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FOREWORD
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Mr. Richard N, Porter of the Jet Propulsion Laboratory was Technical
Manager of the program.

The technical effort at Stanford Research Institute was directed
by Dr. R. F. Muraca, Assistant General Manager of Physical Sciences
Research.

Grateful acknowledgement is given for assistance on this program
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ABSTRACT
2 -/ 5%

The interim report discusses the various aspects which have been
considered for the space storability of pressurizing gases, and the
design handbook, "Handbook for the Design of Pressurized Gas Systems, "
presents necessary fundamental theories and equations, as well as
tabulated and graphically presented data, which are useful to design

engineers.

The areas which have been studied in this program are: the space
environment, attitude control, zero gravity, heat balance, permeability,
pressure vessels, pressurizing systems and components, properties of
gases, properties of materials, and evaluations for storage efficiency

and reliability.
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I INTRODUCTION

The objectives of this program of research are: (1) to investigate
the methods and construction features for efficient storage of pressur-
izing gases for long periods in space; (2) to develop a design handbook
which incorporates the findings of the study. The work which has been
done up to this time in fulfilling these objectives is described in this

report.

The initial effort for this work was involved with the accumulation
of pertinent literature, which covers a wide range of topics, for study,
evaluation, and reference; the accumulated literature has been divided
into broad categories of subject matter and is presented as an annotated

bibliography which appears in the Appendix to this report.

A selection was made of the most suitable candidate gases for use
in pressurized systems, Discussions from various points of view of the
use of these gases are found throughout this report, and extensive data
on the gases will be incorporated in the Handbook. Various properties

of container (and associated) materials will be found in the Handbook.

The problems of leakage and permeability of gases have been studied
thoroughly during this program, The results of this study are summarized
in this report, and the theory of permeability, parametric expressions
and tabulated data on permeability will be given in the Handbook. The
experimental work done on mass spectrometric determination of the

permeability of materials to gases is described in this report.

Since the bonding factors of this program have been storage
efficiency and reliability, one form of discussion can be given in this
report and elaborated in the Handbook,; however, direct application of
the theories will be found in this report, or in the Handbook as appro-
priate, under such topics as attitude control, pressure vessels,

pressurizing systems, zero-g, heat balance, etc.



The results of evaluation and study of the background material
accumulated during this program will be embodied in the "Handbook for
the Design of Pressurized Gas Systems' which will be issued at a later
date. A brief discussion of the purpose and content of the Handbook is

given in Section II of this report.



11 HANDBOOK FOR THE DESIGN
OF PRESSURIZED GAS SYSTEMS

Introduction

The purpose of the Handbook is to present necessary theory and
fundamental data in a form usable to the design engineer working with
pressurized gas systems; it is intended that the Handbook be a complete

and independent guide.

Format

The textual material in the Handbook is contained in a loose-leaf
binder, and is arranged so that new or revised information may be added

from time to time without disturbing other sections or pagination.

The material in the Handbook is arranged into fifteen sections
which are separated by dividers. A Table of Contents lists the major
topics of the fifteen sections; each section is provided with a complete

Table of Contents, including tables and figures.

The general arrangement of material in each section is somewhat the
same: discussion, tables, figures, references. Where the several
aspects of the discussion (e.g., '"Space Environment") or the quantity
of information (e.g., "Properties of Gases') warrant further division,
the section is divided into parts, each following the pattern: discus-
sion, tables, figures (as in the section on environment), or simply

tables and figures (as in the section on gases).

Content

The sections in the Handbook are: The Space Environment; Attitude
Control Theory,; Nozzle Performance; Storage Efficiency; Zero-G Consider-
ations; Heat Balance; Permeability Theory; Properties of Gases; Theory
of Vessel Design; Actual Pressure Vessels; Reliability; Valves; Rings

and Seals; Materials.
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The section on "Space Environment'" summarizes the conditions affecting

the design of systems for the storage of gases in spacecraft.

The section on "Attitude Control Theory' consists of a very brief
presentation of computational methods and fundamental theory necessary to
the design of pressurized gas attitude-control systems; the '"Nozzle
Performance' section summarizes formulas for calculating the performance

of cold gas nozzles,

The section on '"Storage Efficiency' considers the theoretical aspects
of storage of pressurized gases from the point of view of density, weight,
performance, reliability, etc.

The behavior of pressurized gases in essentially zero-g conditions

" and the section on

is summarized under "Zero-Gravity Considerations,'
"Heat Balance' presents theoretical considerations and computational
methods for determining the heat balance in pressurized gas vessels and

associated components.

The "Permeability Theory" section is concerned with the fundamental
aspects of diffusion and permeability of pressurized gases as applied to

metals, polymers, glasses, etc.

The section on ''Properties of Gases' consists of an extensive
tabular and graphic compilation of physical and thermodynamic properties

of the gases likely to be used in pressurized gas systems.

The section on the "Theory of Pressure Vessel Design' is involved
with computational methods and design data for fail-safe pressure vessels;
the section on "Actual Pressure Vessels'" at the present time is indexed
as an indication for future entries on the design, reliability, and per-

formance of actual pressure vessels used in spacecraft.

The section on '"Reliability' reviews and summarizes the statistical
relationships which are used to formulate the over-all reliability of a

pressurized gas system.

The section on "Valves' will give some consideration to practical
data on reliability, leak rates, etc; it will be completed at a later

time.
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The section on "Rings and Seals" covers the methods for joining
components in pressurized gas systems through use of intermediate
materials, and considers the suitability of materials for use in the

space environment.

The section on '"Materials' presents data on the properties of
metals currently used in pressurized gas systems, the compatibility of
selected materials with gases and fluids, and the permeability of

materials to gases.
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III PERMEABILITY OF SOLIDS TO GASES

Introduction

The transmission of a gas or a vapor through a polymeric or
metallic film is, in the absence of flaws such as cracks, pinholes and
the like, a process of activated diffusion. The gas must first adsorb
on the surface of the film, then dissolve in the material, diffuse
through the bulk, and desorb on the low pressure side. These steps
always occur when gases or vapors diffuse through any material, but
the relative importance of the various steps and the rate-controlling
processes are sufficiently different to make it convenient to discuss
each type of material separately. Accordingly, permeation through
organic polymers, through inorganic glasses, and through metals will be
discussed in this order. This will be followed by a brief discussion
of laminates (including a metal foil, which may have pinholes, deposited
on a polymer) and finally consideration of simultaneous permeation and
mass flow. Specific permeation data will not be given in this section,

except as needed for illustrative purposes.

Polymeric Materials

With permanent gases, such as He, H,, O,, N,, CO,, the solubility
in the polymer is sufficiently low so that the gases are diffusing
through essentially unchanged polymer. Under these circumstances, in
the steady state the amount transmitted per unit time per unit area, J,
is given by

dc
Jd =~1D = (1)

where D is the diffusion constant and dc/dx is the concentration

gradient within the polymer film. Because of the small solubility,
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Henry's law holds and thus c¢ = Sp, where § 1is the solubility coef-

ficient and p 1is the pressure of the gas. Substituting in (1),
5 =-ps 3 (2)
X

The product DS is the permeability constant, P. Since in the steady

state J 1is independent of x, equation (2) can be integrated to give
P = — (3)

where d 1is the thickness of the film.

The usual method of measuring the permeability of a polymeric film
is to establish a known pressure of the gas or vapor on one side of the
film and to observe the transmission of the gas or vapor by the pressure
increase on the other side. The low pressure side is generally at high
vacuum, so that the pressure drop across the film is substantially con-
stant during the course of the experiment. The method has the advantage
of simple mathematical analysis but can be very slow under some circum-
stances. The method used by Stanford Research Institute (see Section IV)
measures the rate of permeation (as opposed to the total amount permeated)
by means of a mass spectrometer, and allows the simultaneous determination

of two or more species in a mixture.

Both methods are amenable to the analysis of the transient state to
separate the diffusion and solubility coefficient parts of the perme-
ability coefficient. One means of analysis of the transient state can
be termed the "late' approximation and the other the "early'" approxima-
tion. The mass spectrometer method is particularly suitable for the
latter, and in certain circumstances this can, in addition to separating
diffusion and solubility, considerably shorten the time of the

experiment,
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Both means of analyzing the transient state start with Fick's second
law and the assumption that the diffusion constant is independent of con-
centration which, in the one dimensional case, gives

dc d2c
— = D — 4
at (4)

dx?2

where t is the time. The late approximation was introduced by Daynes7,
and developed by Barrer3, Solution of equation (4) by a Fourier series
in the coordinates and an exponential in the time with the boundary con-

ditions c¢ = , at x =0 for all t, c¢c =0 for0 <x<d for t =0

and ¢ =0 at x =1 for all t, 1leads to

o0
AD d? 2d? s m exp(-m?1?Dt/d?)
- 4ab - 8o 2et - 5
@ =3 % " "8 T T ommy V) m?Z )

where A is the area of the film and Q is the quantity transported across

the film in time t. At sufficiently long times equation (5) reduces to

ADco
Q=d (t - 1) (6)
APp
Thus Q becomes linear in t with a slope p (since cO = Sp

where po is the upstream pressure) and an intercept on the time axis T

and
a2
D =% (7)

Hence, by this method, one can obtain both P and D and, consequently, S.
An independent check is to measure the solubility directly. Excellent
agreement has been reported for a number of elastomer-gas systems by

van Amerongen, 38
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The "early" approximation was used by Rogers, Buitz and Alport .Z2*
By a transformation a solution of equation (4) is
1/2 ® 2

J =2 Spl(D/ﬂt) v exp [-(d2/4Dt)(2m + 1) ] (8)
m=1

At times sufficiently short only the leading term in the series is impor-
1/2
tant., Multiplying both sides of (8) by t / and taking natural logarithms

leads to

¢n (3t*7%) = enl(28p,)(D/n)"/?] - a%/apt (9)

-1
Thus plotting the left hand number against t should give a straight
line of slope - d2/4Dt. Having determined D, the value of S is given by

Jt1/2
2 p,y

S = (%)1/2 exp (d2/4Dt) (10)

and, since P = DS, this quantity is also determined.

From the early approximation all the quantities of interest can be
derived, It is especially useful in the mass spectrometer method because
rates are required, which are determined directly. The late approximation
requires an integration. Rogers et al. actually used the pressure rise
method in their application of the early approximation which, of course,

required a differentiation and its accompanying errors.

At t = 2.7T both the early and the late approximation are in error
by 1.2 percent, so this can be considered a rough dividing line for the

region of validity of the two methods.

Both D and S obey the Arrhenius relations:

S = Soe-AH/RT

D = Doe'Ep/RT
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where AH is the heat of solution of the gas in the polymer and Ed is
the activation energy of diffusion within the polymer. Consequently,

-E /RT
P = Poe P

where Ep = AH + Ed' In all cases Ed is positive (rate of diffusion
increases with increasing temperature). The quantity AH  is small and
positive for the permanent gases, but may be negative and large in the
case of easily condensable gases owing to the contribution of the heat

of condensation’®. As a result, a plot of the logarithm of the permeabil-
ity vs. the reciprocal of the absolute temperature gives very nearly a
straight line in the case of the permanent gases (increase in permeability
with increasing temperature), but with easily condensable gases (e.g.
water through Nylon 6-6 or polyvinyl alcohol‘s, methyl bromide through
polyethylene26) when the temperature is decreased the permeability may
first decrease, pass through a minimum, and actually increase at still

lower temperatures,

A knowledge of the chemical nature of the polymeric film is not suf-
ficient to define its permeability -- one important factor is crystal-
linity. In Table I1II-1 are given the permeability of some polyethylene
films of different crystallinities (as determined by density) for selec-
ted gases. Fairly good correlation can be obtained by assuming that the
gases are soluble only in the amorphous portion of the polyethylene;
similar results have been reported for permeation of water vapor through
polyethyleneterephthalate14. Table III-2 illustrates another effect,
that caused by plasticizer, Chemical analysis of the two polymers would
be nearly identical, but it can be seen that the presence of low molecular
weight material enormously increases the permeability. This effect, in
contrast to the effect of crystallinity, is largely due to an increase in
the diffusion constant, Polyethyleneterephthalate shows in addition

crystallinity effects such as those illustrated for polyethylene.

It would be desirable to be able to predict the permeability of an

arbitrary gas-polymer system through basic principles or an empirical
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Table III-1

PERMEABILITY OF THREE POLYETHYLENES AT 25°C (Ref. 17)
o = vol, fraction amorphous

Permeability [cc (STP)/cm-sec-atm] x 107

G
as Grex (= 0.23) Alathon 14 (g = 0.57) Hydropol (¢ = 0.71)
He 0.087 0.375 1.20
0, 0.0308 0.220 0.86
A 0.129 0.208 0.84
Co, 0.0275 0.113 0.47
N2 0.0109 0.074 0.304
Table III-2
PERMEABILITY OF PLASTICIZED AND UNPLASTICIZED
POLYCHLOROTRIFLUOROETHYLENE (Ref. 20)
Permeability [cc(STP)/cm-sec-atm] x 10°
Q
Gas Temp., °C Unplasticized Plasticized®
N2 50 0.014 0.42
75 0.065 1.95
0, 0 0.003 0.083
30 0.040 0.42
60 0.22 2.13
Cco 50 0.27 5.70

a, Plasticized with low molecular weight polycholorotrifluoroethylene.
correlation requiring very few measurements. Unfortunately, no method of

general applicability has been found. The solubility portion can, in a

given polymer, be correlated fairly well with the normal boiling point of
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the gas2?5, its critical temperature3®, or its Lennard-Jones force con-
stant1®. Correlations of diffusion constants have not been nearly so
successful. Michaels and Brixter!? have had some success in correlating
diffusion in polyethylene with a geometric impedance factor, a chain
immobilization factor, and a "reduced diameter' (involving the mean unoc=
cupied distance between two chain segments), However; use of this corre-
lation requires a great deal of knowledge about the polymer and its
extension to other polymers has not yet been made. Salame?? has published
a correlation of the permeability of various organic materials through
polyethylene by use of a ''permachore." Although useful for related poly-
mers such as polypropylene, he specifically states that the method cannot
be applied to polymers such as Nylon, Delrin, and other nitrogen or oxygen

containing polymers.

