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PREFACE

Explorer VI was the first successful scientific satellite launched
by the National Aeronautics and Space Administration after its
creation. This volume is the first of a projected series of the
collected scientific results of the NASA Space Science Program.
It assembles the significant scientific publications from Explorer
VI, and succeeding volumes will assemble the papers from later
spacecraft.

Homer E. NEWELL,
Associate Administrator for
Space Science and Applications.
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Foreword

On August 7, 1959, NASA launched its first successful scientific satellite,
Explorer VI. Explorer VI carried experiments to investigate the trapped
radiations, micrometeoroids, magnetic fields, very low frequency electro-
magnetic transmission, and cloud cover.

During the years since the launch of Explorer VI, experimenters have
analyzed their data and have published the results. These results have been
discussed and reviewed by other scientists and incorporated in our knowledge
and understanding of space science. The data taken with Explorer VI pro-
vided new insights into space phenomena and in turn raised new questions which
its successors—Explorers XII, XIV, and XV—are helping to answer.

The purpose of this document is to bring together the significant scientific
papers resulting from Explorer VI so that historians can place the contributions
of Explorer VI to the National Space Science Program in their proper historical
context.

Considerable national resources and much effort by both scientists and
engineers were required for the success of Explorer VI. It is impossible to
acknowledge the contributions of all the people who helped to make Explorer
VI a success. However, it is appropriate to list some people of NASA, the
Air Force, and Space Technology Laboratories, Inc., who made major contri-
butions, without which Explorer VI would not have been possible. Their
names and affiliations at the time of their contributions to Explorer VI are
listed below:

John C. Lindsey—NASA, Project Manager

Charles P. Sonett—STL, Project Scientist

Paul F. Glasser—STL

George J. Gleghorn—STL

George E. Mueller—STL

Adolph K. Thiel —STL

Maj. Donald Latham—USAF

Maj. John Richards—USAF

Harry J. Goett—NASA

Morton J. Stoller—NASA

John W. Townsend—NASA
JoHN E. NAUGLE,
Director of Physics and Astronomy
Programs, Office of Space Science
and Applications.
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Introduction

BY H. E. Stavuss

Physics and Astronomy Programs
Office of Space Secience and Applications

The National Aeronautics and Space Ad-
ministration began life officially in October
1958; Explorer VI, launched August 7, 1959,
was its first artificial Earth satellite to return
useful data.

In the five years that have elapsed since then
the experimenters have analyzed their data and
published their results. This compilation con-
tains the scientific papers that have been pre-
pared on the basis of data acquired from
Explorer VI. It omits the technological devel-
opments that were associated with the space-
craft, as these will be presented in a separate
volume. The papers included here are chiefly
those published in the open professional litera-
ture. Duplication between papers presented to
different groups of readers has been avoided if
possible by assigning priorities to papers con-
taining similar material in the following order:
professional magazines, reports to COSPAR,
and NASA Technical Notes—contractors’ re-
ports have not been used. Papers of experi-
menters have not been edited and are presented
as published, and any omission has been in-
advertent. Papers by persons who did not
have experiments on the spacecraft have been
included where they seemed important; this
was true in the area of orbital calculations or
celestial mechanics. ‘

Explorer VI, also called the paddlewheel
satellite, was designed to provide a coordinated,
comprehensive group of measurements of scien-
tific interest over as large a region of the magnet-
osphere as was possible with the capability of
the rocket boosters available at the time. This

goal was attained by placing the spacecraft in a
highly elliptical orbit with an apogee of 42,500
km. Simultaneous studies were made of the
trapped radiation in the Van Allen region,
galactic cosmic rays, geomagnetism, radio
propagation in the upper atmosphere, and the
flux of micrometeorites or cosmic dust. Second-
ary to these investigations was the testing of a
scanning device used for photographing the
Earth’s cloud cover; this was the forerunner of
the TV cameras carried in later satellites.

Explorer VI was launched into an orbit with
an initial apogee of almost 42,500 km (26,300
miles) and a perigee of 250 km (156 miles).
Its period of revolution in this orbit was
approximately 12.5 hours, and the inclination of
the orbit to the Earth’s equatorial plane was
46.9°. The satellite was spin-oriented at the
rateof 2.7 rps. Although a lifetime of 1 year had
been hoped for, the satellite transmitted useful
data only for a period of between 1 and 2
months of service, varying for different experi-
ments. All transmission ceased on October 6,
1959.

The satellite was spheroidal, or nearly
spherical, with a flattened bottom as seen in
figure 1. Its height was 66 cm (26 in.) along
the spin axis, its equatorial diameter was 73 cm
(29 in.) in the plane of circular symmetry,
and its weight was 64.5 kg (142 lb). Four
solar-cell paddles were mounted near the
equator to recharge the storage batteries in
orbit. In flight, the plane of the solar-cell
paddles formed angles of 30° to the equator of
the spacecraft. Each panel was 46 cm>46 cm

1



2 EXPLORER VI

Ficgure 1.—Ezplorer VI spacecraft.

and contained 2,000 solar cells. It had been
calculated that 25 percent of the cells would
be in the sunlight at all times; however, at
launch one paddle failed to deploy correctly,
and the power available on the spacecraft was
reduced. The outer shell of the spacecraft was
made of 0.012-in.-thick aluminum sheet and
carried no load. The inside of the shell had
been anodized black and the outside painted
with a black, hard, epoxy-base paint. White
patches of paint and of aluminum foil coated
with titanium oxide provided passive tempera-
ture control. The arrangement of equipment
within Explorer VI is shown in figure 2.
Explorer VI contained the first of the telem-
etry systems known as Telebit, which operated
in a digital transmission mode. Transmission
was at 378 Meps. Telemetry signals were
transmitted on FM subcarriers by three trans-
mitters: two 80-mW VHF transmitters broad-

casting at 108.06 and 108.09 Mcps and carrying
analog data, and one 5-W UHF transmitter
broadcasting at 378 Mcps. A payload receiver
permitted reception of earth-transmitted com-
mands.

Primarily three ground stations were used
for communicating with the satellite: in Eng-
land at the University of Manchester, in Hawaii,
and in Singapore. Telemetered digital data
were received at these stations and at Cape
Kennedy as well. The digital telemetry sys-
tem served chiefly to evaluate the satellite’s
usefulness in transmitting information over long
distances. From launch to October 2, 1959, tele-
metered data were transmitted by the satellite
upon command from the primary ground track-
ing stations. Difficulties in ground reception
were often occasioned by extremely deep fading in
signal strength. In particular, the signal was
often weak at the apogee, at which times reliance
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was placed upon the 250-ft radio telescope of
the University of Manchester in England, which
was made availeble by Professor A. C. B.
Lovell. When interconnected coherently (108
Mecps and 378 Mcps), the transmitters formed
a transponder capeble of providing velocity and
range information as an aid in tracking.

An important event during the flight of
Explorer VI was a solar flare that occurred on
August 14, 1959, beginning at 0040Z, and

which could be observed both visually and
photographically. Its occurrence permitted
correlations of the data obtained by the radia-
tion and magnetometer experiments with solar
activity.

An unexpected consequence of the Explorer
VI launch was the confirmation of the predic-
tion of Y. Kozai of the Smithsonian Astro-
physical Observatory that lunar perturbations
of a satellite orbit of a highly eccentric form,
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4 EXPLORER VI

such as that of Explorer VI, would result in a
depression of the perigee and consequent
shortening of the lifetime below that calculated
from air drag for the unperturbed orbit.

A micrometeorite experiment was flown to
obtain statistics on the momentum flux and
the variations of flux of micrometeorites.
Planned by M. Dubin, W. M. Alexander, and
H. A. Cohen of NASA and the Air Force
Geophysics Research Division, it employed
piezoelectric crystal microphones as sensing
elements. Although pulses were detected, the
experiment returned no data of scientific value,
and no report has been made in the scientific
literature.

A spot scanner television system, originally
designed by S. C. Baker of the Space Tech-
nology Laboratories for Pioneer I1, was carried
aboard Explorer VI in a slightly modified form.
Primary interest lay in the study of its feasi-
bility as an angle-detecting device for spectro-
scopic studies in space. It was used in this
flight to obtain a low resolution photograph of
the earth. While the device itself has been
described in the literature, the results from
Explorer VI were not of sufficient value to be
reported in the scientific literature.

Explorer VI carried a small plastic scintilla-
tion counter designed by A. Rosen, T. A,
Farley, and N. L. Sanders of the Space Tech-
nology Laboratories to be sensitive to electrons
in the intermediate range of energies (greater
than 200 keV). The purpose of the counter
was the observation of electrons throughout the
entire Van Allen region, both inner and outer
zones, with a detector insensitive to brems-
strahlung. The scintillator was a cylinder 2.5
cm (1 in.) in diameter and 0.6 cm (0.25 in.)
thick. It was of low atomic number to insure
insensitivity to gamma radiation, and was cali-
brated before flight as a function of both
particle energy and counter temperature. A
small, foil-covered window over the scintillation
counter permitted it to detect electrons with
energies greater than 200 keV and protons with
energies greater than 2 MeV. Particles that
penetrated the satellite shell could be detected
for energies over 500 keV for electrons and 10
MeV for protons.

The spacecraft carried a proportional counter
telescope for investigating variations in the
galactic cosmic radiation and for studying the
trapped radiation in the Van Allen region. It
was designed by a University of Chicago group
led by Professor J. A. Simpson to respond to
electrons of energies greater than 500 keV and
to protons of energies greater than 70 MeV.
The telescope consisted of seven semipropor-
tional counter tubes arranged in a closely
packed, hexagonal array of six tubes surround-
ing the seventh central tube, with the entire
array surrounded by a lead shield 5 g/em? thick.
Low energy cutoff for a three-fold coincidence
gave unambiguous identification of protons at
75 MeV and of electrons at 13 MeV. While
this counter did not respond to low-energy
electrons directly, the central tube was able to
detect them through the bremsstrahlung for
energies greater than 500 keV.

A unit designed at the University of Minne-
sota under the leadership of Professor J. R.
Winckler contained a geiger counter (Anton
302) and a Neher ionization chamber for the
study of the trapped radiation and its mean
specific ionization; the unit was sensitive to all
radiation types. The ionization chamber oper-
ated on the pulsing electrometer principle.
The geiger counter measured the number of
impinging particles, while the ionization cham-
ber measured the number of ion pairs produced
per unit time. The two together gave the ion
pairs per unit path produced by each particle,
and thus gave the energy of the particle if the
mass was known. This unit had extensive
previous use in balloon flights. It responded
to electrons having energies greater than 2
MeV and to protons having energies over 16
MeV. Low-energy electrons having energies
greater than 30 keV could be detected by means
of the X-rays they generated.

Explorer VI was also equipped with two
magnetometers designed at the Space Tech-
nology Laboratories by C. P. Sonett, D. L.
Judge, and P. J. Coleman, one a search coil
and the other a fluxgate magnetometer. In
addition, a phase comparator was used so that
the direction of the magnetic field in space
could be determined. The search coil was a
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solenoid of 30,000 turns wound on an iron-
nickel core attached to the shell of the spin-
stabilized payload. The spin of the vehicle
generated a sinusoidal voltage proportional to
the component of the magnetic field, B, per-
pendicular to the spin axis of the vehicle.
Steady fields and slow variations in the field
could be measured. Automatic gain control
was incorporated in the amplifier to reduce
instrument sensitivity with increasing field.
The fluxgate magnetometer failed some minutes
subsequent to launch and returned no data.

A magnetic field aspect indicator, or phase
comparator, reported the direction of the mag-
netic field in the plane normal to the spin direc-
tion by giving the angle between the measured
vector of the magnetic field and the projection
of the sun’s direction in this plane. It meas-
ured the phase angle by measuring the time
delay between two pulses, one from a photo-
diode sun scanner, and the other representing
the zero voltage crossing of the sinusoidal
signal from the search coil.

The component of the ambient magnetic
field parallel to the spin axis of the spacecraft
was to have been measured with the fluxgate
magnetometer. The combined measurements
of the two magnetometers and the phase com-
parator would have given the direction and the
magnitude of the ambient magnetic field in
space.

A VLF electromagnetic wave propagation
experiment was designed at Stanford Uni-
versity under Professor R. A. Helliwell. It
consisted of a VLF (15.5 kc) receiver keyed
to transmissions from the U.S. Navy Station
NSS at Annapolis. The experiment was de-
signed for studying VLF transmission through
the lower ionosphere from the ground station
to the satellite during launch. Transmission
was investigated during a period beginning be-
fore liftoff and continuing until the rocket
was over the horizon. A bandwidth of 100
cps gave a time resolution of approximately
10 msec for measurements of group delay.
Antenna impedance and receiver gain were
calibrated automatically. Telemetered infor-
mation was compared with the outputs
of 15.5-kcps receivers located at the STL
tracking stations. Observations of the whistler

mode were also made from a Stanford Uni-
versity ground station near the NSS magnetic
conjugate point.

An experiment, using Doppler-Faraday radio
propagation measurements, to measure the elec-
tron density in the vicinity of the satellite was
designed by C. D. Graves of the Space Tech-
nology Laboratories. In this experiment two
coherent signals, one from the 108-Mcps analog
UHF transmitter and one from the digital
transmitter at 378 Mcps, were used to measure
the Doppler difference frequency. Supplemen-
tary measurements of the rate of change of the
Faraday polarization rotation were made on the
signal at 108 keps. Limited, but useful, data
were obtained.

The accomplishments of Explorer VI were
important in space research in several ways.
They sharpened the focus of scientific knowl-
edge of the terrestrial magnetosphere by pro-
viding simultaneous measurements of energetic
particles, the magnetic field, and the electron
density in the upper atmosphere. They also
provided information on the boundary of the
Earth’s magnetic field and confirmed inter-
relationships between solar activity such as
flares and phenomena in the terrestrial exo-
sphere. Above all, the accomplishments of
Explorer VI provided a sound stepping stone
to subsequent space experimentation. Some
of the more specific results are as listed.

(1) The orbital characteristics of Explorer VI
confirmed an earlier theory that the Sun and
Moon have important perturbing influences on
an orbit of high eccentricity.

(2) The eccentric character of the orbit of
Explorer VI stimulated further investigations
of methods of calculating orbits of near-Earth
artificial satellites.

(3) The electron density in the vicinity of the
spacecraft itself was determined by means of
combined measurements of Doppler frequency
and of Faraday polarization rotation. The
actual results were unexpectedly higher than
what had been anticipated from the whistler
propagation studies. The difficulties encoun-
tered in the experiment, inherent in this type of
propagation measurement, led the experimenter
to conclude that a more direct method of density
measurement is desirable.
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(4) An experiment was conducted relative
to the generation of whistlers, using VHF
transmission from a ground station to the
spacecraft during the launch period. Sufficient
data were obtained to permit development of a
theory relative to the generation of the whistler
mode.

(5) The particle intensity detected in the
outer zone of trapped radiation showed a
decrease following the sudden commencement
of a geomagnetic storm followed by a slower
recovery; however, apparently the number of
energetic protons increased simultaneously.

(6) A differential energy spectrum for trap-
ped protons of energy above 30 MeV in the
inner radiation belt was developed on the basis
of an assumed power law and was found to be
E-1% gt about —28° geomagnetic latitude.

(7) Visual observations of aurorae were made
simultaneously with radiation measurements on
the same lines of force.

(8) Explorer VI data on the radiation in the
outer radiation zone were found not to be in
complete agreement with earlier measurements.

(9) The spectrum of trapped particles along

a line of force was found not to change greatly
along the line.

(10) Evidence was obtained suggestive of
coupling between the solar plasma and the
outer radiation zone.

{11) Measurements of electron flux along a
magnetic line of force in the outer radiation
belt led to the conclusion that other processes
besides electron injection by neutron decay are
necessary to explain the observed flux distribu-
tion.

(12) Gross fluctuations in radiation intensity
were observed at the edge of the outer zone of
trapped radiation during a magnetic storm.

(13) Magnetic field measurements showed
fair accord with calculations based on a terres-
trial magnetic dipole to the altitude of 5 Earth
radii. From 5 to 8 Earth radii, deviations
between the two were observed. Calculations
were made of the extraterrestrial current system
that would be necessary to explain the devia-
tions. Comparison of results from Explorer
VI and Explorer X indicated that the devia-
tions could also result from a tail in the terres-
trial magnetic field.
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Anticipated Orbital Perturbations of Satellite 1959 Delta Two'

BY YOSHIHIDE Koza1? AND CHARLES A. WHITNEY 3

Astrophysical Observatory
Smithsonian Institution

1. INTRODUCTION

As announced by the Smithsonian Astro-
physical Observatory in a press release dated
August 21, 1959 (see Appendix), the orbit of
Satellite 1959 Delta Two, the “Paddle-Wheel,”
is significantly affected by lunar and solar per-
turbations. Thus, Satellite 1959 Delta Two
is unique among satellites launched to date and
we believe it worth while to publish the present
analysis to provide a basis for anticipating its
orbital behavior.

Starting from the orbital elements provided
by the National Aeronautics and -Space Ad-
ministration for September 3, 1959, we have
carried out numerical. mtegratlon to predict
the future behavior of this satellite. These
integrations, based on variation of parameters,
are preliminary in nature. Techniques for a
more precise analysis of the orblt are in
preparation.

The equations employed are outlined in
Section 2. The technique of integration was
a simple one taking the semi-major axis as in-
dependent variable.

2. THE PERTURBATION EQUATIONS

Solar and Lunar Perturbations.—Variations
of the orbital eccentricity due to the moon and

1 Published in Special Report No. 30, November 12,
1959. Reprinted by permission.

2 Astronomer, Satellite Tracking Program. Now at
Tokyo Astronomical Observatory.

3 Physicist, Division of Solar Radiation Studies,
Smithsonian Astrophysical Observatory, and Research
Associate, Harvard College Observatory.

