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ABSTRACT

2214/

The general integrals f* "¢ (Inx)"dx and [} 2"¢* (Inx)"[—E:
(—Bx)]dx are investigated, where n is an integer, « and 8 are real posi-

tive numbers, and p is a number greater than —1. Many special cases
are obtained, and the results are tabulated in a logical order. Where

possible the integrals are expressed in closed form, and several cases

are expressed in series expansions.

INTRODUCTION

The following table is a collection of some frequently
occurring integrals in quantum mechanics among other
applications involving powers, exponentials, logarithms
and exponential integrals. Where possible the integrals
are expressed in closed form. Also included are several
integrals which are expressed in series expansions. It is
hoped that these expansions may be useful for many
purposes.

The first four sections of the tables deal with powers,
exponentials, and logarithms to the zero power, first
power, second power, and third power respectively. The
fifth section involves some generalizations of the loga-
rithm to the nth power and some miscellaneous results.
The same arrangement applies to the sixth through tenth
sections except that the exponential integral is included.
Within each section, the first subsection is the integral
from 0 to oo, the second from 0 to p, and the third from

p to 0. Lastly, within each subsection, the general result
is obtained for x*, then examples are given for p=0,1,2,3
and for integer n and finally miscellaneous interesting
examples, notes and definitions. Throughout the tables p
represents any number greater than —1 and n,i,k, repre-
sent integers.

The notation followed consistently is that of Erdelyi,
Magnus, Oberhettinger, and Tricomi (Ref. 1). Several of
the integrals presented here can be found in the tables of
Bierens de Haan (Ref. 2), Hofrieter and Grobner (Ref.
3), Ryshik and Gradstein (Ref. 4), and LeCaine (Ref. 5)
and the books of Erdelyi et al. (Ref. 1), and Nielsen
(Ref. 8). Other references containing pertinent integrals
are Levenson (Ref. 7), who discusses the integral de-
noted F(n,1,0) in Sec. V, Eq. 1, and Busbridge (Ref. 8)
and Kourganoff (Ref. 9), who discuss the generalization
of G(p,a,B) in Sec. VI, Eq. L.
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I. INTEGRALS OF THE TYPE J x" e ™ dx

A. A(p,a) :/ xpe—azdx — F(fp;tl) (l)
()
aA(p,a) = pA(p—1,a) (1.1)
* 1
[ e ®dx = < (1.2)
B |
/ xe ‘”dx == (13)
A a
/ x?e~%dx = % (14)
/ x3e-%%dx = g (1.5)
A «
® !
/ x"e %%dx = Zl (1.6)
o o
P
- aedy = g1 3 (Ta)t 1
B. Ay (P,(I,p) '—l xPe-"rdx = Pp g k! (p+k+ 1)1 - F Y (p+1aaP) (2)
aA, (p’a’P) = pAl (p—l)a’/’) — pPeep (21)
N et A | Y
/; e dx_P,;k!(k’f‘l)_ aY(l’uP)_a(l ef) (2.2)
P 1
L xe dx = o [1—e*r (1+ ap)] (2.3)
[ 2 2
/; x?e%*dx = o {l—e“’" [l+ap + (0!2;:]) ]} (2.4)
P 6 2 3
/; x3e-%dx = ;4 { 1—ear [1+ap + —((;pl) + ((gp!) ]} (25)
e _nl .
/ xredx = s [1—e eafap)] (2.6)
p PP
= P =4 ___
A, (p0sp) ] s = 2 @)
* 1
C. A; (pap) = / wedx = A(p,a) — A: (pap) = o7 D(p+1,0p) (3)
P
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ad; (p,a.p) = pA: (p—Layp) + pPe? (3.1)
® 1
/ e%%dx = = eoP (3.2)
p o
" reerdz = L oo 3.3
xedx = — e (L+ap) (3.3)
P
® xte2tdy = _g.g—ap 1+ap + ((1p)2 (3.4)
0 ad f 21
” 35-02 Jy — _9 a (ap)z (ap)a
jp x’e dx—-a,e’ P[1+ap+ ol + 31 (8.5)
® !
/ xhedx = a?‘“ ePe, (ap) (3.6)
P

Il. INTEGRALS OF THE TYPE [ x"e “Inx dx

B (p,a) = / Pe-oelnx dx = F(ZTT) [¢(p+1) — Ina] (1)
(]
oB (p,a) = pB (p—La) + A (p—La) (L1)
° 1
/ eIz dx = — = (y + Ina) (1.2)
] ® etz dx = — %(‘y + Ina — 1) (1.3)
0
» 2 1

ﬁ xeInx dx = — pc (y +Ina ~1-— 5) (1.4)

- 6 11
ﬁ e “Inx dx = — ;(y +lnae—1- 3~ §) (1.5)

. ! 1 1 »
ﬁ xhe-ooInx dx = —a—'};(y tlna—1—5— = 7]) _ - a’:fl(y +1lna— 32 %) (L6)
/ e?lnxde = —y (1.7)
(]
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" teelng dx = — I’L( + Ina + 2In2 — 2)
Y
o V4a?
p o
_ s —  aa (—ap)* (—ap)* ]
B. B, (p,a.p) —l xe=*Inx dx P’ [,,z; K (pTk+1) ln”zk! (prk+1r

aB; (p.a,p) = pBi (p—La,p) + A: (p—La,p) — plnpe?

