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ABSTRACT 
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The purpose of this report  is to present  a procedure by which 
t r a j ec to ry  pa rame te r s  can be determined f o r  escaping f rom,  and 
braking into, an orb i t  about the ea r th  utilizing a single vehicle stage 
in  the low specific impulse range. 

The data a r e  presented in two sections:  Section A i s  for  escape 
f r o m  a n ' o r b i t  about the ea r th  and Section B is f o r  braking into an  orbi t  
about the ear th .  

The effect of thrust-to-weight ra t ios  and specific impulses  on 
t r a j e c t o r y  pa rame te r s  was investigated f o r  hyperbolic velocit ies.  F o r  
the escape  t r a j ec to r i e s ,  the thrust  vector  was applied tangential to the 
flight path and in  the direction of the velocity vec tor .  F o r  the braking 
t r a j e c t o r i e s ,  the th rus t  vector was directed against  the velocity vector .  
Specific impulses  of 300 to 400 seconds and ea r th  thrust-to-weight 
ra t ios  of 0 .2  to 1.0 were  used. 

The approach used for the escape t r a j ec to r i e s  was to determine 
the t r a j ec to ry  pa rame te r s  a t  burnout, convert  the cha rac t e r i s t i c  velocity 
t o  a hyperbolic excess  velocity and then present  the data graphically.  
The approach used for  the braking t r a j ec to r i e s  was to determine the 
a r r i v a l  velocity f o r  a given t ransfer  t r a j ec to ry  and initiate burning 
such that c i r cu la r  orbi t  conditions a r e  attained a t  burnout. 
t e r i s t ic  velocity i s  converted to a hyperbolic excess  velocity and presented 

The cha rac -  

graphically.  7 
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The effect of thrust-to-weight ra t ios  and specific impulses  on 
t r a j ec to ry  p a r a m e t e r s  has  been investigated f o r  hyperbolic escape 
f r o m ,  and braking into, an  orbi t  about ear th .  F o r  the escape t r a j ec to r i e s ,  
the th rus t  vector  was applied tangential to the flight path and in  the 
direct ion of the velocity vector.  F o r  the braking-in t r a j ec to r i e s ,  the 
t h r u s t  vector  was directed against  the velocity vec tor .  Thrus t - to-  
weight ra t ios  of 0 . 2  to 1. 0 and specific impulses  of 300 to 400 seconds 
w e r e  used. 

The resu l t s  of the study a r e  presented graphically.  

SECTION I. INTRODUCTION 

A study of the t ra jec tory  requirements  is  of fundamental 
impor tance  in planning interplanetary round-tr ip  miss ions .  
ana lys i s  of the miss ion  requi res  a rapid method of sufficient accu racy  
f o r  determining the t ra jec tory  pa rame te r s .  
is  dependent, to a la rge  extent, on the velocity requi rements  of the 
pa r  tic u l a r  t ra jec  to r y  c ho sen.  

P re l imina ry  

The sizing of boost vehicles 

The purpose of this study is to present  a method fo r  determining 
the t r a j ec to ry  p a r a m e t e r s  and vehicle m a s s  cha rac t e r i s t i c s  fo r  a 
specif ic  miss ion ,  when the hyperbolic excess  velocity is known. 
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The approach used for  escape f r o m  orb i t  was to determine the 
t r a j ec to ry  pa rame te r s  at burnout, convert  the cha rac t e r i s t i c  velocity 
to a hyperbolic excess  velocity, and then present  the data graphically.  
The approach used f o r  braking into orb i t  was to de te rmine  the a r r i v a l  
velocity for a given t r ans fe r  t r a j ec to ry  and init iate burning such that 
c i r c u l a r  orbit  conditions a r e  attained a t  burnout. The equations of 
motion were integrated on a digital computer ,  using a Runge-Kutta 
numer ica l  integration procedure.  

SECTION 11. ASSUMPTIONS 

The following is a summary  of the basic  assumptions used in 
th i s  study: 

1 .  F o r  escape - -  Accelerat ion of a single stage f rom a 
re ference  orbi t  about ea r th ,  using a constant th rus t  directed along the 
velocity vector.  

2 .  F o r  braking - -  Deceleration of a single stage f r o m  an in t e r -  
planetary t r ans fe r  t ra jec tory  to a re ference  orbi t  about ea r th ,  using a 
constant thrust  directed against  the velocity vector .  

3 .  Reference orb i t  about the ea r th  was c i r cu la r  with a radius  
of 6556 km and a velocity of 7798 m f s e c .  

4. Constant specific impulse values f rom 300 to 400 seconds.  

5 .  
f r o m  0 .2  to 1 .0 .  