N65-21966
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the sun are expressed by the equation (Kozai,
1959),

de_ V1-¢ OR DR o)
dt na’e Ow

where the principal terms of R are:

15 7 €
= — 22 2 4 4 —_
R g ¢a [”o cos! 5 cos' 5 cos 20 — w)

+ % (nkm( + nf)sin? ¢ (l — gsin“ e) cos 2w

+ %n&m({sinz € cost % cos 2(w + @ — Q¢)

— sin 7 cos? % sin 2¢ cos (20 + Q@ — 9()}

1 . )
+ 3 n’o{sm’ € cost 3 cos 2 + Q)
— sin ¢ cos? % sin 2¢ cos 2w + Q)} + ny sin g

cos? % sin e cos? é cos Ay — 20 — Q)]- (2)

Here, n is the mean motion of the sun;ng, that
of the moon; ¢ the obliquity; Ao, the mean
longitude of the sun; me, the mass of the moon
(the unit is the mass of the earth); and Qc,
the longitude of the ascending node of the
moon with r@pect to the earth’s equator. On
the right side of equation (2), ¢, @ and » may
be considered not to be affected by the moon
and the sun.
9



10 ASTRONOMY AND CELESTIAL MECHANICS

As the semi-major axis does not change
rapidly due to the moon and the sun, the
variation of the perigee distance, ¢, is

dg _ de
T T 0dr @)

Oblateness Perturbations.—The rates of change
of the argument of perigee and the right ascen-
sion of the ascending node were computed
from the usual first-order equations,

a%—s = I;_I’ (2-2.5 sin? ¢),
;—1]% = — z;—,,cos 1, 4

where N is the revolution number and
= a(l — ¢¥). The value J = .0016230 was
employed as well as the equation,

P = .0586745a%2 (5)

relating the orbital period in days to the semi-
major axis in units of 6378.388 km.
Atmospheric-Drag Perturbations.—The effects
of atmospheric drag on the orbital energy and
the perigee height were introduced in the fol-
lowing manner.
The effect on perigee height was computed
from the approximation,
dq H
0 = o (6)
where H is the atmospheric scale height. This
relation can be transformed to the equation,
dg _ 2
da Kae+1 @

where K = H!,

This approximation is valid for orbits of high
eccentricity, but clearly is very poor for low
eccentricities. We do not feel that the present
calculations would be significantly affected
by a more precise computation of dg/da.

The drag effect on orbital period was evalu-
ated with a formula derived to be valid for a
wide range of eccentricities.

The loss of energy due to drag may be writ-
ten as

C
du =37 Apurds, (8)

where C is the drag coefficient, A4 is the satel-
lite’s effective cross-sectional area, p is the
atmospheric density, w is the orbital velocity,
and ds is the differential of distance along the
orbit.

For the orbital velocity we substituted the
value at perigee,

14e

=k — .
wt=Fk a(l —e)

For ds we used the equations,

= (+GE))"

dr - sin v
dv ™ 14+ecosy

(9

On the assumption that v, the true anomaly,
is much less than one radian in the region of
significant drag, we derived the equation,

ds=a(l — e)(l + m) dv. (10)

We further assumed that the atmospheric
density above perigee can be represented by an
exponential function of height, writing, (v)
=p(g) exp (— K(q)(r(v) —q)).

We then found that

du =2 4piho01

Kqe
exp (2(1 To v‘) dy. (11)

Integrating over true anomaly and employing
the relation

a?
da=mdu,
where m is the satellite mass, leads to the
following expression for Aa, the change of
semimajor axis per revolution,

(1+e)3/2 1
Aa_\[cp— plg) L (1+T<‘q)' (12)

We note that the integration around an orbit
is performed with an exponential atmosphere.
However, because of the wide range of perigee
height produced by the lunar and solar per-
turbations it was not sufficiently accurate to
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assume that the entire atmosphere was iso-
thermal.
We employed the following formulae for

p(g) and K(g):
o(q) = 7.94 X 10 M exp ( — 161.55(¢ — 1)
+ 2.3029 exp ( — 138.46(¢ — 1) + 2.8)),
K(g) = 161.55 + 318.86 exp ( — 138.46 (¢ — 1) + 2.8),
(13)
where p is in gm/cm?, ¢ is in units of 6378.388
km, and K is in km™.
Table 1 lists the values of logy, p derived from
this model and from the Smithsonian Astro-

physical Observatory Interim Model Atmos-
phere No. 4.

TABLE 1.—Atmospheric Densities

log p (gm/cm?)
Height (Km)
Approximation Model 4
150 . —11.12 —11.08
180 ... —11.75 —-11.77
210- ... —12.24 —12.29
240 o ... —12. 65 —~12.73
270 . —13.02 —13.09

3. NUMERICAL RESULTS

The perturbed orbit has been calculated from
the following initial orbit:

Epoch 1959 September 3.160 GMT

a = 4.3446
e = 7604
1= 47.10
w = 41.66
Q = 55.62

The results are summarized in figures 1, 2,
and 3. The arrows indicate the date of launch-
ing. In these figures the integrations for two
values of A/m are shown, in order to indicate
the sensitivity of the orbit to variations of
atmospheric density and effective area of the
satellite.

The semi-annual variation of perigee distance
is produced by the solar perturbation and does

not drastically affect the satellite lifetime. The
lunar perturbation produces the rapid drop of
perigee around 600 days after September 3, 1959
and ends the life of the satellite.

1.04 |-

LO3

PERIGEE DISTANCE
T

102

1.0t 1 L 1 1 L [ I
. ] 100 200 300 400 500 600 700

DAYS FROM
SEPTEMBER 3, 1959

Fiocure 1.—Expected perigee distance of 19569
Delta Two measured in units of Earth radii.

) ! X 1 5 L 1
o 100 200 300 400 500 600

DAYS FROM
SEPTEMBER 3, 1909

Figure 2.—FEzpected acceleration of satellite
1969 Delta Two given in terms of the decrease
of semi-major axis (in Earth radii) per
revolution.
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Ficure 3.—Ezpected semi-major azis of 1959
Delta Two measured in Eqrth radii.

The two ‘“acceleration’” curves of da/dN,
plotted logarithmetically, are essentially mirror
images of the perigee height.

Dr. Don Lautman has derived an acceleration
of

da = — 1.5 X 10~ earth radii

dN
from observations of this satellite during the
first month of flight, and this value falls

between the plotted curves.
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APPENDIX—REDUCTION OF “PADDLE-
WHEEL" SATELLITE'S LIFETIME

Dr. Yoshihide Kozai, Astronomer of the
Smithsonian Astrophysical Observatory, has

predicted that the lifetime of the recently
launched “paddle-wheel” satellite, Explorer VI,
will be greatly reduced by perturbations of the
moon’s orbit. Perturbations are irregularities
in the motion or orbit of a heavenly body caused
by some force other than that which determines
its usual path.

The ‘“paddle-wheel” satellite’s apogee of
25,000 miles is the greatest distance from the
earth ever reached by any artificial satellite.
Based on his prior investigation of the relation
between satellite orbital irregularities and lunar
perturbations, Dr. Kozai has determined that
Explorer VI will be affected by the moon’s
gravitational field. This, in turn, will affect
the perigee, drawing it down into the earth’s
atmosphere, leading to a significant increase in
the air-drag effect.

Because of the severity of the moon’s effect,
the apogee of Explorer VI will be little affected
by the atmospheric density at high altitudes
responsible for bringing down other artificial
satellites. Hence, the ‘“paddle-wheel” will be
the first satellite to have its lifetime appreciably
disturbed by the moon.

The sun’s attraction adds a small contribution
to the shortening of this object’s lifetime.

Dr. Charles A. Whitney, Physicist in charge,
Research and Analysis, Smithsonian Astro-
physical Observatory, has performed a detailed
numerical integration of Dr. Kozai’s perturba-
tion equations in combination with equations
describing the effects of air-drag.

These calculations, performed with a high-
speed electronic computer, show that although
the lifetime of the satellite would be more than
two decades in the absence of the moon, the
lunar perturbations reduce the expected lifetime
to about two years.




The Orbit of Explorer VI—A Test of the
Dynamic Model Atmospheres'

BY KENNETH MOE?

Space Technology Laboratories, Inc.
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o

A new orbit has been computed for the “Paddlewheel Satellite”, Explorer VI (1959 5-1),
using all available tracking observations. This orbit covers the period of time from injec-
tion into orbit on 7 August 1959 to final transmitter failure on 6 October 1959, the period
during which scientific data were received from the satellite. The orbit was constructed
by a new method in which only the initial elements are obtained by conventional least-
squares fitting. At subsequent times, all the conservative forces acting on the satellite are
assumed to be known, and the drag force is solved for by minimizing the residuals of each
day’s observations. The derived atmospheric densities are compared with the ARDC
1959 Model Atmosphere and with the dynamic models devised by Paetzold, Jacchia, and
Priester. None of the early dynamic model atmospheres agree well with the derived den-
sities; however, Paetzold’s 1962 Model usually does agree within the standard deviation

of the derived densities.

The purpose of this paper is to describe
briefly a new method for determining the de-
finitive orbit of a satellite which is significantly
affected by drag, and to use the Explorer VI
(1959 4-1) orbit, obtained by this method, to
test several of the proposed dynamic model
atmospheres.

THE METHOD OF ORBIT FITTING

The orbits of artificial satellites are usually
determined in the following way: The observa-
tions are separated into groups, each group
covering an interval of N revolutions. Then
a least-square fitting procedure is used to derive
the six orbital elements and the rate of change
of period for each group of observations. The
rate of change of period (or drag) is assumed

1 Published in the Proceedings of the American
Rocket Society 17th Annual Meeting and . Space

Flight Symposium, Los Angeles, California, November .

1964. Reprinted by permission.
3 Consultant, Systems Analysis Department.

-

/{7&(/

Thus the orblt is a

constant in each interval.
succession of independent segments each of
which is N revolutions long. ¢

The new method (1)} of orbit determination
utilizes the conventional least-square fitting
technique to derive only the initial elements.
The elements at subsequent times are obtained

by sallowing the gravitational and drag forces

to perturb the initial elements. The gravita-

- tional forces are assumed known, while the

drag force is determined as a byproduct of the
orbital fitting, which is carried out by mini-
mizing the residuals of each day’s observations.
The essential feature of this method of com-
puting orbits is that it assumes that all forces
acting on the satellite except the air drag are
known, and it solves for the air drag. Thus it
allows the true anomaly to be up-dated (by
varying the drag) without rejecting the old
information on those elements which are less

tNumbers in parentheses indicate References at
end of paper.
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affected by drag. This advantage can be em-
ployed either to construct good orbits when the
available tracking data are poorly distributed,
or to refine the orbital elements by smoothing
over longer time intervals without having the
residuals become excessively large. This
method of fitting is also of assistance in the
rejection of erroneous observations in the
following way: If an observation does not fit,
the air density can be varied by an amount
which is considered reasonable on the basis of
past experience, such as is contained in Refer-
ences 2, 3, and 4. If a reasonable adjustment
does not cause the observation to fit in with
the other observations, it is rejected. Con-
ventional differential orbital improvement pro-
grams merely reject observations on the basis
of the residuals, using a fixed atmospheric
density within the fitting interval.

The present method is useful for constructing
satellite orbits when drag fluctuations are the
main source of uncertainty in the orbit;
hence it is especially good in cases where the
perigee is low. The method should not be
used when searching for harmonics of the
earth’s gravitational field, because the method
of projecting the elements forward in time
necessarily implies that all the conservative
forces acting on the satellite are included in
the calculation.

THE ORBIT OF EXPLORER VI

The ‘“Paddlewheel Satellite,” Explorer VI
(1959 &-1), had an orbit of large eccentricity
(e=0.76), and an initial perigee height of 138
nautical miles. During the period from
August 7, 1959 to October 6, 1959, this satellite
transmitted valuable scientific measurements,
which could not be interpreted satisfactorily
unless an accurate orbit were available. Un-
fortunately, the tracking data were not well
distributed statistically. For this reason,
and because the satellite’s perigee was low
enough that drag variations could significantly
affect the orbit, the new method of orbit
fitting was chosen for the determination of the
definitive orbit.

The definitive orbit of Explorer VI is given
in Reference 1. In this paper, we present only

the results related to the satellite orbital
accelerations, because of their special interest
in studies of the density of the upper atmos-
phere. The orbital accelerations of Explorer
VI did not directly yield the atmospheric
density at a particular altitude because the
orbit was so eccentric that solar and lunar
forces perturbed the height of perigee (6, 7, 8).
The height of perigee as a function of time is
shown in figure 1a and the rates of change of
perigee height caused by solar and lunar pertur-
bations are plotted in figure 1b. (The height
is measured from a standard ellipsoid.) If one
wants to determine the variations in atmos-
pheric density at a fixed height, one must
remove the effects of solar and lunar pertur-
bations from the derived accelerations. This
was done, and the resulting adjusted orbital
accelerations, giving the variations in atmos-
pheric density at a fixed height of 145 nautical
miles, are shown in figure 2a. After 9 Septem-
ber the derived accelerations have been indi-
cated by a dashed line because the relative
paucity of data caused the derived accelerations
to be more uncertain than during the previous
part of the orbit. The satellite was spin-
stabilized, so its effective area was unaffected
by tumbling. Figures 2b and 2c¢ show two of
the quantities which are correlated with varia-
tions in atmospheric density: The decimeter
solar flux, and the geomagnetic planetary
amplitude, A,. These two correlations are
utilized in the dynamic model atmospheres.

TEST OF THE DYNAMIC MODEL
ATMOSPHERES

Figure 3 shows the density variations which
would have been expected on the basis of
several theoretical models of atmospheric den-
sity (2, 3, 5) available in 1961, which utilize
the known correlations with decimeter solar
flux, the local solar time at perigee, and, in
the case of Paetzold’s atmosphere (5), A, and
the time of year. An exact comparison be-
tween the derived accelerations and the theoreti-
cal models is difficult to make because they do
not all use the same scale heights nor do they
employ the same method of computing density
from the observed rates of change of period.
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One obvious conclusion that can be drawn
from an examination of figures 2 and 3 is that
Paetzold’s 1961 model has a larger range of
variation than either of the other models or the
accelerations derived from Explorer VI.
Another conclusion that can be drawn by
comparing the derived orbital accelerations
with the theoretical atmospheres is that the
correlation with A, which Paetzold used
improved the agreement, especially around 17
August. The use of two sets of decimeter
flux data with Jacchia’s atmosphere in figure 3
reveals a limitation on the possible accuracy of
model atmospheres which utilize the correla-
tion with decimeter flux. The fact that the
ratio of the 10 and 20 centimeter flux varies
by 10 to 20 percent over periods of weeks and

months was first observed by Allen (9) and
has more recently been pointed out in con-
nection with satellite accelerations by Nicolet
(10).

Knowledge has advanced so rapidly that the
model atmospheres which were available in 1961
are already obsolescent. In 1962, Paetzold has
published a revised model (11), of the variations
in atmospheric density. The atmospheric den-
sity at a fixed height of 145 nautical miles near
the perigee point of Explorer VI is graphed in
figure 4, according to Paetzold’s 1962 model,
the ARDC 1959 model, and as derived from the
satellite accelerations by making the same
assumptions about the scale height, diurnal
bulge, and drag coefficient (Cpr=1.813). as
Paetzold made, because the purpose was to
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Ficure 4.—Comparison of the derived densities with Paetzold’s 1962 model.

determine how closely Paetzold’s model would
give the observed rates of change of period.
Exact numerical integration was used for cal-
culating the rate of change of period, rather
than Paetzold’s Equation (1), which is not a
good approximation for orbits of large eccentric-
ity. The density was calculated for the
ARDC Atmosphere by assuming the nominal
weight to area ratio (W/A=14 lbs/ft?) and
nominal drag coefficient (C,=2) for the satel-
lite. The ARDC 1959 Atmosphere represents
average conditions in the twilight zone near the
peak of the sunspot cycle. In figure 4, the
standard deviation of the derived density is
indicated by the gray band. Paetzold’s atmos-
pheric densities usually lie within the band, so

Paetzold’s 1962 model is a valid representation
of the upper atmosphere, insofar as this study
is capable of testing it.
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Solar-Lunar Perturbations of the Orbit of an Earth Satellite!

N65-21968

BY MiLDRED M. Mok ?

Space Technology Laboratories, Inc.

The gravitational fields of the sun and moon
can produce significant pertubations of the orbit
of a highly eccentric Earth satellite. The
importance of their effect on the lifetime of
1959 delta (Explorer VI) has been pointed out
by Kozai (1),> who has made a study (2) of
solar-lunar perturbations of Earth satellites.
The purpose of this note is to treat these
perturbations by a different method, based on
some simplifying assumptions. It is assumed
that the angular velocity of the disturbing
body (sun or moon) is small enough compared
to the angular velocity of the satellite that
we may consider the disturbing body fixed

L
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'l /)
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NODE 800Y

Ficure 1.—Satellite orbit

! Published in the May 1960 issue of American
Rocket Society Journal. Reprinted by permission.
? Member of the Technical Staff.
* Numbers in parentheses indicate References at end
of paper.
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during one revolution of the satellite. This
simplification makes possible the integration of
the instantaneous rate of change of the orbital
elements over one revolution of the satellite
to obtain the change in orbital elements per
revolution. The magnitude of the error made
by holding the disturbing body fixed is esti-
mated. This leads to an evaluation of the
effect of the motion of the disturbing body on
the semimajor axis (hence energy) of the satel-
lite orbit. The importance of the solar-lunar
perturbations of orbits with high eccentricity
is illustrated by computing the perturbations
of the perigee distance of 1959 delta.