P 0 —ap ) —ap )* 1 a
l eoolnx dx = — p[z———kl(<k :)1)2 mpzk,((ki)l)] = - -&'{y + Ina + Inp e® + [-Ei(—ap)]}

k=0

f” reeelnx dx = — & {y +Ina + (1 + ap) Inp e + [—E; (—op)] —1 + e“"’}
1]

/”xze—wlnxdx --Z {y + Ina + [1 +ap + L2 !) ]mpe-ap + [~Ei (—ap)]

LN PN BN |
—1—§+8P[1+2+2(ap)]}

fpx3e‘“”lnxdx= - %{y + Ina + [l + op + (dzpl) +—aﬁ}—]ln e + [—Ei(—ap)] — 1 -—%
0
Ll gafra el (Lo Ly, el
—§+e“”[1+2+3+(ap)(2+3)+ 9 (3>
P n! _a =1 -a
'/o-x"e‘“’lnxdxz—F{y—l-lna—i—lnpe Pen(ap) + [—Ei(— ap]+E,+1[e, ap) e P—l]}

B, (p0p) = [ #loxdx = L (Inp — —
I(P,,p)~]0xnx x—(p—+1—)(np p—ﬁ)

< (—=x)* _y(pt12)
S HET, T - e
(—x) y(n+1lLx) n .
Zk] k+n+ 1) 1 = xn+1 [1 —e7eq(x)]

, nl N
ZH(T(Jfk)—w:xm{ln"*[ E (- x)]—¢(n+1)+e-z’§__keix)l}

C. Bz(p’a’P) :/w xpe_arlnx dx - B(p’a) - Bl(pxa’f’)
P

aB: (p,a,p) = pB: (p —La,p) + Ai (p —La,p) + p’Inp ¢
* —az — 1 -a — —
/; e lnxdx—;{lnpe P+ [—Ei( ap)]}

/wxe‘"’lnx dx = —&l;{(l + ap) Inpe? + [—E; (—ap)] + e""’}
P

(1.8)

(2)
(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(3)

(3.1)

(3.2)

(3.3)



JPL TECHNICAL REPORT NO. 32-469

ﬁwae-"flnxdx—-% {': +oap+ (ap)* P) ]ln e + [—Ei(—ap)] + eap[l + —;— + —12—((1;))]} (3.4)
/wx“e“"lnxdx: %{[1 tapt Gl (of ]ln e + [~Ei(~ap)]
]
+ e‘"P[l +-12-+%+ (ap) (%-f- %) + (—“2'1,)—(%)]} (3.3)

tm"'“]xd ::_nl_ Inpe-2fe, (ap) + [ —E; (—ap)] + (ap) 3.6
fpxe nx dx a{ pette, (ap) + [ P+ 5 e } (3.6)

Hl. INTEGRALS OF THE TYPE [ x"e “In’x dx

Clpa) = f “weetney dx = L@ 1) {[¢ (p+1) — Ina]? + ¢2p +1)} (1)
aC(p,a) = pClp —La) + 2B(p —La) (L1

ﬁ “eerlntr dx = = [y + Ina)? + £(2)] (1.2)

ﬁ “xeor I dx = o [(y + Ina —1)* + £(2) —1] (1.3)

ﬁ ® o2 In’x dx = al[(y tlna—1-— -é—) ) —1— 21] (14)
ﬁ“xaa" I dx = %[(y +lna —1— 5~ %) U 1 - Gi] (L5)
ﬁ " et In’x dx = a'i[(y + Ina — Z ﬁ)z + oy — Z M;l)] (16)
{2n + 1) =¢2) — Z T 1)2 (1.7)

42) = 1’65 = 1.644.934 0668 - (18)