The simplest correlation suggested is that of Rogers et al.?®, who
noted that the ratio of the permeabilities of some of the fixed gases is
roughly independent of the nature of the polymer. Hence they suggested a
"G value" for the following gases (at 30°C): N, = 1.0 (arbitrary),

0, = 3.8, H,S = 21.9, CO, = 24.2, This may serve as a guide in many
cases, but it fails badly in other cases. Thus from Table IIl-1l it can
be seen that the ratio of the permeability of O, to that of N, is indeed
approximately 3, but CO, is only about twice as permeable as N,. In the
case of polytrichloroethylene (Table III-2), on the other hand, the
CO,/N, ratio is 13=19,

The above discussion has been confined to the permeability of perma-
nent gases,; except for brief mention of temperature effects with easily
condensable vapors. If the vapor is appreciably soluble in the polymer,
the situation can become quite complicated, since in general Henry's Law
will not be obeyed; this plus the plasticizing effect of the permeant
will cause a strong dependence of the permeability constant on the vapor
pressure of the permeant and the more or less unpredictable temperature
effects already mentioned. Under these circumstances, the polymeric
material is generally not suitable for space applications. In some
cases, however, the possibility of such behavior must be expected, as in

the following example.
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According to a Bell Aerosystems report!® MON (and hence presumably
N204) comes to equilibrium across a 7-mil Teflon sheet in a few days.
For a long mission with a re-start, it might be desirable to know the
permeability with a relatively low pressure differential and near satura-

tion on both sides.

In the mass spectrometric method for measuring permeabilities, the
pressure on one side is set at p, and on the other at essentially zero,
By definition, the overall permeability 5; the thickness t, the flux J,

and p, are related by:
J = Pp,/t (11)
One can equally well define a differential permeability by (0<x< t):
J = Pdp/dx (12)

Equating (11) and (12) and integrating fromx =0, p =0 tox =t, p = p,
gives a relation analogous to a well-known case for integral and differ-

ential diffusion coefficients:

Po

—_ 1
P=— J pdp (13)
po o

Differentiating (13) with respect to p, gives the relation sought:
P = P + dP/dln p, (14)

For most "permanent' gases through most films, P is independent of
p, and equation (14) is trivial. Where swelling occurs, however, P and
P may differ appreciably. For water through Nylon 6-6 at 25°C, P(sat.) =
7.5§(sat), calculated from data of Myers et al.!® and for methyl bromide
through polyethylene at -15°C, P(sat.)= 7.8§(sat.), calculated from the

data of Myer et al.!S.
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Glasses

The permeability of fused silica and certain glasses to helium is
well known and can be troublesome under certain circumstances. Vacuum
Dewars of some types of glass, for example, can be used to store liquid
helium only for a day or two since they will lose their vacuum through
helium permeation. Hydrogen, deuterium, and neon will also permeate
fused silica, but the permeabilities of molecules larger than these (a

dividing line of about 2.5 A diameter) are enormously less?!,

The permeabilities of the small gas molecules through glass follow
an Arrhenius law as in the case of polymeric films just discussed,

P = Poe-Ep/RT.

The glass composition plays a dominant role. The rate

of permeation decreases as the content of glass formers, SiO, + B,0,+
P,0, decreases; when this sum drops to 20-30 percent, the helium permea-
tion rate is cut down, compared to silica glass, by a factor of a mil-
lion?!, This effect is attributed to alkali and alkaline earth oxides
blocking the passages in the relatively open network of the glass-forming
oxides. A similar picture of channels closing explains the fact that the

permeability of quartz to helium is less than that of vitreous silica by

a factor of 10’ or more.

In summary, glass could involve a permeability problem, particularly
with helium, but one that can easily be circumvented by proper choice of

composition.

Metals

The permeation of metals by gases is considered separately from
polymers and glasses because of three outstanding characteristics:
impermeability to noble gases, dissociation of diatomic gases in the

process, and influence of surface films on the permeability.

All attempts to measure the permeability of noble gases have been
unsuccessful. As examples, Ryder2® found negative results on the perme-
ability of iron to argon, as did Baukloh and Kayser® on that of nickel to

helium, neon, argon, and krypton. The rare gas ions can be forced into
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metals under a potential gradient, but penetration is relatively shallow

and upon heating the metal the gas is released?!,

The processes of adsorption, dissociation, solution, and diffusion
of a diatomic gas can lead to quite complicated rate laws under certain
circumstances. Various limiting equations are given by Ash and Barrer!,
However, for most metals at pressures over one atmosphere a square root
law is followed as is the exponential relation, already mentioned in the
case of polymers and glasses, so the permeability may be expressed by

Po (p§/2 - p;/z)e—Ep/RT

P = a

where K is a constant and R and p are the upstream and downstream pres-
sures. This law is not followed when there is an appreciable coherent
film (usually oxide) on the metal, when there is radiative or chemical
interaction, or when the solubility of the gas is very high. An example
of the latter is Hz—Pd above about one atmosphere, where the permeation
rate is proportional to the 0.8 power of the pressure®. Examples of
chemical interaction are the diffusion of nitrogen and oxygen through

titanium®?

and hydrogen through zirconium!!, In these cases a new phase
is formed above a limiting pressure (rather low unless the temperature

is high) and the reaction becomes essentially a corrosion reaction, with
the effective gas pressure that in equilibrium with the upper limits of
the new phase at the temperature in question. Under these circumstances

the above equation becomes quite meaningless.

In most studies on the permeation of gases through metals, pre-
cautions are taken to eliminate surface films as far as possible in
order to simplify interpretation. From a practical standpoint, the
effect of surface films must be taken into account. As Flint® points
out, surface films may be expected to become important barriers to dif-
fusion when the oxide coating has a specific volume equal to or greater
than that of the base metal. Metals falling in this category are Al, Si,
Cr, Mn, Fe, Co, Ni, Cu, Zn, Pd, Ce, and Pb. Very few systematic studies have
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been made in this field. Flint? prepared oxide films on Type 347 stain-
less steel by treatment in wet hydrogen and observed reduction in perme=-
ation rate of as much as 400 fold. However, these might be termed
transient tests as the permeability increases with time, presumably as
the oxide coating was reduced. Experiments with hydrogen and Inconel
have given permeation rates independent of the thickness of the metal,
thus indicating an over-riding effect of a surface film?2, Several
authors32,12,30;27 haye noted the effect of oxide films on aluminum or
aluminum alloys; drops in permeability as much as 1000-fold have been

found.

An effect that may become important for hydrogen (and possibly
other gases) in space environment is production of atoms by radiation,
although recent calculations®® have tended to minimize this factor.
Production of atomic hydrogen at iron surfaces by corrosion reactions
with water and its subsequent diffusion into the metal is well known to
corrosion engineers. The chemically produced atoms are equivalent to
those at very high pressures and temperatures for normal hydrogen and,
as previously mentioned, it is the atomic hydrogen that affords the
mechanism for diffusion, One industrially important consequence of this
effect was in the early days of metal vacuum tube manufacture, when it
was found that water contained in sodium silicate paint was reacting
with the iron, and hydrogen diffusing through the tubes made them gassy
and inoperable?!, Similarly, it has been found that a glow discharge
increased the permeability of aluminum to hydrogen five-=fold; conditions
were not well enough defined in this case to attach quantitative signifi-

cance to the result??,

Laminates

The discussion up to this point has been concerned with homogeneous
materials. There are, however, important practical cases where laminates
are used. It is convenient for present purposes to distinguish two cases:
one is where two or more plastics or elastomers are laminated and the
permeabilities of the materials to the gas in question, while different,

are not so far apart that any one of them can be negelected (an example
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is the use of styrene-butadiene rubber liners in continuous-filament

glass fiber-reinforced epoxy pressure vessels); the second is where a
metal foil is laminated onto a polymer film as a permeation barrier,

in which case the foil may be considered (for noble gases at least) to
have zero permeability but the possibility of pinholes and their influence

must be considered.

In the plastic laminate case one can, as before, define an over-all

permeability, P by

P = — (15)

In the steady state J 1is the same for all elements i of the laminate,

so in addition

Jdi
P, = —
1 Apy
and also
AP = 5 AP
i
di
=J & = (16)
i Py
i
Substitution of (16) into (15) and rearranging gives
d
d i
c_. v 2
P i P an

i

Equation (17) has been experimentally verified by Bhargava et al® for

polyethylene-glassine laminates.

The case of a foil with pin-hole has been treated by Prins and

Hermans 23, For a foil, impermeable in bulk but with n circular

2

holes/em? of radius r, laminated onto a polymer of thickness d and

III-12



permeability P, and for d/r> 0.3 (the only case of practical interest)
they found (in the present notation)

A
J = E’_d_ﬁ 6 (1 +1/18 d/r);6 << 1 (18)

where 6 = nTr’, the fraction of free surface. The first two terms on
the right of equation (18) simply express the reduction of permeation
because of the reduction in free surface. The third term, however, can
be a large multiplying factor, reflecting the spread of the diffusing
gas in the polymer film. For very large value of d/r, equation (18)

reduces to

J = 3.7 nrPAp (19)

and the flux becomes proportional to the perimeter of the holes rather

than to their area,

Distinction between Permeation and Mass Flow

The question often arises in permeability measurements whether the
gas flux observed is all due to true permeation or whether part of it is
due to flow through fine capillaries, whether they exist in the very
nature of the film being studied (as is postulated by one group®! for
polystyrene below the glass transition temperature) or because of flaws
such as cracks and pinholes. One progmatic approach, and often a
successful one, is to determine apparent permeabilities on a number of
samples, with the presumption that they won't all have the same number of
flaws, and with different sample thicknesses, with the presumption that
a flaw is less likely to penetrate through in the case of the thicker
samples., If substantially the same value for P is obtained in all
cases it is fairly good evidence either that true permeability is being
measured or that other means of passing gas are inherent and uniform

in the film being studied,.
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Sometimes the above method is not practical, possibly because of a
limited choice of samples or because individual experiments take too
long., Further, if inherent capillaries are suspected, it may be
desirable to confirm or disprove the hypothesis. 1In either case a
great deal can be learned from the behavior of the apparent permeability
with temperature. The development below will be confined to a slightly
soluble gas. As already pointed out, this is the only case where the
theoretical temperature behavior of the permeability is simple. For
simplicity it will also be confined to the case where the film has
uniform capillaries and the gas in the capillaries is in equilibrium
with that dissolved in the film, although these simplifications do not

appreciably affect the conclusions to be drawn,

In the steady state the over-all flux is simply the sum of that

due to diffusion and that due to mass flow:

dcf
wdJ =D —=—— +9vc (20)
dx g
where Ce denotes the concentration of gas dissolved in the film, cg

that in the gas phase in the capillaries, 6 the fraction of the cross
section that consists of capillaries, and v the velocity of the gas
in the capillaries, Substituting Cp = Sp and cg = p/RT, equation (20)
becomes

_ dp A 6v
-J—Dde+RTp (21)

It is convenient to distinguish two cases: (1) the pressure is low
enough, or the capillaries small enough, that Knudsen flow obtains,

and (2) the capillaries be large enough that Poiseulle's law is followed.

In the Knudsen case, the velocity is given!® by

kK dp
N pp
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where o is the density of the gas. If small gas imperfections are
neglected, prp = p\ﬁM/RT. With this relation and equation (22),
equation (21) becomes

- J = DS + BkK (RTM)-I/Z'EB (23)

dx

&le

Equation (23) can be integrated directly, in x from 0 to d
and in p, from O to »p (for simplicity; a finite pressure on the low
pressure side offers no difficulty) to give
_1/2
- Jd = DSp, + GkK (RTM) Po

Recalling that the permeability is defined by -Jd/po, it is evidently

given by
-1y2
P = DS + GkK (RTM) (24)
In the Poiseulle case the velocity is given by
kpdp
=—-——-°k=28
v T ax 0 5 r</ (25)

where 1 is the viscosity of the gas. Again neglecting gas imperfec~
tions; 1 can be expressed by 71 = qo(MT)l/z, where 7, contains
constants and the collision diameter. With this relation and

equation (25) substituted in (21), and proceeding exactly as before,

the permeability is given by

ka Py

P =DS + 77 377
T

(26)

21 oRM

Frisch!® using a somewhat different approach arrives at an equation
formally identical with equation (20) (his equation (8)) and derives a
relation identical with equation (24) (his equation (10)). His equa-
tion (12), however, is not the same as equation (26) above, in that his
T-s/z

implicitly contains in the second term on the right. This

appears to be an algebraic error (not typographical since it is carried
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on to his equation (33)). Intuitively one would expect that if the
velocity is proportional to T'l/2 the flux, which at a given velocity

-1 -3/ 2

is proportional to (RT) , would be proportional to T

The important point is that the product DS, which might be
termed "'true" permeability, depends exponentially on the temperature
and almost invariably (in the case of permanent gases) strongly increases
with increasing temperature., Any component of Knudsen flow, even more
strongly any component of Poiseulle flow, would decrease with increasing
temperature. Thus the usual Arrhenius type plot of log P as ordinant
vs, 1/T as abscissa should show strong curvature convex toward the origin
as either of these types of mass transfer become important as the
temperature is lowered. Indeed, as Frisch points out, a careful analysis
of the temperature dependence of the apparent permeability should allow
not only an estimate of how important mass flow is but what type of flow

is important (molecular or viscous).