PERTURBATIONS OF THE ORBITAL
ELEMENTS

The analysis of the perturbations is simplified
if we choose a geocentric coordinate system
having its z axis along the orbital angular
momentum vector of the disturbing body.
The orbit of the satellite is described by the
instantaneous osculating ellipse (3) which has
a semimajor axis a, an eccentricity e, an in-
clination % (with respect to the orbital plane of
the disturbing body), an argument of perigee
w, and a longitude of the ascending node
(see fig. 1). If there were no perturbing forces,
these orbital elements would remain constant
(assuming that our coordinate system is fixed
in inertial space), and the orbit would be a
Kepler orbit (4). If there is a perturbing ac-
celeration having a radial component R, a
transverse component S (measured in the plane
of the instantaneous osculating ellipse and
taken positive when making an angle less than
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90 deg with the velocity vector), and a normal
component W (normal to the plane of the
instantaneous osculating ellipse and taken
positive when making an angle less than 90
deg with the z axis), the orbital elements
change at the rates (5).

da _ 2esinv 2ay1—e?
d p1—e + nr 8

_ Vi—e?siny B+ Vite [a’(l-—e2) ]S

na nale

di r cos (w+v)

dt natvl—e?

dQ r sin (w4v)

dt na*yl—e? sin ¢

X [R cos v — (2+e cos v) S sin v] (1)

1+ecosv

n = satellite’s mean angular motion

r = radial distance of the satellite from Earth
center

v = true anomaly (the angular distance of
the satellite from perigee)

The rate of change of perigee distance g can be
found from its relationship to ¢ and e

qg=a(l — ¢).

The components R, S and W are given by
Moulton (6). If r is always small compared to
the distance a, of the disturbing body from
Earth’s center, these components may be ex-
panded in powers of r/a;,. Keeping only the
first-order term, one obtains

R = Kug(1 + 3 cos 2¢)
S = — 6Kgrfcos vy sin (w + v) —
sin vy cos (w + v) cos ] cos ¢

W = — 6Kgar cos ¢ sin ¢ sin y

where

K,= GM,/2a
G = universal gravitational constant
M,= the mass of the disturbing body
¢ = angle between » and a,
v= angle from the line of nodes to a,

We make an additional simplification by taking
a4 constant.

Letting e stand for any orbital element and
Ae for the change in that element after one
revolution of the satellite (from perigee to
perigee), we have

t=2x/n 2r
Ae — de _ J' de dt

t=0 Ei v—Od—t%dv (2)

where ¢ is time measured from perigee passage
of the satellite. Since Ae¢ is supposed to be
small compared to e, it is permissible to approxi-
mate all variables in the expressions {1) for
de/dt by the values they would have in the
unperturbed orbit, and to approximate dt/dv
by its relationship to the conservation of
angular momentum A

a _
dv h
where h = na?y1 — ¢ is assumed constant.

Since the angular velocity of the satellite is
usually large compared to the angular velocity
of the disturbing body, we may assume that vy
is constant during the time the satellite takes
to complete one revolution. Then integrals of
the type (2) can be evaluated easily. The
results are

Aa =0 3

15K areV]l — &

Aq = X {sin 2y cos 2w cos ¢

n?
— [cos? ¥ — sin? v cos? 1] sin 2w} (4)
ae = — (1/a)ag (5)
Al = M X {ge2sin2wsin‘ycosi
n’w/l — e

+ [1 — e2(1 — 5 cos? w)] cos 'y} (6)
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_ : t=(E — esin E)/n
ap = —S8Karsiny o {-‘;le’sin%cos-y
a1 — e sinv = (V1 — et sin E)/(1 — ¢ cos E)
2 2 2 y Q1
+ [1 + 4¢ 5e? cos? w] cos 7 sin 7} )] cos v = (cos E — €)/(1 — e cos E).
— o 1
Aw = — AQ 008 § — GK,w\/ni ¢ Equation (10) now takes the form

. . 5 . . .
[1 — 3 s8in? y cos® 1 — 5 sin 2v sin 2w cos ¢

+ (1 — 5 cos? w)(cos? v — sin? ¥ cos? i)]- 8)

If, now, we let v take values from zero to 2w,
we see how the orbital elements change as a
function of the time of month or year.

ERROR DUE TO NEGLECTING THE MOTION
OF THE DISTURBING BODY

To estimate the error we have made by
taking ¥ constant, let us consider the special
case of co-planar motion of the satellite and
the disturbing body (7 = 0) and set w = 0.
Then Equation (4) for the change in perigee
per revolution becomes simply

Ago = [(15Kaarev]l — e?)/n?) sin 2vo (9

where we have used the subscript zero to indi-
cate that the disturbing body is held fixed.
Now let us evaluate Agq when the disturbing
body is moving, by taking v = v, + n4 where n,
is the angular velocity of the disturbing body.
Equation (2) for A¢q will contain integrals of
the form

2
I= J;) f(cos v, sin v, cos 2v, sin 2v)dy (10)

where f stands for some function. We replace
cos 2y and sin 2y by their Taylor expansions

€08 2y = oS 2v9 — 2ngt sin 2y + . . .

sin 2y = sin 2y + 2n4t cos 2y, + . . .

and retain only the first two terms. Our
integral now contains both v and ¢ as variables
of integration. These may be related to the
eccentric anomaly E via the relations

rid
1 =fo F(ve, E, sin E, cos E)dE 1)

where F stands for the new function. This
type of integral can be readily evaluated, and
yields for Aq

- 1"”(—“"'—3—-—,‘/1“8’ sin 2vo X {1 + 2 [2: cot 2vo
4 (L= + 5e + 586 + 176)
15¢(1 + e)V1l — &8

Aq

b a2

which shows that the additional term, contrib-
uted by the motion of the disturbing body, is
of the order ny/n which is usually less than 0.03.

It is also of interest to find how much the
semimajor axis is perturbed, and this can be
found only by considering the motion of the
disturbing body. We return to the three-
dimensional problem (i % 0) and find, by a
procedure similar to that used to obtain
Equation (12), that

Aa = (AKaaxrng/nd){(4 — Be— 5e?)
[sin 2w cos 2v0 cos t© — (1 + cos? ©) sin 2, cos? w]
+ [2(1 — e®) + (2 — 6e — 3e?) cos? 7] sin 2}

EXAMPLE

To illustrate the size of the perturbations,
let us compute their effect on the perigee dis-
tance of 1959 delta (Explorer VI). Considering
first the lunar perturbation and assuming that
the orbital elements do not change significantly
over the first few weeks of the satellite’s life, we
may average Equation (4) over one lunar month
to obtain for the average value of Ag.

— 15K mareV1 — &
2n?

Agm = sin 2wy, 8in% im  (13)
where the subscript m indicates that the dis-
turbing body is the moon. For 1959 delta the
initial values of the orbital elements were ap-
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proximately a = 15,000 nautical miles, e = 0.76,
tm = 41.5 deg and w, = 10.4 deg. With these
values, we obtain Ag, = — 0.06 nautical mile
per revolution. Remembering that the satel-
lite made about two revolutions a day, we see
that the moon’s perturbation can lead to a
nonnegligible lowering of perigee.

The sun’s influence, on the other hand, tends
to raise perigee at first. Relative to the sun’s
plane (or ecliptic), the argument of perigee
started at 2.7 deg, the orbital inclination was
40.3 deg, and v, was about 48 deg. The initial
change in perigee, determined from Equation
(4), is therefore Aq, = 0.26 nautical mile per
revolution. At the end of one month Ag, = 0.14
nautical mile per revolution. Eventually the
sun moves to such an angular position that
Ag; becomes negative. Then the combined
solar-lunar forces produce an important lower-
ing of perigee with the consequent reduction
of lifetime. To obtain accurate results, one
must evaluate Equation (4) for each revolution,
taking into account the changing values of

765-698 O-65—3

s, tm, w5, @y, etc., dependent on all perturba-
tions including those caused by Earth’s oblate-
ness and atmosphere.
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Problems relating to the influence of lunar and solar perturbations on the motion of
artificial satellites are analyzed by an extension of Cayley's development of the perturbative

function in the lunar theory.

the Hansen-type theory used by the NASA Space Computing Center.

In addition, the results are modified for incorporation into

The theory is applied

to the orbits of the Vanguard I and Explorer VI satellites, and the results of detailed com-
putations for these satellites are given together with a physical description of the perturba-

tions in terms of resonance effects.

INTRODUCTION

This paper is concerned primarily with prob-
lems related to the influence of lunar and solar
perturbations on the motion of artificial satel-
lites. The importance of these problems is in-
dicated by Kozai’s discovery that the perigee
height and lifetime of a satellite may be strongly
affected by these perturbations.

The basis for the computations is provided by
an analytical development of the disturbing
function, which is an extension of Cayley’s
development of the solar perturbative function
in the lunar theory. The relations between
perigee-height variations and launch conditions
have been investigated by using a modification
of this development. Values of perturbations
in the perigee height for the satellites Vanguard
I (1958 B,) and Explorer VI (1959 5) were
computed from the resultant trigonometric
series. A program was developed for comput-
ing lunar and solar perturbations with the aid
of the IBM 704. This program permits the
inclusion of any value of the eccentricity and

1 Originally presented at the First International Space
Symposium, sponsored by the Committee on Space

Research (COSPAR), Nice, France, January 1960.
Reprinted by permission.
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of the inclination, and gives the variation of
the perigee height in the form of a trigonometric
series with numerical coefficients. Also, the
perturbations in Hansen’s coordinates have
been computed; this program can be included
in the existing Vanguard scheme for general
oblateness perturbations. The formulas used
in these computations can be applied to the
development of a Hansen-type numerical theory
for an artificial satellite.

DEVELOPMENT OF THE DISTURBING
FUNCTION

The importance of determining the lunar and
solar perturbations in the motion of an artificial
satellite was indicated by Kozai’s discovery
that certain long-period terms in the develop-
ment of the disturbing function cause large
perturbations in the elements and that, in this
way, the orbital lifetime of the satellite can be
considerably affected (Reference 1). In the
present treatment, the analytical development
of the two main terms of the disturbing function
are expressed
w0 1) + 52 - 1s)

') 4
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where
S = cos (r, t’).

In this expression (r, r’) is the angle between
the position vectors of the satellite and of the
perturbing body, either the sun or the moon,
with respect to the earth. The main term is
the second Legendre polynomial in the harmonic
expansion of the disturbing function. The
third Legendre polynomial is known as the
parallactic term.

The analytical development is important
because it permits investigation of the per-
turbations for an entire group of satellites
having similar elements and, in particular, is
useful in investigating problems connected
with the effects of resonance, i.e., stability
problems,

The problem of developing the disturbing
effects caused by the sun and the moon is
related to the lunar problem but with the dif-
ference that the orbital inclinations of both
the disturbed and the disturbing body to the
basic reference plane can be large in the case
considered here. The arrangement given for the
development of the disturbing function, based
on Cayley’s work (Reference 2), permits the
inclusion of any power of the eccentricity and
is valid for all inclinations (Reference 3).

For the time being, only long-period terms
are evaluated, and the terms depending on the
mean anomaly of the satellite are excluded.
The resultant “abbreviated version” is given
on pages 43 through 48. This last development
was used to investigate the influence of the
combined effect of drag and lunar and solar
perturbations on the orbital lifetime of the
satellite and in further investigations of the
orbits of satellites in the NASA space research
program. Future satellite orbits undoubtedly
will have elements such that the terms depend-
ing on the mean anomaly of the satellite and
the higher powers of the eccentricity can be
expected to become more important, especially
regarding the possible development of reso-
nances associated with the commensurability of
satellite and lunar periods.

The perturbations may also be developed by a
purely numerical method based on the use of
fast computing machines. In this method the

values of the orbit elements a, ¢, ¢, a’, ¢’, i’ are
substituted into the coefficients. The numerical
method is convenient in developing the pertur-
bations according to Hansen’s theory and in
investigating the variation of the perigee dis-
tance. A program for the development in terms
of the eccentric anomaly and a program for the
development in terms of the mean anomaly have
been prepared. Both programs can help to
supply information concerning the optimum
condition for launching in connection with the
solar and lunar perturbations.

Direct numerical integration of the equations
of motion with the solar and lunar perturba-
tions, by means of a computer program, has
confirmed the results of the analytical treat-
ment and the Fourier series development.

COMPUTATION OF SATELLITE
PERTURBATIONS

The following notations are used:

semimajor axis of satellite orbit

eccentricity

angle of inclination to equatorial
plane

argument of perigee

right ascension of ascending node

mean anomaly

position vector

rectangular coordinates

radius

true anomaly

i

Z, Y,

[ | e T

I

R N nwnmwe oe

sin =

2
The corresponding elements of the disturbing
body are designated by primes: a’, ¢’, etc. The
equatorial plane is taken as the basic reference
plane, and the precession and nutation of the
earth’s axis are neglected. The disturbing
function has the form

1 t'-r
Q=m (m - W)’ 40

or

2="TpP®) +EEP® 4. ... @
r r
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In the latter expression
8 =cos(rr)=(1— A —rYcos(f+ w0
==Y+ PA —ANeos (f+ o —0+ ]
+u) + 70— ) eos (F+ w+ 0+
+o) +yreos (ftw—0—f — o)
4+ 2y'VI = » VT = yficos (f + w — f
— W) — 2vy'VI — v V1T — 7" cos (f + w
+f+ o), 3
where
8=20—q,
and P, P, ... are Legendre polynomials.

Only the first two terms of Equation 2 are
considered :

=R E -
Q) G-10)

If <" # 0, then it is convenient to represent
Equation 4 in the form of Radau (Reference 4):

- F QG

3z — ¢t — gyt zyz'y’
+ g r'? +3 3’2

m a‘ ) 3 rix — 5:1;2“l r'3x! — 5x'z"?
r3

3 rly — Sy r'?y’ — 5y'2"?
8 tad r'3

+ 1 3r22 — 528 3r'22' — 52’3
1 r3 r’3

52 — 3z 2'* — 3z'y"?
8 r 3

+

4+ 3 32hy — ¢ 3"y — 4
g8 B 7"

16 2%z — P2 2'% — y'%2
4 i r’3

+ 15 ZEIEEY; (s)

and to substitute
S=(1—=2)cos(f+ w+0) +12cos(f+ w—0),

=0 —-—"sin(f+w+6 —ysin(f+w—0),

=

= 2vV1 — +2sin (f + W),

“wln

Y

= cos (f' + ),

L= ~2vsin( +w),

= 2yVT—sin (f' + w).

r

Substitution of these expressions into Equa-
tion 5 results in the following development for
Q in terms of the true anomalies:

m'ad a3
aQ = ( ) ( ) X (sum of terms of Types I-V)

5@ )

X (sum of terms of Types VI-XIII): (6)
Type |
+ 3 (1= 61 + 6v9(1 — 67 + 67
+ 3(¥* — ) (v'* — v'*) cos 26
+ 3(y — 2 (' — 2v'")VI — VI — 7% cos§;
Type Il
+ 2 (= ¥ — ¥ cos (2f + 20 — 2 — 20)

+ 8 (1= 20— rc0s (2 + 20 — 2 — 2" + 20)
+ g viv'tcos (2f + 2w — 2f' — 2w’ — 26)
+ 3y — W — yIVT — VI ="

cos (2f + 2w — 2f' — 20’ + 6)

+ 3y T — T =7
cos (2f + 2w — 2f' — 2w’ — 6);

Type lll

+3 (= 9 = 6y + 6y cos (@ + 20)

+ 30— - v cos of + 20 + 20)
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+ g Yi(y'? — 4% cos (2f + 2w — 26)
— 3y — V) — 2vYVT — 1 — 7
cos (2f + 2w + 0)
+ 3v3(y' — 2v')VI — W1 — v cos (2f + 20 — 0);
Type IV
+ g (v ~ (1 — 643 + 694 cos (2f + 20")

S+ 30— 90— yrcos @f + 207 — 20)

+ g (v* — ¥ cos (2f' + 2’ + 26)
+ 3(v — 2 v*VI — W1 — v cos (& + 24’ + 0)
—3(r — 2 — ¥IVI = /W1 — 47

cos (2f + 20’ — 6);

Type V
+ 3 (F = 0 = v cos (O + 26 + I + 20)

+ g (1 — ¥)*y' cos (2f + 2w + 2f + 20’ + 26)

+ 3000 — 1008 (27 + 20 + 27 + 2’ — 20)
—3(r — WYWI = W1 — 7
cos (2f + 2w + 2f' + 20" + 6)
=37y — YIVT — W1 = 47
cos (2f + 2w + 2" + 2o’ — 0);
Type VI
— 3 (= 5Y + B — 5y + By
VI = 2VT —4cos (f + w + f + o)
+ 30— M = 107 + 1579 (6r7 — 20y
+ 15y cos (f + w + f + o + 6)
+ % (67 — 204 + 159)(1 — 4" (1 — 10y
4+ 1y cos (f+w+f + o —0)
+ 2 — 19+ 3@y — 3y
VI= T =3 (f+ o+ + o + 2)
1
+ 32 @ = By — 497 + By
VI =T = 7%cos (f+ w + f + o — 20)

+ 30— 2y WO — ¥
cos (f + w + f + o' + 36)

+ % (' — (' — 29 + 4'9)
cos (f + w + f/ + o — 30);