The thrust-to-weight ra t ios  used were  var ied  paramet r ica l ly  

6 .  Mean spher ica l  earth:  

p = 398606.6 km3/ sec' 

R = 6371.27 km 

SECTION 111. ANALYSIS 

F o r  interplanetary flight, the ideal") total  energy that mus t  be 
impar ted  to the spacecraf t  is the ideal energy required to escape the 

~~ ~~ - 

(1)The te rm "ideal" r e f e r s  to an  instantaneous change of energy. 
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gravitational field of the planet, plus the energy required to change i t s  
path about the Sun. 
a t t rac t ion  of a planet can be determined f rom two-body mechanics to  
be He,, = p / r  and the energy needed to a l t e r  the flight path about the 
Sun, H,, is determined by the charac te r i s t ics  of the interplanetary 
t r a j ec to ry .  

The ideal  energy requi red  to escape  the gravitational 

F o r  determining the vehicle s i ze  necessa ry  to inject the space-  
c r a f t  into the interplanetary t ra jec tory ,  it is convenient to expres s  the 
idea l  total  energy,  H = He,, + H,, in  t e r m s  of a burnout velocity. 
produces equations of the following forms:  

This 

or 

When considering finite vehicle sys t ems  there  is a n  additional 
ene rgy  requi rement ,  Hloss, which resu l t s  f r o m  expending the propellants 
at different energy-levels .  Therefore ,  the total  velocity increment  for  
the injecting stage is now 

where Vo is the init ial  velocity. 
be determined f rom the equation 

The vehicle m a s s  cha rac t e r i s t i c s  can  

- 
ex V 

= e  
wo 

wc 
- (4) 

. 
To accomplish this study, the two-degree -of - f reedom equations 

of motion were  numerical ly  integrated.  
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Referring to the sketches,  l'a'' f o r  escaping f r o m  and "b" fo r  
braking into, computations were  made f o r  a point m a s s  moving in a 
plane using the following equations of motion: 

* F cos  CY v =  - JL cos  9, 
2 r m (5) 

1: = V c o s &  (7) 

where 

m = m  t J m d t  0 

and 

F m = - -  
Vex 

(9)  

The velocity and flight path angle may  be obtained by integrating 
the equations of motion 

n .  

V = V o  t J V d t  

The range and per icenter  altitude can  then be calculated by the 
r e  la tions 

t 13) 
R 

X = Xo t J - V sin d d t  
r 

h = h o t J k d t  t 14) 

The cent ra l  angle i s  

(15) 
t / ~ = $ ~ t J - d d t  X 

R 
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The initial weight of the stage i s  

The velocity expended by the stage is the cha rac t e r i s t i c  
velocity,  o r  

Then the velocity lo s ses  a r e  the difference between the cha rac -  
t e r i s t i c  velocity and the change in  comparat ive velocity, o r  

where the comparative velocity i s  

F o r  ascent  f rom r = ro to r = r f ,  the change in  comparat ive 
velocity i s  

and the velocity loss  due to gravi ty  i s  

vloss  = vexl"(+c) - [  4-1 -vo] (21)  

F o r  descent f rom r = ro to r = rf, the change in comparat ive 
velocity i s  

t 

and the velocity loss due to gravity i s  

= V  1n(rG)- 1 
vloss ex  
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SECTION IV. DISCUSSION O F  RESULTS 

The r e su l t s  of this investigation a r e  presented grahical ly  i n  
The F igu res  1 through 11 f o r  each of the two a r e a s  considered. (2) 

s tage  charac te r i s t ic  velocity, V,, is plotted v e r s u s  hyperbolic excess  
velocity,  with thrust-to-weight ratios as a pa rame te r ,  i n  F igu res  1 
through 5. 

F i g u r e s  6 and 7 show the velocity lo s ses ,  Vloss, due to gravi ty  
f o r  specific impulse values of 300 seconds and 400 seconds,  respect ively.  
The flight path angle at burnout for depar ture  t r a j ec to r i e s  and at initiation 
of burning f o r  braking t ra jec tor ies ,  is shown v e r s u s  hyperbolic excess  
velocity in  F igu re  8. 

F igu re  9 gives the change in altitude. This  change is the 
difference h c t w e e ~  the altitude zf the refe+eiice orbi t  about the pianet 
and the alt i tude at burnout f o r  the depar ture  t r a j ec to r i e s ,  and the 
difference between the altitude of the re ference  orb i t  and the altitude at 
initiation of burning f o r  braking t ra jec tor ies .  
t r a j ec to ry  p a r a m e t e r s  is shown in  F igu res  10 and 11. 

The change in  o ther  

The vehicle mass charac te r i s t ics  can  be determined from 
F i g u r e s  12 and 13 in the Section entitled "Brake to E a r t h  Orbit .  

SECTION V. CONCLUSIONS 

F r o m  these paramet r ic  analyses]  sufficient data a r e  provided 
to enable the designer  to  make a prel iminary design of a stage tha t  will 
accompl ish  any one of the mission a r e a s  studied when that par t icu lar  
miss ion '  s requi rements  are defined. 