The above development has been based on mass transfer through a
polymer film, where p is regarded as the driving force. There is no
difficulty in extending it to metals, by simply substituting
cp = Spl/2 in equation (20) and defining P as Jd/pl/z. This would
alter the pressure dependence of the second terms to the right in
equations (24) and (26), but the temperature behavior outlined in the

previous paragraph would still obtain.
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IV PERMEABILITY OF MATERIALS TO GASES:
EXPERIMENTAL DETERMINATIONS

Introduction

Presently available information indicates a wealth of data on the
permeability of materials to common gases and chemicals, particularly
as applied to packaging materials; also, large amounts of data are avail-
able on the compatibility of materials with gases and with storable pro-
pellants. More recently, some work has been done on the permeability of
materials to cryogenics and storable propellants; however, we felt it
desirable to establish permeability rates for various materials and gases
by a more critical method than is generally employed. The permeability
rate for a gas or a vapor through a solid material is ordinarily deter-
mined by use of a high-vacuum apparatus. In simple description, a film
(or foil) is clamped in a suitable device and an enclosed volume on one
side of the film is evacuated to a low pressure; then the other side of
the film is exposed to a gas at a constant pressure. As the gas permeates
the film, the increase in pressure on the low-pressure side of the film
is measured by means of a mercury manometer or a McCleod gage. The
pressure rise with time is noted, and the gas is allowed to continue to
permeate the material until a steady state is reached and the gas is
diffusing at a constant rate. The permeability constant is then obtained
from the pressure-time plot and the calibrated volume of the measuring

system,

In this program of work, permeability constants were determined by
the use of a mass spectrometer to measure gas flow rates directly. This
system offers several advantages over a closed manometric system:

(1) There is no question as to the identity of the gas being monitored.
(2) The sensitivity of the instrument permits detection of minute quan-
tities of gas and thus relatively rapid measurement of very slow flow
rates. (3) The measurement of flow rates of specific gases in a mixture

of gases is a simple scanning procedure compared to the manipulations
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involved in freezing-out or pumping-off the unwanted gases on the low-
pressure side of the film as is necessary when a high-vacuum apparatus
is used. (4) In the particular interests of this program, a dynamic
system is more representative of the conditions likely to be encountered
in space, e.g., the confinement of a pressurizing gas within a vessel

which is exposed to the vacuum of space.

The earliest use of the mass spectrometer to measure the permeability
of solids to gases was made by Norton’ who determined the permeation of
helium through glass bulbs of varying compositions. The permeability of
various rubber films to helium and xenon was also determined mass spectro-
metrically by Norton, # and in a later paper he recapitulates work done on
the permeation of solids to gases and discusses mass spectrometric tech-
niques.?® The high sensitivity of the mass spectrometer was a distinct
advantage in the work of Frank et al.® Who determined the diffusion coef-
ficients of hydrogen in steel and the ratio of the diffusion coefficients
for hydrogen and deuterium in steel.? A more recent mass spectrometric
determination of the diffusion of helium in glasses was performed by

Altemose.!

Apparatus

The mass spectrometer used in this work is a Consolidated Electro-
dynamics Corporation Model 21-103C which has been modified to include an
additional sampling system between the normal inlet system and the
analyzing region; this system permits facile interchange of various
sampling devices, operation with or without the gold (molecular) leak,

a line~of-sight path directly into the analyzing region, and a small
working volume (about 80 cc compared with the 3-liter expansion system).
The mercury diffusion pump system generally employed for exhausting the
analyzer region has been replaced with a 40-liter Vaclon pump, and the
oil diffusion pump on the inlet side has been replaced with a 15-liter
Vaclon pump. The replacement of the mercury pump with an ion pump
eliminates cold-trap operation and contaminant mercury vapor in the
analyzing tube, and the replacement of the oil pump eliminates hydro-

carbon contamination throughout the entire system. Thusfar, the vacuum
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attainable in the ion pump is of the order of 1 x 10 % mm of Hg, the
pressure on the pump side of the analyzing area is of the order of
1 x 1077 mm of Hg, and the pressure in the ionizing region and sampling

region is about 1 x 10~ ¢ mm of Hg.

The photographs in Figures IV-1 and IV-2 show the permeability cell,
designed and constructed for this work by R. F. Muraca; detailed drawings
are given in Figures IV-3, IV-4, IV-5, and IV-6 at the end of this sec-
tion. The cell is so constructed that a thin-film sample of the order
of 1-mil thickness or a film of up to 50-mil thickness can be used; pro-
vision is made for compressing a film in place so that observations can
be made as to whether gas diffusion rates through a polymer under com-
pression differ from those when a polymer is in a relaxed state; with
minor modifications, the cell could be used to carry out determinations
of the diffusion rates of ionized gases. The cell can be isolated from
the analyzer by means of a Hoke high-vacuum valve. The entire assembly
is connected by stainless steel tubing to a separate gas-handling unit;
this unit is used for mixing, purification, and measuring the pressures
of the gases to be used. 1In addition, the inlet line of the assembly
is connected to the spectrometer inlet system; this permits the out-
gassing of a membrane in the cell from both sides before a determination

is made, and the direct analysis of the inlet gases.

Procedure

Once the sample film is in place in the permeability cell, the
entire system is evacuated until the sample is completely outgassed.
Then the gas, at measured pressure, is led into the cell from the gas-
handling unit (see Figure IV-2), and the flow rate, or peak intensity,
is monitored mass spectrometrically as the gas permeates the film. When
a state of equilibrium is reached, i.e., the monitored peak stabilizes
at a maximum level, the peak is recorded on the oscillograph and a rate-
of-leak determination is then carried out in the usual fashion. This
method of operation defines the rate-of-leak for the particular gas when
the pressure in the analyzer is in a state of equili?rium between the

gas flowing from the molecular leak and the buildup of back pressure
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from the ion pump. Then, the pressure of gas at equilibrium is esti-
mated, the 3-liter expansion volume in the spectrometer inlet system is
filled from the gas-handling unit to an equivalent pressure, and a
calibration of peak intensity versus gas pressure is carried out. By
this means, a precise calibration of the gas under duplicate operating

conditions can be made.

Alternatively, if the permeation rate is very slow, the valve
which separates the cell from the 80-cc volume and analyzing region is
closed, and the permeating gas then can be accumulated in a very small
volume (less than 5 cc) and periodically released for measurement. The
peak height, and thus the flow rate, of a single gas can be measured at
a given time in a few seconds; the peak heights from a mixture of gases

can be measured at a given time within a few minutes.

The calculation of the permeability constant, P, is quite straight-
forward, once the rate-of-leak for the system, the steady-state gas
pressure, and the volume of the system in front of the mass spectrometer

leak have been determined:

= L.R. K =c.c. - A P
Pp= LRy x M quil X tnits X C.Cog ¢, p. M/Sec/A 2 Potm
where
PT = Permeability constant at temperature of determination
L.R.7 = Rate-of-leak of dynamic system expressed as % of
? volume per minute

uequil = Steady-state permeating gas pressure in microns

t . = Thickness of film in milli-inches

mils

K = Constant embodying volume, area of sample, gas

pressure, and temperature correction factors.

A single determination of the permeation constant of common gases
through a polymeric film can be carried out in less than two hours by
the mass spectrometric procedure with an estimated accuracy of £2%; it
is estimated that precise determinations (#1%) involving a series of

sample films can be completed during a normal working day.
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The performance of the permeability cell and the entire flow-and-
control system was demonstrated with initial runs made with helium and
polyethylene. Then, as a means of comparing the results obtainable with
this apparatus with published data, the permeability of a 4-mil poly-
ethylene film (unknown definition) to helium, nitrogen, and oxygen was

determined. The results of these trial runs are given in Table IV-1.

Table IV-1

PERMEABILITY OF POLYETHYLENE
TO VARIOUS GASES AT 29°C

Gas P x 107 (a) P_x 107 (b)
Helium 7.8 4.6
Nitrogen 1.3 1.0
Oxygen 3.1 3.7

(a) This work
(b) See tabulated data, "Handbook for the Design of Pressurized

Gas Systems"
In addition, various samples of commercial polymeric films, such as
Mylar, Saran, Teflon, and polyethylenes were picked up at random in the
laboratory for spot-check permeability determinations; these random,
unidentified samples were found to be so full of holes that permeability

rates could not be determined.

Determinations

The particular samples of polymeric films to be examined were
selected because they are representative of gasket materials used in
pressurized gas systems and because the laminated metal-plastic construc-
tion of some of these materials is the forerunner of an analogous con-
struction technique for pressurized-gas, epoxy-glass fiber vessels. The
results of these determinations are given in Table IV-2. The permeability
constants, P, were calculated in accordance with the equation given on

page 4.

The permeability of nitrogen tetroxide through a 10-mil thick sample

of Teflon FEP, Type 506 (provided by JPL) was determined and found
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Table IV-2
PERMEABILITY OF SOME POLYMERIC MATERIALS TO NITROGEN

Polymer and Source t (mils) P x 108
Polyethylene
Marlex, Phillips 6 2.6
Marlex, Phillips No. 6002 6 2.4
Marlex, Phillips No. 6002 6 1.9
Marlex, Phillips No. 6002 10 2.9
Marlex, Phillips No. 6002 2 2.9
Marlex 50 25 6.2
Marlex 50 24 1.4
Mylar
DuPont, Type A 2 0.60
DuPont, Photographic 7 0.59
Teflon
FEP-Al dispersion, JPL 11.5 2,50
FEP-Al dispersion 11.5 2.20
FEP Type 506, JPL 10 18.7
FEP Type 506, JPL 30 15.3
FEB Type 506, with 1-mil
Al Coating, JPL 5 6.11
*P = ccstp—mm/sec—cmz-atm at 30°C
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to be 2.85 x 10-% cc -mm/sec-A 2-P at 30°C. This result is com-
stp cm atm

pared with the results of some other workers, using various Teflons, in
Table IV-3. Following the determination of the permeability of Teflon
FEP (Type 506) to nitrogen tetrozide, the permeability rate of nitrogen
was determined on the same sample. In view of the fact that the value
was the same as previously measured for nitrogen through this Teflon,
it was assumed that the contact of nitrogen tetroxide with the Teflon

sample did not cause deterioration of the polymer structure.

An attempt was made to determine the permeability of hydrazine
through the Teflon FEP which had been used for the nitrogen tetroxide
and subsequent nitrogen determinations (because it was the only sample
available). However, the pressure did not equilibrate, and the mass
spectrum indicated decomposition of the hydrazine (apparently due to
catalytic decomposition), even after several days of conditioning the

entire system (and sample) with hydrazine.

Discussion of Mass Spectrometric Determinations

A plot of characteristic data obtained in the determination of the
permeability of Teflon FEP-aluminum dispersion to nitrogen is given in
Figure IV-3. Figure IV-4 gives the experimental points obtained for
nitrogen (one atmosphere upstream pressure) through 30-mil Teflon FEP.
The smoothed experimental data were plotted according to the "early"

approximation of Rogers, Buritz, and Alport. 1°

The mass spectrometric
method is particularly adapted to this type of analysis since flux,
rather than integral pressure rise in the time-lag or "late' approxima-

tion method, is measured directly,

In analyzing the data of Figure IV-4, the approximately ll-division
reading obtained immediately was taken as a fixed background, whether
from holes or general degassing; a reasonably straight line is obtained,

obeying the relation:
log(t1/2 x div.) = 3.65 - 173/t (1)
The slope of this curve corresponds to a diffusion coefficient of

6.0 x 10 ® cm /sec and a "time lag' of 277 seconds. The above equation
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Table IV-3
PERMEABILITY OF TEFLONS TO NITROGEN TETROXIDE

Teflon t(mils) P x 108 Reference
FEP, type 506 19 285 a
Cast sheet 16 2900 b
FEP 11 37.3 c
TFE-7 10 126 c
30 10 270 c

a. SRI Monthly Status Report No. 6, NAS7-105, October 26, 1962.

vVango, S.P., JPL Tech. Memo. No. 33-55, August 25, 1961.

c. Liberto, R. R., Bell Aerosystems Co. Report No. 8182-933006,
September 1962,

©
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plus the dimension of the sample are sufficient to approximate the course

of the permeation velocity, shown as the full curve in Figure IV-4.

The curve fitting of Figure IV-4 was done only with slide-rule
accuracy, and is considered satisfactory for the present. Although it
should be checked by long-term runs, it appears that the mass spectro-
metric method is well-suited for rapid measurements in the transient
state to obtain the course of permeation with time. This type of analy-
sis is also somewhat helpful in pointing out the parameters and their
role in short term permeation. Denoting the flux at "short" times
(t =2.7d®/6D*; d = thickness, D = diffusion coefficient) by J and at

very long times by J,
J/J, = 2d(DTt) "'/ ?exp(-d®/4Dt). (2)

In the example just given, J/JOo = 0.01 (again ignoring the background)

occurs at about one hour.