T e R R (L9)
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B.
- —ar " ap) < (—ap)* 1,. & (—op)*
Ci (pap) —ﬁ we tIn*x dx = 27 [Z NG Tiry ™ XmpresTy " zlnp,?;m] @)
aC. (p,a,p) = pCi(p —La,p) + 2B: (p —L,a,0) —p" In%pe2r (2.1)
¥ 21 1
/0 eIn*x dx = 2p Z Rk +)1) an,o {'y + Ina + §lnp (L+e9) + [—E; (—U.p)]} (2.2)
/ v nx ds = 29° 5 {—on). 21“”{ I + 3 Inp [1+ (1+ ap)eee] + [, (—ap)] + e —1}
o kl (k + 2)° a?
(2.3)
e 2 ,-az}n2 03w (—up)k _ 41nP (aP) et
ﬁ xeIn*x dx = 2p ,;Ok!(k-%-S)“ e y + Ina + 5 lnp 1+[1+(‘1p+ o] ] Pr+ [—Ei(—ap)]
1 1 1
+ e [1 +35+ (ap)é] —1- E) (2.4)
Py _ (—op) 12 1np( { [ (op) | (0p)" ] - }
x*eIn*c dx = 2p* bl — + Ina + 5 ln 1+ap + e
ﬁ p Z Hk+d o p o T
. 1,1 (1, 1\ | (ap)2 (1 1 1
+ [—Ei(—ap)] + e pl:1+§+—3-+(ap)(-§+-§)+ 21 (3)]—1—§—§> (25)
P ongarlnty dy — Onit O (—op)* 2n! Inp 1 a
l x"e"In*x dx = 2p I;) ATk o= + Ina + E‘lnp [1+ en(ap)e®®] + [—Ei(—ap)]
n-1 1 70
+ ;z::o_(i ) [ei (ap)e® —1]} (2.6)
_fr , A 2 2
C. (p0,p) = ﬁ oz de = Lo [1n2,, GOt T 1)2] @7)
%) = i—x)"_ (2.8)
S (P, K{p+k+ 1y '
! n-1
xS (n + Lx) = (n+1) S(n,x) — ;"—{y +Inx + [—Ei (-] + > 0(¢+1) [e: (x)e — 1]} (2.9)
C. C: (p,o.p) = / xPe-%In*x dx = C (p,a) — C, (p,a,p) 3)
P
aC, (P,ll,p) = pC. (p_l»arP) + 2B, (p_l’a!l’) + ppe—aplnzp (31)
/; e %In%x dx = %{(y + Inap)® + ¢(2) + In*p e + 2Inp [ - E; ("‘G.p)]} —2p Z kl (k+1)3 (3.2)
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® 1
/ xe~*In*x dx = ?{(Y +lnap — 1)2 + ¢(2) — 1 + In2p (1 + ap)e®? + 2Inp e + 21np [ —E; (—ap)]}
P

— % Zk! k+2 @3
" et dx = 2y +tnop — 1 — L)F 062 — 1 — & + In¥p ey (@p)e ™ + 2Inpeoe| 1+ 2 + (ap) &
/ R L G 2 gz TP elOe e 2 " \%)g
[
2l ~E, (~a) ]} 2 30 2oL (34)
L P& K (k+3)° '
6 1 1\ 11
/ xse“”lnxdx—;—{<y+]nap—1—§—§> +§(2)—1—-2—2—§;+lnzpea(ap)e‘“f’+2lnpe‘""
]
11 1

X [1 R (é + §> + %”% (%)] + 2Inp [~ (—a,,)]} 2% i kf(k(:’—))ct)s (35)

@ 2 _ n! n-1 1 2 e »
fp x"e~%In%x dx = poey {(y + Inap — i+1) + ¢(2) — Z G +1)2 + In% e, (ap)e?® + 2Inp e~

i=0

X ;} +2In [ E;(—ap ]}—2p”+12mﬁ% (3.6)
[m x"e *In*x dx = anT}f{["’ (n+1) — Ina]* + {20+ l)} -2 é F(’(C—:_%):_—l); (3.7

IV. INTEGRALS OF THE TYPE [ x"e ™ In’x dx

A.
D (p,a) = / " wetlnx dx = F<”pj 1) {[¢( +1) — Ina]® + 3¢ 2p +1) [¢ (p+1) — Ina] — 2;(3,p+1)} (1)
aD (p,a) = pD (p—1,0) + 6C (p—1,a) (L.D)
/ " eorlnox dy = — % [(v + Ina)® + 3¢() (y + Ina) + 24(3)] (12)
fw xe Cln*x dx = — (—11;[(y + Ina —1)* + 3¢(2,2) (y + Ina —1) + 2¢(3,2) ] (1.3)
ﬁ " et dx = — %[(Y +lna—1— %) + 34(23) (y +lna —1— %) + 2{(3,3)] (L4)
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ﬁ " pesrlnsx dx = — aﬁ[(y +loa—1-1 - %) + 3¢(2,4) (y $la—1-1 - %) + 2{(3,4)] (15)

P i 1) + 2@ + 1)] (1.6)

og n-1 3
/ x"e-In’x dx = _(;’_![(Y + lna — ; j_ 1) + 3¢2n + 1) ('y + lna —
0 i=0

i=0

(B + 1) = ¢(3 . — 17

G+ 1) =20 - Sy @)
— "3 f— e

U3) = sEmmrg = 12020569032 (18)

_[* -az] 3 - _ al - (_aP)k aP)k
B. D, (pop) _[J weeln'z dx = — 67 [kZ;k!(kerH lnpz——————k! e

In%p & (—ap)* n’p (—ap)

3 Zk!(k+p+l)2 Zk'(k+p+1) )

aD, (P:aap) = le (p - l’a)P) + 6C, (p - lxa’P) - Ppe-aplnap (21)