Type VII

+ g (r — 57°+5y9) (v — 57" + 5¢9)
VIi= I = 7%cos (f + o — f' — &)
+ 30— A - 100 + 1590 — v
(1 — 109 + 15y) cos (f + & — ' — o' + 0)
+ g (6v* — 209% + 1598 (67" — 204" + 157'9)
c8(f+w—f —o —0)
+ R — 4+ 390 — 49+ 3y
VI =9I —47cos (f + w — f/ — o' + 26)
+ 22y — 3@y — 3T — I — 77
cos (f + w — f/ — o — 260)
45 7 ! 7
+ g O =27+ G2 = 2" + )
cos (f+ o —f — o + 30)
+ 4—85(‘7‘ — Wt =9 cos (f+ o — f — o — 36);
Type VIl
— D5+ 50—
VI =41 =% cos (f + @ + 3f' + 3u")
+ 2 A= = 107 + 1) — v
cos (f + w + 3f' + 3o’ + 6)
+ 2 6y — 207 + 1599 (2 — ¥
cos (f + w + 3f + 3’ — 6)
+ 2y — 49 + 3y VT = VT = 77
cos (f + w + 3f + 3w’ + 26)
~ D2y — 39y — T = T = 7
cos (f + @ + 3f + 3’ — 26)

+ 1—85 (v — 3% cos (f + w + 3f + 3w’ + 36)

+ 2t — ¥ — v e0s (f o+ @ + 3 + 3’ — 30);
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Type IX
15 5 3 ’5
+7(7—573+5‘y)(7 7'%)
VI = 1 — 7% cos (f + « — 3f' — 3u')

+ 32— A = 107 + 159 (7 — ¥
cos (f + @ — 3f — 3o’ + 6)

+ 32 6 — 207 + 159" —v")
cos (f + w — 3f — 3o’ — 6)

- 145 (r — 4 + 3 — 297 + 79
VI — T — 72 cos (f + w — 3f — 3w’ + 20)

+ 2 @y = 3y VT = AT = 72
cos (f + w — 3f — 3w’ — 26)

+ 22 2L = 491 = vDreos (f + @ — 3 — 3u’ + 30)

+ 1—85 (v — ¥y cos (f + « — 3f — 3o’ — 36);
Type X
2w W - sy
VI = W1 = vt cos (3f + 3w + f/ + &)
+ 22 (= 6yt — 207 + 1547
cos (B3f + 8w + f + & + 6)

+ 20— -y =10y 15
cos Bf + 3w+ f + o — 6
~ By 22y 4 @yt — BT = VT =
cos (3f + 3w + 7 4+ o' + 26)
+ 22 sy — 4y 4 ByNT = T = 47
cos 3f + 3w + f 4+ " — 26)

+ 32 (U= ¥y — 79 cos (3 + 3w + [ + of + 30)

+ 2~ v cos B + 3w + 1 + o — 30);

Type XI
15
+ 50— G = Byt 5y
VI = VT — 7 cos (3f + 3w — f' — o)
+ 3 (= WAL — (L — 1097 + 15479
cos 3f + 3w — f' — o' + 6)

15
+ g O = )6y — 2007 + 15¢79)
cos 3f + 8w — f' — o — 0)

- % (y — 2v¥ + W& — 44 + 3¢9
VI — V1 — y2¢cos 3f + 8w — f/ — o' + 26)

+ 2 @y = 3yVT = VT = 77
cos 3f + 3w — ' — o' — 20)

+ lsé (A — 3y — v cos (3f + 3w — f/ — o' + 30)

+ 185" (vt — ¥'%) cos (3f + 3w — f — &' — 36);
Type XlI
~Bp— s — VT = VT =77
cos (3f + 3w + 3f + 3u)

+ % (v — ™*y'* — ¥'% cos
(3f + 3w + 3f + 3’ + 0)

+ 2 (o — @ — 29 cos
(3f + 8w + 3 + 30’ — 6)
— By~ 2p T =T =
cos (8f + 8w + 3f + 3w’ + 26)
- 1745 P — 29 + yOVE — VT — 77
cos (3f + 8w + 3f 4+ 3o’ — 26)

+ g (1 — ¥®%y" cos (3f + 3w + 3f + 3w’ + 36)

+ 29001 — v cos (3 + 30 + 3 + 36’ — 30);

Type XllI
+ % P — W — IV — /1 — "
cos (3f + 3w — 3f' — 3w’)
75 2 4 8) (n'2 — 2’4 ’g
+§(7—27+'y)(7 2 )]
cos 3f + 3w — 3f' — 3w’ + 0)

+ Zgé (v — )y — ') cos
(3f + 3w — 3f — 3w’ — 8)
R s e N
VI = 7" cos (3f + 3w — 3f' — 3’ + 26)
+ l;f ¥y’ WI — y2V1 — "2 cos
' (3f + 30 — 3f — 3w’ — 26)
+ 31— 991 — 40 cos
(3f + 3w — 3f — 3o’ + 36)

+ 276‘7’6 cos (3f + 3w — 3f" — 3’ — 30).
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Then, by using Cayley’s notations, we obtain

? 4o
(z_:) cos (¢f + a) =_Z[cos + sinli,, cos (ig + @),

r » +o '
(;) cos (¢'f' + o) =2 [cos + sinl. .

cos (¢'g’ + ).
Evidently

(;’) (,,L) cos (¢f + ¢f + )

Fo 4o
=ZZ [cos + sin,, ¢ [cos + sin)., o

cos (ig + 179’ + ). (V)

The coefficients [cos + sin], , and [cos + sin]!, ,,
are functions of the eccentricities and can be
taken, in a general case, from Cayley’s tables
(Reference 5).

For the development of
(2)»(5)»'008 (¢f + ¢f + a),

Equation 7 leads to the following computa-
tional scheme (Reference 2):

[cos + sin]3, o —-¢

[cos + sinll, o 0.9’

[cos + sin]¥}, o + g’
[cos + sin);3 — g+
[cos + sinll, o 0.9 + «
[cos + sin]f? +9+a

Each coefficient in the upper part is multiplied

by each coefficient in the lower part, while the

corresponding arguments are added together.
A comparison of Cayley’s development with

Equation 6 shows that the same types of terms
appear in both cases:

@O (5)2(3—:>scos a

(I (EY(&)oos & — 27 + o,
(I ()(&) o5 @1 + o,
ay (5)’(‘:—:)%% @ + a),

W (5)(&) eos &5 + 2 + ),
wp (D) (&) eos G+ 1+
vy (L) (&) eos 1= 1 + @,
vim (D) (&) eos ¢ + 3 + a),
(D) (E) s 7 - 3 + a,
63) (I)(Z) o 67 + 1 + a,

(XI) (5)3(‘:—:>‘cos Gf — f + a),
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xm (D) (&) eos 6 + 37 + @),
(XIID) (5)3(%;>‘cos Gf — 3 + a),

and the same arrangement of

{cos + sin]}, o, [cos + sin]i., o

can be used. The arrangement for the develop-
ment of aQ in terms of the mean anomalies, given
in pages 30 through 42, has the following forms:

On the top, the factors depending on v and v’
are given. Each factor is a product of a poly-
nomial in v and a polynomial in v'. These
factors are analogous to the polynomials of

right are the angles that correspond to the v, v’
factors and that must be added to the arguments.
Each coeffictent above must be multiplied by each
coefficient below, and the arguments are added.
The common factors, m’a%fa’® for Types I-V and
m’at/a’t for Types VI-X1I1, are omitted.

As an example, from the arrangement for
Type a©, (below) we take, to order ¢ and e’
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-— a3
3(y — 27 (v — 2¢vOVT — W1 — 72 ";,l: %e"
(—— i e’) cos (+ 2¢9 + 2¢' + 0).

There is no necessity to perform the actual
multiplication; it can be done separately in

Tisserand from the planetary theories. On the  each case.
Type oy
Factors cos terms
+ 30— 69 + 699(1 — 671 + 6y 2r =0
+3(» — (2 — 'Y 2r = 20
+ 3(y — 299 (v — 2¢'HVI — W1 — o7 2r =0
9 7 7 7
+Ze3+ze‘+... — 2¢’
§ ’ _21 ’ o
+2e+16e’+..‘ g
1 — e¥)-33 0.9
3 27 ,
+5¢ + 16 et + +9
+ ey Teny + 20
_le2+_:_l_e4+ — 2g + 2r
1 12 P g
—e+§e3+... — g+ 27
3
1+ 5 e? (exact) 0.9 + 27
—c+ée’+... 4+ g + 2
_lez+i64+ + 2¢ 4+ 27
1 12 s g
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Type aQ,
Factors cos terms
9
+30 = M6 = 2r = 20
+3a -y — 2 = 20 + 20
3
+37 2r = 2w — 26
+3(r = M — YW — 1= 2r =20+ 6
+ 3y3y'WT — ¥WT — 7% 2r = 2w — @
1_7' &5' — r ’
+2e’ 5 4 4q 2w
Z’_1_2_3l — ’r ’
+23 16 4. 3g 20
_§ ’3 l?.l — ’ ’
1 2e +16e‘+... 2g 2w
lgp iy 2
0 (exact) 0.9 — 2o
i/ ' ’
et + ¢ — 2w
+2i4e"+... + 29" — 2o’
1 11
— 36— 2 — 29 + 2r
7 4
7 3_87:166+' —g+2r
+ge’ (exact) 0.9 + 2+
—3e+%e’+... +9+2r
—Se s Bay. . + 29 + 2r
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Type a9
Factors cos terms
+g(7’—7‘)(1—67’2+6“) ' 2r = 20
3 2)2(A 12 14 _
+35 0= MG - 2r = 20 + 26
3 4012 ) —
+ 370" — 'Y 2r =20 — 26
+ 3y3(y" — 2¢'HVI — V1 — 42 2r = 2w — 8
— 3= = 29)VT = 41 — 7 2r =20 4 8
ALY S oy
_3_ 4 2_7 3 —
+2e +16e + . g
1+ge’2+lsée’4+ 0.g'
+ 304 ey +¢
+ 3 Ton st + 2
1, S
—1—6e+... — 29 + 2
7 3
52
—!—ée (exact) 0.9 + 27
——3e+§e3+... + g+ 2r
_5,., 28
1 2e+16e‘+... + 29 + 2+
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Type a2,
Factors cos terms
+ 30— 6r B — v 2 = 20/
3 2 ’ ’
+§(7’—7‘)7‘ 27" = 20’ + 20
3 2 4 2y2 o ’
+§(7—7)(1—7) 27 = 20 — 26
+ 3(r — 27T — AT — 4 20’ = 20’ + 8
— 3y — 29 — YIVI — W1 — 4 2t = 20" — 8
+ g e+ — ¢+
8
0 (exact) 0.9’ + 2+
_l ’ l 3 ’ ’
2e+166 + ... + g + 2r
_§ /2 L3_ ’4 ’ ’
1 2e +166 + ... + 29’ + 2r
T 128 , ,
+2e 166 + ... + 3¢’ + 27
17, 15, , ,
+5e 16 ¢ + + 49" + 27
1 1
—Ze’—|—1—26‘+... —2g
—e+iet _
g g
3
1+ B e (exact) 0.9
1 .
Ll 1,
4e—I—lze-!—... + 29
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Type aQ;
Factors cos terms
+9 2 4) (~'3 ) 2r = 2
3 (P = MG =+ T = Lw
3 2)3.,74
+z(1—7)‘y 2r = 2w + 20
3 ,
+Z_Y¢(1_.Y:)z 2r = 2w — 26
— 3(y — VYT — I — 172 2r =20+ 8
— 3P0y — ¥YVI — VI - +? 2r=20—0
+..1_ela+ — ¢ + 2o
5
0 (exact) 0.9 + 2o’
1, ,
_ie,+1_6“+' + ¢ + 20
l—ge”+-}%e"+ + 2¢' + 20’
7, 123, 4 2w
+2e’ 16e'+. + 3¢’ + 20
+¥e,, 15, + 4+ 2
27—4e+. — g+ 2
+ 2 & (exact) 0.9 + 2
—-3e+-18§e‘+... +g+2r
5 23
1-3é+pe+. .. + 2 + 27
+e—%e’+... + 3g + 2r
+ta—2ayt +ag 4 2
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Type a4
Factors cos terms

- -g (v — 57 + 599 (v — 59" + 5y')VT — ¥Vl — 2 r=w

+g(1——7’)(1—107’+157‘)(67”—207"+15'7'“) T=w-+ 0
+§(6‘y’—207‘+157")(1—7”)(1—10‘7"+15‘7") T=w—96
+‘14é('v—47’+37‘)(27”—37’5)\/1——72V1—‘V” r=w+26
+1;§(27’—31“)(7'—41"+37")\/T_—_7\/1—7" T=w—2
45 ’ ’ =
+ g O =2+ 0" =Y T=w+ 30
45 6) (y'2 — Q4 ‘e =w — 30
+§(7—7)(7 2y + 4’9 T=w
+181e”+... —¢ +
+ e + ... 09" + o
+ 14 274 ... t+g +
+3el+_'. +2g'+w’
+§8§e’2+..- T3+
+%e’+... et
—ge—l—ssé(exact) 09 +
1428+ ... tot
g A
32
__8_e+ + 37+ 7
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Type a%;
Factors cos terms
+ 5y = 57 + 5 — By 4 ByVT — i = 47 r=u
+ 3= M =109+ 159 — ¥~ 1047 + 159 r=w+6
+ g (6% — 2094 + 1599 (6v"2 — 204" + 15v'%) T=w— 10
1 —_—
+‘4§( — 49 + 3 (v — 478 + 3¢V — I — 4 T=w+ 20
+ % (29 — 3(29% — 3v'HVL — W1 — 47 T=w— 20
45 ’ ’ 7
+ 5 O =24+ NG = 2+ Y T=w+ 30
+ 2= WG — vy r=w— 3
+'.58§e'2+' —39'—-(»’
+ 3¢ + ... — 29 —
+ 1+ 22+, .. — ¢ - o
+e 4+ ... 0.9 — o
+9¢ —
+ —1—1e” + ...
8
+ %l—ez +... —g+r
—ge—%sez(exact) 0g + 7
+ 1422+ ... +g+-
- %e + ... +2+
— S 4, + 3¢9+ r
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Type a2,
Factors cos terms
— P I — YT I = r=
15 rT=w+ 6
+ 5 (L= ) — 107 + 1549 (v — 7
15 , .
+ = (67 — 207" + 157 (v — %)% T=w—20
8
15 3 5V 54/ — ~2+/1 — ~'% —
+ 7 (= 4y + 3y VT — VT — T=w+ 20
— D oy — 3yt — v T T = 47 r—w—2
+ 20— T =+ 30
+ 2= 0 — r=w—3
0 (exact) 0.9' + 3o’
+§e'2+... g + 36
— e 4 ... + 2¢' + 3o’
+1—6e2 + ... + 3¢’ + 3o’
+ 5¢ + ... + 4¢' + 3o
+%7e’2+... + 5¢ + 30’
+3et —g+r
—ge—l—;é*(exact) 0.9 + =
+ 14 22+ ... +g+
—get ... +20+ 1
3, 3
- 8 et + + 39+ 7
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Type a9,
cos lerms
+ 20— 5P+ 5 — yYIVT = I = 7 =
+18§(1-—'r’)(1 — 10 + 15y (v — +")? =w+?
15 , ,
+ T 67 — 207 + 15y (v — 7' =e—90
_175(7-47‘+37‘)(7’-—27"+7'“)\/T_—_—‘\/l — ¥ = w+ 26
+ 2 @r = 3y T = I = 47 =w—2
15 , 2y3 2)3 =
+ P — M — ) =« + 36
+18§(1‘—'y°)7" =w— 30
+ 120 4 — 50 — 3/
+ 5 + ... —49'—3(»'
+1 67+ . .. — 3¢’ — 3
—e 4. .. —2¢ — 3
+%e"+... — ¢ — 3
0 (exact) 0.9" — 3’
+181e2+... —g+r
—ge—%é(exact) 0g + 7
1420+, .. ot
— et .. +2g+ 7
— 344, + 3¢+ 7
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Type a4

Factors cos terms

CB e — s VTSI =

+ 22 (= 6y — 207 + 15y P Bwt0
15 4 L) 12 12 74 —
+ 3 Ot =0 = ¥HA — 1097 + 159 T= 3w — 0
— G e @ - BT S AT =7 r =30+ 2
4
+IT575('Y' — 443 + 3y"5)v1 —73\/1 — ~'2 7= 3w — 26
15 , ,
+ 5 @ = PC6" - r= 3w+ 30
+1—85'y°(7’ — 7' r= 8w — 360
+%0'2+... —g'-*—w’
+e 4+ ... 0.9 + o
+ 14 2+ ... +g + o
+ 8 + ... + 24" + o
+ Rt +3 +
- %ei*(exact) 0.9 + 7
+ e +g+
9
—zet+ ... + 29+ -
+ 1 —6e+ ... + 3+
+ge+... + 49+ 7
+'1§5€2+... + 59 + =