According to a Bell Aerosystems report? MON (and hence presumably
N,0,) comes to equilibrium across a 7-mil Teflon sheet in a few days.
For a long mission with a re-start, it might be desirable to know the
permeability with a relatively low pressure differential and near satur-

ation on both sides.

In the mass spectrometric method for measuring permeabilities, the
pressure on one side is set at P0 and on the other at essentially zero.
By definition, the over-all permeability 5, the thickness t, the flux J,

and PO are related by:
J =P
po/t (3)
One can equally well define a differential permeability by (0 < x < t):
J = Pdp/dx (4)

Equating (3) and (4) and integrating from x = 0, p = 0 to x = t,
p = pO gives a relation analogous to a well-known case for integral and

differential diffusion coefficients:

p=-L 7 Pdp (5)



Differentiating (5) with respect to po gives the relation sought:

P =P + dP/dln P, (6)

For most "permanent’ gases through most films, P is independent of
pO and equation (6) is trivial, Where swelling occurs, however, P and
P may differ appreciably. For water through Nylon 6-6 at 25°C,

P(sat.) = 7.5P(sat), calculated from data of Myers et al® and for
methyl bromide through polyethylene at -15°C, P(sat.) = 7.8§(sat.),

calculated from the data of Meyer et all?
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V  EXAMINATION OF PRESSURIZED GAS VESSELS

Introduction

It is to be recalled that all theoretical calculations of perme-
abilities are of little value in calculating the storage life of pressur-
ized gases in space systems if current methods of tank construction
inadvertently provide leakage paths for the gases. It is obvious that
the only way to obtain a practical reliability coefficient for the storage
life of pressurized gases in a given system is by performing measurements
on finished systems. In addition to providing satistical data, the
vacuum apparatus described below was designed to locate sources of leak-
age and thereby indicate where improvements in the technique of

construction must be made.
Apparatus

The vacuum apparatus which was used for localized-leak detection
was constructed at the Institute and is illustrated in Figure V-1. . The
29" x 20" cold-drawn steel chamber is mounted horizontally on a steel
rack which also houses the pumping system and utility lines; the length
of the chamber can be increased to about 4 feet by a simple extension
collar. Flanged openings in the chamber are used for viewports, electri-
cal leadthroughs, etc. The backing plate is fitted with a rotating shaft

which carries a helium pressurizing line.

The pumping system consists of a Welch 1397E mechanical pump and
a Consolidated Vacuum Corporation MCF-500 oil-diffusion pump. The
chamber can be evacuated to a pressure of 2 x 10—5 Torr without a cold
trap; this pressure was considered adequate for testing the pressure
vessels. Pressure is measured by means of a vacuum gauge (Pirani and
ionization gauges) which was designed by R. F. Muraca and constructed

at the Institute.

An ion-pump probe assembly, consisting of a 0.2 liter/second Varian

Vaclon pump encased in a copper container, was fastened to an arm which



FIG. V-1 LARGE VACUUM APPARATUS USED FOR TESTING LEAKAGE
OF PRESSURE VESSELS




was manipulated from outside the chamber by means of a steel ball joint.
However, the ion-pump probe appeared to be too insensitive for this leak

check, and a VG-1lA ionization gauge was substituted for the leak-probe.

Pressure Vessels

The pressure vessels used for these tests are typical of the kind
actually used for space vehicles; Mr. Frank E. Compitello, NASA/Washing-
ton, was instrumental in locating these vessels and arranging for their
loan. Through the courtesy of the Jet Propulsion Laboratory, several
titanium-alloy spheres were made available for these tests. The 8-1/4"-
diameter spheres (Airite) were designed as helium pressurization vessels
for RANGERs 1 and 2, and have passed normal flight acceptance tests; a
5-3/4"-diameter sphere (Menasco) of the kind used for RANGER 3 has also
passed flight acceptance tests. In addition, a 17-1/2''-diameter
titanium=alloy sphere (Airite) was provided; this sphere was made as a

part of a program to evaluate welding techniques.

A 10"-diameter epoxy-glass fiber sphere (Aero Rove) was made
available for testing through the courtesy of the Aerojet-General

Corporation, Azusa.

The spheres were fitted with high-pressure valves and fittings as
specified by JPL and AGC. The table below indicates the operating
pressures of these spheres and therefore the pressures at which they

were tested.

Sphere Operating Pressure
8-1/4" titanium alloy 3000 psi
5-3/4" titanium alloy 4000 psi
17-1/2" titanium alloy 1500 psi
10" epoxy-glass fiber 3000 psi

Before being used for leak tests, the spheres were subjected to hydro-
static pressure tests well in excess of the recommended operation
pressures; subsequently, they were dried at 110°C while a low pressure

of dry nitrogen was circulated through them.



Procedure and Results

By means of high-pressure fittings, a pressurized gas sphere was
attached to the rotating shaft in the backing plate of the vacuum chamber
and the chamber was closed. When the chamber had been evacuated to a
pressure of 1 x 10°% Torr, the sphere was pressurized with helium through
the rotating shaft. Leakage was checked with the probe while the pressure
was being increased and subsequently while the pressure was being
decreased. The probe was held in one position while the sphere was
rotated, and then the test was repeated with the probe in another posi-
tion. In this fashion, the entire outer surface of the sphere was

checked.

The results of these leakage tests are given in the table below.

Sphere Helium Pressure Result
8-1/4" titanium alloy 3000 psi No leakage detected
5-3/4" titanium alloy 4000 psi No leakage detected
17-1/2" titanium alloy 1500 psi No leakage detected
10" epoxy-glass fiber 3000 psi After preliminary out-

gassing, perceptible
leakage was observed at
all positions of the
probe next to the
sphere.



VI EXPANSION OF PRESSURIZING GASES

Introduction

The over-all conclusion that if a permanent gas is used for rapid
expulsion some means for supplying heat should be found is in agreement
with that of Kaplan?!, but the detailed temperature history calculated

below is in violent disagreement with Kaplan's.

It is assumed that the gas is stored in a bottle at pressure Po
and volume VO and, at restart, is rapidly expelled through a pressure

regulator into a propellant tank at P For simplicity, the final

pressure in the bottle will be taken az Pt , although allowing for
system losses is not difficult. Further, the weight of only the bottle
and its contained gas will be considered, and it is assumed that there
is no heat exchange between the gas and the bottle, tank, valves, etc.
The case of a perfect gas will be treated first under the conditions
(a) there is perfect heat exchange between the bottle and the tank
(unlikely) and (b) there is no heat exchange between the bottle and the
tank (equally unlikely, but probably closer to the truth). Some of the

effects of a real gas will then be considered, although in all cases CV

will be taken as a constant.

Perfect Gas

(a) Final temperature in the bottle and tank, Tt , equal.
M ial : = -
aterial balance Pt Vt nRTt 0t VO
Fi : = - i =
irst law: PV =nC (T0 Tt) (Using (aE/BV)t 0)

nC T + P,V
o

hence: T, =

- To[l/v + (1 -1/ P/t Po]' (using Cp - Cv = R)

(1)
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For a reasonable size bottle (over about 1000 ina) the weight is

given by KVo P0 , hence the weight of bottle plus gas is
W=>Mn+ KV_ P (2)
o o

where M is the molecular weight of the gas. A reasonable figure of
merit is the work performed (Pt Vt) per unit weight which, after alge-

braic manipulations, comes out to be
F=(Q-P/P) /VMRT +K (3)

(b) No heat exchange between the bottle and the tank.
The initial conditions are PO V0 = nRTo and the final
conditicns Py Vt = ng RTt s Pt Vo = ng RTo which with
n-mn o+ n, gives

PV, =nRT -P V_ '1‘,5/'1‘0 (4)
First law, P, Vt =n, Cv(To - Tt)(51nce all cooling now
occurs in the tank). Using n = ptvt/RTt and R - Cp - Cv ;
Tt =T /v (3
o

Using (2), (4), and (5), F is found to be identical with
that given by equation (3),

Van der Waals Gas

Complete calculation of the temperature changes attendant on the
expansion of a real gas, with varying Cv s, etc. could be quite tedious.
However, if a van der Waals gas is assumed and with Cv a constant,
estimation of the temperature drop due to no-work, no-heat-absorbed-from-
surroundings expansion is relatively easy and this in turn allows an
estimation of the temperature drop in the bottle and the seriousness of

non-ideality.
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Per mole of gas the following is exact:
dE = C_ dT + T(OP/OT) - P dV

For a van der Waals Gas
= RT/(v - b) - a/v’

hence

If q=0 and w = 0 obviously dE = 0 . Integrating the last equation

from T to T and from v to ev
o f o o

T -7, =2 &1 (6)
C €v
v [e]

Thus (G6) gives the final temperature in the bottle under the (more

or less realistic) conditions IB , above.

Some Numbers

(a) Temperature drop
For He, Lange gives "a" as 0.03412 atmos. liter® mole”
Taking V, as 0.1 liters/mole (about 4500 psia at 298°K),
€ as 10, Cy as 3 cal/mole, and multiplying a/V, by 24.2
to convert to cal/mole, equation (6) gives a temperature
drop of 2.5°C in the bottle, which is entirely negligible
(a crude integration of (OE/JV)dV from the Beattie-Bridgeman
equation of state lead to a rlse of about 1,1°C). From
equation (5) the temperature in the tank (taking T = 298°K,
v = 1.65) is 181° K, a drop of 117°C (211°F).

These figures bear little resemblance to a graph given for He
by Kaplan (no details of calculation except that the bottle

is initially at 4500 psia and 60 or 100°F and the final tank
pressure is 450 psia (temperature initially the same as the
bottle), which shows a drop in the bottle temperature of 270°F
and in the tank temperature of about 140°F,

For H,, Lange gives "a'" as 0.2444. Taking C, as 4.8 cal/mole
and other conditions as above, equation (6) gives a drop of
11°C in the bottle. This is slightly more serious but is
probably an over~estimate, so identifying T, with T in equa-

tion (5) shouldn't give too bad an estimate of the fank temperature,
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Taking & as 1.40 this comes out to be 205°K, a total drop
of 93°C (167°F).

For N, , Lange gives "a" as 1.390. Taking C, as 4.8 cal/
mole, equation (6) gives a drop of 75°C in the bottle. This
temperature change is serious and makes N, a poor candidate
compared to the above two (in addition to the weight penalty).
Further, the large departure from ideality makes application
of (5) or (6) invalid, consequently, no further calculations
are justified.

(b) Storage efficiency

In order to use equation (3), an estimate of K must be
obtained. For glass fiber reinforced epoxy the total impulse-
weight ratio of Fig. 1, p. III—4 Quarterly Progress Report
No. 1, indicates K = 2.7 x 10 g/cal; Wiltshire's curves®
indicate K = 10.4 x 10 ° , and calculations from some of
Wilshire's data gave K = 4.7 x 10 ° g/cal. Taking the last

value,

F for He = 10 cal/g

H, ~ 12 cal/g

N, ~5 cal/g (extremely inaccurate).

The quantity K serves, of course, as a leveler; if K = 0 the
corresponding values are 83, 187, and ~ 10 cal/gm.
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VII ALTERNATIVE METHODS OF GAS STORAGE

Introduction

Pressurized gas storage efficiency has been examined both from the
standpoint of comparison of gases on simple pressurization for isentropic
propellant expulsion and from the standpoint of some selected alternative
methods of storage; the following paragraphs summarize the results of the

examination of some of the alternative methods.

Clathrates - Quinol forms clathrate (caged compounds) with such materials
as methanol, sulfur dioxide, argon, krypton, and xenon. When containing
such materials, the quinol crystallizes in the beta form having a density
of about 1.26 with roughly spherical "holes' about 4.6 Angstroms in
diameter and one cavity to three host molecules, According to the sta-
tistical mechanical treatment of J, H, Van der Waals3 all of these cavi-
ties cannot be filled at a finite pressure; however, with argon, 90 percent
of the cavities could be filled at a pressure of about 45 atmospheres. The
neon clathrate has not yet been experimentally prepared and calculations
indicate that a pressure of 2200 atmospheres would be required for its for-
mation, The helium clathrate is perhaps incapable of preparation presum-
ably because the helium atom is too small to be retained. Experimentally
it has been determined that 406.5 g-moles of quinol are needed to form a
clathrate with 135.5 g-moles or argon; this corresponds to a host-to-guest

molecular ratio of about 4 to 1,36,

The rare gases also form solid cage compounds with water, and experi-
ments have indicated that these compounds have six host molecules per
guest molecule!, Thus, if these compounds were to be used as storage
devices for pressurized gases, the water clathrate compounds appear more
favorable on weight basis than the quinol clathrate compounds., However,
the stability of the water compounds is not favorable for pressurized
storage systems because the ''decomposition temperature' of the argon

hydrate, for example, has been found to be -42,8°C,

VII-1



Helides —-- H, Damianovich has reported the formation of a platinum
"helide” by the sputtering of platinum metal at low pressures.2? His
calculations indicate that 36.4 cc of helium at S.T.P. can be bound by
one gram of metal: however, this figure is never obtained in practice.
The helium gas occluded by the sputtered metal appears to be liberated

in two steps, one at about 100°C and the other at about 300°C, The
specific gravity of the combination is in the vicinity of 16.5, The use
of helides as storage devices for pressurized gases is not advantageous
largely because of the high metal-to-gas weight ratio. Substitution of
other metals is a possibility, but again the compounds will be altogether

too heavy.

