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TECHNICAL MEMORANDUM X-53100 

SPACE VEHICLE GUIDANCE - A BOUNDARY VALUE FORMULATION 

PART 11: BOUNDARY CONDITIONS WITH PARAMETERS 

BY 

Robert S i l b e r  

George C e  M a r s h a l l  Space F l i g h t  Center 

H u n t s v i l l e ,  Alabama 

ABSTRACT 

Th i s  r e p o r t  c o n t a i n s  an e x t e n s i o n  of t h e  r e s u l t s  
p r e s e n t e d  i n  NASA Technica l  Memorandum X-53059, "Space 
Veh ic l e  Guidance - A Boundary Value  formulation,"^ by 
Robert  W. Hunt and Rober t  S i l b e r ,  June  8, 1964. I n  that 

I memorandum, t h e  c o n t r o l  laws f o r  space  v e h i c l e  guidance 
were fo rmula t ed  as a s e t  of f u n c t i o n s  i m p l i c i t l y  d e f i n e d  
by a s e t  of boundary c o n d i t i o n s .  I n  t h i s  r e p o r t  the  
domain of t he  c o n t r o l  laws is augmented to c o n t a i n  
mis s ion  pa rame te r s .  I n  t h i s  way, the  c o n t r o l  laws are 
d e f i n e d  f o r  a f a m i l y  of missions ra ther  t h a n  f o r  a s i n g l e  
m i s  s i o n .  #47h* 
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TECHNICAL MEMORANDUM X-53100 

SPACE VEHICLE G U I D A N C E  - 
A BOUNDARY VALUE FOFNULATION 

PART I1 : BOUNDARY CONDITIONS WITH PARAMETERS 

INTRODUCTION AND SUMMARY 

T h i s  r e p o r t  c o n t a i n s  a n  e x t e n s i o n  of  t n e  r e s u l t s  of  
r e f e r e n c e  one. I n  r e f e r e n c e  one, the c o n t r o l  laws for 
space  v e h i c l e  guidance  a r e  formula ted  as a s e t  of f u n c t i o n s  
i m p l i c i t l y  d e f i n e d  by a s e t  of boundary c o n d i t i o n s  imposed 
on the  s o l u t i o n s  of t h e  d i f f e r e n t i a l  e q u a t i o n s  of motion 
and of op t ima l  c o n t r o l .  The boundary c o n d i t i o n s  them- 
s e l v e s  stem from two sources ,  t he  mis s ion  c r i t e r i a  and 
c e r t a i n  c o n d i t i o n s  necessa ry  f o r  o p t i m a l i t y .  The i m p l i c -  
i t l y  d e f i n e d  c o n t r o l  laws have f o r  t h e i r  arguments the  
c u r r e n t  s t a t e  of t h e  v e h i c l e ,  v e h i c l e  performance p a r a -  
meters and,  p o s s i b l y ,  t i m e .  A numer i ca l  method f o r  the 
g e n e r a t i o n  o f  t r u n c a t e d  T a y l o r ' s  s e r i e s  f o r  t he  c o n t r o l  
laws i s  p r e s e n t e d  i n  r e f e r e n c e  one. 

The e x t e n s i o n  of the  r e s u l t s  of r e f e r e n c e  one c o n s i s t s  
o f  augmenting t h e  domain of t he  c o n t r o l  laws to c o n t a i n  
c e r t a i n  "miss ion  parameters .  " I n  t h i s  way, the  c o n t r o l  
laws are  d e f i n e d  f o r  a fami ly  of miss ions  r a t h e r  t h a n  f o r  
a s i n g l e  mis s ion .  E a c h  mission i s  assumed to d i f f e r  from 
t h e  o t h e r s  of  t h e  f a m i l y  by t h e  a l t e r a t i o n  of one o r  
more mis s ion  parameters .  

A s  a n  example, one might c o n s i d e r  the  mis s ion  of 
i n j e c t i n g  i n t o  an o r b i t  w i t h  g i v e n  o r b i t a l  e l emen t s .  
Using the  extended domain, t he  d e s i r e d  o r b i t a l  e lements  
can  be made t o  appear  pa rame t r i c t j l l y  i n  t h e  c o n t r o l  laws 
(and  t h u s  a l s o  i n  t h e i r  T h y l o r ' s  s e r i e s )  p e r m i t t i n g  a 
change of miss ion  e i t h e r  on t h e  pad o r  i n  f l i g n t .  