P 2 k 3 In? 1
/0 eIz dx = —ep[zkf(k‘i)l ~Inp Zk! ol }— ;"’{7 oy + [~Ei(—ap)] + 5 Inp (1 - e‘“P)}

k=0
2.2)
_ [ . _ ™ . 3 . 6 6
D, (p0.p) /0 winrde = O oy — oSty + Sy — S 23)
C. D, (p,a,p) = / e In*x dx = D (p,a) — D, (p,a,p) (3)
p
aD. (p,a,p) = pD: (p —La,p) + 6C: (p —La,p) + pPe Inp (3.1)

we‘”hﬁ‘xdx 6 i——)— In Z o)’ +31n2p Inp + [—Ei (—ap)] —I—-l—ln (l—e“’P)1
, s Klk+1 e kl k+1 « P ! P 37 {

k=0

- %{(y + Ina) + 3(y + Ina) [£(2) — In%p] + 2¢(8)) (3.2)



V. MISCELLANEOUS RELATED INTEGRALS

F(n,o,p) = / ? xPe9%(Inx)" dx
0
aF(n,a,p) = pF(n,a,p — 1) + nF(n — Lap —1)

F(nop) = (" N 1) ( ,’C> (noy* (~ 1) (n — 1 — Dl gln — Lp+ 1)] F(ko,p)

z
L8 (" - 1)(lna)""°‘1 [lﬁ(ﬂ 1) - 2 kh‘“]F(k’a’p)

E’ﬁ n-z __ n _q)_‘_ n—3 (" b, DI\
(2)9 31<3)<3 6 +4.(4><4 +2:)e
—5!<g)<%+ *6‘)0"5+6!< )(6 38‘13+1§+48)0"6—71< )

+
% (& + b P, + d, D, + tbéi)g)en—? + .]

7 10 12

where § = ¢(p + 1) — Ina
®, = {r,p + 1)

F(na0) = $° [,k (" B 1) (i) (Ina)'* (— 1) (n — 1 — 1)1 ¢(n — l)] F(k,a,0)
- (" . 1) (Ina)»- (’y 2 lna) F(k0,0)

F(n,1,0) = (— — 1 z —Mp(k,l,m — y F(n—1,1,0)

F.(no,p,p) = fp xPe-(Inx)" dx = (—1)" nl pr* Z lnp)" [Z e + l +)ll)n_k+1:|

]

aF (na,p,p) = pFi(na,p—1L,p) + nFi(n—1,a,p—1,p) — p?e*(Inp)"

f " ol d = (DS 2 f » et (o) g
p P

a a X

" pornrde = €0 4 L€ gy = Ll ingee + [—Ei (—ap)]
p a a p x a
(See Sec. 11, Eq. 3.2.)

© 2, »-ap ¢ 0 p-ar
/ e%In*x dx = Inpe7?? + 2 / o Inx dx
P @ P x

a

JPL TECHNICAL REPORT NO.

32-469

(1.3)

(3.1)

(3.2)
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f,, " 1“":‘" dx = %{(y + Ina + Inp)t + 42 + 2Inp [~ (—ap)]} + f; %— (33)
(See Sec. III, Eq. 3.2 and Sec. V,Eq. 3.2.)
0 —az 0 —Ei —
,, lnxxe de = [~Ei(—ap)] Inp + /,, %dx (34)
/ Md = 1 [ + Do + Ing)t + £@)] + :Z;ﬂ(;k“%)h—l)— (35)
(See Sec. V, Eq. 3.3 and 3.4.)
VI. INTEGRALS OF THE TYPE S x" [ —E; (—Bx)] e dx
Y _ Ip +1)
A. C(p,a,ﬁ)—ﬁ we [~ (—p0)] dt = iy P 2F1(1p+1 p+2; +B)
=£<”,+1)B « (p+1,0)
a E
_Ipt1 a
=t (o /3’1”’ +1)
_Tp+1) a \F
(e + B & Z p+ k +1) (a + /3) (1)
aG(p,a,8) = pG(p — La,8) — A(p — La + @) (1.1)
/we_,,z [—E: (— Bx)] dx =%ln (1 + %) (1.2)
/ xe [—E;(—px)] d =Elé[1n(1 +%> - = j‘_ B] (1.3)

f xiew [~ By (—px)] dx = %[1n(1 + %) - 1(0l - B) -

R R S
[, xre-s7 [ —E; (—px)] dx = a"‘“[l (1 +%) - ;Tlc(a = B)k] (1.6)

10
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Y T —E, (— _ T+t
ﬁ w [~ Ei(—p)] dx = Py (L7)
Szl + 1) = — Z}T[l" (1—2) + i’ﬂ (1.8)
B.
s k( + k + 1,8p)
Y - —Ei (—Bp)]¥(p tLap) 1 & (”')V P Bp
Gi(p,aB.p) = » —E, (— Ix — [ B
(p,a,8.p) /; xres [ (—px)] dx — +/3””k=0 MG TETD
_[CECBa]vlp F Lap) 3 (o) § (—Bp)!
- Pt te gk!(p+k+1)z§l!(p+k+l+l)
2
(IG1(p,(1,B,p) = pcl(p *laasﬂ)f’) - Al(p ‘—l,(l + B’P) - Pﬂe_ap [—Ei (_BP)] (21)

[ e [~E; (—x)] dx = —In (1 + %) - é(e“’*’ [~E:i(—8p)] — {—Ei [—(a+ ﬁ)p]}> 22)

