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SUMMARY

Measurements of the variations in the transfer function of a human pilot,

relating visual stimuli to stick controller output, in a single-degree-of-freedom

fixed-base simulator have been made by using an automatic model matching tech-

nique. Variations in subjects, controlled dynamics (from simple amplifiers to a

double integration), display sensitivity, control sensitivity, and type of task

(from compensatory tracking to pursuit tracking) were included in the tests.

The results show that the pilot changes his transfer function whenever any

element in the control loop is changed. Whereas wide variations in the transfer

functions were measured, variations in the closed-loop characteristics were much

more restricted.

INTRODUCTION

In the experiments reported in this paper an attempt has been made to meas-

ure quantitatively what a human pilot does when operating in a closed-loop

single-degree-of-freedom attitude-control system. The quantity measured is a

transfer function with three variable gains which relate the visual stimuli pro-

vided to the pilot to his stick controller deflection. This transfer function is

mechanized with analog-computer equipment. The variable gains in the analog

pilot are adjusted so that the square of the difference between the output of the

human pilot and the output of the analog pilot is minimized. The method used to

achieve the necessary adjustment of the analog pilot gains is similar to that

used in an advanced adaptive autopilot and is described in reference i.

_e experiment is an extension of several other studies reported in refer-

ences 2 to 6, which also determined transfer functions of human pilots by

matching freque_icy-response plots with an analytical expression. The frequency-

respo_:(_ data were usually obtained by making a power-spectral-density analysis

of the recorded time histories of the tests. This type of analysis is very

lengthy and complicated. In contrast, the method of analysis used in the present

tests provides the desired results during the experiment. The simplicity of the

analysi_ plus the flexibility afforded by the simulator used in conducting the

tests allowed wide variations in several of the elements in the system to be



studied. The simulated controlled dynamics were varied from a simple amplifica-
tion of the pilot's stick output to a second integral of the pilot's stick out-
put. The sensitivity of the stick controller and the sensitivity of the display
were also varied. Six experienced test pilots and two engineers were used as
subjects. The measured transfer function gains together with the derived charac-
teristics of the complete system (pilot plus dynamics) are presented in this
paper.

The transfer functions determined in these tests might be used in simple,
linear analytical design studies. Further work will be required before they can
be applied to more practical multi-axes, nonlinear studies. The method for
making the measurementsmight be used to evaluate system design concepts.

SYMBOLS

D

I

K,_

K1,K 2

s

x

5

5' ,5"

6

e

T

disturbance_ volts

generalized input (either D or e as noted), volts

general gains

particular computer gains

Laplace transform, sec -I

difference between pilot output and analog pilot output

analog pilot output, volts

output of analog pilot at intermediate points, volts

displayed error, volts

damping ratio

system output, volts

lag break point frequency, radians/sec

undamped natural frequency_ radians/sec

APPARATUS

Shown in figure i is a block diagram of the elements used in the experiments,

and a photograph of the simulator and computer is shown in figure 2. The control

loop consists of the following elements.
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An oscilloscope is used to present the visual display of the problem to the
pilot. A horizontal line presented on the oscilloscope movedup and down approxi-
mately 2 inches. The oscilloscope sensitivity was set, normally, so that the
uncontrolled disturbance used in these tests would drive the horizontal line to
the full 2-inch deflection. The pilot, by exercising control, kept the indicated
deflection to lower values.

The pilot exercised control with a centrally located, lightweight control
stick which movedforward and backward. This stick was supported by ball
bearings so as to be as nearly frictionless as possible. A spring was also
included which provided a force that was linearly proportional with deflection
and provided a 2.5-pound force at full deflection. Full deflection was approxi-
mately T3 inches at the top of the stick. A linear potentiometer was attached to
the stick to provide the required electrical signal. The maximumoutput of this
potentiometer was ±I0 volts.

The simulated dynamics were obtained with an analog computer and were very
simple examples of different order systems. The transfer functions relating h°ut-

put to input of the simulated dynamics are i, s +l l' s2 + 103s+ i0' _2 or _,

i0 and i__O0.In addition, in repeated tests with pilot E, the following
s(s + 1)' s 2

i0 and i0 . The equip-
two dynamics were also included: s(s + 2.5) s(s2 + 3s + i0)

ment required for these dynamics consisted of two amplifier-integrators and, in

some cases, gain-setting potentiometers and sign-changing amplifiers. The varia-

tion in dynamics was achieved by changing one or both of the amplifier-integrators

from amplifiers to integrators and adding one or two feedback loops. The dynamics

will be referred to as though the display represented the angular position of the

vehicle. Thus, the first three will be referred to as attitude dynamics; that is,

the steady-state output of the dynamics is proportional to stick deflection. The

remaining ones will be called rate and acceleration dynamics.

A disturbance signal was inserted into the control loop to provide a certain

work load for the pilot. This disturbance was obtained by filtering the output

of a Gaussian noise generator. The filter consisted of two first-order lags with

break frequencies that were usually located at i radian per second for the atti-

tude dynamics and 0.5 radian per second for the rate and acceleration dynamics.

The few exceptions to these settings are noted in the data. Also, in two series

of tests, a cam-generated disturbance was used. This disturbance contained

12 frequencies with approximately equal amplitude. The highest frequency was

approximately 2 radians per second.

The problem was presented as a compensatory tracking task. The disturbance

signal and the output of the dynamics were summed and then presented on the dis-

play. The pilot's task w_s to keep the indicated signal alined with a fixed ref-

erence line on the display. In addition, some tests were made in which the dis-

turbance was appl_ed to one line of a dual beam presentation and the pilot's

effort displayed on a second line. The pilot was required to keep the two lines

together. These tests are referred to as pursuit tracking tests. Note that in

the compensatory tracking task, the disturbance as used in these tests corresponds



to the output of the uncontrolled vehicle subject to someu_specified external
force and not to the external force itself. In the case of the pursuit tracking
task, the distu_%ance corresponds to the movementof the target being tracked.

