tolerance +Tolerance Tolerance 

Range extension 0 0.54 0. 54 0 0 . 28 0 . 28 

Trajectory shaping ." 1. 76 0 . 85 2. 61 0 . 68 0 . 42 1. 10 

Combination 1. 76 1. 24 3. 00 0 . 67 0.56 1. 23 
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TABLE 3 

Launch Tolerance (min) 

hBO 185.2 km, hp = 466.7 km, V
req 

81 86 . 6 m/sec 

No Turn (Case B ) Maximum Turn (Case C) 

Total Total 
Method - Tolerance +Tolerance Tolerance -Tolerance +Tolerance Tolerance 

Range extension 0 1. 68 1. 68 0 0.86 0.86 

Trajectory shaping 1. 48 0.82 2. 30 0 . 70 0.46 1. 16 

Combination 1. 45 1. 85 3.30 0 . 70 0.85 1. 55 

TABLE 4 

Launch Tolerance (min) 

hBO 185.2 km, hp = 740.8 km, Vreq 8186.6 m/sec 

No Turn (Case B) 

Method - Tolerance +Tolerance 

Range extension 0 3.2 8 

Trajectory shaping 0.81 0.66 

Combination 0.62 2. 37 

2. Launch Tolerance with Indirect Ascent 

a . Indirect ascent without earth rendezvous 

The indirect ascent method can be regarded 
as a generalization of the direct ascent method . 
The former method is illustrated in the follow
ing sketch. 

In an indirect ascent, the spacecraft is launched 
at an arbitrary time into an ascent trajectory which 
intersects the parking orbit plane 900 downrange 
from burnout. This ascent range angle minimizes 
the turn angle as given by Eq (1). At the intersec-

Maximum Turn (Case C) 

Total Total 
Tolerance -Tolerance +Tolerance Tolerance 
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3.2 8 0 0 0 

1. 47 0 0 0 

2.99 0 0 0 

tion of the ascent plane with the parking orbit 
plane, the spacecraft has reached the apogee of 
its ascent coast trajectory and is turned into and 
accelerated to the velocity of the predetermined 
intermediate or waiting orbit. The circular wait
ing orbit may be below or above the parking orbit, 
its most important characteristic being that it has 
a period different from the parking orbital period. 
This allows the spacecraft to wait in the inter
mediate orbit until the desired phase relationship 
with the phantom satellite is established. At this 
time the spacecraft transfers to the parking orbit 
by a Hohmann transfer and effects a rendezvous 
with the phantom satellite . 



Launch Site 
Parallel 
Latitude 

The indirect ascent method has the following 
characteristics: (1) Since the phantom satellite's 
position is ignored at launch, the launch tolerance 
is significantly larger than in the case of the di
rect ascent method . (2) Since there is generally 
a waiting period in the intermediate orbit and the 
transfer range angle is 180°, the time from launch 
to rendezvous can be many hours as compared to 
less than an hour for the direct ascent method . 
(3) Two additional powered phases are required . 
(4 ) The actual position of the rendezvous pOint 
cannot generally be controlled without excessive 
fuel penalties or longer wait times in the inter 
mediate orbit. (5) The launch vehicle or booster 
must possess sufficient capability to deliver the 
spacecraft to higher altitudes than the nominal 
parking orbit because otherwise this method may 
become impractical due to the very long waiting 
times in the intermediate orbit. 

In the numerical example which will be given 
later, it is assumed that the booster can deliver 
the spacecraft to any waiting orbit altitude between 
185 . 2 and 740 . 8 km . The lower altitude limit is 
the result of unacceptably high drag decay rates 
for space vehicles with "normal" area-to -mass 
ratios, while the upper limit is the result of in 
creasing radiation from the inner Van Allen belt, 
which may require heavier shielding of the space
craft, and to a lesser degree it is the result of 
increased energy requirements for the mission if 
the parking orbit is at a lower altitude . 

In this range of waiting orbital altitudes, the 
time required to change the phase relationship be-
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Equator 

Intermediate 
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.. P owereq Fl i g ht 
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Trajectory 

tween the spacecraft and the phantom satellite 
can be determined as soon as the parking orbit 
altitude is fixed. The following sketch shows the 
phantom satellite near the middle of the altitude 
band at 466 . 7 km . Assume that at a time to' the 

spacecraft and phantom satellite are in phase, 
b,{3' = 0, as shown. After one complete revolution 

of the phantom satellite t1 the relative position 

of the spacecraft to the phantom satellite has 
changed (b, (:3' ! 0). In other words, the space
craft has "gained" on the satellite for altitudes 
less than 466 . 7 km and has "lost" for altitudes 
greater than 466 . 7 km . The gain in central angle 
per revolution (i. e . , angular displacement of 
spacecraft ahead of phantom satellite) is given by: 

(6) 

where wi is the angular velocity of the satellite 

in the waiting or intermed iate orbit 

or in terms of time the ga in per revolution is 

(7 ) 

The maximum gain per revolution obtained from 
above is 5 . 7 min for a waiting orbit at 185 . 2 km, 
and the maximum loss is 5 . 7 min for one at 
740 . 8 km if the parking orbit altitude is 466 . 7 km . 
Utilizing the same nomenclature but referring to 
t1 as the position of the spacecraft at any time, 

and b.{3' as the required phase relationship to 
req 
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effect a Hohmann transfer to the parking orbit for 
rendezvous, the angle ~ to be gained or lost is : 

f3 = I ~f3;eq - ~f3 1 I ' gain for w 1 
(8) 

loss for w 3 

f3 360 - I ~~;eq - ~f3 ' I ' loss for w I (9 ) 

gain for w 3 

with the number of spacecraft revolutions n re
quired to achieve the proper phase relationship 
for rendezvous given by 

n = (3/6(3 ' (10) 

where ~(3' is obtained from Eq (6) and n is not 
necessarily an integer . 

Now assume that the nominal ascent trajectory 
corresponds to Case B (in the parking orbit plane , 
direct with 9? = 90' ). After a few minutes of pos -a 
sible direct launches (direct launch tolerance) the 
phantom satellite is no longer in the proper phase 
relationship for rend·=zvous . The spacecraft must 
now ascend to a different altitude to correct for 
this phase differential, but in doing so, generates 
another differential because of the difference in 
ascent time from the nominal. Furthermore, the 
interception of the parking orbit plane occurs at a 
different location from the nominal, thereby in
troducing an additional phase differential. Finally, 
the transfer from the intermediate orbit requires 
a phase differential. Therefore, the total phase 
angle (3 to be made up in the intermediate orbit 
can be obtained from : 

(11 ) 
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where 

o 

o P hantom Sa t e ll i te 

• Spac e craft 

launch tolerance 

ascent time 

nominal ascent time 

central angle from parking orbit 
node to interception of the parking 
orbit plane with the ascent trajec
tory 

same as {3T except the ascent tra

jectory is nominal 

transfer time from the intermediate 
orbit to the parking orbit. 

Any booster burnout dispersions can be included 
in the second term on the right - hand side, waiting 
orbit dispers ions into the third term; however 
transfer orbit and parking orbit injection disper
sions will alter {3. 

Thus with knowledge of ~ (3' for the intermedi
ate orbit and of {3 for a particular launch tole rance, 
the number of revolutions required in the inter
mediate orbit can be found from Eq (10). But in 
order to obtain ta , (3T and ttr for Eq (11 ) , the in-

termediate orbit altitude relative to the parking 
orbit must be known. This altitude can be estab
lished through use of the previous sketch and Fig. 
5 . The constraints for ascent to a higher or lower 
intermediate orbit altitude are as follows - -either 
set may be used; both reflect the p has e conditions 
at injection into the intermediate orbit. 

Set (1) 

~R 1 _ 180 0 
.( 6R1 .( 6~ 1 (lower alt) 

t-'req t-' req 

~~ 1 _ 180 0 > ~f3' > ~~ 1 (highe r alt) req r e q 
(12) 



Set (2) 

6.13' + 1800 -> 6.13' -> 6.13' (higher alt) req req 

6.13 ' + 1800 < 613' < 613' (lower alt) req req (13) 

For a parking orbit altitude hp = 740 . 8 km, 

the waiting or intermediate orbit lies below it and 
there is no choice but to have an intermediate or
bit lower than the parking orbit . In this case it 
is possible to have a phase difference f3 of 3600

, 

which means that a maximum waiting time of 12 . 8 
hr is possible at an altitude ~ = 185. 2 km of the 

intermediate orbit. If the intermediate altitude is 
higher , for example, h. = 466 . 7 km, the waiting 

1 
time is doubled. The same waiting time applies 
if hp = 185. 2 km and the intermediate orbit is 

necessar ily higher. Consider the case hp = 466.7 

km, hi = 185.2 km where the maximum phase dif 

ferential is 360 0
, the maximum waiting time is 

25.6 hr. Of course, the maximum waiting time 
increases for 185.2 km < hi < 466 . 7 km. If 

185.2 km < ~ < 740 . 8 km, both constraints given 

by Eq (12) or Eq (13 ) can be utilized and the max
imum waiting time is again reduced to 12 . 8 hr . 

In the determination of par king and waiting or 
bit parameters, some neglected forces should be 
considered. Thus, at the lower orbital altitudes, 
i . e., near 200 km, atmospheric drag has a con 
siderable effect on the trajectory of the space
craft. The lifetime for a dense spacecraft, or 
low area -to -mass ratio, is of the order of days, 
while for a spacecraft with a high area -to -mass 
ratio it may be as low as a few hours . (For more 
details on lifetime, see Chapter V of Ref. 1. ) 
Considering also orbit injection errors, a practical 
lower altitude limit for intermediate or parking 
orbits is 250 km . 

Othe r corrections to Keplerian orbits are due 
to earth oblateness . For a circular orbit, the 
major secular effects are a correction to the or
bital period and a correction to the location of the 
ascending node (regression of the nodes) . During 
the earth departure phase, the motion of the phan 
tom satellite in the parking orbit must be simu
lated from the translunar trajectory injection point 
back in time to the launch time t L . In other words, 

the phantom satellite position in orbit should re
flect oblateness effects of the earth. 

If the intermediate orbit altitude is different 
from that of the parking orbit, there will be a dif 
fe rence in r egreSSion rates between the two . 
Therefore, at the time of injection into the inter
mediate orbit, the plane of the intermediate orbit 
is established with the same inclination iVE as 
the parking orbit, but with an orbital plane that 
has a slightly different ascending node, or an off 
s et . This offset gradually decreases due to nodal 
regreSSion until, at the time of rendezvous, both 
the intermediate and parking orbit planes are 
coincident. 

Oblateness effects can also be counteracted by 
applying small thrust impulses at the intersection 
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of the intermediate and parking orbi t p l anes or by 
one pulse at rendezvous , or one at the intersection 
just prior to the rendezvous transfer maneuver . 
The additiOllal 6 V requirement to counteract earth 
oblateness effects can be as high as 67 m/ se c for 
a parking orbit altitude of 406 . 7 km and for a max 
imum of 24 hr in orbit. 

b. Indirect ascent with earth rendezvous 

Just as in Subsection A-1b, if the phantom 
satellite is replaced by a phys ical vehicle, the 
discussion given in th e previous subsection, A - 2 - a , 
is d irectly applicable for indirect ascents of lunar 
spacecraft employing an earth rendezvous . The 
same launch tolerances and veloc i ty requirements 
apply to the launch of the physical vehicle . 

c . Numerical exampl e for indirect ascent 

Again, the various concepts for an indirect 
ascent will be illustrated by a numerical example . 
In order to allow a comparison with the direct 
ascent method, the parking orbit and hypothetical 
booster characteristics are assumed to be the same . 

It has been e stablished that the inclination of 
the parking orbit, the launch site latitude, and the 
launch delay time all have a bearing on the magni 
tude of the turn angle LA. It is assumed that the 
launch site is Cape Canaveral at a l atitude of 
28 . 50 N and that orbit inclinations, lyE' are 

limited from 28 . 5 to 34 . 50
• Figure 5 presents 

the required LA for <lia = 900 from Cape Canaveral 

to various values of iVE within the allowable band . 

The data are presented versus a time scale in 
increments of 1- hr launch delay time. The origin 
in t i me, t = 0, i s arbitrarily chosen in Fig. 5; it 
by no means represents the nominal l aunch time 
for the nominal, no - turn, direct ascent . This 
choice of time origin a lso applies to F igs . 6 
through 12. 

Again a hypothetical launch vehicle is assumed 
whose burnout altitude is 185 . 2 km. Typical ve 
loc ity requirements for this booster are given in 
Tabl e 5 below for parking orbit altitudes hp of 
185 . 2, 466 . 7 and 740 . 8 km. 

TABLE 5 

Velocity Required for Indirect Ascents 
for Translunar M issions 

(m/sec) 

Parking Orbit 
Altitude hp 185 . 2 km 466 . 7 km 740 . 8 km 

Intermediate Or-
bit Altitude hi 740 . 8 km 185.2 km 740 . 8 km 185 . 2 km 

V (burnout) 7816 . 9 7793 . 1 7816 . 9 7793 . 1 

t;. V (injection) 297.8 0 297 . 8 0 

t;. V (transfer ) 311. 2 162 . 8 164 . 6 311. 2 

:EV (required to 
rendezvous ) 8425 . 9 7955.9 8279 . 3 810 4. 3 

t;. V (escape) 3226 . 0 3159 . 3 3159 . 3 3098 . 0 

:E V (required for 
mission) 11 65 1. 9 1111 5. 2 1l438 . 0 11202 . 3 



However, the remainder of the discussion 
will assume that hp = 466 . 7 km, which is very 

close to a "rendezvous compatible orbit" of 
~ 485. 2 km . A rendezvous compatible, or syn
chronous satellite orbit has an integral number 
of revolutions per sidereal day, and hence passes 
over the same areas each day . For circular or 
bits, the altitude alone determines rendezvous 
compatibility, but with earth oblatness effects 
taken into account, the altitude -inclination com 
bination determines compatibility of orbits for 
rendezvous . 

Figures 6 through 9 show the excess velocity re
quirements 6, V , i. e., the velocity required over 
a nominal, no -turn, direct ascent, for hi = 185 . 2, 

370 . 4, 555 . 6, 740.8 km, respectively. This ve
locity excess inclUdes the excess increments for 
the launch, injection and turn, transfer and ren 
dezvous phases. Note that in Figs . 6 through 9 the 
minimum excess velocity increases for hi > hp' 

since the spacecraft must lose altitude and hence 
potential energy to return to the parking orbit for 
rendezvous . The minimum excess is 6, V = 99 . 1 
m/ sec for h. = 555.6 km and 6, V = 304 . 8 m/ sec 

1 

for h. = 740 . 8 km . 
1 

The sketches below serve as an aid for in
terpreting Figs . 6 through 9. 

1 Polar Side I. tqu.torl.~al:....::.:S 1""d1;-:P-".l,,",.::...r -"S""1d"-. ... 

Lauacb .ld ... utb Lauach .lzlauth 

Launch 
Locat · 

t (bl') 

Earth 

s 

Sou the u terI, 

Planar Launch 
(No Turn Re g ) 

2 

At t = 0, the launch site is hal~way between the 
intersections of the parking orbit plane with the 
launch latitude on the equatorial side . Prior to 
this time, ascents are made northeasterly, A < 
90· and southeasterly, A> 90°, afterward . The 
inertial launch azimuth A (great circle course 
on a nonrotating earth) is measured clockwise 
from geographic north through 360°. If the 
launch vehicle has an excess 6, V 1 available, it 

will have a continuous launch period (see sketch 
on page V-2 ). However, if only an excess 6,V

2 
is 

available, the possible launch period LT will be 
discontinuous as shown in the first sketch. 

Referring again to Figs . 5 to 9, it is possible 
to have a continuous launch tolerance for all park
ing orbit inclinations and the maximum 6. V excess 
required is on the order of 900 m/ sec. The re
sulting launch tolerance can vary from 6 to 8 hr, 
depending on iVE . For excess 6. V's less than 

about 900 m/ sec, discontinuous and shorter launch 
tolerances will be experienced for the higher 
values of i

VE
. However, continuous launch toler-

ances may still be realized for lower values of 
i VE · 

If the phantom satellite has the proper phase 
relation at the time the launch site is in the park
ing orbit plane, the nominal, no -turn, direct as
cent to rendezvous is conducted . In this case no 
waiting time is required . If the launch vehicle 
and spacecraft are ready prior to the nominal time , 
and an ascent is performed, the proper phase re
lations hip will not exist and the spacecraft must 
wait in an intermediate orbit. The spacecraft 
also must wait if a late launch is performed. 

The waiting time in the intermediate orbit de
pends on the launch time . Figures 10 through 12 
give the waiting time, in hours, for hi = 185 . 2, 

370 . 4, 555 . 6 and 740 . 8 km. Each figure represents 
a different iVE in the possible band that can be 

established from Cape Canaveral launches . Data 
is shown emanating from a northeasterly nominal 
launch direction. Below is another auxiliary 
sketch illustrating the interpretation and use of 
the figures . 

· • ... .. 
'" a 
j ... · .. 

LauDch Aziautb 
!fortheasterly 

, 

Launch Aziautb 
South.uterl,. 

Lat e -

I 
I 

t370.4 Ita 

1/ 
I/. 

1/ 185.2 Ita 

r.o.t Launch Tia. Cbr) 
(Nomi nal launch 

eouth_aaterl,.) 
( NollliDa~ l aunch 
.ortbaa.ter1:r ) tr. 

The sketch shows the regions of northeasterly 
and southeasterly launch azimuths. Since in gen
eral iVE > 28 . 5°, the launch latitude, the launch 

V-ll 



site will be in the parking orbit plane twice a day 
(points A and B in the previous sketches). If the 
launch took place at the nominal north-of-east 
launch time there would be zero waiting time . 
However, if the spacecraft is launched early , say 
at tL - 6t, then, depending on hi' the waiting time 

will vary accordingly as illustrated in the above 
sketch. Note the cyclic nature of the curves that 
originate at the "arrowheads . " This is due to the 
phantom satellite achieving the proper phase re
lations hip on succeeding revolutions. The intE'rval 
of time be tween "phasings" is attained after one 
revolution plus an increment to account for the 
launch site rotation, i. e . , the interval is slightly 
greater than the orbital period of the par king or
bit . These "phasings" are denoted by arrows on 
the abscissas in F igs . 10 to 12 and the construc
tion of the curves is accomplished by utilizing the 
same slopes for the straight lines as for the nom
inal launch . The phasing points do not necessarily 
occur on the southeasterly planar launch . How
ever, if the nominal ascent is planned to occur at 
the southeast orbital plane intersection (point B 
and dashed curves in sketches)' the phasing points 
are constructed in the same manner a nd with the 
same time intervals as they were for the north
easterly nominal launch. It becomes evident from 
the above discussion that the nominal ascent is 
not necessarily planned for either orbital plane 
intersection (points A and B). In fact, direct as
cent (nominal launch) frequency may be higher for 
a given excess velocity if the phasing points are 
offset from the planar crossings . 

Figures 10 to 12 essentially present minimum 
waiting times and the corresponding intermediate 
orbital altitudes as reflected by the constraints, 
Eqs 12 and 13 . 

B . VARIABLE TRANSL UNAR TRAJECTORY 
TECHNIQUE 

This technique is based on the fact that for any 
given translunar trajectory inclination iVTL a 

specific trajectory can be found to satisfy con 
straints in flight time, pE: icynthion altitude, and 
transearth inclination i

VTE
' For the class of 

circumlunar trajectories discussed in Chapter IV, 
this suggests that translunar trajectories with 
variabl e iVTL be used to obtain a launch time 

tolerance (see Ref. 2, and also Chapter VI) . This 
is opposed to the technique discussed in Section 
A, which assumes that the trans lunar trajectory 
inclination, ~TL' is fixed by the mission during 

the launch tolerance . 

1. Launch Tolerance 

a. Without earth rendezvous 

Three assumptions will be made to simplify 
this discussion . (1) It can be shown for lunar tra
jectories that when the spacecraft 'is aL pericynthion, 
t , the lunar position is nearly along the inter-p 
section xE of the MOl> and the trans lunar tra -

jectory plane established at injection, to (see 
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sketch below). This will be assumed exactly true 

Tr anslunar 
Traj e c t or,):._.--
Pl~~ -

/~ -

\ 

v o 

(t ) 
p 

-' 

throughout this section . (2) Parking orbits around 
the earth are permissible; in fact, they are de
sirable because they allow the us e of on e effi cient 
nominal ascent and orbit inj ection trajectory pro
file, provide final on-board and ground checkouts, 
and open the launch window considerably. (3) The 
moon's position at pericynthion (t ) is assumed 

~ p 
fixed on x E throughout the period of the launch 

time to lerance, an d consequently the orientation 
of the earth's equatorial p lan e and MOP are as
sumed similarly fixed . The relatively slow mo
tion of the moon around earth (about 1° of <I?* in 2 
hr ) makes this assumpti on valid over a period of 
a few hours . 

The next sketch illustrates how a launch time 
tolerance is obtained by varying i

VTL
' Theo -

retically, there is an infinite launch tolerance 
for this technique if the r e are no launch azimuth 
restrictions and if the launch vehicle possesses 
the additiona l energy requirements for retro 
grade launches (agains t the earth ' s rotation). 
Practically, however , th is is not the case, since 
Cape Canaveral, for instance, has range safety 
constraints that restrict launch azimuths to 
45° ::; A ~ 110°. In the illustrative example the 
l aunch azimuth is restricted to 70° ~ A ~ 110° . 

The following sketc~shows the moon (x E ) near 

its ascending node B at the time of pericynthion . 
The launch site is at 28.5° north latitude and is 
rotating with the earth , as indicated by the se
quence of points , A , B , C on the sketch . At point 
A the launch site longitude is less than 180° west 
of the moon's longitude and A = 70°. This heading 
a llows a parking orbit plane to be established 
~enoted by CD on the sketch ) that passes through 

x E and remains within the launch azimuth restric

tion . The resulting inclinations to the equator and 

l 



MOP are iVE and iVTL ,respectively. The 
A A 

spacecraft remains in the par k ing orbit until i t 
reaches the proper injection point ~o and 

CD 
then i s injected into a northerly di rection re l a tive 
to the MOP. North, relative to the MO P , i s de 
fined by the angul ar momentum vector of the lunar 
orbital mot ion. 

If the spacecraft is launched due east (A = 90° ), 
there is a launch point B that a l so allows the park 
ing orbiJ:jdenoted by ® on the sketch) to pass 
through x

E
. Agai n the spacecraft remains in the 

parking orbit until position <jJo® at which time a 

northerly injection takes place . This launch re 
sults in the minimum iVE and iVTL ' as is evident 

from the sketch. 

As the launch site rotates with the earth, point 
C is reached, requiring the maximum allowabl e 
launch azimuth (A = 110° ) in order to pass through 
x"E' Here, the parking orbit plane is the same 

as established when the launch was made at point 
A . Consequently iVE and iVTL are the same as 

for launch location A . 

A l aunch is poss i ble at any time that the launch 
site is between A and C . The translunar trajec 
tories for this exampl e are necessarily nor therl y 
and direct relative to the MOP, s ince a central 
angle (:3 > 151)° is required (see previous sketch) to 
intercept the moon if injecti.on occurs close to 
perigee of the translunar trajectory. 
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When the launch site is east, but less than 
180° east of the lunar longitude , another possible 
launch period exists . However, in this period 
translunar trajectories that depart from the earth 
southerly relative to the MOP are required as 
illustrated by the sketch below : 

As before, in the time the launch site rotates 
from poin t A to B to C, the launch azimuths are 
70°, 90° and 110° respectively, and within the 
azimuth restriction. The spacecraft waits in 
parking orbit CD or ® until the proper injection 
point lJ.t

O 
is reached . At this time the spacecraft 

is injected in a southerly direction relative to the 
MOP . The shorter time required in the park-
ing orbit for this case as compared to the inject 
north case can be noted by comparing the two 
sketches on this page . When the moon is near 
its descending node the opposite is true. 

The two sketches above imply that dA/dt, 
the change in launch azimuth with launch time, 
is constant . This is true when the moon is at 
its descending or ascending node, but not when 
the moon is at some other orbital position, as 
shown below. 1'1 

I 

j 



Here the moon is at its maximum northerly 
declination, and again the longitudes between A 
and B represent northeasterly launches and the 
longitudes from B to C represent southeasterly 
launches. Note that the perpendicular distances 
d between A and ~ E and C and ~E are different. 
This causes a rapid variation in dA/dt when 
the site nears C, as can be visualized when the 
moon is cons idered as a pivot pOint. This is il
lustrated in Fig. 13, where the northeasterly 
and southeasterly launch tolerances are plotted 
separately for different lunar positions . In
depen:lently, the launch tolerance varies from 
10 min to 4. 74 hr . For the full range of launch 
azimuths the total available launch tolerance is 
4.91 hr . 

As pointed out previously. there are two launch 
periods available in one day. One period results 
in translunar traje ctories that are northerly rela
tive to the MOP, and the other period results in 
southerly translunar trajectories . Figure 13, al
though shown for northerly departures, also is 
applicable for southerly departures if the curve 
of northeasterly launches in Fig. 13 is used to 
represent southeasterly launches and vice versa. 

Below is a table presenting typical delay times 
between injection during period I and injection 
during period II: 

TABLE 6 

Lunar Max Max Desc/Asc 
Position North South Node 

Injection 
(Period 1) Northerly Northerly Northerly 

Launch time 
tolerance 4. 91 hr 4. 91 hr 4 . 91 hr 

Delay time 38 sec 38 sec 7.19 hr 

Injection 
(Period II) Southerly Southerly Southerly 

Launch time 
tolerance 4 . 91 hr 4 . 91 hr 4 . 91 hr 

These data show a very short delay time be
tween available launch periods for the moon at its 
maximum northerly or southerly declinations . 
For all practical purposes , a launch period of 
9.82 hr is available at these times if both inject 
north and south trajectories are permitted. 

The data presented in Fig. 13 and the above 
table are calculated for the year 1968, when the 
inclination of the MOP to the equatorial plane 
iem 28.5°. Approximately nine years later, 

iem = 18. 5°. The effect of this change on launch 

tolerance presented in Fig. 13 is to increase the 
minimum tolerance and decrease the maximum 
tolerance of the individual northeas terly or south
easterly launches . The total launch time toler
ance will not be affected. 
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It is important to note that the technique out
lined above does not require any turning of the 
velocity vector in flight at any time. although 
such maneuvers could be used to further increase 
the launch time tolerance . The only!:::, V penalty 
of the launch vehicle is approximately 25 m/ sec 
due to the varying component of the earth's ro
tational velocity in the flight direction for the range 
70° < A < 110° . 

b. Launch tolerance with earth rendezvous 

If a fueling vehicle is injected first into a 
parking orbit utilizing the variable trajectory 
technique, its launch tolerance can be obtained 
from the previous subsection. However, the 
spacecraft must now be launched to perform a 
rendezvous with the fueling vehicle. Since the 
parking orbit inclination of the fueling vehicle is 
fixed, the launch tolerance for the spacecraft is 
the same as for direct or indirect ascent of the 
fixed translunar trajectory technique . 

The techniques for earth departure discussed 
in Sections A and B illustrate how the launch tol
erance can be increased from minutes to many 
hours by the use of parking or parking and inter
mediate (waiting) orbits with only moderate fuel 
expenditure (.6.V's of the order of 300 m/sec). 
The increased launch tolerance is obtained at the 
expense of some increase in complexity and the 
number of rocket burning phases from launch to 
lunar injection. On the other hand, each burning 
phase can be used to correct for dispersions from 
previous phases, dispersions due to variable densi
ties, earth oblateness, etc . , and the additional time 
near earth can be used for tracking, checkout of 
equipment, and refueling by shuttle vehicles. Thus 
the small allowable delay time at the launch site 
for the one burning phase of a direct departure 
from earth has been traded for a large delay time 
at the launch site and small tolerances for each 
of several burning phases for an indirect departure 
from earth (i. e., one using parking or waiting 
orbits) which are simpler to achieve and give more 
control and reaction time during the earth depar
ture phase of a lunar mission. 

C. TRANSLUNAR INJECTION 

Sections A and B have discussed launch tech
niques that result in the spacecraft arriving at 
the correct position at the correct time for in
jection into the translunar trajectory. Prior to 
injection, the spacecraft is in a parking orbit. 
But the question arises as to what can be done 
to salvage the mission if the spacecraft cannot 
be injected from this orbit at the proper time. 
This may be the result of a system malfunction 
that requires repair, a hold for injection because 
of the need of further verification of sys tem 
status, or an off-design parking orbit. 

Furthermore, some missions require long 
waiting periods in a parking orbit prior to in
jecti.on. Such a mission may be a lunar logistics 
mission wherein the freighter waits in a parking 
orbit while supplies are shuttled to it from the 
earth's surface. The following discussion is ap
plicable to both the cases of a missed injection 
point and the logistics mission. 



1. Injection Tolerance 

A nominally ballistic trans lunar trajectory 
used for fulfilling a preplanned lunar mission is 
determin ed by the in jection con ditions : at a given 
time during the lunar month and during the launch 
tolerance at a given day there will be a resultant 
trans lunar trajectory plane inclined at an a ngl e 
iVTL to the MOP (see sketch be low). 

-,p 
xE 

For this iVTL' there corr.!sponds a particular 

injection velocity vector V (l , injection position 

'i'O ' and moon lead angle <.t>* . to satisfy certain 

mission constraints such as miss distance at the 
moon, fl ight time to the moon, resultant orbital 
orientation about the moon, etc . 

If the injection is not performed at time to' 

then the spacecraft will continue in its parking 
orbit until the next opportune time for injection 
arises . This time may occur after approxi 
mately o ne or several revolutions in the parking 
orbit provided the vehicle has a certain maneuver
ing capability. If the delay is such that the ma
neuvering capability becomes insuffi c ient to cope 
with the off-design conditions, then a retur n to 
earth must be made , or the spacecraft continues 
in its parking orbit until its maneuvering capabil 
ity allows an injection into the des i red trans lunar 
trajectory . These cases will be discussed bel ow . 

Consider a delayed injection, where the 
spacecraft continues its flight in the parking 
orbit. Assume that the inclination of the MOP 
relative to the equatorial plane iem remains con-

stant and that its nod'll regression rate due to 
earth oblateness is n egligi ble . The inclination 

of the parking orbit, i
VE

' is also constant, but 

its nodal regression rate cannot be ignored. The 
following sketch shows the phYSical situation and 
the nomenclature on the celestial sphere. 

After the injection point has been missed, the 
moo n continues in its orbit as indicated . The 
parking orbit regresses in a westerly direction 
for d i rect parking orbits and easterly for retro
grade orbits; however, the launch restrictions 

Parking 
Orbit 

Moon a t 

(Hoon a 
Injection) 

at Cape Canaveral permit only easterly launches . 
The angle f3.rL is measured from the ascending 

node of the MOP to the intersection of the parking 
orbit 01' translunar plane with the MOP (X'E axis) 

and is a function of iVE and i em . As can be seen 

the ancrle {3 also varies with time as plotted under 
b TL 

the title "Parking Orbit Regression Time Traces" 
in F igs. 14 to 16 . The first two figures present 
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data for iem = 26.5° and iem = 28.5°, respectively. 

This represents the period from early 1966 when 
iem = 26.5° through late 1968 when iem = 28.5° 

to early 1972 when iem is once again 26 . 5°. The 

parking orbit altitude assumed in these figures 
is that of a rendezvous compatible orbit (approxi 
mately 480 km) as expl a ined previously in Sub c 

section A -2b. The actual altitude varies slightly 
with iVE and the figures reflect data for 28 . 57° 

~ iVE ~ 33.7° . Figure 16 shows the variation of 

{3TLfor hp = 185 . 2 km and iem = 26.5° for com 

parison purposes . 

Once the injection is missed, it will take ap
proximately one revolution in the parking orbit 
(approximately 1. 5 hr for a near-earth satellite ) 
before another attempt is made . During this 
time the lunar position changes by .6. <ji * in its 

orbit (see sketch below), a n d the parking orbit 
shifts an amount .6.{3TL to }C'E' 

Only the former adjustment technique is dis
cussed ; the steps necessary to determine the 
amount of correction .6. V are listed below. 

(1) Determine the i
VTL

' <ji* required curve 

that satisfies the lunar mission from 
Chapters VI and XI. 

(2) Starting from the design or nominal 
injection time to' determine {3 TL as 

a function of time . 

(3) From (2 ), also determine actual iVTL 
as a function of time. 

(4 ) From (3 ) and (1), ascertain ~~ re
quired as a function of time . 

(5 ) From (2), knowing the moon's orbital 
position at any time, determine the 
actual lead angle <ji * as a function of 
time . 

(6 ) From (5 ) and (4), find.6. iJ? by subtraction. 

(7) The orbital maneuver turn angle .6.A 
Parking is given by 

Orbit 

Spacecra ft .6.A = sin - 1 (sin .6. q, sin iVTL ). 
(actual) 

( 14) 

The inclination iyTL also changes slightly 

(Fig. 17), and now the resulting lead angle after 
one revolution is equal to ( ~,~ - .6. <l?* - 6.{3TJ. 

However, if the change in iVTL is small the re

quired lead angle remains esser:::ially constant 

(see Chapter VI); therefore, if x E is shifted by 

an amount .6. ~ to x"E prior to one revolution, 

another injection becomes possible . 

where .6.<l? :::- .6. <l?* +.6. {3TL 

This technique can be extended for more than one 
revolution in the parking orbit and is only limited 
by the maneuvering capability .6. V to perform 
the shift. 

This shift, or parking orbit adjustment, can 
be accomplished by two methods . First, the 
orbital maneuver or adjustment takes place at 
{3 = ± 90° so that the .6. V requirements are mini
mized. Second, the adjustment takes place at a 
point in the parking orbit that allows the nominal 
or design iyTL and ~* to be kept constant . 
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(8) Find the required .6. V through the fol
lowing geometry, where V p is the 

spacecraft speed in the parking orbit : 

.6.V = 2Vp sin (.6.A/2 ) ;::; V p .6.A 

for small angles .6.A 

The above steps are then repeated in an 

(15) 

iteration procedure, since iVTL varies 
(actual) 

slightly with .6. V . This variati~:m, shown in .. 
Fig. 17 as a function of {3TL' 1S very lllsens1tlve 

to modest values of .6. V . Also shown in Fig. 17 
is the capability of shifting the parking orbit by 
.6. q;, which is strongly dependent on the approxi
mate time of pericynthion or J3 TL , 

Below is a rough replica of a parking orbit 
regression time trace (see Figs . 14 to 16) to 
illustrate the above -described method for ob
taining injection tolerances . The sketch shows 
one trace reflecting one value of iem . 
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Assume that for a particular lunar mission 
the x

E 
axis is located at the designated point in 

the sketch for a nominal or design injection. 
Assume further that the nominal translunar tra
jectory injection is south relative to the MOP 
and that there is a f::,V capability for adjusting the 
parking oruit. As was noted in the previous 
discuss ion, this 6. V capability can be used to 
shift the x E axis by an amount equal to ± f::, qi. 

Therefore, the solid curves can be altered during 
any parking orbit revolution to another starting 
point on the dashed curves . It must be remem
bered tbat the nominal x E axis on the solid curve 

also satisfies the required moon lead angle re
lations hip ifi* ; and the relationship, given by 
X 'E, moves at the same rate as the moon in its 

orbit and thereby establishes a second trace. 
The traces are coincident for the nominal injec
tion but are separated until they are coincident 
again at points A, B, C, D, E and F. These 
coincident points represent other possible injec
tion times. 

Before discussing these points it is helpful to 
examine in more detail what is occurring at the 
nominal injection point as shown by the following 
sketch. 

t>TL 

Guaranteed 
Tolerance 

Time (hr)-

The nominal point, x E' is shown with its initial 

parking orbit at the injection point IjJO' One revo

lution later, or after a time interval equal to the 
period T of the parking orbit, the x E axis lies at 
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x E . After two revolutions, the axis lies at 
1 

x E ' etc. Considering the point x E ' it is 
2 1 

noticed that the x "E trace is no longer coinci-

dent and a parking orbit adjustment must be 
made to shift x E to the x" E trace. As can be 

1 
seen, the amount of shift is within the f::, V ca
pability of the spacecraft even for the off-nominal 
x"E traces. These off-nominal x"E traces 

(± f::,q;-:c ) are to be expected, since a change in 

iVTL will necessitate a change in the lead angle, 

qi'~, as pointed out previously. However, from 

Chapter VI, lead angle data indicates that f::,q;" 

will generally be no greater than ± 1 ° for an en
tire month and for the same mission. Therefore 
another chance for injection is possible at x E . 

1 
If injection does not occur at x E ' another time 

1 
interval T must elapse before injection can take 
place at x E ' But at this point, one can see that 

2 
x E cannot under all conditions be shifted to 

2 
x "E because of insufficient maneuvering ca-

pability. Thus the injection tolerance in terms 
of injection frequency is 1 and in terms of time 
is a little longer than T, or T +. The maneuvering 
capability 6. V again becomes sufficient at cap 
point A in the previous sketch, where another 
injection frequency can be established . For 
purposes of illustration, let the above sketch 
also apply to point A, although the zero parking 
orbit revolution generally will not be coincident 
with the x E and x"E traces. Here, it is seen 

that an injection can be made at x E ,x E 
-1 nominal 

and x E because both traces are starting from 
1 

the far left before becoming coincident, whereas 
in the initial nominal case, both traces started 
at the coincident point . The injection frequency 
now is 3 and the guaranteed injection tolerance 
is 2T+ . The same reasoning applies to points 
B, C, D, EandF. 

It was assumed that the nominal case resulted 
in an "inject south" case. At points A, C and E 
the resulting injection will be toward the north 
relative to the MOP and again toward the south 
at points B, D and F . If the nominal injection 
was toward the north, then the injections would 
be cycled correspondingly for the points. 

Figures 18 and 19 present actual data for two 
nominal cases occurring at i3TL = -220° and -65° 

The first value represents conditions that result 
in a minimum injection frequency, and the second 
value gives a maximum frequency . A parking 
orbit altitude of 525.8 km is assumed together 
with iem = 27.5° and iVE = 30°. 

Table 7 gives the guaranteed launch fre
quency and tolerance for the case where the 
injection is planned during the first parking 
orbit revolution after ascent from e a rth. 



TABLE 7 

i3TL=-220° i3TL = -65° 

t:,V 
Fre- Toleran ce Fre- Tolerance cap 

( m/ sec) quency (111' ) quency (hI' ) 

76 . 2 0 0 2 3. 5 

152 . 4 0 0 4 6 

304 . 8 1 2. 7 8 13 

Table 8 gives launch frequency and tolerance 
for an injection planned many orbital revolutions 
in advance, such as a logistics mission or in 
jection under circumstan ces similar to point A 
on the sketch on page V - 17, is mentioned above . 

TABLE 8 

t:, V cap 
i3T L = - 220° i3TL = - 65° 

Fre- Tolerance Fre- Tolerance 
(m/ sec) quency (hr ) quency (hr ) 

76 . 2 0 0 5 7 

152.4 1 1.5 10 15 . 6 

304.8 4 5 . 8 20 31. 5 

As can be seen t:, V = 304 . 8 m/ sec will cap 
provide a launch frequency of at least 1 for the 
most unfavorable situation. 

If an injection must be delayed until the next 
opportune time or a few succeeding opportune 
times (points A, B, C, D, E, F on the sketch on 
page V-17 ), necessary fuel and life support re
quirements must reflect this possible waiting time . 

As a matter of interest, in Figs. 14 and 15, 
the minimum and maximum waiting times be 
tween possible translunar injections are noted . 
In Fig . 14, for example, the minimum waiting 
time between opportune injection times is 10 hr 
for iVE = 28.57° and 12. 4 hI' for iyE = 33 . 7° . 

The maximum waiting time is 253 hI' for an 
iVE = 28.57° and 250 hr for iyE = 33 . 7° . 

2 . Propulsion System Requirements and Limi
tations Durmg InJection 

In the introductory paragraphs of the present 
chapter three advantages of earth departure by 
parking orbits were mentioned. The first , feas 
i bility of final onboard and ground checkouts, 
should properly be discussed by the systems de 
signer of a particular vehicle, so this point will 
not be elaborated in this Handbook . The increase 
in launch and injection capability has been dis
cussed in detail in Sections A and B and Subsection 
C-1 of the present chapter . It remains to show 
why a parking orbit prior to injection leads to a 
single and most efficient in jection trajectory pro 
file . Additional use of the variable trans lunar 
trajectory technique (Section B), as opposed to 
the direct ascent, ensures a single and most ef 
ficient ascent trajectory . 
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The first sketch below illustrates on the ce 
lestial sphere the possible launch periods, points 
A to C, A I to Cion the launch parallel of latitude, 
for arrival at the moon when the moon is at its 
ascending node (see also Subsection C -1 for a 
more detailed discussion), while the second 
sketch illustrates the translunar trajectory in 
jection parameters in the trajectory plane for 
the same conditions . 

N 

If a direct injection is performed (no parking 
orbit), the ascent range iii from launch to injection 
is essentially constant or small for a given launch 
vehicle and it can only be launched during the 
peri od when the launch site is between points A, 
C , A' , or C' . When Cape Canaveral is near po
sition A, l\JO is typically 67°, with an ascent range 

angle iii = 15°, and an injection flight path angle 

YO::: 30° . Sim ilarly, when Cape Canaveral is near 

position C, l\JO = 143°, iii = 15°, YO::: 70° . If Cape 

Canaveral is located near point A' or point C', 
the required YO is negative and the spacecraft 

would lose altitude and atmospheric drag would 
cause a reentry . Another, completely impracti
cable , alternative would be to reverse the direc 
tion of vehicle motion. In fact, with a launch 
site in the northern hemisphere it becomes very 
difficult to perform direct departure lunar mis
sions at all . For instance , with direct launches 
during the period when the moon is near its 
maximum northerly declination, zero launch 
frequency for many days of the lunar month 
can be expected . 

In order to demonstrate the sensitivity of the 
flight path angle to energy expenditure, two rep
resentative plots of injection energy requirements 
to parabolic speed from a circular parking orbit 
are presented in Figs . 20 and 21. The characteristic 
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velocity of the maneuver is presented as a 
function of hO (injection altitude ) a nd YO (injection 

flight path a ngle ) for representative solid or 
liquid launch vehicles . 

Figure 20 is for a n initial thrust -to -weight 
ratio T/WO: 0 . 5 and Fig . 21 for T/WO = 1.5 . 

A specific impulse Isp = 420 sec is used, and 

the initial parking orbit altitude at which the 
maneuver is started is hp = 183 km. 

Note that the best flight path a ngle to mini 
mize the energy requirements for this departure 
from the parking orbit is greater than 2° but less 
than 7° for values of T /W 0 considered. The 

data presented in these figures are also indicative 
of the trends that can be expected for direct 
launches . An increase of YO beyond 7° drastically 

increases the;::' V requirements . Therefore 
flight path angles of 30° or 70° would require 
very large quantities of fuel to counteract gravity 
losses during ascent, an inefficiency which is 
entirely unnecessary if park ing orbits are em 
ployed prior to injection . It is obvious that if a 
give n set of values (VO' hO' YO' .6 tjJO ) represent 

the most efficient inje ction, the tjJO required to 

fulfill a lunar miss ion with these injection con
ditions can be achieved by a parking orbit , as 
indicated in the previous sketch. 

3. Abort During Injection 

When the proper position of the spacecraft 
relative to the moon has bee n achieved in the 
parking orbit phase , the vehicle is accelerated 
to the translunar trajectory injection velocity. 
This maneuver is the injection phase, (.6tjJO ) and 

it establishes a ballistic trajectory with sufficient 
energy and the proper characteristics fo r the 
lunar mission. For a manned mission; it is 
highly desirable to provide for the safety of the 
crew in the event of a system malfunct ion, which 

V-19 

means guaranteeing the safe return of the space 
craft to earth. Two melhods can be used for a 
safe return during the injection phase . The 
first imm ediate return employs an abort maneuver 
that results in a re-entry of the spacecraft within 
a few minutes, while the second method , norm al 
return, requires one revolution prior to re - entry. 

a. Immediate return 

The abort maneuver technique used for an 
immediate return calls for a maximum deflection 
of the spacecraft ' s velocity vector toward the 
earth as shown in the following sketch. 

D.V 
A 

1
- Abort 
Tr ajf',t ~ry 

The spacecraft initially has a speed V. and 
J 

flight path angle Y j at the time of abort. Thrust 

is then applied at a firing angle E resulting in a 
characteris tic velocity ;::, VA of the abort ma-

neuver . The thrust orientation angle E is such 
that the total deflection angle (y j - Y A ) is a 

maximum for a given ;::, VA an::l is determined by: 



L 

-1 L -I':,VV. ) 
E = cos \. 

J 
(16 ) 

Although the velocity of the spacecraft after 
the abort maneuver , VA' is somewhat less than 

V j' the fl ight path a ngl e - Y A is the prime cri 

terion for establishing the abort trajectory . Y A 

must be negative (VA b210w the local horizontal) 

if re-entry is to be accomplished immediately. 

However, at the re - entry point, the abort tra 
jectory results in a re - entry velocity V R and a 

re - entry flight path angl e YR ' If YR is not suf

f iciently negative for V R at the re - entry a ltitude 

hR' then the spacecraft will skip back out of 

th e a tmosph ere . Converse ly , if Y
R 

is too steep, 

the spacecraft will undergo re - entry decel erations 
and heating rates beyond design limitations . 
Thus, there i s an acceptable range of V Rand Y

R 
at altitude hR that permits a safe re - entry . By 

neglecting the atmosphere for the moment, the 
range of re-entry conditions (h R, V R' Y R) results 

in minimum a nd maximum vacuum perigee alti 
tudes . Thi s difference in alt i tudes is referred 
to as the "safe re-entry c orridor" and is further 
discussed in Chapter X . Of cours e , this corridor 
depends on the configuration of the re - entering 
spacecraft . 

In executing the abort maneuver, a minimum 
I':, V A is needed if the abort trajectory is planned 

so as to acquire the upper lim it or "skip bounci
ary" of the re - entry c orridor, s ince by doing thi s, 
( Yj - vA ) is minimum . This upper limit is more 

commonly referred to as the "single pass over 
shoot boundary. " 

Such a boundary is shown in the lower left 
corner of Fig . 22 f or a re - enter ing s pacecraft 

with a lift-to-drag ratio of ~ = -0. 5, 

which i s representative of a blunt -body space 
craft configuration . The propella nt requirement 
W f for an L/ D = 0 increases the mass ratio by 

_ W f about 1;, :: 0 . 0 3, which corresponds to a n 
- Wo 

additional I':, V A of approximate ly 150 m/sec over 

the value obtain ed from Fig. 22, as was poin ted 
out in Ref. 3. 

The boundary is presented as a function of the 
s peed V. an:! flight angle y. for various a lti-

J J 
tudes during the inj ection phase, a nd it assumes 
hp ~ 198 . 1 km. It should be no ted that the higher 

hp, the more diffi cult i t is to perform a n immed 

iate return . F igure 22 also a llows the determi 
nation of the required I':, V A for an immediate re-

turn abort during the inj ecti on phase for various 
values of T/WO and I = 420 sec. sp 
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A source of I':, V A losses arises from the i m 

plem entation of the a bor t maneuver itself. Us 
ually ' the sequence of events cons is ts of sep 
arating the spacecraft fr om the injection stage 
a nd orienting the spacecraft to the desired thrust 
attitude E . This takes time, a nd it has been 
shown (Ref. 3) that a del ay of only 30 sec re quires 
a n additional amount of propella nt equivalent to 

W 
a mass ratio of 1;, = wf ::' 0 . 07 to 0 . 10, whi ch 

o 
corresponds to I':, V A :: 35 0 to 500 m/ sec . The 

reason for this is tha t the spacecraft velocity is 
near the paraboli c speed, resulting in a centrifu
gal acceleration a lmost tw i ce as large as the 
acceleration due to gravity a nd hence a rapid in-

dy . 
crease in Yj ( dtJ = O. 05°/sec). 

b . Normal return 

From the previous subsection, it was fou nd 
that a n im mediate return abort may re qu i re 
large amounts of propellan t , especially if 
T/W O < 4 . 0 a nd hp> 200 km . This implies the 

use of high-thrust rocket e ng ines, and possibly 
more than 40% of the spacecraft weight must be 
in the form of fuel and propellant system dead 
we ight. If des ign con sideratio n or operatio nal 
concepts prohibit the immed iate return method, 
then the abort must be co nducted differently . 

The normal return method is p i ctured in the 
sketch below . 
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If!-t a certain poin t in the injection phase 

(V. , r. ) an abort becomes necessary, thr ust is 
J J -

applied parallel to the velocity vector V. but in 
J 

the opposite direction (retrograde , E = 180°) . 
This technique can be used since it minimizes 
the return time to earth and consequently provides 
a form of time control. After the abort burning 
phase , the spacecraft continues alo ng its abort 
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I 

I 

J 



trajectory until apogee . At this time, small 
m id course corrections are made in order to e n
sure that the vacuum perigee of the a bort tra
jectory lies in the re - entry c orridor . T h ere are 
two reasons for making the midcourse correction 
near or at apogee : (1) Perigee conditions can be 
changed most efficie ntly; (2) There is suffi ci e nt 
time for tracking and cal culation of the actual 
abort trajectory pr ior to and after the mid course 
correction. 

Although the spacecraft may have a certain 
6. VA potential, i t does not mean that the entire 

potential should be used for the abort maneuver. 
Generally only a portion of thi s capability. will 
be used, as can be seen from F ig . 23 . It pre
sents the time to return to earth from abort to 
re - entry as a function of speed V . at the time of 

J 
abort for various 6.V A ' S. Data are shown for 

an initial T /W 0 of approximately 1. 1 and 

I = 420 sec. In this f igure, for a typical in-
sp 

jection trajectory profile as given in Table 9 be
low, it is noticed that if there is a limited con 
trol on 6. VA applicati on there is a corresponding 

limited control on the return time. Thi s in turn 
allows some control of the geographical re - entry 
point. In the lower speed range , time of re 
entry can be controlled within 2 hr for the 6. VA's 

quoted. This results in being able to vary the 
re-entry point by 30° in longitude. In the h i gher 
speed range, re - entry longitude c ontrol can vary 
from 150° to 360° . Thus, suitable and specific 
landing sites can be reached, thereby reducing 
the size of 'recovery forces and the number of re 
quired landing areas . 

Also given in Fig . 23 are the apogee altitudes 
that result from an abort maneuver . These al 
titudes may be as h igh as 50,000 km, in which 
case two or more mid course corrections are re
quired to ensure safe re - entry. Depending on the 
inclination of the trajectory, there may be restri c
tions on apogee altitude because of the Van-A ll en 
radiation belt. 

In addition, the immediate return capability 
is shown to exist only in the very low - speed re 
gime for the condition s presented . 

Typica 1 

V . 
J 

(m/sec) 

7,924.8 

8, 534.4 

9,144 

9,753 . 6 

10,363.2 

10,972.8 

TABLE 9 

T In]ectlOn raJec ory P n ro 1 e 

h. y. 
J J 

(km) (deg) Notes 

198 .1 0 Parking orbit conditions 

199.6 0.7 

t 203 . 6 1.8 

210.3 3 Injection phase 

220 .1 5 t 
233 . 2 7.6 Injection conditions 

This concludes the discussion o f abort during 
the injection phase. Abort and re - entry, prior to 
the parking orbit phase and while in the parking 
orbit, are considered earth - orbital type aborts. 
Re - entry and recovery data for earth satellites 
are presented in Chapters VIII and IX of Ref. 1, 
and abort data for the parking and intermediate 
orbit phases can be obtained from this reference. 
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Fig. 2. Earth Launch Time Tolerance From Range Extension 
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Fig. 3. Required Velocity Capability Versus Ascent Range 
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VI. EARTH TO MOO TRANSFER 

Chapter V presented various techniques for 
leaving the launch site on the earth's surface and 
arriving at the proper injection conditions to estab
lish a translunar trajectory satisfying certain mis
sion constraints. These injection conditions con
sist of a specific time, velocity vector and radius 
vector. One purpose of Chapter VI is to graph
ically catalogue all possible injection conditions 
that reflect certain mission constraints in suffi
cient detail to serve as a primary source for de
sign and mission planning work. Heavy emphasis 
is placed on circumlunar trajectories which re
turn ballistically to earth; these were defined in 
Chapter IV and are described qualitatively and 
quantitatively in Section A, below . Although no 
data is presented in Chapter VI for the class of 
lunar trajectories that do not return ballistically 
to the immediate vicinity of the earth, or approach 
trajectories, such data is included in Chapter IX. 
No injection data for lunar impact trajectories is 
included in the handbook except in discussion form 
in Chapters IV and VITI. 

Chapter IV gives a description of the Voice 
technique which is used here to generate lunar 
trajectories by means of the patched two-body 
conics around the earth and moon . It is this 
technique that was used to generate the trajectory 
data found in this chapter and Chapters IX and XI. 
By referring trajectory data to the moon's orbital 
plane (MOP), which is a plane of symmetry, 
trends and tradeoffs between the various trajec
tory parameters are easily obtained and under
stood, and the number of graphs can be reduced. 
For the same reason, all data is general and thus 
applicable for any lunar position in orbit. If the 
lunar position in orbit at a certain date is needed , 
Chapter XI gives auxiliary graphs that allow inter
pretation of the general data of this chapter for 
specific dates. Comparisons with numerically 
integrated trajectories are also presented to prove 
the validity of the Voice data and to illustrate its 
accuracy. 

Sections Band C of this chapter present the 
better-known concepts of navigation and guidance 
used for lunar missions, mostly in qualitative 
form . Some numerical data is given to compare 
and illustrate the various concepts . Of special 
interest are the ground traces of several circum
lunar trajectories shown in Figs . 4 and 5, and 
discussed in Subsection B-2 on tracking. 

Finally, implications of performing an abort 
from a translunar trajectory are included in Sec
tion D, in which will be discussed and illustrated 
the timing of aborts for return to a particular 
earth base, non planar abort maneuvers and their 
consequences, and the possibility of establishing 
"abort way-stations" along the translunar trajec
tory . 

A. INJECTION REQllREMENTS FOR 
LUNAR TRAJECTORIES 

The data of this chapter concerns only circum
lunar trajectories, as they are most likely to be 
used for manned lunar missions. A spacecraft in 
a circumlunar trajectory departs from the earth, 

transfers ballistically to the vicinity of the moon, 
and achieves its closest approach, or pericynthion, 
as it passes behind the moon. The gravitational 
attraction of the moon turns the trajectory in the 
general direction of the earth, and the vehicle 
continues in a trajectory which brings it to the 
vicinity of the earth. The passage from the earth 
to the moon is referred to as the "translunar 
trajectory," while the return passage is termed 
the "trans earth trajectory." This class of tra
jectory and possible related missions has been 
discussed and illustrated in Chapter IV . 

1. The Circumlunar Trajectory Catalogue 

The nomenclature of the Voice technique, 
which has been introduced in Sections B-8 and C 
of Chapter IV, is repeated here for convenience 
and discussed more fully because the graphical 
data of this chapter has been derived from this 
technique . The leading sketch, opposite, is a 
schematic showing the Voice Cartesian coordinate 
axes and some of the trajectory nomenclature and 
parameters . The xE-axis is defined by the inter-

section of the translunar trajectory plane with the 
moon's orbital plane (MOP) and is directed toward 
the moon. The zE-axis is defined by the angular 

momentum vector of the moon about the earth 's 
center, while the YE-axis completes the right-

hand coordinate system. The inclination of the 
translunar plane to the MOP 1S given by iVTL' 

0° :s. iVTL:s. 180°, and is measured as shown in 

the leading sketch. The velocity and radius vec
tors at injection, or the initial conditions of the 
lunar trajectory, define the translunar plane . 