It i s  assumed t h a t  t h e  r e a d e r  i s  f ami l i a r  wi tn  
r e f e r e n c e  one, and tnroughout  t h i s  r e p o r t  r e f e r e n c e  i s  
made to p a r t i c u l a r  s e c t i o n s  and e q u a t i o n s  appea r ing  
t h e r e i n .  



BOUNDARY CONDITIONS WITH PARAMETERS 

I n  r e fe rence  one, t h e  boundary c o n d i t i o n s  a r e  g iven  by 
e q u a t i o n s  (1.22)  and l a t e r  d i s c u s s e d  i n  e q u a t i o n  ( 2 . 1 ) .  
We r e p e a t  them h e r e .  

F j ( t , y l , Y 2 , . . . , Y n )  = 0, j = 1,2, . . . , k + l  . (1.1) 

We now rep lace  t h e s e  f u n c t i o n s  with t h e  s e t  
( 1 . 2 )  

G j ( t , y l  , Y 2 ,  JYn,c, ,e2 > .  . . ,Cp) ,  j = 1 , 2 , .  , k + l  

I n  p a r t  two of r e f e r e n c e  one, t h e  s e t  V i s  d e f i n e d  as t h e  
c o l l e c t i o n  o f  r e a l  n+ l - tup le s  a t  which each  of  t h e  f u n c t i o n s  

F j ( t , y l , y 2 ,  . . . , y n )  i s  a n a l y t i c .  
d e f i n e  W t o  be t h e  s e t  of a l l  r ea l  n+l+p- tuples  a t  which 
each  o f  t h e  f u n c t i o n s  
a n a l y t i c .  

Correspondingly,  we now 

, ,  

G j  ( t , y ,  , y 2 , .  . . ,yn,  el., c, , . . . , c p )  i s  

The d e f i n i t i o n  of t h e  p rope r ,  r e a l ,  a n a l y t i c ,  non- s ingu la r ,  

( i )  

c o n t r o l l a b l e  s o l u t i o n  i s  a l t e r e d  to r ead  
t p i ( t )  i s  r e a l  va lued  on [ T * , t f * ]  f o r  each  

i = 1 , 2 , .  . . , n  and s a t i s f i e s  e q u a t i o n  ( 2 . 2 )  of r e f e r e n c e  one 
t h e r e ;  

. . . , c p n (  t ) , t )  E U, and t h e r e  e x i s t s  a s e t  of parameters ,  
(ii) For each  t E [ T * , t f * ] ,  t he  p o i n t  (cpl ( t ) ,  cp,(t), 

* *  * * 
( ~ 1 , c 2 > - * - > c p ) ,  such  tha t  ( t ; t > y i  ( t ~ ) , t p , ( t ~ ) , * . * , t p n ( t f ) ,  
cF,c$, . . . , e ; )  8 w; 

(iii) G j ( t ; , V l  ( t~),cp2(t~),  . . * , v n ( t ~ ) , C ~ , C ~ , * . . . , C P )  * 0 

f o r  each  j = 1 , 2 , .  . .,k+l; 

s imul t aneous ly  f o r  a l l  j f o r  t e [ T * , t f * )  ; 
( i v )  G j ( t , c p l  ( t > , v 2  ( t> ,*  * * > ~ n ( t ) , c 1  3 ~ 2 , * * * > c p )  # 0 

( v )  A c e r t a i n  Jacob ian  J # 0. 

The Jacobian  J ' i s  e s s e n t i a l l y  t h e  same d e t e r m i n a n t .  One 

G j  ( t , Y ,  ( t ,  7 ,  ql , v 2 , .  . . ,vm+k),  . . . , forms t h e  composite f u n c t i o n s  

Yn(t, 7 ~ 7 1  112, - J vm+k)  J C1 J C, ,. . . , CP) f o r  each  j = 1 , 2 ,  . . . , k+l  
and deno tes  t h e s e  f u n c t i o n s  by G S ( t ,  7 ,  Ill,. . . , qm, vm+l,. . . ,7)m+k, 

c1 , c2 , " . ' cp ) .  
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The Jacobian  J i s  t h e n  given by 

J =  

* e v a l u a t e d  f o r  arguments corresponding to t=tf ,  T=+, 

77i'q-i f o r  each  i = 1 , 2 , .  . . , n  and c i = c r  f o r  each  i=l, 2 , .  . . , p .  * 