The computer was also used to form the analog pilot which was matched to the
humanpilot and to makethe computation necessary for adjusting the variable gains
in the analog pilot. These variable gains were mechanizedwith _ervo multipliers.
A brief derivation of the gain-changing method is presented in appendix A and is
also given in reference i. The method is derived from an adaptive autopiiot
schemepresented in reference 7. There is one difference in lead-time constant-
gain adjustment from that used in reference i; that is, the integrator included
in the lead-time constant-gain filter was omitted in the present study. (See
K2 block in computer diagr_n and fig. 3 in ref. i.)

The analytic form of the computer analog pilot is

( K2)5_ : KI • i + m--:s

I + s)2
(i)

This form was not changed in the experiments; only the gains, KI, T_ and

K2, were variable. The results must be viewed with this in mind. This particular

form was selected because previous investigations have shown that a transfer func-

tion of this general form will provide a good fit to the pilot. There are, how-

ever, two alterations from some of the previous investigations. A time-delay

term, generally expressed as e-Ks_ which has been included by previous investi-

gators was omitted in the present tests. Also, in previous investigations, the

lag terms (the two first-order factors in the denominator) have been assumed to

be different from each other, whereas in the present tests they were assumed to

be the same. The data of reference 2 show that the best fit was achieved with

the form given in equation (i), and it is for this reason that this particular

form was chosen for study.

The assumption of this form of transfer function implies that the pilot uses

the sum of the amplitude of the input and the rate of change of the input with

some lag to determine the amplitude of his stick displacement. This lag is

expressed as two equal first-order lags.

In many of the previous investigations the transfer function which was deter-

mined relatted pilot output to displayed error. In the present investigation this

is true c)nly in the <'<ises in which r_,,teand acceleration dynamics are used. In

the cases in which attitude d2nw_mics are used, the fu3_ction determined reiut_s

pilot output to disturbance; tb_t ts, the disturbance signal is used as the input

to the analog pilot fn the case oY _ttitude dynamics and the di_pl_yed error (the

_um of the disturbance and the output of the dynu_nics) is u,_'ed ,,_s the inpui to
the -u_aios pilot i._ %}H: £':d;_es o? i,h_ r:_'_,_ :_d accelerr_tion d_qu_,m:,,-_:. :the re,_ :pris

for this method of a!,'_£ysis ar_: dism:ssed i_! reference 1. It wiii. ou <iearky
indicsted in the < _i:_ which qu:_n<;i!,--_r u_,=d "is the input.



Whennumerical results are given for the transfer function in the tables,
they are given in this form

(2)

KI is the static gain, which has the units volts per volt; K2_ is the
where T T

i is the lag time con-lead time constant, which has the units seconds; and T

stant, which has the units seconds. The data are presented in this form because

it is the one generally used by system designers. For reasons of computer com-

patibility it was necessary to mechanize the analog pilot in the manner given in

equation (i).

TESTS AND ANALYSIS

Six experienced NASA test pilots and two research engineers were used as

subjects in these tests. The pilots all had flying experience in a wide variety

of airplane types ranging from jet fighters to helicopters, and, in addition,

pilots A to D had considerable experience in operating simulators of both air-

planes and space vehicles. The engineers had no more than ordinary control expe-

rience, but, of course, did have a thorough analytical knowledge of the control

problems used in the tests. The pilots are listed from A to F in descending

order of their age and experience, pilot A being 47 years old with 16 years expe-

rience with NASA, and pilot F being 30 years old and just out of military service.

In the tests the pilots were asked to use the control in whatever manner they

felt would keep the indicator as close to the reference mark as possible. The

subjects were given a warm-up run which lasted as long as they wished, but which

did not usually exceed 2 minutes. A 3-minute test run was then taken. This pro-

cedure was followed for each of the dynamics. The tests were always given in the

same order, with the attitude dynamics first and the acceleration dynamics last,

except in the repeat tests with pilot E when the order was reversed.

The numerators of the simulated dynamics were adjusted in each case so that

the stick motions used in each test were in a comfortable range. That is, it was

adjusted so that the control was not judged to be too sensitive, and so that full

deflection was not required in controlling the disturbance. The following table

is presented to illustrate the relative control power that was simulated in the

tests. The table gives the maximum attitude, velocity, and acceleration avail-

able in each test if the stick was moved in a step to full deflection. Once

again it is assumed that the indicator presents attitude.
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Dynamic s

I

i

s+l

i0

s2 + 3s + !0

2
m

s

i0

s(s + z)

zo
s 2

Acceleration,

volts/sec 2

i00

i00

!00

Velocity,

volts/sec

i0

17

2O

i00

Attitude,
volts

i0

i0

i0

Note that the values of infinite acceleration given in this table represent

pulses that occur at zero time, whereas the values of infinite attitude represent

an ever increasing angle with time.

The nominal oscilloscope sensitivity was 5 volts per inch. If the display

is considered as a simulated instrument display, it would represent a rather

large instrument. Additional tests were made in which the oscilloscope sensi-

tivity was set so as to give smaller indicator deflections (50 volts per inch) in

one case_ and larger deflection in another (1.25 volts per inch). In this latter

case the pilot had a tendency to drive the indicator off scale. These tests were

!0
made with dynamics.

s(s+ i)

Other tests were made in which the control power was reduced. These tests

were all made with K dynamics. The numerator was reduced from the nomi-
s(s+ i)

nal value of i0 to % 2, and 1.

For each test, the analog pilot gains, as they appear in equation (i), were

obtained. The corresponding transfer function, as given in equation (2), was

then determined. For additional information_ the closed-loop transfer functions

(pilot plus dynamics) relating system output 8 to the disturbance D were

determined, and the characteristic roots calculated. Example derivations of the

closed-loop transfer functions are given in appendix B. Frequency-response plots

of the closed-loop systems for tests made with pilot E were also made.
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RESULTS AND DISCUSSION

General

Sample test runs for all the dynamics used are shown in figures 3 to 8. The

subject in these tests is pilot E. The disturbance_ the displayed error, the

pilot's output_ the analog pilot's output_ and the difference between the latter

two are shown in the first part of the figures, and adjustment of the three gains

is shown in the second part of the figures. It can be seen that the adjustment

of the gains is rapid and reaches a fairly steady value with only small varia-

tions in less than 30 seconds. The difference between the analog pilot and the

human pilot reaches a fairly uniform minimum after the adjustment is completed.