ﬁp xe [ —Ei(—Bx)] dx = %(m (1 + %) —e® (1 + ap) [~ Ei (— )]

+ {—Ei [—(o+ ﬁ)p]} + <a e B) [e‘(‘“ﬁ”’—l]) 23)
[)p xle [—E,» (—Bx)] dx = -3—3<ln (1 + %)*6“”’ e (ap) [*Ei (——Bp)] + {—E,- [—(a + B) p]}

+ (a _“ B) [eemr—1] + é(ﬁ—ﬁ) {e‘(’”ﬁ”’ [1+ («+ 8)] —1}) (2.4)

T
/O”xse—ar [—Ei(—px)] dx = %(m(l + %) —ee;(ap) [ —Ei(—Bp)] + { —Ei[—(a+ B)P]}
LI (o LT R B
1

+3(= j_ B>3{e—fa*ﬁ)ﬂe2 [(a+8)] — 1})

];px”e-‘” [—Ei (—Bx)] dx = %(ln 1+ 9—) - e‘“Pe,,(ap)[“E; (*ﬂp)] + {_E‘ [* (a + 'B>P]}

+ ;% (aj_ﬁ)" {e_<a+mpek_l [+ B)] — 1}> (26)
/0" w [~Ei (0] d = s {%Y(pﬂﬁp) b [ E, (_Bp)]} -

11
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C. Gz (P,Q,B,P) = /wxpe—” [——Ei (ﬁﬁx)] dx = G(p,a,ﬁ) - C;1 (p’asﬁ’l’) (3)
P

aG, (p)a’B)P) = sz (p—l’a’ﬂ’l’) — A, (p_l:a+B:P) + pre? [_E1 (_BP)} (31)

/we‘“ [~E: (—px)] dx Z%(e‘ﬂl’ [—E: (—80)] — { B[~ (a—l—ﬁp]}) (32)

[Txew (-Epo)de = (@@ e [ a] - E[renl)) - S 69)

/pwx2e““’ [—E:(—px)] dx = %(ez (ap)e® [—E; (—ap)] — {—E,- [—(a+p)p]})

e—(a+ﬂ)p
gy (208 ot paats)] (3.4)

/ “xtees [~ (—p0)] dx = = (ea<ap>e-ﬂp [~Ec(=89)] — { ~E[~(a+Bp]}
_ gaprp Za: ec1[(a+B)p] >

= W (3.5)
0 . ! a
f xeax [ —E; (—px)] dx = <e,,(ap P [—Ei(—8p)] — {—Ei[-—(a-%—,B)p]}
o €1 [(atB)p]
A2 (1 + %) k) (36)
[ “# [~E (-] dr= {ﬁil Do+ L) — o [~E: (~60)]} 37
VIl. INTEGRALS OF THE TYPE f x* e “Inx [ —E, (— Bx)] dx
A Hipap) = [ oeene [ B (-po)] de = L2 T 1) = ntwt) o
% @( i 1p+1) (_+_B 2p+1)}
(IH(p,(I,B) = pH(pﬁl’a’B) - B(p_laa+13) + G(p_l»a)ﬂ) (11)

12
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f eon [~ Ei (—px)] dx = — —In (1 + %) [y + In(a+8)] - (aiﬁ) ® (aj‘_ﬂ ,2,1) 1.2)
lmxe—ulnx [*E,- (*Bx)] dx = — %[ln(l + %) — l(ai >:I
X [y + In(a+g8)~1] - (aiﬂ)z P (a_‘:‘_ﬁ,m) (13)

f xe%Inx [ —E (—Bx)] dx = — _3_3[1,1 (1 + %> 1 <ﬁ5> B %(ai@ ]

% [7 +In(atp) — 1 —%] - (afﬂ)a @(aiﬁ,z,s) (1.4)
/;wx"e—azlnx [—E: (—px)] dx = —%[In(l +%>— 1<aiﬂ> —%<aiﬁ)2 —%(aiﬂy ]
% [y-l-]n(a-*-ﬁ)—l—é——%-] —(G_SB)‘@(aiﬁ,Q.A) (L5)

[ remmtncmae - {a(05)- ()]

X [y + In(a+g) — ﬂ _ (afg)m @ <(1:L‘B 2+ 1) (16)
[" ol [ - E; (—6x)] dx = (—’I;%’%Bli—l {[¢(p+1) —ng] - p_1+_1} (L7)

2o(n2nt+ 1) =0EA) — 3

1 zi
1=0

(i+ 1)

(1.8)

I [ By (0] 7o+ L) — o [~ B (~B0)] 5 g T

ol

H, (p,a,B,p) :/px”e‘"lnx [E: (—Bx)] dx =

0

o

+_1_|:]n i( B>k7(r’+k+1,ﬁp)_i< B>k7(P+k+1,BP)}

Bpu s k=0 k' (p + k + l) k=0 k! (p + k + 1)2

o

o p¥t & (—(1 )k = (_ﬂ )l
P M T AT DL T TR+ FIF @

k=0 )

oH, (p.aBe) = pH: (p L) — By (p —La + Bp) + G (p ~LaBp) — p'elng [~ Ec(—Bp)]  (21)

i3
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fe-wlnx [~E(—f0)] dx = = 1In (1 + %) (y +In(a+ 8) +{—E<[—(a + p)p]})