Hydrides ~- Lithium borohydride (18,4% hydrogen) appears to be an attrac-
tive compound from the point of view of its hydrogen content. A cursory
survey of the literature reveals that the mode of thermal decomposition
of this compound is little understood and that only about 75 percent of
the hydrogen is readily available. If the compound can be induced to
give up all of ite hydrogen, calculations indicate that the material
appears attractive as a pressurized-gas storage device in comparison with
pressurized nitrogen. However, detailed calculations on the trade-off
for heating equipment as well as better knowledge of the mode of decompo-
sition is required to make a firm comparison. Lithium borohydride will
also react with water to liberate both its own hydrogen and that of the

water, according to the equation

L1BH4 + 2H20 - LiBO + 4H2

The reaction is reported to be catalyzed by Co (II) or Ni (II). No data
are at hand on the smoothness or completeness of the reaction; but no
heating equipment would be required since it is endothermic by 17.7 kecal

per mole of Hz.

Aluminum borohydride, a liquid at room temperature containing
9.6 percent hydrogen, also appears to be attractive and may be better

suited than lithium borohydride. Titanium hydride does not appear to be a
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likely candidate because of the relatively low hydrogen content (4%),
and the difficulty encountered in inducing it to liberate its hydrogen
content at relatively low temperatures. Magnesium hydride, on the other
hand, appears to decompose quite cleanly. The compound contains

7.6 percent hydrogen and has a density of 1.42,

Sumnary

Preliminary estimates have been made of the relative weights of
various systems involving the compounds discussed above. The following

table summarizes the results of these calculations.

Table VII-I
RELATIVE WEIGHTS OF THE VARIOUS SYSTEMS
WHEN USED AS PRESSURIZED-GAS STORAGE DEVICES FOR
ATTITUDE CONTROL

System Relative Weight Remarks

LiBH, 0.40 Neglecting auxiliary heating equip-
ment; conditions for obtaining all
of the H, not known,

LiBH; + H,0 0.55 No heating required but conditions
for obtaining all of the H, not
known,

Pressurized N, 1.0

MgH, 1.0 Neglecting auxiliary heating
equipment.,

Argon-H,0 1.6 Neglecting auxiliary heating
equipment.

Pressurized H, 2.7

Argon-quinol 4.0 Neglecting auxiliary heating
equipment,

He-Pt 19.3 Neglecting auxiliary heating
equipment.
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VIII RELIABILITY

Introduction

Since the early fifties, reliability has become an increasingly
important factor in the design of large weapon and space flight systems.
Reliability engineering is a recognized and distinct discipline and
numerous articles regarding the theory and applications of the math-
ematics of reliability appear regularly in a wide variety of profes-
sional journals. The discussion given in this report is offered as an
introduction to the procedures which can be used in evaluating the
reliability of pressurized gas systems and components. The applications

of reliability theory are outlined in the Handbook.

Reliability may be defined as the probability that a device will
perform a specific function without failure under given environmental
conditions for a given period of time. Probability is a mathematical
term referring to the chance of occurrence. Failure means any variation
in performance beyond allowable limits, not necessarily total failure,
Conditioning environmental factors under which the device must operate
are such factors as temperature, vibration, shock, pressure, moisture,
etc. Time refers to the life span designed for the device under con-
sideration; it might be fifteen years for a household appliance and

thirty minutes for a missile.

Although the causes of unreliability are many, with reference to
space vehicles, the primary cause is due to the complexity of the equip-
ment involved. In general, a space vehicle requires that all of its
subsystems, components, and parts must operate correctly in order for
the flight to be successful. Probability theory determines a vehicle's
reliability. The probability of a successful mission is equal to the
product of the probabilities that each lesser device within the vehicle
will operate successfully. In effect, reliability tends to decrease as

the complexity of a device increases.
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Space vehicles operate in environmental conditions which are
extremely difficult, if not impossible, to simulate in pre-flight
testing. Also, when a failure occurs, the exact cause of the failure
is impossible to determine in the great majority of instances; it has
been reported that the exact cause of missile failures has been identi-

fied in less than one percent of the cases,

The human factor as a cause of unreliability should not be ignored.
Stanford Research Institute analyzed over 4200 malfunction reports in
nine Air Force missile-system test programs and found that some 53 per-
cent of the equipment failures and 23 percent of the unscheduled delays

were due to human errors.

A basic rule for obtaining high reliability is to design systems
as simply as compatible with the performance requirements. Good design

and sub-system engineering work is a prerequisite to high reliability.

In order to build in reliability safety factors, the technique of
redundancy through overdesign and alternative component systems is
commonly employed. Increasing the redundancy of a system, however,
increases the complexity and the weight of the system and therefore

limits the utilization of this technique.

A reliability program to be successful must be based upon a well-
organized and carefully planned system for collecting, analyzing, and
following up reliability data. Lloyd and Lipow® present an example of
an on-line reliability data reporting system which effectively illus-
trates the dependence of the reliability program upon the adequacy of

the reporting system.

This discussion is not a comprehensive survey of statistical
reliability theory. The objective is briefly to mention and illustrate
a few techniques in order to make the reader aware of their existence
and possible usefulness. (See recommended references list.,) Particular
caution should be exercised before using any statistical technique in
making certain that the technique is applicable. For example, one

might make an a priori assumption that an item's time-to-failure
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distribution was exponential and proceed to estimate reliability on
this basis but a careful analysis of the time-to-failure data would

reveal that it is normally distributed.

Reliability Mathematics

The reliability of a device is not an exact physical quantity such
as its length; rather, a device's reliability is indicated by probab-
ilistic statements such as ''the probability of this mission succeeding

is 97 percent.”
A generally accepted definition of probability is:

If an experiment can result in n equally likely, different
outcomes, and if m of these outcomes have a property A,

then the probability of the event A occuring is

P(A) = =

For example, if one is interested in the probability of throwing a
double (two threes, two fives, etc.,) (event A) with a pair of honest
dice, there exists a sample space of 36 equally likely, different out-

comes of which 6 correspond to event A indicating a P(A) of 1/6.
The principal elementary concepts of probability theory are:

(1) If two events A and B are mutually exclusive events in the
sense that they cannot both occur at the same time, then the probability

of obtaining outcome A or B is
P(A or B) = P(A) + P(B)

The probability that the first card dealt from a well-shuffled deck is
either a two (event A) or a three (event B) would be P(A) + P(B) or
2/13.

(2) If two events A and B are independent events in the sense that
the occurrence of A does not affect the occurrence of B, then the

probability of obtaining outcome A and B is

P(A and B) = P(A)-P(B)
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If event A refers to obtaining a spade and event B to a card value of
six, then the probability that the first card dealt is the six of
spades would be P(A)'P(B) or 1/52,

(3) If two events A and B are not mutually exclusive events, that
is, the occurrence of A does not exclude the possible occurrence of

B, then the probability that A or B _or both occur is
P(A or B or both) = P(A) + P(B) - P(A).P(B)

If event A represents obtaining a spade and event B a card value of a
two or a three, then the probability that the first card dealt is a
spade or a two or a three would be P(A) + P(B) - P(A).P(B) or
1/4 + 2/13 - (1/4)(2/13) or 19/52,

(4) It is frequently necessary to compute the probability that an
event A will occur, given that an event B has occurred. This is called

the conditional probability of A given B and is denoted by P(A/B).

Assume one throws two dice, X and Y, and is told that the sum
of the dots on X and Y 1is less than four, What is the probability
that die X has only one dot?

The entire sample space S consists of 36 possible outcomes with

some outcomes producing a sum less than four.

Ignoring those outcomes of four or more, a new sample space S
remains consisting of three sample points (X=1,Y=1), (X=1,Y=2) with an
equal 1/3 probability of occurring. Since two of these points represent
the event that dice X = 1, the probability that X =1 is 2/3 given
that X + Y < 4, This is called the conditional probability that X =1
given that X + Y < 4,

Alternatively, referring to the original sample space S and
letting event A represent the number of outcomes with X = 1, there are
six possible outcomes (1,L), (1,2), (1,3), (1,4), (1,5), (1,6). If
event B represents all outcomes with X + Y < 4, there are three possi-
bilities (1,) (1,2) (2,1). P(A) is therefore 6/36, P(B) is 3/36 and
P(A r\B) is 2/36, when the term Ar\B refers to the number of outcomes
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in A and B that are identical. As stated, the usual notation for

the probability of A given B is P(A]|B) and P(A|B) is defined by the

equation:
N T
_ P(A(B) 36
P(A|B) = Smy. °F "3 °F 2/3
36

As a further example, if event A represents a spade and event B a
card with a value of seven, what is the probability that the first card

dealt is a seven given the information that it is a spade?

P(BNA)

PA) 1/52 + 13/52 = 1/13

P(B]A)

As mentioned A(\B refers to the number of sample outcomes com-
mon to events A and B, and the event Ar\B is called the intersection of
events A and B or the event that both A and B occur, ALJB refers to

the union of events A and B or the event A or B or both occur.

Frequencly, in reliability work, the probability of an event A,
conditioned on the occurrence of several mutually exclusive events, is
known and the problem is to find the unconditional probability of A.
For example, the event A might stand for the success of a space mission
with the events B, B , and B representing a set of mutually exclusive

events comprising a sample space S.

S and
A s

= A() (B,|UB4J B
= @By UaNBYU®GN By

Then B, | B2 B3
A

and since (A N B,)...are all mutually exclusive events

P(A) = ZTP@A(B) = ZLIP@A | BY . P(B)
i i

For example, a space vehicle has as its objective a landing on the moon
(event B,) and if it does affect a lunar landing it may transmit radia-

tion data (event Al). The vehicle may malfunction, however, and go into
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orbit around the earth (Bz) but in so doing could transmit radiation
data regarding the Van Allen belts (A,); it also may never leave the
pad (B;). If the occurrence of A, or A, constitutes a success,

what is the probability for a successful mission?

P(a,U 4y

; P(Ai(\ BJ)
ij
P [a,NBY + a,NBy) + &N By

+ @, MNBY  + ,MNBy + @A,MNB)]

However events (A1 N B,), (A M B,) (AZ(\ B, and (A, (\Ba) are inter-
section F mutually exclusive events and represent impossible outcomes,

i.e., cannot occur. Therefore

P(A \JA,) = P(AIFN B) + P(a, (\Bz)
= pa, ] B) . PB) + P@&,]| B, P(B,
and if P(A, | B) = .8; P(B)) = 0.7; P4, | B)) = .95, and
P(B,) = .25

then P(A, [)A,) (0.8) O.7) + )0.95) (0.25)

0.7975

Tolerance Limits for Finite Numbers of Samples Following the Normal

Distribution

Whenever parameters, such as permeability rates, are experimentally
determined, it is preferable for design and relaibility evaluation to
specify tolerance limits such that a certain percentage of future
measurements may be expected to fall between the limits. Experience
has shown that the majority of experimental data are approximately
normally distributed; moreover, moderate departures from normality do
not seriously affect the tolerance limits computed on the basis of a
normal distribution. Assuming normality, if the true mean and standard
deviation of the population were known, tolerance limits would be
formed by adding to and subtracting from the mean a certain multiple K

of the standard deviation. For example, if the mean i and standard
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deviation of the population O are known, then the limits H $1.6456 O
will include 90 percent of the distribution of the mean. However, the
same assertion cannot be made about the limits K + 1.6456-S where K is
the mean and S is the standard deviation of a sample of N observations.
In fact, if K is fixed, no two samples from a given population will
yield identical tolerance limits as both the sample means and standard
deviations will vary from sample to sample. Therefore, the proportion
of the population that is included between the limits K * K-S is a
random variable and it is impossible to determine K so that the limits
will always contain a specific proportion of the population. It is,
however, possible to determine K so that a certain proportion ? (called
the confidence coefficient) of the tolerance limits X * K-S will contain

a fixed percentage of the population P.

Table VIII-1 presents values of K associated with a specified
confidence coefficient ¥, sample size N, and population proportion P
assuming a normal distribution. As an example of the use of the table
in computing tolerance limits consider the results of five experiments

to determine the nitric acid content of a sample:

Experiment Nitric Acid
1 41.03
2 39.61
3 39.61
4 40.03
5 39.54
SUM 200.14

The mean of these data is 200.14/5 or 40.02 and the standard deviation

is given by _ Y2
(Xi -X)%/(N - 1)

0
Il
oMz

i 1

i

2
E}.01)2 + (0.41)2 + (0.11)2 + (0.48)2/Er/

(0.357)1/2

0.60

i
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It is desired to compute with a confidence coefficient y of 95 percent
tolerance limits within which P = 90 percent of future nitric acid

determinations will lie. Entering Table VIII-1 at a P value of 90 per-
cent anday value of 95, K for a sample size of 5 is equal to 4.275 and

the limits (X * K:S) are
40.02 + 4.275(0.60)

Therefore it can be stated with a confidence of 95 percent that 90 per-
cent of all future observations on 5 samples analyzed concurrently will
lie between 37.46 and 42.58. If one wished to be 99 percent confident

that the limits would contain 90 percent of all future observations,

a K value of 6,612 is obtained from the table and the tolerance limits

are then 36.05 and 43.99. Confidence limits 7 = 0.95 or 0.99 are most

frequently used in practice.

It is occasionally appropriate to specify a single tolerance limit
X - K*S such that a fixed proportion of the population lies above this
limit, or a limit X + K:S such that a fixed proportion lies below the
limit. These single limits are called one-sided tolerance limits.
(See Bowker and Lieberman (Ref. 3, p. 230-1) for a table of K values to

use in computing one-sided tolerance limits).
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Table VIII-1
TOLERANCE FACTORS FOR NORMAL DISTRIBUTION

Factors K such that the probability is 7 that at least the proportion P of the distribution lies between the interval

X Ks, where X and s are the mean and standard deviation computed from a sample of size N.