765-698 O-65—4
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Typeaﬂu
Factors cos terms
+ 20— 0 — 5y 4 sy VT — T = 07 r =3
T %(" — P21 — ¥H(1 — 1092 + 15v") r=3w+ 40
15 4 L) /2 74 8
+—8-('y—'v)(67 — 209" + 1549 r=23w— 8
~ 2 =20+ W — 49 4 3yIVT = VT = 4B r =3+ 20
+ 22 2y — 3y9VT — VT — 7 r=3w—2
15 , , ‘
+ g (= M — =30 + 36
+ %76(7'4 — %) r= 3w — 30
+5—8‘°1e'2+... — 3¢ —
+ 3¢ + ... -2 — o
+ 1+ 24, —g —
+e + ... 0.9 — o
+%e'2+. T4
——%’e‘"(exact) 0g+ 7
+%e’+... +g+
9
+1— 62+ ... +3g+
+ge+... + 49 + r
+ et + 594 1
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Type anz
Factors cos terms
25 ——— ——
— 5 @@ = WG — VIV — AT =4 =3
75
+§(7—73)’(7"—7’°) T=23w+ ¢
75
+ g = =2 T=3w—10
15 Ea—t
— T =29+ YT = T 47 T =30+ 20
15 577 13 1y /1 — ~2./1 — 72
-3 Y0 =2y + YOV — T — 37 = 3w — 20
5 2)3.4,76
+g(t— My T =30+ 36
5 8 12\3
-l—g'y(l—-‘y) 7= 3w — 30
0 (exact) 0.9/ + 3o’
-}-ée”—f—... + g + 3o
—e + ... + 29’ + 3’
+1— 62+ ... + 3¢’ + 3o’
+ 5 + . .. + 4¢’ + 3’
+%7e”+... + 59’ + 3o’
- %é (exact) 0.9+ 7
57
+—8—e2+... +g+
0 .
—§e+... +2g+1
+ 1 — 6e? + ... + 3¢+ 7
3
15
+§e2+... + 59 + 7
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Type aQ1;
Factors cos terms
25 -
+ 5 (P = WG — VIV — T = 4 T = 3w
75 2 4 6 ’2 ’ ’,
+—8-('y—27+7)(7 — 29 4+ 49 r=38u+ 8
+%(v‘ - ¥ — 9 r=2380— 0
+ 2 — 2t — 2y VT T I =7 =304 2
+}4§75'y"‘\/1—7’\'1 - 7" r=3w— 20
5 2)3
+§(1—7’)3(1—'v) r= 3w+ 30
5 6,76
+§77 7= 3w — 36
+%Z'2+ — 5g' — 3w’
+ 5¢" + ... — 4g’ — 3a’
+1—6e2+ ... — 3¢ — 3o
—e 4+ ... —2¢ — 3o
+18e'2+... — g — 3
0 (exact) 0.9/ — 3o’
—%5e3(exact) O0g+
5
+-—Sze2+... +¢c+ T
9
—zet . .. +29+
+1 — 62+ ... + 3+ r
3
+1§5—e2—+—... + 50+ 7
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However, in the case of the existing artificial satellites only the long-period terms are kept.
The first power of ¢’ is kept only in the second Legendre polynomial, because of the presence of
the additional power of aja’ in the parallactic term. The accuracy of the coefficients of cos
(0.g + 27) makes the resulting development of the disturbing function valid for all eccentricities
and all inclinations, provided the ratio a/a’ is small enough to secure fast convergence of the
development of Equation 2. Thus we have the following:

Type alQh
Factors cos lerms
+3 =6y 690 — 61+ 6y (145 er), 2r = 0
+302 — W — v (1+50) 27 = 29
+ 3(v — 2 (2" — 2y")VT — W1 — 472 (l + g e’), 2r =0

Multiplied by

+ ge’ cos (2r — g') + (1 — €'2)~32¢cos 2r'® + ge’ cos (27 + ¢’).
Type a[;
Factors cos terms

+ 2 - W= da, 2r = 20

2 2

3 , 5
+Z(1—72)2(1—72)2~§e’. 2r = 20 + 26
+ 2 'y“y"-ge’, 27 = 2w — 20

+ 3(v — W — YOIV — VT =+ g &, 2r =20 + 0
+ 3y — I — 2. g e, 2r =20 — 6

Multiplied by

-3

+ 3 e’ cos (2r — 3¢’ — 20') + cos (2r — 2¢' — 20') — % e cos (2r — ¢ — 2u7).

*The second term becomes a secular one for 2r = 0.
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TYPe alQl;
Factors cos lerms
3 , 5
50— N — Byt By D 2r = 2
3 , N1
+ 10— et — 2 S, 2r = 20 + 20
+ gv‘(v” — ¥ -ge’, 2r = 20 — 20
= 3y — My — 2V — 41 — 77 -ge’, 2r = 2w + 6
+ 39y — 2T = I = 772, 2r = 20 — ¢
Multiplied by
3 ’ ’ 3 ’ ’
+ 5¢ cos (2r — ¢') + cos 27 + §e cos (27 + ¢').
Type af2,
Factors cos terms
3 ’ ’. 3 ’
+§(1—67’+67‘)(‘72—'y‘)- 1+§e’, 2r = 2w
3 2 4) A 74 3 2 —_ ’
T30 =M1+ 5¢) 2r = 20" + 26

+ 3 - ma -y (1+3a),
T 3
+ 30 — 2T = Vi = 3. (1 + 50),

S 3
— 80— 29 — YT =7 VT 7 (14 5 0),
Multiplied by

2r = 20’ — 20

2r = 20" + 8

o
N
il

2w’ — 8

— %e’ cos (2r + ¢') + cos (2r + 2¢") + %e’ cos (2r + 3¢').

Type alQ];

Factors cos terms

9 2 4 2 14 52 — ’

+ 5= 02— -5 e 2r =20+ 2
3 B2, D 2w’
+‘_;(1_‘y)—y .Qez, 27 = 2w + 20 + 2
3 , 5 ’
+74‘Y‘(1—'Yz)2'§e’y 271 = 2w — 20 + 2w
— 3y — MYVT =¥ VT =770 e, 2% = 20 + 0 + 22/

— 3y — VYV — 42 . VT — 472 -ge’,

Multiplied by

2r = 20 — 0 + 20’

1
-3 ¢ cos (27 + ¢') + cos (27 + 2¢") + %e’ cos (2r + 3¢)).
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Type al@],
Factors
- §<v — s 4 S — 5y + ST T (= Se - 12 0),
8 (1 — (1 — 10y* + 1549 (6™ — 207" + 15¢") - ( ge - lgé e’),
3 (@' — 207 + 15 — ¥D(1 — 1097 + 157 - ( 22 ea),
+ % (v — 498 + 399 (27" — 3yOVT — VI — ¥ (‘ Se- lgées),
+ ? 2y — 3v9) (v — 47" + 3¢yHVI — V1 — 47 . (_ ge - % ea),
+ 2 (= 2+ W — -(‘ e %e')
+ ésé = G2 — 29"+ ¥ . (— ge _ _%éea),
Multiplied by
+ cos (r + ¢’ + o).
Type al,
Factors
t3 (v — 57 4 5 — 5y + 5YOVT — VI— 47— 2 e - 1—85-8),
] (1 — A1 — 1042 + 15+H(A — ¥ (A — 1042 + 1579 - (_ 9, _ 0 e“)
3 (6w — 209 + 15996y — 2074 + 15y (= S e - 2 2 ),
+ %’ (v = 4 + 3O — &+ BT T = (= S = B4),

+ % (27 — 399 (29" — 3y VI — /1 — 7”'(_ oe — 33)
+ ésé (= 2v + (" — 29" + 7’°)'(_ €~ —é)

4
+ '§5 (vt — V) (y/4 — ,Y/o).(_ ge _ %e’),

Multiplied by
+ cos (r — g — ).

cos lerms

= w

= w9

= w — @

= w + 26

= w — 20

= w+ 3¢

= w — 30

co8 terms

w + 26

= — 20

= w + 30

= w — 30

45
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Type al@s
Factors
1
125 (v — 57 + 599 (v'* — ¥)VI — VI — 47 ( ge - §5e3)’

-+ 'l‘é A — A — 1042 + 15y ("t — %) (_ _'5.3 — E 83),

8 2 8
+ 22 (692 — 209 + 1599 (v — 7'3)"(— 5,-15 9’),

8 2 8

15 ’ 12y2 2 73 5 15
_-4—(2-,3_375)7(1—7)\/1—.“/1_7._Ee__s_ea,

+ e (-e- o)

2 8
+ 2= -y (= - o)

Multiplied by
+ cos (r + 3¢’ + 3u').

Type al,

Factors

+ 1 e — VTS T (= Do = B0),

+ R A= WA~ 107 + 1590 =y (= Fe - 2 o),
+ 26— 200 + 150G — vy (- 30— Ba),

15 , , 5 15 .
— 20— 4 30— 2t VT = VT (= e - P

+ 3 @ = 3T T — (= Se - o),

2 8
+ 1_853 21 — )1 — .Yfz)a.(_ ge — %5 33),
+ %5 (v - 'y“)'y"‘-(— 2¢€— & e’)

Multiplied by
+ cos (r — 3¢’ — 3u).

cos terms

= w + 26

= w + 30

cos lerms

= w + 26

w — 26

= w + 36

= w — 30
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Type alf

Factors
— B - e = s+ VT =i (- B e),
+ 2 (v — 6y — 20yt + 1599 (- R o),
+ %’l (= A — (1 — 10+ + 157’*)-(— %5 e’>,
— B -2+ ey - sV T =7 (- £ 0),
+ 2 sy~ 4y + ByVT = T =y (= B o),
+ % AR ON C

+ Bty -y (= B ),
Multiplied by
+ cos (r + g’ + o).

TYP2 o[
Factors

+ 1_25' (v — ¥ (¥ — 5v% + 57[5)\/1—___ ‘Y’\/l——_'y'z-<— 37‘50"),

+ 1_85' (r = PP — ¥ — 109" + 15¢'0) - (_ )

#1860 — 0y — 2000+ 15y (- ),

- % (v — 29% 4+ (v — 473 + 3v'5)V1 — 42/1 — 2. (_ )’
15 , ) ’

+ 5 (2% — 3y HVL = 421 — 12 - ( )
15

+g -0 - wo*-(‘ 5

+ % Yy — 4’9 ( )

Multiplied by
+ cos (r — ¢’ — o).

P

cos lerms

3

3w

3w + 0

3w — 8

3w + 26

30 — 20

3w + 30

3w — 30

co8 terms

= 3w

= 3w + 8

= 3w — 8

= 3w + 26

= 3w — 26

= 3w + 36

= 3w — 30
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Type a[Q

Factors
- 275 R DI G 7'5)\/1——7’\/1—:7”‘(‘ 218’583), T
+ 20— (- ), "
+ R = W == 2a), "

-

1 — 2 35
— B 2v Wy T (- B e),

<

- %7“(7’ — 2¢"% + y)VI = Y1 — 7”-(— %56’),
+ g - 7’)‘1’“'(— % ?’), T
5

+ 20— (= Ba), -
Multiplied by
+ cos (+ + 3¢’ + 3w’).

Type a[2];5

Factors
+ B =t — VT T (- Ra),
7
+ §5 (P~ 29+ (2= 29+ 4 (_ %5 é).
7
+ Rt =y (- R ),
1
+ 75 (r =27+ WG — 2% + vV — W1 — 42 (— §8§ e’>,
+ 1745 Py — V1 — 2. (— §8§ e3),
+ 32— -y (-2 e),
5
+ g ¥oy'e . (-— %5 e’)y

Multiplied by
+ cos (+ — 3¢’ — 3u').

cos8 terms

= 3w

= 3w + 6

= 3w — 6

= 3w + 26

= 3w — 20

= 3w + 30

= 3w — 36
cos terms
T = 3w
T=3w+ 8
T=3w— 9
T = 3w + 260
= 3w — 20
T = 3w + 30
T= 3w — 30
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The standard equations for variations of elliptic elements may be used in connection with this
development. In particular, for the variation of the perigee height the equation is

dsg _ VT — ¢ 2ag

di ~  na*t Ow

The proposed scheme leads to a form of the development which is standard in celestial
mechanics. It differs from Kozai’s scheme only by arrangement. The following method was
used to obtain the development on the automatic computing machine:

. o
G = cos’% coszgcos (w+0—g — )

, .

+ ssinz§z cos? % cos (w— 6+ ¢ + &)
, .

+ cosz% sin? % cos (w+ 0+ ¢ + o)

. .,
+ sin’iz sin’%cos (w—0—¢ — )

+ %sini-sini’ cos (w— g — &)

— %sini-sin v cos (w + ¢ + ).

Then,

H= G+2§—ge'sing’=0+§§(f’—g’),
K=(Gm-3)a+secosy) + (30— JH) 1+ 4 cos )
- G- G- )
The terms of K are then sorted into four groups according to the coefficient of w in their arguments:
the 2w terms are multiplied by ( + -52— e2>; the 0 - w terms are multiplied by (1 + -g e2) ; the 1.« terms

are multiplied by (— g e — % e“); and the 3w terms are multiplied by (,—— % e3)-

In order to include the main effect of the lunar and solar perturbations in the method used
at the NASA Space Computing Center (Reference 6), the development of the disturbing function
must be obtained in terms of the eccentric anomaly ¢ of the satellite. By keeping the second
harmonic only and using the formula

(5)2 cos (2f + 27) = (1 + Y)~3{ B cos (— 2¢ + 27)
— 483 cos (— & + 27) + 68% cos 27
— 48 cos (+ ¢ + 27) + cos (+ 2¢ + 27)},

the following computational scheme is obtained. This scheme is valid for all eccentricities and
all inclinations. The common factor (m’a*/a’®)(1 + £%)~% is omitted.
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Type a4

Factors

+ 2= 6+ 61 — 6y + 6y,
+ 30 — (2 — 7',
+ 3y — 29 (v — 2yHV1 — V1 — 2r =0

cos terms
2r =0
27 = 20

§ ’ —
+ 3 e + ... g
1 — eh32 0.9’
3, '
+ 3 € + g
+ 8 — 284 27
— 28— 28 — &4 20
1448+ 8¢ 0.t + 2
— 28— 26 + &+ 27
+ g2 + 28+ 27
Type a2,
Factors cos terms
+ g (¥ — ME'? — 'Y, 2r = 20
+ 3 — -y, 2 = 20 + 20
3
+ Z 7‘7 4y 2r = 20w — 20
+ 3(y — V(Y — ¥YOVI — AT = 77, 2r = 20 + 0
+ 3y W1 — VI — 47, 2r = 2w — 0
+Ze'+ — 3¢’ — 2o
2
1—ge'2+ — 29" — 2
—ée’-}—. —g — 2
+ B¢ — 28+ 27
— 4 — £+ 27
+ 68 0.t + 2
— 48 + &+ 27
+ 1

+ 2 + 27
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Type aQ;
Factors cos terms
+ 2 p = 00— 6y + 6y, 2r = 20
+ 3 = i — ), 2 = 20 + 2
3 , /
+ 3707 =1, 2r = 20 — 20
—3(y — W@ — 2 VI — ¥ VT =7, 2r = 2w + 8
+39(v' — 29 VI — 721 — 773, 2 = 20 — 0
3, ,
+ b e + — g
3, ,
1+3 et + 0.9
3, ,
+ 3¢ + + g
+ g — 28 + 27
— 488 — &4 27
+ 662 0.8 + 27
— 48 + £+ 20
+1 + 2+ 2r

51



52

ASTRONOMY AND CELESTIAL MECHANICS

Type a9,
Factors cos terms
+ g (1 — 692 4+ 6H)(v'2 — ¥, 27 = 20/
3 , ’
+§(72—‘Y‘)‘Y‘, 27 = 20’ + 26
3 , ,
+§('Y2—'Y‘)(1—‘Yz)2, 27 = 20’ — 26
+ 30y = 29I — W1 = 7, 2r = 20’ + 0
= 3(v — 27 (v — YIVI — I — ¥, 2r = 2 — 8
0 (exact) 0.9’
1, +9¢
—5e +
+ 2¢’
1 —ce?+
7, + 3¢’
+ é e + .
+ g — 2%+ 2
— 28— 288 — ¢+ 27
1+ 482 + g4 0.8 + 2r
— 28— 28 + £+ 27
+ B + 2t 4+ 2r
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Type a$;

Factors cos terms
+ g (P = WO — Y, 2r = 2w + 20’
+ 3~ iy, 2r = 20 + 20 + 24/
+ 27‘(1 — ¥'9)2, 27 = 20 — 20 + 2o’
— 3y — VI = VL — 7, 2r = 20 + 6 + 2’
— 3Py — Y VI — VT =77 2r =20 — 6 + 2
0 (exact)y | g T
1, ,
- Ee + P + g
5 14 ’
1 — 3¢ ? 4 + 2¢
7, ,
+gze¢ + + 3¢
+ 8 — 2+ 2
— 48 — &4 27
+ 62 0.t + 27
— 48 + £+ 2r
+1 + 28 + 27
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THE INTEGRATION PROBLEM

The method used at the NASA Space
Computing Center is based on Hansen’s idea of
separating the perturbations in the orbit plane
from the perturbations of the orbit plane. A
typical differential equation of the method takes
the form

d
d—g =2 A% o,

a=1E + jo + k2 + ¢'¢’ + j'w' + ¥'Q" + pF,
where Fis considered as a constant and

w=w + o(E — Ey), g =g+t — ),

Q=Q + UE — Ey), o = w' + 1w/t — b)),

Q=@ + 't — b).
The time ¢ can be eliminated by means of
Kepler’s equation,
E—esin E=g=g + n(t — &);

and, after several transformations involving
Bessel functions, the right-hand side can be
reduced to an integrable form. However, in-
stead of this complicated method, the integra-
tion can be performed in such & way that K and
g’ are both kept in the argument. A similar
method was used by Hansen (Reference 7) in
his development of the perturbations of Encke’s
comet by Saturn.

From Kepler’s equation and from

g =g +n{t — b

it can be deduced that

%% = m(l — e cos §) (wherem = %’),
and
aQ _ oQ 0Q dyt _ 0@ 2Q
i 02+Tg"m—_&+mw(l—ecoss)'

Thus the problem is reduced to the integration
of the linear partial differential equation

oQ

ot + m(1 — ecos §) %% =ZA::’,:a = X.