To illustrate the match between pilot and analog pilot, two samples with an

expanded time scale are shown in figures 9 and lO. It can be seen that the ana-

log pilot follows the low frequencies of the pilot both in time and amplitude but

does not contain some of the high frequencies that appear in the pilot's output.

Variation With Dynamics

Data taken from all the tests with all the subjects are listed in table I.

The tables llst dynamics 3 the noise break frequency of the disturbance, the meas-

ured gains, the transfer function, and the characteristics of the closed-loop

system. A sample run, using the l0 dynamics, for each of the subjects is
s(s+ l)

shown in figures ii to 17 .

It can be seen that all the gains, Kl_ _, and K2, vary w_th change in

dynamics, and the variations are different with each subject. Nevertheless, some

general statements can be made about these variations. With the attitude dynamics

in the case of the change from dynamics of 1 to the first-order lag 1 the
1 + s

lead time constant is increased to approximately l, the lag time constant

increases slightlyj and the static gain remains nearly the same at a value of

approximately 1. The pilot, therefore, can effectively be considered to be can-

celing the lag introduced into the dynamics and thus maintaining the overall

dynamics of the closed-loop system unchanged. The further change to the oscilla-

tory dynamics l0 results in a noticeable reduction in the static gain.

s2 + 3s + I0

It is logical to assume that if a single step disturbance were presented to the

pilot in this case, he would operate in a manner that would indicate a static

gain of l; that is, he would reduce the error to zero. It appears that the meas-

ured static gains of less than 1 results from the type of disturbance used in

these tests. A similar result was noted in tests reported in reference 6.

With the attitude dynamics, where the function 8/D was measured, the

closed-loop characteristic expression is exactly equal to the product of these

factors - the denominator of the controlled dynamics and the denominator of the

pilot's transfer function. Since it is therefore obvious what the closed-loop

characteristics are, they are not listed in the tables.
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With the dynamics that included integration, all subjects displayed a

decrease in lag time constants in going from a rate system _ to an acceleration
s

l0 l0

system 5' the pilot's lag with the s_stem s(s + l) being intermediate betweenS

the latter two. All subjects displayed some lead, but there were large varia-

tions in the amount of lead measured, particularlywith the rate dynamics, and

also large variations in the measured static gains. However, all the subjects

did show a consistent variation in the closed-loop frequency and damping charac-

teristics with a change in dynamics. Both frequency and damping ratio decrease

in going from a rate system to an acceleration system. With the rate system

most of the subjects had a frequency of approximately 3.5 radians per second,

pilots A and B having higher than this value. The damping ratio was approxi-

mately 0.7 in most cases. With the acceleration dynamics the closed-loop fre-

quencies dropped to approximately 2.5 radians per second, and the damping ratios

dropped to approximately 0.2.

Frequency-response plots for the closed-loop systems with pilot E as the

operator, using the data listed in table II(b) and table II(c), are shown in fig-

ures 18 and 19. These figures illustrate the fact that, although the character-

istic frequency is reduced in going from a rate system to an acceleration system,

the resonance peaks that appear in the frequency-response plots are located at

the same or even higher frequencies.

The reason for the decrease in lag time constants in going from a rate to an

acceleration system might be explained as follows. With the well-behaved easy-

to-handle rate system, the pilot can achieve what he considers to be a satisfac-

tory control with a large lag. He therefore takes advantage of this allowance.

With the more difficult acceleration dynamics, the pilot must reduce his own lag

to achieve satisfactory control, and he does. Since the closed-loop character-

istics generally show a decrease in period or damping or both when going from a

rate to an acceleration system, it appears that the pilot is not able to reduce

his lag enough to maintain the same level of control.

In an attempt to answer in greater detail why the pilot changes gains when

the dynamics are changed_ the gains that were measured with the rate system and

the acceleration system were applied to the lO
s(s + l) system and the closed-loop

characteristics determined. When the rate system gains were used, the damping of

the closed-loop system underwent a large decrease, usually to a negative value,

or the real roots were reduced_ or both_ when compared with the results obtained

when using the gains measured with the s(s 10+ l) system. The frequency showed

only small, random variations. It appears therefore that both the system damping

and real roots are given consideration by the pilot in adjusting his gains, or

technique, to achieve the characteristics which he desires. When the accelera-

tion system gains were used, there was very little change. The changes that did

occur were an increase in damping and an increase in the lowest real root. This

result indicates that the pilot is capable of better control with the _(s lO+ i)

system than he actually displays, but in these tests he did not exercise this

better control.



Variation With Subjects

The highest static gains, high lead time constants, and the lowest lag time
constants were measuredwith pilot A. Correspondingly_ the characteristics of
the closed-loop systemj using the transfer function for pilot A_ showthe highest
frequency, damping ratio, and real roots for any given dynamics. A review of the
error records also showsthat pilot A achieved the tightest control. In con-
trast, the damping ratios and real roots obtained with the engineers were the
lowest determined in the tests.

Variations From Day to Day

Pilot E was retested on several different days. Results of these tests are
i0 dynamics are shown in fig-

given in table II, and sample runs with s(s + i)

ures 20 to 21. The time histories show that there are variations in the manner

in which the pilot operated his stick on different days. There were corresponding

variations in the measured analog pilot gains and in the transfer function. A

i0 dynamics show that the closed-loop frequency
comparison made with the s(s + i)

characteristic varied from 2.5 to 4.4 radians per second, the damping ratio varies

from 0.3 to 0.5, and the lowest real root varies from 0.5 to 4.0. This spread in

data indicates that more testing on day-to-day variations should be conducted to

establish better the limits on these variations.