Y = 0.90 >y =0.95 7 = 0,99
P
M 0.75 0.90 0.95 0.99 0.75 0.90 0.95 0.99 0.75 0.90 0.95 0.99

2 11.407 15.978 18.800 24,167 22,858 32.019 37.674 48,430 114,363 | 160,193 188.191 | 242,300

3 4.132 5.847 6.919 8.971 5.922 8.380 9.916 12,861 13.378 18,930 22,401 29.055

4 2.932 4,166 4.943 6.440 3.779 5.369 6.370 8.299 6.614 9.398 11.150 14,527

5 2.454 3.949 1.152 5.423 3.002 4.275 5.079 6.634 4.643 6.612 7.855 10.260

6 2.196 3.131 3.723 4.870 2.604 3.712 4.414 5,775 3.743 5.337 6.345 8.301

7 2.034 2,902 3.452 4.521 2.361 3.369 4.007 5.248 3.233 4.613 5.488 7.187

8 1.921 2.743 3.264 4.278 2,197 3.136 3.732 4.691 2.905 4,147 4,936 6.468

9 1.839 2.626 3.125 4.098 2.078 2,967 3.532 4.631 2,677 3.822 4.550 5.968
10 1.775 2,535 3.018 3.959 1,987 2,839 3.379 4,433 2,508 3.582 4.265 5,594
11 1.724 2,463 2,933 3.849 1.916 2,737 3.259 3.259 4,277 2.378 4.045 5.308
12 1,683 2,404 2,863 3.758 1.858 2,655 3.162 4.150 2,274 3.250 3.870 5.079
13 1.648 2,355 2.805 3.682 1,810 2,587 3.081 4,044 2,190 3.130 3.727 4.893
14 1.619 2.314 2.756 3.618 1.770 2,629 3.012 3.955 2,120 3.029 3.608 4,737
15 1.594 2,278 2,713 3.562 1.735 2,480 2,954 3.878 2,060 2.945 3.507 4,605
16 1.572 2,246 2,676 3.514 1.705 2,437 2,903 3.812 2,009 2.872 3.421 4,492
17 1.552 2.219 2,643 3.471 1.679 2,400 2,858 3.754 1.965 2.808 3.345 4.393
18 1,535 2,194 2.614 3.433 1.655 2,366 2.819 3.702 1.926 2,753 3.279 4.307
19 1.520 2,172 2.588 3.399 1.635 2,337 2.784 3,656 1.891 2.703 3.221 4,230
20 1.506 2,152 2,564 3.368 1.616 2,310 2,752 3.615 1.860 2.659 3.168 4.161
21 1,493 2,135 2.543 3.340 1.599 2.286 2.723 3.577 1.833 2.620 3.121 4.100
22 1.842 2,118 2.524 3.315 1.584 2.264 2,697 3.543 1.808 2.584 3.078 4.044
23 1.471 2.103 2.506 3.292 1.570 2.244 2.673 3.512 1.785 2.551 3.040 3.983
24 1.462 2,089 2,489 3.270 1,557 2.225 2.651 3.483 1.764 2,522 3.004 3,947
25 1.453 2.077 2,474 3.251 1.545 2,208 2.631 3.457 1.745 2.494 2.972 3.904
28 1,453 2.077 2.474 3.251 1,545 2,208 2.631 3.457 1.745 2,949 2,972 3.904
30 1.417 2,025 2.413 3.170 1.497 2,140 2,549 3.350 1.668 2.385 2.841 3.733
32 1.405 2.009 2.393 3.145 1,481 2,118 2,524 3.315 1.644 2,351 2.801 3.680
34 1.395 1,994 2.376 3.122 1.468 2,099 2,501 3.286 1.623 2,320 2,764 3,632
36 1.386 1,981 2.361 3.102 1,455 2,081 2,479 3.258 1.604 2.293 2,732 3.590
38 1.377 1.969 2,346 3.083 1.446 2.068 2.464 3.237 1,587 2.269 2.703 3.552
40 1.370 1,959 2.334 3,066 1,435 2,052 2.445 3.213 1.571 2,247 2.677 3.518
45 1.354 1.935 2.306 3,030 1.414 2,021 2.408 3.165 1,539 2.200 2,621 3.444
50 1.340 1.916 2.284 3.001 1,396 1.996 2,379 3.126 1.512 2,162 2.576 3.385

* K values taken from Eisenhart, Hastay, and Wallis, "Technigues of Statistical Analysis,"
McGraw-Hill Book Co., Inc. 1947,
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IX ATTITUDE CONTROL

Introduction

This section outlines the applications of attitude control in space
flight. The attitude of a satellite means the instantaneous direction
in inertial space of three mutually orthogonal axes fixed in the body

(usually in the scientific instruments) of the satellite.

The first two parts of this section explain the need for attitude
control, and the next several parts describe (in both concrete and ideal-
ized form) systems designed to accomplish control. The models introduced
involve problems of a mathematical nature. These problems are set out in
considerable detail in the final two parts of this section, which are
designed to lead workers in the field to the analytical techniques they
need. Indeed, the theory of control of nonlinear systems has flowered
only recently; many references are in foreign languages, or in journals

not often read by engineers. A guide to the literature is included.

A control system is one which generates restoring torques (as with
gas jets) to correct deviations from a desired attitude. A stabiliza-
tion system is one which resists change (as with initial spin) but which

is not necessarily active.

The Object of Attitude Control in a Satellite, Probe, or Rocket

A satellite is launched and injected into orbit to carry out a
scientific or military task. It must photograph the earth or its cloud
cover; observe the sun or stars; relay messages; count micrometeoroid
impacts. For most of these applications, the attitude of the satellite's
body must be directed. In certain cases, the satellite may be jointed,

and the attitude of certain parts is critical.

To observe the earth or make photographs of stars, the need for
attitude control is clear. But more than this, the object must be in

the center of the camera's field, and finally the command post must know



that the desired attitude is held at the proper time. Also, booms and

protuberances must not obstruct the camera.

To achieve successful injection into orbit, the thrust axis must be
controlled during launch; to descend from orbit, the retro-rocket thrust
vector must be correctly oriented. Both operations require accurate
attitude control. Incremental thrusts to alter an existing orbit involve

similar requirements.

Some satellites have an articulated boom carrying an antenna which

must be pointed to a ground (in the future, a space) command station to
receive commands and transmit messages. In other active repeating
(relay) satellites, the antenna system is fixed in the satellite, and the

entire body must be oriented.

When power is derived from solar cells, they must receive full sun-
light. This is again a requirement on the attitude of either a working

part, or the entire structure.

The Perturbing Influences

Minute disturbances cancausea satellite to wander from a preset
attitude, or from a predetermined orbit. The difficulty is that such
disturbances may persist for a long time, and the integrated effect can

be substantial.

Apart from this, some missions require a continuous control of
attitude. Unless a satellite is precisely in a circular orbit, the
angular velocity around the orbit is not constant, and without a control
system, the satellite cannot be pointed perpetually at the center of the
earth. In fact, no non-equatorial orbit of an earth satellite can be
precisely circular. The inaccuracy caused by (nearly) elliptic orbits
in this last regard is shown in Table I. In this table it is assumed
that the rate of rotation of a satellite about its axis is uniform, and
this rate is supposed to be so adjusted that the attitude error is zero
at the three anomalies -90, o, 60; E is the eccentricity of the orbit,
The attitude error will have a relative maximum at the value g, the value

of this maximum being shown in the last column of the table. The position
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of the relative maximum varies, but in the cases tabulated occurs at

approximately 6 = 0.6 8g.

When 6, is less than 3.14 radians, Table I shows how accurately a
constant angular rate can point a satellite at the earth for one part of
a single orbit. The entries in the last column corresponding to 90 = 3.14

gives absolute errors, and the tabulated errors are good for several

orbits.
Table IX-1I
ERRORS IN ATTITUDE FOR AN EARTH SURVEILLANCE SATELLITE
ROTATING AT CONSTANT ANGULAR VELOCITY ABOUT ITS AXIS
_22_ E_ 0 max. error
.35 rad . 005 .20 rad .09 minutes of arc

. 010 .18
.020 .37
.050 .20 .89

1.05 .005 .60 2.34
.010 4.67
.020 9.28
.050 .60 22.70

2.09 . 005 1.15 15.0
.010 30.0
. 020 59.9
.050 1.16 148.7

3.14 (full orbit) .005 1.57 34.4
.010 68.8
. 020 137.5
.050 1.61 343.9

The results of Table I hold good independent of the orbit size.
The table shows that if the angular rate of rotation and attitude could
both be precisely adjusted at the moment a satellite is 20° away from

the perigee of its orbit, the satellite would continue to face the
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center of the earth quite accurately on the way to perigee and 20 degrees
beyond. The maximum error in this case would be less than a minute of arc
even for an orbit with perigee and apogee distances as disparate as 200

and 600 miles.

An attitude control system must certainly overcome initial errors
in alignment, and cancel any unwanted angular momentum of the satellite.
Besides this, there are requirements imposed by the changing direction
of the target, sun, or command post in space. Finally there are torques
introduced by the influences listed in Table IX~II. Some of these have

been discussed at length in the indicated references.

Table IX-1II

THE CHIEF PERSISTENT DISTURBANCES

Disturbance References

1. Changing direction of the target in space See page IX-32 on the
theory of control and

references cited there.

2. Nonuniform rate of orbital revolution This part, perturbing
influences
3. Oblateness of the earth (perturbs the (8] , [31] , [51]
orbit)
4. Gravitational torques (induced by the [40] , [47]

gradient in a gravitational field)

5. Lunisolar perturbations on the orbit [54]

6. Magnetic torque induced on a conducting [48] , [49] , [89]
satellite !

7. Torque induced by radiation pressure [10] , [29] , [52] , [53]

effect on the orbit
8. Aerodynamic forces (drag); effect on orbit {15] , [32]
9. Particle impact

10. Change of mass distribution
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Devices for Sensing Attitude

To adjust its attitude, a satellite needs to sense its deviation
from the correct attitude. Horizon scanners and earth and sun finders
are suitable sensing devices. The latter are effective at great dis~-
tances, and depend on infra-red radiation. The former should be sensi-

tive to blue and green light as well.

For short times, gyros have been used. An unusual proposal is a
device built around a cryogenic gyroscope, which is supported by a high
intensity magnetic field. A field of the requisite intensity might be
expensive to produce, especially in a small space. The cooling equip-

ment would use power.

Another proposal involves the use of star finders. Comparators
would identify constellations of stars by correlating the observed pat-
terns with patterns stored in a memory. Accelerometers have been men-

tioned as sensing devices.

General descriptions of these sensing devices are included in [27],

which has pictures of a tracking sextant and a cryogenic gyro.

Table IX-III

ATTITUDE SENSORS

Device Use Remarks
Horizon sensor Reconnaissance Infra-red and Optical Wavelengths
Earth sensor Probes ) Infra-red

1"

Sun sensor
Moon sensor Lunar Probe > Must define center of the disk
being sought

Planet sensor Planet Probe

(chiefly) y
Gyro Short -term memory Drifts

Accelerometer Requires integrator



Table IX-III (continued)

Device Use Remarks
Iron trap o
Cryogenic gyro Proposed Long-lived, but requires cooling

device and high magnetic field.

Required Tolerances in Attitude

The requirements for stability in attitude range from the accuracy

needed in the case of Orbiting Astronomical-Astrophysical Observatory

(0A0) (a fraction of 1 inch, 0.0002 deg) to complete freedom of orien-
tation for the Echo satellites. Tolerances can be stated either as
allowable error in the required orientation, or as allowable angular
error and angular rate error. Table IX-IV gives estimates or guesses of

these tolerances, with reference to pertinent unclassified sources.
Table IX-IV
ALLOWABLE TOLERANCE IN ATTITUDE FOR VARIOUS

SATELLITES, MISSIONS, AND FUNCTIONS

Satellite name, part, Allowable Tolerance

Ref
or function in attitude eterence
Echo-passive reflector infinite
Battery of solar cells With attitude error of

25 degrees, will
receive 90% of maximum
possible irradiance
Tiros wide-angle pictures, assuming

orbital altitude is 400 miles,

and allowable error for center of

picture due to error in attitude

is 120 mi. 19 degrees

Satellite temperature control 10 degrees average [74, p. 26]
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Table IX-IV (continued)

Satellite na@e, part, Alloyable Tolerance Reference
or function in attitude
Tiros telephoto pictures, assuming
orbital altitude is 400 miles, and
allowable error for center of
picture due to error in attitude
is 30 mi. 5 degrees
Telstar communication satellite
(active repeater)
Ranger antenna Average (RMS) error [74, p. 26]
2 degrees
Mercury retrorockets
Ranger midcourse maneuver 0.25 deg [74, p. 26]
Celescope 15" for one min. of {17, p. 47]
time
OAO fraction of 1" proposed

scientific

satellite

Systems and Components in Use for Attitude Control

Sirri [74] separates attitude control techniques into three
classes: mass expulsion, momentum interchange, and solar pressure; he
gives typical torques for several devices. More than one technique can

be used in a single system. The tables below catalog a Iew systems.