We can consider the equation

2Q 2Q

O—E—l-ma—g,=X+mle cos ¢,

29
og’
and replace m, by m after the integration is
completed. By assuming that me is small (at
the present time it does not exceed 0.02), the

solution can be developed in powers of the
small parameter. Putting

Q= Qo+ m@ + mPQ + . . .

gives
9 0Q _
o8 T™ay =%
and
Q_Qf aQ; — bQ.‘—l .
Y: +mbg’— ¢ cos ¢, t=123...).
Evidently

— + A o )
Q=22 (@ + joi + kQ) + m@ + jor + k)

®

At any step an equation will be obtained that
is of the same general form as for @, and
Equation 8 can be applied to obtain the cor-
responding @,

The same method can serve to develop the
Hansen-type theory of natural planetary satel-
lites, provided me is small enough to secure
reasonably rapid convergence. For example,
for the X% satellite of Jupiter the value is
0.004. In developing the theory of the plane-
tary satellites, the orbit plane of the planet can
be taken as a basic reference plane and expressed
asy’ = 0. This circumstance requires a change
only in the lower part of Cayley’s development
(Reference 5), namely, replacing the develop-
ment in terms of g by the development in terms
of E. The remaining part of the theory will
be similar to that given in the first part of this
report.

By using the described methods, the analyti-
cal or numerical extension of the development
can be done easily by modifying Cayley’s
scheme or by taking a numerical development
of r . 7" in an adequate form.

APPLICATION OF THE THEORY TO
VANGUARD | AND EXPLORER VI

An abbreviated version of the terms aQ; to
aQ; was programed for the 1BM 704. This
program was used to compute the perturbations
of the perigee height for the satellites Vanguard
I and Explorer VI. The results for Explorer
V1 give general qualitative information about
the variations in perigee height for at least half
of the satellite’s orbital lifetime. Table 1
shows the main terms for each satellite.
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TasLe 1.—Lunar-Solar Perturbations in Perigee Height of Satellites

1958 8,, Vanguard I

1959 5, Explorer VI

cos cos
Perigee Perigee
(km) (km)
w é )\O wo )\( wg w [ )\Q wo )\( wq
—0. 457 0 0 0 0 0 0 —1097. 14 0 0 0 0 0 0
+0. 067 +2 0 0 0 0 0 +110. 51 +2 0 0 0 0 0
+0. 115 +2 +2 0 0 0 0 —892. 67 +2 +2 0 0 0 0
—0. 157 +2 +1 0 0 0 0 —251. 23 +2 +1 0 0 0 0
+1. 458 +2 +2 —2 0 0 0 +15. 20 +2 —1 0 0 0 0
+0. 079 +2 +1 -2 0 0 0 —1.53 +2 0 —2 0 0 0
—0. 389 +2 +2 -3 +1 0 0 —24. 11 +2 +2 —2 0 0 0
—0. 108 +2 +2 0 0 —2 0 —1.68 +2 +1 +2 0 0 0
—0. 032 +2 +1 0 0 —2 0 —9. 83 +2 +1 —2 0 0 0
—1.25 +2 —1 +2 0 0 0
—3.93 +2 +2 0 0 —2 0
—1.43 +2 +1 0 0 —2 0

The comparison with the observed perigee
height is shown in Figure 1. The observed
values were obtained from the NASA Space
‘Computing Center after removal of the third
harmonic. Figure 2 shows the lunar and solar
perturbations in the perigee height of Explorer
VI. The effect on the Explorer satellite is
much larger than that on the Vanguard because
of the higher eccentricity of the Explorer orbit.
Further investigations have been carried out
on the basis of these results (Reference 8).

A refinement of earlier computations of the
Vanguard I orbit revealed a very slow variation
in perigee height, with a period of 449 days and

660
658 L A
_.6561
]
=654 8
=
T
652
w
T
w 650
w
©
@ 648
¢ A - PUBLISHED ORBITAL ELEMENTS LESS
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an amplitude of 2 kilometers. Kozai suggested
(in a private communication) that a term of
this period and amplitude will result from a
combination of lunar and solar perturbations.
Kozai and Whitney then extended their calcula-
tions to the case of the paddle-wheel satellite,
Explorer VI (Reference 1). Explorer VI has
an apogee of 48,700 kilometers, a perigee of
6640 kilometers, and an orbital inclination of
47.3 degrees; it was found that this highly
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eccentric orbit produces substantial lunar and
solar perturbations which decrease the perigee
altitude rapidly and shorten the orbital life-
time from several decades to a probable value
of two years.

The interesting work of Kozai and Whitney
encouraged further exploration of the possible
lunar and solar effects on perigee height for
satellite orbits of large eccentricity. In general,
both the eccentricity and the perigee height
vary with time as a result of these effects.
The amplitudes, frequencies, and relative phases
of the variations are determined by the orbit
parameters, among which the hour of launch is
of considerable importance. For a special set
of launch conditions, and for representative orbit
paramelers, the perigee height may be made to
rise steadily over the course of several years at a
rate of 1 kilometer per day. Thus, the sun and
the moon may provide a substantial perigee boost
Sfor the satellite under properly chosen circum-
stances. For other conditions the perturbations
may be minimized to obtain a relatively stable
orbit. These considerations may be of impor-
tance in deciding the launch programs for future
satellites with highly eccentric orbits.

From the perturbing function developed
herein, the rate of change of perigee height was
found by the method of variation of constants.
Letting ¢ be the perigee height,

dg_ (1= @202 V1—eop

dt nae o nae Ow

where ¢ is essentially the mean anomaly g of
the satellite, w is the argument of perigee of the
satellite, and Q is the perturbing function.

The first-order perturbations of the gravita-
tional effect of the sun and moon were devel-
oped, and several assumptions which consider-
ably simplified the expression for the potential
were made. It was assumed that the moon’s
orbital plane is coincident with the sun’s.
Only the long-duration effects on perigee
altitude were considered; this eliminated terms
with periods of the mean anomaly (and frac-
tional parts thereof) of the satellite and, for
the most part, of the moon (i.e., g and ¢g’¢).

Hence, the expression dg/dt becomes

tjg__i_x/l—ezgz
dt nae dw

which is a trigonometric series whose arguments
depend on various combinations of 2w, 6, Ao,
AQ @o, wg- In terms of these elements several
possible resonance effects can be recognized,
two of which are associated with the following
conditions:

26 — 2(Ao — §) = 0, (10a)

26 + 2(ho — §) = 0, (10b)

where &, ), § are the average angular velocities
of w, N, 6, respectively.

These resonance conditions have a simple
interpretation. For example, in Equation 10a,
Ao — Orepresents the longitude of the sun relative
to the line of nodes; and w, the position of the
perigee in the orbital plane, is also defined
relative to the line of nodes. Therefore, in a
system in which the line of nodes is fixed, the
satisfaction of the resonance condition (case
10a) signifies that the mean angular velocities
of the sun and perigee are equal; that is, the
line of apsides follows the sun. In this case
the orbital perturbations produced by the sun
are clearly maximized. In Equation 10b, the
sun and the line of apsides have the same period
of revolution but in opposite directions. Again,
it is clear that the solar perturbations will be
maximized.

Tt was found that the effects on perigee height
may be maximized or minimized by choosing
suitable values of the orbital inclination and the
time of launch. A long-period effect occurs
when the inclination to the equator is near 63.4
degrees—the critical angle at which the motion
of the argument of perigee is small. There is
a 2w term in dg/dt which at this inclination pro-
duces a near-resonance effect, causing the
perigee height to change almost secularly. For
an orbit with an apogee of 46,550 kilometers
and a perigee of 6650 kilometers, the rate of
change of perigee is about 1 kilometer per day, .
as shown in Figure 3. The precise magnitude
of the rate of change depends on the initial
argument of perizee. The hour of launch does
not affect this result.

At angles of inclination other than 63.4
degrees, a variety of effects may be obtained
by a suitable choice of the hour of launch.
Selecting the hour of launch is equivalent to
selecting the longitude of the ascending node,
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with any value available once in 24 sidereal
hours. The results of three different launch
times are shown in Figure 4, employing the
same apogee and perigee as in Figure 3 with
an argument of perigee equal to 135 degrees
and an equatorial inclination of 28 degrees for
February 1, 1960. Curve A corresponds to a
launch time of 7 hours U.T. on February 1,
curve B to 23 hours U.T., and curve C to 13
hours U.T. Cases A and C show rapid initial
variations of perigee height—advantageous and
disadvantageous. Case B represents a rela-
tively stable orbit.

Curve C’ represents the addition of drag to
case C. Tt rises initially above the solar
and lunar perturbation curve because the drag
decreases the period and the -eccentricity,
and these changes in turn decrease the solar
and lunar perturbations. It is interesting to
note that the lifetime for a satellite with the
parameters of Figure 4 is 25 years in the
absence of lunar and solar perturbations and
approximately 1 year with these perturbations.

100 200 300

DAYS AFTER LAUNCH

Ficure 4.—Results of three different choices of
launch time on February 1, 1960: (A) 7™ U.T.,
(B) 28 U.T., (C) 18 U.T.; (CY) shows the
addition of drag to (C).
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This article contains two systems of formulas for the determination of the long-period
perturbations caused by the sun and the moon in the motion of an artificial satellite. The
first system can be used for the determination of the lunar effect for all satellites. The
second method is more convenient for finding the lunar effect for close satellites and the solar

effect for all satellites.

The knowledge of these effects is essential for the determination of the stability of the

orbit of the satellite.
permits the use of numerical integration.

previously.

This article contains two systems of formulas
for the determination of lunar and solar long-
period effects of the first order in the motion
of an artificial satellite. The first method is
based on the theory originally developed by
Gauss [1818] for a numerical treatment of the
very long period effects in planetary motion.
It is also applicable to artificial satellites.
The second method is valid for close satellites
and is based on the development of the disturb-
ing function in terms of Legendre polynomials.

The knowledge of these long-period effects is
essential for determining the stability of the
orbit and the lifetime of the satellite. As an ex-
ample, Kozai [1959] found that the solar and
lunar perturbations have shortened the lifetime
of Explorer VI by a factor of 10. The long-pe-
riod lunar effect can be deduced by averaging
the perturbations with respect to the mean
anomaly of the moon and that of the satellite.
The first averaging process is performed analyti-
cally; the second process, numerically. The

1 Published in the June 1961 issue of Journal of Geo-
physical Research. Reprinted by permission.

The basic equations of both systems are arranged in a form that
The two theories are more accurate and more
adaptable to the use of electronic machines than are the analytical developments obtained

%

R
long-period solar effect is obtained by averaging
the perturbations with respect to the mean
anomaly of the satellite only. Both methods
result in the numerical integration of the
equations for the variation of elements.

The interval of integration depends upon the
proximity of the satellite to the earth and upon
the secular changes of the node and perigee pro-
duced by earth’s oblateness. In a normal case,
the interval of integration will be of the order of
several days. For more distant satellites it can
be of the order of 1 month or even more. The
choice of such a large interval is impossible if
Cowell’s method of integration in the rectangu-
lar coordinates is used.

It was found that for more distant satellites
the development of the disturbing function into
a series of Legendre polynomials converges so
slowly that it is impossible to include all impor-
tant long-period terms into an analytical devel-
opment. A large orbital inclination might also
contribute substantially to the slowness of the
convergence. For such a case as, for example,
a = 10 earth radii, e = 0.8, the analytical de-
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velopment obtained by Musen, Bailie, and
Upton [1961] becomes incomplete. These cir-
cumstances caused the author to investigate
the possibility of using the Gaussian method for
the determination of the lunar long-period
effects in the motion of an artificial satellite.

Halphen’s [1888] form (with corrections by
Goriachev [19371 of the Gaussian method was
found to be the most convenient, partly because
of its mathematical simplicity and elegance and,
partly, because it was found to be very adapt-
able to the use of electronic computers. Some
necessary modifications were made in order to
include the basic perturbations of the motion of
the moon. Also, the Goursat [1881] transforma-
tion and the Euler summability process were
used to speed up the convergence of the hyper-
geometric series. This method is valid for all
values of ¢, 7, and a/a’. _

The development in terms of Legendre poly-
nomials is permissible if the lunar or the solar
perturbations for close satellites are to be de-
termined. The basic equations of these two
cases are arranged in the form that permits the
use of the numerical integration and includes all
the significant long-period terms. Theoreti-
cally, these equations are completely equivalent
to the extensive analytical developments ob-
tained by Kozai [1959] and by Musen, Bailie,
and Upton [1961], but they have a more compact
and symmetrical form and are more adaptable
to the use of electronic machines. Thus the
formulas given here represent, from a practical
point of view, a substantial improvement over
the previous methods.

LUNAR DISTURBING FORCE IN THE MOTION
OF A DISTANT ARTIFICIAL SATELLITE

Let

go, w, §, iy 6 a, n

be the osculating elements of the artificial satel-
lite referred to the earth’s equator, and let

N ’ [ ’ ’ !
gy 0, Q, 0, €', 0", n

be the elements of the moon referred to the fixed
ecliptic. We assume that there is no sharp

commensurability between the mean motions n
and n’. It is sufficient to take into account the
secular changes in the «’, @', neglecting the
periodic effects and the influence of the preces-
sion. Let P be the unit vector directed from
the center of the earth to the perigee of the
orbit of the satellite, R be the unit vector
standing normally to the orbit plane, and

Q=RXP

Let P/, Q’, R’ be the corresponding vectors con-

nected with the orbit of the moon. Putting
+1 0 0 |
Aye) = 0 “+cosa —sina
0 +sina Fcosal
+ecosa —sin a 0]
Ay@) = | +sin @ “cosa 0
L 0 0 +1

we have for the components of P, Q, R and
P’, Q’, R’ in the equatorial system

(P, Q, R] = Ay(@) - Ai(3) - As(w) 1

[P, Q, R']l = Ai(e) - A3(@) - A" - As(0’)  (2)

¢ is the angle between the equator and the
ecliptic. Designating v astheeccentricanomaly
of the satellite, we have for the position vector

r = Pa(cosu — e) + Qa\/l — e?sin u (3)

Put

e=j:s+e’P’_ 4

I

Ps(cos u — €)

+ Qs V1 — ¢ sin u + ¢'P,
where s is the parallax
s = aja’

Put
a=p-P,8=0p-Q,v=pR

The system of Halphen’s [1888] formulas for the




computation of auxiliary quantities can be
slightly modified and rewritten in our nota-
tions in the following way
Ki=p"—2+4¢" (5)
K, = (1 —¢%)(1 — o)
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we deduce
WO = o —2 R 5w (15)
V3 V14 Vi
Putting
a=%%, b=;~;, z2=1—¢
in

- B = (2= (6)

K =v(1 — &%) (7)
9. = 3 (K" — 3Ky) (8)
gs = 21 (2K," — 9K, K, + 27K,) (9
27g.°
¢ =0 (10)
g2

The next step in Halphen’s method is the
computation of

T 1 5
w@)=:;7§FG5,15,1,1—5) (11)
e = 9 (13 17 _

\l/(g)— 144 \4/§F(12}12)2:1 E) (12)

and of‘
A=X%%@l§vﬁwa (13)

V2

B=—Y— 14
— V463 (14)

The values of ¢ will be proper fractions. The
series 11 and 12 possess an algebraic branch
point at ¢ = 0, and the convergence in the
neighborhood of this singularity is slow. -In
order to obtain more convenient formulas
representing our series in the interval 0 < ¢ < 1
rather uniformly, with the accuracy at least up
to 107% we apply the Goursat [1881] transforma-
tions and then the E summability process.

Putting

b=71z, 2z2=1-—¢
in
Fla,b,a+ b+ 1,2

Sk

2a,a — b

1—\/1——2>

+ TIF V=2

ya+ b+

[N
(N8

Fla,ba+b— 1,9
u—WWGililﬁma

2

-F<2a—-1,a—b—|—:§,

1 1—\/1—2)
b____ —
ot 27 1+ V12
we have
R T G_L_Y°
Veve = -~ s v
1 7
‘F(6)6;27_w) (16)
where
1 — VE
w = =
1+ VE

The series 15 and 16 are alternating and the
E-process can be applied to speed up their
convergence. The formula of the E-process for
hypergeometric series takes the form

+ lim i (=M’
.(a) N + J)(ba N + ]) xN+f
(1, N+ i), N+ ))

: i 23& (p) 17

=1 ]

where
(k) =q¢g+ 1) ...@+k—-1

Applying formula 17 to the series 15 and 16,
and putting N = 3, m = 19, we deduce the two
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following expressions whose coefficients are  Then the matrix is formed with the elements

rapidly decreasing as the power of w increases.