Root-mean-square error values, which were not measured in the initial tests,

were taken during these retests. The values of root-mean-square error given for

the third-day tests (table ll(b)) correspond to the error time histories shown in

figures 3 to 8, the sample runs. The root-mean-square value of the disturbance

for each run was not measured, but a sample value for the disturbance is 2.7 volts.

Except for the i__0 case on the second test, the pilot always reduced the root-
s2

mean-square error below the value for the disturbance alone. The l__O0test on the
s2

second day was a short run and should not be given equal weight with the other

tests. The root-mean-square error values also confirm the fact that the accelera-

tion dynamics were more difficult to control than the rate dynamics, since lower

values were always obtained with the rate dynamics.

Variations With Display Sensitivity

Pilot E was also used in tests in which the oscilloscope sensitivity was

varied. Tabulated results of these tests are presented in table IIl, and sample

time histories are shown in figures 22 and 23. Decreasing the sensitivity

(50 volts per inch) from the nominal value (5 volts per inch) caused a large

reduction in the static gain of the transfer function. The closed-loop system

oscillatory characteristics show a reduction in frequency and an increase in

damping ratio, while the real roots remain unchanged as compared with the results

obtained with the nominal sensitivity. The root-mean-square error was increased.

9



Note that this root-mean-square error refers to the error signal in volts and not

to the displacement in inches of the signal display. The sensitivity was also

increased [i._ volts per inch) to the point where the pilot could just keep the

indicator within the display limits. With this sensitivity the static gain was

increased, the closed-loop system oscillatory characteristics showed an increase

in frequency and a decrease in damping ratio. The root-mean-square error remains

the same as with the nominal sensitivity setting.

Variations With Control Sensitivity

Tabulated data of results obtained with reduced control sensitivity with
K

s(s + i) dynamics are presented in table IV, and sample time histories are shown

in figures 24 and 25. When the stick sensitivity was reduced from i0 to 5, the

static gain increased with an inverse proportional relation so that the closed-

loop characteristics were not changed. Further reduction in the control sensi-

tivity resulted in a further increase in pilot static gain but this increase was

less than exactly inversely proportional to the sensitivity change and therefore

the closed-loop system oscillatory characteristics showed a decrease in frequency.

The lowest real root increased, and the highest real root decreased as the sensi-

tivity was reduced. The root-mean-square error was not affected by the change.

It should be noted that with the lowest sensitivity used the pilot frequently
moved the stick to full deflection.

Other Variations

In some scattered tests, the variation was in the disturbance break fre-

quency. In table I are listed some instances in which the noise break frequency

was changed from i radian per second to 0.5 radian per second with the rate

dynamics. Also, in the retests with pilot E the noise break frequency was

i radian per second, and there are two series in which a cam-generated disturb-

ance is used instead of the filtered noise generator. The cam-produced noise

had a complete break off at approximately 2 radians per second. However, no con-

sistent variation in the measured transfer function with these changes in dis-

turbance characteristics was noted. A slight increase in closed-loop frequency

with increase in noise break frequency was noted.

Also included in the retests with pilot E were two series in which a pursuit

tracking task instead of the compensatory task was used. With the pursuit task a

noticeable and consistent reduction in the closed-loop natural frequency is shown,

but that appears to be the only change that occurs that is outside the normal
variations in the results.

CONCLUSIONS

Tests in which the transfer function of human pilots has been measured show

that the pilots change their transfer function whenever any element of the

control loop is changed. However, fairly consistent results in terms of the

i0



closed-loop characteristics are obtained. The pilot will adjust his transfer
function so as to obtain closed-loop oscillatory characteristics with a frequency
of approximately 3 radians per second and a damping ratio of from 0.4 to 0.7,
with the following qualifications. With acceleration dynamics it is difficult to
maintain a damping ratio of 0.4, and it is usually reduced. The characteristic
frequency is reduced whenthe display sensitivity or control power is reduced.
The real roots of the closed-loop characteristic are kept as high as possible and
were usually higher than i radian per second. The tests indicate that the more
experienced pilots operated so as to obtain the highest real roots, frequency,
and damping ratio.

Langley Research Center,
National Aeronautics and SpaceAdministration,

Langley Station, Hampton,Va., June 12, 1963.
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__A

DERIVATIONOFTHEGAINADJUSTMENT

The gain adjustment in the analog pilot used in this paper is accomplished
in the following manner. Define a function of the difference between the output
of the humanpilot and the analog pilot

x = Pilot output - Analog-pilot output

as follows:

The square of the difference x will be minimized if the rate of change of any

particular gain in the analog pilot _ is set equal to the partial derivative of

the error function with respect to this gain

This equation can also be expressed as

c_=Kx _x

Since only the output of the analog pilot is a function of the gains to be con-

sidered and the output of the pilot is not, the statement given above can be

rewritten as

where 8 is the output of analog pilot. The particular expressions that apply

to the form of the analog pilot as used in this study are as follows:

8 KI_ + KIK2S

I (T + s)2

12



For K1,

aK1 L(_ + s)2JI

For I

_5 KII - 2(T + s)5

_T (_-+ s)2

By referring to the analog diagram of the analog pilot given below, it can be

seen that the following transfer functions for intermediate positions in the

diagram can be written:

- I
5

By substituting

can be obtained:

8 I
- -- 5' for
IB'

5 ' KI

I T+s

8" = -KlS

I (_ + s)2

5 and 5_ 5' for I, the following expressions

_T (T + s)2

_r,r. + (2K2 - 1)s-J5 ,

L (_ + _)2 j

For K2,



By substituting I 8" for I, the following expression is obtained:

_K2 -*ls JL_T+ s)

A complete computer diagram of the mechanization of the analog pilot and the

gain adjustment derived above is shown in figure 26. Computer diagrams for the

controlled dynamics used in the tests are shown in figure 27.
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APPENDIX B

DERIVATION OF CIX)SED-LOOP TRANSFER FUNCTIONS

An example of the derivation of the closed-loop transfer function for a case

in which the function relating pilot output to the disturbance by using the oscil-

latory dynamics is given.