Table IX-V

ATTITUDE CONTROL SYSTEMS IN USE

Type of System Application Reference
Compressed air (cold gas) Juno I
Juno II [26]
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Table IX-V (continued)

Type of System Application Reference
Compressed nitrogen Mercury; Discoverer; Tiros [ 26]
Hydrogen peroxide Scout; Roll control of

early Jupiter missiles

Electric current in a

magnetic field Tiros [1]
Gradient of a gravitational

field the Moon Classical
Rockets Spin and Despin
Release of weight through a

spiral trajectory (yo-yo) Despin [15a]

Table IX-VI'

ATTITUDE CONTROL SYSTEMS PROPOSED

System of method Proposed Application Reference
Solid matter expulsion [26]
(Bullets)

Steam (vaporized by solar

(energy) [28]
Chemical Fuel [23]
IRFNA and UDMH [71]

Reaction wheel with momentum

reset device (solid

propellant) for satellite above 5000 1b,[26]
Reaction sphere with momentum

reset device for satellite up to 5000 1b.[25a] , [26]
Dynamic unbalancing of a

system of masses [55]
Tapering thrust jet to provide damping [23]
Solar radiation (pressure

on vanes) [ 23a]
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Table IX-VI(continued)

System or method Proposed Application Reference
Cesium ion jet [10a], [184]
Plasma jet [10a] , [11]
Photon jet [11}

The Components of an Attitude Control System

(1) Logical Structure

The logical components of an attitude control system are
indicated in the subjoined block diagram (Fig. 5). The memory can be
mechanical, or can reside in a human brain. The controller can also be
human; in an automatic system the controller and memory are separate

mechanical components.

CURRENT
ATTITUDE ON
DESIRED ATTITUDE ERROR LEFT OFF
—_—
MEMORY | D'FFERENTIATOR CONTROLLER 3§¢§“°N CURRENT
; ™ aTTIT
INTEGRATOR (SWITCH ; SERVO) URUBDER) ATTITUDE
ON
RIGHT OFF
T CURRENT
CURRENT ATTITUDE RATE OF
CHANGE OF Y
ATTITUDE
ERROR

RO -4000-21

FIG. IX-1 BLOCK DIAGRAM OF AN ATTITUDE CONTROL SYSTEM

This diagram would be even more realistic if a time delay were included
in the operation of the differentiator and of the controller. The mag-
nitude of these delays is approximately constant in each system; see

page IX-11.
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(2)

Hardware Design

Hardware implementation of the block diagram of Figure 5

depends on the gases being used,

tion might be that of Figure 6.

DESIRED

ATTITUDE
CURRENT

MEMORY

DIFFERENTIATOR

SWITCHING | CLOCKWISE

RATE OF
CHANGE

i

FUNCTION |

ON

ATTITUDE

FIG. 1X-2 COLD GAS SYSTEM HARDWARE IMPLEMENTATION

ERROR

SWITCH

OFF
JET OPERATI
ON

|
|
|
[
|
|
l

OFF

COUNTERCLOCK

ON

SOLENOID

L

VALVES

PRESSURE

Fa

For a cold gas system, the implementa-

1

A4
REDUCTION
VALVE

AB-4000-22

For a hot gas system, the components include a bladder to hold the

fuel (usually hydrogen peroxide), an arming system of cold gas (nitrogen),

safety vents, and a catalyst.

See Figure 7, which represents the gas

system used in the second and third stages of the Scout rocket.

The gas system proposed for hydrazine in [81] is shown in Figure 8,

For special applications in which it is allowable to waste a large frac-

tion of the hot gases, i.e., one-shot applications, the system pictured

in Figure 9 is proposed.

propellant.
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FIG. IX-3 ATTITUDE CONTROL SYSTEM SIMILAR TO THAT USED FOR SCOUT

3

Delay Times; Response Times

The time delay in the first
Figure 5 is very small compared to the
open and allow the working fluid (gas)
producing thrust.

zles, Typical times

Table IX-7.

IX-11
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time required for the valves to
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and peak thrusts are given in



PRESSURE ACTUATED FUEL VALVE /TORQUE MOTOR
\ HYDRAZINE METERING VALVE

MODULATION FUEL VALVE ASSEMBLY ~ /
1 1
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/L / N > SQUIB IGNITER
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RA-4000-24

FIG. I1X-4 TYPICAL ATTITUDE CONTROL SYSTEM USING HYDRAZINE
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GAS GENERATOR
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FIG. IX-5 ATTITUDE CONTROL SYSTEM USING SOLID PROPELLANT
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Table IX-7

TIME DELAYS IN GAS ATTITUDE-~CONTROL SYSTEMS

Thrust

System Type per jet Time Delay Source
Cold gas-high thrust jet 20 1b. 5-10 milliseconds [81]
Cold gas-low thrust jet 5 less [81]
Hot gas-Hydrogen peroxide 44 no thrust for 48 msec; [81]
(high thrust) then decreasing sub-

stantially, and returning
to full thrust 108 msec.
after valves were

activated.

(4) Description of Operation

The operation of the idealized control system of Figure 5 is
as follows. There are three sets of controls,one for each axis (pitch,
yaw, roll). In each of the three controls, the desired attitude is
either set in a gyro before flight, acquired by a sensing device, or
telemetered from an outboard master control. This desired attitude may
be constant, or may vary according to a preset program. In the latter
case, the desired attitude may require a combination of a memory device

and a timed cam-operated read-off mechanism.

The current attitude signal is fed back to a synthesizer which
computes attitude error 6, Usually the attitude error is differentiated
to give rate of change of attitude é. Finally, the signal 6 + K é is
relayed to a switch. (K is a positive number, typically 0.1 sec.) If
this signal exceeds a threshold value *+ €, it activates a switch for

right (if positive) or left (if negative) rudder.

In this case a ''rudder” is a pair of reaction jets which produces
a torque. Activation of the right rudder switch automatically inactivates

the left rudder switch, and vice versa., However, complications can occur
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because of delayed response on the one hand, and difference between the
pull-in- and release-voltage (both nominally + € ) on the other hand.

These complications can even cause the switch to chatter.

The general nature of the hydrogen peroxide and hydrazine fuel

systems is explained in the diagrams themselves (Figs. 7, 8).

The number of on-off cycles contemplated has some influence on the
choice of the fuel. Because of its high reliability, a cold gas system
has been preferred when the expected number of on-off cycles is large
(> 1000). A hydrogen peroxide has operated successfully, and the
catalytic restart is reliable. Hydrazine is said to be limited by

poisoning of the catalyst.

Motion of a Rigid Body in Space

(1) Generalities

A rigid body is defined as a collection of masses which have
fixed relative distances for the period during which the collection is
studied. Most small forces in the space environment do not bend or
twist a rocket case or satellite, which therefore remains rigid under
their influence. The control and propulsion devices themselves exert
comparatively large forces however, and the assumption that these forces
are acting on a rigid body is not necessarily justified, especially when

very close tolerances in attitude are involved,

Ruatherford {70] contains a succinct outline of this classical field.
There is a full account in Whittaker's book [87]. Chapters 4 and 5 of
Goldstine ‘s book [25| are readable expositions written with the notation

and point of view of a physicist.

A rigid body has 6 degrees of freedom, and thus six equations are
needed to describe its motion., Suppose the magnitudes of the individual
masses which make up the rigid body are m,, mg,.-., and that the i-th
mass has coordinates (iu The equations of motion are

. d
F=p, 6,7 4 (EO), (1)
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where F is the vector sum of the external forces,

R = Zml T
G =Xr, K XF,, F. being the external force on the i-th mass,
> -] -1
h =2Zm r Xr
- i =i -

From equations (1) the more usual equations involving moments and

products of inertia follow (see page IX-21 of this section).

In the above relations, the numbers m, are inertial masses. They

can be used to define a center of (inertial) mass. If a rigid body is

spherically symmetric and moves in a gravitational field, the net force
on the body is the same as it would be if all the body's mass were con-
centrated at its center. For bodies which are not perfectly symmetric,

there may be a center of gravity, that is a point at which the total con-

centrated mass would produce the correct net force. A center of gravity
need not exist in all cases, and when it does exist, it need not coincide

with the center of mass,

If a rigid body has a unique axis of symmetry--if it is a solid of
revolution but is not spherically symmetric--the center of mass lies on
this axis. Moreover, the axis is one of the principal axes of inertia,
and the body's moment of inertia about this axis is either greater than,
or less than, the moment of inertia about any other axis through the

center of mass.

Since equations (1) separate into two sets of three each, there
are two problems: the motion of the center of mass, and the motion of
the body relative to its center of mass (but see [50]). The former is

discussed in (2), the latter in subsequent parts of this section.

(2) Equations of Motion of a Point Mass in the Gravitational

Field of the Earth. The earth is an oblate body, and the potential V

of the earth's gravitational field is neither central nor inverse
square., The differential equations governing the motion of a point mass

(satellite in orbit) in this gravitational field are
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¥ -r 6% - rsin? 8 éz = 35

d 2., - 2.2 '2 - _é! 2
5T (r20) r2sin 6 cos 6 ¢ 3o (2)
d 2cin 20 0 - _-QM

it (r2sin26 ¢) = 3¢

In these equations, r, 6, J are spherical coordinates referred to
the center and polar axis of the earth, If the earth's mass has an axis
of symmetry (on this point, see [54al), the gravitational potential V in

the equations has the form

V=- Eﬁﬂi 1+ J, %; (% - g cos?0) - J, %; (gcosse - g cos 6) (3)
-J, %; (§% cos %6 - 1-2—-cos29 + E?
- Jg %; (E% cos®9 - Eg cos3p + —% cos Q)
- Je %; (E%% cos®g - E%% cosio + l%% cos?g - %k? oo

The numerical coefficients have the following approximate values

R = 6378.1 km¥

g, = 979.82 cm.sec—z**
J, = 1082.8-10°° [33]
Jz = =2.4-1076 [12], [58]
4 = -1.4.10"°6 [33]
s = =0.1.107¢ [58]
- 0.9:10°% [33]

A near-earth satellite moves in an orbit which is approximately
elliptical, with the center of the earth at one focus. The plane of the
ellipse turns (regresses), though not at a uniform rate; the position

of perigee in the orbit moves so that even in the regressing plane, the

* Equatorial radius of the earth
** Acceleration of gravity at the equator, corrected for centrifugal
force, is 3 15
gl[1+—2—J2-—§ J4
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orbit is a rosette. No non-equatorial orbit is a perfect circle. There
is a polar orbit that is nearly circular, but slightly flattened at both

poles.

An actual satellite is not a point mass moving in the gravitational
field of the earth, but an extended body. The behavior of the body can
be approximated by replacing it by a pair of point masses (a dumbbell).
The gravitational field induces oscillation or rotation of the dumbbell.
For some dumbbell shapes, the oscillation can resonate with the orbital

motion. See[50, 78] .

Influence of the gravitational fields of the sun and moon have
been studied|[35] ; resonance can occur there too. The magnetic field of
the earth influences the oscillations of a conducting satellite; see

[80], [83] ,[84].

(3) Equations of Response

The attitude angle 6 is determined (as a function of the time
t) from a physical relation which includes forces and effects typified

as follows.
Let 6 be the pitch angle, Then
16 + £(8(t-h), 6 (t-h), t) = e(t) (4)

inertial |restoring torque, with | disturbance
term, delay h

In this simplified relation, a single torque is assumed to produce
rotation about the torque axis. Thus cross-coupling of yaw and roll are
neglected; this is strictly valid only if the yaw and roll motions are
extremely leisurely. (The general equations of motion are given on page
IX-21 (5).) The inertial term is the product of I, the moment of iner-
tia (see page IX-24) about the torque axis, by d2?6/dt?, the second

derivative of O with respect to the time,

The disturbance e(t) is the algebraic sum of all disturbing
torques acting on the pitch axis of the vehicle. A persistent disturb-

ance is simply a torque, constant or varying continuously with the time,
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Impact by a meteorite is a discontinuous disturbance. When such an
impulsive effect is involved at time T, the differential equation (4) is
used as follows. The change in & produced by the impulsive disturbance
is first calculated, and the trajectory (solution) of (4) is terminated
at time T - 0, and recommenced at time T + O with new initial conditions.
This usually requires that the solution curve have a discontinuity at

time T.

The restoring torque f(6(t-h), 6 (t-h), t) is the reaction torque
of the control system. This is a function f(x,y,t), where x is the value
0(t-h) of & computed at time t-h, and y is the value 6(t-h) of 6 at the
same time. Some systems involve several delays, and the restoring torque
can be a functional rather than a function, so this term might have the

form
¥ (G(t), o(t), 6(t-h,), 6(t-hy), -, G(t—hn)’ e(t_hn),t,t_h1,..J
in actual practice,

A long delay time can be compensated for by making mathematical
changes in the control system [5]. The desired result is to obtain set-
tling with a minimum expenditure of fuel, or in a minimum time. When
the nature of the disturbance which will require control compensation is
known beforehand, delayed response of parts of the control system can be
absorbed by adjusting the parameters in another part of the system. For

the general theory of controls, see chapter IX.

(4) The Stability Problem

If h=0, the solution curve of equation (4) is determined from
the equation only when the initial conditions Q), Q) are known. (If h
is not 0, the initial values of 6 and 6% must be known for an interval

[to-h,t] of values of t.)

Such a solution curve may have the form of Figure IX-6,
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FIG. IX-6 PROGRAMMED BAND OF TOLERABLE VALUES OF
PLOTTED ARCUND A SOLUTION CURVE OF EQ. (4)

The system designer is faced with a problem often referred to in
the literature as the ''stability problem;" he must design a control
system which will ensure that the vehicle will serve its purpose (see
page IX-6). From the mathematical point of view, there is no one
stability problem, for the mathematician recognizes the diversity of the
goals of various missions. Some possible stability problem (or goals)

are the following [36], [43], [e8].