2 Vive

Aii = aijA + a;B

introducing the dyadic (a matrix)

_ ( 2 )l/ﬂ _ < 2 >7/ﬁ
‘P(E) - 1 + '\/g - m +A“P’P’ + A]_QP,Q' + AmP'R/

(-+2.3870942
—0.0663082 w
+0.0225632 w?
—0.0117691 w?
+0.0073743 w*

(—3.7991784

+0.3693646 w
—0.1556119 w?
-+0.0889726 w3
—0.0586828 w*

& = 3+ A4nQ'P’ + 4,Q0'Q" + 4A,QRp (18
+ AuR'P’ + AuR'Q’ + AuR'R

we can represent the ‘‘disturbing,”” force averaged

;g%g;ggg ws +gg§ig§ég wt with respect to the mean anomaly of the moon,
we — we 3
: : in the form
—0.0027325 w? +0.0233758 w? 2k’
~+0.0019070 ws —0.0165247 ws Fp=— -5 ot (19)
—0.0011936 w? +0.0104483 w®
+0.0006337 w'° —0.0055933 w'* and the averaged momentum is
—0.0002710 wn +0.0024083 w!
+0.0000884 w —0.0007898 w' M, = — 2EM e (20)
—0.0000205 w's +0.0001837 w o't
+0. 30 w 0.0000268 '+ In addition, in the system adopted in this article,
—0.0000002 w'®) +0.0000018 w's)
we have to compute the vector [Musen, 1954]
. 1
The next step is to compute Ko = (1 + ;:) Fp — Ko @

K, = 9K, — K,K
‘ ) e The vectors M, and K, must be averaged along

Ky = K\(K\K, — 3K;) — 2K the orbit of the satellite. We have to obtain

and

3 1 2r 1 2r
a = Kie? — 1) + Ks + 5 g:Ko (My) = 2‘;f0 Mg = ﬂﬁ Mogdu (22)

1

3 oK = L™ -1 (g
Ayy = 1(4(62 -1 + 6’2) _+_ K5 +5£75 (Koo) = 21‘_]; Kodg = 21rJ; Ky adu (23)

Az = K472 + K; + %g’z[a2(1 - 0;2)
+ 8 — (1 — )]

G2 = Gy = Kyof

This averaging is done numerically, by giving
the values 0°, 30°, 60°, . . ., 330° to u, computing
values of My(r/a) and K(r/a) for each of these
angles, and then forming the arithmetical means.

The form of variation of constants for the long-
period lunar effects. Designating the area ‘‘con-
stant” by ¢, we have

Qg = Q32 = (K4 - %92)3’)’
a3 = Q3 = [K4 - %92(1 - e,z)],ya

an=a2-—l—%K1 ¢ = VpR @4
an =8 — 14" — 3K, p=a(l — e (25)
a's =7 — 3K, and

’ — 4 —

a'ys = a'y = off %:rXF (26)

Y
a'ys = @’y = By

as = a'y3 = ya Let h be the unit vector along the line of nodes
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and let (i, j, k) be the unit vectors of the
equatorial system. We have

h=icosQ 4+ jsinQ 27
R=hXksinz + kcos1? (28)

It follows from (27) and (28)

d—R=hsinz di

7 7 thRXRZ (29)
and from (26)
hsini@+hxkﬂ— ¢ r%
1 —e dt
1 d\/a 1
+ —= =-—=r X F 30
\/a dt V'p (30

We deduce from the last equation the long-
period effects by applying the double process of
averaging and taking da/dt = 0 into account

aQ

smwgt— = —\/—h-Moo (31)
di
i \/— My,ch X R (32)
de VI1-—¢
-, = - R- Moo (33)
dt e\/a

It is interesting to note that for long-period
effects only the averaged momentum and not
any other function of the disturbing force is
contained in the equations 31-33. Equations
31 and 32 represent a particular case of equations
deduced by Makarova [1958] for the computa-
tion of the special perturbations of minor
planets. We have [Musen, 1954]

di de do 1 Vp
hdt+kdt+Rd—t—7—;tR-F——e—RP-K (34)
where

K = (1+ )F——rrF (35)

We deduce from (34) the long period effect in
w, and by taking (31) into consideration we have

de vp

gw NP _cotz
dt e P Ku

vp

h- Mgy (36)

where

2
P.-Ky = %rﬁ P-K, . du
Equation 36 is identical in form to the equation
for planetary perturbations, deduced by Maka-
rova on the basis of different considerations
from Musen’s [1954] theory. The system 31,
32, 33, and 36 is to be integrated numerically.
As we said before the interval of integration
can be of the order of several days.

LUNAR PERTURBATIONS OF A CLOSE
SATELLITE AND THE SOLAR
PERTURBATIONS

The computation of the lunar perturbations
of a close satellite and the computation of the
solar perturbations for all satellites can be done
by developing the disturbing function into
series of Legendre polynomials. For our pur-
pose, we can limit ourselves to the second
Legendre polynomial, and the disturbing func-
tion takes the form

’"" o (5 cost H — —) 37

where H is the angle between r and r’. Let u®
be the unit vector in the direction of r’. We
have u® with the accuracy up to ¢’ in the periodic
terms

u = P'(— ¢ + cos g’ + ¢ cos 2¢g)
+ Q'(sin ¢’ + €’ sin 2¢’) (38)
and (37) becomes

km’ oud. ¢ — 72
R = —. 5,73 (3r-udud-r — r2) 39)

The “disturbing force’’ to be used in connection
with the variation of elements will be

’ N3
F = grad R = ’2—773 (%) (Buu®.r — r) (40)
and the momentum of F takes the form

3km ( ) X u'ul.r (41)

Substituting
r = Prcosf+ Qrsinf
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into (41), we obtain

, 2 A\3
M=3kma <a_,)

73
2a r

2
-[P X u°u°-P§ (1 + cos 2f)
2
+ P X uuQ %sin 2f
2
+ Q X u’u’-P % sin 2f

+ Q X uu’-Q jzi (1 = cos 2!)] (42)
Taking

1 2x r2 3
— —_ = 2
ol @ dg =1+ ze

1 2x 2

% cos 2f dg = + 7€

21l'0

we deduce for the averaged value of M,

r 2 ’
M0=3kma (a

3
50 —) [(1 + 48P X u'u®- P

7"
+ (1 -6 Xu’-Q] (43

Let ¢, ¢, and # be angles which the basic vectors
P, Q, and R form with the direction to the moon,
cosp = P.u®, cos ¢y = Q-u’ cos ¢ = R-u® (44)

Replacing My, in (31), (32), and (33), by (43),
and taking

h-P X u = + cos ¢ sin w

h-Q X u® = + cos ¢ cos w
(h X R)«(P X u® = 4+ cos 9 cos w
(h X R)-(Q X u?) = — cos ¢ sin w

R.-P X u® = + cos ¢

R Q X u = —cos ¢

h=Pcosw — Qsinw

into account, we obtain
sin i ((ii_? _ 3I;m”3a2 (a’>3 cos
a 'z
[(1 4+ 46%) cos ¢ sinw
+ (1 — €°) cos ¢ cos w] (45)

/

di _ 3km'a’ (a_’)3 cos &
dt 2q" ']\
-[(1 + 4€®) cos ¢ cosw
— (1 — €% cos ¥ sin w] (46)

_d__€=_L2§e\/1_e§ k

dt Va
m'a® fa’\*
-*(;T (—r—,) cOs ¢ COs ll/ (47)

Putting the mass of the earth equal to one, we

have

k

—_= = Nna

va
and the system 45—47 becomes

sin 4 a _____3__m’n (a—)s(a-')s
dt  24/1 — ¢ \a'/ \7¥
(1 4 4¢°) cospsinw
+ (1 — ¢°) cos ¥ cosw] cosd  (45)
NSO
dt  24/1 — & \d'/ \r
-[(1 + 4€°) cos o cos w

— (1 — €°) cos ¢ sinw] cos & (46")

2

de - _15m’ne 1—e
dt 2
a \(a'\?
(&) (&) ey

In addition we have with sufficient accuracy
(‘:—:)3= (1 — e'®)~32 + 3¢’ cos g’
We have for dw/dt an equation analogous to (36)

dw \[]; . dQ
= —e—P-Ko —cosi g (48)

where

Ko — 2—lrf [(1 + %) F— %)Fq-r] dg (49)

Substituting

km'
F= 773 (Bu*u®-r — 1)
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into (49) and taking

w.r = rcosfcos ¢ + rsinfcos ¢ (49")
into account, we obtain
P fZ' P-Fdg=tmael
27 Jo 7= " 2
2 r
f [(3 cos’ ¢ — 1) = cos f
0 a
+ 3 5 sin f cos ¢ cos \l/] dg (50)

It follows from Cayley’s tables

1 > r 3
o (—Icosjdg=—1ze
0
1T
o £s1nfdg=0
o

and equation 50 becomes

1 (2~ 3km'ae
EL P-Fg = 5

In a similar way we obtain

(1 — 3 cos? ¢) (51)

1 [ r km'a
2r o p P-Fdg = a1 = ey
' ‘(1 — 3 cos’ )(2 + 1) (52)
by taking
1 i 7'2 1.3
on ), @ cos fdg = —2 — }e (53)
1 2x TZ
2 . & sin fdg =0 (53)

into consideration. It follows from (51) and

(52)
1 il ( r) km'a
21r o 1 + ; P'F dg - r/3
2 7e — 263
(1 — 3 cos’ @) 2= 2 (54)

The next step is to compute the integral

We have

_1 211

4
lpmrFdg= km'a 1
™

2x Jo (1 —=éy"’ 27a’

-f“ [3°-0)® — £’] cos  dg

or, after some transformations and taking (49’)
into account
—1 2r 1

km’a
or J. er-rr-ng—

-[({' cos’ @ + T cos® Y — 1)

1 2r r2
"o ;gcosfdg—i-(% cos® ¢
0

1 27 2
— §cos’ ) Er./; -25 cos 3f d{}] (55)
From (53) and from

1 2r 7'2
or 3 cos 3f dg = — 36"
[}

we deduce a final result

1 [ km'a
21r/(; rp Pom-Fdg = (1 — &'

(—% cos® ¢ — 7 cos’ Y + 2e
+ (7 — 3 cos’p + 7 cos® Y)’].  (56)

Substituting (54) and (56) into (48), and elimi-
nating & in favor of @ and n, we obtain

dw 3m’'na®

dt 24"

a, 8 2
(;7) (4 cos’ ¢ — cos’ Y — 1)

-Vl—ez—cosi%—? (57)

The system of equations 45’-47’ and 57
should be used in the investigations connected
with the lunar perturbations for close satellites
and with the solar perturbations. They con-
tain all the significant long period terms. In
addition, the lunar part also contains the terms
having periods of the order of one month. The
interval of integration for the solar perturba-
tions can be taken to be approximately 1 month.
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However, for the lunar perturbations it would
be preferable to take the interval to be of the
order of days, to obtain a smoother curve and
to avoid ambiguity in interpreting the results.

CONCLUSION

The methods described in this article are
more accurate and more adaptable to the use
of electronic computers than the analytical
development obtained previously. "They can
be used in the investigations connected with the
stability of orbits and for the separation of
known and unknown long period effects in the
observations. It is recommended that, in prac-
tical use, the analytical development be re-
placed by the semi-analytical solution given in
this article.
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On the Long-Period Lunar and Solar Effects on the Motion
of an Artificial Satellite, 2

BY PETER MUSEN
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NASA Goddard Space Flight Center
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The disturbing funection for the long-period lunisolar effects is developed into a series
of polynomials in the components of the vectorial elements in the direction to the disturbing
body. This development is convergent for all eccentricities and all inclinations. The
equations are established for the variation of elements in a form suitable for the use of nu-
merical integration and for the development of the perturbations into trigonometric series

with numerical coefficients.

An application of Milankovich’s theory of perturbations leads

to the equations for perturbed elements in which the small numerical divisors, the sine of

the inclination and the eccentricity, are not present.

These new equations, like the equa-

tions for canonical elements, have a symmetrical form and a wider range of applicability

than the equations for elliptic elements.

SYMBOLS

the mean anomaly of the satellite for the
moment ¢.

the argument of the perigee of the satel-
lite.

the longitude of the ascending node of
the satellite.

the inclination of the orbit of the satellite
with respect to the equator.

the eccentricity of the orbit of the
satellite.

the semimajor axis of the orbit of the
satellite.

the mean motion of the satellite.

a(l—e?).

the mean anomaly of the disturbing body
at the moment ¢.

the argument of the perigee of the orbit
of the disturbing body, but with re-
spect to the ecliptic of the fixed epoch.

! Published in the September 1961 issue of Journal of
Geophysical Research. Reprinted by permission.

Q’,

v,

e,

a’,

n’,
Q,
r,
o

u’,

;&[Zﬁﬁ

the longitude of the ascending node of
the orbit of the disturbing body with
respect to ecliptic.

the inclination of the orbit of the disturb-
ing body toward ecliptic.

the eccentricity of the orbit of the dis-
turbing body.

the semimajor axis of the orbit of the
disturbing body.

the mean motion of the disturbing body.

the disturbing function.

the position vector of the satellite. -

the unit vector in the direction of r.

the unit vector directed from the center
of the earth to the disturbing body.

i, j, k, the basic system of unit vectors in the

P,

R,

Q

equatorial system of coordinates.

the unit vector directed from the center
of the earth toward the perigee of the
satellite.

the unit vector standing normally to the
orbit plane of the satellite.

the unit vector standing normally to P
and R; Q =R X P.
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P/,  the unit vector directed from the center
of the earth toward the perigee of the
disturbing body.

R’, the unit vector standing normally to the
orbit plane of the disturbing body.

Q’, a unit vector standing normally to P’
and R’, Q’ = R’ X P.

a, the projection of P on u’.

8, the projection of Q on u’

v, the projection of R on u®.

¢ = y1—éR.

g = cP

V.= 1i0/da; + jO/da. + kd/da,; the partial del
operator with respect to vector a = ia;
+ jaz + kas

INTRODUCTION

The object of this paper is the presentation
of a theory of lunisolar effects on the motion
of an artificial satellite in a form suitable
for the use of the numerical integration pro-
cedure and for the development of the per-
turbations into Fourier series with numerical
coefficients. The numerical integration proce-
dure is less laborious than the development into
series, and the interval of integration can be of
the order of several days. However, it is some-
times of interest to have the perturbations in
the form of series, in particular, if a near-
resonance effect occurs,

For satellites with a large ratio a/a’ of semi-
major axes the higher Legendre polynomials
have to be included in the development of the
disturbing function. The parallactic factor for
a satellite with a period of 24 hours is about 0.1,
and in considering the long-range stability it is
advisable to take the parallactic term into
consideration.

The problem of the development of perturba-
tions into series can be solved either in an
analytical or a semianalytical way. The purely
analytical way is theoretically possible, but it

presents considerable technical difficulties if the
inclination of the orbit is not small.

Attempts made by Musen, Bailie, and Upton
[1961] show that the technical difficulties be-
come almost insurmountable with the inclusion
of the fourth Legendre polynomial into the
development of the disturbing function.

The pise of a semianalytical procedure, valid
for all inclinations and all eccentricities, is pro-
posed in this paper.\ This method is adaptable
to the use of electronic machines, The multi-
plication of Fourier series is performed auto-
matically following the method developed at
the National Aeronautics and Space Adminis-
tration, Theoretical Division.

DEVELOPMENT OF THE DISTURBING
FUNCTION

All notations in this article are the same as in
the author’s previous article {Musen, 1961} with
the exception of the mean anomalies, which are
designated in this paper by M and M’. The
disturbing function € is taken in the form

+ o ll[ n+l
Q=mn 3 p’ <*7>

n=2 r

L (5) P, (cos H) dM (1)

27['0

p is the parallactic factor a/a’. Let r° be the
unit vector directed from the center of the
earth to the satellite. We have

9= Pecosf+ Qsin f (2)

and a corresponding unit vector for the moon
(or the sun)

u® = P’ cos f'"+ Q' sin f/ 3

where (P, Q, R) and (P’, Q’, R’) are the basic
unit vectors connected with the osculating orbit
planes. We have in the equatorial system
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?

5 €08 (w+8) + sin2§cos (0 — &)

+ cos®

P = | +cos % sin (w + &) — sin’® % sin (w — &) (4)

+sin 7 sin w

- —cos® —; sin (w + &) — sin’ % sin (0 — &)

f
|

Q + cos’ 5 cos (w + &) — sin® 5 cos (w — &) (5)
L +sin t cos w i
‘+sini sin &3
R =] —sintcos& (6)
+cos 1
i 1 Y i
+ cos® = ©08 (' + &) + sin® 75 ©08 o — &)
i . Lo ¥ . .y .
P = +cos’ 5 0s e sin (W + Q" — sin’ 5 COs esin (0 — ') — sin 4’ sin € sin o’ (7)
.’ .,
+ cos’ 12- sin e sin (w’ + &) — sin® 12~ sin € sin (@’ — §') -+ sin ¢’ cos e sin w’
o . . —‘
2 7‘_, 3 ’ ’ L2V L ' ’
— cos 2sm(w + §’) — sin Esm(w - &)
>’ 4
Q = |+cos 1—2 cos € cos (w' + §) — sin“—2 cos € cos (w — §') — sin 1’ sin e cos w’ | (8)
i, .21, ..
+c0s22— sin ¢ cos (&’ + §’) — sin’ % sin € cos (0’ — &') -+ sin 7’ cos € cos w’
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The elements of the satellite w, &, 7 are re-

cos H=1r.u = acosf+ Bsinf

ferred to the equator, but the elements «’, ', «=P.w=P.Pcosf + P-Q sinf

i’ of the disturbing body are referred to the B=Q.w=Q.

ecliptic of some fixed epoch. Such a choice of
reference planes permits us to consider 1’ as a

P’ cos f/ + Q- Q’ sin f’

ff=M 4+ 2/ sin M + . ..

constant and «’ and &’ as linear functions of In addition, we put
b

time, provided that we are interested in de-
termining perturbations of the first order only.

vy=R-u"=R.