D (._+ s)2

e_= l0

8 s2 + 3s + i0

therefore,

where

5

D

e

m

D (s2 + 3s+ io)(_+ _)2

analog pilot output

disturbance

system output

An example for the case where the function relating pilot output to dis-

played error by using the rate dynamics is given

(T + s) 2

therefore

where e

e=D-e

D

is the displayed error.

i5



REFERENCES

i. Adams, James J. : A Simplified Method for Measuring Human Transfer Functions.

NASA TN D-1782, 1963.

2. Kuehnel, Helmut A. : Human Pilots' Dynamic-Response Characteristics Measured

in Flight and on a Nonmoving Simulator. NASA TN D-1229, 1962.

3. Hall, lan A. M.: Effects of Controlled Element on the Human Pilot. WADC

Tech. Rep. 57-509 (ASTIA Doc. No. AD 130979), U.S. Air Force, Aug. 1958.

4. McRuer, Duane T., and Krendel, Ezra S.: The Human Operator as a Servo System
Element. Jour. Franklin Inst.

Pt. I, vol. 267, no. 5, May 1959, pp. 381-403.

Pt. II, vol. 267, no. 6, June 1959, pp. 511-536.

5. Seckel, Edward, Hail, Ian A. M., McRuer, Duane T., and Weir, David H.: Human

Pilot Dynamic Response in Flight and Simulator. WADC Tech. Rep. 57-520,

ASTIA Doc. No. AD 130988, U.S. Air Force, Aug. 1958.

6. Elkind, Jerome I.: Characteristics of Simple Manual Control Systems. Tech.

Rep. No. iii, Lincoln Lab., M.I.T., Apr. 6, 1956.

7. Osburn, P. V., Whitaker, H. P., and Kezer, A.:

of Model Reference Adaptive Control Systems.

space Sci., Jan. 1961.

New Developments in the Design

Paper No. 61-39, Inst. Aero-

16



TABLE I.- SUMMARY OF DATA

(a) Pilot A

Dynamics

i

s +i

lO

s2 + 9s + i0

Disturbance break

frequency,

radians/sec

2

S

4s + I)

io

s2

.5

IO
.5

.5

Measured gains

T_

K1 Iradians/se c K2!

..... i

8 I 8 o

5.51 6.5 7

5.54 i2.5 9

8 I _.5 2

7 I 5 i.5

23 I 17 4.5

2i I 16.5 4.5

Transfer function

6 i

D (i + O.i2s) 2

i = 0.85(1 + i.08s)
D (i + o.15_) 2

= o.44(1 + o.72s)
D (i + o.oSQ 2

= 1.77(1 + o.44s)
e (1 + 0.22s) 2

8 1.4(1 + 0.33s)
-- =

(i * 0.2s) 2

= 1.35(1 + 0.26s)

¢ (1 + 0.06s) 2

= 1.27(1 + 0.27s)

c (i , o.o6A 2

8 characteristics

radians/sec

6.25

5.1

Real roots

0.57 -i.8

•71 -2.63

•37 -8.19,-23.2

• 23 -8.57,-22.4

(b) Pilot B

_n_cs!

!
i

i

s +l

4

S

4

S

i0

s2

Disturbance break

frequency,

radlans/sec

.5

.25

•25

MeasuredT, gains [2 Transfer functionKI radians/sec ]

' 6 0.93
5.5 7

, D (1 + O.14s) 2
I

' -- =

5 I 4 _ 0.75(1 + 1.25s)
D (i + 0.25s) 2

i.6(i + 0.33s)
) 3 i - =

e (i + 0.33s) 2

5 i.6_5.5 4 )

c (i + 0.25s) 2

I

5 io 5 5 o.5(i+ O.3s)
c (1 + O.ls) 2

3 , 15 ) _ = 0.53(1 + 0.33s)

,C (i + 0.06s) 2

8 characteristics

radians/sec { Real roots

448 3

4.0

2.46

2.5

.4 -7.68

•32 -6.35,-13.0

.22 -9.6,-i9.2

I

i7



TABLE I.- SUMMARY OF DATA - Continued

(c) Pilot C

Dynamics

1

l+ s

lO

s2 + 5s + I0

2_
S

lO

lO

s2

Disturbance break

frequency,

radlans/sec

.5

.5

.9

Measured gains

K1 T,
radians/sec K2

9 iI o

5.5 6 3

8 10.9 2.9

io 9 o

io i4 3.5

i0 20 4

Transfer function

5 0.82
D (1 + 0.09s) 2

= 0.72(1 + O. Ss)

e
characteristics

_' !Real roots
radlans/sec

D (1 + 0.iTs) 2

= 0.76(1 + 0.24s)

(i + 0.09s) 2

i.i

e (i + O. lls)2

5 = 0.71(i + 0.25s)

e (1 + 0.07s) 2

o.5(1 + O.2s)
-- =

e (1 + 0.05s) 2

3.76

2.98

2.33

O. 69 -12.76

•32 -9. i, -18. o

•ii -15.8, -23.6

(d) Pilot D

Dynamics

1

1

s +l

4
S

4

S

lO

s(s+ i)

IO

s2

Disturbance break

frequency,

radians/sec

.5

.5

.5

Measured gains

KI T,
r_lans/sec K2

5 5.5 o.5

3 3.5 4.5

5 7 o

4 7 o

2 5.5 5

9 5

Transfer function

0.91(1 + O.09s)