The injection conditions are specified as de
scribed below and illustrated on the following 
sketch: 

Loc",l 

Hori zont a l 

Earth 

Vo is the injection velocity measured relative 

to the nonrotating xEYEzE system centered at the 

earth; YO is the local flight path angle measured 

from the local horizontal to the velocity vector . 
The injection altitude, hO' is defined by hO = r 0 

- R EIl , where;O is the radius vector at injection 

and R$ = 6371. 02 km is the radius of an equiva

lent spherical model of the earth. The specifica
tion of the injection is completed by the angle 
lJ!0' which orients the injection point with respect 

VI-l 



to the Voice coordinate system and is measured 

from the negative xE-axis to ;0' as shown in the 

leading sketch, facing page VI-l. 

A very important concept is that of the cardinal 
directions when the MOP is used as a reference 
plane for the trajectories in this handbook. By 
definition, the zE-axis is designated as the 

"North" direction and "East" is in the same di
rection as the moon I s orbital motion about the 
earth. Thus, when 0 < iVTL < 90°, injection 

is in the northern hemisphere (relative to the 
MOP ) and is direct, or i n the direction of the 
lunar motion in orbit, or "East" (see Subsection 
A-8 of Chapter IV). When 90° < iVTL < 180° the 

injection is again north of the MOP, but in this 
case the direction is a retrograde or, west-
ward injection. The same reasoning applies for 
injections taking place in the southern hemisphere 
relative to the MOP . Since all data is presented 
with positive values of iVTL' the type of injection 

must be specified together with the value of i
VTL

; 

e. g., iVTL = 60° (inject north ), or iVTL = 60° 

(inject south). In Chapters V and XI, Cape Can
averal is the launch site, and launch azimuths Ae 

are arbitrarily restricted to 70° < Ae < 110° . 

These values of Ae result in values of iVTL equal 

to or greater than 0° but always less than 75°, as 
can be noted from Figs . 11 and 12 in Chapter X I. 
For this reason, data is given for 2° :::: iVTL :::: 75° . 

The material is presented for the "inject north" 
case and must be reinterpreted for the "inject 
south" case, as will be discussed later in the 
chapter . A similar situation exists for the trans
earth trajectory, as was noted in Chapter IV .. 
The transearth inclination to the MOP is denoted 
by iVTE and is measured positively, as shown. 

For convenience, the sketch is repeated here with 
an explanatory table relating return direction to 
quadrant. 

Transearth 
Trajectory Inclination 

0° < iVTE < 90° 

90° < iVTE < 180° 

-90° < iVTE < 0° 

-180° < iVTE < -90° 

Earth 

Return Direction 

Direct from the north 

Retrograde from the north 

Direct from the south 

Retrograde from the south 
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The circumlunar trajectories have been graph 
ically catalogued for specific mission constraints - 
namely, the pericynthion altitude .hpL ' the earth-

moon distance Rffi(f' and vacuum perigee altitude 
of the transearth 'trajectory hpE ' The c ircum-

lunar trajectory catalogue includes data for hPL 

from 185.2 km to 5000 km where hPL = r pL 
- R(/' with r pL the radius from the vehicle to the 

center of the moon at pericynthion and R(/ 

1738. 16 km is the radius of the spherical moon 
model. RGla is varied from 56 ER (earth radii) to 

64 ER, which represent the minimum lunar per
igee radius and maximum lunar apogee radius , 
respectively, that can be encountered because of 
the eccentricity of the lunar orbit. The Voice 
data for these R@ q was generated by keeping the 

angular momentum of the moon constant and as
suming the moon to be in a circular orbit around 
the earth. All transearth trajectories have a 
vacuum perigee altitude of hPE = 46 km. 

In addition to the injection conditions of i
VTL

' 

V 0' YO ' hO and lJ!0' the flight time to pericynthion 

t and the total flight time from injection to p 
perigee (T) also are recorded. 

It is well to note at this time exactly what the 
catalogue contains and then to discuss each item 
separately in detail sufficient to provide a working 
knowledge of the material. The catalogue itself 
consists of Figs. C - 1 to C-83 and contains the 
following trajectory constraints: 

Case 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

TABLE 1 

Circumlunar Trajectory Catalogue 

R~Ba 
hPL (earth Figure 

radii) (km) Numbers Pages 

56 185.2 C-1 to 8 IV -48 to 56 

56 1000 C-9 to 16 IV -57 to 64 

56 5000 C-17 to 24 IV -65 to 72 

60 185.2 C-25 to 32 IV -73 to 80 

60 1000 C-33 to 41 IV-81 to 89 

60 3000 C-42 to 50 IV-90to98 

60 5000 C-51 to 59 IV -99 to 107 

64 185.2 C-60 to 67 IV-108 to 115 

64 1000 C-68 to 75 IV-116 to 123 

64 5000 C-76 to 83 IV-124 to 131 

Trajectory data is given by the following var
iables as a function of iVTE for each of the above 

constraints: 

(1) Vo 
(2) lJ!0 

(3) p* 

(4) D. V 

( 5) t 
P 

(6) T 

( 7) im 

(8) eM 

------_. ---- - ---------

l 

I 

J 
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The variables <I> ", 6. V, im and 8M have not 

been mentioned previously in this chapter but will 
be discussed in sequence along with the others. 

(1) V 0 - -the re quired injection velocity 

(2) 

(3) 

for the circumlunar mission. F igure 
C -1 shows V 0 as a function of iVTE 

for REa (f = 56 ER and hPL = 185.2 km . 

The independent parameter is i VTL ' 

and its particular values are 2°, 30°, 
60° and 75°. The first trend noticed is 
the fact that V 0 increases as iVTL 

decreases. By referring to F igs. C-9 
and C -1 7, it is observed that this trend 
remains the same and that the variation 
in Vo due to iVTL is 6 to 20 m/sec, 

depending on hpI.: For REa4 of 60 

and 64 ER (Figs. C-25, C-34, C-35, 
C-42, C-43, C-51, C - 52, C-60, C-68 
and C-76), this variation does not sub
stantially change . Another trend in
dicates that V 0 is lower if the trans-

earth trajectory is direct rather than 
retrograde . The difference between 
returning direct in the MOP and retro 
grade in the MOP is approximately 25 
m/sec for all cases . It is also noticed 
that V 0 decreases as hp increases 

but increases as REaa increases . The 

maximum V 0 encountered for the above 

cases is 10922.8 m/sec and occurs for 
REaa = 64 ER, iVTE = 180°, hPL = 185.2 

km and iVTL = 2°. 

-PO --the injection position as given in 

Figs. C-2, C-10, C-18, C-26, C-35, 
C-44, C-53, C-61, C-69 a nd C-77. 
There is no appreciable change in the 
value of -PO as RElla is varied if hPL is 

maintained constant. However, if h PL 

is varied a s ignificant change does occur. 
,~ 

~ - -moon lead angle. This variable is 
discussed in Chapter IV, Section C, but 
for convenience is depicted in the sketch 
on page (ii) of this chapter, It is meas
ured from the lunar position at injection 
to the xE-axis, and its magnitude varies 

from 30° to 60°. This is a very impor
tant angle when obtaining numerically 
integrated trajectories . 

(4) 6. V - -required velocity impul se to enter 
a circular lunar orbit from the circum
lunar trajectory. If the spacecraft were 
to enter a circular orbit about the moon 
at the time of pericynthion, a charac
teristic velocity impulse would be re
quired to reduce the speed of the space 
vehicle to circular orbit velocity (see 
Chapter IV, Subsection A -4). Figures 
C-4, C-12, C-20, C-28, C - 37, C-46, 
C-55, C-63, C-71 and C-79 present 
6. V as a function of i VTE' and it is 

(5) 

(6) 

(7) 

VI-3 

immediately noticed that 6. V increases 
as iVTL increases. By varying iVTL 

from 2° to 75°, a 6. V change of 30 to 
60 m / sec may be realized, depending on 
h PL' REaa has little effect on this change 

but does influence the magnitude of the 
impulse by as much as 50 m/sec (6. V 
decreases as REIl4 increases). Again, 
as is the case for V 0' smaller values 

of 6. V are required for direct return 
trajectories . The maximum 6. V en
countered for the cases in the above 
table is 1045 m / sec, which occurs 
for the fo llowing conditions: REaq = 

56 ER, iVTL = 75°, ivTE = 180°, hPL = 
185.2 km. 

t --time from injection to pericynthion. 
p 

As expected , tp increases with i VTL' 

since V 0 decreases with iVTL; \ 

also increases as hPL and REa4 increase, 

and the longest times are realized with 
"direct " returns. This data is pre
sented in F igs C-5, C-13, C-21, C-29, 
C-38, C-47, C-56, C-64, C-72 and 
C-80. 

T- -total flight time measured fr om in
jection to perigee. This particular 
variable is markedly influenced by h pL ' 

In fact, one may expect an increase of 
35 to 65 hr (depending on i VTE) by in-

creasing hPL from 185.2 km to 5000 km. 

T is also increased by approximately 
25 hr if REaQ varies from 56 to 64 ER 

(with hPL held constant). The data 

giving T versus iVTE is found in F igs . 

C-6, C-14, C-22, C- 30, C-39, C-48, 
C-57, C-65, C-73 and C-81. 

i - -inclination of the lunar orbit to the 
m 
MOP, 0° ~ im ~ 90°, If the spacecraft 

enters a lunar orbit at the pericynthion 
point (item 4) , the resulting lunar orbit 
will be inclined to the MOP by an angle 
im Because of the importance of this 

angle, a sketch showing im is repeated 

at this time from Chapter IV. Figures 
C -7, C -15, C-23, C-3l, C -40, C -4 9, 
C-58, C-66, C-74 and C - 82 present i m , 

and a very interesting and significant 
result is that im is limited to 25° for 

hPL = 5000 km and to les s than 15° for 

hPL = 185.2 km . This clearly implies 

that high selenographic latitudes 
( 25°) are inaccessible for landing 
or reconnaissance missions unless the 
velocity vector is turned at pericyn
thion . This maneuver requires rel
atively much fuel, and hence, circum -



lunar trajectories will result in fly-bys 
and lunar orbits that lie in a narrow band 
above and below the MOP. Furthermore, 
lunar librations will not improve this 
coverage to any great extent. 

(8) 8
M

--angle betwe en the earth-moon line 

and the descending node of the lunar 
orbit, -180° ~ 8

M 
~ 180°. At the time 

of pericynthion (t ), the descending 
p 

node of the trajectory plane is displaced 
8

M 
degrees from the earth-moon line 

(EML). This angle is a lso shown in the 
above sketch, and it, together with i

m
, 

completely describes the orientation 
of the trajectory plane at t as well as 

p 
the orientation of the circular lunar 
orbit that may be established at this 
point. Data rel ating 8M with iVTE 

for various iVTL are given in Figs. 

C-8, C-16, C-24, C-32, C-41, C-50, 
C-59, C 67 , C-75 a nd C-83 . Another 
important fact, not mentioned above, 
i s that for a constant value of iVTL' 

an earth return is possible from any 
direction. This can be extremely 
useful in establishing operational 
concepts for lunar missions. 

2. Generalization of the Catalogued Data 

The catalogued data, extensive as it is, does 
not cover all parameters of the translunar trajec
tory . The material presented is applicable only 
for an injection flight path angle YO = 5° and an 

injection altitude hO = 250 km. The following 

discussion presents methods whereby YO and hO 

may be extended to other values. 

F ir st, consider that hO remains 250 km and 

it is desired to change Vo to a value yb other than 

5°. It has been found that a ll data in the cata
logue, except for 4JO' remains essentially the 
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~Orbital 
~ Motion 

same and any changes that do occur are altogether 
insignificant on the scale of the graphs . A new 
4JO' denoted by 4Jb can be estimated to within ±O. 2° 

for 6 YO as high as ±200 by means of the following 

empirical r elation: 

where = catalogue value 

= revised value of 4JO 

= Yb - YO = Yb -5° 

= catalogue value 

= desired value of Vo 

( I) 

Values of Yb> 25° are improbable for earth de

parture by present boosters because of the higher 
fue l requirements, while values of vb < - 15° cause 

the spacecraft to re-enter the earth ls atmosphere. 

Next, consider that YO remains unchanged, 

i. e., YO = YO ' and that it is desired to alte r hO 

by an amount 6 hO• For 6 hO less than ± 250 km, 

the data in the catalogue again does not change, 
with the exception of the injection velocity VO. A 

new value of YO' denoted by Vb , can be deter 

mined for the desired hO' which is denoted by 

hO through use of this equation derived from the 

conservation of energy in a restricted 2 -body 
system: 

VI =[V2_V2(
6h

O\ll/2 
o 0 p rO .~ 

(2) 

where V 0 = catalogue value of injection vel-
ocity 

V p = parabolic speed at the desired hO 

6 h O = hb - hO 

hO = catalogue value of injection altitude 

= radius from the center of earth to 
h O' 

Observing that Eqs (1) and (2) are independent 
of each other, both YO and hO may be varied to-

gether. An example of the use of these equations 



is inc lude d in the second sam ple mission in 
Chapter Xl . 

If hb is extended to 2000 km by means of Eq 

(2), small errors appear in the other param eters. 
These errors may be acceptabl e for feas ibility 
trajectory calculations. The brief tabl e be low 
gives the maximum magnitude of these errors for 
the var ious parameters if the catalogu ed data is 
extended to hb =- 2000 km: 

Maximum Error 

Vo ±1. Sm/sec 

IjJO +1. 3° 

<P * ±0 .2 ° 

6.V -S m/sec 

tp ±0 . 3 hr 

T ±0.6 h r 

i -0 . 7° m 
8M -3° 

where: 

parameter error = actual parameter value
estimated parameter value (from Eq (2 )) . 

Therefore, the catalogued data in Figs. C-l 
through C - 83 can be ap plied to most c ircumlunar 
trajector ies of interest . The catalogued trajec
tories are for the "inject north" case only as was 
mentioned previously. Since the reference plane 
is a plane of symmetry, the material can easily 
be reinterpreted for the "inject south" case by 
redefining the return inclination (iVTE ) scale 
on the figures by: 

iVTE (inject s outh) = - iVTE (inj ect north) (3 ) 

A simple example illustrates this readily . Sup
pose that for the "inject north " case, iVTL = 

60° and i VTE = + 40°, which i s a return direct 

from the north . Therefore, for the "inject s outh" 
case , iVTL remains the same, but iVTE = -4 0°, 

which is a return direct from the s outh . 

The lunar orbit orientation 8
M 

for the inject 

south case i s interpreted in the follow ing manner. 

8M (inject south ) = 8M (inj ect north) + 180° 

3 . Accuracy of Inj ection Conditions and Trajecto ry 
Data 

Since the data presented in F i gs. C-1 to C-83 
was derived from an approximate force model of 
the earth -moon system, it is necessary to ascer 
tain the accuracy of such data. To this end, the 
catalogued Voice trajectory data (patch ed conic 
force model) was spotchecked with numerically 
integrated trajectories which were generated by 
using the more accu rate restricted 3 - body for ce 
model with the moon in a circular or bit about 
the earth (angular momentum is constant) . The 
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selected trajectories are considered extreme in 
the sense that they represent the maximum in 
accuracy to be expected between the Voice and 
integrated trajectory results. For instance, high 
values of iVTL ( > 60°) and small values of RES a 

( ~ S6 ER) produc e larger errors in V 0' tp and T. 

Table 2 presents four circumlunar trajectories , 
gi ving the comparison of the previously discussed 
parameters . Trajectories 1 and 2 are presented 
to demonstrate the differences between the Voice 
and integrated result s for the extreme conditions 
just mentioned . Below is a brief account of the 
likely errors that can be encountered in such ex
treme cases . 

'" 2.3 m/sec (error = Voice data -
integrated trajectory 
data) 

6.h pL '" 0 

6. (6. V) '" -20 m/sec 

6. im '" -O.So 

6. 8M < _2° (iVTL > ISO) 

6.8M '" -0 . 6° 

6.iVTE'" 0 

6. t '" 0.7 hr 
p 

where the error is defined as the d ifference be 
tween the Voice and the restricted 3-body force 
model. 

But more important than determining the accept 
ability of the Vo ice model is the substantiation of 
the trends indicated by Voice. Trajectory 1, for 
instance, shows the feasibility of leaving the earth 
with highly inclined trajectories and also returning 
with very high inclinations relative to thE' MOP. 
Trajectory 2 depicts in part the opposite case, 
i. e . , injecting into a highly inclined translunar 
plane but returning with extremely low inclin 
ations, in fact almost in the MOP. In trajectory 
3, a complete reversal of trajectory 2 is shown. 
Thi s trajectory has a very low inclined tr ans-
lunar plane (iVTL = 2°) but returns to earth 

with a trans earth inclination of approximately 
7So . The last trajectory, number 4, has a re -
mote pericynthion altitude (hpL = SOOO km) and 

the moon is ne a r apogee or at R@(t 64 ER. In 

addition, the entire circumlunar trajectory is 
e ssentially in one plane. Thus, some important 
trends indicated by Voice a re easily verified 
by the num erically integr ated trajectories given 
in Table 2, a nd it is possible to conclude that 
the inaccuracies inherent in utilizing a patched 
coni c method are acceptable for initial feasibility 
trajectory studies . 

As a final point, the resulting lunar orbit 
orientation about the moon (i

m
, 8M ) is in remark -

able agreement with that obtained by integrated 
trajectories. This fact is a major reason that 
the use of Voice data for mission planning, fur
ther discus sed in Chapter XI , is practical. If 
des ired , a more accurate value of 8

M 
can be ob

tained by applying an empirical correction , given 
by 



<: 
H 

I 

m 

Qua ntity 

R®a (ER) 

V 0 (m/ sec) 

iVTL (deg ) 

-Vo (deg) 

~ >:' (deg) 

hPL (km) 

6V (m/sec ) 

t (hr ) 
P 

T (hr) 

iVTE (deg) 

hPE (km) 

im (deg) 

eM (deg) 

e*M (deg ) 

TABLE 2 

Comparison of Voice Trajector ies with Numerically Integrated Restricted 3 -Body Tra jec tor ies 
hO = 250 km. YO = 5°. Inject North 

1 2 3 4 

Voice Integrated Voice Integrated Vo ice Integrated Voice 

56 . 0 56 . 0 56 . 0 56 . 0 56 . 0 56 . 0 64 . 0 

10 896 .661 10894.788 10889.214 10887.064 1090 3. 696 10902 . 030 10 890. 007 

75 . 0 75 . 0 75 . 0 75 . 0 2. 0 2.0 60 . 0 

18 . 7534873 18. 456858 17.497310 17 . 090264 22 . 30213 22 . 209 816 14 .. 787743 

40 . 488397 41. 20 1542 43 . 093934 44 . 149837 35 . 93478 1 36 . 316359 46 . 632338 

185 . 0305 185 .4452 185 . 0630 185 . 219 3 185 .0750 185 .4256 4998 . 8867 

3237 . 672 3296 .0 677 3131. 953 3189 . 29 88 3129. 7472 3187 . 0975 2161. 8967 

62 . 220 62 . 554 66 . 204 66 . 942 59 .07 8 59 . 044 93 . 202 

125. 584 126. 376 125 . 294 126 . 009 125. 346 126 . 067 188 . 215 

98 .145 98 . 128 -178 . 9526 -178.9658 105 . 1679 105 . 1248 -115 . 5457 

45 . 7893 44 . 20 87 45 . 2795 43. 3567 45 . 6254 43 . 7711 45 . 8436 

13. 792493 14.308571 8. 86063 9.0 893964 8. 8545358 9. 09 866 9.7478268 

90 . 310615 91. 203772 42 . 873267 44.390196 134. 93123 132 . 6791 -1. 975 3935 

91.162 143 91. 203772 43 . 7924 44 . 390 196 133 . 2306 132 . 6791 - 0. 8012156 

Integrated 

64 . 0 

10889.46 3 

60 .0 

14.5 62976 

47 . 461 369 

4999 . 7675 

2261. 009 

93 .1 60 

188 . 447 

-11 5 . 5227 

54 . 7 968 

9. 8100 85 

-0. 859943 

-0. 8599 43 

_.- ______ ~I 



where 

~OM = ~ [0.22 + 0.000156 hPLJ 

Co sin iVTE + 1 

+ holds for the "inject south" case 

- holds for the "inject north" case 

( 4 ) 

Co is obtained from Chapter XI, Section E; 

a constant derived from empirical data. 

The corrected value of 8
M

, 8
M 

*, is given by 

and is also noted in Table 2. 

B. NA VIGATIONAL AND TRACKING 
REQUIREMENTS 

Navigation is defined as the process of deter 
mining the position and velocity of a space ve 
hicle; this process is usually accomplished by 
making observations such as star occultations by 
the moon, bearing lines to certain stars, angular 
diameters of the moon, earth and sun and from 
these observations computing the vehicle position 
and velocity vector . The problems of navigation 
in cislunar space, discussed in this section, are 
greater than those encountered in earth orbit 
since vehicle trajectories far from earth are 
significantly influenced by the lunar gravitational 
attraction, since trajectory sensitiviti es (the 
partial derivatives of trajectory parameters 
with respect to initial conditions ) increase drasti 
cally, and because of uncertainties in the force 
model and in the astronautical constants . Thus , 
some means must be developed to determine the 
vehicle trajectory in flight , or the devi ation of 
the actual trajectory from the nominal trajectory. 
The procedure used to de term ine the new tra 
jectory is referred to as the navigation tech 
nique . The observations fundamental to a 
particular technique may be made from the space
craft itself, from tracking stations on the earth, 
or from the luna r surface. A number of feasibl e 
navigation techniques for cislunar space can be 
devised if the methods for making the necessary 
navigational observations are available . The 
techniques discussed in this section include 
navigation by means of nominal or precomputed 
trajectories and trajectories computed in flight . 
A third technique, described as a" homing" 
technique (Ref. 1) utilizes line -of - sight orien 
tation to ensure interception with the target. 
However , this technique has not yet been ade 
quately proven for lunar missions , so it will 
not be discussed further . 

The question remains of what to do when the 
deviation of the actual from the nom inal trajectory 
has been determined, that is, how to return to the 
original trajectory or correct the actual trajectory 
in order to fulfill the mission . These midcourse 
guidance and energy requirements will be discussed 
in Section C . 

1 . Navigational Techniques 

a. Observational considerations 

Before discussing the details of various navi
gational techniques , it is necessary to decide what 
observations are to be made and how they are to 
be used in order to provide an improved estimate 
of position and velocity. Battin, in Ref. 2, has de
veloped a procedure for statistically optimizing 
navigation for space flight. The detailed analysis 
will not be presented here , but a short account is 
given to emphasize the necessity of such a pro
cedure . 

In a typical self - contained space navigation sys
tern, observational data is gathered and processed 
to produce estimated velocity corrections by rocket 
burning (i. e ., guidance corrections) . Observa 
t ional data may be gathered either by optical means 
or by radio. Fundamental to the navigation system 
is a procedure for processing observations which 
permits incorporation of each individual observa
tion as it is made to provide an improved estimate 
of position and velocity. In order to optimize a 
navigation technique a number of alternate courses 
oJ action must be evaluated. The val' ious alterna
tives, which form the basis of a decision process, 
concern the following: 

(1) Which navigational observation gives 
the most accurate position? 

( 2 ) Does the best observation give a sufficient 
reduction in the predicted target error 
to warrant making the observation? 

(3) Is the uncertainty in the indicated guid
ance correction a small enough per 
centage of the correction itself to justify 
an engine restart and propellant ex 
penditure? 

The time interval from injection to arrival 
time at the aim point (near or on the moon) can 
be considered to be subdivided into a number of 
smaller intervals t1, t 2, '" called" decision 

points . " At each decision point one of three pos
sible courses of action is followed: (1) a single 
observation is made; ( 2) a velocity correction is 
implemented; or ( 3) no action is taken. As a 
necessary step in the application of navigation 
schemes, certain rules must be adopted for the 
course of action to be taken at each" decision 
point." The number and frequency of observa 
tions must be controlled in some manner --ideally 
by a decision rule which is realistically compat 
ible with both the miss ion objectives and the capa
bilities of the observing device . If a n observa 
tion is to be made, a decis ion is required regard 
ing the type and the celestial objects to be used . 
Periodic guidance corrections must be applied 
and the number of impulses and times of occur
rence must be decided . 

Once the decision rules have been specified, 
i t is necessary to test their effectiveness with 
some measure of performance. One typical ob 
jective is to minimize the miss distance at the 
moon. However, a reduction in miss d i stance 
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usually implies an increase in either the r e quired 
number of observations or a greater expenditure 
of corrective propulsion - - or both . This fact is 
demonstrat ed in Sect ion C . In the face of con 
flicting objectives, present in any technique, com
promises are clearly necessary, a nd a statistical 
simulation helps in arriving at an acceptable bal 
ance . 

A common assumption is that secondary ef
fects arisi ng from the finite speed of light, the 
finite distance of stars, etc ., are ignored in the 
observations . For the calculations, these effects 
at a particular reference point o n the trajectory 
may be lumped together as a modification to the 
stored data which represents nominal reference 
values for the qua ntities to be observed at that 
po int . Also, the question of simultaneous ob
servations does not ar ise if the vehicl e dynamics 
are governed by known l aws a nd if deviations from 
a predetermined reference trajectory are kept 
sufficie ntly small to perm it a linearization by ex
panding around the nominal trajectory point in a 
Taylor series an d negl ecting second and higher
order terms . 

The essen ti a l probl em is to select those ob 
servations which are, in some sens e, most ef 
fective . For example, the requirement might 
be to make the selected observation at a certain 
time in order to get the maximum reduction in 
mean -squared pos itional or velocity uncertainty 
at that time . Of pe rhaps greater significance 
would be the requirement to select the observa
t ion wh ich minimizes the uncertain ty in a ny linear 
combination of pos ition and velocity deviations. 
Specifically, one might s e l ect the observation 
which minimizes the uncertainty in the re quired 
velocity correction . As a further example, one 
might wish to select that observation which, if fol
lowed immediate ly by a velocity correction, would 
result in the smallest position error at the target 
or aim point . 

The common m ethods for making navigational 
observations may be subdivided into three prin
c ipal areas: 

(1) Optica l observation of the a ngl es be 
tween s everal celestial bodies as seen 
from the vehicle. 

(2) Radio or optical tracking from the earth 
by determining the azimuth an d e l eva 
tion of the space vehicle . 

(3) Radio range (interferometer ) a nd doppler 
measurements on the vehicle, the earth, 
or the moon. 

Methods (2) and (3) will not be discussed since 
they are treated in Chapter XI of Ref. 1 . How -
ever , a brief r e mark on the interferometer method 
of tracking and navigation will be made . For lunar 
flights it is poss ible to use the earth-moon separa
tion as a n interferometric baseline (Ref. 3 ). If a 
receiver could be established on t he moon or at t he 
libration points, it could easily be synchronized 
with a series of such stations on the rotating earth 
by means of line -of-sight communications . In 
this case the interferom eter scheme illus trated 
in Chapter X of R ef. 1, where two transmitters 
are used at the ends of the base line, operates in re-
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verse. The phases of the transmitted waves are 
compared in the vehicle and the radio range from 
the ve hicl e to the stations can be determined. If 
each vehicle can carry sufficient computing equip 
ment to transform and act on the received phase 
difference data, any number of veh icles can track 
themselves simultan eousl y from the same ground 
system . This system is similar to the hyperbolic 
LORAN navigation scheme now widely used by air
craft and ships. 

The emphasis in th i s subsection will be on 
method (1) - -angular observations of celestial 
bodies from the vehicle by optical methods . This 
technique will be most useful in early lunar flights 
since it has been proposed that navigation o n 
manned lunar miss ions be handled by the crew and 
self - contained opt ical units be used for unmanned 
missions . Two types of measurements, one for 
small angles and one for large a ngles, will be de
scribed . 

Small angles, i. e . , those less than a few de 
grees' may be measured within the field of view 
of an astronomi cal telescope . This type of meas 
urement is particularly desirable for measuring 
the apparent diameter of the sun, earth or moon 
and the position of these bodies aga ins t the i r 
neighboring stellar background . The observations 
may be made d irectly, or the telescope may 
be used to photograph the sun, and/or moon and/or 
planets against the star background (Ref. 4). In 
the latter case the photographic plates could be 
read with an optical m i crometer after devel oping . 
The photographic method has the advantage of 
" freezing" time, thus permitting a leisurely meas
urement of what was visible at a single instant . 
The technique requires local filtering to redu ce 
the exposure of the image of the sun, moon or 
planet relative to the stellar background . It is 
presently used for determining the lunar ephemer is 
from the earth, y i e lding accuracies on the order 
of 0:'01. These accuracies, of course , can not be 
expected from space vehicle observat ions . The 
photographi c method requires a p late - reading 
micrometer; however, on a manned voyage it is 
very likely that a n astronomi cal telescope and 
p l ate - handling equipment are on board for other 
than navigational purposes. 

Large angles as well as small ones can be 
measured by a type of sextant which may be 
e ither hand -held or mounted in the vehicle. The 
sextant has several advantages over the telescope , 
notably : 

(1) Having separate light paths , a sextant 
requires no troublesome l ocal filter; 
one light path or the other may be fil
tered as desired . 

(2) It measures large angl es as well as 
small ones . 

(3) The optical requirements of a sextant·s 
telescope are minimal. s ince the two 
objects whose separation i s measured 
are brought into coinc idence at a singl e 
point rather than being measured over 
a n extended optical field . 

Since a vehicle -borne sextant doesn ' t require 
manual support, i t can be l arger than a marine-



type sextant and can be equipped with a high
magnification telescope and a reading microscope 
for the vernier . 

In a space vehicle, the optical system of such 
angular measuring instruments as sextants and 
star trackers have accuracies of the order of 
O!'l to 1!'0 . However, the observational technique, 
reading errors, etc., permit practical accuracies 
of the order of only 10" for a single observation. 
This accuracy is quoted for a single observation 
of point sources such as stars; the tracking of ex 
tended images such as the earth and moon degrade, 
while the combination of a number of individual 
observations and their smoothing to determine a 
small vehicle trajectory arc enhance the practically 
achievable accuracy. 

All optical observations are subject to planetary 
aberration due to the finite velocity of light and 
the relative motion of the observer and the celes
tial body. If a stationary telescope is pointed at 
a celestial body, it is pointing at the position where 
the celestial body was when the observed light 
left it rather than where it is when the light ar
rives at the space vehicle. These errors could 
be of ihe order of 10". The relative motion of 
the vehicle with respect to the observed object 
or stellar aberration causes celestial bodies to 
be displaced in the direction of the vehicle ' s ve-
10city. This angular deviation, 6., is given by 
the expression : 

-1 
6. = sin <j> ian (5) 

where 

c 

angle between the velocity vector and 
the line of sight to the observed object 

velocity of the space vehicle relative 
to the celestial body 

velocity of light, 299, 792 . 5 ± 0.1 km/ 
sec. 

These errors are small and easy to correct be
cause V 6. / c is very small. For the worst case, 

<j> = 90°, the deviation is about 20" for V 6. = 29 . 8 
km/sec. 

Several types of navigational observations can 
be made from a space vehicle simultaneously in 
order to arrive at the best determination of posi
tion and velocity. For example: gyroscopic 
techniques can be used for angular measure
ments; accelerometers for measuring acceler 
ation' primarily during rocket burning or near 
the moon and earth; radar techniques for ve
locity measurements; distance measurements 
from the apparent diameters of celestia l bodies 
in the solar system; and time measurements 
from clocks and from the motion of celestial 
bodies in the solar system. These are a ll dis
cussed extensively in Ref. 5 . 

b. Analysis of two navigational techniques 

Two navigational techniques, referred to as 
technique 1 and technique 2, for determining 
spacecraft position by means of optical observa-
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tions of celestial bodies will now be analyzed in 
detail. In technique 1 it is assumed that the 
nominal spacecraft position and velocity vectors 
are known so that perturbation methods may be 
employed in determining the actual position and 
velocity from the nominal. All measurements 
are assumed to be made at exact instants of time. 
Technique 2 on the other hand does not require a 
nominal trajectory, but the actual trajectory is 
determined directly from the observations. The 
same type of observation may be used in either 
navigational technique . 

In technique 1, one type of observation to be 
considered is that of the angle A subtended at the 
space vehicle by the moon-earth line. By passing 
to the limit of infinite distance from either the 
earth or moon, corresponding angular measure
ments of the earth-star or moon-star line can be 
made. Referring to the sketch below, 6. and (/ 
denote the nominal positions of the spacecraft and 
moon at the time of the measurement. Let r

EB6 
be the vector from the earth al to 6. and ~q the 

vector from 6. to IT. With A denoting the angl e 
at the space vehicle from the radius to the 
earth to the radius to the moon, we have 

(6) 

where r(96. and r 6.(1 denote magnitudes of the re

s pecti ve vectors r; 6. and ~ (. Treating all 

changes as first order differentials, it can be 
shown that 

6A (
&. - (~ •. ~)~. ~. - (~ •. m) ") -
---'-~.,.--.-:-- + 6r 

ral6. sm A r 6.(f sm A al6. 

(7) 

where 6r q 6. is the radius vector from the observed 

position to the nominal position of 6. with respect 
to earth, fl. and m are, respectively, the unit vec
tors from 6. toward al and toward q. Hence 
r(96. = - r(96. n. and r6.(f = r 6.q m. The vector 

6ral 6. is small compared to ~ 6. . The two in

dividual vector coefficients of 6~6. in Eq (7) are 

vectors in the same plane in which the observation 
takes place and normal to the lines of sight to the 
earth and to the moon. 

A second observation determines position by 
taking a stadiametric reading, or measuring the 
diameter of a celestial body. If D is the apparent 
diameter of the moon, the apparent angular di
ameter 2 y is found from 

sin (y) = D/2 r 6. <! (8) 

with the differential given by 

D&.. 6ral6. 
cJ...2 y)= (9) 

2 
(r6.') cos ( Y) 

In technique 2, where the actual trajectory is com
puted without a nominal trajectory, this distance 



measurement is usually us ed in conjunction wi th 
other measurements . 

A third observation records the time of a 
stellar occultation by the moo n . Let 6. and <I be, 
respectively, the n ominal positions of the space 
craft and the moon at the time of observation , and 
let n be a unit vector at the vehicle in the direction 
of the star occulted by the moon. With Y denoting 
the angl e from the star rad ius to the moon radius 
as shown in the second sketch, we have, at the 
nominal instant of occultation, 

(10) 

Treating changes as first order differentials we 
obtain 

A 
n · = (cos Y) 1i r 6.1[ - r 6.([ s in YIiY 

= (cos Y)fu . Ii r'6. (1 - r 6. a sin YOY 

(11) 

Ear th 
EB 

A 
n 

A 

A 
n 

f::... (sp ace vehicle) 

Moon 

The angul ar deviation IiY is computed from a 
first order di ff eren ti al of 2 r 6.1[ sin Y = D: 

1\ -" I 2 6 Y = - D m • 6 r 6.a 2 (r 6. II) cos Y (12) 

Further more, if V a a nd V D. are the respective 

inertial velocities of the moon an d the spacecraft, 
and if Ii t is the differen ce between the observed 
a nd the nominal time of occultation, we have : 

Ii r6. G = V( Ii t - (Ii r'EB6. + V 6. 6t) 

- Ii r'(f) 6. - Vd 6. Ii t (13 ) 

where Vq 6. is the velocity of the spacecraft rela

tive to the moon. Then by combining Eqs ( 11), 
( 12) a nd ( 13) we have finally: 

p. Ii r EB 6. 
Ii t = - A 

P • V« 6. 

(14) 

where p is a unit vector perpend icular to fI in the 
plane determined by the lines of sight to the moon 
a nd the star . The procedure could be reversed 
by cons ider ing star occulta tions by the earth. 

* St a r 
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Consider next the technique wh erein the angl e 
between the lines of s i ght to a star and the edge 
of the lunar disc i s measured. From the sketch 
beloW, 

n. r = r cos (A" + y ) D. (J 6. ( 
(15) 

where A" is the angle to be measur~d. Taking. 
total diffe r e ntia ls and noting that Ii rEB 6. = - C r 6.1[' 
we obtain: 

A - I 2 IiA~' + D m • {, r EB 6. 2 (r 6.(1) cos Y 

6A':' + tan Y m . Ii r'EB6. Ir M (16 ) 

or finally : 

p ' {, r$D. 
IiA* = ---=..=.... 

r 6.<1 cos Y 
(17) 

For the measurement of the a ngle between a 
l andmark on a planet or lunar surface a nd a star, 
l et p be a unit vector perpendicular to the line of 
sight to the lanCLmark a nd in the p l a ne of measure 
ment. Then if p is the vector posit ion of the 
l a ndmark relative to the center of the object, 
we have 

{,A* = 
P' {, rEB 6. 

IrM +pl 
Technique 2 does not us e perturbations about 

a nomina l trajectory, but angular measurements 
are converted directly to positional data. Optical 
instrume nts in the vehicle are used to establish 
bearing lines to point sources in the sky and the 
a ng l es between t he lines of sight are measured by 
a sextant. The conversion to positional informa 
tion is illus trated in the following sketch, where 
the plane of the paper represents the pl a ne of one 
set of two sextant r eadings . One bearing is as 
sumed to be taken on the earth and the other 
sources , 1 a nd 2, are e ither stars, p l a nets , or 
the moon. Define a nonro tating p l an e polar co 
ordinate system (rEB ' 6EB ) with origin at the earth, 
in which the stars a r e assumed fixed . The un 
known pol ar coord inates of the vehicle, (r(j)D. ' 
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Earth Inertia l reference dire c tion, i.e., 

9ED 6), can be expressed in terms of the meas

ured angles aI' a2, O°s. a I ' a2 S. 180° and the 

known polar coordinates (rED l' 9 ED 1) and (rEa 2' 

9Ea 2) of the sources 1 and 2, respectively, by 

use of trigonometry: 

rEa6 = [rEal r@2 sin (a l - 9E1ll - a 2 

+ 9E1l2j· [ (rEa 1)2 sin
2 

a 2 + (r Ea2 )2 sin
2 

a l 

- 2 r Ell2 r Elll sin a l sin a 2 cos (a l - 9E1l l 

- a
2 

+ 9
Ea2

)] -1/2 (1 8) 

rEal sin a 2 sin (a l - 9Ea l ) 

- r
Ell2 

sin a
l 

sin (a
2 

- 9E1l2 ) 

r
EB2 

sm a
l 

cos (a
2 

8
EB2

) 

If source 1 is a distant star and source 2 
represents the moon, these formulas simplify 
considerably, since rE9 2/r(B 1 - O. Then 

sin (a l - 9E9l - a 2 + 9E92 ) 

rEat:. = rEf)2 sm a
2 

and 

(1 9) 

(20 ) 

(21 ) 

Differentials of Eqs (20 ) and (21) give an esti
mate of the errors induced in rE96 and 9E96 by the 

~e.asurement errors 6al and 6a2 and source po 
sltlon errors. 

(22) 

(23) 

The total effect of instrument and/or data er
rors i n Eq (22 ) can be minimized by proper choice 
of sources 1 and 2. It is quite clear. for instance, 
that the cases a 2 = 0, 11, i. e . , cases in which the 

moon, vehicle and earth are colinear, should be 
avoided . The simultaneous values a 1 - 9Eal 

+ 9E1l2 = 0, a 2 = 90° reduce all errors but those 

for c5r
Ea2

. Errors in the radial distance rE96 , 

c5 rE9 6' therefore determined primarily by the 

uncertainty in r E92 , the distance of the moon from 
the earth. 

If Eqs (22) and (23 ) are divided by dt, one ob
tains the time rates - of-change of r®6 and 9E96 : 

(24) 
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The problem of obtaining these derivatives is 
discussed on p 21 of Ref. 3 . 

(25 ) 

By combining the available observations and 
measurements, other approaches may be found 
through this technique. For instance, as an out 
growth of the above method, the position of a 
spacecraft in cislunar space may be determined 
by two stellar directions and a planetary source. 

c. Application of navigational technique 2 to 
lunar flight 

The choice of stars a nd celestial bodies is of 
some importance if technique 2 is used for naviga
tion in cislunar space . This aspect is discussed 
to some extent and illustrated by one example in 
the present subsection. 

If the position of three bodies in space is known 
at a given time from calculated ephemerides, 
triangulation can be used to determine the position 
of the spacecraft at that time . In cislunar space 
one of the bodies will either be the earth or the 
moon, due to their proximity. The sun, any of 
the planets, and any of their moons suggest them
selves for the other two cel estial bodies . Un
fortunately, these bodies cannot be used for lunar 
missions because of the inaccuracy developing 
from the large interplanetary distances as com 
pared to the relatively small earth -moon distance . 
Therefore, the stars must be used . 

It can be assumed with excellent accuracy that 
the stars are at an infinite distance fr om the earth
moon- spacecraft region. Hence the position of the 
stars is defined by their direction only and two stars 
and the earth or moon are not sufficient to d etermine 
the exact location of the spacecraft, but only a line 
of positions. The observation of the angle between 
one star and the prime body (earth or moon) from 
the spacecraft spec ifies its position as being on a 
cone with apex at the prime body (earth or moon), 
whose center line is directed toward the star, and 

to star 2 
~ to 
S2 

to s t ar 1 I 

" 6
1 

-' I 

whose half- a ngle is give n by the angle between the 
star a nd prime body . The additional observation 
of the angl betwe e n another star and the prime 
body specifies a second cone . The intersection 
between two cones with a common apex is specified 
by either one or two straight lines or no intersection 
occurs . However , since the spacecraft must be 
on the surface of both cones simultaneously, the 
last case is ruled out . If there is one line of 
intersection, which will be denoted "line of posi
tion, " the n the spacecraft is known to be located 
somewhere on it. If there are two lines of inter
section, then a proper choice of stars or a third 
angul.ar measurement to get another star may 
settle on which line of position the vehicle is on. 
Approximate knowledge of the vehicle trajectory, 
of course, also determines the line of position. 
The location of the space vehicle on this line can 
be determined by stadiametric readings, a star 
occultation by a second prime body which may be 
another planet or the moon, by using another line 
of position determined from two stars and the 
second prime body, or by tracking from the earth 
or moon and subsequent data transmission to the 
spacecraft . The choice between these methods is 
dependent upon where the vehicle is relative to the 
earth or moon at the time . 

In this navigation technique, it is important 
to know an optimum orientation of the two stars 
and the prime body chosen for observation in 
order to give the minimum error in the line of 
position due to errors in the two angular measure
ments . Another important question is whether the 
more prominent navigation stars can be used for 
position determination within an acceptable error , 
or if some of the less well-known stars have to be 
employed as well . 

The geometry is illustrated in the following 
sketch. The origin of coordinates is at the center 
of the prime body, with Cartes ian axes xpypzp 

, ~ 

as shown. Vectors sl a nd s2 are unit vectors in 

the direction of stars 1 and 2, (J s is the angle 

between S 1 and ~ 2 which is known quite accurately 

s t a r 1 to star 2 
A 

Sl 

I I 

I 

~ 

a2 

Line o f 
Position 

Yp 
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from the ephemeris, and the angles a I and a
2 

are 

between the direction to the prime body and stars 
1 and 2, respectively, 0° ~ aI' a2 ~ 180° . The 

last two readings, made by the crew, establish 
the line of position. 

The use of this navigation technique is illus
trated below . The observational accuracy in the 
measurement of a l and a 2 is assumed at 6", and 

the worst possible combination of these two errors 
was used to define [:,. P, the angular error in the 
line of position. Figure I shows the possible 
relationships between a

1 
and a

2 
which will result 

in [:"P = 0. 006° or less for a star separation of 
as = 60° i n the case of the worst possibl e combi -

nation of errors in a 1 and a
2

. The line of position 

error (maximum) will be 0 . 006° on the boundary 
for the a 1 and a2 combi nations shown and will de-

crease as the a 1 and a 2 combinations move from 

the boundaries into the shaded area. 

A natural goal is to choose stars which will 
keep the effect of reading errors to a minimum, 
but still make use of the more prominent naviga
tion stars which have proved themselves to be 
easily identifiable over several centuries of naval 
navigation . With this in mind, the data presented 
in Fig. 2 is used in making the choice . The shaded 
areas shown represent the a 1 and a 2 combinations 

which will result in [:"P ~ O. 004° for any as be

tween 60° and 90°. For illustration, it can be 
seen that the range encompassed by a

1 
between 

30° and 50° and a 2 between 70° and 80° lies 

within the shaded area. 

This data can be illustrated with an example 
using a circumlunar trajectory launched from 
Cape Canaveral on 14 June 1968 at 14:14 hr GMT. 
A view of the earth, as seen from the spacecraft 
three hours after injection into the translunar 
trajectory (a good time for first midcourse guid
ance corrections), is shown in Fig. 3 with the 
actual stellar background. The right side of the 
earth is illuminated by the sun, with Alaska and 
California appearing on the extreme right . The 
principal stellar constellations visible behind 
the earth are indicated on the figure . Using the 
earth I s center as the celestial body, the a 1 range 

(30° to 50°) and a 2 range (70° to 80° ) are shown 

traced on the celestial sphere . The required 
angular displacement between the two stars is 
60° to 90° ( shown on the bottom of the figure ). 
Thus, star 1 must lie in the band labeled a 1 

range and star 2 in the band labeled a 2 range . 

The distance between star 1 and star 2 must be 

60° to 90°. Inspection of Fig. 3 shows many such 
separations between the prominent navigation 
stars . The spacecraft 3 hI' after injection is 
typically 50,000 km from the earth, and an angu
lar error of [:"P = 0.006° corresponds to a posi
tion error of 5 km in the line of position . 
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Figures similar to Fig. 3 can be prepared for 
various times throughout the lunar mission. In 
the case of the illustrated circumlunar trajectory, 
figures for a later time will differ from Fig. 3 by 
a decreasing size of the earth and the earth I s dis
placement due to its motion toward the upper left. 
When the vehicle approaches the moon, the moon 
with its star background can be used for naviga
tion. 

The main advantages of this navigational tech
nique are : 

(1 ) Observations can be planned well ahead 
of the mission on the ground. 

(2) In many cases the same pair of stars 
can be used for observations over long 
periods of time. 

(3 ) Observational errors can be minimized 
by proper choice of stars for navigation. 

(4) The time for navigational observations 
can be minimized. 

The last point is important, as two observations 
must be made from the spacecraft for determining 
the line of poSition, and in the very early stages 
of lunar flight, the trajectory curves strongly 
(see Fig. I in Chapter IV), and the direction of 
the line of position changes relatively rapidly . 
This suggests that this navigational technique 
will yield better results farther from the prime 
body than in its immediate vicinity, and that i t is 
not suitable for space vehicles in near-earth or 
near-moon orbits . 

d . Concluding remarks 

The problems of navigation are not completely 
solved even when position and velocity data are 
obtained and decision rules are applied . There 
still remains the problem of reducing this data 
to useful applications in corrections . For the 
case of smoothing and data reduction, reference 
can be made to Chapter XI of Ref. 1, while the 
differential correction technique is treated in 
Chapter VI of the same reference . 

All naVigational techniques mentioned have 
stringent data-processing requirements . Equa
tions must be solved rapidly and accurately in 
order to support each technique . 

The data processing could in principle be 
performed by analog computers, digital com
puters, or digital differential analyzers . Con
siderations of weight, volume, accuracy, and 
programming flexibility, however, preclude the 
use of the analog computer alone . For this rea
son, a navigational system must rely on digital 
data processors . The best compromise would 
appear to be a general-purpose digital computer 
capable of incremental computation for certain 
portions of the navigational problem. The mission 
duration antiCipated for lunar flights requires a 
reliability sufficient for at least intermittent 
operation over long periods of time with a mini
mum of maintenance . Thus, the volume, weight, 
and secondary power available for the computer 
will necessarily be limited. 



L 

2. Tracking and Communications for Lunar 
Missions 

The above discussion of navigation techniques 
illustrated the possibility of a vehicle in cislunar 
space performing the required navigational tasks 
independently of earth - based sensor s . However , 
it remains extremely unlikely that ground moni 
toring, control, or coordination of a lunar mission 
for navigational or communication purposes will 
be dispensed with . T his being the case, tracking 
of the spacecraft becomes a requirement for both 
manned and unmann ed lunar missions . T his s ub 
section provides a q ualitative description of track
ing requirements for a typical lunar mission. 

Since these requirements vary widely with the 
operational concept, a set of practical ground 
rules is needed. The following rules, illustra
tive of a typical lunar mission, have been estab 
lished for the qualitative discussion of tracking: 

( 1) 

( 2) 

( 3 ) 

( 4) 

(5) 

Launch is planned from Cape Canaveral, 
in anticipation that the majority of lunar 
missions will originate there . 

The l a unch az imuth A i s restri cted to e 
between 70° and 11 0° , which is con 
sidered practical for the existing track
ing facilities, range safety and launch 
tolerance requirements (see Chapter V ) . 

Parking orbits are permissible . 

The launch frequency must be twice a 
day . 

The return or re-entry (if applicable ) 
is adequately tracked. 

Detailed quantitative tracking data for a given set 
of ground rules is usually obtained as a by-product 
of the trajectory calculation. 

The first three ground rules are effectively 
illustrated by Figs . 4 and 5, which show typical 
ground traces of circuml unar missions launched 
from Cape Canaveral for a southerly and northerly 
lunar declination. With regard to the fourth 
ground rule, a launch frequency of twice a day 
can only be realized if injection into the trans 
lunar trajectory is allowed to take place in either 
a southerly direction along the Atlantic Missile 
Range (AMR) area or i n a northerly direction 
along the Pacific Missile Range (PMR) area. 
Figures 4 and 5 show how the ground .trace cor
responding t o a particular lunar trajectory with 
a specified launch azimuth is replaced by a ground 
swath corresponding to the band of possible launch 
azimuths. These ground swaths cover a large part 
of AMR and PMR. Since launch tracking facilities 
must be provided in these areas, it can be assumed 
that re - entry (for circumlunar missions) also 
occurs there. In fact, for the ground swaths in 
Figs . 4 and 5, re-entry occurs along PMR and 
the landings in the western part of the U . S. 

Lunar m iss io ns ar e sim ila r to earth or bital 
m iss ions in many r espe c ts , and therefor e , p r e 
sent Project Mercur y techniques developed for 
tracking and communications can r eadily be used, 
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As mention.ed previous ly, a l ogica l assumption i s 
that the overall coordination of the lunar mission 
will still be x rcised by a ground control center. 
This control center will receive selected informa 
tion concerning mission progress from the remote 
WTC (Worldwide Tracking aru:l Communications 

etwork) stations during all phases of the mission 
and it uses this information to coordinate decisions 
and to advise and ass ist the vehicle if manned. 
Computational support for this control center is 
assumed to be provided by a computations and 
communications switching center (CCSC ) such as 
exists at the Goddard Space Flight Center in 
Greenbelt , Maryland. 

The CCSC computer determines trajectory 
parameters and steering corrections for normal 
or aborted missions and predicts the earth or 
lunar landing areas if applicable . WTC stations 
exist at AMR and PMR in the Mercury etwork, 
and as part of the DSIF (Deep Space Instrumenta
tion Facilities). In addition , facilities are cur
rently being planned for a primary landing site in 
southern Texas . An up-io-date list of the WTC 
tracking facilities, their locations and a brief 
description is given in Chapter XI of Ref. 1. 

In order to obtain an idea of tracking and 
communication requirements, a lunar mission 
is divided into several phases, as depicted in 
Figs. 4 and 5, and the requirements of each flight 
phase are briefly discussed . 

During the launch phase and under direction 
of the ground control center, the CCSC computer 
predicts the boost phase trajectory , computes 
the look angles for the downrange radars, and 
transmits this data to the corresponding WTC 
stations for use in vehicle acquisition . The 
vehicle boost phase is for the most part along the 
P r oject Mercury orbita l m i s sion r ange . These 
facilities are p r esen tly adequate to provide con
tinuous tracking as well as voi ce a nd tel emetry 
communications with the vehicle during the 
powered flight periods . Telemetry informati on 
i s con tinuously collected at the gr ound stations 
with suffic ien t r edundancy to m inim ize loss of 
data a nd obtain a s moot hed tr ajec tor y from the 
many individual and overdete r m ining tracking 
observations, The ground con tro l center a l so 
affir ms the necessity fo r abor ting the m ission 
and in the case of an abort a l erts the recover y 
forces fo r a mann ed missi on. Injecti on into 
lhe par king orbi t a l ways takes p l ace ove r an 
instr umen ted por t ion of the AMR, as the ascent 
r ange of" booste r s" i s small compared with the 
l e ngth of the AMR. 

After parking orbit injection, the spacecraft 
waits for the proper moment to be injected into 
the translunar trajectory. For a northerly in
jection along PMR , this injection area varies 
from the vicinity of Australia to Hawaii. The 
actual injection point varies with the time of 
month and the launch time . To provide continuous 
tracking and monitoring during injection, it is 
very likely that additional tracking ships will be 
required to supplement the fixed site coverage 
along the PMR . The exact number will depend 
on l aunch azimuth variation, on injection require
ments during the lunar month, on the operational 
concept and on the mobility of the tracking ships. 
If southerly injection along AMR is specified, 



the same Project Mercury tracking range 
can be utilized: However, additional recovery 
forces may be required for manned missions in 
the event of an abort . It is also possible that 
additional tracking ships may be needed in this 
area, especially if the variable launch azim uth 
technique is used (see Chapter V). 

Once the vehicle is injected into the translunar 
trajectory, its ground trace has the same general 
characteristics as indicated in Figs . 4 and 5. A 
very interesting feature of translunar and trans
earth trajectories is that for most of the mission, 
the ground trace will lie in a narrow band of al
most constant latitude. This band will shift in 
latitude according to the time of month . In the 
above-mentioned figures, the maximum shift is 
from +35 0 latitude (northerly declination) to -3 50 

latitude (southerly declination) under the present 
ground rules . This permits an easy plotting of 
the ground trace on maps using the Mercator 
projection . Another important and interesting 
characteristic of translunar and transearth 
trajectories is the "doubling back" or reversal 
of their ground traces . This characteristic is 
clearly shown in Figs . 4 and 5 and occurs within 
a few hours after injection and before re-entry _ 
The reversal of the ground trace is due to the 
decrease of the angular velocity of the space 
vehicle with respect to the earth as it recedes 
from the earth (see Fig. 1 of Chapter IV), while 
the rotational rate of the earth about its axis 
remains constant . This becomes an advantage 
because the spacecraft will be overhead for a 
few hours when its angular velocity and the 
rotational rate of the earth are nearly the same, 
enabling continuous tracking at that time , which 
results in the determination of precise trajectory 
parameters . 

During the translunar and transearth trajectory 
phases , the spacecraft is under continuous coverage 
by DSIF stations . They acquire and retain coverage 
from shortly after injection into a lunar trajectory 
until it returns to the vicinity of the earth (for a 
circumlunar trajectory) except for times when the 
vehicle is in the shadow of the moon . DSIF sta-
tion coverage consists of two-way voice communi
cations, telemetry and tracking, resulting in a 
steady updating of data and practi cally uninte rrupted 
monitoring of mission progress . The ground con
trol center, in turn, can refine the vehicle trajec
tory information and so inform a manned vehicle . 
Along the translunar and transearth traje ctories, 
the CCSC computers systematically calculate and 
extrapolate the trajectory, and derive midcourse 
corrections . For a manned mission, these 
corrections are transmitted to the vehicle over a 
voice link for comparison with onboard naviga
tional data. Th e onboard observations may 
provide the primary means of navigation, with 
ground - derived data providing redundancy , or 
vice-versa. 