Solution (a) ——i-[(a - ﬁ) <a+ % 21)+ lnp(e PLE(=Bp)] — {~Ei[~(a +B)p]}>}
T izk—}ﬁ(aip) Ex: [o(a + 8)]

= _211‘{[7 +In(a+ p)] 1n<l +%) + a—(!l—/.? @(aiﬁ,m)} — §[~Ea(—ﬂp)]

Solution (b) x {1n,,e~ap + [Ei(—a )]} + %(l @ + 3 [v + In(a + ) + Inp]?
_E, [—(a+ B)] 1 [Tef [-Ei(—ax)]
an{ Bl +B”]}+,§ AN "'>+a/,, x &

_ é{[y +In(a+A)]ln (1-1— %) + (a i B)‘ﬁ(“ i 3,2,1)}

1 1 v )
Solution (c) R [(7 + Infp) [E: (= ap)] + 2{(‘/ + Inop)* + [‘/ +Ihn(e+p )e] +2§(2)}

(good fora > 8)

(a ap)*+ —B/a)*
,fZ[,S—k+—)]—— Zk‘k+ e Z T + 17 o ()

1np<e ®[—Ei( BP)]“{ E; [—( +ﬁp]})]

{y+ln(a+ﬁ]ln<l+ﬂ>+<ﬁ>fb<uiﬁ,2,l>}
-

{y+lnap+[—E - ]}[—E- —80)]

(a +
{[yan +B]—V+I“3P} ,§[kn ﬁ))] Zk(!k+1) ePr
2, (—a/B)

ey e (80 = np (e [~y (=] — { i [~ + A} )]

Solution (d)
(good for B > a)

ol 91»_

X

o

(2.2)

14
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f” eorlnx [~ (—ax)] dx = — -i—lnp {e“’" [—Ei(—ap)] — [—Ei(—2ap)]}

~ e[ E )] g b e+ S @3)
ﬁpxﬂlnx [—E (4,827)} dx = BT(:’—W(]M — 51T1_>{7 (p + 1,8p)+ (Bp)" [fEi ("‘Bp)]}
p+l 0 B )
T =T e Ty @4)
! 1 n+1 n+1

[)p x"Inx [~ E, (—px)] dx = W—(%Tl){[ )] [np (Be)™ _ (ffi) - 1]
+ b [‘;ﬁf 2) _1ny e, (8p) — Z‘;:(BP)] [¢ (n+ 1) - —1np]} (25)
®(2,2,1) = L, (z) = —/Z ll(l—u_u)d_u (Euler’s dilogarithm) (26)
L, (%) = % [¢(2) — In* (2)] 2.7
C. H2 (p:a)BaP) :/w x’e"**Inx [7Et (—,BX)] dx =H (p’a’l8> — H, (p)a’B>P) (3)

p

aH, (p,a,Bp) = pH: (p —LaBp) — Ba (p — La + Bp)+ Go (p —LaBp) +p e Inp [—Ei (—8p)]  (3.1)

f: -Inx [~ E; (— )] dx——lnp( o0 [ —Ei (—Bp)] — {—Ei [—(a+ﬂ)p]}>
Solution (a) + Eln (1 + %){—Ei [+ B)p]} - %ki & }r

=0

1) (a 2 B) Ei: [pla + )]

— %[~E;(—BP)] {lnpe @+ [—Ei(— a,,)]} 1 ( L2 + 2[y + In(a + g8) + Inp]®
Solution (b)

a+ B)p]* 1 [~ef®[—E;(—ax)
+lnp{fEi[—(a+/3)p]} ZLm%)“"/,, [ x Las

k=0 a

15
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]+ %{w #nagr + [y +In(a+ p)] + 2400}

Solution (c) [—pla+ )] = ap)kt o & (= B/ayn
(good for o > B) +E k'k+1)3 +Zk (S Z & 1y o (o)

1y (e [Ei (8]~ {—Ei [~ B”’]})J

= = o+ ) [Ei (-

S [— {y + Inap + [—E; (—ap)]} [~E: (—B0)] + l{[7 +In(a + B) + Inp]?

Solution (d) \ 2 [—pla+B) ]"“ = (—pB)F i (—a/B)+
(good for 8 > a) — (v + Ingp) }+§ ATUESE Z;, k+ 1P _eB”ZWek(ﬁp)

= tnp (e [~ Ei (0] = {~Ei [~(a ¢ @+ n1})]

(3.2)

/p‘”e_ulnx [~Ei(~a)] dx = < Inp {e-ap [~E:(—op)] — [—E: (—2(1;))]} + oo [~Ei(—ap)]* .
_ % [(r + In2ap)? + £(2)] — %f IS!_(I?an)T)IS

g T(p+1)
/xﬂlnx[—Ei(—Bx)] dx = (pf;ﬁm [¢(p+1) — Ing] — I;)(ﬁ)lzﬁﬁpz_ (pf{')’pﬂl{ (p+1,80)
p
- (— BP)k (3.4)

+ (Bp) [ E: (—ﬂp)]} + Tp_*_l)—z[_Ei (=8e)] + (p+l) 2 H(pTkrIp

ViII. INTEGRALS OF THE TYPE f x" e ™ In'x [ —E,(— Bx)] dx

A.