DS--= "(1 + 0.18s) 2

= o.86(z + 1.3s)
D (1 + 0.29s) 2

__ 0.%
g (1 + 0.14s) 2

8 0.57

c (i + O.14s)2

5 = 0.36(l + 0.9is)
c (1 + O.18s) 2

= o.44(i+ O._s)
e (1 + O.lls) 2

characteristics
D

radians/sec

3.6

3.3

3.3

2.76

Real roots

0.47 -io.6

.56 -io.3

•3 -1.13,-8.8

.28 -3.73,-12.7
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TABLE I.- SUMMARY OF DATA - Continued

(e) Pilot E

Dynamics

1

s+l

l0

s2 + 3s + lO

2

s

iO

s_s + l)

iO

s2

Disturbance break

frequency,

radians/sec

.5

.5

.5

Measured gains

K 1 _,
radians/sec K2

9 io o

4 3.5 4

3.5 6.5 2

2 3 2

4.5 9 3-5

7 14 5

Transfer function

5_= 0. 9

D (i + O.is) 2

= z.z_(l+ l.Z4s)
D (1 + 0.29s)2

! = o.5_(i+ o.31s)

D (i + 0.15_)2

= o.7(i + o.67s)

c (i + 0.33s) 2

5 0.5(1 + 0.39s)
[=

(i + O.lis) 2

___-o.5(i + o.36_)
e (i + O.071s) 2

characteristics
D

_j

radians/sec

3.46

2.6

2.5

Real roots

o.72 -i.o

•39 -4.76,-12.2

•25 -8.8, -18.0

(f) Pilot F

Dynamics

1

1

s +l

l0

s2 + 5s + i0

2

S

lO

Ks + l)

lO

s2

Disturbance break

frequency,

radians/sec

Measured gains

K 1 _, K 2
radians/sec

3 4 1

2.5 6 4

5 8 2

3.5 3.5 1.5

•75 3 6

•75 4.5 8

Transfer function

= 0.79(l + 0.29s)
(i + 0.25s) 2

i! = 0.42(1 + 0.67s)

D (i + 0.167s) 2

5 0.62(1 + 0.25s)

D (i + 0.125s) 2

= i(I + o._3s)
(1 + 0.29s) 2

= 0.25(1 + 2.0s)
(i + o.33s)2

= 0.167(1+ 1.78s)

e (i + 0.22s) 2

8 characteristics

_' _ Real roots
radians/sec

3.64 0.71 -1.85

3.02 .ii -5.9,-4.64

2.63 .20 -0.67,-7.2
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TABLE I.- SUMMARY OF DATA - Concluded

(g) Engineer G

Dyns.mi cs

i

i

s + i

2

S

io

_(s+ i)

io

s2

Disturbance break

frequencyj

radians/sec

.5

.5

.5

Measured gains

KI T, K 2
radians/sec

5.5 6 O.5

15 4.5 3

12 2 5.5

2 6 9

I
14.5 8 7

L

characteristics

Transfer function

= 0.92(1 + O.08s

D (l + 0.167s) 2

= 0.67(1 + 0.67s)

D (i + 0.22s) 2

l(l + 1.75s)

c (i+ O.Ss)2

= 0.53(1 + 1.5s)

¢ (i + O.i6s) 2

= 0.56(1 + 0.87s)

e (i + 0.12s) 2

radians/sec

4.04

4.32

4.46

Real roots

0.40 -o. _9

.25-o.65,-lO.1

.20 -i._2,-12.74

I

Dynamics

i

s +l

IO

s 2 + 3s + i0

_2

S

io

_i0
I-

S 2

Disturbance break

frequency_

radians/sec

i

(h) Engineer H

Measured gains

KI T, K2
radians/sec

5 5 1

i 8 8 i8

i 6 i0 4

8.5 5.5 i.5

5 6.5 5.5

5 8 8

Transfer function

= i(i + 0.55s)

D (i + o.35s)2

i(i+ is)

D (i + 0.125s) 2

5 0.6(1 + 0.4s)

D (i + O.is) 2

5 2.4(1 + 0.45s)
-- =

e (i + 0.29s) 2

= o.Tl(i+ o.8>s)
¢ (l + O.i5s) 2

5 0.62(i + is)

(i + 0.125s) 2

characteristics
D

radians/sec

5.29

4.87

5.1

Real roots

O. 46 -2.16

.14-1.21, -ii. _8i

•15 -1.15,-15.5

2O



TABLE II.- bTJ_Z_;_Ry OF DATA

(u) Second test of Pilot E

_istu_rba_lee break frequency, i radian/sec]

Test

5

Dynamics

i

i+ s

i0

s2 + 3s + i0

i0

i0

s 2

Heas _'rod dains

KI I q-,rad[ans/sec K2

i

i I 1.5 2.5

4 4

5.5 2

2.5 6 3.3

8.5 il 4

Transfer fu_ct]on

o.660+ 1.qs)
= (i + o.662)=

__ i(i+ is)

D (i + 0.25s) 2

= o.72(I + o.:_)
D (I + 0.18s) 2

6 0.42(I + 0.582
_ =

c (i + O.i6s)2

6_ = 0.77(1 + O._s)

E (i + 0.092) 2

characteristics

D

0 s <' _ii_: t o ry

(% ii

radians/' sec _

3.34 o.49

3.35 .i9

i

Real roots

-0.514,-9.16

-5.44,-15.2

Roct-

mean-

square

error,

volts

0.6

1.0

i.i

1.7

3.6

Test Dynamics

i

i

s + i

I0

s 2 + 3s + i0

2

s

i0

s(s + 2.5)

10

T_+i)

i0

s2

i0

s(s 2 + 3s +1o)

(b) Third test of Pilot E

,urbanee break frequency, i radian/se_

Measilr ed i_ains

T_

KI radians/sec K2

4 4.5 0.5

6 6 5

4.5 7 1.5

4 3 2

3 5 2

2.5 6.5 5.5

a 9.5 8

6 7 5

Transfer function

E = 0.87(1 + 0.11s)

D (i + 0.22s) 2

5 i(i + O.832)

D (i + 0.16s) 2

o.64(i + 0.2is)