Since circumlunar a nd other lunar missions 
may involve passing behind the moon, and since 
the altitude and the predicted pericynthion point 
may be more accurately determined onboard 
than on the ground, data can be telemetered to 
earth just prior to occultation of the vehicle by 
the moon to permit ground computation of the 
trajectory so that the DSIF stations can reacquire 

the spacecraft when line of sight is re-established . 
Likewise, during lunar orbits, vehicle sensors 
gather lunar data continuously, store the data 
while behind the moon, and transmit when visible 
to DSIF stations . On the transearth trajectory, 
DSIF stations again continuously cover the vehicle, 
receive any backlog of telemetry data , and provide 
the CCSC computers with trajectory data and voice 
reports in case of an unmanned mission for com
parison. Final course corrections will be made 
after tracking data from earth tracking facilities 
refine the computer predictions, and gro und
derived data and corrections are transmitted to the 
vehicle . 

For the case of a manned lunar landing, con
tinuous telemetry information from the lunar 
investigations a nd , very likely, television pictures 
will be transmitted to earth . Positional data 
collected during the lunar stay will allow the 
CCSC computer to provide information via DSIF 
voice link for comparison with the onboard navi
gation system. Earth computation may be either 
a primary or a supplementary source of data 
during the lunar takeoff and transearth trajectory 
injections . 

Since there is an obvious operational advantage 
in having all manned lunar missions re - entering 
over the same ground facilities, it is desirable 
that the re- entry phase of the trans earth flight 
occur either in a northerly direction along PMR or 
in a southerly direction along AMR . In this case, 
AMR and PMR tracking stations, the southern 
USA tracking stations, and backup and alternate 
landing sites along the AMR and the PMR can be 
used . There should also be provisions for emer
gency takeoffs or aborts from the lunar surface 
with safe returns to earth, which could be made 
at any time . As in the case of lunar injection, 
ships may be required along the PMR to provide 
continuous tracking during re-entry. The ship 
locations for any given day are again determined 
by variations of the ground swath over the lunar 
month and the mobility of the tracking ships. 

C . MIDCOURSE GUIDANCE AND ENERGY 
REQUIREMENTS 

Sections A of this chapter and of Chapter IX 
give the required injection conditions near earth 
for lunar missions . A translunar trajectory in
jection is specified by particular values of time, 
V 0 ' YO ' h 0' .pO and iVTL as defined in Section A 

above . But these nominal conditions cannot be 
achieved exactly because of injection guidance, 
navigation errors, and off-nominal booster per
formance. Therefore the actual translunar 
trajectory, as determined by the various navigation 
techniques, in all probability deviates from the 
desired or nominal trajectory, and thus may not 
satisfy the specific mission requirements . Hence, 
it becomes necessary that once or even several 
times during the flight to the moon, corrections 
be made to re-establish a trajectory that satisfies 
mission objectives . These corrections, more 
commonly called "midcourse guidance corrections," 
take the form of thrust impulses that adjust the 
actual or "errant" trajectory. Navigationalob
servations and techniques as well as tracking and 
command from earth then serve as inputs which , 
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together with trajectory calculations, determine 
the magnitude and direction of the midcourse 
guidance correction . 

In a general sense, there are two guidance 
concepts which can be used to correct the trans
lunar trajectory: 

(1 ) Correct the errant trajectory to the aim 
point, which may be the nominal peri
cynthion point at the nominal pericynthion 
time, or correct the errant trajectory to 
some other pericynthion point and time 
in the case of approach and circum-
lunar trajectories . For lunar impact 
trajecto r ies, the aim point is at a specifiec:l 
distance in front of the moon, such as 
entry into the lunar volume of influence . 
This may be regarded as an explicit 
guidance scheme . 

( 2) Correct the errant trajectory back to 
the nominal trajectory (in position, 
velocity and time ) some time prior to 
reaching the moon . This may be re
garded as an implicit scheme. 

The relative merits of these concepts are 
discussed below, together wilh some numerical 
data which was generated using a restricted three
body force model with the moon in a circular 
orbit at a radius of 60 . 32 earth radii except 
where noted otherwise . 

1. Methods for Determining Midcourse Corrections 

The problem of midcourse guidance is to com
pute the exact space vehicle velocity in an n - body 
force model (which for most cases of ballistic 
flight is sufficiently close to the actual trajectory 
as discussed in Section B, Chapter IV) for speci
fied guidance objectives . Several approaches 
can be used, of which the following four are dis 
cussed be low: 

(1 ) A linear differential correction scheme 
utilizing a nominal trajectory and pre 
computed trajectory sensitivities wh ich 
are assumed to be constant. 

(2) A linear differential correction scheme 
utilizing trajectory sensitivities com 
puted after launch (either on- board or on 
the ground) . 

Earth 

(3 ) A corrective trajectory technique which 
designs a new trajectory that satisfies 
mission specifications by means of the 
same method used to design the nominal 
trajectory. 

(4) A virtual mass technique utiliz ing two
body equations . 

The first two methods involve the use of trajectory 
sensitivities . They are obtained by linearizing 
the nonlinear equations of motion by expanding 
in a Taylor series about a point of the trajectory 
and neglecting all but the zeroth and first order 
term . The coefficients of the first order term, 
which are the partial derivatives of trajectory 
parameters with respect to some such independent 
parameters as initial conditions , astronautical 
constants or time , are called trajectory sensi 
tivitics. 

The first and best-known method used for 
determining the magnitude and direction of the 
midcourse correction is a linear differential 
correction scheme . In this scheme, a nominal 
translunar trajectory is assumed to satisfy all 
mission requirements, which in the case of a 
circumlunar trajectory consist of translunar 
inclination iVTL' pericynthion altitude hpL' 

inclination and orientation (lm' 8M ) of the orbit 

about the moon, and the transearth inclination 
iVTEo Due to injection errors , however, the 

actual trajectory will be displaced from the 
nominal, as shown below . 

It is also assumed that the errant trajectory 
has been adequately determined by navigation or 
tracking before the point A 1 is reached . The 

point A 1 corresponds to a time t 1, after injection, 
when the midcourse correction is applied . Point 
A is the corresponding point on the nominal tra
jectory at time tl with Band Bl being the points 

on the nominal and errant trajectory, respectively, 
at a time t 2, when it is desired to again "match" 

or intersect the nominal trajectory by a corrective 
trajectory. Since the errant trajectory is known 
prior to t 1 through tracking and celestial naviga-

tion, the generalized position and velocity coordi
nates of the errant trajectory qB GB can be pre-

dicted at time t
2

. These coordinates are then 

B ( t 
/ 

/' 
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1
(t

2
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compared to those of the nominal trajectory at 
point B and the differences 6qB' 6qB are obtained. 

A first approach to defining the magnitude and 
direction of the midcourse direction involves the 
determination of the change in position and veloc-
ity components of the nominal trajectory as a 
result of characteristic velocity perturbations 
6qA at point A by means of integrated trajectories 

results in a corrective trajectory which arrives 
at the aim point B with a velocity qjB + Ll.qjB 

with components (~B + Ll.xRB, YRB + Ll.YRB' 

zRB + LI.~B)· This velocity is not necessarily 

equal to the nominal trajectory velocity (q.) . 1 
J nomina 

using a three-body force model. These partial deriva-

If it is desired to match the trajectory in velocity 
as well as position at B, the midcourse correction 
at B is given by [qj nominal - (CrjB + Ll.cijB ) ] . 

(
aqB aq

B ) . . .. tives - .-, -. - are the traJectory sensitlvites 
aqA aqA 

and are used in the following fashion to define the 
midcourse correction 6qiA: 

j = 1, 2, 

(26) 

== I, 2# .. . . .. rn 

where j and i are integers denoting the coor
dinate directions. For the rotating rectangular 
coordinate system xR YR zR of the restricted 3 -

body problem discussed in Subsection B - 2 of 
Chapter III, Eq (26) take the form : 

(2 7) 

. . . . aXRB In these three equations: the senSitiVlties a=-r--, x RA 
etc., are known from the ground-computed trajec
tories; the errors in position at the aim point, 
Ll.x

RB
, etc., are known from the trajectory pre-

diction; and the required midcourse correction 
at A (Ll.xRA , 6YRA' LI.~A) can be obtained. Ap-

plication of the midcourse correction at A l 

The above approach tacitly assumes that the 
position errors at injection (not shown on the 
preceding sketch) are so small that they do not 
influence trajectory sensitivities and that the 
trajectory sensitivities at A are very nearly 
the same as those at Al and therefore can be 

computed on the ground before the mission. 
This assumption has been validated by numerical 
integration for expected small errors at injection. 
Numerical data embodying the linear differential 
correction scheme is presented in the next sub
section. 

The second approach does not make this as
sumption' and, therefore , sensitivities are com
puted while in flight for the midcourse correction 
point A 1 after the parameters of the errant tra -
jectory have been determined by navigation and 
tracking. In both approaches trajectory sensi
tivities are obtained through the generation of 
integrated trajectories whose initial conditions 
are the slightly perturbed nominal conditions at 
t l ' This fact has led to the almost universal 

acceptance of the idea that a capability for nu
merically integrating the n -body equations , or at 
least the 3 -body equations for lunar trajectories 
(Chapter IV), is required from a guidance com
puter in the space vehicle if the second approach 
is used. 

A third method which may also be employed , 
consists of designing an entirely new corrective 
trajectory in the same manner as the nominal 
trajectory was designed to satisfy the mission 
constraints. This new corrective trajectory 
intersects the errant trajectory at point AI' and 

it can be computed between injection and time t2 

by use of a perturbative scheme or an iterative 
scheme using a combination of n-body trajectories 
and the Voice technique. The midcourse cor
rection is found very easily by determining the 
magnitude of LI. V and its direction necessary to 

. h P l · reonent t e errant ve OClty vector at Al to the 

corrective trajectory velocity vector at the same 
point. 

A midcourse guidance scheme for cislunar 
space has been developed which would alleviate the 
demands for computers in the space vehicle (Ref. 6) . 
The scheme uses modified 2 -body trajectories to 
simulate n-body velocities by introduction of a 
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virtual mass into the earth-moon system which 
changes the earth I s mass and relocates the bary
center. The use of the simple and inaccurate 2-
body equations paradoxically permits an opera
tional flexibility which cannot be attained so easily 
by numerically integrated 3 -body and n -body 
t r ajectories due to the extreme sensitivity of 
trajectories to initial c onditions . 

The virtual mass technique essentially de
pends upon computing 2-body trajectories rel 
ative to a force center defined by the combined 
earth and virtual mass. The location of this 
force center is selected so that the plane , de
fined by the force center and points A and B , 
coincides with the initial n-body trajectory 
plane at A (as defined by the radius and velocity 
vectors relative to the force center) . This 
force center is on the earth -moon line and lies 
between the center of the earth and the earth
moon barycenter . It represents an origin which 
defines the location for a Keplerian central 
mass that properly accounts for the out -of
plane distortion (drift) of the true trajectory 
(Chapter IV , Subsection A -8). The magnitude 
of the mass , or the strength of the central force 
fie l d , must be adjusted so that the position and 
vel ocity at t I ' corresponding to measurement 

from the force , define a trajectory which in 
fact passes throu1?jh the aim point B. This tech
nique of "biasing the gravitational constant to 
account for the in-plane and out-of-plane dis
tortion of course means that the flight time will 
differ from the actual time and must itself also 
be biased. 

Thus , by knowing the position and veloCity 
components of point B at t2 in this biased ref-

erence frame , the vel ocity vector required at 
Al to intercept B can be found by 2- body equa -

tions . This velocity vector is then compared 
to the actual ve locity vector at Al and the di -

rection and magni tude of the mid course ~ V P can 

be readily obtained . Preliminary analyses 
indicate that this biasing is independent of iVTL ' 

A compact catalogue of virtual masses (location 
and magnitude) and time biases as a function of 
the time of the month can be prepared in ad 
vance for use during the mission . The virtual 
mass approach is a welcome step toward sim
plicity in determining guidance corrections and 
can be used as the primary method or as a man
ual backup for lunar missions. 

2. Guidance Concepts 

a. Guidance concept 1 

Guidance concept 1 consists of correcting 
the errant trajectory to the nominal pericynthion 
point at the nominal pericynthion time --or cor
recting the errant trajectory to some other 
pericynthion point and time . 

This concept suggests the use of the peri
cynthion position at t2 as an aim point , which 

appears desirable since full advantage is taken 
of the focusing effect of the moon (Chapter IV , 
Subsection A-8 ). However , consideration must 
be given to the direction of flight at the peri -
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cynthion point as well. Discussion of this facet of 
the problem is simplified if reference is made to 
the geometry of the lunar approach trajectory and 
the result ing lunar orbit as shown by the sketch 
in Section A page 4 of this chapter. The sketch 
shows the moon , the direction to earth (MEL) 
when the spacecraft reaches pericynthion , and 
the resultant lunar orbit if the spacecraft were 
injected into orbit at pericynthion with a retarding 
velocity impulse ~V. The orientation of the re
sultant lunar orbit is specified by the inclination 
im to the moon I s orbital plane and the angle 8

M 
between the earth-moon line and the descending 
node . The pericynthion point is specified by 13

M
, 

whi ch is the orbital central angle measured posi
tive ly toward the north from t he descending node 
of the lunar orbit. 

The nominal trans lunar trajectory will have a 
specific i

m
, 8

M
, and 13

M 
associated with it. A 

single midcourse correction to an errant trajectory 
(a tl = 3 hr after injection , for instance ) cannot 

result in arrival at the moon with the same im ' 

8M , and 13
M

, Any single impulse technique can 

be expected to fix one of the quantities , but not 
all three. The guidance concept under considera
tion fixes the pericynthion point. The resultant 
im and 8M cannot be matched without the addition 

of another velocity impulse at per icynthion. Yet , 
the correct im and 8

M 
is necessary . If the mis-

sion is circumlunar , an error in any of the re 
quired characteristics will result in an error in 
both vacuum perigee altitude and trans earth tra
jectory inclination iVTE at vacuum perigee . 

The total mission flight time will also be affected . 
If it is a lunar orbit mission , the desired lunar 
orbit would not be attained . This has more serious 
implications than the immediate situation mentioned . 
If it were a lunar landing mission , the resultant 
orbit would not go over the desired landing site . 
For illustrative purposes a completely ballistic 
circumlunar trajectory with iVTL = 63 . 3° , hPL 

463 km and hPE= 45 . 720 km is used. 

The injection velocity errors are based on 
typical standard deviations ( lu values ) as given 
here in xv ' Yv and Zv coordinates , respectively , 

where Zv is in the direction of the local vertical, 

Xv along the loc a l horizontal in the flight direc -

tion , and Yv completes the right -handed Cartesian 

coordinate system by defining a lateral direction 
normal to the trajectory plane. 

u x 0.46 m/ sec 

u y 
0.34 m/ sec 

u z 
2. 4m/sec 

These errors are used for the remainder of 
the discussion and are combined in various ways 
to y ield a total velocity error , at injection , with 
a 99% probability. 



l 

In this example the total injection velocity 
errors in the rotating trajectory coordinate 
system xR YR zR become 

6 X
R 1. 18 m/ sec 

6YR Om/ sec 

6 ZR 
5 . 23m/sec 

which are the same as those used in the third 
sketch below . 

Trajectory sensitivities are determined for 
t 1 = 3 hr and the first adjustment method is used 

to calculate that a midcourse correction 6 V P 

7. 3 m/ sec is required to correct to the nominal 
pericynt'hion point and time . The second cor
rection ' to reorient the vel ocity vector along 
the nominal trajectory , was 6V = 13.7 m/sec 

v 
at pericynthion, and the total required 6 V

TOT 
= 

21.0m/sec. 

A feature of this concept which is somewhat 
expensive in fuel is the reorientation of the velo
city vector to the desired direction at the aim 
point. This disadvantage can be eliminated , or 
almost eliminated , by changing the aim point to 
a new pericynthion position . 

A large amount of data has been assembled 
in the present chapter and Chapter IX showing 
the relationships between the lunar orbit orien
tation ( 8

M 
and i

m
) and pericynthion point pos i -

tion 13
M

" The data are presented as a function 

of iVTL for approach trajectories (Chapter IX) 

and as a function of iVTE and iVTL for c i rcum

lunar trajectories which return to a speci fic 
vacuum perigee (Section A ). A curve of required 
8M versus im can be determined as demonstrated 

in the sample mission I of Chapter XI (also Sec
tion A of Chapter XI). This data then fixes the 
iVTE for circumlunar flights and consequently 

13M (see Section D Chapter XI). The required 

8
M 

and im curve can be obta ined directly if a 

constant iVTE is desired. Trajectories that 

do not return to a specific and safe vacuum 
perigee (Chapter IX) have a pericynthion posi 
tion that varies with trans lunar flig ht time for 
a given im - 8

M 
relationship . T hus , the corrected 

trajectory can be aimed at a new pericynthion 
point that satisfies the im - 8M conditions . It 

must be remembered that , in gene r al , a velocity 
correction is still required at this point . 

This technique was used to correct the errant 
trajectory above . Aga in , midcourse corr ections 
at 3 hr after injection were made along the ve -

locity vector V(f) 6 ' normal to the velocity vector 

in the plane of ;$6 and V(f)6 (relative to earth) 

and a correction normal to th is trajector y plane . 
T hese corrections will be referred to as 6 V Gl6' 

6 Y , and 6i , respectively . 

It was found that 6 V (1)6 changed IpL efficiently , 

but not im or 8
M

. On the other hand , 6 y changed 

im and 8M , but did not change hpLeffectively. The 

6i correction changed all of the pericynthion con
ditions , but not always in the correct directions 
or proportions . Therefore , a combination of 
6 V (!) 6 and 6 v corrections was used in the mid-

course maneuver , plus another correction at the 
new pericynthion point. The total velocity impulse 
required 6 V TOT was approximately 10 . 7 m/ sec, 

compared to the 21.0 m / sec correction of the 
first approach above. Percentage -wise the dif 
ferences in the two techniques may be large at 
times but in magnitude the differences may be 
wholly a cceptable . 

However , some difficulty may be encountered 
in determining the required midcourse maneuver. 
It has been shown analytically (Ref. 7 ) that the 
lunar miss distance or pericynthion is a linear 
function of the injection errors for an infinitesimal 
lunar mass (massless moon assumption). How
ever , if the finite lunar mass is considered (patched 
conic or restricted 3 -body technique), then the 
miss distance is related quadratically to the in
jection errors . It follows that for the linear tra
jectory sensitivities generated for conditions near 
the moon , a certain amount of cross -coupling in 
the sensitivities can be expected. This can be 
handled either by taking second -order terms in 
the Taylor series expansion or by repeated (and 
hopefully convergent) iteration by improved guesses 
at sensitivities. This cross coupling has indeed 
been noted in the above numerical example . The 
injection errors are large enough that the required 
midcourse correction was not readily obtained , 
in fact , a minimum of three iterations were re
quired to obtain a satisfactory midcourse correc
tion at the 3 -hr point. 

The following table shows a comparison be
tween the linear differential correction scheme 
(methods one and two in Subsection C -1) and the 
t hird method for determ ining midcourse correc
tions in Subsection C -1 , wherein a corrective 
trajectory is designed by use of the Voice tech
nique (Chapter IV , Section C ) and n-body force 
model trajectory calculations in conjunction deter
m ining the midcourse corrections. The trajectory 
under consideration is a circumlunar trajectory 
with the desired mission requirements noted in 
Table 3 . The errant trajectory fulfills all the 
requirements satisfactorily except for the return 
vacuum perigee alt itude . A hypothetical case 
is taken for which it is assumed that the mid 
course correction takes place at the injection 
point. When the linear differential correction 
method without iterations was used , the obtained 
return perigee altitude was completely unaccept
able and the pericynthion altitude was less sat
isfactory . However , use of the Voice technique 
and n -body trajectory calculations for obtaining 
the necessary correction , the resultant return 
perigee altitude becomes acceptable and all other 
m ission parameters remain essentially the same . 
One trajectory can of course not be used as the 
basis of a final conclusion. However , together 
with the results of Egorov for impact trajectories 
(Ref. 7) , the third method seems superior to the 
first two for the case of circumlunar trajectories , 
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TABLE 3 

Comparison of Various Midcourse Guidance Schemes 
for a Typical Circumlunar Trajectory 

Mission 
Trajectory Variable Requirements 

Vo (injection velocity) (ml sec) 

YO (injection flight angle ) (0) 2 . 668174 

hO (injection altitude ) (km) 182 . 88 

l\J O 
(injection position) (0) 

iVE (translunar inclination) (0) 29 . 24953 

i
VTEQ 

(transearth inclination)(O) 35 . 206 

t (time to pericynthion) (hr) 
P 

T (total mission time) (hr ) 

hPL (pericynthion altitude) (km) 185 . 0148 

hp E return vacuum 
(perigee altitude ) (km ) 

36 . 8061 

ip* (moon lead angle) (0) 

when the trajectory passes from a earth-domi
nated gravitational field to a moon-dominated 
gravitational field and back again. It should be 
noted that the return vacuum perigee , i. e. , 
when the vehicle passes through all three gravi
tational regions , is hardest to obtain by a linear 
differential correction scheme . 

b. Guidance concept 2 

Guidance concept 2 consists of correcting 
the errant trajectory back to the nominal traj 
jectory (in position , velocity and time ) some 
time prior to reachi ng the moon (Ref. 8). 

Two approaches may also be used in imple
menting this concept with the linear differentia l 
c orrection scheme . Either the midcourse cor
rection can be made to return to the nominal 
trajectory as soon as possible (a truly explic it 
s c heme ) or to return to the nominal trajectory 
at some prearranged point and time . Ideally . 
either of these m idcourse corrections is made 
in two parts . The first , at t

1
, is a ve locity 

impulse which will retur n the spacecraft to the 
nominal trajectory at a spec ifi c point and time 
t
2

" The second correcti on i s made at t 2, 

Corrected 
Corrected Trajectory 
Trajectory (iteration with 

Errant Trajectory (linear diff. correct .) Voice) 
(n-body) (n-body) (n-body) 

10,963.736 10 , 963.756 10,963.786 

2 . 668174 2.668174 2 . 668174 

182 . 88 182 . 88 182 . 88 

13 . 9936314 13 . 1875706 13 .1 986777 

29 . 384214 29 . 383332 29 . 382176 

35.098407 35 . 566 35 . 386665 

73 . 734375 73.734 73.64034 

147 . 10 1 562 150 1 47 . 07816 

185 . 2000 173 . 1620 186 . 8668 

215 . 4936 - 1402.080 37 . 5 

37 . 45 1 2316 38 . 038309 38.0294507 

The graphical data shown below is presented 
in a manner that allows a quick understanding 
of the orders of magnitude involved and of the 
efficiency of this conc ept. 
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to reor ient the spacecraft ' s ve locity vector 
a long the nominal ve loc ity vector. T he ve locity 
impulses required are referred to as 6 V p' the 
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first impulse to c orrect position , and 6 V v ' the 

second impulse to realign the spacecraft tra
jectory along the nominal trajectory . 
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For t his example, the nominal circumlunar 
trajectory has hPL " 1852 km and an iVTL " 9. 1° 

at injection . The injection error is only in 
velocity . This error was applied in arbitrary 
directions , but only one set of typical data is 
presented . 6.Vp' 6.Vv and their sum 6. VTOT per 

velocity error are shown as a function of arrival 
time t2 on the nominal trajectory. The curves 

are shown for the midcourse correction being 
made at t1 = 3 hr and at tl = 5 hr after injection. 

For the effect of iVTL at injection on the 

midcourse requirements , sever a l t r ajectories 
have been investigated . All nominal trajectories 
are circumlunar, returning ballistically to a 
vacuum perigee of hPL = 45 .7 km, with hPL = 

463 km. The iVTL of the trajectories is varied 

from 30° to 63.3°. The effect of iVTL on m id 

course requirements is shown below. The error 
conditions noted are for the most extreme cases 
encountered, and the coordinate system is that 
previously presented for the la errors. Only 
6. VTOT 

is shown, and the initial midcourse cor -

rection 6.Vp has been assumed at t1 = 3 hr. 

This example typifies the differences between 
the first and second concepts. The first cor
rection, 6. V , decreases as the aim point gets 

p 
closer to pericynthion. The second correction, 
6. V v' increases as the moon is approached, a 

trend which becomes more severe wi th increasing 
values of iVTL. In comparison, this co ncept re-

quires a 6. V TOT = 7.9 m/ sec which is 25 to 60% 

less than required in the first concept. 

The obvious points of the above figures are 
that: 

(1) Delay in the mid course correction re 
sults in increased propuls ion require
ments . 

(2) The required correction is greater when 
the inclination of the translunar trajectory 
plane (at injection) is increased. 

(3) For this concept, the best a im point 

on the nominal trajectory is approximately 
75, 000 km before reaching the moon. 

Finally, most midcourse adjustment methods 
are readily adaptable to this guidance concept. 

c. Midcourse gUidan ce accuracy re quirements 

Several questions arise regarding midcourse 
guidance : 

(1) How accurate must be the n av igational 
position and velocity determinations or 
the tracking of the vehicle from the 
earth and moon? 

(2) How accurately can the errant an d cor 
rective trajectories be predicted to the 
aim point? 
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(3) How accurately must the magni tude and 
orientation o"f the corrective velocity 
impulse be controlled in order to achieve 
the desired corrective trajectory? 

6. XR= .70 m/sec 
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Again, since numerical values of position deter
mination differ widely with the particular track
ing and navigational equipment used, since the 
prediction depends on the force model and con
stants us ed in the trajectory simulation, and since 
the corr ective velocity impuls e depends on rocket 
engine characteristics, no quantitative r esults 
will be given. 

A brief account of observational accurac ie s 
and some results of onli navigational technique 
have been presented in Subsection B -l. Tracking 
by el ectronic means depends on the type of 



measurement made by the equipment. i. e . . range. 
azimuth. elevation. photography against the star 
background. range measurements from several 
stations. etc., and on the accurar.y of each in
dividual tracking measurement. Usually, many 
measurements are taken. thus overdetermining 
the trajectory of the vehicle. The random er
rors can then be minimized by some smoothing 
technique which results in a trajectory which is 
better than one derived from the minimum number 
of tracking observations. Equipment bias errors. 
station location errors and atmospheric refraction 
errors (if the tracking is from earth) cannot be 
removed in this fashion but may be isolated by 
many observations with the tracking equipment in 
question. A more quantitative discussion of 
tracking equipment and smoothing techniques can 
be found in Chapter XI of Ref. 1. 

The problems in trajectory simulation have 
been discussed in Section B of Chapter IV. and 
numerical comparisons between results obtained 
by use of several simple force models are 
scattered throughout the Handbook. most recently 
in Section A-2 of the present chapter. 

The control of the corrective velocity im
pulses 6 V or 6 V depends on the thrust level 

p v 
of the rocket motor used for midcourse guid
ance' the burning time required to achieve the 
desired 6 V or 6 V , the accuracy of the ac-

p v 
celerometers which control the thrust as well 
as the roundoff and truncation errors of the com
puter integrating the thrust acceleration to ob
tain 6 V or 6 V. These aspects have been dis-

p v 
cussed quantitatively in Chapters VI and XII of 
Ref. 1, and only a very brief description will 
be given here . The magnitude of the velocity 
impulse can be controlled by two different 
methods, with representative errors in each 
technique. 

(1) Monitor propulsive inputs, a technique 
which attempts to control each of the 
propulsive parameters contributing to 
the velocity increment. The errors 
depend on the rocket engine control sys
tem and engine and fuel characteristics . 
Typical errors are: 

Burning time 6tb = 0. 030 sec 

Mass flow rate 6Mf 
= 0.005 Mf 

Spe cific im- 6Isp = 0.004 I 
pulse sp 

Initial mass 6MO = 0 

(2) Monitor the velocity increment directly. 
a technlque reqUlrmg accelerometers a nd 
integrating computers . This system is 
more appropriate for the small mid
course corrections to be made; it has 

a typical error of 6 (6 V) = 10 -4 6 V in 
the increment itself and 6tb = 0. 030 sec 
in shutdown time . 

The individual mid course velocity impulse can 
be controlled to wi thin 0 . 01 to 0 . 1 m/sec by a 
conventional midcourse propulsion system. More 
accurate control is not necessary, but could be 
achieved by unconventional propulsion systems. 
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The directiona l control of 6 V and 6 V is 
P v 

not as critical since these velocity impulses are 
very small compared to the vehicle velocity 
vector V 6. Directional control of the thrust 

vector to within 1 to 5° from the nominal is 
considered sufficient in most cases, which can 
be achieved by a rudimentary attitude control 
system based on navigational observations. 

If the navigational observations for position 
determination are in error, and the trajectory 
has not been determined or predicted accurately 
enough, or the midcourse velocity correction is 
in error, multiple midcourse corrections are 
required . These are not discussed here . How
ever. additional data on nominal transearth 
midcourse guidance requirements will be given 
in Section B of Chapter IX. 

D. TRANSL UNAR ABORT 

In the translunar trajectory phase of a lunar 
mission, the vehicle is assumed to be in a 
ballistic two -body trajectory in the general di
rection of the moon. If a malfunction occurs 
on an unmanned mission which jeopardizes it 
or causes a mission failure, usually little action 
will be taken. However, if an emergency such 
as a solar flare or a meteoritic penetration oc
curs on a manned mission, it is abandoned and 
a turnaround or abort maneuver is performed to 
return the crew safely back to earth. This abort 
maneuver uses rocket burning to establish an 
abort trajectory with a prescribed vacuum 
perigee altitude and re - entry angle, within the 
safe re -entry corridor of the spacecraft. The 
essential parameters in such a maneuver are the 
propulsion requirements, the point along the 
translunar trajectory at which the abort is 
executed. and the eccentricity of the translunar 
trajectory. These parameters affect very 
strongly the time to return to earth and the pos
sibility of landing at a preselected site . 

In this section, requirements for abort 
maneuvers which result in the safe recovery of 
the vehicle will be presented. A simple method 
of obtaining acceptable return trajectories will 
be given in the first part. The problem of reach
ing preselected landing sites will then be dis 
cussed together with a consideration of aborts 
that occur both in and out of the plane of the ini
tial trajectory. Finally. the requirements for 
establishing abort way-stations along the nominal 
trajectory will be discussed . 

Only abort maneuvers initiated after injection 
and before the vehicle reaches a distance of ap
proximately 200.000 km from earth will be con-
s idered. Beyond this distance, the effect of the 
moon begins to playa major role in determ ining 
the trans lunar trajectory, and the two-body trajec 
tory assumption will no longer be accurate enough. 

1. Abort to the Vicinity of Earth 

In order to obtain a general idea of the re 
quirements of the turnaround problem, several 
assumptions are made which simplify the calcu-



lations but allow the various parameters of 
interest to be found with sufficient accuracy. 
These assumptions are : 

(1 ) The model used for trans lunar and abort 
trajectories is a restricted two - body 
model, i. e . , a vehicle of negligible 
mass moving in the central force field 
of a spherical earth. This allows the 
use of constant orbital elements for the 
description of these trajectories . 

(2) The abort maneuver consists of a 
single velocity impulse, 6 VA' 

(3) The translunar and abort trajectories 
are confocal and have a perigee radius 
of 1 ER (earth radius ). 

(4) Radiation belts are ignored. 

The first concern is to determine 6 VA re

quirements for abort together with the time to 
return to earth when performing abort maneuvers . 
Before this can be done, the velocity V T and 

flight path angle "VT must be known for any point 

along any translunar trajectory. In a system of 
units which measures the distance from the 
earth R in earth radii, and iJ. 9 = 1 i s the gravi-

tational constant of the earth, the resulting 
normalized velocity is expressible as : 

1/ 2 
(28) 

where e
T 

is the orbital eccentricity of the trans 

lunar trajectory. 

The flight path angle "V, which is measured 
from the local horizontal to the velocity vector, 
may be found by use of the following equation: 

_ -1 [(l+eT}/R ~ 1/2 
"V - cos 2 - R (1- e ) 

T 
(29) 

Next, the limit of allowable eccentr icities for 
the abort trajectories is required . For one con
stant and continuous band, an abort eccentricity 
e A = 1 is arbitrarily selected. Actually, this 

may be interpreted as a design limit and will be 
referred to as such. For a given distance from 
earth and a required perigee altitude, the mini 
mum e

A 
obtainable is realized when the semi-

major axis a
A 

is as small as poss i ble . This re 

quires that the radius at abort, R A' is the apogee, 

and , by assumption 3, above, 

RA + 1 
aA=~' (30 ) 

The resulting equation for the m inimum al 
lowable eccentricity is: 

(R
A 

- 1) 

(eA)min = (R
A 

+ 1) (31) 
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Figure 6 show s an envelope of allowable re
turn eccentricities as a function of distance from 
the earth. There is actually no real upper limit 
above e A = 1 provided that a proper negative 

abort flight path angle "VA is achieved. 

Knowing the orbital elements of the translunar 
trajectory and the required abort eccentricity, 
both the translunar trajectory conditions prior 
to abort (V T' "V

T
) and immediately after the 

maneuver (VA' "VA) are easily found . 

The time to return to earth along any of the 
allowable orbits is computed with the classic 
two-body time equations of Ref. 1 and the results 
are shown in Fig. 7. This plot is true regardless 
of the eccentricity, e

T
, of the trans lunar trajec-

tory and shows the return time as a function of 
the allowable e A for any R A ' 

The time to return may be altered for a given 
6 VA if the abort maneuver is such that the abort 

trajectory plane is different from tpe trans lunar 
plane. This is referred to as a" change in 
azimuth" and the consequences of such a 
maneuver are described here. 

The change in azimuth 6 A is the angle between 
the original translunar trajectory plane defined by 

RT and V T or the xvYv plane and the trajectory 

plane defined by itA and 'itA ' 

Taking the dot product of the initial and final 

velocities, V T' VA' the angle E between V T and 

VA is obtained as 

E = cos -1 [Sin"VT sin "VA + cos "VT cos "VA COS6AJ. 

Thus, for a given "V
T 

and "VA' E increases with 
6A. 

From the law of cosines, 

222 
(6 VA ) = V T + VA - 2 V T VA cos E 

it is seen that as E increases, the required 
velocity impulse also increases for a given V T 

and VA' Therefore, for given initial conditions 

of V T and VA and a specific time to return, any 

change in heading will result in an increase in the 
required maneuvering impulse 6 VA' 

Figure 8 shows the 6 VA needed to perform 

the abort maneuver at various distances from 
the earth without changes in head ing. A (+ "V ~ 

in Figs . 7 and 8 indicates the region where, 
after the abort maneuver, the flight path angle is 
pos i tive, and (- "VA) is the region where the final 

flight path angle after abort is negative . For 
positive values of "VA' the spacecraft must pass 



through the apogee of the abort trajectory prior 
to returning to earth and perigee, while for the 
latter case, the spacecraft returns directly to 
the perigee of the abort trajectory. However, 
for obtaining a spe cific perigee latitude and 
longitude it may be more efficient , timewise, to 
maneuver out of the initial trajectory plane. 
This is demonstrated later in the section. The 
data given in Fig. 8 applies for e

T 
= 1. O. For 

e T < 1. 0 the t:, VA required to return to earth 

in a given time also decreases. In fact , the 
t:, VA is reduced by 10 to 150/0 if e T is lowered 

from 1. 0 to 0.98. 

2. Abort to Preselected Landing Sites 

Even during emergency situations, the prob
lems of recovery might be reduced by the use of 
preselected landing sites. The results of per
forming in-plane abort maneuvers that return 
to a given perigee longitude will be presented in 
this section. They were obtained by using classi
cal two-body results and by assuming that the abort 
maneuver is characterized by an impulsive change 
of velocity t:, VA at a distance RA (in earth radii) 

from earth. 

The nominal translunar trajectory prior to 
the abort maneuver used as an example is ellipti
cal with injection at perigee hO = 45 . 720 kIn, 

Vo = 11,055.1 m!sec, corresponding to an ec

centricity e
T 

= 0.9668 . This ellipse has an apogee 

radius approximately equal to the moon I s average 
orbital radius of about 60 ER and an inclination 
iVE = 36. 5° to the equator . 

Figure 9 presents the necessary information 
to estimate return perigee longitudes for various 
value s of t:, VA and R A' The right - hand s ide of 

Fig. 9 shows the return time (time from the abort 
maneuver to return perigee which is also at 
hPE = 45. 720 km) as a function of RA and c:,.V A' 
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The left-hand side of the graph converts the re
turn time into the longitude of abort trajectory 
perigee relative to the translunar trajectory 
(injection) perigee with the assumption that the 
latitude of the translunar trajectory perigee is 
equal to the latitude of the abort trajectory 
perigee. This assumption results in the re
moval of orbital inclination from the problem. 
However, the inclination and injection perigee 
latitude enter indirectly when the return perigee 
longitude is chosen. For example, assume that 
the injection latitude is 16. 5° S and it is desired 
to land in Australia after an abort from a south
easterly launch from Cape Canaveral. This 
launch azimuth results in an approach to Australia 
from the northwest . Therefore, return perigee 
longitudes somewhat to the west of Australia are 
desirable. 

Figures 10 and 11 have been obtained from 
Fig . 5 for three typical situations. Figure 10 
shows L VA and return time for abort maneuvers 

at various values of RA with the requirement of 

landing in Australia. The injection perigee longi
tude and latitude are taken as 8 . 8° Wand 16. 5° S, 
which is representative for lunar launches from 
Cape Canaveral. The longitudes used for land
ings in Australia reflect an approach from the 
northwest. Figure 10 denotes the number of 
revolutions the earth has made (i. e . , the number 
of sidereal days) before re -entry takes place, 
and the shaded band represents the width of the 
Australian continent. 

Figure 11 presents the same information for 
landing in the United States and off the west 
coast . The injection perigee is assumed to be 
directly over Edwards Air Force Base which is 
representative of a lunar launch from Cape 
Canaveral on a trajectory inclination to the earth I s 
equator of iVE = 35° with a parking orbit prior to 

injection . The sel ection of return perigee longi
tude depends on the aerodynamic maneuvering 
capability of the lifting body re -entry vehicle, 
which is nearly tangent to the landing site latitude. 

-I 



Therefore, four possible return perigee longi-
tudes have been shown in Fig. 11. Perigee at 170° E 
longitude is representative of a return to Edwards 
Air Force Base with 7200 krn of re - entry glide 
range. The other extreme would be a return 
perigee longitude at the east coast of the United 
States. This would represent the minimum re 
entry that could still remain within the boundaries 
of the United States. The much wider selection 
of return times compared to the Australian land
ings is apparent. This is due primarily to the 
fact that re -entry longitudinal maneuverability 
can be used to extend the choice of return perigee 
longitudes. 

Subsection D-1 mentioned abort maneuvers 
that result in an abort trajectory out of the trans
lunar trajectory plane. The discussion below 
demonstrates the feasibility of performing an 
abort maneuver with a change in azimuth 6 A 
resulting in reduced return flight times to reach 
a specific landing site . 

In order to obtain representative data, a 
typical translunar trajectory was se lected from 
which abort maneuvers were conducted lil and 
out of the translunar plane at various distances 
from earth. The landing site is Edwards Air 
Force Base and the trans lunar trajectory is 
characterized by the following injection conditions: 

Velocity Vo 10,907 mfsec 

Altitude hO 231.953 krn 

Flight Path Angle YO 3° 

Longitude >"0 1650 west 

Latitude <PO 26.35° north 

Orbital Inclination iVE 35° 

Orbital Eccentricity e T 
0.9728 

Results are presented in Fig. 12 which give 
the time - to-return from an abort as a function of 
Rand 6 A for abort and translunar trajectories. 

A 
The trans lunar (nominal) trajectory represents 
a no-maneuver condition and just gives the time 
to complete a circumlunar mission as a function 
of R on the translunar portion of the trajectory. 
The time -to-return from an abort maneuver de
pends on whether one particular landing site is 
desired, or a number of sites are available or 
simple earth return is sufficient . In the las: 
case, it has been shown that the least 6 VA IS 

realized when the abort maneuver occurs in the 
nominal trans lunar trajectory plane. Figure 12 
also gives the absolute minimum return time to 
earth for the values (6 VA) = 549 m/ sec 

max 
and (6 V ) = 1829 mfsec illustrating that A max 
simple earth return requires less time than 
return to a specific site. 

If return to a particular landing site such 
as Edwards Air Force Base is desired, then 
the arrival must be timed correctly because of 
the earth I s rotation. The step functions on 
Fig. 9 represent the minimum time to return to 
Edwards Air Force Base for variable values of 
6 V < (6 V ) and show the timing problem 

A- A max 

for two values of (6. VA) max for abort trajectories 

with 6.A = 00
, 6.A = 10° and 6.A = 20°. The return 

times for out-of- plane abort to Edwards Air Force 
Base are in certain cases less than for in-plane 
aborts . The intersections of the out - of- plane step 
functions with the absolute minimum time curves 
in Fig. 12 denote these cases, and near these 
intersections the planar change 6A should be de
creased for increasing RA to maintain minimum 

return times. As these intersections on the 
"return-to-Edwards" curves are approached, an 
increasingly larger 6 VA is required and at the 

point of intersection the total available 6. VA or 

(6. VA) max is used for abort. 

The data in Fig. 12 indicates that definite 
benefits may be gained in performing abort ma
neuvers out of the translunar trajectory plane 
when landing at a specific site is required. Re
ductions in time-to-return of up to 5 hr over the 
in-plane returns can be realized for Edwa.rds 
Air Force Base landings . If several landmg 
sites are available the time to return could be 
reduced further. The restriction imposed by 
available tracking facilities has so far been ignored 
(see Subsection B- 2). Since abort maneuvers out 
of the nominal trajectory plane change the abort 
trajectory inclination, the capab.ili~y to tr.a~~ the 
vehicle during re - entry from eXlstmg facllltles 
must be re-examined. 

A point not illustrated in Fig. 12 is that the 
total time from the translunar abort decision to 
re - entry, tR , for landing at a particular site is the 

same for a large range of 6 VA up to (6 VA) max' 

since for a successful abort the landing site which 
rotates with the earth must be near the abort tra
jectory plane . It does not matter wheth~r the en
tire t is spent in an abort traJectory WIth a lower 

R 
6. VA or whether part of it is used in reaching 

a point on the translunar trajectory where 
(6. V) is used for the abort maneuver and A max 
the rest on the abort trajectory. This character
istic of translunar aborts to a given landing site 
suggests the selection of specific pOint.s or "abort 
way - stations" along the translunar traJectory for 
abort maneuvers, from which the vehicle can 
acquire the landing site with a fixed value of 6 VA' 
"Abort way-stations" allow the use of abort tra
jectories which can be precomputed on the ground 
prior to the lunar mission. However, they rep
resent the least efficient abort maneuver from a 
standpoint of fuel requirements (i. e . , the maxi
mum value of 6 VA is used for a given time to 

return). More material on way-stations is pre
sented in the next subsection. 

3. Abort Way-Stations 

A method for obtaining abort way-stations, or 
points on the nominal translunar trajectory from 
which precomputed abort traJectones character
ized with a fixed value of 6 VA can be used, has 

been presented by Kelly and Adornato (Ref. 9). 
The method as described briefly in the present 
subsection is a modification of the one used in 
Ref. 9. 
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The followin g sketch illu strates the geometry 
of translunar abort with return to a specific 
landing site. 

Assume a restricted two - body force model 
for the trans l unar and abort trajectories, and 
assume that they are in a common plane (6.A = 0° ). 
If we include the re - entry trajectory into the cal
culation, then an abort way-station as defined 
above must satisfy the following four constraints: 

(1) 

(2 ) 

Abort trajectories from the way-station 
must have acceptable flight path angles 
Y
R 

at re-entry: 

(32) 

Referring to the previous sketch, let 0 
denote the vehicle and C the position of 
the landing site at trans lunar injection, 
let A denote the abort maneuver, B the 
location of the vehicle and landing site 
at re-entry and L, f the coinciding 
positions of the landing site and space 
vehicle, respectively, at vehicle touch
down. In addition, a double subscript 
notation is introduced for time, i. e. , 

omi nal Circumlunar 

I 

I 

r--Abort 

Trajectory 

Tr ajec t ory 

, 

" 

'i'1.an e 
_tvr ':! 

~
r a. ~e" 

l.~nar Location of 
~~5 La nding Si t e 

---- At Injection 

~to _ A is the time for the space vehicle 

to travel from trans lunar injection to 
abort a nd 6. t

B
-

L 
the t ime for the landing 

site to rotate with the earth from B to 
L. With this notation, the first abort 
way-station imposes the following time 
constraint. 

(33) 

However, since the landing site rotates 
with the earth, it will be in the trajec
tory plane at the same location L once 
in each sidereal day ( 1 sidereal day = 

h m s 86164. 1 sec = 23 56 4.1 ) as long 
as the latitude of the landing site is 
less than the trajectory inclination. 
Thus, further abort way - stations are 
characterized by 

6. to - A + 6. tA - B + 6. tB - f 

6.tc + 6.t L + (n-l ) 86164.1 sec 
- B B- (34) 

In jection Point 
(Perigee 0 

Trajectory 

.! ( Point of 
Touc hdo wn ) 

ocation of Landing 
Si te a t Time of 
Reentry 

Equ a t o r ~al__ _ - f----:::=--t"""'---+
P l aue 
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(3 ) 

(4) 

where n = 1, 2, ... is the number of 
the abort way-stations or sidereal days 
or complete rotations of the earth from 
injection . As long as the latitude of the 
landing site is less than the trajectory 
inclination, the site will intersect the 
trans lunar trajectory plane also at L I 

and a second set of abort way-stations 
can be computed for this site. 

Let iliA be the range angle from injection 

to abort (or true anomaly since injection 
occurs at perigee ), iliR the range angle 

from abort to re -entry, and .6i1i
R 

the 

required longitudinal maneuverability of 
the vehicle from re -entry. The total 
range angle iliO from injection to the 

point L of intersection of the landing 
site with the trajectory plane must sat
isfy 

(35 ) 

The range angle L'l.ili
R 

is constrained by 

the longitudinal maneuvering capability 
of the vehicle, i. e. , 

max 

(36 ) 

For preliminary calculations the re-entry por
tion of the flight can be neglected in comparison 
with the translunar and abort trajectories. Then 
.613_ f = .6tg_ L = 0, .6i1iR = 0, and the restricted 

two-body force model results compiled in Chapter 
III of Ref. 1 can be used ,to determine abort way
stations for certain translunar abort trajectory 
characteristics and landing sites . If available, 
the re-entry trajectory parameters .6t B_ f and 

.6i1i
R 

can be obtained for certain space vehicle 

characteristics and added to the restricted two
body results to obtain more realistic abort way
stations. 

A typical graph for determining abort way
stations has been given in Fig. 13. The dashed 
lines represent the required time from injection 
to when the landing site intersects the trajectory 
plane at L or (L'l.tO_A + .6t

A
_

B 
+ .6t B _ f ) = 

constant for the first, second and third day. The 
curve of minimum time to re-enter corresponds 
to a change in flight path angle only by the abort 
maneuver, while the maximum time to re -enter 
corresponds to a change in velocity only with no 
change in flight path angle at abort. Both curves 
are for the same .6V A = 1529 m/sec . The inter-

sections of the minimum time to re -enter curve 
with the dashed line represent abort way-stations 
and are denoted by dots on Fig . 13. 

The abort way-stations on Fig. 13 correspond 
to the intersection of the M = 0° step function 
with the curve labeled "absolute minimum time 
to return to earth (L'l.V A) "in Fig. 12. It is 

max 

VI-27 

obvious that Fig. 12 presents much more informa
tion than Fig. 13--it gives abort way-stations for 
M = 0°, M = 10°, and M = 20° which are the 
intersections of the step functions with the (.6V A) 

max 
curves. In addition, lower value s of .6 VA can be 

obtained at a glance from Fig. 12. The near
horizontal part of the two-step function on Fig. 
12 can be connected to yield a four-parameter 
set of curves where .6V A and M are presented in 

the field of the graph together with the nominal 
trajectory (.6V A = O), and RA and time-to-return 

are the abscissa and ordinate, respectively. In 
this fashion, the maximum abort maneuver infor
mation can be presented on a single graph. 

In practical design of abort trajectories (and 
way-stations), a set of graphs similar to Fig. 12 
should be prepared for each prospective landing 
site and each location Land L I as soon as the 
nominal trans lunar portion of the trajectory has 
been determined. Results of re-entry trajectory 
calculations can be used to bias the curves obtained 
from the restricted two -body force model and 
thereby represent the actual situation more realis
tically. 
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VII . LUNAR ORBIT 

A . LUNAR ORBIT MI SSIONS 

Lunar orbits are here defined as space vehicle 
trajectories which lie wholly within the Jacobi C 2 region around the moon (Chapter III). They are 
very well suited for reconnaissance and surveil
lance missions where the objective is to obtain 
mapping and close-range scientific data. Orbits 
are useful in that a properly placed lunar satellite 
can stay in lunar orbit almost indefinitely, with 
its usefulness only limited by the life of the equip
ment. At the present time, it is planned that 
manned lunar missions will include a lunar orbit. 
In this case, the lunar orbit provides the safety 
feature of ballistic earth return prior to orbit 
entry, longer reaction time prior to landing at a 
preselected lunar site, smaller total fuel require
ments, and smaller abort fuel requirements when 
compared to soft-landing lunar impacts (see Chap
ter VIII). In the lunar orbit phase, the space vehi
cle crew can determine repeatedly its position in 
orbit and the position of the landing site before the 
initiation of the deorbit maneuver . A logistics mis
sion can employ a lunar "freighter" shuttling be
tween an earth orbit and a lunar orbit , leaving 
material in luna r orbit for later use by the lunar 
expedition, to be called down at the time and 
place desired. When lunar exploration has ad
vanced beyond the initial stage, rescue, communi 
cation, navigation, and possibly even travel be 
tween distant lunar bases may be accomplished by 
use of lunar orbits . 

The lunar orbit phase is thus vital for almost 
all future missions, as soon as lunar exploration 
progresses beyond the stage of probes on approach 
or impact trajectories and beyond approach trajec 
tories near minimum velocities . A brief descrip
tion and classification of lunar orbit missions and 
missions using a lunar orbit phase has been given 
in Section A of Chapter IV. Lunar orbit param
eters have also been discussed qualitatively and 
quantitatively in connection with the circumlunar 
trajectory catalogue (Section A of Chapter VI) a nd 
the transearth trajectory catalogue (Section A of 
Chapter IX) . Both sample missions discussed in 
Chapter Xl, Section G, one a landing and the other 
a reconnaissance mission, use a lunar orbit 
phase . In the mission discussion, the lunar orbit 
al parameters, as they are limited by mission 
constraints, and methods for obtaining a first es
timate of orbital parameters have been given . 

In the present chapter, near - lunar satellite 
orbits are discussed in relative detail. In Section 
B, the characteristics of an orbit around the moon 
as affected by the triaxiality of the moon, the sun 
and the earth are discussed. These effects are 
compared, and it is shown that for a close lunar 
satellite, the sun ' s effects can be neglected . T he 
equations of motion in a selenocentri c coordinate 
system are derived from a potential function based 
on a triaxial moon. First-order secular changes 
in the orbital elements due to the moon ' s oblate
ness are presented in graphical form as a func 
tion of orbital inclination. Stability of a lunar or
bit is briefly discussed. Finally, relationships 
for determining ground traces and longitude incre 
ments between successive ground traces are given. 
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This data is important for orbital parameter 
choice in lunar mapping, reconnaissance and sur
veillance missions . 

Velocity requirements for entry into a lunar 
orbit in the form of summary plots are presented 
in Section C. The bulk of the material is based 
on the assumption that the effects of finite burn
ing times are negligible . Results for two differ
ent types of trajectories (circumlunar and ap
proach), based on a simplified earth-moon model, 
are presented and compared. It is seen that there 
are certain restrictions on the trajectory param
ters that must be taken into account when planning 
a lunar mission. 

In Section D, a qualitative discussion of lunar 
orbit determination schemes for both manned and 
unmanned vehicles in a lunar orbit is presented. 

B . CHARACTERISTICS OF LUNAR ORBITS 

In the des i gn of lunar orbits the first and fore
most concern i s the determination of orbital pa
rameters which best fulfill the mission objective. 
In most cases this requires eventually a rather 
accurate determination of space vehicle position 
with time, which involves either the use of gener
al perturbation theories or a numerical integra
tion on the digital computer if only short - time 
ephemerides of a l unar satellite are required. 
However, since very little graphical data on or
bits around the moon has been published in the 
literature, and hardly any numerical evaluation 
of general perturbation theories as applied to 
lunar orbits has appeared, the discussion of this 
section will be directed toward a summary of im
portant analytical results and the presentation of 
graphical material. 

1. Keplerian Orbit Parameters 

To obtain gross orbital characteristics, the 
moon may be considered a spherically symmetriC 
body as a first approximation, with the influence 
of the earth and the s un neglected. Theoretically, 
this model is equivalent to one in which the lunar 
mass is concentrated at the center of the moon. 
T he gravitational potential for this lunar model 
is 

(1 ) 

and the well-known restricted two-body Keplerian 
equations apply, as given in Chapter III, Section K 
( Ref. 1), for elliptic and circular orbits . 

From a flight mechanics point of view, the 
period of revolution TO for an elliptic orbit with 

semimajor axis a
O 

as a function of a O' 

T = 2w / a~ 
o f.la 

(2) 

and the velocity of a satellite V ([ c in a circular 

orbit with radius r 0 as a function of r 0' 



Vir c = / ~o ( 3) 

are of special interest. These parameters have 
been presented as a function of mean altitude 
hO = a O - R({, where R{ = 1738.16 km is the 

radius of the equivalent spherical moon, and of 
circular orbit altitude hO = r 0 - Ra in Figs. 1 

and 2 for lunar orbits and close lunar orbits, 
respectively. For preliminary design calcula 
tions and for orbits of short duration, these 
numbers are a good approximation to the actual 
orbit. 

However, these gross orbital characteristics 
are not good enough for a long-time satellite of 
the moon and for more accurate calculations . 
In this case, perturbing forces, which are small 
effects compared to the principal force of lunar 
attraction, have to be taken into account . The 
perturbing forces that will be discussed here 
are due to the gravity fields of the earth and of 
the sun and to the asphericity of the lunar gravity 
field. 

2. Orbit Perturbations 

a. Solar perturbation 

Consider the gravitational attraction of the 
sun on a lunar satellite first . It can be shown that 
for a lunar satellite orbit, the effects of the sun 
can be neglected when compared to those of the 
earth. Let the masses of the lunar satellite, sun, 
moon, and earth be denoted by M~, MO ' Ma ' 
and M , respectively. Assume an inertial frame 

ED 
of reference centered at the sun (which is a good 
assumption, since MO » Me' M~ , M~) as 

shown in the sketch below: 

o 

The equation of motion of the lunar satellite is 
in vector form 

or: 
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J.! M 
= ~ is the magnitude of the gravitational 

rO~ 
attraction of the sun on the lunar satellite, etc . 