Ipa8) = /wx"e“” Inix [~ E; (—px)] dx = (—Eg’_’g)—ﬂ({ [¢(p+1) — In (@+B)]* + £ @p+1) } @(ﬁ,l,p-k 1)

— 2 [¥(p+1) —In (a+8)] q>( 2 ,2,p+1> + 2«1:( o 3p+1>) (1)

16
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al (p,o,8) = pl (p—LaB) — Clp—Lla +8) + 2H (p—1,a,8) (1.1)

ﬁe lnix [ —E; (- Bx]dx_i1n<1+ ){[y+1n a+8)]? g(z)}

+ gy ol a+B]<I>< s 21) (af—ﬁ)q)(;i—ﬂ’s’l) (12)

j;wxe—azanx[—Ei(—Bx)] dx = 1[ (1+%>—1< iﬂ>]{[y+lna+/3 —1]t + ) —1}

2
g [y In(at8) - 1]@< 5 >+(a+ﬁ>2¢( 2582) (3)

(+B

j;wxze—a’lnzx [—Ei(—px)] da = %[ln<l + %) - 1(&173) — %(aiﬁ>2]{[y + In(at-8) — 1 — %]2

+ §(2)—1—§1—} + (—fﬁT[y + In(a+8) — 1 — %]@(( ol 23)

+(afﬂ)3 ( ot 33) (14)
/:ox3e‘“ Intx [ ~Ei (—f)] dx = [ln (1 4 E) —1(—j‘;§) —%(G:By —%(aiBY]
X{[y+ln(a+ﬁ)~l —%—ﬂz OB (L5)

12

1
12
(+B 2.4 +(G+B)4q>(a+3 34)

+ T [y+1n(a+,8)—1—§-—§}d>

/owx"e-"lnzx[—E Bx]dx— lliln(l%—ﬁ) Zk11<a+ﬂ> 1]{[7+IH(G+B)_EﬁT +¢2)
St | v+ Inlath) - Y1 (55 S5 ant1)

+ %79!) ( 3t 1) (1.6)
- +1 2
ﬁ #In*x [ —E; (—Bx)] dx = np ) (’(’M}) ({[¢r(p+l) — Ing]> + {(2,p+1)} s [¢(p+1) —Ing] + pf1)>
(1.7)
2*®(z3n+1) =@ (231) — ,g(_k—:-iﬁ (1.8)

17
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1 2 o —an
) = [ ntx [ (- pe)] e = [ (-] [ LR gy, $ 0 Lok

Pl

+2pp+1 i (_aP)k ] l@ml [ In? o Z( (l/ﬂ y(p+k+l,ﬂp —9%2In np Z( a/lg)k Y(P+k+lﬂp)

= kl(p+k+1) (p+k+1) CENESE

& (—a/BF y(p+k+1,8p) e (—a > Bp)
TELTTR T (prRLy }szp l:,cz:l,:kl(p+k+lzzl‘(p+k+l+l)

& (- 2 (—Bp)! —Bp)*
kD) & T(p ikt [T Z AN p+k+1) Z i (p+k+l+1) } @
ali (pa,B,p) = pLi(p—LaBp) — Ci(p—Lloa+Byp) + 2H: (p—1.a,B,p) — preln®p [ —E; (—Bp)] (2.1)

/” oo Inix [ —E, (—p0)] de = L[ ~E, (~,e,,)]<1nzp(1 — o) Zlnp{y + Ina + Inp + [—E; (~ap)]}

B © _ )k+1 . (1/,8) _ /B)
22 % (k+1)3) 3 [’“P 2 %Rty (Kt 1pe) — 21np E Kl (;c+1)

0 )l

Xy (k- 1.8p) + 22%”"“’3")] o [i k!((kor)l P 2T (T

- s~ __{(—Bp)’ (—op)* —Bp)'
* ,; k! k+1 IZ_O Il k+l+1 — Inp Z kI (k+1) 4 E l'(k+l+1 ] (2.2)

ﬁpx" In’x [ —E; (—Bx)] dx = ﬁm [IHZP - (ilfl)) + (pil)z] {7 (p+1,8p) + (Bp)' [ —E; (“ﬁp)]}

_ 2% o (—Be)f 207 X (=Bp)
(p+1) (lnp p+1) z:kl p+lf+1)2 T (p+1) g k! (p+]:+1)s (2.3)

c. s = [ " weer Intx [~ E, (—p)] dx = Lpap) — I (p.afip) ®)
p
(112 (P,a;ﬁap) = pI2 (p—lﬂ,B:P) - C2 (P_ laa+ﬁ:P) + 2H2 (P_ laanBrP) + ppe—ap In2P ["‘E. (‘—BP)] (31)

/ " oo I [—Eq (—v) | dx = (3.2)

(See Sec. VIII, Eq. 1.2 and 2.2.)