D (1 + 0.14s) 2

1.3(1 + 0.67s)

c

c

(i + o.33s) 2

o.6(1 + O.4s)

(i + 0.2s) 2

o.38(i+ o.83s)
(i + o.1%) 2

= 0.42(1 + 0.84s)

(1 + O.lOs) 2

6 0.86(1 + 0.71s)

c (i + o.z_s) 2

characteristics

D

Oscillatory

radians/sec

4.36

2.8

3._5

3.9

5.2, 7.9

Real roots

O. 54 -i. 26

.40 -2.5,-7.78

I
• 37

.40

o.18, 0.96

Root-

mean-

s qua r e

error,

volts

o.6

i.i

1.0

.7

1.2

-1.24,-10.1 1.6

-1.41,-1.78 2.0

-0.60 1.6

21



TABLE II.- SUMMARy OF DATA - Continued

(c) Fourth test of Pilot E

_isturbance break frequency, i radian/sec_

Test Dynamics

i0

s2 + 3s + i0

2

S

io

s-Is+ i)

i0

s2

Measured gains

T,

KI radians/sec K2

3.5 6.5 2

2 4 1.5

3 6.5 6.5

3 7 6.5

Transfer function

= 0.54(1 + 0.31s)

D (i+ o.19s)2

= 0.5(i + 0.37s)

c (i + o.25s)2

o.46(1+ is)

characteristics
D

(i + o.z5s)2

= 0.43(1+ 0.93s)

c (1 + 0.i4s) 2

Oscillatory

_D 2

radians/sec

3.78

U.39

3.71

Real roots

0.91 -1.12

.29-0.61,-10.8

.21 -i. 38, -i0.9

Root-

mes/1-

square

errorj

volts

1.4

1.5

2.2

(d) Fifth test of Pilot E

[Cam-generated disturbance]

Test Dynamics

i

1

s+l

i0

s2 + 5s + i0

2

S

io

s2

Measured gains

Tj

KI radians/sec K2

:4 4.5 1

_.5 5 5.5

7 3

5.5 3.5 1.5

2.5 5 4

2.5 6 5.5

Transfer function

= o.89(i+ o.22s)
D (i + 0.22s) 2

= 0.9(i + l.ls)

D (i + 0.2s) 2

5 _ 0.57(i + 0.43s)

D (i+ o.14s)2

i.57(i+ 0.43s)

= (i+ o.29s)2

8 o.5(i+ O.Ss)

(i+ 0.2s)2

= o.42(i+ o.92s)
e (i + O.17s) 2

characteristics
D

Oscillatory

radians/sec

4.3 0.57

3.6 .28

3.3 .15

Real roots

-2.08

I-o._5,-8.53

-i.39,-9.57

Root-

mean-

square

error_
volts

1.0

i.i

i.i

1.0

1.4

1.6

22



TABLE II.- SUMMARY OF DATA - Concluded

(e) Sixth test of Pilot E; pursuit tracking

_isturbance break frequency, i radian/se_

Test Dynamics

i

s + i

i0

s2 + 3s + i0

2

s

lO

s(s + i)

io

s2

Measured gains

T_

KI radians/sec K2

3 a 0

3.5 _ 4

13 5 i.5

4 4 .5

i.5 _.5 14

i 5 ).5

Transfer flmction

= o.7>

D (i + 0.25s)2

b o.88(i + is)

D (i+ O.2s)2

_ i(i+ o.12s)

c (1 + o.2ps) 2

o.33(i+ o.gs)

¢ (1 + o.22s) 2

0.2(i + i.is)

(i + o.2s)2

characteristics
D

Oscillatory

_j

radians/sec

2.4 o.54

3.1 .35

2.2 .25

Root-

square

error_
Real roots volts

1.1

1.2

-9.39 i.4

-o.38,-7._5 i.7

-i.35,-7.53

(f) Seventh test of Pilot E; pursuit tracking

_am-generated disturbance]

Test Dynamics

i0

s2+ 3s+ zoI

i0

7s + i)

io
s2

Measured gains

r, K2KI radians/sec

5 7.5 2

4 2.5 i

3 7 5

2.5 7.5 5.5

Transfer function

= o.67(i, o.27s)
D (i + O.15s)2

= 1.6(1 + 0.4s)

(i + O._s) 2

o._3(i+ O.Ts)

¢ (i + O.14s) 2

_5 = O.33(1 + O.73s)

e (i + O.13s) 2

characteristics
D

Oscillatory

radians/sec

2.8

3.5

3.0

Real roots

0.53 -5. o

•38 -i. 58, -Io. 7

.28 -2.i8,-ii.i

Root-

me_l-

square

error,
volts

o.7

.8

i.i

i.5

23



TABLE III.- EFFECT OF DISPLAY SENSITIVITY

Dy I0 .namics, s(s + i)-' disturbance break

frequency, I radian/sec} pilot E]

Display sensitivity

1.25 v/inch

5 v/inch

50 v/inch

Measured gains

KI T, K2
radians/sec

5.5 8 5.5

2.5 6.5 5.5

i 6 5

Transfer function

: 0.69(1 + 0.69s)
C (i + 0.125s)2

= o.38(I + o.83s)

c (i + O.15s) 2

0.17(1 + 0.85s)

c (1 + O.lFs)2

characteristics
D

Oscillatory

radians/sec _'

4.66 0.28

5.45

2.17

•37

.7o

Real roots

-1.58,-12.7

-1.24,-10.1

-1.51,-8.41

Root-

mean-

square

error,

volts

1.45

1.6

2.6

Dynamics

i0 2.5

5 4.5

2

:4

i

_8.5

TABLE IV.- EFFECT OF CONTROL SENSITIVITY

_isturbance break frequency, i radian/see; pilot E_

Measured gains

T,

K] radSans/see K2

6.5 5.5

6

4.5

5

5.5

Transfer function

= o._(z + o.8_s)
¢ (1 + O.15s) 2

5 0.75(1+ o.83s)

c (i + O.17s) 2

!8 o.89(1+ o.78s)

(i + 0.22s) 2

8 1.7(1 + 0.Ss)
2.5 -=

E
(i + 0.2s) 2

characteristics
D

0sc_llatory

radians/see

5.45 0.57

3.56 ,34

1.89 .23

1.44 ._4

Real roots

-1.24,-10.1

-1.26,-9.41

-2.77,-6.34

-5.11, -6.62

Root-

mean-

square

error_

volts

1.5

1.5

1.4

1.6

24



.------r--- DISTURBANCE 

PILOT 

DIFFERENCE 

ANALOG-P I LOT FORM, 

Figure 1.- Block diagram of test equipment. 