The motion of the moon is given by: 

(d2 Ib(L \ - _ _ _ ) 
M il \" dt2 / = F (r04 ) + F (r E94 

(6) 

where the force of the satellite on the moon is neg
lected (i. e . , these equations are for a restricted 
4-body problem). Using Eqs (4) and ( 5) and the 
relation rU~ .. = rOLl. - rO d ' it follows that: 

(
d

2
; ) [ _ _ M~ _ _ ] 

M~ dt~~ = F (;((~) + F (r ([ ~) + M({F (r
O

«') 

+ [F (; ) -M~ F (; )] (7 ) 
e~ M ([ e1[ 

or 

~] +J.! M~ [~ - :(B ~3 ] (8 ) 
rO~ (B rEB a: r~ ~ 

The magnitude of the second term on the RHS 
of Eq (8), which is due to the sun, can be approx-

imated by J.!O M~ (rCIl~ ~ since raLl.« r
O

(! 

rO a 
the magnitude of the last term of Eq (8), which is 
due to the earth, can be approximated by /-le M~ 
(_ r ( ~ J \-----.3.--1; since r a ~ < < req . The ratio of 

re a 
these terms is given by: 

3 
M o 
Me 

3 

;;- o. 00565. 

(9) 

which justifies the omission of the effects due to 
the sun when compared to those of the earth. 
Schechter (Ref. 2) uses Pontecoulant ' s lunar 
theory to obtain an idea of the sun ' s perturbative 
effect . Schechter considers a coplanar restricted 
four-body problem i11 the ecliptic plane; he ex
pands the sun's gravitational field in a Taylor 
series around the instantaneous lunar position, 
and retains only the leading term of the series . 
The magnitude of the solar effect on a lunar 
satellite obtained there is roughly 0.30/0 as large 
as the effect exerted by the earth, or less than 
half of the approximate value obtained in Eq (9) . 
Solar effects on lunar satellites can thus be con
s idered higher -order effects and neglected . 

b. Lunar asphericity perturbations 

Before considering the actual magnitude of the 
earth's gravitational attraction, effects of lunar 
asphericity on lunar satellite orbits will be dis-



cussed; the earth perturbations will be com-
pared later to those of lunar asphericity. Thus, 
we consider next the effects of the triaxially ellip 
soidal shape of the moon on the satellite orbit. 
Assume that the moon and space vehicle are 
the only bodies in the dynamical system. and 
that the lunar potential is expanded in terms of 
spherical harmonics. By the use of MacCullagh's 
theorem (R ef. 3), the lunar potential U can also 

be written in terms of the lunar moments of inertia. 
Several forms of U( which are widely used have 

been presented in Chapter II. 

Another form of U« which is given in terms of 

the selenographic coordinate system xs' yS' Zs is 

where R is the radius of the moon in the direction 
of the earth (denoted by a in Chapters II and IV) and 
J 2' C 2, 2 are the constant expansion coefficients, 

which can be defined in terms of the lunar moments 
of inertia as given in Chapter II. An advantage of 
Eq (10) is that it shows explicitly the two perturba
tive terms which are due to the asphericity of the 
moon. The J 2 term represents the oblateness of 

the moon (i. e. , the latitude dependence of the lunar 
radius), and the C2 , 2 term represents the ellipticity 

of the equator (longitude dependence of the lunar 
radius). 

The selenographic coordinate system rotates 
with the moon, and before an explicit form for 
the gravitational force of the moon on the vehicle 
can be given, a transformation to the inertial 
(for this dynamical system) lunar equatorial co
ordinate system Xq' yq' Zt must be made. 

This transformation is given by Eq (2) of Chapter 
III, and Uq in the inertial coordinate system be-

comes: 

+ 3 C 2 ,2 
2 rcr 

+ Wq t) + 2 sin2 (AS+w t ) Xq 

The equations of motion in the x~ ,y«, , Z ~ 

coordinate system can be obtained by partial 
differentiation: 

au - ~ . - --ayq' " Z = a 
(12) 

Carrying out the indicated operations , one ob
tains: 

3 J R2 [ 2J 
-2-=-::::-:- 1 - 5 (;; ) 

2 
3 C2 2 R 2' 2 
--'r'-<'-=4;---- (X a + 3 Y « 

([ 

+ 2 zr/) cos 2 (AS + w« t) 

(13) 

"a Y, { 3 J R2 

~ 2 
3 1 + 

2 ra 2 
ra 

-5 (~l 
2 

3 C 2 ,2 R 
(xl 4 r, r a 

c;)l 
sin 2 (1\ S + w, t») 

- 5 

sin 2 (A S + wa 

(15 ) 

These rather complicated equations of motion can 
be solved by numerical integration to yield the 
satellite position. 
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Another approach to the problem is to express 
U{ in terms of the orbital elements a, e, i, w, 

II', and f, which were defined in Subsection A - 3c of 
Chapter III: 

U, <; ~ + (r~)2 ~J2 (} - 'in2i'in2If+W~ 
+ 3 C 2, 2~COS 2 (S1' - wa t) [ cos

2 
(f + w) 

2 2 l (16) 
- sin (f + w) cos ~ 

- 'in 2 If + w) 'in 2 10' - w, t) co, i)~} 
where rq can be expressed in terms of the ellip
tical elements of the satellite by: 

2 
r - a (1 - e ) 

(/ - 1 + e cos l' (17) 

and where f, the true anomaly, is related to i. 
the mean anomaly, by the differential equation: 

(1 8 ) 

It is now possible to form the perturbing function: 

(1 9 ) 

and to use general perturbation methods to 
determine the time-variation of the orbital 
elements. The perturbing function if?q can be 

divided into terms that arise due to J 2 and terms 

that arise due to C 2, 2' The function if?q can 

additionally be divided into secular terms, or 
terms that keep increasing with time, into 10i1g
period terms, or terms that are periodic with 
an approximate period of the rotation of peri
cynthion, and into short-period terms, which 
are periodic with approximately the same period 
as the satellite period TO ' The desired term of 

if?q can be substituted into the variation-of

parameter equations, one form of which is given 
by Eq (1 01) of Chapter III and other forms in 
Chapter III of Ref. 1, which form a set of six 
first-order ordinary differential equations com
pletely equivalent to the equations of motion (1 3) 
through (15). These equations can then be solv ed 
for the secular, long-periodic and short-periodic 
variations in satellite orbital elements due to the 
lunar potential. 

Consider the oblateness coefficient J 2 ' From 

Chapter II, it is seen that this expansion coeffi
cient is the largest one in the lunar potential, 
and, hence, oblateness effects can be expected to 
be the most notable asphericity effects on the 
lunar satellite orbit. Of particular interest to 
the mission designer are the secular effects, 
since these increase with time and since it is 
often desired to obtain the average satellite 
behavior over a long period of time for lunar 
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orbital missions . Since the earth is also oblate, 
analytic work on near-earth satellites is also 
applicable for lunar satellites. In the following 
discussion of lunar oblateness effects, the secular 
effects will be discussed qualitatively, quantita 
tively, and finally, graphically . Periodic effects 
on the radius will be described only. 

Due to the small oblateness of the moon (J 2 < 1), 

the lunar satellite orbit is very nearly a circle or 
an ellipse . To first order in oblateness (using 
terms to J 2 in the expansion of the gravitational 

potential), the orbital plane precesses around the 
lunar polar axis at a variable rate (nodal regres 
sion). In addition, the line of apsides defining 
the orientation of the satellite trajectory in the 
orbital plane rotates in this plane at a variable 
rate (apsidal rotation). The dependence of the 
mean motion, or the average rate of rotation of 
the satellite in the orbital plane, on the orbital 
inclination results in an oblateness correction to 
the period of the unperturbed (or restricted 2-
body) motion. Restricted 2-body motion is re
ferred to as zero-order or unperturbed motion; 
if J 2 is used, in addition, the motion is defined 

as second-order; the inclusion of C 2 2 defines 

third-order motion; and all other, yet-to-be
defined spherical harmonic expansion coefficients 
of U([ define fourth-order motion and are negligible . 

The mean rate of nodal regression to first
order has been found by many authors (R efs. 4 
through 11 and others). In units of degrees per 
nodal period (time between successive ascending 
nodes), it is : 

(20) 

. dS1 _ d{3 
Smce at - 0 (J 2 (If)' anyone of the following 

expressions can be used to second-order in the 
denominator : 

2 2 2 2 22-2 2 2 2-2 a (1 - e ) ,a
O 

(1 - e ) ,a (1 - e ) , p , p 

where a
O 

is the Keplerian value of the semimajor 

axis, p2 = a 2 (1 - e 2)2 is the semilatus rectum 
of the orbit, r 0 is the average orbital radius 

(r 0 == p for Keplerian orbits), and a bar denotes 

an average value of the quantity about which it 
varies periodically for oblate moon orbits . The 

value of ~ is negative for a direct orbit (iO < 90° ), 

i. e . , it is a shift toward the west; while 9Ji is 

positive for a retrograde orbit (iO > 90° ). For 

an equatorial orbit (iO = 0°, 1 800
) , the ascending 

node S1 is undefined, but ~ can be defined in the 

limit as iO -+ 0° or iO -+ 1 80° . In F i g . 3, 0~) 
is plotted as a function of io for three values of p. 



It is seen from this figure that the nodal re
gression is largest for an equatorial orbit and 
zero for a polar orbit; it is lar ger for a circular 
orbit (e = 0) than for an elliptic orbit 0 < e < 1, 
and since it is a gravitational force, it decreases 
with the inverse square of the distance from the 
center of the moon. 

The mean rate of apsidal rotation has been 
found by many authors (Refs. 4 through 11 and 
others); in units of degrees per nodal period, it 
is 

dw 3J 2 
Of = 360 -r 

- 2 2 2 
a (1 - e ) 

(2 5 . 2 . ) 
. - ~ SIn 10 ( 21) 

For near-polar orbits, the perigee regresses, 
i. e . , it moves against the direction of satellite 

motion, and ~ is negative in value, while for 

near- equatorial orbits the perigee advances--
i. e., it moves in the direction of satellite motion, 

and ~ is positive in value . The inclination 

angles at which 2 - ~ sin
2 

iO = 0, or io ~ 63 . 45° 

and iO ~ 116.55° are known as critical in

clination angles. Near the cr itical inclination, 

when 2 - ~ sin 2 iO = 0 (J 2)' or approximately 

for inclinations between 62 . 45 and 64. 45 0
, as 

well as between 115 . 55 and 117.55°, a second
order theory is insufficient to describe the 
apsidal motion, and Eq ( 21) does not hold. This 
case has been discussed by Struble (Ref. 1 2). 
Figure 4 presents the rate of apsidal rotation as 
a function of orbital inclination for three values 
of p. The perifocus location w is undefined 
for circular orbits, but it is possible to define 

: in the limit as e -+ O. The same general 
dw 

comments on the dependence of Of on e, p apply 

as in the case of ~~ 
The orbital period in unperturbed satellite 

motion is given by Eq ( 2) which has been plotted 
in Figs . 1 and 2 . 

In perturbed satellite motion, or when second 
order perturbing forces due to lunar oblateness 
act on the satellite, one can define three, in 
general distinct, periods of motion: 

(1) The anomalistic period, the time from 
one peri cynth ion to the next. In that 
time the elliptic angles (true, mean, 
and eccentric anomaly) increase by 
360°, while the orbital central angle 
(3 = w + f increases by more or less 
than 360 0

, depending on whether the 
apsidal rotation is against or in the 
dire ction of satellite motion. 

(2) The nodal period, also called dra
conic period, the time from one 
ascending node to the next. In that 
time the orbital central angle (3 = w + f 
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increases by 3600
, since (3 is measured 

from the instantaneous position of the 
ascending node. The satellite does 
not, except at an orbit inclination of 
90 0

, return to the same relative posi
tion in inertial space after one nodal 
period due to the regression of the 
nodes . 

( 3) The sidereal period, the time for the 
satellite to return to the same relative 
position in inertial space . In that time 
the satellite central angle as measured 
from a fixed reference, which is not 
to be confused with the central angle 
as measured from the ascending node, 
increases by 3600

• In artificial satel
lite theory, the sidereal period is less 
important than the other two periods; 
it is rarely used, and it will not be 
discussed any further. 

In many satellite calculations, especially in 
approximate ephemeris prediction, it is more 
convenient to use the nodal period 7(3 than the 

anomalistic period, 7 r' since (especially for 

circular and near-circular orbits) the ascending 
node is a more easily identifiable point than 
pericynthion, except in the case of equatorial 
lunar orbits. Unfortunately, however, differing 
expressions have been obtained for it in the 
literature (compare the nodal periods derivable 
from mean motions given in Refs. 6, 7, 8, 10, 
1 3, 14, 15, 16, 17, 18 among.others). 

An expression for the nodal period was de
rived from Struble's (Ref. 12) first-order theory 
by Martikan and Kalil (Ref. 13) for small ec
centricities, e = 0 (J 2), and shown to be com-

patible with expressions for the anomalistic 
period for large values of eccentricity by some 
numerical examples in Ref. 13: 

7(3 = 27T (a) ~ f1 _ ~J R2 

(lid l 82 a2 (1_e2)2 

(7 OOS' iO - lJ (22) 

where a is the mean semimajor axis of the per
turbed orbit defined in terms of a reference 
Keplerian semimajor axis (which should not be 
used, since it is but a first estimate for a): 

a a o f1 - i J 2 R 2 2 l 2 2 

. (3 oos' io -:~ I~ ::) 
The oblateness correction to the period as 
described by 

(23) 

(24) 

has been presented in Fig. 5 as a function of 

inclination for three values of p = a (1 - e 2). 

J 



Again the corrections are larger for a circular 
orbit (e = 0) than for an elliptic orbit 0 < e < 1, 
and it decreases with the inverse square of the 
distance from the center of the moon since it is 
a gravitational force. 

Another important quantity of a lunar orbit 
is the variation of the orbital radius rq with 

time . The radius in terms of orbital e l ements 
is given by Eq (17), and since the semimajor 
axis a and eccentricity e exhibit no first-order 
secular changes, ra undergoes short-periodic 

changes since the term cos f in the expression 
for rq undergoes short-periodic changes. If 

one uses Kork's form (Ref. 19) for the radius, 
which is equivalent to expressions derivable from 
Struble (Ref. 12), Kozai (R efs . 4, 20) and Izsak 
(Ref. 21) for eccentricities of order J 2' then the 

expression for the instantaneous radius in one 
satellite revolution can be written. 

r ll = a [1 - : cos «(3 - w) 

+ ~ J 2 (~) sin
2 

iO cos 2(3J ' 

e = 0 (J 2) (2 5) 

The maximum variation in radius about the 
Keplerian orbit radius r~ 0 = a [1 - e cos «(3 - w)] , 
if Eq (25) is compared with Eq (17), occurs for a 
polar close lunar satellite orbit (iO = 90°, a -- R). 

In this extreme case the radius variation due to 
lunar oblateness is given by 

A /V 1 J -
urI( = ra - ra 0 - ±"4 2 a 

± 0.09 km (26) 

This radius variation decreases as the in
clination decreases, iO ~ 90°, and it decreases 

with semimajor axis ~ < 1, but altogether it is 
a 

a very small variation. Similarly the short
periodic variations in e, i are rather small and 
result in position variations of about the same 
magnitude. 

No explicit expressions exist for the effects 
of the terms of <:I?a containing the equatorial 

ellipticity coefficient C 2 2 on lunar satellite 

orbit parameters. The numerical value of 
C 2,2 is one order of magnitude less than the 

value of J 2' and one can expect the effects of 

equatorial ellipticity to be less than those of 
oblateness . Direct effects of C 2, 2 on orbital 

elements can again be obtained by solving the 
variation-of-parameter equations using only the 
terms in <:I?« which contain C 2, 2 as a coefficient . 

c . Earth perturbations 

The next step in determining the motion of 
a lunar satellite is to compare the perturbing 
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effect of the earth with that of the lunar asphericity, 
where both effects vary with the altitude above 
the lunar surface . Lass and Solloway (R ef. 22) 
obtain an approximation for the earth's potential 
in the selenographic coordinate system. The 
acceleration of the lunar satellite due to gravi
tational attraction of the earth, which is the third 
term on the RHS of Eq (7), can be written as: 

1 
(xs - rEa <I ) ~s + Y S Y S + Zs ~S 

MEa G _ 2 2 2l 372 
~xs - rEaa ) + ys + Zs J 

+ r:: ,} (27) 

Equation (27) becomes for 1'S 2 < < r Eaa 2 

with r Ea4 the fixed distance between the earth and 

the moon, 

Mt::,. 
F (l:~Ea~) - lVi(j F Cr

Eaa
) 

Mt::,. 

4- (2 Xs ~S- ys Ys - Zs ~s) 
rEa { 

- grad [,":1 (rS
2 - 3 Xs 2J (28) 

--'> 
where grad is the gradient operator grad == 
a 1\ a 1\ a ~ 

8xs Xs + 8YS Ys + azs zS· The earth 's 

potential for a lunar satellite can thus be ap
proximated by 

U", 0 2"r!~ rS2 ~ 3 (~) 2J (29) 

The earth ' s potential UEa can now be compared 

with the terms in the lunar potential U4 ' or more 

properly, the gradients of the potential, which 
are the gravitational forces, should be compared . 

Numerical values for the ratio of the earth's 
potential as given by Eq (29), to the J 2 and C 2, 2 

terms of the lunar potential, as given by Eq (10), 
have been obtained. The approximations are only 
valid for close lunar satellites and crude enough 
so that no differentiation can be made if the 
satellite is between the earth and moon or on the 
opposite side of the moon. The results are pre
sented in the following table where the ratios 

(30) 

-I 

J 



and 

- 3 

6 (~\ (r~f) C 
~® 1 2,2 

( 31 ) 

are given as a function of lunar satellite altitude 
in lunar radii (LR ): 

h (LR) J 2/earth C 2,2/earth 

0 84. 7 15.0 
1 10 . 6 1. 87 
2 3. 14 0.55 
3 1. 32 O. 23 
4 0 . 68 O. 12 

The earth ' s perturbation equ a l s the lunar C 2,2 
term at an altitude of approximately 2700 kIn, and 
1t equals the lunar J 2 term at an altitude of ap-

proximately 6100 km. For a close lunar satellite 
the lunar asphericity terms predominate; these ' 
terms can be considered a first approximation 
to the motion of the lunar satellite . 

d. Lunar atmospheric perturbations 

The moon has an atmosphere which, at the 

surface, is estimated to be less than 10- 12 times 
the density of the earth I s atmosphere at sea level. 
Since the atmospheric drag forces are propor
tlOnal to the density times velocity squared (for 
more data on aerodynamic forces see Subsection 
B-4b of Chapter IV), a hypothetical ratio of drag 
forces of a satellite of the earth orbiting at sea 
level and one of the moon at distance Rq can be 

found . This ratio is given by 

( 32) 

where PI! SL and P @ SL are the sea-level atmos

spheric densities of the moon and earth, respec
tively, and V4 c' V@ c are the circular satellite 

velocities at zero altitude . This ratio might 
change by several orders of magnitude with lunar 
and earth orbital altitude, but by all accounts 
atmospheric drag is an utterly negligible force 
in lunar satellite orbits . Atmospheric drag act
ing on a circular lunar satellite orbit at an altitude 
of 10 km is less than the atmospheric drag of an 
earth satellite in a 1000-km circular orbit. Of 
course, data on the lunar atmosphere is still 
subject to conjecture. 

e. Solar radiation pressure perturbations 

The effect of solar radiation pressure has 
been discussed in Subsection B- 4a of Chapter IV. 
The magnitude of the force is of the same order 
as in the case of earth satellites, s ince the moon 
and earth are about the same distance from the 
sun and, for close lunar satellites, shadow time 
must be considered, since for certain orbital 
parameters it may be as much as 400/0 of the total 
time in orbit. 
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3. Stability of Lunar Orbits 

The tinal question in establishing orbital 
parameters for lunar satellites concerns stability 
of the orbit. The moon exerts a much smaller 
force on a lunar satellite than does the earth on 
an earth satellite at a comparable distance . Also, 
the perturbations on a near-lunar satellite due to 
the earth are much larger than the perturbations 
of the moon on near-earth satellites at a com
parable distance. Only the effects of asphericity 
are more pronounced in the case of the earth than 
the moon, while solar perturbing effects are about 
the same for near-earth and near-moon satellites. 
Hence, stability of a lunar satellite is much more 
of a problem than the stability of an earth satellite. 
In parhcular, it is important to determine whether 
the combined gravitational attractions of the earth 
and sun (or other forces ) can distort a lunar orbit 
sufficiently to cause the satellite to impact on the 
l unar surface . 

The time period from the initially established 
orbit until impact has been given the name "life
time" by some investigators . This term should 
not be confused with the term "lifetime" as it is 
applied to earth satellites, where it is the time 
period from the initially established orbit until 
atmospheric drag causes the satellite to re-enter 
the denser portions of the earth's atmosphere. 

No investigations into stability have been per
formed for this chapter, but one note on the sta
bility of lunar satellites has been reviewed. 
Schechter (Ref. 2) applies a modified version of 
Pontecoulant ' s lunar theory (see Ref. 23 for more 
details on this lunar theory) to the problem of 
motion of a lunar satellite. Schechter finds the 
maximum decrease of pericynthion radius c.r PL 
as a function of r pL = a (1 - e ) is given approxi-

mately by 

(r pL) . - r c.rpL 
r pL 

mm PL", 15 
- ---=r=p=L--- - - 8" em (1 + e ) 

( 33) 

21f/ 70 . . 
where m = --- 1S the raho of angular velocity 

wI! 
of the satellite in its orbit to the rotational rate 
of the moon. Schechter takes a conservative 
lunar orbit (from a perturbation standpOint) of 
e = 0.2, m = 1/15 (or a ~ 14,500 kIn), and the 
maximum decrease in pericynthion radius r 

. 15 PL 
a (1 - e) = 11,600 km 1S c.rpL = - 8 em r pL. 

(1 + e) = - 350 kIn, or about 30/0. The particular 
lunar satellite will have an infinite lifetime. 
However, these perturbations may in time in
crease the apocynthion radius sufficiently so 
that the mission requirements are not met . 

4. Ground Traces and Longitude Increments 

For reconnaissance, surveillance and mapping 
missions of the lunar surface from a near-moon 
orbit, the ground trace, or succession of sub
satellite points on the lunar surface, and the 
longitude increments between successive ground 
traces are important . Both depend on the choice 



of orbital parameter s , and an orbit may be de 
signed to cover certain regions of the moon and 
to provide a specific value for the longitude in
crement. The longitude increment that can be 
achieved for certain lunar orbits in turn is con
strained by mission requirements, sensor limita
tions such as the field of view, the resolution, 
the image motion compensation required, and the 
maintainability of the system in the near - lunar 
environment . 

In the following, only oblateness effects of the 
moon are cons idered, with lunar ellipticity and 
earth effects neglected . Also, since uniform 
picture quality and a simple image motion com 
pensation system require circular or near - circular 
orbits for reconnaissance, surveillance and map
ping missions, the case of a circular orbit around 
the moon will be treated separately. 

During each revolution, the satellite ground 
track experiences a longitude increment of L::,. 71.( 

degrees per nodal period to the west, where, 
under the preceding assumptions : 

_ 360. 1J (~)2 cos i deg 
2 2 r S 0 nodal period 

(34) 

where R == a, the longest semiaxis of the moon, rS 

is the radius of the circular lunar orbit, the minus 
signs indicate a shift to the west or negative seleno
graphic longitude, Aa ' and the nodal period is 

chosen because it gives the longitude increment at 
the same point in orbit . The first term on the 
right-hand side of Eq ( 34) above is due to the 
moon ' s rotation in one nodal period, while the 
second term is the average regression rate of 
the ascending node (or any other point on the 
ground track in this first approximation) due to 
lunar oblatenes s , as given by Eq (20), applied to 
a circular orbit . Since TO is at least 6500 sec 

(see Fig. 2) and L::,. T (3 is at most 3 sec (see Fig. 5), 

the oblateness effect on the period is less than 
1/2000 of the central force effect, and in view of 
the other approximations it can be neglected. 
Hence, 

3 1 /2 

27T( S) 
J.I. 

R 2 . deg 
- 540 J f- ) COSl - -

2 \ r S 0 rev 
(35 ) 

In order to obtain a qualitative idea of the 
magnitude of these effects for a 100 - km circular 
equatorial orbit around the moon, one can obtain 
from Figs. 2 and 3 and from Eq ( 35), with 

'" - 4 / w{ - 1. 52504 x 10 deg sec: 
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L::,.A
Q 

~ - 1. 079 - 0. 102 deg/rev = - 1. 181 deg/rev 

( 36) 

In this extreme case the second term in Eq (35 ) 
(due to nodal regression, -0. 102 deg/rev) is about 
one - tenth of the first term (due to the lunar rota
tion during one period, - 1. 079 deg/rev). Lunar 
oblateness effects on L::,. At( are very significant, 

and cannot be ignored. They are as significant 
as in the case of a satellite orbit around the earth, 
primarily due to the much s l ower rotational rate 
wI[ of the moon about its axis . This smaller w ({ 

counteracts the effects of a smaller oblateness 
coefficient J 2 for the moon, as well as the weaker 

central force, as given by the gravitational con
stant J..I. ([ of the moon as compared withM $ ' 

Consider next a 100 0- km c i rcular equatorial 
orbit around the moon, for which 

L::,.Aq ~ -2.059 - 0 . 047 deg/rev = 2.106 deg/rev . 

( 37) 

For this higher orbit, lunar oblateness accounts 
for only about one fortieth of the total L::,.A. <t' 

showing that the weaker central force, as given 
by the gravitational constant J..I.q of the moon, in-

creases the period and decreases the oblateness 

effects, or m., considerably with altitude. Of 

course, there is a dependence of ~ on inclination-

i. e., it decreases with increasing inclination and 
is zero for a polar orbit- -while the period, and 
hence the first term of L::,. Aq , remains the same 

in this approximation. 
3 1 /2 

For elliptic orbits, the term ( r S) in Eqs 
Mit 

-3 1/2 
34 and 35 should be replaced by (~ ) and the 

R 2 R 2 J..I.q 
term (r ~ by (p) in the same equations, where 

a and p = a (1 - e 2 ) have been defined in Sub
section B-2b. 

However, besides the longitudinal increment 
between revolutions, the location of the subsatellite 
point at any time during one revolution is of in
terest . To this end, consider a circular orbit 
around the moon and secular lunar oblateness 
effects with the exception of the oblateness effect 
on the period. The orbit ground trace, or the 
selenographic latitudes and longitudes of the sub
satellite points as a function of time, can be 
computed in several steps. The satellite ground 
trace in a selenocentric nonrotating lunar equa
torial coordinate system Xs y S z S can be found 

by spherical trigonometry. The declination 6
S of the sub satellite point is 

. -1 
6 S = sm (sin iO sin (3), - 90° ::. <5 S ::. 90° 

( 38) 

____ J 



where 

d{3 
dt 

= {30 + ~ dt, 0° ::. {3 ::. 360° is the orbital 

central angle measured from the ascend 
ing node 

o is the orbital central angle at the 
time of ascending nodal crossing of 
the satellite 

360 (de g) . . = -- -- 1S the constant angular veloc1ty 
TO sec 

of the satellite in its circular orbit, 

dt, 0::. dt ::. TO is an increment of time, 

measured from the ascending node to /::;. . 

The longitude of the subsatellite point relative to 
the ascending node, /::;.i\.N/::;. is 

/::;.i\.N" = ±cos - 1 (COS (3 ) 
L..> cos Os 0° ::'\/::;.i\.N/::;.! ::. 360° 

( 39) 

where the positive sign applies for direct orbits 
(i

O 
< 90°), the negative sign applies for retrograde 

orbits (iO > 90°), and /::;.i\.N/::;. = 0 for polar orbits 

(i = 90°). The geometry of the satellite ground 
trace is illustrated in the following sketch : 

( Ascen~ing 6AKL::. 
Node of Orb i t) 

By use of the vector relation, 

. tan Os 
sm /::;.i\.N" = -t--'-

u an 10 

Satellite 
Orbit 

Satellite 
Meridian 

Lunar 
Equator 

and by use of Eq ( 38), Eq ( 39) can be written 

-1 
/::;'i\.N /::;. = ±tan (co s iO tan (3 ) (40 ) 

where + is for direct, - for retrograde and 
/::;.i\.N/::;. = 0 for polar orbits . In applying Eqs ( 38) 

and (40), great care must be taken to use the 
correct quadrants of the angles {3 and /::;.i\.N/::;. ' 

On a rotating moon, the declination of the 
subsatellite point Os becomes the selenographic 
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l atitude <1>« directly, while an increment w({ dt 

must be added to /::;.i\.N/::;. in order to obtain the 

selenographic longitude /::;.i\. q /::;. relative to the 

ascending node. The major effect of the lunar 
oblateness (the regression of the nodes) contri
butes the term 

drl R 2 
+ at dt = -540 J 2 (rs) cos iO dt (41) 

to the longitude of the sub satellite point. 

To summarize, the ground trace equations 
for circular orbits on a rotating moon, including 
the nodal regression, become 

"'« = sin -1 (sin iO sin (3) 

- 1 
Aa = AAN ± tan (cos io tan f3) + Wa dt 

R 2 
- 540 J 2 (r S ) cos iO dt 

( 42) 

where the positive sign applies for iO < 90°, the 

negative sign for iO > 90°, and tan- 1 (cos iO tan (3) = 0 

for iO = 90° , 

{3 = (3 + d{3 dt 
Odt 

i\.AN is the selenographic longitude of the 

ascending node. 

Equations (42 ) can be used for elliptic lunar 
orbits if 

(1) {3 is replaced by 

W + f = Wo + ~ dt + fO + g} dt (43) 

where ~ is the apsidal advance given 

by Eq (21) and the subscript zero denotes 
conditions at the time of the ascending 
nodal crossing of the satellite. 

(2) df . t b CIt 1S no constant, ut the true anomaly 

( 3) 

( 4) 

f must be expressed as a function of time 
through Kepler ' s equation. 

The angle w(f dt is a function of f, as 
drl 

well as the angle at dt. 

R 2 drl 
The factor (r-) in at must be replaced 

R 2 S 2 
by (p) , where p = a (1 - e ). 

C. ENTRY AND DEPARTURE MANEUVERS 
BETWEEN LUNAR ORBITS AND 

TRANSFER TRAJECTORIES 

The material in Section B described the effects 
of various forces on lunar orbits once they are 



established. In this section, the I:;. V requirements 
to establish lunar orbits from translunar trajec
tories and to inject into trans earth trajectories 
from lunar orbits will be discussed. The se 
maneuvers may be divided into three categories: 

(1) Velocity requirements assuming finite 
burning times and variable thrust-to 
weight ratios of the rocket engine . 

(2) Velocity requirements for circumlunar 
trajectories assuming an impulsive 
maneuver . 

(3) Velocity requirements for one-way 
trajectories (injection into lunar orbit 
from a trans lunar trajectory or in
jection from a lunar orbit into a trans 
earth trajectory) assuming an impulsive 
maneuver . 

Figure 6 presents the I:;. V requirements for entry 
into a circular lunar orbit at an altitude of 185 . 2 
km from a typical approach trajectory when finite 
burning times and vari able thrust-to -weight ratios 
are employed. These results were obtained by 
assuming that the entire maneuver was conducted 
in the trajectory plane, and that during rocket 
burning the thrust vector was parallel to the ve -
10city vector at all times . The effect of off 
nominal conditions as the entry maneuver was 
initiated is not included . 

Under these assumptions, the required change 
in velocity can be obtained from the rocket equa
tion : 

sin y dt . 
(44) 

where MO is the initial mass and Me the final 

mass of the space vehicle, tb is the burning time, 

y the flight path angle, g~ 0 the earth sea-level 

value and ga the local value of the acceleration 

due to gravity. The first term on the right is an 
expression of the conservation of linear momentum 
and depends on the propellant consumed. This 
term takes into account the thrust-to-weight ratio, 
T since t he specific impulse Isp is defined as: wO' 

T (45 ) 
W

f 

where W
f 

i s the propellant weight flow rate of the 

rocket engine . The second term takes into ac
count the gravitational effects during rocket burn
ing (change in fl i ght path angle and change in 
altitude). The increase in vehicle velocity due to 
the local lunar gravity (the second term in Eq (44)) 
must be counterbalanced by an increase in total 
impulse of the vehicle's rocket engines. From 
Fig. 6 it can be seen that as T / W 0 increases, the 

velocity requirement reaches a lower limit. It 
has been found that for practical lunar vehicles, 
the T/WO-ratios are large enough so that the 

differences between finite burning time and a 
velocity impulse maneuver (infinite thrust-to 
weight ratio and infinitesimal burning time) are 
very small. 
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A general idea of the impulsive velocity man
euver requirements can be gained from Fig. 7 
which presents a summary plot of these I:;. V re
quirements for circumlunar trajectories . The 
manuever is performed at the pericynthion point 
of a circumlunar trajectory, and the lunar vehicle 
enters a circular orbit at the pericynthion altitude. 
The I:;.V required to enter the circular orbit is the 
difference between the velocity of the vehicle on 
the trajectory at pericynthion and the circular 
lunar satellite velocity at the pericynthion altitude . 
The plot shows I:;.V as a function of hPL for a 

maximum, average, and minimum earth-moon 
distance REBa . Requirements for I:;. V depend on 

the translunar trajectory inclination, and a value 
of iVTL = 75° with respect to the MOP was selected 

as this represents a limit for lunar missions 
launched from Cape Canaveral. For a translunar 
trajectory close to the MOP , e . g . , 2°, the values 
of I:;. V of Fig . 7 are reduced by a n average of 33 
m / sec . A transearth inclination of iVTE = 60° 

with a direct north earth return was chosen to en
sure that the return would always be direct. Since 
the maximum inclination of the MOP to the earth 's 
equatorial plane is approximately 28 . 5° , this con
dition is satisfied. 

For a retrograde return, there is an in
crease in the required I:;. V . Data in Fig. 7 is 
based on circumlunar trajectories which were 
obtai ned by use of the voice technique (see 
Chapter IV). To obtain a more realistic model 
of the earth - moon system, computer runs were 
made utilizing a restricted three - body trajectory 
program, and the results for a circularizing ve
locity impulse were compared with those obtained 
from the Voice program. The following table 
presents a comparison of the two programs for 
various trajectory parameters . 

I:;. V Requirements for Lunar Orbit Entry 
(m/sec) 

Res tricted 
(6 V) restricted 3 -body 

Voice 3 - body - t::. V (Voice ) 

Rea '" 56 ER 

hPL :: 185 . 2 km 1034 . 024 1052 . 876 18 . 852 

'vTL = 7S' 

iVTE '" 34 . s· 

R .. , • S6 ER 

hPL • 185 . 2 km 986.842 1004.642 17.800 

'vTL • 7S' 

'VTE • 98 .1 ' 

R" I • S6 ER 

hPL ~ 185 . 2 km 954 . 6 19 912 . 098 11 . 419 

IVTL :: 75· 

i
VTE

:: - 178 , go 

R .. , • S6 ER 

hPL '" 185 . 2 km 953 . 947 97 1.4 27 17 . 480 

i
VTL

:: 2-

'vTE • l OS . 2' 

R .. I 
,. 64 ER 658 . 946 689,1 56 30 . 210 

hPL'" 5000 km 

'vTL • 60' 

'vTE • -I1 S. S' 



As the table indicates, the velocity impulses 
for the restricted three -body force model are higher 
because in the restricted three -body force model, 
the vehicle is always under the gravitational in
fluence of the moon, while in the Voice model, 
the vehicle is attracted by the moon only when it 
is within the lunar volume of influence . Thus. the 
vehicle velocity relative to the moon at peri cynthion 
will be higher for the former case . A better ap 
proximation for c:,. V can be obtained if the Jacobi 
integral calculation (Eq (7 6 ), Chapter III) is in
corporated in the Voice program . The values of 
c:,. V obtained by this method are higher than those 
from the integrated program but closer in magni
tude than those obtained from the Voice p rogram 
alone . Also, this method requires only a singl e 
additional computation whereas several trajec
tories must be calculated by numerical integra-
tion if the restricted three -body force model is 
used . 

One result of considering finite burning time 
effects rather than impulsive values of c:,. V is that 
hPL of the translunar trajectory will normally be 

2 to 4 km higher than the lunar orbital altitude, hO' 

For wT > 0 . 2, the gravity losses for this ma-
O 

neuver are negligibly small. 

For the case of one -way trajectories, i. e . , 
translunar -to -lunar orbit or lunar or bit-to-trans
earth (Chapter IX), the values of the required c:,. V 
vary over a larger range. since one set of con
straints (either at the earth or at the moon) is re 
moved. Figures 8 and 9 presen t the requirements 
for injection into a circular lunar orbit at an al 
titude of 185.2 km from a translunar traje ctory 
using an impulsive maneuver . These figures dif 
fer from Fig. 7 in that lunar orbits with particu 
lar inclinatioi1s im and descending nodes 8MTL 
are shown. while in the latter figure. these m is
sion constraints were not indicated. As will be 
discussed in Chapter IX, this data can be used 
equally well for injection from a lunar orbi t into 
a transearth trajectory by a slight change of no
tation. 

Figure 8 is for im = 2° . This low inclination 

of the orbit results in a lmost equatorial l unar or
bits with a maximum iO = 8 . 7° due to the lunar 

librations in latitude which amount to 6 . 7° . In 
addition, the trans lunar trajectory inclination 
iVTL is limited to a range of 30°, and 8MTL 
varies from 60° to 180°. However, these values 
shown in Fig. 8 can be extended due to symmetry 
about the MOP as discussed further in Section A 
of Chapter IX. The minimum c:,. V for orbit entry 
is c:,. V = 770 in. / sec. for a transfer t ime about 
twice the usual transfer time of 6 0 hr. 

In Fig. 9, im = 15°, and a wider range in all 

trajectory parameters is availabl e . The maximum 
iO is 21. 7° and iVTL as well as 8MTL is only re-

stricted by the desired flight time and the avail 
able c:,.V. 

Additional plots for higher values of im can 

also be obtained with corresponding increases in 
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the ranges of the lunar orbit and trajectory param
eters . 

The lunar orbit parameters referred to above 
(i

m 
and 8MTL ) are not defined directly with re -

spect to se l enographic coordinates , but rather 
with respect to coordinates referred to the MOP 
and the earth - moon line. Thus, to tie these or 
bits to ground traces on the lunar surface for a 
specific lunar mission date. a coordinate trans
formation must be made to obtain the seleno
graphic latitude and longitude . 

Figures 8 and 9 do not take into account the 
variation in the earth - moon distance or the varia
tion in velocity requirements for lunar orbits 
higher than 185 . 2 km. A correction of c:,. V = ±30 
m/sec must be made for distances other than the 
aver age earth - moon distance (60 ER). The higher 
the lunar orbit, the less c:,. V is required to enter 
it. For hO = 5500 km the saving may be as high 

as 275 m/ sec. 

D. LUNAR ORBIT DETERMINATION 
SCHEMES 

After a lunar vehicle (either manned or un 
manned) has been placed in a lunar orbit. some 
means must be provided to determine the ac
curacy of the actual orbit achieved. This deter
mination is important both for a reconnaissance 
mission and a lunar landing mission, since in both 
cases the location of certain lunar landmarks 
relative to the orbit plane is of the utmost im
portance . If the actual orbit differs much from 
the planned on e. some corrections must be ini
tiated in order to fulfill the mission objectives . 

Lunar orbit determination schemes are simi
lar for the manned and unmanned m issions in 
that they both employ a combination of earth
based tracking facilities, instruments located in 
the vehicle, and possibly beacons on the lunar 
surface . However. for manned lunar missions, 
the primary responsibility for orbit determina
tion will lie with the men in the space vehicle . 

For a manned lunar mission. the essential in
struments that will be required are the following: 

(1) Horizon scanner (utilizing Doppler radar ). 

(2) Radar altimeter . 

(3) Sextant. 

(4) Clock. 

A local vertical can be established with the 
horizon scanner. and thus measurements of the 
vehicle ' s orientation with respect to it can be 
made . By the use of the radar altimeter, an 
altitude -time history of the orbit is obtained. 
When the vehicle is over the lighted side of the 
moon, the horizon scanner and the sextant can be 
used in conjunction for angular readings between 
a star and a landmark on the moon. A similar 
measurement can be made between a star and the 



local vertical when the vehicle is over the unlighted 
side of the moon. The period of the lunar orbit 
can be calculated by measuring the occultation of 
a star by the moon with the aid of the clock. 

Since the orbital elements are not constants 
but will be continuously changing due to the 
triaxiality of the moon and the gravitational at
tractions of the earth and the sun, these readings 
by themselves will be useless . Therefore, some 
scheme for combining the individual instrument 
readings for de term ining the present and for pre 
dicting the future orbit of the space vehicle must 
be devised . One such method which will be de
scribed here is based upon a scheme used for 
midcourse guidance corrections . 

At an arbitrary epoch (e. g., time of injec-
tion into lunar orbit), the position and rotational 
orientation of the earth and moon relative to the 
stars will be determined precisely. The position 
and velocity of the vehicle relative to the seleno 
centric nonrotating coordinate system (x q , y ([ , 

Zq; \1' Y(f' Zq ) are assumed known at this time . 

Later several instrument readings uR (t) are 

taken. Using the assumed initial conditions and 
the equations of motion for a lunar orbit, the ve
hicle's position and velocity at the times of the 
readings are calculated. From these coordinates, 
it is possible to determine what the readings would 
have been (u (t» under these assumptions . The 

c 
differences between the actual and calculated 
readings are then found: 

(46 ) 

There will be a set of these equations for each of 
the time s that the readings are taken. 

This process is then repeated for each set of 
assumed initial conditions except for a chang~ in 
each one of them, e . g . , x ({ + ~x<l" Y ~' z ~ ; Xq, 

y(]" ~~, etc. The differences in the actual and 

calculated readings are then expressible in terms 
of changes in coordinates by: 

au. au. au. 
1 1 1 

~u. = ~~Xq + av.:- ~y. + -a - ~Zq 1 X<r Ya (]' zl[ 

au. au. au. 1 . 
+ -ai- ~y([ + iH.~ ~Z( (47) +~~X 

XII a yq 

where i denotes the i-th instrument reading. 
Utilizing a least squares technique which min -

imizes the differences L: (~ui ) ~ Eq (47 ) is 

solved for 6xa ' 6Ya ' 6z<I i; 6*([, 6Y(f , and 6Zq • 

Thus, a se t of initial conditions which when used 
with the equations of motion yield the best results 
consistent with the actual readings is obtained . 
These results might be improved by several re
finements - -using a more detailed set of equations 
of motion, including statistical and instrument 
errors in the calculations, and using a more re
fined smoothing technique which weighs each of 
the readings differently. 
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For an unmanned lunar mission, orbit deter
mination will be primarily based on data obtained 
by DSIF (Chapter VI) . This system will be able 
to obtain the orbital altitude by knowing the pre
cise location and dimensions of the moon. The 
orbital period will be calculated by adding the 
time the vehicle spends behind the moon to the 
time it is observed by the tracking facilities . 
Automatic equipment which might be included in 
an unmanned vehicle are a star tracker and a 
radar altimeter. These will give additional values 
of the orbital period and altitude . 
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VITI. DESCENT TO AND ASCENT FROM THE LUNAR SURFACE 

A. INTRODUCTION 

The landing of a space vehicle on the surface 
of the moon in general involves retro-rocket 
deceleration to significantly reduce a relative 
vehicle approach speed which is on the order of 
3 km / sec. The degree of reduction required and 
the techniques for achieving this velocity reduc
tion are different for high-speed hard landings 
than for soft-landing instrument carriers and 
manned vehicles . Two main classes of ascent 
and descent trajectories may be distinguished: 

(1) Direct ascent from the lunar surface 
into a transearth trajectory or direct 
descent from a translunar trajectory 
to the lunar surface. 

(2) Ascent to a lunar satellite orbit prior 
to entering a transearth trajectory, 
which will be referred to as indirect 
ascent, and descent from a lunar 
satellite orbit after entering the lunar 
orbit from a translunar trajectory, 
which will be referred to as indirect 
descent. 

Although the direct case is straightforward 
and requires little explanation, various approaches 
are possible for achieving indirect ascent or de
scent, and these approaches are worthy of note. 
In the direct case, of course, the entire space 
vehicle, which is called landing module (LM), 
together with any related modules, descends 
from the translunar trajectory by use of one or 
more rocket deceleration phases to the lunar 
surface. On the other hand, in the indirect case, 
the space vehicle, on nearing the moon, is in
jected into a lunar satellite orbit. After this 
orbit is adequately determined, the indirect 
descent may proceed in either of two ways: 

(1) The vehicle separates into two modules, 
one containing the propulsion system 
and return spacecraft for the return 
trip to earth and the other comprising 
a shuttle. The shuttle vehicle is a 
minimal vehicle which is capable of 
being landed on the lunar surface; it 
can be used as a base for explorations, 
and it can be launched for a rendezvous 
with the return space vehicle, which has 
in the meantime remained in lunar orbit. 

(2) The entire orbiting space vehicle, in
cluding propulsion systems and fuel 
supply for the return to earth descends 
to the preselected point on the lunar 
surface. The portion of the vehicle 
which descends to the surface of the 
moon is known as the landing module 
(LM). 

Both indirect approaches offer th~ advantages of 
greater flexibility in landing site selection and a 
longer period for final orbit determination. The 
shuttle approach offers the further advantage of 
smaller fuel requirements, since parts of the 
LM may be abandoned in lunar orbit, but it 

requires more complex space vehicle systems 
due to the rendezvous requirement after ascent. 

All data presented in this chapter is based on 
the assumption of a moon which is the only celestial 
body affecting the trajectory, which is symmetric in 
spherical layers and without an atmosphere. Thus 
all ballistic trajectories are Keplerian orbits. 
These assumptions are justified, since the short 
time spent during ascent and descent keeps the 
secular perturbations, which are neglected by 
making these assumptions, quite small. 

Specific areas considered in each class of lunar 
ascent and descent trajectory include propulsion 
system requirements, types of trajectories, abort 
capabilities, guidance laws and control system 
requirements. The lunar ascent and descent 
phase of an impact probe or lunar landing mission 
can be further classified into such subphases as 
descent braking, hovering and translation prior to 
landing, launch from the lunar surface, and rendez
vous (if required) with a lunar satellite vehicle. 
Each phase will be discussed separately. Mate
rial related to lunar ascent and descent is given 
as follows: Injection requirements for moon-to
earth transfer are noted in Chapter IX, trajectory 
computation for the principal moon-to-earth or 
earth-to-moon transfers is considered in Chapters 
IV and VI, and some aspects of deorbit require
ments are covered in Chapter VII. Keplerian 
orbit data is given in Chapter III of Ref. 1 in 
analytical and graphical form. 

B. DESCENT TO LUNAR SURFACE 

1. Direct Descent 

Impact velocities with which an unretarded 
landing module (LM) strikes the moon vary from 
about 2.5 km/sec to 3",2 km/sec for typical earth
to-moon transfers. Ttti!iJ:erminal velocity (or 
unretarded impact velocity) is plotted as a func
tion of transfer time in Fig. 1. Since the termi
nal velocity is equivalent to the velocity impulse 
required to stop the vehicle just before impact. 
it represents a lower bound on the velocity decre
ment required to decelerate and soft-land a vehicle 
with rocket burning. The actual deceleration or 
braking of the vehicle requires finite burning time 
and more fuel. Soft landings are characterized 
by impact velocities on the order of tens of meters 
per second. The degree by which the terminal 
velocity must be reduced by rocket braking de
pends on the nature of the mission. 

a. Terminal velocity requirements 

The greatest reduction in terminal velocity is 
required for manned vehicles. In this case im
pact should occur at less than about 5 m/ sec 
(without shock absorption) so that the maximum 
impact deceleration be less than 15 g $ o' For 

many instrument carriers, the soft landing re
quirement may be relaxed to several hundred g $O' 

resulting in a Simplification of the landing guid
ance and control system. These missions may 
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employ mechanical or fluid shock absorbers or 
gas -filled balloons to reduce decelerations, but 
retro-rockets will still be required. Reference 2 
estimates that a 200 newton payload, if slowed by 
retro-rocket to an impact speed of about 100 m/ sec, 
could be landed by a collapsing balloon system with 
deceleration of 200 g $O' References (3) and (4) 

consider stresses and penetrations with hard 
landings. Instrument packages may be mounted 
on top of high strength penetration spikes to avoid 
toppling and damage. Figure 2 shows the penetra 
tion of a rock surface material by a cylindrical 
body with a conical nose . The empirical Petry 
formula has been used to obtain the penetration 
depths plotted in Fig. 2: 

where 

w P = K--..- f (V.) 
D6 1 

(1) 

P = maximum penetration depth 

K a constant varying with material 
and projectile shape 

W = weight of projectile 

D diameter of projectile 

f (V i ) a function of impact velocity 

The maximum resistive pressure associated with 
this penetration is plotted in Fig. 3. This pres
sure is independent of projectile weight . Both 
figures employ the compressive strength of the 
rock as a parameter, thus avoiding a specifica-
tion of the type of lunar surface . Although opin
ions still differ as to the nature of the lunar sur
face, the primary surface material is rather thought 
to consist of porous rock than a thick dust layer 
(R ef. 5) . At any rate, even for lunar probes, 
impact speeds should be reduced by retro-rockets 
to at least 100 m / s ec for most payloads . 

b. Braking technique 

Direct descent braking is, then, a matter of 
reducing impact velocity from about 3 km/ sec to 
less than 100 m/sec. The braking could be done 
most economically by applying maximum thrust 
over a minimum burning time in order to reach 
zero velocity just at the lunar surface. In the 
limiting case, the most efficient braking tech
nique would apply, just before impact , an im 
pulse equal in magnitude to the impact veloc ity . 
Of course, optimization based on the sole cri
terion of fuel economy results in a system re
quiring tolerance to high decelerations and 
stringent guidance and control system perform 
ance . Design of the lunar landing system must 
be based on a compromise between fuel economy 
on one hand and low decelerations and a s imple 
guidance system on the other hand. 

A braking technique for direct descent which 
achieves such a compromise might have the fol
lowing qualitative characteristics: In the initial 
phase of the approach, which comprises the 
principal part of the landing trajectory, a high 
constant-thrust stage is employed to reduce 
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approach velocity significantly. During this phase 
only very crude gUidance will be required. (The 
midcourse translunar guidance must achieve 
accuracies of the order of a few m/ sec to assure 
impact, and errors of this order in the early 
braking phase can be tolerated .) A second phase, 
in which a variable thrust engine relying on ac
curate local velocity, altitude, and attitude sen
sors cancels the remaining velocity, must be 
initiated at a sufficiently high altitude to provide 
time to eliminate trajectory errors before touch
down. In manned missions this phase will prob
ably terminate in a period of hovering and trans
lation. Fuel economy of the vernier rocket is 
improved with increased throttleability, or range 
of thrust at which the engine can operate. The 
initial phase of constant-thrust burning could be 
accomplished in several periods of burning sep
arated by a ballistic trajectory, although some 
means of attitude control is required at all times, 
The use of several periods of burning appears to 
relax certain gUidance system requirements, but 
involves a more complicated propulsion system. 

c. Direct descent trajectory analysis 

All braking techniques considered for the 
descent phase must be evaluated in terms of fuel 
requirements, decelerations, complexity of the 
guidance scheme and similar parameters which 
can be obtained from the trajectory of the vehicle. 
The following sketch shows some typical ballistic 
lunar impact trajectories (i. e ., those with no 
rocket braking in the vicinity of the moon) in the 
MOP which were obtained by use of the restricted 
three-body force model: 

All strike the moon on the ascending arm; they 
leave earth direct, and the difference in injection 
velocity near earth between the outer trajectories 
on the sketch is approximately 25 m / sec. 

In analyzing descent trajectories with r ocket 
braking, or trajectories in general, analytic 
solutions are useful and desirable in that they 
show trends and provide a check on subsequent, 
mor e accurate, numerical solutions . On the 
other hand, these analytic trajectories may be 
unrealistic due to the restrictive assumptions 
that had to be made . The following assumptions 
underlie the simplest physical model which can 



be used for analytical di rect descent trajectories: 

(1) The descent is vertical to the surface 
of the moon. 

(2) The moon is homogeneous in spherical 
layers. 

(3) The lunar gravitational acceleration is 
constant during the braking phase . 

(4) Drag forces are neglected. 

(5) The mass flow rate and exhaust velocity 
of the braking rocket are constant. 

(6) The vehicle is a point mass and its 
attitude does not influence the trajectory; 
the attitude is only important in the cor
rect aiming of the rocket engine . 

The first assumption is justified for preliminary 
analysis since some typical direct descent tra 
jectories approach the moon vertically, or nearly 
vertically, as can be seen from the preceding 
sketch. In addition, data generated from the 
vertical trajectory analysis is useful in describ
ing off-vertical trajectories as long as thrust and 
vehicle velocity are colinear. The second assump
tion is quite reasonable, as can be seen from the 
lunar data in Section A of Chapter II, and it allows 
the treatment of all vertical trajectories as simi
lar, regardless of the landing site location. Ac
tually the first assumption implies the second. 
Concerning the third assumption, no serious 
inaccuracies result in the data if average values 
of gravitational acceleration are taken in each 
braking phase, especially when the altitude range 
during one braking phase is small compared to 
the lunar radius. As sumption ( 4) is certainly 
valid since the lunar atmospheric density at the 

-12 surface is probably less than 10 of the sea 
level density of the earth's atmosphere. Assump
tions ( 5) and (6) are the usual ones for a pre
liminary trajectory analysis. Furthermore, 
descent trajectories are usually so close to the 
primary body (in this case the moon) and of such 
a short duration that the gravitational attraction 
of other celestial bodies may be neglected. 

With the foregoing assumptions, the equation 
of motion for vertical descent to the lunar surface 
with rocket burning becomes: 

where 

dM 
-at (2) 

M = mass of the vehicle, M = MO :. Mt, 

M is a positive constant, MO the 
initial mass. 

h = altitude of the vehicle above the 
lunar surface 

t = time 

Vex = effective exhaust velocity of retro
rocket (assumed constant) 

VIlI- 3 

= average gravitational acceleration 
during braking 

Successive integration of Eq (1 ) and evaluation 
of the boundary conditions, 

t = 0: h = hO' V = V 0 

gives equations for the velocity and altitude after 
any given braking phase, which can be expressed 
in the form: 

(3) 

2 
Vex 1 ( h = h + -- -- (l - r,) In (1 - 0 

1 0 gE!)O (~ 

where 

Vex 

T 
Wo 

o 

= vehicle speed (positive downward) 
at retro-rocket ignition 

( 4) 

altitude above the lunar surface at 
retro-rocket ignition 

effective exhaust velocity of the 
retro-rocket (assumed constant) 

mass ratio of retro-rocket 

initial thrust-to-weight ratio using 
sea level weight at earth 

earth sea level weight 

g~ 0 = acceleration of gravity at the surface 
of the earth 

= average acceleration of lunar gravity 
over the altitude range during braking 

Less accurately, the value of gravity at the lunar 
surface, g ({ 0 will be used instead of g, in sub-

sequent calculations and figures on vertical de
scent. For the case of one burning phase leading 
to a soft landing with zero relative velocity to the 
surface the end conditions are 

t = tb: h = hI = 0, V = VI = 0 

and, for this special case, Eqs (3) and (4) reduce 
respectively to: 
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ex ge 0 
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1 gq 0 1;,2 
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V 

The nondimensional veloc ity parameter ~ , 
ex 

and the nondimensional altitude parameter, 

(5) 

(6) 

hogeo ---=----;'Zr- , are plotted in Figs. 4 and 5 as functions 
V ex 
of mass ratio ~ and initial thrust-to-weight ratio 

.::-:-. If Eq (5) is solved for thrust-to-weight 
o 

ratio, and the result substituted in Eq (6), the 
nondimens ional altitude parameter is related to 
mass ratio and nondimensional velocity param
eter as follows: 

V ex 

Since 
+ (i -}) In (1 - OJ (7) 

Equation (5) can be used to relate burning time to 
mass ratio and velocity at retro-rocket ignition 
and define a nondimensional burning time param-

g« 0 \ 
eter V by the equation: 

ex 

gil 0 tb [V 0 l 
Vex = - Vex + In (1 - 1;, ~ 

Equation (7) is plotted in Fig. 6, and Eq (8) is 
plotted in Fig. 7 . 