(1) To guarantee that if the initial values of 8, 6 are in
certain tolerance bands a < 6 < b, ¢ < 6 <d, the values will remain
in these bands. Here a, b, ¢, d can all be functions of t, as in

Figure IX-6.

(ii) To guarantee that if 9, & are arbitrary initial values,
o(t), 6(t) will eventually come to and remain within preassigned tolerance

bands, (The time S required for 8, & to reach and remain within the
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tolerance bands is called the settling time. The settling time S can

clearly be indefinitely long if 6 is indefinitely great.)

(iii) The same as (ii) with a further specific requirement on the
size of S when the initial values of 8 and é lie within limits speci-

fied by the designer.

(iv) To guarantee that the solution curve will approach a preas-

signed curve 8 = 68(t),

Even though a control system fulfills the design requirements, it
may be possible to improve it. The problem of optimizing controls is

considered on page IX-32 .

(5) The General Equations of Motion

If rotation about two of three mutually purpendicular axes is
slow, equation (4) properly describes the rotation about the third axis.
In the contrary case cross-coupling terms must be included. Even the
motion of a rigid body in the absence of disturbing torques is compli-
cated enough to require elliptic functions for its description; see [ 87,
pp. 144-155]; [70, p. 155]; and the figure in [25, p. 160]. [The fig-
ures in [ 25], p. 168 and [ 70], p. 155, while correct may be somewhat
misleading: there is a limiting case in which a heavy top will rise
asymptotically to a sleeping position, if the initial conditions are
delicately chosen ([87], p. 158, example 1). Other integrable cases of
motion of a rigid body under gravitational torques are described on

p. 167 of [87].]

When a satellite is controlled by the application of a torque,
there are three coordinate systems, all of which have a natural connec-
tion with the problem: the coordinate system connected with the torque
axis, the coordinate system in inertial space, and the directions of the
principal axes of inertia of the body. If the component parts of the
body are articulated, or can undergo relative motion, the directions of
these axes in the body can change, and a fourth set of axes--the body

axes=--must be introduced as well.
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If no torques act on a body, its angular momentum is a constant W.
If this constant is not zero (in which case the body would be fixed in
inertial space), let its direction be the Z-axis in inertial space. Let
X,¥,Z be body coordinates, coincident with the principal axes of inertia.

The motion is then described by the equations [ 87; P. 145] ; [14, p. 14]

(I - 1)W
6 = __ET_—TX_— sin 8 cos 6 sin 6,
X Yy
w:‘:—cos2 Ql-ir‘;’—sin2 Jof
X Y
aﬁ:(%’—-‘:—-cosz Q—¥—51n2 7 cos 6 .
z X Yy

If Ix = Iy , the motion is like that of a pencil spinning on its axis,

the axis of spin precessing the while about the Z-axis.

Next, suppose torques do act on a rigid body. The word ''rigid"

implies no bending or twisting; let the net torque have components

X 2
cident with the principal axes of inertia.

L Ly , Lz in body coordinates, where the x, y, z axes are again coin-

The equations of motion are

d
= - — w
Lx (Iz Iy) wy wz + 3T (Ix x) s (5)

etc, for Ly 5 Lz ; after wx , W, wz are found from these equations,

y
the Euler angles may be determined from the set

6

W  sin + W cos
L Sin Z+w cos g,

¥

W w i
 €OS g+ y51n g, %
F=w -
z ¥ cos ©

The solution of (6) discloses the effect of an applied torque. By
writing (6) in the form

® sin @ - ¥ sin 6 cos {,

w =4

X
wy = B cos g+ ¥ sin 6 sin ¢, N
wz = J+ V¥ cos 6,
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and substituting (7) into (5), one obtains a set of nonlinear equations
of control, the control parameters being Lx’ Ly, Lz. The control prob-
lem is discussed on page IX-32 . Note that in (5), the numbers Ix, Iy’
I need not be constant, but may well be functions of Lx’ Ly’ Lz
Indeed when the control system spends fuel outboard, the moments of iner-
tia of a satellite are changed. |[This is not of practical importance in

current operational satellites. It is important for satellites that

must be operational for a long time. ]

For a satellite traversing a curvilinear orbit, the normal, tangent,
and binormal directions are named pitch, roll, and yaw axes. If the
principal axes of inertia are aligned with these axes initially, and if
the angular deviation is nearly a linear function W t of the time, the
equations for computing the three small deviations €,, €,, 6, of these

angles from linearity are approximately [22, p. 928|; [63, p. 344]|

1

. )
I 6, + 4 W (Iy—Iz)Q1 + wo(Ix+Iz~Iy) 64

] L +P (6,0,1), (8)

1l

- . .
Iy 0, + 3 W) (Ix-Iz) 6, Ly+Py(9, 8,t),

il

6 w2 - 0. - w ~1)6 0.6
16+ (1,-1) €, oLt T, =1 )6y = L +P (6,6,8),

z o

Here ]pxl y IPy |, IPz[ are bounded by small numbers,

(6) Reaction Wheels

The principles involved in the use of reaction wheels for
attitude control are deceptively simple: angular momentum is transfer-
red from the vehicle to a flywheel. The angular rates of spin are likely
to be significant, and not only the cross-coupling, but also the non-

linearities are an essential feature of the problem.

The Attitude of a Rigid Body in Inertial Space

This discussion outlines in some detail the mathematical basis for

describing the attitude of a rigid body in inertial space. Some of the
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the formulas are either new or not found in accessible sources. The
material which is abstracted from standard works has been stripped of
unnecessarily complicated formulas in some cases, or rewritten in coher-

ent form in other cases.

The problem of describing the orientation of a body in space may

be separated into two aspects: geometric, and analytical,.

(1) Geometric Aspect.

The geometric aspect involves choosing three axes in inertial
space, three axes in the body, and locating one set with respect to the
other., It is clear that this can be done by specifying a translation
followed by a rotation, or vice versa., Complications in this aspect of
the problem can only be introduced when two treatments use different sets
of axes, for example a right-handed vs., a left-handed system in inertial

space.

(2) Analytic Aspect.

The analytic aspect is the essentially formal (and hence
algebraic) step of describing the rotation by means of convenient para-
meters, No two sets of formulas in the literature seem to be identical,

and the formal relations among them are often clouded,

The only formulas in common use which exhibit a high degree of
symmetry are those involving direction cosines [25, p. 97], [87, p. 8],

‘1 .2 03 . » . 3
[14, p. 8]. 1If it, if, i [called j; 23 E; in the literature] are the

reference axes in space, and

1 Lc2 -3 e
it, i %, 4 ori, j, k|
" - Y 57 57 5

are the body axes, the matrix A = (OLV) with

Ho LoV K LoV
auV =i+ i =cos (i", i ")

of the nine direction cosines describes the rotation uniquely. It is a
matter of agreement whether A or its transpose A* is written to describe
the rotation. The relations AA* = A*A=I, A~! = A* hold (I is the iden-

tity matrix). A matrix A such that AA* =1 necessarily satisfies AA* = I,
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and is called orthogonal since it is true that two sets {i} , {i'} of
unit vectors can be found such that the ,v element of A is the cosine
of the angle between the u-th vector of the first set and the v-th
vector of the second set. Thus every rotation possesses a unique
orthogonal matrix, and every orthogonal matrix describes a unique

rotation.

(3) Cayley's Parametrization of the 3-Dimensional Rotation Group.

The orthogonal matrices form a group: the product (i.e.
result) of two rotations is again a rotation, as is physically obvious.
This group has a parametrization due to Cayley. let A Dbe orthogonal
(AA* = 1), and suppose that B = I+A has an inverse (1+4)™'.  Then

S = (1+4)~ ! (I-A) is skew-symmetric, i.e. S has the form

o, Sy2 Si3
~Si2, o , Sa3
~Sy39 ~S539 Y
I u—
and furthermore A = (I+S)-1(I—S) . The nine elements of A are thus

expressed in terms of the three parameters s S Spq- If B = I+A

122 13

does not have an inverse, B is the limit of matrices that do have
inverses, and the parametrization of the 3x3 orthogonal group includes
these exceptional matrices as limiting cases:

lim

A=Sl‘_> S {(I'Jrsl)

1

(1-s)} .
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The formula A = (I+S)m1 (I-8) reads in extenso

2 2 2 -
l+sy,3 =Sy =Sg3 sy <=2S4p -2S43 Sz3 , -2Sy3 +2S512 S,,
A A A
2 2 1+s> 2 2 2 2
A Si2 74513 Sa3 sy A¥Sy 3 =Sy =Sp3 , T4S,3 —4Sy, Sy3
- A A A
2 2 2 2 2 e2 g2
Sia t4S 15 Sy; s 28,3 =25, S5 5, 148, -S,;53 =S,
B A A A _
2 s : :
where A = 1+siz+s";3+sz3 . The limiting cases are those in which some

or all of s,,, Sy3, S53 become infinite, maintaining fixed ratios
while they do so. The limiting cases therefore form a two-parameter
subset of orthogonal matrices. It is remarkable that the nine elements

above are rational functions of the three parameters.

4, Euler Angles.

The Euler Angles are obtained from a different analysis of A,

It can be shown that the matrix A is expressible as a product:

A = %ZCGDW or as %Z+F Con_g D¢+ﬂ_yhere %@ » Cg DW are given by

— - — - - -

cos @, sin @, 0O 1 0 0 cos ¥, sin V¥, 0O

By = [-sin g, cos ¥, 0], Co =| 0 cos6, sinb], D = [-sin ¥, cos ¥, 0

0, 0, 1 0 -sin 9, cos 0O 0, 0, 1

[ - - - L .
0sdg<z2r, 00 =sT, o< V<or

Thus the decomposition as given in some textbooks is not unique (a fact
which is worth mentioning). Moreover the places in which the factors
Bﬁ’ CB’ DW contain zeros is a matter of agreement. (The above
formulas are the customary ones, but there are five other possible con-

ventions.) The product BﬁceDW is, in extenso, [25 , p. 109]
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cosVcos? - cosf sin@sinVy, cos ysin ¢ + cosBcos@siny, sinysinb
-sinVcos®@ - cosf sinZcosV, ~siny sin @+ cosOcos@cosy, cos ysind

sin 9 sin{ , ~sin @ cos ¢ , cos 6

All nine entries in this matrix are unaltered under the substitution
F->@+m, 8 52T -0, > V¥4 T, as claimed above. Thus even when
one of the six possible conventions is used to define the Euler angles,
there are always two sets, in exactly one of which the relation

0 < 6 <7 holds. In the special cases © =0, T, however, there

are infinitely many sets, given by Z + ¥ = constant.

(5) Cayley-Klein Parameters.

F. Klein found a two-dimensional unimodular (complex) repre-
sentation of the three-dimensional orthorgonal group, given by the

formula

where @ B are defined as follows:

Ay +9) 0 iy - %) 6
a = e — = 1 — 1 —
exp 5 cos 3 s B=1i exp 5 sin 5
The substitution V-2V +7m, @ —>%+m7, 6 >27r -0 changes &, P
to -, -PB respectively; every rotation is represented by exactly two
matrices. This representation was the starting point of copious
researches of I. Schur; applications to quantum theory are reported in

E. Wigner's books [88] . These applications are now classical.

See [67, ch. I, II] .
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Formulas for g, 6, ¥ in terms of O, B are

cos % = |a] , sin % = |B| , 09 =7,
Q’:-g+arca-arcs
Vo= -E+arca+ach.

2

(6) Hamilton's Quaternions.

Formulas for the nine direction cosines in terms of <& , B

are as follows. As is customary the notations 7 = - 5, 5 = are
used here.
.. i
@ -y 82-8 , 2 0%-0%+8%-8Y , 95 -
1
A= 2@ 472 -7 8", @ +97+82+8), - il + 70

Bd - ay s i(ay + B®) s ad + By

—

a, B
7y .+ B8
% By

orthogonal group means that if A, —>[a S
T 1

The statement that A —)[ ] is a representation of the

] 5 then the product

AA1 has the representation

oy 4+ By, , OB, + sm]
M 2 w8y, , 78, 85 ] 7

where this last matrix is the usual product of the 2x2 matrices dis-
‘played above, From this there follows a formula for multiplying

two 3x3 matrices of the type displayed last above which is identical
with the formula for multiplication of quaternions. [87 , p. 9 .]
This fact was exploited by Hamilton.
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(7) Three Unusual Parameters.

Another description of the attitude of a rigid body can be
given by noting that one set of axes (unprimed) can be transformed to
any second set (primed) by a single rotation. (This theorem of Euler
is really a special case of a more general theorem which asserts that
every continuous transformation of the surface of a sphere into itself
has at least one fixed point.) Thus, the orthogonal matrix which cor-
responds to this transformation can be described in terms of three param-
eters, two of which give the direction of the axis of rotation, the third

giving the amount of the rotation.

In terms of the Euler angles, these quantities are given by

the following formulas

o)
o
0n

e

i
I+
I}
0
wn

where ¢ is the angle of rotation, and the ambiguous sign can always be
taken to be + if the direction of the axis of rotation is properly
chosen. Direction numbers for the latter axis are
e - fal - 6 ‘
y4 g—§~y : sin 5 sin Q—E—i : g+ ¥

tm:n = sin 7 cos cos = sin
2 2 2

(8) Euler Angles in Terms of the Elements of A

The Euler angles are determined in terms of the elements of

the matrix A as follows

i 2 B a32 axa
sinf = J1 -Q,, , cos{ = , sinV = ——0 —— |
1 =