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PERFORMANCE CHARACTZIRISTICS OF IIGHER ORDER
ADPPROXIVATIONS OF RUNGE-XUITA TYZZ
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The writer of this note nas developed higher order formuwlaes for the

cooproxizate solution of ordinarxy dilfferential eqpations. The previcus
Tormules of this type extended only through the sixth order (two of the
sixth order were given by dﬁta, cach requiring eight evaluations cf the
Tunction). Among the new ones developed by tqe writer, programnmeld oY
Wr. Fred Calhoun, tested, and available for use in the Marshall Space
Tlignt Center Computation Divicion are several of the sixth order reguir
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There wre three important Ffactors involved =z the use ol oune of these
formulasg; romely, the formula itself, the differsntiel equation, and the
computing machine. In this classificavion, the programming has becn in-
cluded in the Pirst factor. The pertinent characteristics of the formwla
are the iize T (in nminutes throughout this note) of one’ step, The order O
of the formula, and the number e of evaluations of the. Fufiction used in
dofining the differential equation (for convenience, it is zzs. .cd thet
the differcatial equation is expressed in the form y' = f(x,y}; T
chomogteriztics of the maching zre the Tirme fzp 0f cne "idesl™ soitimetilol
creraiicz a2zl tie tizme T of oxme evaliztlon ol the Tumetion {(ve covicucly

Zepends on the differential eguation a2lso).
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Lolution procedure, T = s the total time, end E = es the total rus'2r

£ m et, + é(e+l+)ta,

) is the (epproximate) muber of erithmetic operaticns requirs

in the formula (this does not take into account the presence of zero co-

in the formula). For the total time, one deduces the (approxi-

is (epproximately) comi.ani for 2 given machine and a

given type ol precision programmed on the machinz. The quantity.ty will
vary significantly for different differentizl z. . oooois. .
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Zquation (1) leads to the followinz eguiv.lent

T, :
To = E — o (@n=s o5 | 2
.2 Z[El ( 2=%2. a.J ) ( )

1, € refer to one formula, T,, Ep, ep refer to enother for-

e same differential equation is involved. T 1s assumed in

wawe Jollows that the differential equation is fixed, unless the contrary

1s explicitly stated.
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Tnen equaticn (2) can be used to predict the time T reguired o make a run

seen from eguation (2) that t, may be calc
suits of two runs on the machine of two formwleas' with dictiact

T¥is hzs been done on the IEM 7090 in eftendei"precisio“ and

. . = -7 . a T ms oo o
Sximately) (B5)107 7. Por e sarticuler fixed differuntizl equo-

oy on the machine with a part.cular formwla deterzi.es Ty, i,

v.tions for cther Jormulas,
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Zis5tcd below ere the resilte of sctuzl rums oa the I TOY0., Al
-5 are based ona the differentizl eguation mentioned previously over i
interval from L-181. In these cases, equatlon (3) is applicadle.
" . PREDTCTED  ACTUAL A

: . TIME PIME . PREDICTED  ACTUAL

TORMULA TYPE  (MIWUTES) (MINUTZS) ERROR ° ERRCR h E
1. RUNGE-XUTTA (4,%) 11.66  9.81 1077 .10107%.01 72000
2. RUNGEZ-XUTTA (L,4) 3.80  3.27 107°  .m 107%.c3 2tccs
3. RUNGE-KUTTA (& 1.94 1.65 107% .51 107%.06 120C0
L. SEANKS (6,7  1.47 © 1.35 107% .17 107%.15  8ico
5. SHANKS (6,7)2 1.u7 1.53 20”%  16107%.15  geicc
2. ezvs 12,7052 L. == _ R AL A
7. SENHS (5,)#%  3.49 3.68 oall 13207708 2iiis
8. SHANKS (7,9)L 2.4 2.53 107°  .i3207%.12 13300
. SHANKS (7,9)#2 2.k49 2.52 107 .o Z.7Paz2 13500

w
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SEANKS (8,12) L.75
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Trne predicted error is taken to be 2072 , wWaere h

According to the critical value h), the verious formlas are pre-
ferred according to the following table.

lz) is preferred over (formula) waen the error is less than (mumber

LoCs,

) ‘ _ (3,3) e 1k 107-
[P , | (%) ' S .12 1077
) L (6,7) o .26 1677
2) | - (19 | . : 20 57°
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Suprose ncw thet the same interval as well as the same dilferential
wguztion Is teed. Without loss o generality, it mey be essumed thot

&> 8, end &> e end thau the (6,¢) formule is run for only one sved.

o o5 h,® . ;
Suppese Iurther that ho 2 ( ) 1¥2 , that is, that the errors in tne
two formuias are (epproxims ely) equal., Then
0, -6
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Dromothils inequelity, one easily deduces tio the o, &) formule showld

[

Te wsed when the error desired is to be .ozl ozan The eritical value

e L {28.41)
/{ e, [l + (e + )t 1 +(o-82) . .

4
= == y (%)
e [l + (e + 4)tn '} :
walDe %t is defined by the equation Tit, = ta . C.

The equation (2) and the criticel value (k) are the usefi informa-
tion referred to in the introduction. We. ther cshowld

siving orecise information, However, as o. Wi by the data’ given below, in

cosos whore the differentiazl equation invelves a funetion thal Lo cacon-
Voly well-TZehaved, " the predictions may de expected to be reasonadbly ac-
Te. xereover, it is reasonable to exp:ct that meliher of Too ~ro Dur

wlos Will Be zood approximations when the i:dictlons are now vl



TJrom taese prediciilons, it follows that there 13 no necl . .o on

crler Tormulas since the writer has proved that a 717t
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Terence list iz biased towari the lower order formulas DY examining xunc
] = z

land 7; rung 3 snd 0; runs T and S.
These resulis clearly indiczte *hat (1) Nystrem's formula exnd Huta's

D na
ool

are out-dated end should not be used, (2) the Runge-Kutta Sormy

as
shewld ke used only waen (relatively) rough epproximetions are desired

-
{3) the usual formulas used should e Shanks' formules of order six,
ceven, and eight.

.

These results are shown grapaicall Y by the fcllowing diagram.
-3 -3 L -
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l. Definition of Symbois.

h step size used in the solution .

s the numbex of steps

_ta' - machine time for one "ideal" arithmetical operaiion

Te . machine time for one "ideal" evaluation of the function

the nuwuber of cvaluztiions in a nartlcula‘ Lorma]

-

(

the order of approxiration of a partlcul@r foMﬂ

(6,e) o formula of order 6 with e evalhatlons

T the nuxmber of minutes required ox machine for cne st'p
T T = TUs is the total time for s steps (time inninules)
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‘Critical Value = e L1 + (& + M)ty h(e -6.)

C

Tundazentel relations (epproxizate).

- -
|

-7 R -
ty = (45)207 7 for extendzd precision om IEM 7090

I =107, where ° = (+&;dz...)20"" and 0 < &< 9.

(26 + 1)(28, + 1)

e [} + (e + b))ty ]
Use formwle (6,e) when error desired is less than critical value.

Criticel value for (6,7) and (4,4) formilas is approxizately
.2 10 . ' . , - o ‘
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Tn: information in this regzort has been reviewed for security clas
CaTion. ’Rg.v*e.v of any information concerning Deparinent of Tefence

o fvomic Energy Commission prograws has been mede by the MSFC Security
;';assi;“:.c**"lod Officer., This report, in its entirety, has been de*-w
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