(8) 

Error relationships for vertical descent may 
be evolved by taking differentials of Eq (3) and 
(4), where g« has been replaced by g <r o· The 

results are as follows: 
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tb J dVex dh O + V + V-ex ex 

+ 1 
(hO - hI + t 2 g H) d (J-..1 

( T ) b -Z- Wo 
Wo 
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where tb 
Vex 1;, 

For the case of a single rocket braking period 
to a soft landing with zero velocity, nominal values 
are VI = 0 and hI = O. Then 

dV l d V 0 -
Vo 

dV +V [- I 
V- ex ex ~ ex 

g~o 

( ~) ] + -- d~ 
geo 

Wo 

- V 
gQO 1;, d (~ ex geo 

( T) 
2 0 

wo- (11 ) 

dh1 dh O + ( -
2 hO 

+ 
Vo 

tb ) dV V- V-ex ex ex 

(12) 

De Fries (Ref. 6) derives results corresponding 
to Eq (11) for the case of n thrust on - off periods, 
i . e., n periods of constant thrust followed by 
periods of ballistic flight. The assumptions are 
the same as in the single-stage case. The value 
of the acceleration due to lunar gravity for the 
j-th powered phase is the constant value g . at a J 
the time of rocket cutoff, while it is assumed 
variable during the ballistic flight phases . The 
error due to this assumption can be accounted 
for by including lunar gravity as an independent 
error source in the analysis . The results are 
reproduced here for convenience, and the nota
tion is illustrated in the following sketch. 



initial altitude of the 
j -th powered phase 

final altitude of the 
j -th powered phase 

initial velOcity of the 

(j + l)th powered 
phase 

final velOCity of the 
j -th powered phase 

-v In (1 - ~ t) 
ex \ 

equivalent velocity 
increment of the 
j-th powered phase 

The error analysis is made by using a Taylor 
series expansion of the touchdown velocity (the 
velocity at the end of the n-th coasting period. 
which may be regarded as the initial velocity of 

a fictitious (n + 1)th powered phase and is denoted 
by Vn + 1,0) involving only first-order terms. 

v + 1 0 (h· O + 6.h· O' 6.V. + 6. (6.V .), T. 
n, J J J J J 

+6.Tj , gQj+6.gaj' V10 +6.V10 ) 
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j = 1 J 
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where the partial derivatives are given as follows: 
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(n - j - 1 = 0) 

m = 1, 2, ... , (n - j - 1) 
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11 denotes the product over m 

Mon is the initial mass of the space vehicle 

at the n-th powered phase 

The derivatives can be evaluated from Eqs (3) 
and (4), which are the solutions to the vertical 
descent equation of motion, with the subscript j 
denoting the j -th phase of rocket burning. 

V. 0 + g A' 

MO'V ( J ex 1 
T. e 

~) ex _ 6V. 
J, u J 

J 

-~ MO'V V J ex 
j, 0 T. 

( 
6V. ) 

1 - e ex 

J 

2 
MOj Vex 

+ T. 
J 

~l 
_ J 6V.] 6Vj e ~ 

V-
ex 

6V.) __ J 

Vex 
- e 

~) ex 

2 

V. +1 0 J , (15) 

where MOj is the initial mass of the vehicle at 

the j -th burning phase. 

A complication is introduced when the as
sumption of vertical descent is dropped since the 
analytic solutions for descent trajectories com
prised by Eqs (3) and (4 ), or (5) and (6), apply 
only for vertical descent . The accurate solution 
for nonvertical trajectories involves a numerical 
approach, since the equations of motion are not 
integrable in closed form. However, the vertical 
descent solutions are useful, rather than good, 
approximations for description of nonvertical 
trajectories when altitude and velocity in the 
vertical case are interpreted as range and range 
rate. Accuracy of the approximation is increased 
if the thrust and vehicle velocity vectors are co
linear during the braking phases of descent, so 
that the trajectory is almost a straight line until 

J 

the very final, l ow -velocity phase, when the 
trajectory curves over to the local vertical on the 
moon. The sketch on page VIII-2 shows that bal
listic trajectories approach the moon almost on a 
straight line, since the maximum curvature of the 
hyperbolic selenocentric approach trajectory is near 
pericynthion, which is below the lunar surface for 
impact trajectories. 
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The next step in the calculation of descent 
trajectories would be the numerical solution of a 
general two-dimensional descent trajectory. The 
physical model implies that any phases of rocket 
burning take place in a trajectory plane which at 
the same time contains the center of the moon; 
its trace on the lunar surface is a great circle, 
and this model is compatible with the spherical 
moon assumption. The standard inverse -square 
variation of g(!. with vehicle distance from the 

center of the moon is assumed in two-dimensional 
trajectories, thus retaining only assumptions (2), 
(4), (5) and (6) of the ones listed on pages VIII-2 and 
-3 for the physical model underlying two - dimensional 
descent trajectory calculations. 

Consider two coordinate systems in the trajec
tory plane . One is a selenocentric system which 
is regarded as inertial and has its origin at the 
center of the moon, the y t axis directed toward 

the northernmost point of the trajectory plane 
and the x t axis toward the ascending node in the 

lunar equatorial plane. The second coordinate 
system is a local one similar to the topocentric 
system, but with origin at the instantaneous sub
vehicle point and the y p. -axis directed toward the 

vehicle. Both coordinate systems, the unit 

vectors {J., !i, and the forces acting on the vehicle 
are illustrated in the following sketch (positive 
values for all quantities are shown): 

-' 
V 

In inertial coordinates, the vector equation 
of motion is 

where 

M 

(16 ) 

instantaneous vehicle 
mass 



-\ 

T 

V ex 

constant vehicle initial mass (prior 
to rocket burning) 

rocket thrust 

effective exhaust velocity 

\ time of rocket burning 

vehicle radius vector 

The digital computer usually integrates the scalar 
equations of motion, which will be obtained next. 
The components of the forces tangential and nor
mal to the fl~ht path (which is along the unit 

1\ 

vector 'T 

sketch. 

F 
'T 

where 

6 

Y 

v - \I)' can be obtained from the preceding 

T cos (6 - y) - Mgq sin Y 

T sin (6 - Y) - Mga cos Y 
(17) 

thrust attitude angle (the angle between 
local horizontal or x£ -axis and the thrust 
direction) 

flight path angle (the angle between the 
local horizontal or x£ -axis and the velocity 
vector). 

If these force components are further resolved 
into the x t and Yt directions, one can write the 

scalar equations of motion 

cos Yt [~cos (6 

- sin Yt [it sin (6 

- Y) - gq sin ~ 

Y) - gq cos yJ (18) 

Yt sin Yt [it cos (6 - Y) - gq sin yJ 

where 

+ cos Yt [~ sin (6 - y) - g( cos YJ (1 9) 

inertial flight path angle (for angle 
between the xt - axis and the velocity 
vector) 

Y - ~ 

These diff.erential equations are integrated to 
solve for x

t 
and Yt , which in turn are integrated 

to solve for x
t 

and Yt. The following auxiliary 

definitions are of interes1; and they are usually 
computed for each trajectory printout interval. 

v 

r 

( 2 . 2 
x t + Yt 

I xt 
2 

+ Yt 
2 

the selenocentric (inertial) 
velocity of the vehicle 

the distance of the vehicle 
from the center of the moon 

Y £ == h = r - Ra , where Rq is the radius of the 

spherical moon 

l(Xt ) tan - Yt 

Y 

In some cases it is convenient to write the 
component equations of motion tangential and 
normal to the instantaneous flight path . If we 

-\ 

define a unit vector ~ = ~ tangential to the 
1\ 

flight path and define a unit vector 0' normal to 
{he flight path, the velocity is by definition 

~ == 'V = V~, and the acceleration is given by 

• 1\ " 
= V'T + V'T ." V'T 

Thus the tangential and normal scalar equations 
of motion become 

v = F'T' VY t = - F 0' ' (20) 

where F'T and F 0' are given by Eqs (17). 

Once the range of possible trajectory param
eters for the direct descent trajectory has been 
narrowed down, and the landing area has been 
selected, some typical precision trajectories 
should be calculated. The vehicle can now move 
in three dimensions, and the most accurate values 
are used for the physical constants. This would 
result in lifting the assumption of a moon homo
geneous in spherical layers, but using a moon 
homogeneous in ellipsoidal shells. The buildup 
and tailoff of rocket thrust in a given burning 
period can also be simulated, and any lateral 
maneuvering which can reduce the hovering and 
translational requirements on the LM can be 
introduced into the computer simulation. 

The equations of motion in selenocentric lunar 
equatorial coordinates xa Y4 z~ (assumed inertial 

for this case), including the triaxially ellipsoidal 
shape of the moon, are given in Chapter VII. 

T T 
Thrust accelerations add terms -M-' -n-' 
T 
~ to the equation of motion in the Xq , yq , and 

z (] directions, respectively. The transformations 

of T , T , T to components T , T , T , which x Y z u v w 
are in a coordinate system xv' Yv' zv' are given 

in Chapter IV - B- 4 e (the only change in the trans
formation equations is a formal change of the 6)

symbol to the (- symbol). This coordinate 
system has its origin at the center of gravity of the 
vehicle, the Zv -axis in the direction of the radius 

vector, the x -axis in the general direction of 
v 

motion in the trajectory plane but perpendicular 
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to zv' and the y v -axis perpendicular to the trajec

tory plane to complete the right-hand Cartesian 
coordinate system. 

d. Trajectory optimization 

The previous subsection described the physical 
models and the corre sponding equations of motion -
the tools of the trajectory analyst. In order to 
obtain a particular solution to the equations of 
motion, or a trajectory, further information is 
needed, for example: the initial conditions for 
descent (position, velocity, vehicle mass) must 
be obtained from translunar trajectories, the 
characteristics of the rocket engine and the fuel 
must be specified, and the important question, 
"How should the space vehicle be steered, or , what 
is the variation of thrust attitude angle e with 
time during rocket burning?" must be answered. 
Since there are an infinite number of possible 
trajectories between the initial position and 
velocity for a direct descent and the final lunar 
landing site position and touchdown velocity, the 
number of trajectories analyzed must be reduced 
drastically. This leads naturally to a problem of 
trajectory optimization: what trajectory maxi
mizes or minimizes some criterion of performance 
Q, where Q might be the fuel expended during 
descent, payload on the lunar surface, cost, etc.? 
Of course, the lunar descent phase must be in
tegrated with the other trajectory phases of the 
particular lunar mission. 

Optimization problems may be classified into 
two categories: 

(1) Pure trajectory problems, where all 
vehicle and rocket engine characteristics, 
such as initial weight, thrust, etc., are 
specified and the trajectory that optimizes 
some aspect of performance is sought . 

(2) Space vehicle design problems, where the 
mission is specified, and payload weight, 
landing site location, rocket engine and 
fuel characteristics or similar parameters 
are sought. 

Various trajectory optimization schemes, 
primarily based on the calculus of variations, the 
method of steepest descent, Pontryaginl s maxi
mum principle or dynamic programming hav e 
appeared in the literature. A general approach 
will be outlined in Subsection B-2e and applied to 
the case of descent from lunar orbit . Although 
this approach could also be used in analysiS of 
direct descent, the discussion of this optimization 
scheme will be deferred until later, and only re
sults of two simpler approaches, one a space ve
hicle design problem and the other a trajectory 
problem, will be given here for nominally vertical 
trajectories. 

Reference 7 treats a space vehicle design 
problem . In it are treated the optimum thrust-

to-mass ratios fO = ~ for the simple, vertical 
o 

descent with one burning phase to a soft landing 
at zero touchdown velocity under the assumption 
of constant thrust and constant gravity (the 
trajectory of Eqs (5) and (6». A further assump-
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tion is that the total mass of the propulsion sys
tem ~ (mass of tanks, thrust chamber, propel-

lant reserves, plumbing, etc.), can be expressed 
by the linear form 

(21 ) 

where 

Mf total propellant mass 

A fixed propulsion system mass, i. e. , 
the mass that does not vary with engine 
size 

B, C are constants of proportionality, where 

B = ratio of the propulsion system mass that 
depends on Mf (or the propellant scalable 

system mass) to Mp 

C ratio of the propulsion system mass that 
depends on T (or the thrust scalable 
system mass ) to Mp 

T = thrust. 

The constants A, Band C are rocket engine 
design parameters. Figure 8 gives the optimum 
in terms of a nondimensional impact velocity 

V. 
parameter r' where Vi is the ballistic lunar 

ex 
impact velocity given in Fig. 1 as a function of 
transit time, and in terms of the nondimensional 
propulsion system parameter [( g" OC) /(l + B)]. 

The region of the parameter gI70C/(1 + B)for 

liquid propulsion systems is shaded in Fig. 8 . 
The parameter C is smaller for solid rockets than 
for liquid systems because the solid rocket sys
tem mass is largely dependent upon the propellant 
mass and not too dependent upon thrust level. 
Therefore , payload acceleration tolerances would 
generally be exceeded if the optimum thrust for 
solid rockets were chosen. Figure 9, also from 
Ref. 7, shows the penalty in payload weight resulting 
from braking at other than optimum thrust level. 
For typical impact velocities, the payload is not 
too sensitive to changes in thrust -to-weight ratio. 

Reference 8 outlines an optimization procedure 
for a trajectory problem based on a two-engine 
braking system. The basic braking technique to 
be optimized is chosen for SimpliCity and relia
bility as follows. A high constant -thrust, solid
propellant engine provides the major portion of 
the braking. After main retro-rocket burnout a 
variable-thrust, liquid-propellant engine reduces 
the remaining velocity before impact and corrects 
for dispersions in altitude and velocity at burnout 
of the solid engine: The nominal program of this 
vernier engine involves a descent at minimum 
thrust until sensors reveal a velocity -altitude 
combination which permits soft landing by maxi
mum vernier thrust operation for the remainder 
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of flight. Based on this preliminarily defined 
braking technique, the optimization is then con
cerned with apportionment of velocity reduction 
between the two engines such that total braking 
system weight is minimized. The technique is 
indicated first in the case of vertical descent and 
then extended to off -vertical approache s. The 
numerical optimization procedure is illustrated 
in the following sketch and may be outlined as 
follows: 

(1) From given main engine terminal con
ditions and engine characteri stics, a 
dispersion ellipsoid in the h, V, 'I space 
is established. 

(2) The computer then iterates to find the 
point of tangency of this ellipsoid and a 
surface of constant vernier fuel. This 
point represents the maximu m vernier 
fuel required for the chosen nominal 
burnout point. 

(3) From the vernier fuel mass corre
sponding to the tangent surface, the 
total engine weight (vernier weight plus 
main engine weight) is computed . 

(4) Curves of main engine weight and vernier 
weight as functions of nominal main 
engine terminal velocity are generated 
by repeated computer r uns. The opti
mum terminal velocity is then the one 
corresponding to the min imum sum of 
vernier and main engine weight. 

Constant hl 
I ncreaai g -!1-- vernier 
.,erni er. fue l - f ue l loci 

1
::- -~ -

/ ,/ /-- - - ..... 
/ ./ '" -..... 

Main engi ne 
trajec t ory 

/ ..,---
/ ./ ,/ 

/ / 

/,/ 
./ 

MaxilllWII vernier 
thrust tra jectory 

ini lllulII vernier thrust 
V tra j ectory 

e. Guidance laws for direct descent soft 
landings 

From the trajectory analysis and optimization 
phase of the design, one or several trajectories 
will have been selected for the proposed direct 
descent to the lunar surface. But how will the 
vehicle stay on the desired trajectory? The 

guidance, which is concerned with obtaining the 
input information required for the desired tra
jectory, such as altitude and velocity, and the 
guidance laws, which are used to control the 
vehicle so that it stays near the desired trajectory, 
for direct descent trajectories form the subject 
of the present subsection. 

A multitude of guidance laws have been studied 
in connection with the lunar landing mission. How
ever , only a few laws can be considered here in 
any detail. It is instructive to consider first a 
few simple guidance laws which can be used in 
connection with nominally vertical descent, the 
case for which analytic approximate solutions 
have been derived . These guidance laws for 
vertical descent will be considered in this section; 
a guidance law applicable to nonvertical traiectories 
will be analyzed in detail in Section B-2d (dis
cussing indirect descent) since typical trajectories 
for ascent to or descent from a lunar satellite 
orbit deviate further from the vertical than do 
typical direct ascent and descent trajectories. 

In the case of direct descent, guidance in the 
early phases of descent may be relatively simple. 
The system may consist of altimeter and horizon 
sensor, and a constant-thrust rocket engine. 

Velocity need not be measured during initial 
braking, first because the velocity would have to 
be controlled by midcourse guidance to a few 
m I sec to avoid missing the moon completely and, 
secondly, because accurate velocity determina
tion might be difficult at high altitude. In the final 
braking phase more refined guidance will be 
required to eliminate trajectory errors before 
touchdown. The altimeter must be supplemented 
by a Doppler system in the vehicle so that both 
a ltitude and velocity may be monitored. For this 
final phase a variable thrust engine will be re
quired to implement the guidance commands. 

Reference 9 considers several guidance laws 
for use in nominally vertical descent: 

(1) Vertical channel 

or 

a c 

where 

h 
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. 2 . 2 
1 h - h f 
~ h - h

f 
+ ga 

. 2J 1/2} + h
f 

command acceleration 

instantaneous downward velOCity 

desired final downward velocity 

instantaneous altitude 

desired final altitude 

(22) 

(23 ) 

_J 



= nominal acceleration 

K(t) = programmed gain factor 

(2 ) Horizontal channel 

V V 
- f(t) w - k w 

w V-vc r
t u 

= f (t) 
V v 

= k 
Vv 

w v wc r t u 
where 

w = command pitch rate vc 

wwc = command yaw rate 

V u = velocity component along roll (thrust) 
axis 

V v = velocity component along pitch axis 

Vw = velocity component along yaw axis 

k = gain constant 

= slant range along thrust axis to lunar 
surface 

(24) 

(25 ) 

Next, these gUidance laws will be discussed. By 
means of Eq (22), when a deviation from the nomi
nal trajectory is sensed, the thrust is controlled 
to produce a new constant acceleration trajectory 
which terminates with the required final velocity 
and altitude. That is, this guidance law is ex
plicit; it does not depend upon storage of the com
plete nominal trajectory . The law doe s not force 
the vehicle to fly the no~inal trajectory but simply 
steers for the desired final values. It may be ob
tained by integration of the equation of motion 
during vertical descent, under the assumption 

that ~ and gq are constant: 

F :; M (f - g ~ ) Mh (26 ) 

. where 

f = ~ is the constant acceleration due to thrust. 

From the conservation of energy 

S F dh = change in kinetic energy 

or 

(27) 

which becomes 

(28) 

after integration over the indicated interval. 
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The guidance law of Eq (23) is an example of 
an implicit guidance law; that is, the vehicle 
follows a nominal trajectory in the guidance 
phase. A deviation of the actual velocity h from 
the desired instantaneous velocity, 

(29) 

generates a command correction to the nominal 
acceleration. This law forces the vehicle to 
fo llow the nominal trajectory. 

In the absence of errors, both laws would 
produce identical trajectories . However, Cheng and 
Pfeffer (Ref . 9) find that the closer adherence to the 
nominal trajectory resulting from use of Eq (23) re
sults in less variation in acceleration. When the LM 
attitude is nearly vertical, the altitude h and altitude 
rate h may be replaced by slant range r t and velocity 

along the thrust axis V u' respectively, in Eqs (22) and 

(23), so that the raw data need not be transformed. 

Equations (24) and (25) form a proportional 
rate guidance law for horizontal maneuvers. The 
angle between the velocity vector and the thrust 
vector is used to generate angular command rates 
wvc and wwc' The thrust and velocity are not forced 

to be colinear throughout flight as in the case of 
a gravity turn trajectory (Subsection C-2b), but 
this situation is gradually achieved by touchdown 
time. 

2. Indirect Descent (descent from lunar orbit) 

The direct descent method for achieving a hard 
or soft landing will probably only be used for in
strument carriers, since any failure in the rocket 
braking system wo uld result in a lunar impact 
speed of about 3 km/sec for the space vehicle. In 
contrast, the most commonly used descent tech
nique for manr;ed and even some unmanned ve
hicles will probably use an approach or circum
lunar trajectory for the translunar portion of the 
flight. Of these two trajectories the latter 
would be preferable, since any failure in the 
rocket braking system would allow a ballistic 
return of the vehicle to the vicinity of the earth. 
Lunar descent from the approach and cir
cumlunar trajectory is performed in two 
stages--a braking from the translunar trajectory, 



which is a hyperbolic trajectory around the moon, 
to circular or elliptic lunar orbits and subse
quently a descent from this orbit to the lunar 
surface by the entire landing module (LM). 
This approach allows maximum flexibility in 
choice of landing site, since with a lateral 
maneuver during or subsequent to the braking 
into lunar orbit , any orbital inclination can be 
obtained. Furthermore, with additional fuel 
consumption, the indirect descent technique al
lows more time for observations and corrections 
before landing, However, the technique is more 
complex than direct descent from a translunar 
trajectory. 

a. Descent technique 

Descent from a lunar satellite orbit to a soft 
landing on the lunar surface will probably involve 
the following routine, although other techniques 
are possible: 

/ 

(1) In the shuttle concept, after separation 

(2) 

(3 ) 

(4) 

from the orbiting vehicle, the shuttle 
vehicle exper iences a retrothrust during 
what will be termed the deorbit phase of 
descent. Of course, this technique is 
not restricted to the shuttle case but can 
be applied to an indire_ct descent of the 
entire vehicle . The deorbit maneuver re 
quires a velocity impulse of b. V'" 100 m/ sec. 

Coast 

Hovering 
and 

translation 

Following deorbit the (LM) coasts ~n a ~al 
listic elliphcal trajectory to an a lhtude 
of perhaps 20 or 30 km. 

A final braking phase reduces the LM 
velocity to less than 50 m/ sec by the 
time the vehicle has descended to an altitude 
of a few hundred meters . 

During the terminal braking phase, 
lateral velocity is reduced to zero and 
the thrust vector is pitched over into a 
vertical or hovering attitude . 

(5) During the final phase of descent, the 
vehicle is capable of hovering and trans
lation. This capability is discussed in 
Section D below. 

Since descent from orbit, or indirect descent, 
necessarily involves curved, nonvertical tra
jectorie s, the analytic trajectory solutions pos
sible for vertical direct descent (Section B-1 c) 
are useful as approximations no longer. All 
indirect descent trajectories must be computed 
by numerical integration of the equations of 
motion. (Section B-1c includes various simple 
forms of the equations to be integrated.) Also, 
guidance law for indirect descent must be more 
general, and therefore more complicated, since 
these laws 'cannot rely on approximations which as
sume small angles between the thrust vector and the 
local vertical. On the other hand, many ap
proaches which will be applied to analysis of in
direct descent are obviously applicable in the 
cases of direct descent which deviate considerably 
from vertical. 

b. Indirect descent trajectories 

Various factors prevent a general analysis 
of descent trajectories. The number of param
eters involved is very large (orbit altitude, de-
scent range, individual propulsion system specifi
cations, vehicl~ weight, to mention a few) . . Even 
after a descent technique such as the one dIscussed 
in the previous subsection has been chosen for a 
given mission, trajectories will differ somewhat, 
depending on the choice of guidance law or pitch 
program. Therefore, generality must be sacrificed, 
and trajectories will be presented for a particular 
hypothetical miSSion, a particular vehicle, and 
for limited ranges of trajectory variables. 

The particular case investigated is descent 
from a circular orbit of 185. 2-km altitude. 
Various trajectories were computed with a two
dimensional point-mass trajectory program and 
plotted in Figs . 10 through 14 for parameters 
given in the f9llowing table. Nominally constant 
pitch rates (8t = const) were used in generating 

these trajectories. 

Sample Braking Trajectories 

Specific 
Descent Range , Initial T erminal Impulse 

F igure T t d Altitude. ho Altit ude. h f Is p 
No. WQ (d"A) {km-1 {km-1 (sec) 

10 0 .45 90 18.29 0 .304 309 

11 0. 45 180 18.29 0 . 304 309 

12 0. 4 5 Sync hronous* 95 18 . 29 0. 304 309 

13 0.45 Sync hronous 95 12. 19 0.304 309 

14 0. 45 Synchronous- 95 27. 43 0. 304 309 

*SynChronous . or e qua l pe n od, descent 15 dlsc1lssed m Section D 
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The ordinates for these figures give altitude 
in km (left-hand ordinate) and the corresponding 
tiIne from braking ignition (right-hand ordinate). 
Time increments are also indicated along each 
curve by data points. For a given altitude or 
time the four curves on each figure determine 
the vehicle velocity magnitude, V; the local flight 
path angle, y; the range from braking rocket 
ignition, and the pitch angle with respect to in
ertial coordinates , 9, on the appropriate abscissa 
scales. t 

c. Braking requirements 

Figures 15, 16 and 17 summarize a para
metric computer analysis of propulsion system 
requirements for descent from orbit and, in 
particular, for the braking phase. All of the se 
figures relate to descent from a 185. 2-km cir
cular orbit , for which the braking phase tra
jectories of Figs. 10 through 14 are typical. 

Figure 15 shows a typical complete descent 
trajectory. Figure 16 shows the characteristic 
velocity, /:;.V == -Vex In (1 - 0, required during 

the braking phase as a function of initial thrust
to-weight ratio for several descent range angles. 

Whereas the ~d = 90 0 and ~d = 1800 descents are 

initially tangent to the lunar satellite orbit, the 
synchronous descent (involving a coast phase of 
the same orbital period as the lunar satellite 
orbit) begins with a nontangential deorbit. This 
factor explains the greater economy of the ~d = 
900 and ~d = 1800 cases as shown in Fig. 16. 

Figure 17 shows the same functional relationship, 
velocity decrement required versus initial thrust
to-weight ratio, for various initial braking alti
tudes for a synchronous descent. One curve for 
a higher value of specific impulse is also included 
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for comparison. Figure 18 is a plot of the same 
variables as Figs. 16 and 17, except that Fig. 18 
includes the deorbit phase requirements in addi
tion to those for the braking phase. The forms 
of these curves indicate the existence of an opti
mum thrust level for each set of nominal system 
and orbit parameters from the flight mechanics 
point of view. 

d. Guidance law for indirect descent braking 

Just as there is an optimum thrust magnitude, 
there is also an optimum direction,and the guid
ance and control system must keep the vehicle 
reasonably c lose to this optimum for descent. 
The control law (or guidance law) for descent 
from lunar orbit should be as flexible, efficient, 
as simple as possible, and should permit man-
in -the -loop operation for system reliability . A 
predictive guidance technique, which has been 
demonstrated in a simulation program (Ref. 10), 
appears to fulfill these requirements very well 
and will therefore be discussed in this subsection. 

The guidance operational phase of the descent 
from orbit described in Subsection B-2a begins 
during the ballistic phase 30 sec before the brak
ing thrust is initiated. During braking, the thrust 
vector must be controlled in such a manner that 
the range and range rate go to specific values 
simultaneously. The thrust magnitude should 
experience as small a variation as is practical 
to minimize the requirements for engine throttling. 
Fuel consumption must not be penalized by the 
thrust vector control. 

These requirements are not compatible. For 
example, minimum fuel consumption dictates 
constant thrust (Ref. 11), but range control dic
tates variable thrust. Again, minimum fuel con
sumption with a range restraint dictates a compli
cated thrust vectoring system, whereas the guid
ance information must be displayed simply to 
reduce human reaction time . There are other 
conflicting requirements. The predictive law 
se lected represents a reasonable compromise. 
Lawden (Ref. 12) has noted that an extremum of 
a payload function is obtainable for a point parti
cle in a constant gravitational field with mass a 
function of time, if the thrust vector direction 
in the two-dimensional case is represented by 
the time -dependent bilinear function of the form 

a - bt 
tan et = ~ (30) 

where et is the thrust vector angle in an inertial 

two-dimensional coordinate system. Fried 
(Ref. 13) has shown that d = 0 if range is unre
strained, and Perkins (Ref. 14) has indicated 
that the law (30) is applicable to a braking type 
of maneuver. It can also be shown that another 
form similar to Eq (24) is obtained when a three
dimensional trajectory is considered, and the 
thrust vector is resolved in two directions. The 
thrust in this discussion is assumed to act along 
the longitudinal or roll axis of the vehicle. 

Consider any set of orthogonal Cartesian axes 
x

t 
Yt Zt and a rotation about one of these axes to , , , 

form a new Cartesian set xt Yt Zt. Define a 



[-

rotation about the Zt -axis as yaw angle ?Jrt , a ro

tation about the Zt -axis as pitch angle at and a 

rotation about the xt -axis as roll angle CPt' Next 

consider a three-dimensional lunar landing tra
jectory. 

A notable characteristic of solutions for a and 
b in Eq (30) is that the product (bt) is generally 
small for braking trajectories in selenocentric 
space and with initial decelerations greater than 

5 m/ sec 
2

. With this observation, it is possible 
in a first approximation to linearize the pitch angle 
et and the yaw angle * t: 

et = eta + fit t 

* t = *to + *t t 
(30a) 

Therefore, in a first approximation, an Euler 
angle program having constant first derivatives 
represents an efficient thrust vector control. 
Furthermore, the requirement that range and 
range rate be driven to specified values simul
taneously is satisfied in two of the three dimensions. 
The third (longitudinal range) is satisfied if the 
thrust magnitude and ignition point are allowed to 
vary within specific bounds to accommodate errors 
in ignition time and system performance. Finally , 
an Euler angle program of this form is quickly 
assimilated and understood by a human pilot. 

Solution of the differential equations of motion 
for guidance purposes needs to be only approxi
mate, provided that the solution is convergent. 
That is, as the vehicle approaches the target, it 
becomes more accurate. It is necessary that the 
initial inaccuracies do not jeopardize the later 
stage s of the trajectory. In addition, the pre 
dictive system exhibits a closed-loop response, 
so that inaccuracies due to constant errors or com
putational roundoffs are driven to zero. 

The differential equation of motion in vector 
notation is 

(31 ) 

In development of the prediction equations, the 
following approximations can be made: 

(1) Thrust and mass flow are constant . 

(2) The vehicle behaves like a point mass . 
fJ. 

(3) The change in -..f is small when com-
T r 

pare d to M' 

For these assumptions, Eq (2 5) becomes 

2) ~ + w r = T (31a) 

where 

w = I J.I.q 3 = constant. 
Ra 

(31b) 
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This form of differential equation is amenable to 
solution by the method of variation of parameters. 
A complementary solution is: 

~c = C 1 sin wt + C2 cos wt 

where C 1 and C 2 are constant vectors 

The particular solution has the form 
-, 

r = A (t) sin wt + B (t) cos wt 
p 

The three dependent variables, r: A and B 

(32) 

(33) 

must satisfy Eqs (31) and (33) and one additional, 
arbitrary condition which will be imposed . Dif
ferentiation of Eq (33) gives 

d~ ~ - ..:... ~ 
d~ = A w cos wt - B w sin wt + A sin wt + B cos wt 

The ;hird arbi:rary condition may be specified as 

A sin wt + B cos wt ~ 0 (34) 

so that 

dr _ 
df - A w cos wt - B w sin wt (35) 

Differentiation of Eq ( 35 ) and substitution of Eq 
(33) gives 

d2-- 2.... ~ ~ 
~ = - w r + A w cos wt - B w sin wt (36) 
dt 

which , with Eq (31) , reduces to 

...!..l ~ 
A w cos wt - B w sin wt =;& (37) 

Simultaneous solution of Eqs (34) and (37) gives 

~ 

T A ~cos wt 

:..,. 
T . t B wM Sln w 

Then the solution becomes 

7 

r = (;0 - ~ S' ir sin wt dt) cos wT 

o 

+2. (~o + w 

7 
.:. 

(~ + s r = 
0 

7 

S ~ cos wt dt) sin wT 

0 

~ cos wt dt) cos w T 

7 

S ~ sin wt dt} 

o 
sin wT 

where T denotes the final time. 

(38) 

(39) 



For the case of short burning times, 

sin wT ~ w7 

cos wT ~ 1 

and Eq (39) reduces to 

~ ~ ST T T ~ 

r ~ rOc os wT - 1Vr t d t + (~O + S ir dt) T 

o o 

S -t;tdt) (~ 2 
w T 

o 

Equations ( 40 ) are the approximate prediction 
equations in this explicit guidance law. The com-

ponents of the thrust vector T in the xt Yt Zt co

ordinate system at any time tare: 
. . 

Tx(t) = T(t}cos (8t + 8t t) cos (lJl
t 

+lJltt) 

. . 
Ty(t} = T(t} cos (8

t 
+ 8

t 
t) sin (lJl

t 
+ lJl

t 
t) (40a) 

Tz{t} = T(t} sin (8t + 8t t) 

If the thrust is assumed constant, and 8t and lJl t 
are assumed to be of the sa~e ordo:r as w , approx

imate analytic solutions for A and B may be de
riv~d. T~ the first order in wt , the components 

of A and B in the xt Yt Zt coordinate system are: 

Ax '" ~ [J1 cos 8tcOS lJlt - J 2 (8tsin8tcos lJl t 

+~t sin lJlt cos 8t )] 

Ay '" ~ [J1 cos 8tsinlJlt - J 2 (9t Sin8t sin lJlt 

- ~tcoSlJltCOS8t)] 
1 [. . ] A z '" Z;; J 1 sm 8 t + J 2 8 t cos 8 t 

(40b) 

Bx'" J 2 cos8tcos lJlt - J 3 (8tsin8tcoslJlt 

By'" J2cos8tsinlJlt - J 3 (8tsin8tsinlJlt 

-lJltcoslJltCOS 8t ) 

where 

J 1 = - Vex In (1 - C) 

t 
J 2 =I(J1 -Vex~) 

t Vex 
J3 C (J 2 - ~t\~I ) 
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Vex = : is the effective exhaust velocity 
M 

Mt . th . = !VI 1.S e mass ratlO 

The commanded pitch, pitch rate, yaY" and yaw 
rate ,for the bilinear guidance law, 8tc ' 8tc ' lJl tc 
and lJl tc ' can be determined explicitly: 

B
z 

- J
2

sin8
tc 

J 3 cos etc 

sin lJltc 
1 

cos etc 

(40c) 

wAy + (8tc J 2 sin8tc - J1cos8tc}sinlJltc 

J 2 cos etc cosl!'tc 

where C and t can be computed from the fo llowing 
empirical approximations, with the subscript k 
denoting the value at a given time t: 

C = 1 - exp [/ (S 
ex 

t 

with 

S = r - r k · 

h-h ] 
+ 2ga V + ~) 

(40d) 

1 

Kk 
(40e) 

The function Kk depends on its value at the preced

ing step, Kk -1' and can be computed from the fol 

lowing relation: 
1/2 

(41) 

where the predicted slant range vector is 

= r - r 
pIp 

With a pilot in the loop, the equations for t and 
Kk are not required . The pilot performs the same 

function as these equations by manipulating the 
throttle. 

During the manual mode, the predictions are 
acted upon directly by the pilot. He does not use 

- ' 



r 
I 
I 

the angles 8tc and 8tc ' or <Jitc and <Jitc ' but he see~ 

the effects which the instantaneous values of 8t , 8
t
, 

<Jit , ~t will have on the terminal (or landing) condi

tions. Then, using the appropriate control, he 
adjusts his attitude until the prediction is favor
able. Thus, in a sense, the pilot is solving for 
the correct attitudes and attitude rates by trial 
and error by use of the predictive displays. 

In the terminal phase, as in the braking phase, 
provision may be made for both automatic and 
manual control. A guidance law for the terminal 
phase (Ref. 15) is 

T 
l.IJ[ 

where 

Rq = central body radius vector to landing 
site 

S = slant range vector from target to vehicle 

K l' K2 = thrust sensitivity coefficients 

The capability of the guidance law has been 
tester! in a lunar landing simulator which required 
a total of 294 operational amplifiers, utilizing 
four Reac C-400: Two Reac C-lOO and an ex
panded EA 23lR analog computers. Fuel consump
tion during the manual braking runs was generally 
within two percent of that required for an identical 
automatic run. Pilot displays are so simple for 
the predictive 'raw that, in most cases, a "safe" 
flight was flown on the second or third attempt. 
The pilot's performance was best when augmenting 
the automatic system, and his inclUSion, in gen
eral, improved the total system performance. In 
some cases, with marginal initial conditions, the 
pilot was able to recover control and save the ve
hic1e in a situation in which use of the automatic 
system would have resulted in an impact . 

e. Trajectory optimization 

Up to this point optimum maneuvers have only 
been mentioned in passing . The purpose of this 
subsection is thus to include a more detailed dis
cussion of trajectory optimization. 

The trajectory optimization field, and for that 
matter the solution of variational problems in 
general, has acquired considerable impetus during 
the last few years. To the classical calculus-of
variations approach have been added methods 
based on steepest descent, the Pontryagin maximum 
principle, and dynamic programming. These latter 
are very closely related to the calculus of varia
tions and are reducible to it, at least in the limit. 

Most recently, steepest descent has dominated 
the scene. Considerable success has been real
ized in obtaining approximate optima by this method . 
The abandonment of the classical indirect approach 
(calculus of variations), which yields exact optima , 
in favor of this approximate method, was stimu-
1ated by the difficulty encountered in solving the 
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two-point boundary value problem (in general with 
one unknown boundary) which results from the 
classical approach. 

A new systematic scheme for solving the two
point boundary value problem with one unknown 
boundary has recently been developed (Ref. 16). 
Its feasibility and advantages have been demon
strated (Ref. 17) on a simple trajectory optimiza
tion problem which possesses an analytical solu-
tion (Ref. 18). The method of solving the variational 
boundary value problem is here applied to solve 
for the steering program resulting in maximum 
payload in the braking phase of a lunar landing 
maneuver. The method will now be briefly outlined, 
and some representative results will be presented. 

It is assumed that the moon is spherical and 
does not rotate. Trajectories in a plane are con
sidered so that the equations of motion may be 
written (see sketch below) 

Y = -~ cos ( - y - 8) 
M 

+sin Y 
r 

Y 

f.l(J cos Y 
~ sin (- Y - 8) + Y... cos Y - -~n----
MY r r""y 

r = Y sin Y 

Ycos Y 
r 

Vehicle 

(43) 

Vehicle 
Longitudinal 
(Roll) Axis 

V 

Thrust is assumed constant so that the condition 
of maximum payload is equivalent to that of 
minimum rocket burning time. 

The first necessary condition of the calculus of 
variations (Euler-Lagrange equations) results in 
a boundary value problem. The constraint equations 
( 43) have to be solved together with the Euler
Lagrange equations, where conditions are imposed 
at both boundaries, and where the terminal bounda
ry--terminal (minimum) time--is unknown. 

Linear perturbations around some nominal 
(nonoptimal) solution of this boundary value prob
lem are considered. This new set of linear, or
dinary differential equations defines an adjoint set. 
Solutions of the adjoint equations are Green's 
functions , which relate perturbations in initial con
ditions to terminal conditions. Appropriate linear 
combinations of tbe Green's functions yield the 



desired perturbations in the unknown (estimated) 
initial conditions, and the terminal time, which 
will result in desired changes in the terminal 
conditions which have to be met. The process is 
iterative in nature, since the equations (43) are 
nonlinear, and converges rapidly to the solution 
of the Eulerian boundary value problem. 

This method was applied to the problem at hand. 
The pertinent constants are: 

3 2 
f.l q - GMq 4905.927 km / sec 

R« 1738.236 km 

T/W = 0 0.45 

I sp 309 sec 

9.80665 m/ sec 2 
g~o 

MO 9979 kg . 

The Eulerian boundary value problem was solved 
for the initial conditions:· 

hO 18,288 m, 

which represent the conditlOns during synchro
nous ballistic descent, at pericynthion, or at the 
start of braking. Two sets of terminal conditions 
were solved for: 

(1) VI O.OOlkm/sec 

YI 
- 900 

hI 304. 34 m 

(2) VI O.OOlkm/sec 

Yl -100 

hI 304 . 34 m 

The solutions appear in Fig . 19. Terminal 
flight path angle constraints were not accurately 
met because the simplicity of the integration scheme 
limited the accuracy. (This was a pilot program.) 
The other terminal conditions were satisfactorily 
met. It should be pointed out that the accuracy with 
which terminal constraints are met is strictly a 
function of accuracy in the integration (Ref. 18). 

A few comments are in order . It may be ob
served that all the maneuvering necessary to 
change the terminal flight path angle occurs opti 
mally at the end of the trajectory. This is a rather 
apparent result since it is easiest to change the 
flight path angle when veloc ity is lowest. It is 
observed that fuel expenditure for this maneuver
ing is rather lo\\(; so that the same optimum tra
jectory may be flown almost to the end no matter 
what the desired terminal orientation. The near 
linearity of the S-curve implies that'a bilinear 
tangent steering program is an excellent approxi
mation. (This is an exact optimum in a constant I gravitational field; ,ee previou' 'u b,eetion. ) VII!- 16 

It is pointed out that the trajectorieB ,:,hown 
in Fig. 19 yield maximum payload for the exact 
terminal conditions attained. 

A second approach to the control optimization 
problem is presented in Ref. 19 and applied to the 
braking phase of lunar landing, i. e. , that phase 
of descent from about 15 km to a few hundred 
meters above the lunar surface. Briefly, the 
method involves piecewise linear approximations 
to a nominal trajectory in a two-dimensional in
ertial coordinate system. The required control, 
as obtained from solving the matrix Riccati equa 
tion , is optimum in the sense that a performance 
index is minimized for a specified set of perform
ance matrices . 

The notation of Ref. 19, as defined in the fol
lowing sketch, has been retained. 

The equations which provide the mathematical 
model of the system to be controlled are the equa 
tions of motion in the two -dimensional inertial 
coordinate system, which become : 

x I Mcos e 
x =- J..Ia 7 - gEBO sp Mo M

f 
(44) 

where 

Isp = specific impulse of the propellant 

g EBO = 'l3ea-level acceleration due to earth 
gravity 

M mass flow rate 

MO initial mass of the vehicle 

M
f 

mass of fuel expended 

e l80 - S
t

, pitch angle relative to the 

negative x -axis 
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Control of the vehicle is to involve a variation of 

e and M. Linear approximations to these equa 
tions may be written in terms of perturbations 

ab.out .the nominal trajectory, Xo = x - xnom ' Xo 

= x - xnom ' etc ., by means of Taylor series. 

For example, 

(45) 

where all partial derivatives are evaluated for 
nominal values. The linearized equations can be 
written in matrix form as 

x = [F(t)] X + [G(t)] u (46) 

where X is the state vector which in this case 
has as components the variables which describe 
the behavior of the system, i. e. , 

. . 
X = {xo' x O' zO' zo' MfO ) 

and u is the control vector with the control vari
ables as components, i. e. , 

The time-varying coefficient matrices [F (tU 
and [G (tD are approximated by constant values 
for a given increment of time: 

0 1 0 0 o 

f21 (t) 0 f
23

(t) 0 

[FJ = 0 0 0 1 

f41(t) 0 f
43

(t) 0 

0 0 0 0 

o o 

2x2 2 = J.l. nom - (Znom - ZO) 

4'[x 2 + Z _Zo)2l57 2 
nom (nom J nom 

~~o 8z 
nom 

8'~~ 
= f (t) = --=-41 oX 

nom 
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z - z nom 0 
3J.l.(xnom[x2 +(Z -z ~572 

nom nom 01 

~I f nom 

• cos e 
- I M nom 
~O sp nom (MO _ M

f 
)2 

nom 

8z I 2 (z -z ) 2 - x
2 

o nom 0 nom 
lJZ nom = J.l.(/[x 2 + ( _ z \ 2]5 72 

nom znom QI 

-g I M 
$0 sp nom (MO 

sin "9" 

sin e nom 

8zo1 
8M 

g I nom 
- $0 sp MO - Mfnom 

nom 

These equations comprise the linear model. 

The optimum control U"" will be that which min
imizes the specified performance index, which 
is, in general, a function of the form 

t f 

J (~) =" [it (tf ), t f] + S LeX, u, t) dt. 

o 
For the lunar landing problem the performance 
index selected is 

~(~) = i X T (tf ) [® X (tf ) 

t f 

+~ S {xT 
[Q(t] X 

o 

-+ uT[R(t~ u}dt 

The matrices [31, [Q(t] and [R(t] may be 
selected to meef such requirements as accuracy 
and the amount of control available. The sig
nificance of these matrices will be indicated 
by the solution. 

Minimization of a given performance index 
may be based upon Pontryagin I s maximum 
principle, which states that a necessary condi-

tion for an optimum u is that there must exist 

I 
-~ 



a continuous vector ;t such that the Hamiltonian 
function 

H = L + ~T 52 
is minimized by Ii. The conditions that LjJ must 
satisfy are 

and 

aH 
ljJi = - IDC. 

1 

- aX. I ljJ . (tf ) = - "BX:" 
1 i t = t 

f 

The Hamiltonian then becomes 

H = ~ X T [q] X + ~ liT [~ u +;tT IYJ X 

+ "$T [GJ u, 

which is minimized with respect to Ii by setting 

= 0 

which gives the optimum u, 

- r;;,-lr;~T
u = - L~ LG.J ljJ • 

The solution for ~ is assumed to have the form 

Then P(t) is found to satisfy the nonlinear matrix 
Riccati equation, 

[:p(t)] - [P(t)] [GJ [~-1 [ G] T [P(t)] 

+ [FJT [P(t)] + Q=>(t] [F] + [~ = 0 

An additional constraint is the final value of the 
Riccati equation, 

The [S] matrix affects only the final values of 
control, whereas the I ~ ~matrix influences the 
error of the state vecr-or x. The r~ matrix 
penalizes the system for using t06" much control. 

Detailed results from application of the optimum 
theory to the luna-r landing problem are presented 
in Ref. (19). Final trajectory errors are on the order 
of one meter per 300 meters initial error in position 
and one m/sec per five m/sec initial error in 
velocity. Controls that would use small amounts 
of additional fuel for off-nominal trajectory con
ditions are obtained. For 3000-meter initial 
error in position, about 18.2 kg of additional 
fuel are required. For initial errors in velocity 
of 9 m / se c, 146 kg of additional fuel are re-
quired. 
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C. ASCENT FROM 
LUNAR SURFACE 

1. Direct Ascent 

The goal of the direct lunar ascent phase is 
accurate injection of the vehicle into a certain 
transearth trajectory. Since no intermediate or 
parking orbit is involved, the required injection 
conditions are the final values to be achieved by 
the direct ascent trajectory. Figures 20a and 
20b give some indication of typical final value re
qUirements for lunar ascent trajectorie s. The 
magnitude and direction of the final velocity vector 
required at an altitude of 93 km (50 naut mil for 
injection into 70- and 80-hr return-time transearth 
trajectory are given as functions of lunar longi
tude for launch sites lying in or close to the MOP. 
The magnitude of the required velocity vector ex
hibits little variation with burnout point longitude. 
For example, variation for the 80-hr orbit in
jection is from 2497 to 2490 m/sec. Direct as
cent from a lunar landing base is possible for 
bases over a wide range of the lunar surface if 
sufficient propellant is available . 

Define an angle 11 measured from the moon
earth direction on the far side of the moon, 
positive in the direction of the moon's angular 
rotation, wq . From Fig. 20a it can be seen 

that, in the region of most probable landing sites 
in the MOP given by -1800 < 1"] < -1000

, the re
q uired flight path angle is close to 90 0

, i. e., the 
ascent trajectory must be nearly vertical. For 
this reason, the vertical trajectory analysis of Sub
section B-1c is again useful as a closed -form 
approximate solution. Under the assumptions qf 
constant gravity gq 0' constant mass flow rate M, 

and constant exhaust velocity Vex' Eqs (3) and (4) 

apply in the case of vertical ascent, except that the 
signs of all velocities (V 0 and VI) should be re-

versed if vehicle speed is to be measured positive 
upward. These equations, evaluated for the initial 
conditions, 

t = 0: hO = 0, V 0 = 0 

give the following burnout conditions: 

V BO = _ [In (1 _ ~) + gq 0 ~ l (47) 
Vex ge o T7VfJ 

h BO geo 

V 2 
1 

T/WO 
[ (1 - ~) In (1 - ~) + ~ 

ex 

_.;,ga o ~2 ] 

'" geo T7WQ 
(48) 

Equation (47) has the same form as Eq (5), so 
V 

that Fig. (4) gives ~ for vertical ascent as 
Vo ex 

well as IT"" for v.ertical descent. 
ex 



2. Indirect Ascent 

a. Ascent t echnique 

The ascent technique which will be inve stigated 
as being most typical is analogous to the descent 
technique discusse d in Subsection B-2 a . 

(1) The term "ascent phase" will be ascribed 
to the initial powered liftoff portion of 
ascent. 

(2) Following the initial powered phase, the 
space vehicle coasts in an elliptical orbit 
to a desire d parking orbit altitude . 

(3) The vehicle is injecte d into the parking 
orbit. 

( 4) For the shuttle concept, the shuttle ve
hicle (LM) executes a rendezvous with 
the orbit ing module (MOM). 

Injection 

These phases are considered below. 

b. Indirect ascent trajectories and requirements 

Several sample trajectorie s for ascent to a 
185. 2-km circular orbit are shown in Figs. 21 
through 25. These figures show range; velocity, 
V; flight path angle with respect to local horizontal, 
y; and pitch angle with respect to inertial coordi
nates, at' on the abscissa scales corresponding to 

altitude or flight time on the ordinates. The pitch 
program for these r~s was based on a nominally 
constant pitch rate, a = const. Propulsion system 
and trajectory parameters for these sample ascents 
are given in the following table. Ascent range, as 
indicated in the previous sketch, is the lunar 
central angle between initial liftoff and orbit inject
ion burnout. 

Figure 
No. 

21 

22 

23 

24 

25 

Sample Ascent Trajectories 

( initia l phase only) 

~scenfI}urnout 
Range Altitude 

T ~b hBO I we sp. 
(deg) ( kIn) ( sec) 

0 . 2 180 15 . 24 315 

0 . 39741 60 36 . 58 3 15 

0 . 3974 1 180 21. 34 315 

0.7 60 18 . 29 315 

0 . 99138 180 15 . 24 315 
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Figure 26 shows a typical complete ascent trajectory. 

The total velocity increment required for 
ascent and injection into a 185. 2-km circular 
orbit is shown as a function of initial thrust-to
weight ratio for several range angles in Fig. 27. 
These curves are based on a parametric com
puter study utilizing approximately constant 
pitch rates. The improvement in fu el econom y of 
this type of program over a gravity turn trajectory 
is indicated by a gravity turn data point on Fig. 
27. For the particular conditions of the run 

(I = 315 sec, ~b = 75°, l- = 0.4) the gravity 
sp Wo 

turn trajectory was less efficient by about 30 
m/ sec . 

Although, as indicated by Fig. 27, the gravity 
turn is not a particularly efficient pitch program, 
it is one of the basic types of ascent trajectories 
and deserves some mention. Reference 20 pre 
sents an analysis of this type of trajectory. A 
gravity turn is one in which the thrust is always 
maintained parallel to the vehicle v e locity vector. 
(The special case of vertical descent, i. e., both 
thrust and vehicle velocity in the vertical direction 
during flight, was solve d analyticall y in Subsection 
B-1c.) This type of traj ectory i s particularly 
useful for planetary ascents since it keeps the 
aerodynamic moments low during ascent in the 
denser parts of planetary atmospheres. The 
equation of motion for a gravity turn is the same 
as Eq (2) for one-dimensional descent, except 
that vector notation must be used to allow for 
two-dimensional motion: 

where 

M = instantane-
0us ve
hicle mass 

V = vehicle ve
locity vec
tQr 

if = thrust vec-
tor 

" k = unit vector 
normal to 
lunar sur
face 

From the definition of the gravity turn, 

where the unit vector :r = .;. 

(49) 

With resolution of the equation of motion along 
~ and a, a unit vector normal to i:; in the plane of 
motion, Eq (49) becomes, in component form 

~ = gq (~- cos (3) 
(50) 

V/3 = g( sin /3 I 
I 

_J 



where f3 = thrust orientation angle with respect to 
vertical. 

T 
For constant g<l' say gao' and constant W these 

equations can be integrated in closed form . 

v 
(51) 

• V (~) 
-.!Ylt = ~ 

( Ii) ( ~ -1) [1 tan 21i-J 
tan 2 -T--+-~ 

W- 1 W+ 1 

MO ex 

(52) 

However, this analytic solution is not as useful 
as that obtained for vertical descent (Subsec tion 
B-1c.). Reference 15 outlines a numerical 
solution to Eq (50) for the following conditions: 

(1) Constant g~ and T 

(2) Constant mass flow rate M 

(3) The initial velocity is zero, and the 
trajectory is initially vertical. 

The solution proceeds as fo llows : 

T 

In (1 - TO) + S <jJ (s) ds 

o 
1 

tan~ =(\~t) 2 

(53) 

(54) 

where [ 1 

<jJ (T) = t anh ~ ds l 
--T---I-n--(-1-_~S~)~_-S-s-<jJ-(-S-I-)d--S I-kJ 
we o 

(Solved by iteration) 

V T 
WO 

u V ex 

T M t 
MQ 

c. Lunar rendezvous 

A mission employing the shuttle concept re
quires that the shuttle be able to rendezvous with 
an orbiting module (MOM) in lunar orbit. In 
many ways , this rendezvous is easier to perform 
than an earth orbit rendezvous . Lunar orbit speed 
is much lower than earth orbit speed, and the 
ratio of lunar orbit period to lunar rotation rate 
is very favorable with regard to launch frequency. 
The more difficult aspects of the lunar orbit 
rendezvous are associated with the unfamiliar 
topography, the lack of ground facilities for 
tracking the orbiting vehicle , and the planning of 
the ascent guidance commands. 

The rendezvous maneuver can be conveniently 
considered as consisting of three phases, the 
ascent phase, closing phase and docking phase. 
During the ascent phase the target vehicle (MOM) 
is acquired electronically or optically by the 
intercepting shuttle vehicle . The second phase in
cludes the closing trajectory from acquisition to the 
vicinity of the target vehicle , where the third 
phase, docking, takes place. 

The ascent phase must be considered in the 
problem of orbital rendezvous because it is in this 
phase that the timing problem of hitting the target 
is solved. A shuttle vehicle on the lunar surface 
(rotating with a period of about 28 days) must be 
launched with the objective of intercepting the 
target vehicle , which is orbiting with a period of 
about two hours. The ascent phase can accomplish 
the interception objective by either of two basic 
approaches, direct rendezvous or indirect 
rendezvous. The indirect rendezvous is illustrated 
and fully discus s ed in Chapt er V . The s huttle 
vehicle is launched into an intermediate parking 
orbit without considering the position of the target 
vehicle in its orbit at launch time. The inter
mediate parking orbit and target orbit are co
planar but have different altitudes and , therefore, 
different orbital periods. Because of the period 
difference, the relative angular position of the 
two vehicles changes with time. When the proper 
relative position is achieved, the shuttle vehic le 
is accelerated into a transfer orbit which ter
minates in the vicinity of the target vehicle, where 
final acquisition can be made. Thus, the timing 
problem is solved with the shuttle in orbit. 

The direct rendezvous technique is also fully 
discussed in Chapter V. Here , the shuttle vehicle 
is not launched until the relative position of the 
launch site and the orbiting vehicle is that required 
for direct ascent and acquisition. The timing 
problem is solved on the ground before launch in 
the case of direct rendezvous. 