/ " % Intx [~ Ei (—fx) ] dx = (33)
P

(See Sec. VIII, Eq. 1.7 and 2.3.)
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IX. INTEGRALS OF THE TYPE [ x* e ™ In*x [ —E, (— Bx)] dx

] (paf) = /” e In'x [ —E: (—f%)] dr%({ [v (p+D) — In(a+8)]* + 8¢@p+1)[¢ (p+1)

_1n(a+B)]fzc(3,p+1)} (+B ) {[¢(P+1)—1n(a+ﬁ)]"’+£( p+1>}

% @(ﬁ,&p%—l)%—ﬁ [¢(p+1) — In(a+B)] <p( = ) 6o (aj‘_ﬂ 4, )) (1)

aJ (Py“’ﬂ) = PI (p—l,(l,ﬂ) - D<p_1>a+ﬁ) + 61 (pﬁl’anﬂ) (11)

/“’ e In'x [—E; (—px)] dx = — %m (1 + %){[y + In(a+8)]°* + 3¢(2) [y + In(a+8)] + 2{(3)}

_?_ {[y + Ina+8)]* + & )} (aiﬁ ,2,1) - (ai—ﬂ) [y + In(a+8)]

<o (g ) - e (w55 4) 0

ﬁw 2 In'x [ —E; (—0)] dx = (a%‘l;y(ﬁj(]z*_l)({[gb(p%-l) ~Ig]" + 3U2p+1) [§p+1) — ng] — 2{(3,p+1)}

3 ] 6 6
_ m{[¢(p+1) ~ng]* + ;(2,p+1)} + gy [Mp+D) — mg] — (p—+1)‘3)

(13)
I (pfip) = / * v ooy [~ E, (—Bx)] dx )
a(p.o.B.p) = pli(p—LaBp) — Di(p—Lla+B,p) + 6L(p—LaBp) — e In’p [ —Ei(—Bp)] (2.1)
J.(p.Bp) = / "t e inx [~ Ey(—6x)] dx (3)
p
OJZ(p’a’BsP) = pfg(pvl,(l,ﬁ,p) - D2(pkl,a+ﬁ’P) + 612(”_1’&’3’1’) + e’ e 1n3P [_Ei(——‘BP)] (81)
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X. MISCELLANEOUS RELATED INTEGRALS

A.

K(n,a,B,p) = / x? e (Inx)" [ —Ei( —Bx)] dx = kz'_': (—1)¥ k! (Z) (IJ( ol Jk+1 p+1> Fin—ka+8,p) (1)
(See Sec. V, Eq. 1.)

aK(n,o,8,p) = pK(n,a,g8,p—1) — F(na+g,p—1) + nK(n—La,gp—1) (1.1)

B.

a /w e*(Inx)* [ —E(—px)] dx = n /w e **(lnx)™ [;E,-(—,Bx)] dx _/w e*“”ﬁ”(inx)" dx
P P P
+ e (Inp)" [ —Ei(—Bp) ] @
C. © ¢ [—E; (=fx)]dx _ : N Gl i
f,, e« (—polds _ 1 [ gy + (2 ]+§k,k+1)3+[ E(- 3,,)]{7+1m,,
+ [ E-a]} + oo 32 LT oo ©
® as —Ei - d © gh* —Ei et d.
/ el x( Pl dx o E(—ap)] [~Ei(—80)] fp il ,E ox)] de 3.1)
© [—Ei(— d © Inx e d,
: [ (xax)] X _ fp _ﬂx_x_ Ine[ —Ei(—ap)] (3.2)
(See Sec. V, Eq. 3.4.)
© '_Ei - d 1 2 a k1
/ [ (x‘”‘)] i = 5 [ + Inop) +¢(2)] + Z ,(d(ki)l)a (3.3)
(See Sec. V, Eq. 3.5.)
© gor [—F;(— dc 1 .

/ e LB ax)] dx _ [~ Ed-ap)] (3.4)
D. Kl(n’a’B’p’P) = /p xP e-”(lnx)” [_Ei(’_BX)] dx . (4)
aKy(n,a,8,p.p) = pKi(n,a,8,p—1,p) — Fi(n,a+B,p—Lp) + nKi(n—La,B,p—1Lp) — p? e (Inp)* [ —Ei(—Bp)] (4.1)
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2F1(a,b;c;z)

L.(z)

¢s,v)

®(z,8,0)

¥(z)

NOMENCLATURE

Binomial coefficients

Incomplete Beta function

Truncated exponential

Exponential integral

Placzek function

Hypergeometric series

Euler’s dilogarithm

Euler’s constant

Incomplete Gamma function

Incomplete Gamma function

Gamma function

Riemann Zeta function

Generalized Zeta function

Psi function
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o e 9
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E,(x)
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e *itdt
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5 (@ 027

n=0

0 zﬂ
d:(zZl)

]

z"l+1

E[, I
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