One now c o n s i d e r s  t h e  system of  e q u a t i o n s  

GJ(t, T>ql> * > r ] m > r ) m + l >  * Jqm+kJCIjC2> - j c p )  = 0 

f o r  each  j=1 ,2 , .  . . , k+ l .  These e q u a t i o n s  i m p l i c i t l y  d e f i n e  
t h e  f u n c t i o n s  

such  t h a t  t h e  f u n c t i o n s  a r e  uniquely  d e f i n e d  and a n a l y t i c  
i n  a l l  t h e i r  arguments i n  a complex neighborhood o f  
(~,r~l,...,qm,~l,...,~~), * * *  * such t h a t  

and such  t h a t  

3 



f o r  each  j=1 ,2 , .  . . , k + l  and - a l l  arguments i n  a complex 
neighborhood of ( T*,  1 ,  

* * *  * . . . , ?lm, c 1, . . . , c p )  . 
Equat ions (1.3) f u r n i s h  t h e  c o n t r o l  laws w i t h  augmented 

domain. To r e f l e c t  t h i s  augmentat ion i n  the T a y l o r ' s  s e r i e s ,  
i t  i s  necessa ry  to determine ,  i n  a d d i t i o n  t o  t h e  p a r t i a l s  
t r e a t e d  i n  r e f e r e n c e  one, t he  p a r t i a l s  of Pr and tf w i t h  

r e s p e c t  t o  c i  f o r  each  r=1 ,2 ,  ..., k and for each  
i = 1 , 2 ,  . . . , p .  

The p a r t i a l s  of t h e  c o n t r o l  laws w i t h  r e s p e c t  t o  t h e  
arguments T ,  q 1, q2,  . . . , qm are found e x a c t l y  as i n  
r e f e r e n c e  one. It i s  c l e a r  t ha t  t h e  p re sence  of t he  a d d i t i o n a l  
pa rame te r s  w i l l  i n  no way a l t e r  t h e  methods of r e f e r e n c e  one, 
because of the  s imple  r e l a t i o n  

f o r  each  j=1 ,2  ,..., k + l .  The F j  a r e  t h e  mis s ion  c r i t e r i a  
o f  r e f e r e n c e  one, and s i n c e  t h e  p a r t i a l s  are a l l  to be 

e v a l u a t e d  at  t h e  end p o i n t  of t h e  r e f e r e n c e ,  t he  f u n c t i o n s  
, * *  * 

F j ( t , y l , y z , * *  J Y ~ )  and G ~ ( C , Y ~ > Y ~ > * *  > ~ n > ~ 1 - 1 ~ 2 > *  * * , c p )  
a r e  completelyinterchangeable as r e g a r d s  t he  f i r s t  n + l  
arguments .  

Once the  computation d e s c r i b e d  i n  r e f e r e n c e  one has 
been c a r r i e d  out for the  d e t e r m i n a t i o n  of t h e  p a r t i a l s  of 
a g iven  o rde r  of t he  c o n t r o l  laws w i t h  r e s p e c t  to t he  
arguments t f , q l ,  ...,%, v e r y  l i t t l e  a d d i t i o n a l  computat ion 
i s  needed to g e n e r a t e  numer ica l  v a l u e s  f o r  t h e  p a r t i a l s  of 
the  c o n t r o l  laws wi th  r e s p e c t  t o  t h e  mis s ion  pa rame te r s  
( i . e . ,  t h e  c i ) .  

4 



If (1.4) is differentiated with respect to Ci, there r e s u l t s  

and from the definition 

we have 

(1.9) 

(1.10) 
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Combining (1.6), (1.8), (l.g), and (l.lO), 

(1.11) 

Let  i be f i x e d  between 1 and p and l e t  (1.11) 

be w r i t t e n  f o r  each j=1,2,  ..., k + l .  Then the  r e s u l t  i s  a 
l i n e a r  system of k + l  e q u a t i o n s  i n  the k + l  unknown p a r t i a l s  

I n  view of t h e  methods of r e f e r e n c e  one, e v e r y  o t h e r  q u a n t i t y  
i n  t h e  l i n e a r  sys tem can be assumed known. F u r t h e r ,  the  
J a c o b i a n  of t h e  sys tem i s  e x a c t l y  t h e  de t e rminan t  J assumed 
d i f f e r e n t  from z e r o  a t  the end p o i n t  o f  t h e  r e f e r e n c e  t r a j e c -  
tory. Thus, a numer ica l  d e t e r m i n a t i o n  o f . t h e  p a r t i a l s  of 
t he  c o n t r o l  laws w i t h  r e s p e c t  to the  mis s ion  parameters  can 
be e f f e c t e d  f o r  f i rs t  o r d e r  p a r t i a l s .  Subsequent d i f f e r e n t i -  
a t i o n s  of (1.11) w i l l  y i e l d  l i n e a r  systems which d e f i n e  h i g h e r  
o r d e r  p a r t i a l s ,  as w e l l .  
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