At only two times in every 28 days can the 
shuttle be launched into an intercept trajectory 
which is optimum from the standpoint of propellant 
consumption. Therefore, the shuttle must have 
more than the optimum amount of propellant in 
order to widen the launch time tolerance. Im
portant considerations in allocating this fuel sur
plus are the desired launch-time tolerance, target 
orbital altitude and inclination, and the time 
available for rendezvous. 
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Two means of increasing the launch-time 
tolerance are available. These means, range 
extension and trajectory shaping, are discussed 
in detail in Chapter V. With range extension, the 
ascent trajectory reaches its apogee at the target 
orbit altitude, as in the optimum ascent case, but 
the ascent range is varied as a function of time 
to provide launch time tolerance. Direct ascent 
rendezvous timing involves matching the inter
ception point of the ascent trajectory and the tar
get orbit with the target vehicle (MOM) itself. 
The amount of launch time tolerance to be gained 
by range extension can be determined by comparing 
the motion of the interception point and the target 
and making them coincide. 

The second means of increasing the launch 
time tolerance is by trajectory shaping (see Chapter 
V). If a nominal ascent is taken to be one in which 
the shuttle arrives at the parking orbit altitude with 
zero flight path angle, then launch-time tolerance 
can be obtained by flying an ascent trajectory that 
would pass through the target point with a nonzero 
positive or negative flight path angle. Such a 
flight path, of course, would require correction 
to zero flight path angle at orbit altitude. Ascents 
resulting in a positive flight path angle at inter 
cept permit "launch late" launch time tolerance. 
When the ascent trajectory includes an apocynthion, 
time is lost in transfer, and "launch early" time 
tolerance is provided. Figure 28 shows the lunar 
launch time tolerance available from trajectory 
shaping. Figure 29 shows the total excess velocity 
requirement for increasing launch time tolerance 
by range extension and trajectory shaping for 
sample out-of-plane launches. 

Launch tolerances for missions that do not entail 
the shuttle concept are essentially unlimited. From 
Chapter IX it is seen that a return to earth can be 
made in any transearth trajectory plane and the re
turn is completely independent of the launch time. 
This and the fact that there are no launch azimuth 
restrictions result in the ability of launch at any 
time. 

The second phase, the closing phase, may be 
accomplished in vario us ways, including tail chase, 
inverse tail chase, and lateral rendezvous tech
niques. In the tail chase, the shuttle overtakes 
the MOM from behind. The shuttle must travel 
at a speed greater than the circular orbit speed 
of the target and so will gain altitude du:dng closing. 
Therefore, the closing phase for the tail chase 
method must begin behind and below the targets. 
In the inverse tail chase, the target (MOM) over
takes the intercepting shuttle, which must be 
placed ahead of and above the target. The tail 
chase and inverse tail chase are shown in Fig. 30. 
Lateral rendezvous. shown in Fig. 31, involves 
placing the shuttle in an orbit at the same altitude 
as the target orbit. The two orbits cross after 
a certain time to permit rendezvous. 

Each of the techniques has its advantages and 
disadvantages. The tail chase permits radar 
sensing from the shuttle vehicle without lunar 
surface background, but requires excess fuel to 
catch up to the target. The inverse tail chase is 
relatively economical, but the lunar surface may 
provide an undesirable radar background to t!.J.e target 
during acquisition. Both direct and inverse tail ceases 
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involve curved flight paths which make line-of
sight steering difficult. The lateral rendezvous 
approach rioes not entail any problems of surface 
background, and cross-coupling between velocity 
and altitude does complicate steering so much 
as in the other techniques. The lateral approach 
ranks between the two tail-chase techniques in 
economy. 

After the closing phase, with the shuttle in the 
same orbit as the MOM with approximately 10 
meters separation, the docking phase will com
plete the rendezvous. If the only reason for 
rendezvous is to permit refueling, docking may 
involve either structural mating of the two vehicles 
or simply use of a probe and drogue. On the 
other hand, if crew or supplies must be inter
changed, then structural mating, seals and air 
locks are necessary. Precise attitude and trans
lation control will be required on the "seeker" 
vehicle, and, at the minimum, the target vehicle 
(MOM) must be attitude-stabilized. Attitude 
control of the MOM may be necessary if there is 
a possibility of a large discrepancy in attitude be
tween the two vehicles. In order that damaging 
impacts be precluded, closure rate should be 
reduced to zero when the vehicles are some dis
tance apart. A docking mast could then be ex
tended from one vehicle to engage a receptacle on 
the other vehicle and thus serve to pull the two 
vehicles together at a closely controlled rate. 

Rendezvous has not been discussed in great 
detail, since there is essentially little difference 
in philosophy between lunar orbit rendezvous 
and earth orbit rendezvous, which has been con
sidered extensively in the literature, e. g., Ref. 21 
and Chapter VII of Ref. 1. There are only 
quantitative differences due to the weaker gravi
tational field and smaller radius of the moon. 
These differences will tend to make lunar orbit 
rendezvous easier than earth orbit rendezvous 
at the same altitude. Circular orbit speeds 
involved in lunar rendezvous closures are on the 
order of 2 km / sec as against 8. 5 km / sec for low 
altitude earth orbit rendezvous. A typical lunar 
orbit rendezvous is shown in Fig. 32. 

d. Guidance laws 

While a wide variety of guidance laws are ap
plicable to the problem of ascent from the lunar 
surface, only one will be singled out as an example. 
The law selected is that described in Subsection 
B-2 d in connection with the descent braking 
trajectories. This law is equally applicable to 
the case of indirect ascent and, in fact, has been 
used to generate the thrust orientation program 
for the trajectories plotted in Figs. 21 through 26. 

D. HOVERING AND 
TRANS LA TION REQUIREMENTS 

Most manned lunar landings will require the 
capability to hover above the landing site while 
final observations of the site are made. These 
observations will primarily concern the suitability 
of landing site terrain. Because the area immedi
ately beneath the hovering vehicle (LM) might prove 
unfavorable (due to uneven rocks, large crevices 
or de ep dust deposits, for example), the landing 



module (LM) should be capable of translating, i. e. , 
maneuvering laterally, during the final descent 
phase . This subsection considers propellant re
quirements and optimum conditions for hovering 
and t ranslation. 

Since hovering altitude and translation range are 
very small compared to the lunar radius R q , and 
since propellant weight required in this phase is 
small compared to vehicle weight, very good analytic 
approximate solutions of the equations of motion 
may be obta ined. The case of constant vehicle 
acceleration and the case of constant thrust with 
constant propellant flow rate will be investigated. 
For convenience the analyses consider vertical 
and horizontal motion separately. Therefore, the 
results can be used directly if hovering a nd trans 
lation are accomplished by separate orthogonal 
rocket engines. However, if the re quir ed thrust 
orientation i s obtained by gimbaling a single 
engine or by pitching the entire vehicle, the thrust, 
position, a nd velocity as computed s hould be inter
preted as components of the resultant vector 
quantity. 

1. Constant Acceleration 

Although motion under constant thrust with 
constant flow rate is generally a more realistic 
basis for propulsion analySiS, the small mass 
ratios required for hovering and the extreme 
simplicity ot analysis make the case of constant 
acceleration useful for preliminary investigations. 
Let the landing vehicle (LM) be required to trans
late with uniform acceleration and deceleration 
while hovering at constant altitude . T he local 
xi y i coordinate system can then be assumed an 

inertial system, and the total horizontal trans 
lation denoted by Xlt can be obtained from the fa -

miliar expression for rectilinear motion, 

f 1 Tx ( tb )2] _Tx t~ 
x it = L 2" M Z- 2 - lVf""4 (55) 

where 

constant horizontal thrust acceleration 

= total hovering time (i. e ., horizontal 
rocke~ burning time) 

The constant thrust required is 

T 
x 

(56) 

where W = ge o M is the constant vehicle weight. 

Since T = I Wand Wf = Wf t b , Eq 56 becomes 
x sp fx x x 

4x
it

W 
W fx = ---'-'-'---

&!lo Isp \ 

(57) 

Wf is the total fuel weight lost due to burning of x . 
the horizontal translation engi ne and W fx is the fuel 

The weight of the propellant required to hold the 
vehicle at constant altitude during translation, 
W fy ' i s seen from 

T "I Wf = MgJl 0 Y sp Y ~ 
(58) 

to be 

(59) 

The total propellant used for hovering and trans 
lation is 

W 

(60) 

[
4 x.et J . ~ +g~O\ 

For minimum total fu el, to translate a given 
distance xlt ' 

W 

or 

2. Constant Thrust 

a . Translation 

[-~ +g"J t'" uO 
= 0, 

(61 ) 

for minimum Wf 
(62) 

It is possible to d erive s imple analytic solutions 
to the equation of translatory motion under the as
sumptions of constant thrust and constant mass 
flow rate. This case is much more realistic than 
that of constant acceleration previously considered . 
The equation of motion is 

2 
d Xi 

M dt2 = Tx (6 3) 

where 

M 

T x 

ins tantaneous tota l vehicle mass 

horizontal translation 

constant thrust component in the 
horizontal (Xi) direction 
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The thrust program selected is the simplest pos
sible. A constant thrust Tx is applied for ap-

proximately half the burning time, at which point 
the thrust is reversed to decelerate the LM to 
zero horizontal velocity when the desired trans
lation distance has been tra versed. Velocity 
at the beginning of the translation will be assumed 
zero. Thus, this constant thrust routine is 
analogous to the constant acceleration scheme 
previously outlined. The time of thrust reversal, 
\' o bviously will not be half the bur nin g time , 

t b' because the vehicle will be lighter during the 

deceleration phase than in the acceleration pha se 
due to the weight of propellant expended during 
translation. 

The equation of motion may be r e written: 

T 
x 

.. 1VfQ (64) x ,t 
M 1 --t 
MO 

where 

MO initial total vehicle mass 

M total constant mass flow rate (in
cluding any flow from vertical 
hovering rockets during the trans
lation) 

The first integration of this equation gives the 
expression for the horizontal velocity of the LM 
at any time during the acceleration phase: 

(65) 

The second integration and evaluation of the con
stant of integration fen- the initial condition xl = 0 

at t = 0 gives the relation for horizontal position. 
In particular, at an arbitrary time t

I
, the hori-

zontal position and velocity components are as 
follows: 

(66) 
Tx 

xlI = - • M In (1 - t;. 1) 

where t;. 1 = ~ t1 is the mass ratio for rocket 
o 

burning from to to t 1• 

At this time the thrust is reversed, i. e. , 
vehicle obeys the e quation of motion 

Tx 
1Vr: ' o 

the 

(67) 

where MO r = MO - M t1 i s t he tot al vehicle mass 

at beginning of the deceleration phase. 

Successive integration of this e quation and 
evalu ation of the cons t ant s of integration fo r the 
initial conditions of the decel e r ation phase, xl = 

x£ 1 and x£ = Xt 1 at t = t I , det e rmine the posi

tion from t he s t a r t o f the trans l ation and the 
velocity at any time during this phase. 

x = 1 

T • T 
~ In (1 -~ t) - -:- In (1 

M OM 

-~ t) - 1 ) 
o 

+(t1-t)ln{(1-M~1 t I ) 

.(1 - ~ t 1)} 

MO 
+-.

M 

M' + __ 0 

M 

(68) 

The rather formidable position equation simplifies 
considerably on evaluation at the end point t = 
tb; xl = x1t ' xl = O. The velocity equation 

gives, for xl = 0 at t = t b, . 

Tx [ 1 -~ tb ~ o M In • 

(1 - M~I t 1) (1 - ~ t 1) 

(69) 

which provides a simple relation betwe en total 
burning time and the thrust reversal time. 

M' o = 2...."..- t 
1V10 1 (70) 

Substitution of this relation in the position equation 
gives, in terms of m as s ratio 

[ - (1 - ~ ) (1 - 2 ~ ) 
1 1 
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{ In (1 - 2 1;.1) - 1) 

+(1 - 1;.1) 1n(1 - 1;.1) + 1;.1 

+(1 - 21;.1) {In(1 - 21;.1) -In(1 - 1;.1) -1)J 

(71) 
which reduces to 

X1t = T~ tl Gn (1 - 1;.1) + 2 I;.J 

where tl 

1-Jl-2~tb 
2 M 

MO 

Mass ratios for hovering and translation generally 
should be less than I;. = 0.01. For such small mass 
ratios the previous expression for translational dis
tance can be approximated by: 

(1 +.;. M 
'± MO 

This solution obviously approaches that for con
stant acceleration (or constant mass with constant 

T . 
thrust since acceleration = ~) as M approaches 

M 
zero. Translational distance is plotted as a function 
of initial thrust-to-weight ratio and burning time in 
Fig. 33. 

b. Vertical clescent from hover 

If the LM is to descend and reach zero altitude 
at the end of the translation time, t

b
, the vertical 

component of motion is described by the following 
equation. 

2 
d Y1 

Mdt"2 (73) 

or 

(74) 

where 

Y £ = altitude above the lunar surface 

Ty = vertical component of thrust 

M ; total mass flow rate (including any flow 
from horizontal rockets). 

With the assumptions of constant thrust T , con-. y 
stant mass flow rate, M, and constant lunar gravity 
f5qo' this equation can be integrated as in Subsection 
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B-lc . However, in the case of final descent 
from hover, the initial conditions are Y i = 0 

and y i = y 10 at t = O. For this case, integration 

of the above equation of motion gives : 

(75) 

For y i = 0, Ye = 0 at t = t b , these equations give 

T 
- --L In (1 - 1;.) (76) 

g«OM 

-i tb Q i-I) In (1 - 1;.) + ~ + ~ 
(77) 

M tb 
where I;. = -- is the total mass ratio. Sub-

MO 
stitution of the first equation for T in the second 

y 
equation provides the relation 

Y10 = gaot b
2 [i -~+ln(1 ~ 1;.)] ( 78) 

For small mass ratios, as will generally be the 
case for the final phase of descent, the following 
approximation is convenient. 

2 
gQOtb 

Y10 '" 12 

c. Hovering 

Hovering precisely at a chosen aUitude 
obviously requires variable vertical thrust, 

T Y = M gao = Mo g 4 0 (1 - :':0 t) . 

(78a) 

If a constant thrust Ty = Ma g~ 0 were applied, the 

solution of the equation of motion with initial 
conditions y t = y t 0' Y l = 0 at t = 0 does not 

permit the constraints 5'£ (tb ) = 0 or y £ (tb ) 

- y£ (0) = 0 except for the theoretical limit tb 

S = O. However, with choice of a slightly lower 
constant thrust level, the condition Y t (t

b
) = 0 

can be achieved. From Eq (75) for the given 
initial conditions, 

T 
Y = - J In (1 
it M 

---1 



+M 
MQ 

where the subscript t signifies a value at time tb. 

For small mass ratios the first equation gives 

(80) 

so that the end constraint y £ t = 0 is possible if the 

constant thrust is selected such that 

(81) 

Substitution of this value in the second equation 
of (46) determines the change in altitude during 
the ''hover, " 

(82) 

d. Simultaneous translation and hovering or 
descent 

If the vertical and horizontal components of 
thrust are provided by separate engines, the solu
tions of Subsections D-2a through D-2c apply 
directly for simultaneous translation and hovering 
or descent . For touchdown at the same instant as 
the required translation is completed, the simul
taneous equations are, from Eqs (43) and (45) and 

M = M +M 
x y 

(83) 

(84) 

where V exhaust velocity of each engine . For 
ex 

given mission requirements x H and. y£ 0' the re-

quired values of 1", and tb are determined by these 

equations. No optimization is possible since the 
problem is completely determined. In the case 
of simultaneous translation and hovering with 
constant thrust components, only the first of the 
two previous equations is a condition. Therefore, 
a value of tb can be selected which optimizes the 

Wf 
mass ratio 1", = W. Values of 1", and tb selected 

o 
in this way then determine the change in a ltitude 
which must be accepted, 

1 2 
Y£O -YH "'12 g40 b 1",. (85) 

Conditions for minimum ~'~m' are obtained by 

setting 
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d 1", = 0 (86) 
CI"1b 

in the equation resulting from differentiating 
Eq (83) with respect to~. The results are: 

X£t '" Xit (1"" t b ), are 

where ~ i s the minimum 1",. 

It can be seen that these expressions approach 
those derived in the constant acceleration case 
in the limit as 1", -+0, 

These equations demonstrate the utility of Fig. 34 
as an accurate approximation for the minimum fuel 
required to hover and translate simultaneously. 

E. LUNAR LANDING ABORT 

It is anticipated that the majority of landing 
missions in the near future will not employ direct 
(impact) trajectories to the landing site. In the 
case of manned landings, crew safety is jeopardized 
by use of direct trajectories, while for reconnais
sance flights (manned or unmanned), the lunar areas 
that can be covered are severely limited . Since 
most impacting lunar probes have no abort require
ments' this section is based on a flight wherein the 
spacecraft is maneuvered into a circular orbit 
about the moon from which the landing phase be 
gins. This phase is initiated by a deorbit maneu
ver' a fter which the vehicle descends on a landing 
coast trajectory to a lunar altitude of approximately 
18 km, at which point a braking maneuver is initi
ated. The braking maneuver decelerates the ve
hicle to hover condition at a low altitude of approx
imately 600 meters from which translation and 
final letdown are accomplished. 

During the landing phase, it may become im
perative to cut short the intended mission and to 
alter the course of the spacecraft. Typical reasons 
for such action could be propulsion failures, "uu
safe" trajectories, guidance malfunctions, solar 
flare activity, etc. 

In this section various techniques of abort during 
the landing phase will be discussed, with empha·sis 
on the manned mission; these techniques are similar 
in most resp~cts to those presented in Refs. 22 and 
.::: 3 . In Technique I the apocynthion altitude of the 
abort trajectory equals the initial circular orbit; 
in Technique II the apocynthion altitude of the 
abort trajectory exceeds the altitude of the initial 



circular orbit; and in Techni que III the abort 
trajectory is circular and has an altitude equal 
to the abort a ltitude . Each one of the abort tech
niques above can be performed with or without 
rendezvous. In addition, abort maneuvers occur
ring during the final br.aking and hovering phases 
will be discussed. 

1. Abort with Return to Orbit (Technique 1) 

a. Abort Technique I without rendezvous 

The pertinent orbital relations are illustrated 
in the following sketch; 

MOM 

t~d:n~ ~~IS~ ~~j 
.... .... 

Initial 
Circular 
Orbit 

The vehicle is initially in a circular orbit of 
altitude hO' and the orbit departure angle e is 

measured from the pericynthion point of the landing 
coast trajectory to the deorbit point along the cir
cular orbit with origin taken at the center of the 
moon. A spherical moon is assumed and altitudes 
are measured with respect to the lunar surface. 
The abort trajectory has an apocynthion altitude 
of h O' and a downrange aim angle (~A) is defined 

as the central angle between the abort point and 
the apocynthion of the abort trajectory. All rocket 
burning is simulated by a velocity impulse 6. V, 
where 6.V A is the characteristic velocity impulse 

required to establish the abort trajectory. Upon 
arrival at the apocynthion of the abort trajectory, 
the vehicle is injected back into the circular orbit 
by a circularizing velOCity impulse 6. V c. Hence, 

the total velocity impulse required to execute an 
abort and to inject into a circular orbit is 6. V T = 

6.V A + 6.Vc · 

Figure 35 presents 6. VT versus downrange angle 

(\liA) for three abort altitudes, namely, hA = 152 . 4 

km, 91. 4 km, and 18. 3 km, with an initial circular 
orbit altitude of hO = 185 . 2 km. For this case, the 

orbit departure angle i s e = 1780 and the pericynthion 
altitude of the landing coast trajectory is hPL = 
18. 3 km. Decreasing the orbit departure angle 
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e from 1780 to 1500 (not shown) increases the 
6. VT requirements from 3 to 10m / sec . This 

figure shows that there is an optimum downrange 
angl e to "aim" which minimizes the t:, VT require-

ments. However, in some cases, where hPL is 

negative, this aim point must be adjusted to avoid 
impact with the lunar surface. This physical 
limitation is indicated on the figure and refers to 
two types of abort trajectories as shown in the 
following sketch. 

For the case of a type A abort trajectory, 
the vehicle ascends to the apocynthion after the 
abort maneuver. If at this time the vehicle fails 
to inject into the circular orbit, it will descend 
toward pericynthion, and if this pericynthion is 
less than some minimum altitude, there will be 
an impact. 

A type B abort trajectory descends through 
its pericynthion first before attaining the circular 
orbit altitude. The limitation with this type of 
trajectory is again that the pericynthion altitude 
be above the lunar surface. 

In the present discussion, an abort trajectory 
was deSignated as safe if it attained a pericynthion 
altitude of no less than 11 km. This choice was 
based on the moon's topographical characteristics 
and was taken to avoid lunar mountains with an 
ample margin of safety . 

The restriction of a pericynthion above the lunar 
surface may be eliminated if the reliability is 
deemed high enough to assure that an injection 
into the circular orbit will always take place. It 
may also be eliminated if design features account 
for such a contingency. However, for the present, 
this restriction is not waived. As can be seen 
from Fig. 35, this restriction on the pericynthion 
altitude of the types A and B abort trajectories 
essentially describes a safe abort window which is 
defined by the angle Q! as shown in the following 
sketch. Fii!:Ure 36 presents Q! as a function of cir
cular orbit altitudes hO for several values of hA . It 



can be seen that Q' decreases rapidly with abort 
altitude. But even at low abort altitudes, the win
dow is sufficiently wide (Q' ~ 40°) to affirm the suc
cess of manual or emergency backup control modes. 
The safe abort window is independent of the other 
orbital elements of the landing coast trajectory and 
is a function of the abort altitude and initial circu
lar altitude alone. Active abort nrocedures as 
described above may become necessary because of 
unacceptable coast trajectories, probability of 
stage explosions, ease of planning the return flight 
to earth, etc. This abort procedure requires two 
rocket engine ignitions. 

Passive abort procedures require one ignition, 
and they utilize a landing coast trajectory that re 
turns to or intersects the initial circular orbit al 
titude where the circularizing maneuver is per
formed. If the braking phase has begun, an ac
tive abort becomes mandatory. 

b. Abort Technique I with rendezvous 

For the problem of rendezvous (shuttle concept) 
the vehicle consists of two modules, the landing 
module (LM) and the lunar orbital module (MOM). 
At the deorbit point the LM leaves the MOM and 
establishes a landing coast trajectory while the 
MOM continues in the original circular orbit (see 
next sketch). In the event of an abort during de
scent, the objective of the LM is to establish an 
abort trajectory whose apocynthion is at the cir
cular orbit. The slant range (rLM) is the distance 

between the LM (actually the shuttle ) and the MOM 
at the time of abort. 

The case for which the abort trajectory allows 
the LM to arrive coincident with the MOM is defined 
as a ~Iperfect rendezvous." This, however, may 
not always be desirable because of velocity impulse 
requirements and lunar impact restrictions . Thus, 
the LM can either lead or lag the MOM after re
establishing the original circular orbit 

If the LM lags the MOM, '" "catch-up" maneuver 
(gain) is required. For separation angles S greater 
than a certain amount, such maneuvers result in 
trajectories that impact the moon i f performed in 
one revolution. 

Should the LM lead the MOM (a more likely case), 
a "drop-back" maneuver (loss) is required. The 
limiting factor for the loss maneuver can arbitrarily 
be chosen to be the loss of line of sight between 
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the two vehicles. The limiting separation angles 
are given in Table 1 with the corresponding circular 
orbit altitude (hO)' 

TABLE 1 

Permissible Seoaration An lesjiO\ 

hO (km) +s -s 
92 . 6 14no 37° where n is the 

185.2 26n° 51 ° number of revo-
370.4 47no 69° lutions of the 

MOM and LM 

Performing an indirect rendezvous of this 
nature requires three rocket engine ignitions. 
By restricting the number of revolutions of the 
gain or loss orbits to one, the elapsed time from 
the maneuver to the closing phase is approximately 
two hours. 

The total velocity impulse required to abort and 
rendezvous with these maneuvers is shown in 
Figs. 37, 38, and 39 for initial orbital altitudes 
of 92.6, 185.2, and 370.4 km, respectively. Each 
figure presents several abort altitudes for an orbit 
departure angle of 178°. The pericynthion altitude 
of the landing coast trajectory is chosen in all 
cases to be 18.3 km. The figures show that for 
3 1. O- km increase in h O' the minimum l:;. V in-

creases .!!-O. 5 m / sec and occurs at downrange aim 
angles (~A > 160°) greater than those required for 

perfect rendezvous. 

Table 2 presents a comparison of the minimum 
total l:;. V requirements with and without rendezvous 
considerations. The quantities shown do not in
clude a perfect rendezvous with data for an orbit 
departure angle e = 178° and a circular orbit al
titude hO = 185.2 km. 

TABLE 2 

T l:;. V r 
(indirect rendezvous) 

hPL hA 
i. e., with gain or l:;.V (no 

loss maneuvers rendezvous) 
(km) (km) (m/sec) (m/sec) 

18.3 18.3 105 37 
91. 4 100 40 

152.4 70 38 

Conditions for a perfect rendezvous are also 
indicated in Figs. 37, 38 and 39, and it is seen 
that compared with the minimum l:;. V' s listed above 
the l:;. V requirements increase significantly by 
hundreds of meters per second. The required 
downrange aim angle for perfect rendezvous is 
less than 95°. Figure 40 presents the velocity 
requirements for direct rendezvous (i. e., with-
out gain or loss maneuver) as a function of abort 
altitude and various initial orbital altitudes. Also 
shown in the figure are the requirements for an 
orbit departure angle e = 95° for hO = 185.2 km. 

This particular departure angle bears signlficant 
interest because it provides a passive abort capa
bility (i. e., the LM is allowed to coast to the lunar 
orbit altitude and an adjustment of the velocity to 



circular orbit velocity (bN c) is included) that 

allows rendezvous too take pl ace in approximately 
two hours, as explained below. 

Consider an initial circular orbit altitude 
hO with the associated period 70: 

Lunar Orbit 
(Circle) 

If the landing coast trajectory also has the 
period 7 0, then the LM will lead the MOM at 

tA, but the modules will be coincident at t
B

, or 

when the orbital central angle 8 = 360° at which 
time the rendezvous maneuver is executed. The 
impulse requirement for this maneuver at the 
initial orbital altitude stated above (hO = 185. 2 

km) is 138. 5 m/ sec. For each initial orbit 
altitude, there is a departure angle that results 
in such a synchronous coast trajectory . Other 
departure angles may require several revolu
tions, or even days, before coincidence is at
tained. 

The L:,. V requirements versus downrange 
aim angle for an active abort (i. e., when the 
LM is put on the abort trajectory as soon as 
possible) from a synchronous orbit are given in 
Fig. 41. Data is presented for the case men
tioned above (hO = 185.2 km). and the downrange 

aim angle required for a perfect rendezvous is 
indicated. The minimum velocity impulse is 
approximately 45 m / sec over the impulse re
quired for the 178° orbit departure. 

The downrange aim angle necessary for per
fect rendezvous is shown in Figs . 42, 43, and 
44 as a function of abort altitude for hO = 92.6, 

185.2, and 370 . 4 km, respectively. Also included 
in these figures are the downrange angles that 
result in a plus and minus 1 ° separation angle 
between the LM and MOM when the LM arrives 
at apocynthion. These figures may be interpreted 
in several ways. First, assuming that the sep
aration distance ('" 35 km) is the reasonable 
limit of the guidance and propulsion capability of 
the LM for the closing phase, the curves repre
sent an acceptable rendezvous window. This 
window decreases rapidly as the abort altitude 
decreases. Secondly, if the position-time history 
of the MOM is not exactly as planned (for ex
ample, if there exists a separation angle of 
- P), but the LM abort guidance is accurate, 
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the increase in L:,.V requirements may be 
found. This is accomplished by noting that 
a decrease in downrange angle (Figs. 42 
through 44) is accompanied by an increase in 
abort velocity impulse (Figs . 37 through 41). 

Figures 42 through 44 are presented for orbit 
departure angles of 178°. Included in Fig. 43, 
is the departure angle of 95° (synchronous orbit). 
A decrease of the departure angle results in a 
rotation of the q; A versus h A curves in Figs. 42 

through 44, which lowers the r endezvous window 
at higher abort altitudes and slightly decreases 
the window size. A reduction of pericynthion 
altitude hPL of the coast trajectory (not shown) 

raises the rendezvous window and increases its 
size. 

Superimposed on F igs. 42, 43 and 44 is the 
impact restriction for trpe A abort trajectories. 
As is noticed, if "safe I abort trajectories are 
specified, perfect rendezvous at all times is not 
possible and gain or loss maneuvers have to be 
performed. These maneuvers increase the ren
dezvous time by 2 hr. It was found that type B 
abort trajectories do not affect the rendezvous 
problem because the downrange angles at which 
they occur are far removed from those required 
for perfect rendezvous. 

Another important aspect of rendezvous mis
sions is the slant range between the LM and MOM 
during the landing phase. The maximum slant 
range occurs at the initiation of the braking phase 
(to hovering and landing) as shown in Fig. 45. 
This figure presents the slant range as a function 
of altitude during the landing coast trajectory for 
initial circular orbit altitudes of 92.6, 185.2 and 
370.4 km. The maximum slant ranges for an or
bit departure angle of 178° are 185, 410 and 820 
km, respectively. After braking begins, the slant 
range decreases to values equivalent to the initial 
circular orbit altitudes. i. e., at some point during 
the braking or hovering phase MOM is directly 
overhead. 

2. Abort with Return to Orbit and Perfect Lunar 
Rendezvous (Technique tI) 

The following sketch illustrates this technique. 
In this method the abort trajectory is such that 
its apocynthion altitude exceeds the circular orbit 
altitude . This allows the MOM to "catch up" 
while the LM is still in its abort trajectory above 
the circular orbit altitude, so that both arrive at 
the same time at the rendezvous point at altitude 
h O' Figure 46 presents the total L:,. V required to 

abort and rendezvous from a descent use of a syn
chronous orbit as a function of time from the de
orbit maneuver. The solid curve corresponds to 
Technique I and the dashed curves to the present 
method (Technique II) for three values of time from 
abort to rendezvous. An auxiliary scale in Fig. 
13 indicates the abort altitude h

A
. 

Depending on the time requirements, the 
savings in L:,.V (i. e., fuel savings) by use of Tech
nique II instead of Technique I can be quite large. 
Table 3 presents the velocity r€lluirements for 
the two techniques when a perfect rendezvous is 
considered. The circular orbit altitude hO is 





4. Abort During the Hovering Phase 

Final letdown to the lunar surface requires 
that the landing module possess a rate of descent 
appropriate to the type of landing, whether for 
soft or hard landings. For soft landings, which 
are considered in this section, the most crucial 
stage of the letdown maneuver occurs within 30 
meters of the lunar surface. If an abort becomes 
necessary during this time, important considera
tions are the abort thrust-to-weight ratio, the 
reaction time and the design structural limit of 
the LM. 

The objective of the abort during this phase 
is to establish a positive rate of climb before 
impact with the lunar surface, or to ensure that 
a touchdown on the surface will be within mis
sion design limits. 

The landing safety boundaries are illustrated 
for a typical abort thrust- to- weight ratio of 

.J-:. = 0.422. It is assumed that the delay time 
o 

to ignite the abort engines or increase engine 
thrust to the desired emergency value is one 
second. During this reaction interval, the LM 

is assumea to descend ballistically (....:!.... = 0) from an 
Wo 

initial altitude and an initial rate of descent. 
Figure 47 gives a safety boundary for the case 
that impacts without use of emergency thrust and 
for the conditions stated above. If the initial con
ditions of the LM are to the left of the boundary, 
the module can recover before impact and initiate 
an ascent back to orbit. To the right, impact can
?ot b.e avoided. In~luded in the figure is an arbitrary 
Impact structural hmit of 6 g (with shock ab-!Bp 
sorbers) based on free fall (-J-: = 0). Initial con

o 
ditions to the right of this limit are structurally 
unsafe for free fall to the surface. 

Also included in the figure is a typical descent 
as executed by an automatic landing system. As 
long as the descent is to the left of the boundaries, 
the letdown is continued in a normal fashion. 
However, if the altitude is greater than 11 meters 
and the descent reaches the safety limit, abort 
propulsion is initiated followed by an ascent to 
orbit. When the altitude is less than 11 meters, 
the main landing propulsion is terminated at the 
limit and the module drops in. It is further 
assumed that the horizontal component of velocity 
is within the stability margin of the LM while it 
is below 11 meters of altitude. 

5. Lunar Surface Abort 

After completion of a lunar landing, the 
module will remain on the surface for a selected 
interval of time. If during this stay time an 
abort becomes necessary, the module will initiate 
an ascent phase. For missions that do not entail 
lunar rendezvous, the launch is accomplished in 
a normal manner. That is, the module is rolled 
to the desir ed azimuth, and the ascent is carried 
on without changes from the nominal ascent tra
jectory. However, for the case where lunar ren
dezvous is a consideration, the launch azimuth is 
somewhat restricted. 

The sketch below illustrates how plane changes 
become necessary when aborting with the require
ment to rendezvous for a launch-compatible orbit. 

Lunar 
orbit 

HOOD 

site at 
take-or! 

~~~ __ ~Landing site 
at abort 

This type of orbit passes over the landing 
site once the landing phase, and again after a 
nominal stay time, so that both ascent and de
scent occur essentially in the orbit plane. Since 
the moon is rotating, the landing site will not lie 
in the plane of the orbiting MOM at all times. 
Therefore, a launch at any time during the nomi
nal stay time and after the stay time will result 
in the site being displaced from the orbital plane. 

The maximum displacement is given in Fig. 
48 for aborts made after one -half the nominal 
stay time, for aborts one day past the nominal 
stay time, and for various landing-site latitudes. 
This range is zero for sites on the lunar equator 
and increases with site latitude. 

Aborts from the lunar surface should be suc
cessful. Although any vehicle will be designed 
for high reliability, the question still arises as 
to what can be done in the event of a primary 
guidance failure. The possibility of such an 
emergency requires some type of backup 
guidance system. 

For illustrative purposes, a backup system 
utilizing strapped down gyros and three ortho
gonally mounted accelerometers is assumed. 
Such a system would require a man to complete 
the guidance loop. Module attitude is related to 
him from the gyros and velocity from the ac
celerometers. 

The above manual ascent technique is con
sidered the simplest. It consists of lifting off and 
rising vertically for an interval of time. The 
module is then pitched to a desired inertial thrust 
attitude 9t , which is mea sured fr om the x t - axi s 

to the thrust axis, and this attitude is maintained 
constant in inertial space until engine cutoff. It 
is assumed that the nominal mission speCifies 
the establishment of a lunar orbit at 185.2 km. 
Therefore, after thrust cutoff, the module coasts 
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TABLE 5 

8hAL 8 'PO 

T/WO 
\ St 8\ at;-

(sec) (deg) (m/sec) (de~/sec) 

0.4 60 20.7 0 -0.3 

0.4 100 17.5 -204.2 -0.32 

0.4 100 13 -1143. 0.4 

0.6 60 17 0 -0.2 

0.6 100 11. 8 -323. 1 -0.4 

to an apocynthion altitude of 185.2 kIn, at which 
time injection into a circular orbit is made . Two 
thrust-to-weight ratios have been investigated for 
a fuel specific impulse of lsp = 315 sec, and the 

results are presented in Fig. 49. The ascent 
range a ngle ipO' r a nge a ngle m easured from 

liftoff to orbit injection is shown as a function 
of tilt time with burning time as a parameter. 
Also noted in the figure are the acceptable 
limits of tilt time as determined from trajectory 
sensitivities. Sensitivities are determined by 
assuming errors of 1 second in tilt time (tt) and 

burning time tb plus lOin St (inertial thrust or 

pitch attitude), and with out-of-plane maneuvers 
not being considered. These errors are con
sidered representative. The areas of decreasing, 
minimum, and rapidly increasing sensitivities 
for the thrust-to-weight ratios are shown in 
Fig. 49. 

Typical sensitivities are listed in Table 5, 
where hAL = apocynthion altitude. 

Conditions in the area of decreasing sensi
tivity result in a maximum rectangular dispersion 
area from the nominal point of 66.6 kIn in alti
tude and 222 km in range on arrival at apocyn
thion for the above-mentioned errors. This 
maximum dispersion rectangle is shown by the 
curve marked "limit" in Fig . 49 . Note also 
the limited amount of range control as shown in 
Fig. 49. For both values of T /W 0' the range 

angle ipO can be varied from 40 to 70 degrees. 

As the tilt time is prolonged, the £:>V require
ments increase, as can be seen in Table 6. 
Compared to guided ascents (Section C), the 
£:>V requirements increase by 60 to 90 m/sec. 
Also included in Table 6 is the required pitch 
attitude St. 

As can be seen from the above discussion, 
lunar ascent utilizing this backup technique is 
feasible. However, for missions involving a 
lunar rendezvous, launch time tolerances are 
drastically reduced because of the restricted 
range control. 

8h
AL 8 'PO 8h

AL 8 'PO 

~ Bet --afb 8tb tb 
(m /deg) (deg /deg) (m/sec) (deg/sec) (sec) 

19507 0.5 8336 1.5 340 

20970 0 10741 2 350 

25146 2.5 8918 3.2 360 

22068 0.75 14246 2.35 220 

23590 0 7699 2.55 230 
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This implies that additional stored pitch pro
grams, preferably with constant rates, be used 
to increase range control. These pitch programs 
can be generated with clocked potentiometers, 
and the backup technique is again found to be 
quite feasible. 

The initial pitch angle (Sta), pitch rate (St)' 

and burning time tb required to extend ('PO) t? 

180 0 are shown in F ig. 50. The pitch rate (St) 

is held constant throughout the burning phase, 
with data presented for T /W 0 = 0.4, T /W 0 = 0.7 
and I = 315 sec. sp 

Much of the data on lunar abort presented in 
this section is illustrative of the various tech
niques and representative of some present plans 
for lunar landing abort, rather than being of a 
parametric nature. The number of parameters 
is too large to be presented over all va lues of 
each trajectory variable. Practical limits on the 
variables are often prescribed by the available 
hardware at the time of the mission, and they 

TABLE 6 

T/WO 
tt tb b.V St 

(sec) (sec) (m /sec) (deg) 

0.4 20 340 194.8 20.4 

0.4 60 340 1962.9 20.7 

0.4 100 340 200.2 20.4 

0.4 20 350 1877 . 6 16.5 

0.4 60 350 1941. 6 17.0 

0.4 100 350 2004 . 1 17.5 

0.4 100 360 2276.3 13.0 

0.6 20 220 1872.7 16.9 

0.6 60 220 1910.2 17.0 

0.6 100 220 1923.6 16.3 

0.6 20 230 1851.4 8.3 

0.6 60 230 1881. 8 11. 3 

0.6 100 230 1929 . 1 11. 8 



can be further restricted by the choice of abort 
technique as was illustrated in this section. 
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LX. MOON-TO-EARTH TRANSFER 

Chapter V focused attention on the techniques 
for ascending from the earth I s surface to the 
translunar injection point where a ballistic tra
jectory that satisfies various mission constraints 
is established. Chapter VI then presented a cata
logue of circumlunar trajectory data that specified 
the injection condition for the ballistic trajectory 
around the moon with a return to the vicinity of 
the earth. Another class of translunar trajec
tories which do not return ballistically to the 
vicinity of the earth, namely approach trajec
tories (Chapter IV, Section A), is catalogued in 
Subsection A-2 of this chapter. 

When the objective of the mission is accom
plished, whether it be exploration, surveillance, 
or logistics, etc., it may be desirable to return 
the vehicle to earth . (This requirement is man
datory if the mission is manned.) Therefore, 
there are also injection requirements at the moon 
that must be satisfied if the spacecraft is to re
turn to the vicinity of earth. Two techniques 
exist whereby these lunar injection conditions 
can be achieved. The first is a "direct departure 
technique" in which the spacecraft is boosted 
directly from the lunar surface to the transearth 
injection point, inferring lunar landing missions 
only. In the second technique, the vehic l e is in 
a lunar parking orbit or establishes one prior 
to injection into a trans earth trajectory - -hence 
it is called the "orbital departure technique. " 
Because of the limited data available for the first 
technique, and since orbital departure is more 
general, in that the direct departure technique 
can be regarded as a special case of the orbital 
departure technique, only the second technique 
is discussed in this chapter. 

Transearth trajectory data is catalogued in 
Section A in the same manner as was the circum
lunar data. It will be seen that the flight times 
back to earth are for the most part unrestricted, 
thereby easing the timing problem for returning 
to specific earth sites. This same transearth 
catalogue can also be interpreted as a translunar 
catalogue. The interpreted trajectory data rep 
resents the approach class of translunar trajec 
tories. For this class of lunar trajectories, two 
major improvements over the circumlunar class 
are realized, namely: 

(1) A wider choice of translunar flight time 
is now available. 

(2) Any lunar site or feature is accessibl e 
for landing, surveillance or rendezvous 
purposes. 

The use of the catalogue material for mission 
planning is demonstrated for trans earth trajec
tories by the first sample mission in Chapter XI 
and for the interpreted trans lunar trajectories by 
the second sample mission in that chapter. 

Transearth trajectory energy requirements for 
guidance are briefly discussed in Section Band 
they exhibit essentially the same trends as pre
sented in Chapter VI, Section C. Since naviga
tion' tracking, and guidance techniques for trans
earth and translunar trajectories are identical, 
the discussion in Chapter VI applies. However. 
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abort during the trans earth phase is somewhat 
of a misnomer since the only action that can be 
taken is to maneuver to "speed up" the return 
or to change the transearth trajectory inclination 
to ensure arrival at a given earth landing site. 
The velocity impulse requirement to accomplish 
these two maneuvers separately is given in 
Chapter XI. 

A. INJECTION REQUIREMENTS FOR 
MOON-TO-EARTH TRAJECTORIES 

The data given in this chapter presents the in
jection requirements for returning from the moon 
to earth by use of a specific lunar departure tech
nique, namely. the "orbital departure tec.:hnique. ,. 
In it, the spacecraft is assumed to be in a circular 
orbit around the moon. At the proper position in 
the orbit, the vehicle is accelerated by rocket 
burning to the desired injection conditions for a 
trans earth trajectory which is ballistic and returns 
the spacecraft safely to the immediate vicinity of 
the earth. Again. as in Chapter VI, the data has 
been generated by the Voice technique except that 
the trans lunar portion of the Voice program was 
eliminated. Thus, the nomenclature and param
eters referring to lunar trajectories that have 
been presented in previous chapters remain un
changed, the moon is assumed spherically sym
metric and satellite motion around the moon 
occurs in a restricted two-body orbit. The effect 
of perturbations on the orbit, such as lunar tri
axiality, and the attractions of the earth and sun 
have been discussed briefly in Section B of Chapter 
VII. Departure from elliptic orbits around the 
moon has not been considered since these orbits 
seem to offer few advantages over circular lunar 
orbits. Some disadvantages of elliptic lunar orbits 
include: (1) the more complicated navigation and 
guidance that is required for establishing elliptic 
orbits of arbitrary orientation around the moon, 
and (2) the possibility of vehicle impact with the 
moon for elliptic orbits with low pericynthion 
altitudes if perturbing forces act for a long time. 
Also, the addition of two new trajectory param
eters by elliptic orbits would make the cataloguing 
of transearth trajectories almost impossible. 

1 . The Transearth Trajectory Catalogue 

As was mentioned above, the spacecraft is 
assumed to be in circular orbit around the moon. 
The vehicle may have been placed into this orbit 
either at the terminal phase of a trans lunar 
trajectory, or by ascending from the lunar sur

face. Since in the general case there are no 
launch azimuth restrictions on the moon. and 
since an infinite number of lunar orbit orienta
tions can be established by means of trans lunar 
trajectories, the parameters of the initial cir
cular orbit around the moon are completely 
arbitrary from an operational viewpoint. Only 
optimization with respect to some aspect of the 
entire trajectory and mission constraints 
governs the selection of nominal orbital param
eters. Therefore, it is desirable to obtain 
transearth injection requirements for an ar
bitrary injection point near the moon. 
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The catalogue again uses the MOP (moon's 
orbital plane), which is <I plane of symmetry, as 
a reference plane and employs the trajectory 
parameters defined in Chapters IV and VI. As an 
aid to understanding the material in this chapter, 
the following sketch illustrates the geometry of a 
trans earth injection near the moon: 

Moon's Orbital 

~ 
Motion 

Here is shown the lunar ground truce of the 
circular lunar orbit which is called the parking 
orbit as in the case of earth departure. The orbit 
is inclined to the MOP by the angle i , 0°< i <90~ 

m - m-
and the sPSicecraft' s motion in this orbit is as 
indicated. The lunar satellite, as shown, may be 
regarded as being in a retrograde orbit relative 
to the MOP (i. e., its motion is "westward" or 
against the component of lunar rotation in the 
MOP). Since im varies only between 0° and 90°, 

the "eastward" or "westward" satellite motion 
around the moon must be specified together with 
the value of i . ' 'North'' is defined as in the 

m 
direction of the angular momentum vector of the 
moon's orbital motion around the earth, and the 
"East" and "West" directions are defined with 
respect to the MOP by the same convention used 
for earth departure. These directions are not to 
be confused with the selenographic cardinal direc
tion given in Chapter III. The intersection of the 
parking orbit plane with the MOP is designated by 
the angle eM (-180° ~ 8M :::, 180°) which is 

measured positively eastward from the earth

moon line (EML) to the descending node of the 
parking orbit relative to the MOP. The values of 
im , eM specify the orientation of the circular 

lunar orbit, while its orbital radius rat::>. the 

orbital central angle f3 M, and "eastward" or 

"westward" spacecraft motion specify the location 
of the spacecraft in the orbit at any time. 

The injection into the trans earth trajectory 
takes place at a central angle -180°.:::: f3 M0 5O 180°, 

where f3
MO 

is measured positively toward north 

from the descending node. Transearth injection 
is also assumed to be in the direction of the 
spacecraft's motion. At the trans earth injection 
point, and after the spacecraft has been acceler
ated, in addition to im , 8M and "MO' the param-

IX-2 

eters shown in the following sketch are needed for 
complete specification of the injection. 

where 

Vd 0 is the transearth injection velocity in the 
selenocentric lunar equatorial coordinate 
system 

hPL is the trans earth injection altitude hPL= 

rat::>. - Rq 
YqO is the trans earth injection flight path 

angle with respect to the lunar local 
horizontal. 

It is also assumed that during trans earth in
jection the spacecraft is accelerated instanta
neously' or a velocity impulse 6. V is applied, as 
shown above. 

->- ~ ....>. 

V«o = Vqc + t::>.V 
--:>. 

where V q c is the circular orbital velocity cor-

responding to the radius rq t::>. in the selenocentric 

coordinate system x q Yq z«. The effect of finite 

burning time and finite thrust-to-weight ratio on 
the fuel requirements of trans earth injection is 
discussed in Chapter VII. The material presented 
in this catalogue is for YO 0 = 0°, and hence the 

transearth injection altitude hPL is also the peri

cynthion altitude, It::>. vi is colinea~ with I ~ c I 
a~d can be added algebraically to\ Va c Ito obtain 

IVq 0\; t::>. V is considered an injection condition. 

When the space vehicle approaches earth on 
the trans earth trajectory, its inclination to the 
MOP, i VTE' is defined in the same way as in 

Section A, Chapter VI. The value of i VTE ' 

-180° ~ i
VTE

':::: 180° is considered a trajectory 

parameter. 

The transearth trajectories have been similar 
ly catalogued as the circumlunar trajectories in 
Chapter VI. They have been graphically recorded 
in Figs. 1 to 90 for specific mission constraints 



of { , lunar parking orbit inclination, R ,earth-
m ~a 

moon distance in terms of earth radii, hpL' 

transearth injection and parking orbit altitude, and 
hPE' the vacuum perigee altitude of the transearth 

trajectory. The transearth catalogue includes data 
for only one value of hpL' namely hPL = 185 . 2 km. 

The parking orbit inclination, i m , is varied from 

5° to 90° and the trans earth perigee altitude hPE 

= 183 km. Although this altitude is not in any 
safe re-entry corridor, it can be considered so 
since the small change required in hPE for a safe 

re-entry corridor will have insignificant effects 
on the trajectory parameters. Again, as was the 
case in Chapter VI, R~q is varied from 56 ER 

(earth radii) to 64 ER, which are the minimum lunar 
perigee radius and maximum lunar apogee radius , 
respectively, that can be encountered because of 
the eccentricity of the moon's orbit around the 
earth. 

In addition to the trans earth injection conditions 
of im' eM' i3Mo' C;,V and hpL' the flight time tp 

from transearth injection to perigee is recorded . 
Although the symbol tp denoted the flight time 

from the translunar injection to pericynthion in 
Chapter VI, it will become obvious in the next sub
section why the same symbol was chosen here . 
The data contained in the catalogue is also given 
as a function of iVTE but for the independent 

parameter of eM' 

Table 1 gives the contents of the catalogue ap
portioned between the three trajectory constraints 
of im' REBd and trans earth injection direction, 

TABLE 1 

REBa i Injection m 
Case (ER) ~ Direction Figures 

1 56 5 Westward 1 to 3 
2 56 15 Westward 6 to 8 
3 56 30 Westward 11 to 13 
4 56 60 Westward 16 to 18 
5 56 90 Westward 21 to 23 
6 60 5 Westward 26 to 28 
7 60 15 Westward 31 to 33 
8 60 30 Westward 36 to 38 
9 60 60 Westward 41 to 43 

10 60 90 Westward 46 to 48 
11 64 5 Westward 51 to 53 
12 64 15 Westward 56 to 58 
13 64 30 Westward 61 to 63 
14 64 60 Westward 66 to 68 
15 64 90 Westward 71 to 73 
16 60 5 Eastward 76 to 78 
17 60 15 Eastward 79 to 81 
18 60 30 Eastward 82 to 84 
19 60 60 Eastward 85 to 87 
20 60 90 Eastward 88 to 90 
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Trajectory data is given by the following 
variables as a function of iVTE for each of the 

above constraints: 

(1) t 
p 

(2) C;,V 

(3) i3
MO 

The angle eM is not given as such in the figures, 

but rather with an additional subscript TE to ease 
the interpretation of the data when considering 
translunar trajectories as discussed in the next 
subsection. Therefore, when considering moon
to-earth transfers, the appropriate symbol is 8MTE 
with the same definition as eM ' The parameter 

e
MTE 

is always given in the field of the graph. 

The majority of catalogued data is for a west
ward trans earth injection or retrograde relative 
to the MOP. This selection is based on the as
sumption that most approaches to the moon from a 
translunar trajectory will be in a westward direction 
and,thus, the presented data is more useful for the 
mission planner. However, some eastward trans
earth injection data is presented for REBq = 60 ER, 

mainly for comparison purposes with westward 
injections R

IDa 
= 60 ER and rough approximations 

for other values of R ffiq. 

The trends in each of the three major trajectory 
variables as shown in the catalogue are discussed 
bel ow: 

(1) t - - Flight time from transearth injection 
p 

near the moon to vacuum perigee. Flight 
time is given in Figs. I, 6, 11, 16, 21, 26, 
31, 36, 41, 46, 51, 56, 61, 66, 71, 76, 79, 
82, 85 and 88. It is immediately observed 
that for values of i < 30° a discontinuous 

m 
region exists on the graphs for certain values 
of eMTE , and as the region is approached, 
flight times increase very rapidly, This 
region has been denoted ' ~mpractical Region" 
in the catalogued figures, Actually this 
"impractical region" also exists for larger 
i I S but is not as pronounced since only 
m 

a smaller range of e
MTE 

I s are affected. 

The discontinuity represents the situation 
where return times to earth become im
practical or where the spacecraft escapes 
from the sphere of influence of the earth 
and moon into a heliocentric orbit. The 
sketch below illustrates this latter phenom
enon for a trajectory in the MOP (im = 0°) 

and both a westward and eastward trans earth 
injection. When the vehicle exits the lunar 
volume of influeD-ce, its velocity relative 
to the moon is V (f C;,' How:,.ver, when its 

velocity relative to earth VEBC;, is found by 

adding the moon I s velocity, V
EBq

, about the 

earth, the spacecraft is moving away from 

-_.----' 



the earth with suffic i ent energy to leave the 
sphere of influence of the earth and moon 
and be captu red by the sun. 

The figures show that the spacecraft can 
be made to return to earth in 50 hr or, if 
desired, 150 hr for any value of im and R@a' 

and for one fixed value of h pL' return time 

is not restricted to the degree as was the 
case for circumlunar trajectories of Chapter 
VI. 

(2) 6V--Velocity impulse required to inject the 
spacecraft into a trans earth t rajectory . 
The value for this variable is found in the 
f igures immediately following the flight time 
figures. As expected , the higher the 6V 
requirement , the lower the flight time. 
A nother point worth mentioning i s the fact 
tha t the minimum 6 V required i s approx-

(tr.jeetor7 leayea the 
eph.~. ot intlQ.~e 
of the earth and .ooD)~ar 

~~~~, 
/ 191--"; 

,// 

(not 

imately 800 m / sec regardl ess of the values 
of R@a' im , or 8MTE 

(3) {3MO - -Orbita l central angl e of the trans earth 

inj ection point, measured postively toward 
the north from the descending node, -1 80° 
..:;. {3MO ..:;.180°. Assuming for the moment 

that a return time to earth has been selected 
for give n values 9

MTE 
and im a long with the 

return inclination i VTE' the required 6 V 

can be found. The final variable tha t com
pletely describes the injection is the in 
jection position {3MO ' as defined above. It 

i s determined by entering the catalogue with 
the additional mission constraints of i

VTE
' 

8M, and im 

~ 
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(trajectory leaves the 
sphere of infl~ence 
of the earth and moon) 
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The material given in the catalogue can be 
extended significantly by use of symmetry about the 
MOP, and it is important that an understanding of 
this extension procedure be achieved. It is il
lustrated by means of an example. Assume that 
im = 60°, 6MTE = 80°, iVTE = 40°, tp = 80 hr, 

f:;V = 1700 m/sec, f3
MO 

= -20° and the trans earth 

injection is westward. This situation is shown 
in the following sketch (parking orbit CD). 

Orbit (!) 

OP 

Since the MOP is a plane of symmetry, another 
parking orbit @ can be established that has the 
same value of im' 60°, but having an ascending 

node that is now coincident with the descending 
node of parking orbit CD. If the injection point B 
has the same orbital central angle as A from the 
line of nodes, the trans earth trajectory established 
from parking orbit @ is a mirror image of the 
trans earth trajectory established from parking 
orbit CD. Therefore the trans earth trajectory 
data of parking orbit CD can be used for parking 
orbit @ by means of a few simple rules, for 
interpreting the catalogued data, namely: 

or 

6
MTE 

@ = 6
MTE 

CD - 180° = -100° 

(la) 

6MTE CD + 180° = 260° 

f3MO @ = 180° + ,BMO CD = 160° (lb) 

i VTE @ = - iVTE CD = - 40° (lc) 

f:;V ® f:;V CD l700m/sec (ld) 

i @ i CD = 60° ( Ie) 
m m 

tp ® t CD = 80 hr ( 1£) 
p 

both transearth injections are westward. 

The next sketch illustrates the above procedure 
for a typical tp versus iVTE curve similar to 

Fig. 1 in the catalogue. 

The "impractical region" has been shifted to 
the right and the curves are a mirror image about 
iVTE = 0°. 

t p 

!,rootioa, 
Region 

r 
e

MTE 

"-
'-

.1 0 
rr-- (.) 