(2)Figure r e fe rences  apply to  each of the two a r e a s  considered. 
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FIGURE lb. CHARACTERISTIC VELOCITY, VI (km/sec), VERSUS 
HYPERBOLIC EXCESS VELOCITY, Vm (km/sec), WITH THRUST- 

SPECIFIC IMPULSE OF 300 SECONDS 
TO-WEIGHT RATIO AS A PARAMETER FOR A CONSTANT 
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HYPERBOLIC EXCESS VELOCITY, V, (km/ sec) 

FIGURE I C .  CHARACTERISTIC VELOCITY, V, (km/sec), VERSUS 
HYPERBOLIC EXCESS VELOCITY, V, (km/sec),  WITH THRUST- 

SPECIFIC IMPULSE OF 300 SECONDS 
TO-WEIGHT RATIO AS A PARAMETER FOR A CONSTANT 
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HYPERBOLIC EXCESS VELOCITY, V, (km/sec) 

F I G U R E  2b. CHARACTERISTIC VELOCITY, V, (km/sec),  VERSUS 
HYPERBOLIC EXCESS VELOCITY, V, (km/sec) , WITH THRUST- 

TO-WEIGHT RATIO AS A PARAMETER FOR A CONSTANT 
SPECIFIC IMPULSE OF 325 SECONDS 
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FIGURE 2c.  CHARACTERISTIC VELOCITY, VI (km/sec), VERSUS 
HYPERBOLIC EXCESS VELOCITY, V, (km/sec), WITH THRUST- 

SPECIFIC IMPULSE O F  325 SECONDS 
TO-WEIGHT RATIO AS A PARAMETER FOR A CONSTANT 
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HYPERBOLIC EXCESS VELOCITY, V, (km/ set) 

FIGURE 3b. CHARACTERISTIC VELOCITY, VI (km/sec), VERSUS 
HYPERBOLIC EXCESS VELOCITY, Va (km/sec), WITH THRUST- 

TO-WEIGHT RATIO AS A PARAMETER FOR A CONSTANT 
SPECIFIC IMPULSE O F  350 SECONDS 
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FIGURE 3c. CHARACTERISTIC VELOCITY, V, (km/sec), VERSUS 
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HYPERBOLIC EXCESS VELOCITY, V, (km/ sec) 

FIGURE 4b. CHARACTERISTIC VELOC'ITY, V, (km/sec),  VERSUS 
HYPERBOLIC EXCESS VELOCITY, Vw (km/sec) , WITH THRUST- 

SPECIFIC IMPULSE O F  375 SECONDS 
TO-WEIGHT RATIO AS A PARAMETER FOR A CONSTANT 
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FIGURE 4c. CHARACTERISTIC VELOCITY, V, (km/sec), VERSUS 
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FIGURE 5b. CHARACTERISTIC VELOCITY, VI (km/sec), VERSUS 
HYPERBOLIC EXCESS VELOCITY, V, (km/sec) , WITH THRUST- 

TO-WEIGHT RATIO AS A PARAMETER FOR A CONSTANT 
SPECIFIC IMPULSE O F  400 SECONDS 
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FIGURE 5c.  CHARACTERISTIC VELOCITY, VI (km/sec),  VERSUS 
HYPERBOLIC EXCESS VELOCITY, V, (km/sec), WITH THRUST- 

SPECIFIC IMPULSE OF 400 SECONDS 
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FIGURE 3c. CHARACTERISTIC VELOCITY, V, (km/sec),  VERSUS 
HYPERBOLIC EXCESS VELOCITY, V, (km/sec), WITH THRUST- 

SPECIFIC IMPULSE OF 350 SECONDS 
TO-WEIGHT RATIO AS A PARAMETER FOR A CONSTANT 



41 

> 
> 



42 

6. 

6. 

5 .  
Q) 
v) 
\ 

E 

+- 5 .  

$ 

u" 

A 
Y 

B 

0 5 .  
4 w + 
u 
G 5 .  

2 w 
H u 
4 5 .  d 
4 
51 u 
w 
0 4 .  
4 
B 
Ul 

4. 

4. 

,4 . 

HYPERBOLIC EXCESS VELOCITY, V, (km/sec) 

FIGURE 4b. CHARACTERISTIC VELOCITY, V, (km/ s e c ) ,  VERSUS 
HYPERBOLIC EXCESS VELOCITY, V, (km/sec), WITH THRUST- 

TO-WEIGHT RATIO AS A PARAMETER FOR A CONSTANT 
SPECIFIC IMPULSE O F  375 SECONDS 



a 

h 

HYPERBOLIC EXCESS VELOCITY, V, (km/sec) 

FIGURE 4c. CHARACTERISTIC VELOCITY, VI (km/ sec),  VERSUS 
HYPERBOLIC EXCESS VELOCITY, V, (km/ sec), WITH THRUST- 
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