1 
1 

r 

I 

Figure 2.- Simulator and computer used in tests . 
L-62-7.541.1 
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Disturbance,

volts

Displayed

error,
volts

Pilot,

volts

Analog pilot,
vOlts

o __L_

: ....
±u -- .... :-

o
i

-io - _--1.....
I

io -__----

0 -- +

-io __-I Li 2

i
-lO

r , .

t -- :-- --+----+_ _

t

1

: :

t

_ _,_ :

__ __

i

V .

! II-

Time, m_n

-- -_-r :.-- L_ .....

i

: L _ •'

I

-- I

- i " i- ..... :

1

Figure 3.- Sample run with pilot E. Dynamics i.
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2O

K1 I0

0

2O

T i0

0

K2 i0

0

I

0 i

Time, mhn

Figure 3.- Concluded.
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i0

Disturbance,
volts 0

-I0

i0

Displayed
error,

volts

_ i0

i0

Pilot, 0
volts

_ i0

i0

Analog pilot, 0
volts

- 10

10

Difference, 0
volts

_ i0

Figure 4.- Sample run with pilot E. Dynamics l__l__
l+ s

28



K1

T

K 2

2O

i0

0

2O

I0

0

20

i0

0

I

+ + i

+ + !

+ + i

i

t

i +
+ +

0 1

Time, rain

UI I-I
+

+

t

+

+Iv--

L,

2

Fi_q_re 4.- Concluded.
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10

Disturbance,
volts 0

-10

10

Displayed
error, 0
volts

-I0

i0

Pilot, 0
volts

-10

10

Analog pilot, 0
volts

DL_ference,
volts

Time, rain

Figure 5.- Sample run with pilot E. Dynamics I0

s 2 + 3s + iO"
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K 2

2O

i0

0

2O

i0

0

20

10 E

-9

.i
d

-i

0

L!

t
t t

I •

Time, rain

• -_Ii_-::

.

_ _ _+

y +

__ .

Figure 5.- Concluded.
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Disturbance,
volts

Displayed

error,
volts

Pilot,
volts

Analog pilot,
volts

Difference,
volts

i0

-I0

i0

0

-10

10

- 10

10

0 1 2

Time, mln

3

Figure 6.- Sample run with pilot E.
2

Dynamics --.
s
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K 1

K 2

2O

i0

0

2O

I0

0

20

10

0

_ N

t
- ÷

i i

_ t
' r

t

t
1

I
1

Time, mln

Figure 6.- Concluded.
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Disturbance,
volts

Displayed
error,
volts

Pilot,
volts

Analog pilot,
volts

Difference,
volts

10

-I0

i0

-I0

i0

-i0

I0

-I0

i0

-i0

L

I

F_

i!iitL i t li.... I
i

I I I

0 1 2

Time, mln

Figure 7.- Sample run with pilot E. Dynamics
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K 1

K 2

0

i0

2O

2O

i0

0

20

10

0

i, : i I

1 Tlme, mln

Figure V.- Concluded.
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Disturbance,
volts

Displayed
error,
volts

Pilot,
volts

Analog pilot,
volts

Dtfferenc e,

volts

I0

-I0

I0

-I0

i0

0

-I0

i0

0

-i0

i0

-i0

' i i

I
0 1

Time, mln

-i,iii

r _"
[1111

i i---_

i'
_il

-I L<-/ii ¸| ;

_-L 4
t I L

Fignlre 8.- Ssunple run with pilot E. Dynsunics I0.
s2

56



K1

I"

K 2

0

10

20

20

10

0

2O

10

0

0 1 2

Time, min

I

i

L

-- ÷

i

I

! i"

: t

Figure 8.- Concluded.
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Dtsturbanc e,

volts

Displayed

err or,

volts

Pilot,

volts

Analoq pilot,

volts

-10 ............

0

-4 -- L ; !

.... i

1 S_

Figure 9,- Sample run with pilot E. Dynamics 2.
s
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Disturbance,
volts

Displayed

error,

volts

Pilot,
volts

Analog pilot,
volts

I0

-10

i0

-i0

i0

- i0

i0

-10

Time _ 1 sec

Figure i0.- Sample run with engineer G. Dynamics _.
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Disturbance,
volts

Displayed

error,
volts

P Hot,
volts

Analog pilot,
volts

I I I • !_
1 2 3

Time, mln

Figure Ii.- Test with pilot A. Dynamics s(s I0+ I)"
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Disturb anc e,
volts

i0

0

-i0

i0

Displayed

error, 0
volts

-i0

i0

Pilot,
volts 0

-i0

I0

Analog pilot, 0
volts

-i0
.

2

Time, mhn

io

Figure 12.- Test with pilot B. Dynamics sZsk + i_.
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10

Disturbanc e,
volts

Displayed

error,
volts

Pilot,
volts

Analog pilot,
volts

-10

10

-i0

i0

- 10

10

-10

1 Time, mln 2 3

Figure 13.- Test with pilot C. Dynamics s(s I0+ 1)"
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Disturbance,
volts

Displayed

error,
volts

Pilot,
volts

Analog pilot,
volts

i0

-i0

I0

0

-i0

i0

-10

i0

-I0

I I I __J

0 1 2 3

Time, rain

Figure 14.- Test with pilot D. Dynamics i0_sqYTq7
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