/ IlIlprac tical 
,- Region 1 

I \ 

r-eMTE = 240
0 

\ 

/ \ 
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The extension of the catalogued trans earth data 
by means of conservation of energy to other values 
of hPE and Vao can probably be performed for 

small changes in h pL' However, due to the low 

velocity of the spacecraft relative to the moon, 
trajectory parameters other than Vao would be 

affected, notably the flight time t • Thus the 
p 

formula given by Eq (2) of Section A, Chapter VI 
for change in near-earth injection altitude of 
circumlunar trajectories is applic~ble for a 
smaller range of lunar injection altitudes. Be
fore definite recommendations can be made on 
the useful range of injection altitudes, a com
parison of empirically determined parameters 
with Voice and integrated trajectories is required. 

2. Interpretation of Transearth Trajectory Data 
as Translunar Trajectory Data 

The symmetry discussed above can also be 
employed in interpreting moon-to-earth tra
jectories as earth-to-moon trajectories, as can 
be visualized by means of the following sketch 
which shows the moon at the time of trans earth 
injection t';'. At this time, the orientation of the 
parking orbit about the moon is specified by im 

and 6
MTE

. During the moon-to-earth transfer, 

the moon changes position from t* to the point 
P; and on arrival at earth the transearth tra-

jectory has an inclination i
VTE

' 

-----' 
If a mirror were placed along the EML per-

pendicular to the MOP, an image trajectory would 
be seen. When the moon is at P, its image is at 
Q and the spacecraft in the image trajectory is 
also at earth. Now if the motion of the moon were 
to be reversed, 1. e., if it were to move from P 
to its initial location at t*, the motion of the 
spacecraft in the trans earth trajectory would 
also be reversed. However, when viewing the 
image of this lunar reverse motion it is evident 
that as P moves towards t*, its image Q is also 
moving toward t*, and the spacecraft moves from 
the earth toward the moon along the image tra
jectory. 

This image situation is identical to the actual 
trans lunar situation since Q moves in the same 
direction as does the moon in its orbital motion. 
Thus the trans earth trajectqry may be interpreted 
as a translunar trajectory. t The following rules 

-I 
I 
I 

tFor instance, if the trans earth trajectory is direct 
north the translunar trajectory is also direct north. 
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regarding this interpretation can now be made: 

for 9MTE use 180 0 
- 9MTL 

where 

for 

for 

for 

for 

9
MTL 

locates the descending node of 

the parking orbit of the t ranslunar 
trajectory 

i (transearth) u se i (translunar) 
m m 

{3MO (transearth) use 180 0 
- (3MO 

(translunar) 

~ V (trans earth injection) use ~ V 
(see definition in Chapter VI) 

t (transearth) u se t (translunar ) p p 

(2a ) 

(2b) 

(2c ) 

(2d) 

(2e ) 

(2f) 

, 

Furthermore, a fixed value of i VTL may rep 

resent either an inject north or inject south case, 
L e ., the image trajectory can be reflected below 

oon 
At t· 
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, 
'. 

/ 

MOP 

P 

~~ Moons 
. ion 

I 
I 

or above' the MOP as well. For instance, in the 
above sketch the translunar injection is direct 
north . Since the MOP is a plane of symmetry, 
the image or trans lunar trajectory can a l so be 
reflected below the MOP to obtain a direct inject
south case for which the trajectory parameters 
at the moon must be interpreted properly. The 
rules governing the interpretation for the opposite 

case t are: 

for iVTE use i VTL ( 3a) 

for 9
MTE 

use -9
MTL 

(3b ) 

for im (trans earth) use im (translunar) (3c ) 

for {3MO (transearth) use - {3MO (trans -

lunar) ( 3d ) 

t For instance, if the trans earth trajectory is 
direct north, the translunar trajectory is opposite, 
L e. , direct s outh (see example in F ig. 4 of 
catalogue). 
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for .6. V (trans earth injection) use 
.6. V (see definition in Chapter VI) ( 3e) 

for t (transearth) use t (translunar) 
p P 

( 3f) 

for Va use Va (3g) 

If the transearth trajectories in the catalogue 
are interpreted as translunar data, the injection 
conditions at earth need further discussion. The 
trans earth data is for an injection a ltitude hO of 

183 km/and the injection flight path angle YO is 

0°. The injection velocity Va is included in the 

catalogue along with the injection position 4'0 

(see Chapter VI for definition). The function 4'0 

is discontinuou s when iVTL is 0° or 180° due to 

a s ingularity in the equations of the Voice program 
when iVTL = 0° or 180°. However, this feature 

does not detract from the u sefulness of the da t a 
for mission planning purposes since the value 
iVTL = 180° represents unlikely retrograde in -

jections, and the singularity iVTL = 0° invalidates 

Voice data for mission planning if iVTL ~ 10 

for the inject-south or the inject-north cases. 

The trans1unar inJection conditions of hO ' V 0' 

ljiO and YO can be extended to include other injection 

conditions by the use of the empirica l relationships, 
Eqs (1) and (2), given in Chapter VI, Seetion A. 

As pointed out previously, the trans lunar t ra
jectories in this Chapter are not of the circum
lunar class but of the approach class (Chapter IV). 
Two major advantages are to be gained by the use 
of the approach class of translunar trajectories . 

(1) The freedom in selecting landing sites 
or surveillance areas 

(2) The relative freedom in choosing a 
flight time to the moon. Although ac
cessibility of lunar areas is vastly 
improved by the u se of these trajector i es , 
the problems associated with mission 
abort near the moon before enter ing 
lunar orbit make this approach more 
risky. 

B. MIDCOURSE GUIDANCE 
AND ENERGY REQUIREMENTS 

The navigation and guidance techniques pr e 
sented in Chapter VI are a lso applicable to the 
trans earth phase of a lunar mission and therefore 
will not be discussed further. However, there 
are some brief comments to be made r egarding 
the energy requirements of this phase . 

F or circumlunar trajectories it is very dif
ficult to determine the velocity impulses .6.V TOT 

for the trans earth portion of the trajectory be
cause midcourse corrections are applied during 
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the translunar phase. These corrections may 
be designed to return the errant trajectory back 
to a nominal trajectory or to ensure arrival at 
a specific aim point near the moon (not neces
sarily matching a nominal). Therefore the trans
earth trajectory depends on the accuracy of 
these translunar midcourse corrections and the 
off-nominal conditions of im , 8

M
, hPL and 

t at the moon. It was emphasized in Chapter 
p 

VI that very stringent requirements exist on the 
trajectory at given instants of time if mission 
specifications are to be fulfilled . 

The sensitivity of trans earth vacuum perigee 
to variations in pericynthion a ltitude , hPL' 

varies over a wide range , and a factor of 10 is 
not unreasonable . Not only does the return 
vacuum perigee altitude vary, but the trans earth 
inclination, i VTE' and the time of re-entry also 

vary, making the task of returning to a pre
scribed point on earth even more difficult. Un
l ess midcourse corrections are made to reach 
the correct pericynthion a ltitude at the right 
time and orientation, the distortion in the trans
earth trajectory may require large trans earth 
midcourse guidance corrections . A circumlunar 
trajectory will thus require multiple midcourse 
guidance corrections, one or more during the 
translunar phase , one at or near pericynthion, 
and one or more during the trans earth phase. 

1. 

If the first guidance concept given in Chapter 
VI with the a i m point at pericynthion is used, 
then difficulties arise in simultaneous control 
of the four prime variables im , 8M, hPL and 

t at pericynthion which, in turn, control the 
p 

t rans earth trajectory. Most likely a statistical 
approach will be used to determine the trans
earth guidance requirements for this concept . 
For the second concept, which is designed to 
return the spacecraft to the nominal trajectory 
prior to reaching the moon, the difficulty may 
arise from the small differences between the re
quired velocity corrections and the accuracy to 
which the spacecraft ' s velocity vector is known 
at the time of correction. 

In order to gain at least some insight to the 
t ransearth energy requirements, it is assumed 
that the final translunar midcourse guidance cor
rection (for a typical circumlunar trajectory of 
Chapter VI) by use of guidance concept 2 i s not 
made. In this case the spacecraft continues its 
tra j ectory around the moon with no further cor
rections until it i s on the trans earth portion 
some distance from the moon. The trans earth 
midcourse correction is assumed at tl = 105 hr 

after translunar injection. 106, 000 km fr om the 
moon. This correction is designed to retu rn 
the spacecraft to the nominal trans earth trajectory 
a t various times t2 which vary from 120 hr after 

injection to perigee. The total mission time 
(from injection to perigee) is approximately 151 hr 
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and the magnitude of the final translunar correction 
which is not made is b.V of 0.7 mfsec. The fol

v 
lowing sketch shows the total corrective velocity 
requirements for the above conditions. 

o . 
~ 
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The magnitude of the required corrections, 
although felt to be quite conservative, indicates 
the need of controlling the trans lunar trajectory 
as closely as possible. The omission of a 
b. V of 0.7 mfsec correction during the trans lunar 

v 
trajectory at t = 50 hr results in a required 20 
m/sec correction (at tl = 105 hr) on the transearth 

trajectory. Also included in the sketch is data 
for an initial trans earth midcourse correction at 
tl = 115 hr. The data shows the' expected trends 

of reduced b.V TOT for corrections made as early 

as possible and reduction of the total b.V TOT as 
the aim point approaches transearth vacuum 
perigee. 

The initial correction times (t 1) assumed 

ensure that the vehicle position at tl is sufficiently 

beyond the effect of the moon I s gravitational field 
to allow reasonable prediction of position and ve
locity at perigee. The previous sketch illustrates 
the necessity of obtaining ample position and 
velocity data as soon as possible after entering 
a region where reasonably accurate return mid
course guidance corrections can be computed. 

2. Requirements for Transearth Trajectories 
OrIginatIng at the Moon 

For trans earth trajectories established from 
a lunar orbit, errors arise mainly from the abiHty 
of the guidance system to control the injection ve
locity vector. Although the correct position at 
trans earth injection is also important, the intrinsic 
nature of the guidance concept to be used tends to 
keep position errors small. This is especially 
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true if the guidance technique uses a phantom 
satellite as the aim point as discussed in Chapter 
V. The standard deviation in velocity, i. e., the 
10" error in the velocity, is assumed to be 0.3 
m I sec in each coordinate direction, x , y , zv' v v 

where Xv is along the local horizontal in the flight 

direction, Zv is in the direction of the local vertical 

and y v completes the right-handed Cartesian co

ordinate system by defining a lateral direction 
normal to the trajectory plane. Injection velocity 
errors reflect a three-dimensional 99% probability 
(3.3680'). The velocity error at trans earth in
jection is propagated to a position corresponding 
to the point at tl = 105 hr used in the circumlunar 

case above. The previous sketch pre sents the 
initial (position) velOCity correction (~V ), the 

p 
final (velocity) correction (b.V) and b.VTOT ' 

the total impulse required. As in the translunar 
case, the initial correction, made at the 105-hr 
point, corrects the position of the spacecraft so 
that it intercepts the nominal transearth trajectory 
at a predetermined aim position and time. This 
aim point has been varied from the 120-hr point to 
perigee on the sketch and the final correction at 
the aim point reorients the spacecraft I s velocity 
vector along the nominal trajectory with the cor
rect magnitude. The data presented in the sketch 
represents the highest midcourse energy require
ments and as noted, it exhibits the same trends 
as the circumlunar trajectory of the previous sub
section. 

Guidance accuracy requirements have been 
discussed qualitatively in Subsection C-2c of 
Chapter VI with some reference to quantitative 
data given in that subsection. Again the discussion 
applies to midcourse guidance and energy require
ments of translunar as well as transearth trajectories. 

l 
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X. EARTH RETURN 

This chapter presents the flight mechanics 
and guidance aspects of earth return. The mate
rial is discussed mostly in qualitative form, with 
the required trajectory equations and methods of 
solution given. For re-entry into the earth's 
atmosphere the limiting factors in the selection 
of the trajectory are not so much the ultimate 
aerodynamic performance of the re-entry vehicle, 
which could be augmented by rocket acceleration 
or deceleration, but the properties of the earth 's 
atmosphere itself, which provide two design limits: 

(1) Upper limit on the steepness of re-entry 
because of high decelerations. 

(2) Lower limit on the steepness due to 
high aerodynamic heating or a "skipping" 
out of the atmosphere if insufficient 
dissipation of the vehicle's kinetic 
energy occurs. 

A complete description of earth return would 
thus include a description of the earth's atmosphere, 
the aerodynamic forces and the resulting decelera
tion and heating of the re-entry vehicle . The prop
erties of the earth's atmosphere have been dis
cussed briefly in Chapter II and in more detail in 
Chapter II of Ref. 1. The form of the aerodynamic 
lift and drag terms, which become numerically 
very large during re-entry, has been given in 
Section B of Chapter IV. The present chapter 
discusses the techniques of re-entry, the timing 
of re-entry for specified lunar mission constraints, 
and the aerodynamic performance of and trajectory 
requirements for the re-entry vehicle . The aero
dynamic heating aspect of re-entry (with equations 
for estimating convective, conductive, radiative 
heating in hypersonic flow and the flow field around 
the vehicle, thus giving the heat balance and tem
perature for portions of the re-entry vehicle) has 
been given in Chapter IX of Ref. 1, and Chapter XII 
of Ref. 2. Aerodynamic heating is of prime con 
cern during a re-entry; practically all of the 
vehicle's kinetic energy must be dissipated in 
the form of heat. Most materials can only absorb 
a fraction of this heat energy without melting or 
evaporating; consequently the dissipated kinetic 
energy must be made to heat the gas a round the 
body rather than the body itself. 

Section A of this chapter discusses qualitatively 
the timing of the return and the trans earth and 
translunar trajectory parameters which are af
fected by this timing if landing at a specific earth 
site is desired. 

Section B discusses re-entry by atmospheric 
deceleration. In this technique a large portion of 
the kinetic energy of the re-entering space vehicle 
is converted to heat by the action of atmospheric 
drag until the speed of the vehicle is slow enough 
to permit a landing without damage to the struc
ture and the occupants, if any. The aerodynamic 
maneuvering capability of the vehicle is discussed 
in Subsection B-4 and the techniques for guiding the 
re-entry vehicle to a landing in Subsection B-5 . 

Section C discusses earth re-entry by use of 
rocket and/or atmospheric deceleration to reduce 

X-I 

the space vehicle speed from the super circular 
approach speed of ~ 11 km / sec to a circular 

orbit velocity of ~ 8 km / sec. The vehicle may 

then remain in earth satellite orbit until such 
time that re-entry from orbit to a specific landing 
site can be accomplished. An important part of 
this technique, the determination of call-down 
frequency, has been discussed in some detail 
and the conditions for a recall to a specific site 
have been derived. 

This chapter completes the discussion of the 
different phases of a lunar trajectory which was 
started with earth departure in Chapter V. The 
material in these chapters consisted of a dis
cussion of techniques and requirements for each 
trajectory phase, as well as an attempt to cata
logue all earth-to - moon trajectories of interest 
from Cape Canaveral and moon-to-earth trajec
tories from lunar satellite orbits to an arbitrary 
earth landing site. The task remains to combine 
the material on vehicle environment in Chapter II, 
on the geometry in Chapter III, the dynamics of 
Chapter IV and the detailed discussion of the tra
jectory phases in Chapters V to X and then to 
illustrate the application of this material to the 
preliminary design of a specific lunar mission. 
This task will be taken up in Chapter XI. 

A. LANDING AT A SPECIFIC EARTH SITE 

For manned and many unmanned lunar mis
Sions, operational concepts dictate the recovery 
of the spacecraft after the completion of the mis
sion. Planning for recovery of the spacecraft 
will be based on landing in one of a few relatively 
small areas since only small areas on earth can 
provide adequate tracking facilities during re
entry and the recovery forces and facilities can 
be deployed in only a few restricted areas. In 
addition, the climate, the terrain and political 
considerations will also limit the available land
ing areas. Even abort trajectories can be planned 
to result in vehicle return to specified landing 
areas as discussed in Section D of Chapter VI. 
Only dire emergencies will require indiscrimi
nate earth return and landing, namely when the 
survival of the space vehicle crew depends on it. 

Once one or more landing sites have been 
selected, the timing of the mission must be de
signed to result in a landing at that site. For 
lunar missions the timing is a major problem 
and it is the first one attacked as illustrated by the 
two sample missions in Section G of Chapter XI. 
The timing problem can be solved during earth 
departure, at injection by choice of a suitable 
flight time, on the moon, or by use of parking 
orbits on earth return. In any case, timing de
pends on the particular trajectory class selected 
(see Chapter IV for further definition and classi
fication of lunar trajectories). 

With a circumlunar trajectory class that is 
designed to directly re-enter the earth's atmos
phere at the end of the transearth portion of the 
trajectory, a major timing problem arises since 
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for a direct re-entry the landing will occur soon 
after re-entry and , therefore, will require that 
the landing site be close to the re-entry tra
jectory plane . Therefore the circumlunar mis 
sion must be planned at the time of launch (from 
earth) to possess a total flight time that allows 
the designated landing site to rotate beneath t he 
transearth trajectory plane at re - entry or at 
least within the maneuvering capability of the re
entry vehicle . For a given lunar arrival date or 
time of the month, the earth-moon distance R ~<l 

may be assumed constant for a few hours before 
and after the arrival date . 

The allowable iVTL (Section D, Chapter XI) 

and the resulting iVT E for a given hPL also 

remain essentially constant . With these mission 
constraints , there is a corresponding total flight 
time, T (from launch to injection- - to pericynthion-
to earth re - entry ). Now, if the earth landing 
site is not in the correct position relative to the 
transearth plane at re - entry (which is the general 
case) an adjustment in T is necessary. One way 
of obtaining this adjustment without the expenditure 
of energy is to alter h P L since it is the only re-

maining parameter that affects T for a given 
arrival date . This is most clearly illustrated in 
Fig. 1 for two designated landing sites, namely, 
Australia and Edwards AFB. It is worthwhile to 
note here that the maximum and minimum hPL 

required to acquire these two sites occur either 
at the maximum southerly or maximum northerly 
declination. Furthermore, note that the re - entry 
range required to reach the sites varies con 
siderably. 

If the mission specifically states that hPL 

remains constant, then the adjustment in T must 
be achieved by means of a transearth adjustment 
maneuver as explained in Section E, Chapter XI. 
This midcourse maneuver does not alter the trans
earth inclination iVTE but only advances or delays 

the time at which re-entry occurs. 

An alternative to the transearth adjustment 
maneuver is to allow the spacecraft to arrive at 
earth without consideration to site location. At 
approximately the time of perigee, an orbital 
entry maneuver is executed which places the space
craft in a close earth orbit where the spacecraft 
stays until the proper pOSition of the landing site 
relative to the vehicle is achieved, before de
orbit, re-entry, and a landing is attempted. 

The discussion thus far implicitly assumes 
that the acquisition of a particular lunar satellite 
orbit orientation defined by the im - 8M relation-

ship (see Section A of Chapter XI) is not a mis
sion requirement . However, if the spacecraft 
must have a specific im - 8M combination, then 

iVTE will depend on and be in error with the de 

sired iVTE ' Thus, in addition to making ad

justments in total flight time to time a given land
ing site, it also becomes necessary to make a 
transearth planar change 6. iVTE for the three 

cases mentioned above . This maneuver and the 
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corresponding energy requirements are discussed 
in detail in Section E of Chapter XI. 

For a transearth trajectory that originates at 
the moon and returns a spacecraft to earth, the 
problem of returning to a specific earth site is 
not as formidable as for the circumlunar class 
since flight time is not constrained (see Chapters 
IX and XI). There are certain ramifications , how
ever, especially if the lunar departure is conducted 
from a pre -established orbit resulting from lunar 
rendezvous or parking orbit requirements. In this 
case the return time can still be controlled but the 
return inclination iVTE may have to be adjusted. 

In summary , the timing problem associated 
with returning a spacecraft to a designated earth 
landing or recovery area can be solved at different 
times during the mission . For circumlunar tra
jectories the problem may be resolved at launch 
or in parking orbit prior to translunar injection, 
along the transearth trajectory, or at the com 
pletion of a mission (parking orbit at earth return). 
In the case of transearth trajectories established 
at the moon, the timing problem is resolved prior 
to lunar liftoff or lunar orbit departure. It must 
be remembered that in connection with the timing 
problem, it can be generally stated that a trans
ea7'th mid course correction of iVTE is also re
qUlred. 

B. RE-ENTRY BY ATMOSPHERIC 
DECELERA TION 

A very efficient technique for recovery of lunar 
space vehicles after completion of the mission is 
to decelerate the re -entry vehicle by dissipating 
most of its kinetic energy in the earth's atmos 
phere without application of rocket thrust. For 
this re-entry technique there is a weight penalty 
in providing a heat shield , which protects the 
vehicle by absorbing some of the heat generated , 
but this weight penalty is far less than that of the 
fuel required to reduce the vehicle velocity by 
rocket deceleration. Atmospheric deceleration 
of a vehicle returning from a lunar mission pre
sents a more severe problem than it does for an 
earth satellite . This fact is caused by the dif
ferent speeds of the vehicles -- l l km/sec for the 
lunar vehicle and 8 km/ sec for the earth vehicle. 
However , the use of ablative heat shields in con
trast to radiative and heat sink - type heat shields 
makes it possible to re -ente r the earth ' s atmos
phere with supercircular speeds, i. e ., speeds 
in excess of 8 km/sec , at least from the point of 
view of theoretical thermodynamics . No vehicle 
has as yet been re -entered and recovered intact 
at supercircular speeds . 

The re-entry portion of a trajectory is char
acterized by the dominance or large size of the 
aerodynamiC forces as compared to the gravita
tional force on the vehicle. Since most re -entry 
trajectories are extremely short as compared to 
earth satellite orbits, for convent ional lunar 
vehicles the presence of the atmosphere can be 
neglected until the vehicle altitude first drops 
below 122 km . Of course , just as in the case of 
earth satellites , the upper limit of the sensible 
atmosphere depends on the ballistic coefficient 
B = CDA/2M of the vehicle , the flight path angle y 



and the velocity V of the vehicle. The approach 
trajectory above 122 km for conventional lunar 
vehicles and conventional return may be considered 
ballistic and the initial conditions of the re - entry 
trajectory may be characterized by the re - entry 
velocity V R and the re -entry flight path angle Y R 

occurring at an altitude of 122 km as illustrated in 
the following sketch: 

V
R 

\ 

\ 
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Nothing prevents the use of the equations of 
motion as given in Section B of Chapter IV and the 
initial re -entry conditions to obtain the entire tra
jectory by numerical integration on a digital com
puter . However, nonlifting vehicles with fixed 
aerodynamic coefficients , as well as lifting vehicles 
with variable aerodynamic coefficients , introduce 
many trajectory parameters, so that a very large 
number of numerically calculated trajectories 
must be obtained before definite trends can be 
established. In order to obtain an idea of re-entry 
trajectory characteristics , approximate analytical 
methods are preferable to numerical solutions just 
as the Voice technique enabled the determination of 
ballistic lunar trajectories more quickly and ef
ficiently than numerical integration of the more 
complicated equations of motion . There exists no 
analytic solution of the full equations of motion , 
hence the qualifying statement that the analytic 
solutions are only approximate . 

1. Equations of Motion for a Shallow Re -entry 

Consider re-entry into the atmosphere of a 
spherically symmetric planet and let the atmos 
phere be spherically symmetric in concentric 
layers about the planet and be stationary with re
spect to the planet . Neglect lateral aerodynamic 
forces as well as thrust forces. The resulting 
descent is planar and one can introduce plane polar 
coordinates r Ell .6' 6E1l.6 =0 r, 6. The sketch below 

shows the components of aerodynamic lift, aero
dynamic drag and velocity in this coordinate sys
tem. 

Hence the two component equations of motion in 
the plane polar coordinate system are as follows: 

dv 2 L +~ - dt = g -~ -M cos Y sin Y (1) 
r M 

du + Uv D (cos Y +L sin Y) (2) 
dt -M IT r 

where 

t time 

g local acceleration due to gravity 

M vehicle mass (constant) 

Y flight path angle at any time. 

In order to obtain an approximate ana lytical 
solution, Chapman (Re f. 3) introduces a Z-func tion. 

p 
Z =0 ---:~oo;:.;.-_ 

a0~N 
.ff -(13 n 

(3) 

where 
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p 
00 

A 

(3 

T 

free stream atmosphe ric density, ~ 
m 3 

drag coefficient, CD 
D 

! P V 2 A 2 00 

u 2 + v 2 = vehicle velocity squared 

vehicle reference area 

logarithmic atmospheric density gra

dient in units of m -1 

local temperature of the ambient 
atmosphere in 0 K 

molecular weight of the atmosphere 

~ is a dimensionless horizontal 

W 
velocity parameter. 

Chapman (Ref. 3) then makes the assumption that 
the re-entry is shallow (or Y is small during entry), 
so that cos Y -: 1, sin Y ~ Y, V ~ u, i(L/D) tan YI 
« 1. 

With the shallow re -entry consumption, the 
introduction of IT as the independent and Z as 
dependent variable, the two equations of motion 
(1) and (2) reduce to a single ordinary nonlinear 
second-order differential equation. This trans
formed equation of motion is given here together 
with the physical interpretation of the terms: 



u zit 
~ 

vertical 
acceleration 

vertical 
component 

of drag 
force 

,ro: L 3 
- , {3r D cos Y 

~ 
lift force 

with the initial conditions 

4 cos y 

gravity minus 
centrifugal 

force 

(4) 

z (U, ) = Z , d Z (u .) = (d Z ) 
1 1 du 1 du. 

( --Ia ) 

1 

The author then examines the structure of Eq (4) 
with the initial conditions representing re -entry 
conditions and finds that three dimensionless 
paramete rs determine the motion during shallow 
re -entry: the re - entry velocity parameters ('if R)i 

(V RI vIgr\, the lift parameter LID ffr and the 

perigee parameter 

(4b) 

where the subscript "PE" refers to vacuum perigee 
of the earth return trajectory . 

These parameters are then utilized to find safe 
re -ent ry corridor depths (for a complete definition 
of re - entry corridor see Subsection B-3) tha t arc 
extremely useful in comparing various re -entry 
vehicle configurations and trajectories . Decelera
tion load factors , guidance requirements, re -entry 
range , heating rates and LID effects can also be 
accurately determined from these parameters . 

Luidens (Ref. 4) presents closed form solutions 
of many engineering parameters of interest for 
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specific re -entry trajectories such as cons tant angle 
of attack, constant altitude. constant net accele ra
tion ' modulated roll trajectories , etc . 

Of course , attention should be given to the as 
sumptions made in the above references to ensure 
applicability to re -entry trajectories in question. 
Only the general results obtained in Refs. 3 to 14 
are discussed in this chapter and the reader is 
referred to these references for complete details 
and mathematical developments . 

2 . Qualitative Description of Re-entry 

The equations governing re - entry as well as the 
results obtained from these equations by numerical 
or analytical methods point out the importance of 
the flight path angle Y R at re-entry (h R = 12 2 km 

for conventional vehicles) . It is always negative 
since otherw ise the vehicle could not lose altitude 
and re -enter. 

If Iy RI is large , the initial approach to the 

earth's atmosphere is very steep and actual re
entry is accomplished in a matter of seconds. 
This situation is analogous to a bullet being brought 
to a complete stop in a very short time . The re
sult is a tremendous deceleration that i s beyond 
both human and structural endurance . 

If Iy RI is very small , the approach to the 

earth ' s atmosphere is very shallow , the equation 
of motion , Eq (4) , applies directly and this case 
may be likened to the ricochet of a bullet · i e 
for highly elliptic , parabolic and hyperb;li~ a'p
proaches the vehicle " skips" out of the atmosphere 
in a still highly eccentric orbit . The phenomenon 
of skipping out has been suggested by Chapman 
( Ref. 5) as a technique to re - enter the earth's 
atmosphere v<::l'y slowly , and multiple - pass at
mospheric deceleration entries are of interest 
for several reasons, one of which is that they 
provide a means of minimizing aerodynamic' 
heating. For example , in an entry which first 
makes a number of supercircular passes through 
the outer edge of the atmosphere until the ve locity 
IS reduced to circular velocity and then completes 
the subcircular portion of entry with a sizable 
positive (see sketch) LID , the decelerations ex 
perienced (and the rates of aerodynami c heating ) 
can be kept relatively small . 

---~~ 
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It is shown in Ref. 3 that for ballistic entries 
(L/D = 0) six supercircular passes would be re
quired to keep the maximum heating rates about 
the same as those experienced during the terminal 
subcircular portion of entry. Since each pass is 
followed by a substantial period wherein the struc
ture may cool as the vehicle orbits in preparation 
for a subsequent atmospheric pass, this method 
provides an attractive possibility for utilizing the 
combined heat sink and radiative capability of the 
structure. If the re -entry body is a lifting vehicle 
(L/D f 0), then it can be rolled during the atmos 
pheric portion of the trajectory to produce a side 
force which changes the inclination and nodal line 
of the vehicle orbit in inertial space. This maneuver 
which does not require rocket fuel may correct any 
small timing and trajectory errors . 

At least two important problems arise for 
multiple -pass atmospheric re -entries: they could 
require multiple passes through the Van Allen 
radiation belt, and they require an especially 
accurate re -entry guidance system (to produce 
the desired trajectory). For these two reasons, 
such a re-entry technique is considered somewhat 
impractical at this time . 

However, there is a region of moderate values 
of I Y RI which allows the vehicle to re-enter in a 
single pass, provided that the heating and/or de 
celeration are not excessive for the returning 
vehicle. 

The preceding qualitative discussion indicates 
that the direction of the re -entry velocity vector 
-+ 

V R must be controlled so that the penetration is 

neither too steep nor too shallow to assure the 
planned re-entry. Thus for a given type of re
entry , be it single pass or multiple pass, there 
exists a small region of V R' YR which enables this 

particular type of entry. This region can be de 
scribed by the concept of re -entry corridor which 
is defined in detail in the next subsection. 

The effect of Y R on the type of re - entry has 

been discussed above . As for V R ' as V R increases 

the re -entry corridor becomes narrower because 
with increasing V R more kinetic energy must be 

dissipated prior to landing; hence the heating and 
deceleration encountered by the vehicle become 
more severe . To remain in the reduced re-entry 
corridor, the supercircular atmospheric entry 
required for a direct return from the moon neces
sitates a much more accurate guidance system 
than that required for the circular entry of close 
earth satellites. 

3. Definition of Corridor Depth 

A safe re -entry corridor depth as proposed by 
Chapman (Ref. 5) depends on the "undershoot" and 
"overshoot" boundaries peculiar to the configuration 
of the re-entry vehicle . The undershoot boundary 
is defined as the steepest approach to the almos
phere that the vehicle can undertake without ex
ceeding structural or human deceleration limits 
during the re-entry phase. Usually the maximum 
deceleration, also called the maximum load factor, 
of lOgO is specified. 

The overshoot boundary is referred to as the 
"shallowest" approach that can be taken with a 
particular vehicle to be captured by the atmos
phere within one revolution around the earth, 
i . e., the Single pass re-entry. These boundaries 
are illustrated in the next sketch by assuming two 
near-parabolic conic sections (which are repre
sentative of transearth trajectory paths prior to 
the re -entry phase) inte rsecting the earth's at
mosphere. One conic section represents the 
undershoot boundary trajectory, and the other the 
overshoot boundary trajectory. If the earth and 
its atmosphere are ignored for the moment, then 
the initial conic trajectories continue to their 
respective vacuum perigees as shown by the 
dashed lines in the sketch . These conic trajec
tories are normally referred to as "vacuum tra
jectories. " 

Since re - entry is considered to occur at 
hR = 122 km with a nearly constant VR , the dif -

ference in Y R results in vacuum perigee of the 

overshoot boundary which is usually higher than 
that of the undershoot boundary . Thus, the safe 
re -entry corridor can also be defined by a safe 
corridor depth , namely the difference in vacuum 
perigee altitudes ~hpE = h PE - hPE between 

1 2 
the two vacuum trajectories . 

The procedure that is used in obtaining the 
undershoot boundary is to change the configuration 
or to trim the lifting body re -entry vehicle close 
to its maximum lift-to-drag ratio (L/D ) at max 
the re - entry point. This trim attitude is main
tained until the maximum load factor or heating 
rate is encountered . 

There are several methods that can be used to 
establish an overshoot boundary . For example, 
there is the "single pass overshoot, " defined as 
the maximum vacuum perigee altitude at which 
the vehicle can enter at maximum negative lift 
coefficient (-C L ) and land within a range of 

max 
one earth's circumference from the entry point. 
Another method uses the same technique ( -C L max 
but the overshoot boundary is based on an abrupt 
shortening in range to impact. The difference in 
overshoot Y R between these two methods is ap -

proximately 0.05°, which is equivalent to approxi
mately 1 km in corridor depth. 

Still another method defines the -C
Lmax 

over 

shoot boundary as the maximum perigee altitude at 
which the vehicle can enter at - C L and remain 

max 
within the atmosphere (h ~ 122 km). This boundary 
lies somewhere between that of the two former 
methods , and the major point to recognize is that 
the above overshoot methods have negligible effects 
on the corridor depths. 

A final method considers the possibility of an 
emergency situation in which knowledge of the 
exact re -entry conditions is not available. Define 
the aerodynamic lift coefficient C L by C L = 

1 L 2 and denote its maximum value by C L 
'2 Pro V A max 
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The positive C L overshoot boundary is defined 
max 

as the m .1.ximum perigee a ltitude for which the 
vehicle can enter a t positive C

L 
to the point 

max 
where y = 0° (arbitrary) at which time - C

L 
is 

max 
applied and the vehicle is able to rema.in within the 
atmosphere. The purpose of introducing this defini
tion is to illustrate the reduction in corridor depth 
that would occur if entry into the atmosphere with
out precise flight path angl e information were 
necessary. For example , in this emergency, the 
vehicle would have to enter at positive lift until it 
is determined (from a load factor time history, 
e . g. ) that an overshoot condition exi sts . Once this 
is determined, negative lift would then be applied . 
This overshoot boundary is approximate ly 9 to 13 
km below the negative C

L 
boundary. From 

max 
Chapman (Ref. 3), it is possible to determine 
undershoot and overshoot boundaries as a function 
of the lifting body re - entry vehicle's L/n, and 
ballistic parameter, W /CnA = gO/2B. Figure 2 

shows both boundaries with the und ershoot boundary 
limited to 10 gO' It is assumed that C L and C n are 

constant, and that V
R 

= 10.67 km/sec at hR = 122 

km. The C u Cn relationships used are those pre

sented in Ref. 5 . It is further assumed that C
L 

m:1.X 
applie~ negatively on the overshoot boundaries 
and (L/n)max on the undershoot boundaries re-

sult in the maximum corridor depths . In Fig . 
2 both boundaries are shown, t~reby allowing 
the corridor depth to be determined directly . 
The associated R is also included in the figure. 

Although the results of such a parametric presen
tation are limited by the particular selection of 
C L and Cn' important trends can nevertheless 

be established from F ig . 2: 
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(1) Corridor depth is independent of 
W /CnA if W /CnA i s the same for 

undershoot and overshoot boundaries . 
(2) Overshoot perigee a ltitud e is primar

ily a function of W /C
L 

A attainable. 

( 3) Undershoot perigee altitude for a 
constant value of W /CnA is decreased 

significantly by relatively low values 
of L/n . As L/n increases beyond 
1. 0, the benefits become less. 

(4) For ballistic re-entry (i. e ., L/n = 0), 
the corridor depth is only 12.8 km for 
a 10-gO maximum undershoot boundary. 

The effect of V R on corridor depth is shown 

in Fig. 3, which was also obtained from Ref. 5. 
The corridor depth variation with V

R 
to a 10-gO 

undershoot boundary is presented for several 
values of L/n. 

A deceleration-limited undershoot boundary is 
affected not only by the maximum value of go se-
lected , but a l so by the particular way in which th e 
L/n is monitored. The m ateria l presented thus 
far has concerned re - entry at constant lift and 
drag coefficients. Grant (Ref. 6) and Levy (Ref. 
7) have indicated that substantial increases in 
corridor depth can be gained by e mploying var 
iations of C L during re-entry. Such re-entries 

are commonly referred to as modulated re-entries . 

For a spacecraft entering the atmosphere at a 
given initial V R ' YR' W ICnA and LID, the de-

celeration varies directly as the dynamic pres-
1 2 

sure q = '2 p 00 V for an unmodulated re - e ntry. 

As the vehicle descends into the atmosphere, the 
dynamic pressure and, henc e , the d eceleration 
increase to a maximum value and then decrease . 
A typical deceleration time-history for a n unmod
ulated entry i s shown in the next sketch. To main
tain the maximum deceleration at a value lower 
than the peak value of the unmodulated entry (see 
dashed curve in following s ketch), the coefficient 
C R of the resultant aerodynamic force R, C

R 
= 

R 
I , is continuously decreased to compen -
- p V

2 
A 2 00 

sate for the increase in dynamic pressure . 

The term' modulated re-entry ' is somewhat 
ambiguous since it is necessary to modulate lift 
during a lmost all lifting re- entries at some time 

j 
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prior to landing in order to stay within the design 
limitations of the vehicle or to avoid atmospheric 
exit to extreme altitudes . Modulated re-entries, 
therefore, refer to re-entries in which l ift and / 
or drag are modulated prior to the first maxima 
of load factor or heating rate . Constant L/D re
entries are those in which C L and CD are constant 

only until the initial maxima of load factor or heat
ing rate are reached . Typically, a drag polar or 
C L versus CD curve for a particular vehicle takes 

the form shown in the sketch below . 
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It was found by Grant that, for a g iven vehi cle 
configuration entering at given values of V R' Y R' 

the lowest possible maximum deceleration can be 
obtained if entry is ini tiated at the value of CR for 

C Land C R is continuously decreased to the 
max 

value at CD . . This result suggests the rati o 
mln 

CR at CD . to CR at CL mln max 
as a parameter with 

which to correlate the m'l.ximum reducti on in peak 
acceleration. The ratio of m i nimum load factor 
go max for modulate d entries to go max for unmod-

ulated entries is shown in Fig. 4 as a function of 
the ratio of C

R 
at CD . to C

R 
at C L for a 

mln max 
wide range of values of VR, Y R , M/CDA , and 

L/Dmax' It is also interesting to show thi s ratio , 

(g ) mod/(go ) unmod, as a function of 
o max max 

(L/D)max ' This is done in Fig. 5 for a typical 

family of vehicles that are modulated from C
L max 

Observe the to CL = 0 and C L to ( L/D)max ' 
max 

appreciable gains up to an (L/D)max value of unity 

after which it is evident that diminishing returns 
occur. The data presented in Fig . 5 can then be 

factored with Chapman's results for constant 
Cu CD (Fig. 2) to give the 10-gO modulated re-

entry corridors. Figure 6 presents such results 
for the case of modulation from C

L 
to C

L 
= O. 

max 
Comparison of Figs . 2 and 6 indicates the large 
improvements in corridor depths that are obtained 
through re-entry modulation. For example, the 
10-gO single-pass re-entry corridor for a vehicle 

with L/D = 1. 0 and W /CDA = 4790 ~ (100 lb/ft2) 
m 

is increased from 96 km to 226 km by modulation. 

The maximum load factor has been the only 
determining parameter of the undershoot boundary 
in the results presented. In some instances, aero
dynamic heating may represent more severe lim
itation than load factor in determining the vehicle's 
boundary . In such cases, the heating rate-limited 
( qH) or total heat- limited (QH) re-entry corridors 

would replace the overshoot corridor and possibly 
the undershoot corridor as well . This is based on 
the fact that, as the overshoot boundary is approached, 
the amount of total convective heat absorbed at the 
stagnation point increases almost exponentially for 
a ll l ongitudinal ranges , since the vehicle is required 
to spend a greater portion of the flight trajectory in 
the atmosphere. An increase in the total heat load 
would eventually result in exceeding the original 
heat shield material design limit, thereby restrict
i ng the a llowable range as the boundary is approached . 
Since the amount of heat absorbed for a given Y

R 
varies with l ongitudinal range, the allowable limit 
i s encountered at different entry angles for various 
values of re-entry range . 

These factors led to the development of an 
"operational corridor " concept (Ref. 8) wherein 
the overshoot boundary is defined as the minimum 
entry angle for which the heat-load limit was not 
exceeded . This concept is illustrated in Fig. 7. 
Note that the heat-limited overshoot boundary is 
a function of the maximum required re-entry range. 
In other words, if the re-entry range required to 
fulfill operational considerations is large, the heat 
limit may define the overshoot boundary . This 
i s altogether possibl e when reference is again made 
to F i g . 1 where required range can easily reach 
16,000 km for lunar returns. 

4 . Re- entry Maneuvering Capability 

After re-entry within the safe re-entry cor
ridor is assured, the problem of land ing at a 
specific site can be solved. In the case of a lift
ing re-entry body, the vehicle uses its aerodynamic 
characteristics as a means for maneuvering both 
l ongitudinally and laterally from the re-entry cor
r idor to the site , whereas , in the case of a ballistic 
(nonlifting body) re-entry, either rocket burning 
prior to re-entry or a variable configuration can 
be used to obtain some maneuverability . 

a. Longitudinal maneuverability 

The longitudinal maneuvering capability or 
maneuvering in the re - entry trajectory plane is 
primarily a function of the vehicle ' s L/Dmax . 

In the following sketch minimum and maximum 
range trajectories of a vehicle are shown entering 
along the undershoot and ove rshoot boundaries of the 
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re-entry corridor. The range segment m arked "A" 
cannot be reached fr om any point in the corridor, 
whereas the segment denoted by "B" can be reached 
only from restricted portions of the corridor. Seg
ment "C", entitled "Minimum Downrange Maneuver
ing Capability, " gives the range segment that can be 
reached from any initial conditions within the corri
dor. The actual value s of m aximum and minimum 

Minimum Range 
From Overshoot 

Minimum Range 
From Undershoot 

range from overshoot and minimum range from 
undershoot d epend strongly upon the control t ech
niques us ed to obtain them. For example, the 
overshoot re-entries are performed initially at 
negative C L This value must be modified 

max 
after single-pass entry is assured or the vehicl e 
will experience excessive load factors . The m a n
ner in which lift is modified by the control system 
then determines the maneuverability that is ob
tained. For range s greater than 10,000 km, the 
maximum altitud e , hmax ' attained with undershoot 

m aximum range trajector ies, is larger than hR = 

122 km (which results in skip re- entry trajectories); 
and for ranges greater than 22, 000 km , penetration 
of the inner Van Allen radiation b elt takes place 
s ince h m ax > 740 km. Therefore, the particular 

control technique used to restri ct hmax becomes 

the determining factor of maximum undershoot 
range and therefore "minimum downrange maneuver
ing capability" as well . 

In order to gain a n insight to the l ongitudinal re
entry range capability, Fig. 8 i s presented . In 
this figure, longitudina l range as a function of L/ D 
is shown for the parameter YR ' The assumptions 

u sed in this figure are tha t V R = 11 km / sec, W /CDA 

= 3350 newion(= 70 Ibf/ ft 2}, hR = 122 km, and L/D 
m 

= constant (consta nt a ngle of attack trajectory). In 
addition to the range information, conditions for 

hm ax = 122 km a nd h m ax = 74 0 km are shown. 

It can be seen that the maximum range depends 
on the a llowabl e hm ax ' Also s uperim posed on 

Fig. 8 are the lO- gO and 6 - go load factor limits 

which verify that the minimum range obtainable 
is primarily dependent on the allowable load fac
tor. 

Earth Maximum Range 
From Overshoot 

b. L atera l maneuverability 

The recovery problem implies the ability to 
return the vehicle to som e desired point on the 
ear th I s s u rface . F or direct entry from a lunar 
or deep space mis s ion, cons id erable variations 
in re-entry point, re-entry angl e , and re - entry 
plane mus t be a nticipa t ed . The re - entry vehicle 
mu s t, therefore , not only possess the ab ility to 
control its longitudina l range but its la t eral or 
cross range as well . In fact, the lateral range 
capability of a vehicle during entry may be more 
importa nt than its longitudina l ran ge capability . 
Reference 15 shows that und er certain conditions 
a lateral range capability of ±90 km can pos s ibly 
a llow a variation in time of re - entry of more than 
three hours and variation in re-entry plane inclina
tion iVE of as much as ± 13° . 

Lateral range i s defined as the perpendicular 
distance m easur ed a long the s urface of the ear th 
fr om the landing point to the vertical plane con
t a ining the original re - entry trajectory without 
lateral maneuvers (see sketch). 

References 15, 16, 17 and 18 discu ss the 
lateral maneuvering problem and resulting ma
neuvering envelopes a l s o referred to as "foot
prints"; the reader is referred to these report s 
for d eta ils . However, for the purposes of thIS 
handbook, the following empirical equation is 
given which estimates the lateral range Rlat for 

constant L/ D re -entries: 

X-8 



Reentry 

Earth 

CD Landing site~no lateral 
maneuvering 

@ Landing site ~with lateral 
maneuvering 
R
lat 

~Lateral range 

Rlat = (LID).l1n (\fR) R& sin t; sin g,c 

+ 1150 (LID) 1. 78 sin 2t; (km) 

where 

(5) 

R = radius of the equivalent spherical earth 
@ in km 

!l?c = central angle to impact in degrees 

~ = bank angle in degrees 

V
R 

= the re-entry speed in m I sec 

Equation (5) is applicable for bank angles S < 80°. 

For a first order approximation to the maxi-
mum lateral range assoc iated with a specific vehicle, 
the following assumptions can be made (see Ref. 17) 
~=45°, g,c = 90°, VR = 11 km/sec, REf):!< 6370 km 

which reduces Eq (5) to the following: 

(R
I 

t) ~ 1500 (LID) + 1150 (LID) 1. 78 (km) 
a max (6) 

Equation (6) is shown in Fig. 9 and, as expected, 
the higher the LID, the greater the range capa 
bility. 

Equation (5) can a l so be used to calculate approx 
imate maneuvering envelopes, but first it is nec
essary to have consistent values of !I'c and s. This 

may be achieved by making use of Fig. 8 which 
gives the longitudinal range capability. If the LID 
values shown in Fig . 8 are considered to be the 
vertical component of LID, then each of these 
LID's can be related: 

-1 s = cos (LID) Fig . 8 
(LID) vehicle 

Thus, if a vehicle LID is selected, F ig. 8 can be 
interpreted as giving range versus bank angle for 
various re-entry angles, i. e . , 

i'. (de 0") = longitudinal re-entry range in kIT) 
- b 111 km/deg 

(7) 
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Now if Eqs. (5), (6) and (7) are used jOint).y, then 
approximate maneuvering envelopes similar to 
the one shown in the next sketch can be generated. 
This empirical method implies that s is established 
at the time of re-entry. 

Two maneuvering envelopes developed by this 
method are included in Figs. 10 and 11 for YR = 

-5.5° and YR = -7.75°, respectively. It should 

be kept in mind that these envelopes are for re
entries in which bank angles, C L and CD' are 

maintained at constant values throughout the re
entry. The envelopes clearly show the effe9tive
ness of LID in increasing the size of the maneuver
ing envelope. By comparing Figs. 10 and 11, an 
indication of the effect of corridor depth on the 
envelopes can also be obtained. The lower the 
(L/D)max of a vehicle, the greater is the reduc-

tion in maximum lateral range with increasing 
corridor depth. This reduction in lateral range 
is l ess affected for vehicles with (L/D)max >0 . 5 

(not shown). 

Landing can take 
anywhere within 

envelope 

Of course, the information presented here is 
somewhat restrictive, but the same procedure 
can be followed to suit specific needs. However, 
when investigating vehicle capability beyond pre
liminary stages, it is obvious that such methods 
are insufficient. 

In summary, the more significant factors that 
influence the maneuvering capability of a given 
vehicle of fixed (L/D)max are: 

(1) A reduction in the maximum allowable 
load factor increases the minimum 
longitudinal range a vehicle can achieve. 
Since the load factor increases with bank 
angle due to the centrifugal force, there 
is a limiting bank angle for a given load 
factor tolerance of the vehicle. The cor
ridor depth decreases with increaSing 
values of the limiting bank angle but the 
minimum longitudinal range is relatively 
insensitive to it. 

(2) The maximum allowable apogee altitude, 
h max ' limits the maximum range of 

constant LID skip trajectories. How
ever, if lift and drag are varied to con
trol atmospheric exit conditions, the 
restriction on range becomes primarily 
a function of the (L / D) of the vehicle. 

max 
High LID's allow more modulation or re
entry trajectory shaping than low LID's. 



(3) The m inimum a llowabl e dynamic pressure, 
dictated by a requirement for aer odynam
ic c ontrol, lim its the maximum range of 
some classes of nonexit trajectories . 

(4 ) The range guidance and control technique 
has a strong influence on the maximum 
longitudinal and l ateral range capability 
and a l so on the minimum l ongitudinal 
range . 

5 . Re - entry Guidance Techniques 

A vehicle directly entering the earth ' .8 a tmos
phere upon return from a deep space or lunar mis
sion has an enorrpous amount of kinetic energy . 
Subsection B-4 demonstrated that during the dis 
sipation of this energy by aerodynamic drag for 
lifting re-entry vehicles, a certain degree of ma
neuverability is available after re - entry. This 
section is concerned with the control of the ve
hicle 1 s energy to acquire a specific landing site 
or recovery area without exceeding deceleration 
or heating limits . 

There are a number of possible techniques that 
may be employed to guide the vehicle to a pre 
selected landing s ite ; they are commonly classifi ed 
into (1) guidance u s ing a nominal trajectory, implicit 
techniques, and (2) guidance u s ing predictive capa
bilities, explicit techniques . A survey of guida nc e 

t 

a nd control methods is given by Wingrove (Ref. 19). 
The more promi sing and well- known techniques are 
listed in the table below, and they are qualitatively 
discussed in order . 

Group I Group II 
(implicit) (explicit) 

(1) Reference t rajectory tech- c/ 
niques 

(2) Linear prediction tech- ;,/ 
niques 

( 3) Re-entry optimum trajectory v 
steering technique 

(4 ) Repetitive prediction 
s t eer ing t echniques 

(5) Equilibr ium glide s t eering 
techniques 

The above classification does not imply that all 
guidance techniques fall under only one or the 
other group. 

Before discussing these various techniques it 
i s desirable to understand the relationship of control 
and trajectory dynamics as seen on the follow ing 
block diagram taken from Ref. 19 . This dia gram 
represents the equations of motion in a simplified 
form, illustrating the relationship of the control 
forces to the trajectory variables . 

1 
I 1 , , 

Vertical 
Velocity 

Altitude 
(or atmos pheric 

density) 

Horizontal 
Velocity 

, 
Downrang e 
Distance 

The lift force i s essentia lly in the vertical 
direction, affecting the rate of change of vertical 
velocity. Th e integration 1 / s of the vertical ve
locity gives the var iation in altitude (or, what i s 
more important, the variation in atmosph eric den
sity). This chalJge in density affects the drag force 
a nd thu s affec t s the rate of change of horizont a l 
vel ocity . An integration of horizontal veloc ity 
gives varia tion in the range a l ong the tr aj e ctory . 

To control longitudinal range, the rate at which 
horizontal velocity is changing must be controlled; 
thus the drag must be controlled . Drag can be 
regulated prinCipally by either changes in the con -
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figuration (i. e., by trim changes or by extending 
a drag brake) or by changes in atmospheric den 
sity. For example, if at any time in the trajectory 
the range must be extended, the lift force is in
creased in the vertical direction to raise the ve 
hicle into a less dense atmosphere, thus reducing 
the rate of change of horizontal velocity and ex
tending the longitudinal range. 

The applicability and des i r a bility of any guidance 
system or technique is wei ghed by the relative ad
vantages or disadvantages with regard to (1) the 
ability to handl e off-design re-entry conditions , 
( 2) the on-board c omputer re quirements , (3) the 

I 

I 

J 



flexibility to maintain trajectories with minimum 
heating or acceleration, (4) the information the 
guidance equation gives to the crew if manned. 

a. Implicit guidance techniques 

In Group 1 techniques, guidance by use of a 
nominal trajectory, the trajectory state variables 
(i. e . , V, h, u, R) along the nominal trajectory 
are precomputed and stored on board. The 
variations in the measured variables from the stored 
values are used in guidance either to control the 
nominal trajectory (path control) or to establish 
a new trajectory to reach the destination (terminal 
control). 

(1) Reference trajectory technique 

This type of guidance method controls re-entry 
by use of stored reference trajectories . Such 
systems have been studied extensively for circular 
re-entries (Refs.IB, 20, 21 through 27) and super
circular re-entries (Refs. 28 and 29). The tech
nique is explained with the aid of the next sketch, 
from Ref. 29. 

Switch 
Controlled 
By Velocit,. 

A nominal trajectory, or one in which the vehicle 
re-enters with the specified conditions, is se
lected and stored in the control system. During 
the actual flight, the observed or measured con
ditions are compared with those of the reference 
trajectory and the deviation of the observed from 
the nominal conditions, or the errors, are ob
tained. In the guidance system these error sig
nals are amplified by constant-gain elements 
K 1, K2, K3 and the sum of the weighted errors 

is used to specify the LID to be used to force the 
actual vehicle conditions to conform to those of 
the reference trajectory. Typically, feedbacks 
found to be most effective a.s an outer loop con
trol were the altitude rate h, deceleration g and 
range R. 

This is essentially a third-order feedback sys 
tem. Other measurements that may be used for 

Vehicle 
Dynamic!! 

feedback control are shown in the following chart 
taken from Wingrove (Ref. 19): 

The left column of the chart shows those de
vices which might be used to sense the various 
feedback terms. 

As is discussed below in Subsection b(2), 
damping the trajectory is especially important for 
those velocities greater than circular satellite 
velocity, where the vehicle can either skip back 
out of the atmosphere or exceed a given decelera
tion limit. 

This type of guidance technique has the draw
back that a large quantity of trajectory data needs 
to be stored in the airborne computer. 

(2) Linear prediction technique s 

In addition to the more simplified guidance ap
proach taken above, prediction of critical re
entry quantities has been used (Refs. 29 through 
34) to improve or augment the control logic of the 
reference trajectory approach. The block dia
gram of a typical linear prediction scheme shown 
below is from Foudriat (Ref. 29). 

The similarity between it and the reference 
trajectory technique is quite evident. The stored 
trajectory variables are compared with the present 
flight conditions and the errors are obtained. 
However, instead of using a constant weighting 
function, a set of influence coefficients calculated 
by the adjoint technique (Ref. 31) is used to predict 
the effect of these present errors on the end 
conditions. This predicted final value in range is 
then used to control the LID of the vehicle . 

Thus, whereas the reference trajectory tech
nique forces the vehicle to fly a single trajectory, 
the prediction technique selects one of many tra
jectories which terminate at the desired destina
tion. 

This guidance law is only good for the linear 
region near the nominal trajectory. To handle 
conditions far removed from the nominal, over
control is needed to assure that the landing site 
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Measur ing First-Order Second-Order Third-Order Fourth-Order 
Devices Feedback Feedback Feedback Feedback 

ITJ- 1 1 1 

! Li..J ! ~ ! 
-

1 s 

Inertia l guid- Vertical ve - Altitude Hor izontal Downrange 
ance u nit or locity velocity 
tracking sys -
tern 

Accel erometer Drag accelera- Drag accelera- Integration Second inte-
tion rate tion of drag ac- gration of 

celeration drag accelera-
tion 

Temperature Atmospheric or Atmospheric or_ - - - -
sensor skin tempera- skin tempera-

ture rat e ture 

Pressure Sen- Atmospheric Atmospher ic - - - -
sor pressure rate pressur e 
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r em a ins within the m a neuvering capa bility of th e 
r e - e ntry vehicle . A l s o overc ontrol i s need ed 
becau se the prediction m ay be in error becau se of 
navigationa l errors , a tmos pheric d e ns ity varia tions 
aerodynami c trim variation of re - entry vehicle s ' 
a nd other uncerta inties . The over contr ol can b~ 
a Chiev ed. ~y .multipl~ir:g the 6(L / D) d et ermined by 
the senslhvlty c oefflcle nts by a cons ta nt gain factor 
K (K > 1). Thus the contr ol e qua tion i s : 

Contr ol (LID) = (LID) . + K 6(LID) (8) nomlna l 

It s hould b e pointed out tha t the prediction of 
super~ircular re - entry range suffer s fr om a pr ob
l e m ~lmllar to tha t for the reference traj e ctory~ 
tha t l S, the contr ol of range in the s upercircula r 
por tion will cau se the vehicle to s kip out of the 
a tmos phere . A t present, no s olution has been 
o bt a ined which avoid s this . 

(3) Re-entry optimum trajectory steering technique 

Since publis h ed w or k i s somewh a t limited in this 
area, only a cu rsory discu ssion i s give n h ere . 

An ideal guidance sch eme s hould d et ermine the 
traj ectory which m inimizes the h eat input t o the 
b ody s u rface , c ons t r .a in the fl ight path to one h a ving 
acc~l?table ac~eleratlOn limits a nd s pecifi ed la nding 
pos lhon a nd fm a lly , provide s igna l s to the c ontr ol 
sy~ tem to accomr>lis h such a re - entry traje ctory . 
ThlS technique i s s imilar in s ome res pects to the 
linear . predic tion sch e m e given above except tha t 
the gam s of the contr ol syst e m are opt imized. 

A promi sing technique for achieving such an 
opt imum guida nce syst e m employs the calculus of 
var ia tions . In past years , r esor t to varia tiona l 
t echniques for pr oviding guida nce e qua tions has b een 
practically im possible du e to the c omplica te d 
na ture of the indirect m e thods a nd the i r associated 
s plit boundary c onditions . T edious iteration s chem es 
are a n unfor tunate n eces s ity for obta ining ex -
t rem a l paths by th e indirect m e thod s of varia tiona l 
calculus . 

R ecently , several breakthr oughs have occurred 
which s how promise of a pplying dir ect m ethods of 
varia tiona l calculus t o future guida nc e syst e m s . 
Nearly s imulta ne ous ly , Kelly (Refs . 35 a nd 36) a nd 
Bryson, e t a l. (Refs . 35 through 38 ) published 
m e thods inc or pora ting direct var ia tiona l t ech 
niques for obt a i ning extrem a l s olutions with a n 
ass oc ia t ed reduc tion in c omputing time . Both 
m~thods m a ke use of the syst e m of e qua tions a d
Jomt to the s m a ll pertur ba tion e qua tions a bout 
:' nomina l t rajectory . This a djoint syst em yields 
mfluen ce c oeffi c i ent s which , in tur n , c orrect the 
nomina l t raj ectory in a n optimum fashion. Con
vergence of the m e thod to the t r u e optimum i s 
acc om plish ed by "s t eepest d escent " m e thods . 
Other wor k in this area i s found in R efs . 39 a nd 
40. 

. Th~se direct var ia tiona l m ethods are actua lly 
lmean zed s olutions to the Mayer problem of the 
indirect m e thod of the c a l cu lu s of varia tions . The 
a ppr oxima tion inv olves re pla cing the nonlinear 
t raj ect?ry e qua tions of motion by a nomina l tr a j e ctor y 
a.nd a lmear, small pe rtur ba tion sys t em of e qua 
hons . The adjoint of e qua tions of the dir ec t m ethod 

c or:r:espond s t o the Euler -Lagrange e qua tions of 
the m dlrect m ethod a nd the influence c oefficie nts 
in th ~ d.irect. m e thod ~orres pond to th e Lagrange 
mulhphe r s l n the .mdlrect method . The s i gnificant 
a dva nta.ge of the dl:r:ect m ethod i s its ability to 
d e termme near o phmum s olutions in rela tively 
few computer cycles . 

To a pply a direct var ia tiona l t echnique t o the 
re - e ntry vehicle , a n on-board com puter would be 
pr ogrammed to d etermine the lift comma nds which 
in tur n, would b e inputs to th e c ontrol system . ' 
Bounda.ry c onditions c ons i s ting of pos ition, rate 
a nd :,thtude data would b e prov ided to the c omputer 
by e lther on-b oard sens ing devi ces or ground 
control links . ~o account for errors in the sys -
t e m (pnmanly mput pos ition and rate data ), the 
t raJectory c ould b e c ontinua lly optimized fr om the 
v~hicle r s present pos ition to the des i red la nding 
s lte . The syst em would b ecome increasingly 
a ccura t e as the l a nding s ite i s approach ed. The 
s i~nificant a dvantage of this t echnique lies in its 
a blhty to guide the vehic l e in a m a nner which w ould 
optimiz e s ome pertinent t raj ectory param e ter s u ch 
as minimiz ing th e h eat input t o th e body, m inim iz ing 
flight time , etc . 

All implicit guidance techniques have the di s 
a dvantage of the limited a mount of i nfor m atio n 
a vaila ble for pilot dis plays . Available pilot in
for m a tion d ep end s on the par ticular guida nce 
e 5Iua t.ions use~, a nd implic i t guida nce t echniques 
glVe m for m a hon only with respect to the nomina l 
t rajectory a t the particular time a nd not the future 
traj e~to.ry . T~is pr~blem of pilot di s play can 
b e ehmma t ed if exphcit guida nce t echniques are 
u sed as discu ssed in the n ext subsection, B - 5b. 

b. Explicit guidance techniques 

. Studies ? f gu idance t ech niques employ ing 
f lxed t raJectones about wh ich pertur ba tions are 
m a d e , h ave indicat e.d tha t a s u ccessful l anding 
f r om c l rcular veloc lty can b e accomplis h ed if the 
d e via tions of the actua l initia l c onditions of entry 
are close enough to the values stor ed in a c om
puter m emory , a nd if a s uffi c i e nt number of 
pertur ba tion varia bles a r e e m ployed in the c om 
puta tion . This appr oach i s inherently limite d, 
however , to the var i ety of initia l conditions a nd 
d egr ee of t raj ectory divers ification capabl e of 
b e ing s tored in the c omputer m e mory. 

In Group II t echniques , or explic it gu ida nce 
t e chniques u s ing predictive capabilities , a number 
of t rajectories within the ty pical m a neu ver bounda r y 
ca n b e chosen. From observ ed or m easu red 
t raj ectory var ia b l es the guida n ce syst e m predic t s 
continuous ly th e t rajectory by which the vehic l e 
wlll reach the d es ired la nding s ite without exceeding 
d esi gn limits a nd without the u se of a s tored nomina l 
~raj ectory . An explic it guidance t echnique i s d es i rabl e 
m asmuch as th e re - entry guidance system will 
b e re quired to ha ndle wid e var ia tions in a bor t a nd 
earth retur n c onditions a nd a l s o c ons iderable de 
viation from established atmospheri c standards . 
In addition to increased fl exibility, a c ontinuous 
prediction syst em affor d s a n a dvantage in its d irect 
a~l?lication to a dis play of predic t ed flight c on
dlhons a nd hazardous s itua tions to the pilot in a 
manner in which m aximum cuntr ol i s affor ded. 
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The main problem with any continuous-pre
diction technique is the complexity of the equations 
employed to mechanize the prediction. To main
tain accuracy and speed in spite of limited input 
information and restrictive amounts of computing 
equipment, a satisfactory compromise must be 
realized. 

(1) Repetitive prediction steering technique 

Perhaps the most feasibl e technique thus far 
proposed is the repetitive prediction steering 
technique studi ed by Foudriat (Ref. 29), Wingrove 
and Coate (Ref. 4 1), and Bryant and Frank (Ref. 
8). 

Additional studies of this technique may be 
found in Refs. 40, 42 and 43. 

This technique involves , essentially , a fast 
solution of the simplifi ed approximate equations 
of motion of the vehicle during re - entry . By in
serting a desired LID ratio and solving these 
equations for range, a compar ison may be made 
between the predicted range and the actual range 
as determined in the guidance computer, and ap 
propriate changes can be made in vehicle angl e 
of attack in order to bring the predicted range in 
line with that desired. If this operation can be 
accomplished with sufficient speed, genuine 
closed -loop range control i s possible. Stud i es 
conducted thus far indicate that such a system is 
feasible. 

The compl ete equations of motion for a vehicle 
enter ing the earth ' s atmosphere are by nature 
complex and difficult to solve even with large high
speed digital computers . The feasibility of in
flight solution of these complete equations for the 
purpose of controlling range, deceleration and 
heat absorption becomes questionable because of 
the restr ictions placed upon the s i ze and compl exity 
of airborne computers . It is, therefore, both 
mandatory and desirable to simplify the mathemat
ical and computational requirements of the re 
entry guidance and control technique. 

F or example, this simplification can be ac
complished by Chapman ' s method which has 
reduced the equ a tions of motion to a s ingl e , 
ordinary, nonlinear differential equation of second 
order by rejecting terms which contribute only 
negligibly to the solution and by the introduction 
of a transformation of variables (see Subsection 
B-1), and the method has been developed further 
by Bryant and Frank (Ref. 8) . 

Assumptions. The assumptions made in the 
development of the Chapman equation restrict its 
application to a partitular range of a ltitudes and 
initial conditions which are, however , within the 
range of extremes predicted for lunar missions. 
The basic assumptions used in the development 
of the simplifi ed equation of motion are repeated 
below: 

(1) Atmosph ere and planet are spherically 
symmetric. 

(2) Variations in atmospher ic temperature 
and molecular weight with altitud e are 
negligible compared to any variation in 
density . 
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(3) Rotational rate of the earth and its 
atmosph ere are negligible compared 
to the velocity of the vehicle . 

(4) The small change in distance from the 
center of the earth is negligible compared 
to the fractiona l change in velocity in a 
gi ven increment of time. 

( 5) The flight path angl e y is suffi c iently 
sm3.ll so that the component of drag i s 
large compared to the component of 
lift in the horizontal direction. 

Predictions of longitudinal and lateral range 
for flight within the atmosphere are obtained by 
the following equations (Ref. 8), respectively. 

u
f 

R - R$ S 
long -~ {jr 

cos Y cos 6A du 
Z 

cos Y sin M dTI 
Z 

(9 ) 

( 10) 

where the symbol s have been defined in Subsection 
B-1, and where M is the change in azimuth from 
the initial re-entry trajectory plane 

(11) 

+ a EE> -
cosD.A cos Y tan (Rl t /R ) J 

Z I[lJi' du 

where 'Pc is the longitudinal re-entry range (from 

the point of re-entry to the land ing site ). 

Equation (10) was first used in Ref. 17 and its 
solution determines the range t ravel ed over the 
earth's surface , measured normal to the initial 
re-entry trajectory plane . The load factor or 
deceleration in units of go along the flight trajectory 
may be found from: 

and the total t ime to re-enter in seconds is given by: 

uf 

tR = 27 S - cos y 
du (s ec ) uZ ( 13) 

u. 
1 

F ina lly , the total heat absorbed by the re-entry 
vehicle in kg-cal, measured a t the stagnation point 
on a hemispherical heat shield, is determined by 
the following equation, as derived by Chapman 
(Ref. 5): 

-1 
I 

J 



QH (convective ) ~ 
M \ 1/2 

4000 AH R A C ~J . 
C D 

iT
f 

r 
\ 

J 
U. 

1 

where 

du (kg-cal) 

M mass of the re-entry vehicle . 

AH aerodynamic heating reference area. 

RC radius of curvature of the heat shield. 

A reference area for drag and lift. 

This completes the list of equations necessary 
for that portion of the predicted trajectories that 
remain within the atmosphere . These equations 
are applicabl e only to atmosph eric flight, because 
of limitations imposed by the assumption that 
I dr II' I < < I dulu I which can be shown to be 
equivalent to restricting the minimum value of Z in 
Eqs (3) and (4). This minimum value of Z is ap
proximately 0.001, which corresponds to an al
titude of from 9l. 44 km to 88.4 for velocities 
between 11 kml sec and 7.8 kml sec; in combina
tion with a positive flight path angle, it can be 
used to define (the initial conditions for) a skip. 
If, at any time during the evaluation of Eq (4), 
the magnitude of Z decreases below O. 001, that 
part of the prediction i s terminated. The pre
diction is completed by matching a Keplerian 
ellipse to the atmospher ic exit conditions ( Ye' tie ) 

calculated at Z = Zmin' which are simultaneously 

initial conditions for the skip portion of the 
trajectory. 

The following Keplerian orbit equations are 
then used to compute the ballistic or skip portion 
of the trajectory: 

Central angl e 

f:3 e 
-1 

tan ( 14) 

Longitudinal range during ballistic flight ( RI ) 
ong b 

( 15) 

where f3 e is measured in radians in Eq (15) 

Ballistic flight lateral range (Rl at) b 

where 
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and 

where 6.Ab is the change in azimuth during 

ballistic flight. 

( 18) 

The apogee radius rmax is determined for 

each skip trajectory by the following Keplerian 
orbit expression: 

I' 
max 

- 2 - u 
e 

- 2 
u e 

~ _~11/2 
\ cos Y e 

( 19) 

The solution of Eqs (1 4) through (19) , there
fore, provides the predicted values of longitudinal 
and lateral range for the skip or ballistic portion 
of the trajectory. 

These values for ballistic flight are added to 
the range traveled up to the final conditions for 
the ballistic portion (Z =Zmin) to obtain a pre-

dicted range from the vehicle's present position 
to th e point of second entry fo llowing the skip. 
Since the second re-entry occurs with a velocity 
le ss than circular- -and at flight path angles on the 
order of -3° to -5°--it is relatively simple to 
determine the vehicle's maneuvering potential. 
General statements concerning vehicle performance 
in this part of the trajectory can be made with 
some confidence . For this reason, constant 
values of longitudinal and lateral range are added 
to the skip range to account for the second re
e ntry. These constant values can be determined 
so that they are approximate ly centrally located 
in the vehicle's maneuver envelope . 

The total values of predicted longitudinal and 
lateral range are obtained by adding ranges for 
the atmospheric, the ballistic (if any), and the 
fixed second re - entry portions of the trajectory . 
The reader is referred to Ref. 8 for details on 
guidance computer mechanization. 

This approach, in addition to providing a 
maximum a llowabl e margin of error for the skip 
maneuver, greatly reduces the numerical integration 
load on the comput er, inasmuch as integration 
need be provided only for a comparatively small 
portion of the trajectory when the point of atmo 
spheric exit during the first re - entry is being pre
dicted. The saving in time can be well spent in 
providing either more predictions per second or 
in decreasing the integration step size thereby 
increasing prediction accuracy. 

The use of Chapman ' s equation makes the 
control of skip trajectories feasibl e , even in light 
of the extreme sensitivities involved in control of 
ballistic flight exit (or second re-entry) conditions. 



Longitudinal range c ontrol can be achi eved for 
a ll entries i n the prescribed lunar-return guidance 
corridor, except a long the absolute overshoot 
boundary, wh ere longitudina l range i s limited to 
9300 km or l ess . In add ition, accurate control of 
lateral range i s possible with a fixed-angl e -of
attack vehicle by controlling the direction of the 
roll angle c ommanded for longitudina l range con
trol. 

No knowl edge of the vehicle ' s a ltitude or of the 
atmospher ic properties i s needed for accurate 
range control. The system h as been found to 
operate successfully , even when comparatively 
large variations in atmospheric density and ve
hicle l ifting characteri stics are imposed . 

The operation of such a guidance system starts 
with a prediction of the longitudina l range and 
lateral range that would be obtained if the present 
vehicle LID and bank angl e i; were h eld constant . 
The location of the predicted landing site is com
pared with that of the desired landing site and a 
second prediction is made for a larger or smaller 
value of i; or LID. The bank angle and attitude 
commands are transmitted to the autopilot and 
maintained until the next prediction is made at 
which time the entire procedure is repeated. 

(2) Equilibrium glide steering technique 

When cons idering explic it guidance techniques 
for re - entry, one of the more obvious sel ections 
i s based on the concept of equilibrium glid e . This 
technique h as several featu res which recomm end 
its investigation: 

(I) The rela tionship between range and 
velocity is s imple . 

(2) It has been s tudied extensively for sub 
c i rcular re-entries . 

( 3) The range-veloc ity relationship s u ggests 
that it may be applicabl e to s u per 
c ircular velocities. 

The application of the basic equilibr ium glid e 
equation to s upercircular speeds has a lso been 
studi ed (Ref. 44). A lthough it can be shown that 
the same equation i s applicabl e at this speed, one 
must use it to steer the vehicle to a target which 
is associat e d with a velocity s lightly greater than 
11 = 1. Unfortunately s mall perturbations away 
from the e quilibr ium glide conditions at super 
c ircular veloc ity are divergent in nature rather 
than convergent, as in the s ubcircular case. 
This i s readily seen from the equ ation of frequency 

-2 
2 (1 - u ) 

for a perturbed tra j ectory w = f3r 2 . 
-2 n (D /W ) 

From the term (1 - u ), the trajectory oscillations 
possess static stability below circular velocity 
(11 < 1) and are statically unstable for 11 > l. 
Stability a u gmentation techniques must be added 
to prevent this divergence. Some method of 
tra nsition, such as c ons t a nt a ltitud e, from s uper 
circular to s ubcircular e quilibr ium glide must 
a l so be provided. 

The use of the e quilibr ium glide technique for 
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re - entries appears feas ible , but longitudina l range 
reduction (in compari son with those techniques 
which provide a skip capability ) and increased 
total convective h eat transfer are characteristics 
of this approach . 

If the application of the e quilibrium glide 
principle to the re-entry guidance of a lunar vehicle 
i s consi dered, then several guidance laws are re
quired, each one being applicable to a segment of 
the total re - entry trajectory . That portion of the 
trajectory when the vehicle decelerates from ap
proximately 99 . 5% of c ircular orbital velocity to 
approximately Mach 5 i s cons id ered first, then 
the application of the e quilibr ium glid e principle to 
the supercircular portion, and fina lly the control 
of the skip (if any) i s consid ered . 

Subci rcular equilibrium glide. A quantitative 
und erstanding of the equilibr ium glide may be 
gained by cons idering a dynamic system of the 
re-entry vehicl e a lone with the vehicle flying in 
such a way that the lift and the fi c titious centrifugal 
force just bal ance the gravita tiona l force . Drag 
i s constantly reducing veloc ity and s inc e both lift 
and centr ifugal acceleration are proportional to 
veloc ity squared , they t end to decrease. Lift i s 
a l so proportional to density, so that the balance 
can still be maintained with constant LID if the 
vehic l e descends into denser a i r as it s lows down. 
This type of flight will be called an equilibr ium 
glide . An equilibrium glide trajectory h as the 
following general character i sti cs : 

(1·) Altitud e i s a l ways decreasing. 

(2) Flight path angl e i s small. 

( 3) The rate of descent is a lways increasing 
at a rate which i s small compared to 
lift /m ass . 

(4) Lift and drag coeffi c ients are constant. 

(5) Veloc i ty is a lways decreasing. 

The equilibr ium glid e h as a number of properties 
which m ake it especia lly a ttrac tive as a tool in 
re-entry guida nc e, namely 

(1) Altitud e i s a function only of velocity 
and lift coefficient . 

(2) Sinc e the h eating rat e i s assume d to 
d epend only upon velocity and a tmos pheric 
density, it too i s a func tion only of veloc ity 
a nd lift coefficient. 

( 3) The distance traveled between any two 
veloc ity states depends only upon the 
velocities a nd the l ift / drag ratio . 

(4) Explic it and s imple expressions for the 
above relationships can be derived. 

(5 ) All constant L ID trajector i es (sub
circular velOCity) a pproach equilibr ium 
glid e as time progresses because of 
natural damping of vertical oscillations . 
This permits the applica tion of the 
equilibr ium glid e expression to the l a tter 
portion of any const a nt L ID trajectory. 

l 



If e quilibrium glide conditions exist, i. e . , the 
lift plus centrifugal force balances the gravitational 
force , the atmospheri c density will be a function 
only of velocity for a ny given lift co.efficie~t. Knowing 
the relationship between atmosphenc densIty and 
a ltitude, we can plot a family of a ltitude versus 
normalized velocity (u) cu rves for various lift 
coefficients . A family of such curves i s illustrated 
in the following sketch. 

h 

-~L-______________ ~ ______ ~ ________ ~u 

1.0 

Suppo se that, at a given velocity and lift coef-· 
f i cient, the vehicle is above the altitud e shown in the 
sketch. Then, its lift will be l ess than if it were 
on the equilibrium cu rve because the density will be 
lower . However, the vehicle cannot remain at 
this altitude because gravity will reduce the 
altitude. Moreover, drag will be lower at the 
higher a ltitude so that velocity will drop more 
s lowly. Hence, the s lope of the a ltitud e versus ve 
locity curve will change in such a way as to bnng 
the vehicle toward the e quilibr ium curve. This 
effect may be viewed as a feedback action tending 
to keep the vehicle on an equilibrium glide . This 
reasoning l eads to the hypothesis that the e quilibrium 
glide i s a physically realistic as well as mathe
matically convenient type of trajectory. 

Su per c i rcular equilibrium glide. The e quilibr ium 
glide concept has been developed from the study 
of re-entry vehicle behavior at velocities less 
than circular orbit velocity. The possibility of 
extending this conce pt into the supercircular 
velocity region now suggests itself. In this re-
gion the centrifugal force exceeds the gravita -
tional force and negative lift is needed to balance 
the vertical forces. Negative lift can be obtained 
either by flying a lifting body upside down or trim
ming at negative angles of attack. 

As the vehicle decelerates from parabolic 
velocity to circular orbital velocity on such an 
equilibrium glide , the centr ifu gal acce leration drops 
from 2g to Ig while the lift accel eration changes 
from -l g to zero. Thus, to maintain the balance 
of forces , lift will a lways be numerically l ess 
than the centrifugal force . Because of this, and 
because both lift and centrifugal acceleration are 
proportional to velocity squared, altitude must in
crease as the vehicle decelerates. In this respect, 
the superci rcular equilibr ium glide differs from 
the subcircular case . As a consequence of this 
difference, maximum h eating rate occurs at 
maximum velocity in the superc i rcular glide . 

One of the most desirable properties of the sub
c ircular equilibrium glide (the tendency of any con
s t ant L/D trajectory to approach equilibrium con
ditions) is absent in the super c ircular region. In 
fact the tendency is just the opposite. This be
h avior is illustrated by supposing that, at a given 
velocity and lift coefficient , the vehicl e is above 
the altitude shown in sketch . Then its l ift will be 
numerically l ess than it would be if it were on the 
equilibrium curve because the density will be lower. 
The lift, which is negative, is then insufficient to 
balance the centrifugal acceleration and the vehicle 
rises even farther from the equilibrium curve . 
Thus, although the forces are in equilibrium when 
the vehicle is on the curve, any disturbance in the 
equilibrium causes the vehi cle to rise or fall at 
an ever-increasing rate. In this sense, fli ght at 
constant negative l ift coefficient is inherently un
stable in altitude. The significance of these rates 
of divergence i s that the control system must be 
faster than these rates if damping of the divergence 
is to be obtained. In other words, the guidance 
system must incorporate stability augmentation at 
supercircular velocities . In this velocity region 
the guidance system functions in such a way as to 
bring the vehicle over a specified point on earth 
at a specifiedu (which would be approximately 

1. 0005). The guidance system calculates the 
L /D command needed to do this, which together 
w ith the actual rate of c limb and actual lift and 
d rag accel erations, i s incorporated int.o an error 
function which changes angl e of attack m such a 
way as to bring the vehicle onto an equilibrium 
glide at the command L/D. 

The equilibr ium glide concept is not applicable 
a t circular speed . Between u = 1. 05 and u = 0.995 
a different type of trajectory, possibly constant 
altitude, is desirable. 

Skip range control. The r';lnge covered af~er. 
re-entry can be substantially mcreased by skIppmg 
out of the atmosphere and re-entering a second 
tim e . The behavior of the vehicl e outs ide the at
mosphere can be described by the relati vely simple 
and c losed form equations of a Kepl erian orbit. 
Thus, if the desired point of re-entry is specified, 
the desired path angle at exit can be cal culated 
from the vehicle I s velocity and position at exit. 
The atmosphere does not end abruptly, so the 
exact instant of exit is undefined . This d ifficulty 
is overcome by continuously maintaining the flight 
path angle at a value such that, if the atmosphere 
should disappear at that instant, the vehicle 
would follow the Keplerian orbit to the re-entry 
point. The required path angle changes with time, 
and aerodynami c forces are required to bring 
about the change. As the vehicle gains altitude, 
the available aerodynamic force diminishes. It 
should be clear that the accuracy of such a system 
need only be within the maneuvering capability 
of the vehicle from the initial conditions of the 
second re-entry. This is true since it is proposed 
that equilibrium glide control be used to control 
range during the second entry. 

In the actual use of such a system, the range 
to the target, ba:sed on expected re-entry conditions, 
would be used to select the skip mode or super
circular equilibrium glide mode of control prior to 
re-entry. If the skip mode is selected, a sub
sequent switch to equilibrium glide must be made 
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prior to th e second re-entry. 

In addition it appears that this particular tech
nique i s easily a dapted to a closed form predic tive 
system . Instead of integration of the e qua tions of 
motion, the closed - form system employs an ap
prox imate explic it solution in which a ll or part of 
the possibl e t raj ectories are consid ered . 

The m a jor drawbac k of the discus sed explicit 
guidance t echniques is the fact that the e qua tions of 
motion and the e quations for controlling the re-entry 
tra j ectory must be simplified considerably in 
order to permit clos ed -form s olutions. . Great care 
must be take n in not s implifying the e qua tions too 
much for too large a portion of the tota l re-entry 
trajectory , so that not enough m a ne uverability re
mains to acquire the landing s ite with the remaining 
maneuverability of the vehicle during the final 
portion of the trajectory. The maneuverability 
envel ope or footprint, decreas es drastically with 
a ltitude a nd velocity as th e re-entry progresses 
and the kine tic e n ergy of the vehicle has been pro
gressively diminished, and there is a constant dan 
ger of missing the desired landing site. 

C. RE-ENTRY BY ROCKET DECELERATION 
OR A COMBINATION OF ATMOSPHERIC 

A ND ROCKET DECELERATION 

Atmospheric d ecel eration requires that a large 
portion of the kinetic e nergy of the vehicle be con
verted to h eat. An alternative method that can be 
us ed is to reduce the kinetic e n ergy of the s pace 
vehicle to tha t of a circular earth orbit by appli
cation of rocket thr u s t or a combination of atmo 
spheric deceleration and rocket thrust. This latter 
method has the major disa dva ntage of requiring ad 
ditiona l fue l, tankage or even extra rocket engines 
for the deceleration. However, it s advantages in
clud e that actua l earth re-entry can be performed 
from satellite speeds a nd i s consequently s impler, 
and the l a t eral a nd longitudina l maneuverability 
of the vehicl e can be limited i f the provi sions 
(attitude control fu el, life support equipm ent, e t c .) 
a llow the space vehicle to remain in earth orbit 
until the la nding s ite rotates with the earth into a 
favorable pos ition relat i ve to the vehic l e . 

Perhaps the simplest rocket deceleration tech
nique consists of a direct reduction of the speed 
of approach of the transearth trajectory to circu
lar satellite speed. An e stimate of the fuel re
quirements for this maneuver can be obtained by 
assuming the approach speed of the vehicle as 
parabolic and t hat the required ve lo city reduction 
I:!. V occurs impulsively. T he difference between 
the parabolic and circular speeds at '"he radius 
r then gives the necessary velo city reduction: 

6.V=V -V = J 2
1-l -r~ "' 0.414'GZ ( 20 ) 

p c r 0 rrO - ~ rO 
Figure 12 gives 6. Vas a function of m ass ratio 

M
f 

I;, = MO where Mf is the requir ed fu e l mass, MO 

is the initia l m ass of the vehicle, for var ious 
orbita l altitud es hO = r 0 - REEl' where REEl i s the 

radius of the e quival ent sph erica l earth . The 
mass ratios I;, were computed from the rocket 
e qua tion 
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(2 1) 

for fu e l specific impulses I 300 sec and I 
sp sp 

= 400 sec. The figure shows tha t the fu e l expend
iture for a pure rocket deceleration maneuver is 
very high a nd not too practical for the early lunar 
vehicles . Thus, a 22, OOO-newton re - entry vehicle 
requires appr oxima t e ly 11 , 500 newtons fuel for cir
cularizing maneuvers w ith I = 400 sec and about sp 
12,600 newtons fuel with I = 300 sec . sp 

More fu e l economy can be achieved if a com 
bina tion of atmosph eric a nd r ocket deceleration 
i s u sed to achieve the parking orbit as s u ggested 
by Sommer a nd Short (Ref. 9 ). In this combination 
t echnique , the a tmosph ere is r e-e ntered br i efly to 
take a dvantage of a tmosph er ic deceleration. How 
ever, the vehicle i s s ubse qu ently guided out of the 
a tmo sph ere . (See s ke tch below . ) 

~imit of Atmosphere 
Reentry 1 _ Atmosp heric 

- - ..... Exi t 
/ 

Earth Satellite Orbit 

{}t
I

V
. . 

nJect~on 

Into Parking 
Orbit 

After exit with veloc ity, Ve ' the vehicle coasts to 

the apogee of the Kepl eria n orbit, which i s con
trolled by the exit vel ocity, wh ere an accelerating 
velocity im pul se I:!. V is applied . This maneuver 
ensures that re - entry does not take place on the 
d escending arm of the coast trajectory, but that 
the vehi c l e c ontinues in the circular parking orbit 
until the landing s ite is i n a favorabl e position with 
respect to the satellite . 

To a llow a direct compari son of the two r ocket 
deceleration techniques, Fig . 13 gives the mass 
ratio I;, for c i rcular izing the Keplerian coast tra
jectory for atmosph eri c exit velocities ranging 
from 7300 m/sec to 7900 m/sec for three parking 
orbit altitudes hO = 740 , 555 , and 370 km and for 

two values of specific impulse , I = 400 sec and 
sp 

300 sec . The result s of the cal cula tions shown in 
the figure indicate that if the vehicle i s guided to 
exit velociti es equa l to or a little greater than 
c i rcular satellite velocities , the fu e l weight penalty 
i s kept within practical bounds . For exampl e , for 
a 22, OOO-newton re-entry vehicle, approximately 
1 500 newtons of fu el are required for the c i rcular 
i z ing maneuver a t hO = 740 km. 

Both the technique of pure rocket deceleration 
a nd that of c ombined rocket a nd atmospher ic de
celeration require an a dditiona l impulse to deorbit 



from the parking orbit . This impulse varies with 
the parking orbit altitude and the allowable dis
persions from the nominal re-entry trajectory 
due to dispersions in atmospheric density and the 
variations in aerodynamic performance of the re
entry vehicle. Typically, for deorbit altitudes 
below 300 km, a high deorbit pulse with 6. V d ~ 

500 m/sec will bring the vehicle in steeply and 
quickly with little dispersions and l ess maneuver
ing capability but higher deceleration, while a low 
deorbit pulse with 6. V d ~ 100 m / sec results in a 

long glide with long re-entry times, large disper
sions and higher heating. Any reduction in velocity 
below 6. Vd ~ 100 m/sec results in dispersions 

which may be a very significant portion of the 
total re-entry vehicle maneuvering capability. 
For deorbit altitudes above 300 km, the corre
sponding values of deorbit 6. V d are probably 

slightly larger and the re-entry range is somewhat 
longer for the same limiting values of YR' the flight 

path angle at re-entry, which define the re-entry 
corridor. 

The re-entry from the parking orbit altitude 
which occurs from satellite orbital velocities has 
been discussed fully, both from a theoretical and 
numerical standpoint, in Chapter IX of Ref. 1. 

An important problem in maneuverable re
entry vehicle performance is the ability to recall 
the vehicl e to a specifi ed landing site after the 
vehicle has been decelerated to the circular orbit 
velocity. Both the orbital phase and the descent 
phase contribute to the determination of call
down frequency tables which may be regarded as 
a measure of vehicle performance. Such tables 
are useful for answering typical parking orbit de
sign questions such as: 

(1) 

(2) 

( 3) 

What orbital characteristics are needed 
to have call-down on a certain revolu
tion for a given landing site and maneu
vering capability? 

How long is the waiting time for recall 
at any time during the parking orbit 
phase. 

How much do dispersions in initial 
conditions and orbital dispersions 
affect the call-down frequency? 

(4) What combinations of orbital, vehicle, 
and landing s it e parameters allow 
vehicle recall once a day, once every 
three days, or some other time period? 

The need to obtain call -down frequencies quickly, 
preferably by use of a digital computer, is obvious. 

Orbital trajectory calculations can be found in 
Chapters III and IV of Ref . 1, while the re-entry 
has been discussed to some extent in the present 
chapter and specifically for re-entry from satellite 
orbital speeds in Chapter IX of Ref. 1. However, 
as indicated above, the design of parking orbit 
parameters for earth return requires the combina
tion of the orbital and descent phases. This can 
be accomplished in two ways: 
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(1) 

(2) 

Integrate the equations of motion 
numerically as was done by Rosamond 
(Ref. 45) for instance, who considers 
the touchdown accuracy of retrorocket 
recovered satellites (no aerodynamic 
maneuverability during re-entry) by 
minimizing the effect of rocket burnout 
errors, which are initial conditions in 
our case, through proper selection of 
the deorbit thrust application . 

Use the results of general perturbation 
theories during the orbit phase (Refs. 
46, 47 and Chapters IV and V of Ref. 1 
to give but a very few), together with re
entry results as given here in Chapter 
IX of Ref. 1, and by Mand ell (Ref. 48)). 
This approach has been taken by Jensen, 
Townsend,et al.(Ref. 49), but these 
authors restrict themselves to polar 
orbits or arbitrarily inclined orbits 
with small lateral maneuverability. 
An improved version of this method 
suitabl e for hand calculation has been 
given in Chapter IX of Ref. 1. 

The intent of the present discussion is to give a 
general method for obtaining call-down frequencies 
from circular orbits efficiently and quickly by use 
of a digital computer through introduction of the 
concept of ground swath to account for lateral 
maneuverability. The method is thus the most 
general; it applies for any orbital altitude, inclina
tion, arbitrarily large lateral and longitudinal 
maneuverability during re-entry, as well as any 
launch and landing site location. The call-down 
equations have been programmed on the.IBM 709~ 
at the Martin Company. Basic assumptions, den
vations of the equations, as well as some results 
are presented below. 

1. Assumptions for Computing Call- Down. 

a. Initial conditions 

Initial conditions, which occur at the end of 
the rocket burning designed to achieve the circular 
parking orbit, consist of the geodetic latitude, 
l ongitude, and direction of motion at the initial 
point. Small errors in these quantities, however, 
should not affect the call-down frequency signifi
cantly since the effect of these errors on the de
orbit position is not cumulative . 

b. Orbital conditions 

The satellite is represented by a mass point in 
a circular orbit with a given inclination i VE ' 0° ~ 

iVE ~ 180°, and mean radius rOo The altitude ho 

of the circular orbit is defined as its mean equa
torial altitud e, i. e . , 

(22) 

where r 0 is the mean geocentric radius and Re 

the equatorial radius of the earth . The major 
forces acting on the satellite are due to earth 
oblateness and atmospheric drag. Only secular 
changes in the satellite orbit will be considered 
important. Short and long periodic changes due 
to oblateness and drag as well as the effect of 



other gravita tiona l bodies, s olar radia tion pres 
sure , m ass irregula rities in the earth, a nd s m a ll 
thrus t f orces have been ne glected s ince th ey do 
not a ffect th e c a ll-down fre que ncy a pprec ia bly , 

The m a in effect of a tmos pheri c d rag i s to d e 
crease the m ean or bita l radius a nd to increase the 
m ean motion , The radius on th e j-th revolution 
r , i s given in t erm s of qua ntities in the (j-l)th 

J 
2 

l' j = l' j _ 1 - 4n B eff P j _ 1 l' j - 1 ' (2 3) 

where 
P dis pers d CDA 

B eff = F a O P s ta nda rd a tmos phe r e ' 2 M 

i s the effective ballis tic coefficie nt , F aO (h, i VE ) 

the a tmos pher ic obla t e n ess c o rrec tion fac tor 
( R ef. 50), CD the drag c oeffi c i e nt, A th e fr onta l 

area of th e sat e llite , M it s m ass , a nd P th e neut l'a l 
a tmo s pher ic d ensity computed fr om the 196 1 U , S , 
St a ndard Atmosph ere ( Refs , 5 1 and 52) , 

Th ' factor P dis persed was intl' o -
e P s ta ndard a tmos phere 

duced to e nabl e s imulation of c ons ta nt dispers ions 
in a tmospheric d e ns ity ft 'om th e standard, Drag 
d ecay his tor ies fo r var ious ba llisti c c oeffi c i e nt s 
with th e o ption to intr oduce a tmos pheric obla t e 
ness a nd di s pers ions in d en s ity can be obta ined 
a long with the call-down fre qu e ncy , The cha nge 
in period o n th e j-th revolution corres ponding to 
the d ecr ease in l 'a dius i s 

B 2. 5 
eff Pj- 1 l' j -1 ' 

(24) 

wh ere f..! GM<!) i s th e gravita tiona l c o nsta nt of 

the earth, G th e universal gravita tiona l c ons tant 
a nd ME!) th e m ass of the earth, 

Th c secular effec ts of ear th o blateness al 'e 
s umma rized by th e regress ion rat e of th e nod e, 

dn ' ( Re) - = n = - 54 0 J -
d t 2 rO 

2 

( 25) 

wh ere J 2 = 1082, 28 x 10 - 6 i s th e c o nst a nt assoc iatcd 

with the second zona l har mo nic t crm in the ex pan
s ion o f the earth ' s gravita tio na l potent ia l, and a 
c or r ec tio n to th e noda l pe l'iod of th e sa te llitc , 

" R 2 

~ 7 ~ = -;; r ~ ' ~ J2 C~) (2 6) 

which can be d er i vcd ft 'o m St r u b l e (Ref. 4 7), Th c 
secular oblate ness correc tions arc assum ed i ndp 
pe nd e nt of the secular d rag effects , i , c ,' they 
are cons t a nt i n a gi ven pal ' king or bit s imula tion 
on the computer , 

Sm a ll di s pers ions fr om nominal in -pla ne o r bit 
inj ec tion c onditions can be s imula t ed by intr o 
duc ing a further c orrec tion to th e period, ~7 d' 

for k revolutions , These inj ection d i spersions 
m ay be s ig nif i cant du e to theil' cumula ti ve effec t 
on the satellit e deo r bH pos i t io n , 
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c , Des c e nt c onditions 

For a landing of th e re - e nt r'y vehicle to be 
poss ible , the or bita l pla ne has to be "near " the 
intend ed landinl'l s ite a nd th e sat e llite mus t be 
in th e "c orrect I o r bita l pos ition as gi ve n by the 
cent ral a ngl e fro m the ascending nod e , T he c on
c e pt s "near " a nd "c or r ect" will be descr ibed 
gua ntita ti vely in Subsection 2 , 

The actu a l phys ical pic ture du r ing re - e ntry 
i s th e following: Wc h a ve a point la nding s ite , 
There i s a r e - e ntry region a t or bita l a ltitud e fr om 
whic h th e l' e- e nt ry vehicle m ay reach this point, 
a nd a ll possible re - e ntry tra jector i e funne l 
towa rd it. Since the ear th i s r oughly spher ical 
a nd th e sat ellite moves in an a lmos t centra l f orce 
fi e ld, th e s ha pe of this re-entry rcgion c hanges 
c ons id erably with orbita l pos ition as we ll as a l
titud e , For call-down s tUdies , it i s much more 
c onvenie nt to u se a m 'l.neuvering e nvelope whic h 
i s ind e pe nd e nt o f orbita l pos ition a nd i s d efine d 
as th e locu s of points on ear th tha t can be reach ed 
by aerody na mic or th r u s t m a ne u vel 'ing fr om a 
fix e d d e or bit pos ition which c oincides with th e 
ins ta nta ne ous sa t e llit e pos it ion , This e nve lope 
m ay be reduced in s ize by c onstraints of tota l 
h eat , m aximum hea ting ra t e , o r estima t ed di s 
pers ions dur ing re - e ntry , Each point ins id e a nd 
on th e e nve lope can b e d efined on a nonr ota ting 
ear th by a long itudina l range in th e o rbit pl a n e 
R long fr om d eo rb it, a nd a l a teral r a nge R

la t 
per pe ndic ula r to the orbit pla ne , with l a t era l 
ranges in th e direc tion of th e sa te llite a ngular 
ve loc ity vec to r c ons id ered pos itive , The point 
on th e nonr ota ting earth i s rela te d to o ne on a 
rota ting ear th by th e d escent tim e td a nd the a ngu-

lar veloc ity of th e ear th wE!)' 

The assumption tha t the m a neuvering e nvelope 
i s i ndepe nd e nt of or bita l po s ition corres ponds to 
assuming tha t th e effect of a tm ::>spher ic r ota tion 
dur ing re-entry i s negligible , We d efine call
down as th e c ondition wh e n th e la nding s ite , which 
i s on a r ota ting ear th, i s within th e m a ne u ver ing 
e nve lo pe of th e re-ent ry vehicle , The a ltitude 
d e pe nd e nce of th e m a neu vering e nve lope ca n b e 
t a ke n into account by intr oduc ing several envelopes 
fo r th e expected d eorbit a ltitud e r a nges , We as
s um e fur th el ' tha t each ir regular' m a nc uve l'ing 
e n ve lo pe i s appr ox ima t e d by s vera l m a ne uvering 
['ectang les, T wo c o rners of this rec ta ngl e are 
d efined by (R

I 
),' th e c orres ponding (t

d
) , , 

ong mln mln 
a nd (Hl.a l) max as we ll as (H1a t)min' r'cspec tive ly . 

S im ila d y, th e o ther two cor ners are gi ve n by 

(Rlong)max' (td)m:J.x ' (R1a t)max ' a nd (R1at}min ' 
This defi ni t ion is possible s ince td i s o nly very 

IVt'a kly dependent on Rlat , 

~ \ mcaSUJ 'C o r l and i ng s ite "ncal' ness " i s 
(I{lat )max a nd ( Rlat )min whic h for m a ground s wa th 

arou nd th(' sa tc llite gl 'ou nd trac k, One condit ion 
fOl ' call -down i s that th e geocent r i c paralle l of 
l a titude of the land i ng s ite <P;, intel'scct th e grou nd 

swa th (Figs , 14 a nd 15 ) , Th e problc m of find i ng 
this intel'sectio n i s one of s phcr ical t r i go nome t ry: 
Gi ven th e geocent l'ic l a titud e (or dec lina tio n) of the 
landing sitt, <P I , th e ol 'bit inc lina tion i V I':' a nd th e 



lateral range Rlat , find the central angle f3 and 

inertial longitud e A of the intersection, as m eas 
ured relative to the same ascending node . Thc 
solution of this proble m is (Ref. 53 , p 42 ): 

sin p 
sin CPI - cos iVE sin R 

sin lYE cos R 

sin A 
- sin iVE sin R + cos iVE cos R sin (3 

cos cp l 
f 

cos A = cos R cos @ 
cos CJlI. 

( 27) 

where Rlat is positive in the direction of the orbital 

angular velocity, and 

360 Rlat 
R = 2 IT R (deg) (28) 

e 

Three possible cases m ay ar ise : 

(1) Both (Rlat)max a nd (R1at)min yield 

I sin (3 ) > 1 . No intersection occurs and 
we have either a call- d own on each revo
lution or no call-down at a ll . These cases 
can be easily distinguished by the values 
of CPr ' iVE and Rlat · 

(2 ) Either (Rlat)max or ( Rlat )m i n y i e ld 

I sin (3 r > 1 . Two intersections occur 
near the apex, the northernmost or 
I sin f:j r > 1 . Two inters ec tions occur 
n ear the a pex, the northernmost or 
southernmost points of the ground track 
(s ee Fig. 15). The quadra nts of {3 can 
be d e termined easily by the landing 
latitude and the relati ve position of the 
intersection wi th respect to the ascend 
ing nod e . Call the smaller value (31 ' 

the larger value (32 ' and th eir di fference 

6.{:3 = {:32 - (3 1 (29 ) 

The quadrants of the corresponding 
values of A, Al and A2 ' can be deter -

mined by use of Eqs ( 27), and the condi
tion that they d iffer at most by one from 
the quadrant of (3 . Define: 

6. A = A2 - Al with 6.x.>0 for iVE <90°, 

6. A<Ofori
VE

> 90°. ( 30) 

( 3) If both ( Rl at )max and ( Rla t) min yield 

r sin (3/ ~ 1, then there are four i nt er
sections of the landing paralle l of lati 
tude with the ground swath . These int er 
sections may be reduced to sets of two 
intersecti ons by spec if ication of a 
norther ly or southerly approach t o the 
landing site . Each set may now be 
treated separately with quadrant deter 
mination as in Case (2 ) . 

If (Rlat)m ax = (Rlat )m i n = 0, th en the 

two ground swath intersections redu ce 

to one ground track inte rsec tion which 
is given by l e tting sin R = 0 a nd cos R 
= 1 in Eqs (27) : 

s in CPI 
sin {:3 - - -

s in iVE 
cos iVE sin (3 

s in A = --:~--;-....--
cos CPr 

cos - cos {:3 
A - cos CPr 

( 31) 

The second factor in determining call - down, 
the "correct" orbital position, is of more impor
tance than the correct time of d eorbit , since the 
l ongitudinal range in the orbit pla n e imposes con
strai nts on the locati on of the deorbit poi nt . The 
l ateral m a neuverability of the re-entry v ehicle of
fers some flexibility in the choice of d eorbit point 
as g i ven by 6.f3 = (32 - f3

1 
in Figs. 14 and 15 , but 

i n most cases this is not enough to counteract re
entry atmospheric dispersions , guidance and con
trol system errors and timing errors in the de
orbit point due to d e nsity dispersions i n orbit. 
Especia lly in near-polar orbits , when 6. {3 --+-0 , ad
d itional longitudi nal range is nec es sary to over 
come these factors and to add somewhat to the 
call - down frequency by imposing less severe con
straints on the deorbit point location. Th e quanti 
t ative evaluation of the correct orbital position will 
be deferr ed until the next section . 

2 . Derivation of the Call-Down Conditions 

There are two e quations for determining call
down, one giving th e position of the orbit plane 
with respect to th e la nding site and the other giving 
the satellite position in orbit. In each case there 
are conditions that have to be m et for call-down to 
t a ke place . The longitudinal range capability of the 
re-entry vehicle places constraints on the sate llite 
position, while the l a tera l range capa bility places 
constraints on both orbit pla ne a nd satellite position . 
In the fo llowing. th ese e quations a nd c onstraints will 
be derived and a method for obta ining call-down 
frequencies from those two e quations and th ree con
straints will be given. 

Consider the a ngular displ acem ent in longitud e 
of th e initial point as m easured fr om the vernal 
equinox, a n inerti a l reference dir ection (s ee Fig . 
16), 

(32) 

where: to is the initial time; AO the longitud e; 

and <Pb the geoccntric l a titud e of the initia l po.int; w(9 

the rotational rate of the earth about its ax is, wEE\ = 
-3 4 . 178074 x 10 d eg /sec; QO the longitude of thc 

ascending nod e at the initial time; and Al the 

l ongitude of the initial s i te with respect to QO. At 

l and i ng on the m-th day, the angular displacement 
in longi tude is given by (see Fig. 17 ): 

We tf = Qo - At + 360m + Al + 6. AM + nQ, 

(33) 

where the subscript f refers to the la ndi ng site, 
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m i s the integral number of s idereal days (1 s ide 
real day ' c 86164 . 1 sec ), n the number of orbita l 
revolutions from injection to deorbit, and 6. >"M 

the differe nce i n longitude between >" 1 a nd the 

landing site . It can be seen from Eq ( 30 ) and 
F ig. 17 th at one condit ion for call-down i s 

( 34 ) 

E quati ons (32 ) and ( 33) can be combined to y i eld 

w@ (tf - t O) = >"0 - >"f - >"i+360m+nn+>"1+6.>"M ' 

(35 ) 

T he time from the initial point to landing i s : 

n 

tf - t O = n TO+ L (n - j+ 1) 6.Tj+k6.7d+td' (36 ) 

j =0 

where 70 is the init ial orbital period includi ng 

ob lateness effects and the second term gives the 
atmospheric drag effects on the period . Now we 
can so lve Eqs (35 ) and (36 ) implicitly for n by 
elimination of (t

f 
- to ) between them to obtain: 

n 

(3 7) 

Another expression can be obtained for n by 
considering the total central angle from injection 
to deorbit: 

(38) 

where [I i is the central angle of the initial po i nt, 

p is the number of revolutions from the ascending 
node of [lito the one of I'll ' and 6. 13M is the dif-

ference in central angle between 131 and the land

ing point. Equation (8) and Fig . 4 suggest the 
second call - down condition : 

(39) 

wi th a third condition for call- down imposed by 
the longitudinal maneuverab i lity 

(40) 

X-22 

The problem of obta ining call - down frequencies 
for an orbiting vehicle reduces to solving for the 
va l ues of n from Eqs (37) and (38 ) for each value 
of m , up to the maximum number of days in or
bi t , q , and subject to the constr a ints given by 
Eqs (34), (39 ) and (40 ) . 

However , there are several difficulties . The 
q uant ities 6.>"M ' 6. 13M and Rl i n Eqs (37) and ong. 
(38 ) are unknown , as we ll as the values of nand 
p for each value of m . In addition , Eq (37) can 
be so lved for n only by an approximation proce 
dure since n occurs in the s ummation on the right 
hand s ide as well as on the l eft-hand side . 

We propose to determine the lateral maneuver 
ing effectiveness first by consider ing two cases : 

(1) Entry into the ground swath wi th 6.>"M =0 , 

6.I3
M 

= 0 in Eqs (3 7) and (38 ). 

(2 ) Exit from the ground swath with 6.>"M 

6.>.. , 6.I3
M 

= 6.13 in the same equations . 

The approximation procedure to obtain n consists 

t
d

+k6. Td of transferr ing the term - - ------,,:---
(7 - ~ ) 

o w ® 

Eq (37 ) to Eq (38 ), and computing 

>"0 - >"f - \ + 360 m + >" 1 

w® (70 + w~ ) 

i n Case 1 as well as 

from 

(41 ) 

(42 ) 

i n Case 2 fo r each val ue of m. Here (n
O

) l and 

(nO)2 a r e the number of revolutions from the 

time the initi a l point passes through the ground 
track to the entry and exit of the land ing point 
from the ground swath , respectively . The effects 
of drag have been neglected in Eqs (4 1) and (42 ) . 
However , the values of (n O)l and (nO)2 obtained 

from Eqs (42 ) and (43 ) for a given m permit us to 
calculate drag effects by replacing n by (nO ) 1 and 
(n

O
)2 in the drag term of Eq (37), 

n I (n - j +1 ) 6.7
j 

j =O (43 ) 

Now we can compute for each day in orbit 

___ I 



and 

'-0 - '-f - \ + 360 m 

'- -o '-f - \ + 360 m 

WEB (TO + w: ) 
(nO)2 

L 
_ j =0 

6 T. 
J 

+ '-. + 6'-
1 

(44 ) 

(45 ) 

Denote the integral part of (nO + 6 n
D) 1 at a given 

m by Im1 and the integral part of (nO + 6nD)2 fo r 

the same value of m by 1m2 , 

Next we determine the in - plane maneuvering 
effectiveness by collecting the remaining terms 
in the other equation . Consider entry of the 
landing site into the ground swath with minimum 
longitudinal maneuverability . 

(t
d

) . + k6 T
d + _ mln 

(T -~ ) 
o wEB 

(46 ) 

and its entry into the ground swath with maximum 
longitudinal maneuverability . 

(47 ) 

Similarly , there are two expressions for the exit 
of the landing site from the ground swath which 

can be obtained by adding the term ~:O to Eqs 

(46) and (47), respectively. Take the smallest 
and largest value of the four values of (nO + 6 n

D ) 
just computed and form a range 

smallest [eno + 6nD) - ~ , 

largest [(no + 6 n
D ) - ~ . 

(48 ) 

The additional assumption has been made here 
that atmos phe ric drag act s from the iniLia l point 
to touchdown , i. e . , during nO revolutions, rather 

than from injection to deorbit , or during n revolu-
tions. In most practical cases RI is less than ong 
one revolution and this assumption will not affect 
the call- down frequency appreciably . Further
more , the drag effects on the dispersed elliptic 
orbit with period Tj + 6Td should be essentially 

the same as those on the nominal circular orbit 
wi th period T . • 

J 
The final step consists of combining lateral 

and in-plane maneuverability to test for call - down 
at a given m . Let p in Eq (48 ) vary between 

(Im1 - 3) .s p.s (Im2 + 3) (49) 

and add each of these values of p to Eq (48) to 
form the seven ranges 

for each p in Eq (49). 

Whenever Eq (50) and the r ange formed by 
(nO + 6 n

O
) 1 and (nO + 6 n

O
)2 for the same m 

(50) 

overlap , there exists a call - down on the day m. 
Denote each call - down day by m = m . For each 
value of m = m obtain c 

c 

(td)ma x + k6 Td 

(T _-.lL) 
a wEB 

(51) 

where n is the number of revolutions from the 
time the injection point intersects the ground track 
to the time the deorbit point intersects the ground 
swath , and accounts essentially for lateral 
maneuverability . However , the controlling factor 
of satellite call-down is the in-plane maneuverability 
from deorbit to landing which places a constraint 

[3 (R ) 
1 long max 

360 2 TTRe 

(53) 

[31 + 6 [3 _ (R long) min 

360 2 TT R e 

on the satellite position at deorbit during any 
revolution. The call- down revolutions can be ob
tained by (1) converting the revolutions from n , 
which is measured from injection starting at 0 , 
to N , the number of revolutions from the first as-
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cending node, where N = 1. 0 and (2) by noting for 
which integral number of revolutions the fractional 
range (Eq (53)) overlaps the range formed by min 

and N (Eqs (5 1) and (52 ) with n converted to 
max 

N ). There may be more than one call - down revolu 
tion per day if (N

max 
- N

m in
) "> 1, which occurs 

for large lateral maneuverability and for small 
lateral maneuverability if the landing site is near 
the northernmost or southernmost po ints of the 
ground track . The r sulting call - down table for 
each m = m cons ists of , the altitude , and the 

c 
time in orbit for both nrnin and n max ' 

This discussion of call - down frequency ends 
the qualitative and qualll i lative description of re 
entry which uses at least some rocket decelera 
tion during the earth return trajectory phase. 
This re-entry technique reduces the demands on 
the heat shield materials , the guidance accuracy 
and the aerodynamic performance of the re - entry 
vehicle itself. On the other hand , a major dra w
back of this return technique l i es in the expenditure 
of additional fuel and a lesser drawback in the 
longer time requ i red for compl etion of the mission . 
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Fig. 40 Correlation Of The Maximum Reduction In Peak Deceleration 
With The Aerodynamic Resultant-Force Coefficient 
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Fig. 12. Fuel Required Fvr Rocket Deceleration 
From Parabolic to Circular Velocity 
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Fig. 14. Southerly Approach to a Landing 
(Case 3 of Descent Conditions) 
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Fig. 15. Approach to a Landing Near the 
Northern Most Point of the Satellite 
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Fig. 16. Displacement in Longitude at the Initial Time 
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Fig. 17. Displacement in Longitude at Landing 
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