P’ cosf + R-Q’ sinf’

We have from (2) and (3) We deduce from (4)-(8)
.coeff:’ a (19 B
cos2-2z cos” % sin2§E Fcosw+ o +Q+8 + 1) —sin(lw +o +Q+8" +f)
cosz'é cos2i2' cos"—; +eos(w—o +8 —Q —f) —sinfe—w + -8 — 1)
si? 2 co” Lo’ S deom(wt o —QFQ LS st —Q -+ + 1)
sif 2o i’ S teslw - —Q -0 = /) —sm-o —0 -8 =)
coszgsinzg cosz—; Feos(w+ o +Q — & + /) —sin (w + o +8& — & + )
coszgsin2%sin2§ +eos(w—o +Q +8& — 1) —sinfw — o +Q +8" — f)
sinzgsinzgsingé Feoswto —Q -6 +7) —simwdo —Q—8& +7)
sin® & sin® & cos Fosw—o —Q+Q —f) —snlw—o —8+ — /)

: €
2™ 2%

)
(10)
1n
(12)

(13)

(15)
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1 a0,
-~ CO8 ESlD’L sin €

2

1 .0 .,
— COS T SIn v sIn €
2 %% 2

1 a4 .,
— SN — S1n 1 81N €
2 2

1 .. . ., .

— 8 _ 81n 3 sl €

2 2

1. . a1

=sin 1 cos” — sin e

2 2

| S

3 Sin i cos” Ssine
N

—sin ¢sin” — sin e

2 2

| R A

g sinisin’ Tsine

2

| B
Esmzsm 1 cos €

., .. .
~ sin 7 sin ¢ cos €

2

and
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+ceos(w+ o +8 +f)
—cos(w—w +8 —f)
—cos{w+ o — + 1)
Feos(w—o —8 — f)
—cos (w + o’ + 8 + f'j
+eos(w—w —Q — f)
+ceos(w F+ o —8 + 1)
—cos (w — o’ + 8" =)
Fcos (@ — o’ — f)

—cos(w+ o + /)

v = + sin i cos’ lé sin2§€sin(Q +o+8 47

N
L. i € .
+ sin 7 cos® = cos’ —sin(Q — o’ — & — /)

2 2

+ sin 7 sin® L cosz-;sin(g?, +o -8 + /)

2

s
S A
+ sin ¢ sin® 3 sin® —sin(Q — o’ +8 — f)

2

+ L sinisin i/ sinesin(d + o + f)

2

~+ cos 1 cos

1 sin ¢ sin 7’ sin e sin(Q — w’ — ')

’—2sin esin (@ + & + f)

’4
T .
— cos 1 sin’ 5 Sin e sin (W — & + 1)

+ cos tsin ¢’ cos esin (W + /)

765-698 O-65—6

B8

—sin(w + o +8 + /)

+sin{w — o +8Q — f)

+sin(w + o — 8 + )

—sin(lw —o’ — & — )

+sin{w + o +Q + 1)

—sin(w — o — Q" — /)

—sin(w + o — 8" + §)

+sin(w —w +8" — ()

—sin{w — ' — )

+sin (w + o’ + f)
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The expressions 14-16 for «, 8, and v are to be
used if the development of the perturbations
into series is required. If numerical integration
is preferred, it is simpler to obtain «, 8, and y
by computing independently expressions 4-6,
7-8, 12, and 10-13.

Following an idea suggested by the author in
the previous article [Musen, 1961}, the disturb-
ing function will be developed in powers of «
and g instead of using the standard procedure
of developing in powers of the inclination.
This procedure leads to a more compact form
of the disturbing function, and in the develop-
ment into series the numerical values of the
inclinations can be substituted into «, 8,
and v from the outset. We have from (9)

cos H = acosf + sine term (17)

cos? H = }(a® + 82 + $(a® — B%) cos 2f
+ gine terms (18)

cos® H = fa(a? + #2) cos f + 1(c® — 3af?) cos 3f
+ sine terms (19)

cos' H = §(a? + 89?2 + §(o* — ) cos 2f
+ #(a* — 6a28% + BY) cos 4f + sine terms (20)

Only the cosine terms are retained, because the
sine terms do not contribute any long-period
terms in (1). Substituting 17-20 into 1, and
taking the following accurate expressions,

1 2r T2 5 2
—f ~scos 2fdM = +_e
0o a 2

2r

1 " r 2

o , “EdM=l+§e

1 x 7‘3 _ §§ 3

2 , ;gcos3[dM——88

1 2r r3 5 15 3

or J, aacos/dM—— 9 ¢ 3 e
2r 4 63

L L cos 4f AM = 4 ¢

2rJo a 8

1 21, 21,

o ), a,cos?]dM—4e+8e

-1_ 2x 7‘4

;dM=1+5ez-|—L856"

into account, we deduce a compact form of the
disturbing function convergent for all eccentrici-
ties and all inclinations.

We have

Q= m'ﬂp‘“(%)[(—F—i’:cvl2 + 38 — %)
+ (32" — 38" — De’]

25 4 15 o 45 )]
+< L@ el T e

+omnp (r’) [<+ ba @ T 3048

P00 15 15 8)
+ <+%a4+%a262 -2
O S 1)

(4108 g B0 gy 105

A second concise form of the disturbing function

can be obtained, if we eliminate «, 8, and e
from (21) in favor of vectors

c= V1 — eR (22)

g =¢€P (23)

These vectors are closely related to the con-

stants of the area integral and to the constant
of the Laplacian integral. Substituting

g-u

a= BE=1— o — Ay =

V1 — e?

into (21), we deduce
0 = gmnp(%) Tslew)" + (e X W) = ]

+ . 4<gi>4[—35(g-1.1°)2
16 Py

—15(e X u) + 98" + 12]g-u’ + --- (24)
The expressions 21 and 24 are suitable for the
application of numerical integration, and in a




hidden form they contain all the long-period  or, in a final form,
terms of the first order.
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ab% = f¢eos ¢t — vsin 7 cos w
THE VARIATION OF CONSTANTS
Two systems of differential equations will be a%% = ysindisinw — acos?

established. The first system will be for the o
classical elliptic elements, but the derivatives of ~ Substituting
2 with respect to the elements will be eliminated

in favor of derivatives with respect to « and 8. % = Q)Q v sinw + %—Q Y cotw
This makes the actual computations easier. oo g

The second system of equations gives the 90 _ 8 00 _ o o

vectors g and c in a direct way, and the deriva- 9 dox 98

tion is based on the application of Milankovich’s 99 _ 90 (8 cos i —  sin § cos w)

[1939] form of variation of constants. This 98 da
theory is not widely used in celestial mechanics.
Its mathematical apparatus belongs, possibly,
more to the domain of theoretical physics than
to the domain of classical celestial mechanics,
but some recent investigations by Popovich dAM 1 — ¢ a0 9 9Q
[1960] show that the application of this theory a ¢ 9 ““aa
to the secular perturbations of planets might be

aQ ... .
+ aﬁ('ysmzsmw a cos 1)

into the equations

. . dr ) a0
of great interest. The application of Milan- E:: = ”_*Tio/st———g'a:,
kovich’s theory to the determination of the st ¢
lunisolar effect leads to the equations that are 1 ee
free from the ‘‘small divisors,” sin 4 or ¢, and siniV'1 — ¢* a8 (25)
consequently have a wider domain of validity i 1 30
than the equations for variations of elliptic TR e I Y
elements. dt siniVl—e O
We have from (4), (5), (10), and (11) do _ V1-—¢9dQ cos ¢ 983
3 dt e de at
a -
9 TP d_ _V1-¢09
dt e dw
W _ _, we deduce for the long-period lunisolar effects
dw
M _ _1=¢92 2_a(g>
a*a=-l-'ysinw dt e Oe pap D
o di_ v
8 at 1 -—-¢
E=+‘Y e (@ cosw-—@sinw)
da a8
and , dd% = — '__71 > (26)
= Wk X P =u’ X (Q X R) sin V1~ e
&
(asz . aQ )
lz—sinw + 28 8¢
= u’-(Q cos ¢ — Rsin % cos w) da B
d d—""————l_ezig—cosii‘3
£ =u"kX Q=u"(kX®RXP) dt e de dt
d_ _V1-d(y00_ 00
= u’(Rsintsinw — P cos 1) dat e da as
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in addition, we have
da/dt = 0

If the development into series is required, we
compute (26) in terms of w, w’, &, &', f* using
(14)~(16). In the process of computation several
small terms with the factors of the form p*
sin’ ¢//2 can be neglected. The transition from
f to M’ is performed using the standard for-
mulas and therefore is not presented in detail.
Because of the smallness of ¢’, only the first
two or three powers of ¢’ should be retained.

As an application and for a check we will
develop the equations for variation of constants
for the case of a close satellite. We put

Q—mnpa( )[(3 ot + 3 432——
O

Substituting this value into (26), we deduce

di 3m/ny

AN
@ o1&l < )
(1 + 4€”)a cosw — (1 — €°)Bsinw]
sin ¢ 36 d& 3m’ _3m'ny 3(a’>3
Tovi-&t
(1 + 46D sinw + (1 — €°)B cosw] (27)

@ 3m’'n 3<a>(4a — g -1

dt 2
V1 — e’ — cos i QQ’
dt
de_ _18mine (0o pn/T—

This system is identical with the system deduced
by the author in his previous article [Musen,
1961] using a less direct method.

The equations of Milankovich for the dis-
turbed motion

r)

d’r ur
BT 4+ grad B

are
dc
E=CXVcR+gXVgR
ig_ XVR-FL—‘iC
dt_g ¢ ¢
dR
XVgR——Ea_g
T
with

¢ = wa(l — &R
g = ueP

and the symbols V, and V, designate the par-
tial del operators

9, .9 )
Ve=ig- +iz. kg,
P P} 3

_ .0 .8, 8
Ve lagl +]ag2+ FyS

For long-period lunisolar effects in the mo-
tion of an artificial satellite, the equations of
Milankovich take a simpler form

d
Tft=c><vc9+nggsz

(28)
dg
Et:g)(VcQ—I-cXVzQ

with ¢ and g defined by (22) and (23) and @
defined by (24). The system (28) admits two
particular integrals

2+ gt=1
cg=20

These integrals can be used either for a check
or to reduce the computation to four com-
ponents instead of six. As an application we
give here the explicit form of the equations for
the perturbations of a close satellite. It is
not difficult to write these equations for more
general cases. We have

2 = p< )[5<gu> + (e X v — g
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Taking
Ve(g-u’)’ = 2g-u"u’
Vgg2 = 2g
V(e X 0°)* = Vo(c® — c-u’e’ )

2(c — c-u'’)

I

3m’ \3
wa=7£ﬁ@ﬁwww—y

3m'n

afa’ $
2 P (7) (e = cu'u)

into consideration, we deduce a system with no
‘small divisors.’

Ve =

A3
% = %m'np'{%) (5g X u'n’-g
— ¢ X uu'¢ (29)
N3
Z—f = %m'np3<(—:7> (2g X ¢ — g Xuu'c

+ 5¢ X u’u’-g) (30)

This form for equations is suitable for the de-
termination of the influence of the sun on a
close satellite. As is seen from (29) and (30),
the change of ¢ is always in the plane normal to
u’ and the change of g can be decomposed into
two components, the first one in the direction of
Q and the second normal to u’.

In order to deduce the long-period perturba-
tions caused by the moon, the process of aver-
aging with respect to M’, the mean anomaly of
the moon, must be applied to (29) and (30).
We have

l 2T a/ 3
o <7> uu’ dM’
1]

= %TL <%> (P’ cos f/ + Q' sin f')
(P’ cos f + Q' sinf) dM’
1 2x \3

[T (&) e + o)

T oor r

+ LP'P' — Q'Q’) cos 2f} dM’
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Taking
P'P' 4 QIQI =1 — R'R’

where 7 is the idemfactor, and

1% (o' e
= [ (5) e = ey
1]

1 27 (l, 3
Zr.[ (;7) cos 2f" dM' = 0
0

into account, we have
2r 7\ 3
=1 <“~> u’u’ d M’
2r J, r
= 11 —¢*)7"(I — R'R))

Substituting this result into (29) and (30), we
deduce for the long-period lunar effect

% = 3m'np’(1 — ¢*)™**(c X R'R’-¢
— 5 X RR-g (29
Z—;g =3wnp® (1 —e™)**[2¢ X g

+ g X RR-¢c— 5¢c X RR - g]

By forming the dot product of (29”) and R we
deduce for the long-period lunar effect in the
eccentricity a formula analogous to the last
equation of (27)

15mneV'1 ~ & 3
. PP

de
dt +

.R'R’- Q(l _ 6,2)-3/2

It is of interest to note that the long-period lunar
effect on close satellites depends only upon the
position of the orbital plane of the moon and is
not influenced by the position of the lunar
perigee. In addition, the change of the areal
velocity c is always parallel to the orbit of the
moon. The form of the perturbations is not so
simple for more distant satellites, because the
terms depending upon the position of the lunar
perigee will appear in the parallactic term.



CONCLUSION

This article contains éWO forms of the devel-
opment of the averaged disturbing funection to
be used in the determination of long-period
lunar and solar effects in the motion of an
artificial satellite. The first form represents a
development into series of polynomials with
respect to cosines of the angles between the
vectorial elements P, Q of the satellite and the
position vector of the disturbing body. The
second, more compact form utilizes the areal
velocity and the Laplacian vector of the satellite
to eliminate ‘small divisors,” sin ¢ and ¢, from
the equations for perturbations. The perturba-
tions can either be developed into trigonometric
series with numerical coefficients or they can be
obtained by the method of numerical integra-
tion. The form of equations established here
permits the interval of integration to be of the
order of 10 days or even more.

The development aof the perturbations into
trigonometric series is of interest if the near-
resonance condition occurs. The main types of
near-resonance conditions were listed by Cook
[1961). Cook and Musen [1961] arrived quite
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independently at similar equations for lunisolar
perturbations for close satellites. Cook’s equa-
tions are similar to equations 27 of this article.

ACKNOWLEDGMENTS

I should like to take this opportunity to ex-
press my gratitude to my colleagues, Mrs. Ann
Bailie and Miss Maxine Goldstein, for the care-
ful preparation of the manuscript for print.

REFERENCES

Cook, G. E., Luni-solar perturbations of the orbit
of an earth satellite, Report published by Royal
Aircraft Establishment Farnborough, 1961.

Milankovich, M., Bull. Acad. Math. Natur. (A) Sci.
Math. Phys., no. 6, Belgrade, 1939.

Musen, P., On the long-period lunisolar effect in the
motion of the artificial satellite, J. Geophys. Research,
66(6) 1659-1665, 1961.

Musen, P., A. Bailie, and E. Upton, Development of
the lunar and solar perturbations in the motion of
an artificial satellite, NASA Tech. Note, D-494, 1961.

Popovich, B., Secular perturbations of vectorial ele-
ments of planetary orbits, (Serb.), Sci. Soc. Bosnia,
14, ser. 3, pp. 1-50, 1960.

(Manuscript received June 8, 1961.)




On the Long-Period Effects in the Motion of an Artificial
Satellite Caused by the Ellipticity of the Equator of the Earth'

BY PETER MUSEN

Theoretical Division
NASA Goddard Space Flight Center

N65-2197,

If a satellite has a mean daily motion nearly commensurable with the angular veloctty -~

of rotation of the earth, long-period perturbations will influence its motion.

The eccen-

tricity of such a commensurable orbit is not necessarily small, as the orbit of Explorer VI

shows.

This circumstance caused the author to develop a semianalytical method of treating

these perturbations, which avoids the development of the disturbing function into powers of
the eccentricity and consequently includes the cases of elongated orbits and orbits with

moderate eccentricities.

SYMBOLS

l, the mean anomaly of the satellite.
f, the true anomaly of the satellite.
g, the argument of the perigee of the satellite.
h, the longitude of the ascending node of
the satellite.
1, the inclination of the satellite orbit with
respect to the equator.
e, the eccentricity of the orbit of the
satellite.
a, the semimajor axis of the orbit of the
satellite.
n, the mean motion of the satellite.
n’, the angular velocity of rotation of the
earth,
¢, the eccentric anomaly of the satellite.
r, the radius vector of the satellite.
z, ¥, 2, the coordinates ~of the satellite with
respect to the rotating system.
Q, the disturbing function.
R, the averaged disturbing function.

INTRODUCTION

This article considers the long-period pertur-
bations in the motion of a satellite produced
by the ellipticity of the earth’s equator.

! Published in the January 1962 issue of Journal of
Geophysical Research. Reprinted by permission.

4 44//4%—»/

If the mean daily motion of the satellite is
nearly commensurable with the angular velocity
of rotation of the earth, long-period (critical)
terms appear in the development of the dis-
turbing .function. Methods developed by
O’ Keefe and Batchlor [1957], Sehnal [1960], and
Cook [1961] are applicable to the cases when the
eccentricity is small and the coefficients of the
critical terms can be developed into rapidly
convergent power series in the eccentricity.
However, the eccentricities of the commen-
surable orbits are not necessarily small, as the
example of Explorer VI shows. Moreover, in
many cases of the commensurability, like
n'/n=% or ¥, the influence of the ellipticity
of the equator can be found more easily from
observations when the eccentricity is not small.
All these circumstances caused the author to
develop a theory applicable to moderate and
large eccentricities indiscriminately, up to
e=0.8, approximately. This value can be
considered the upper limit to practical applica-
tion of the theory, because for larger e the basic
series of this theory begin to converge more
slowly. The basic idea of the described method
is similar to that of Brouwer [1947] in treating
the secular perturbations of eccentric orbits.
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DEVELOPMENT OF THE DISTURBING
FUNCTION

Instead of developing the coefficients of the
critical terms in the disturbing function and its
derivatives into series in powers of the eccentric-
ity, the numerical value of e is substituted from
the outset and the values of the coefficients are
computed by means of numerical integration.
Thus the development set forth in this article is
numerical with respect to the eccentricity but
literal with respect to all remaining elements.
The motion of the satellite is referred to the
system of coordinates rigidly connected with the
rotating earth. The coordinates of the satellite
are given with respect to this system, but the
elliptic elements of satellite’s orbit are given with
respect to the inertial system having its origin
in the center of the earth, the z and y axes lying
in the equator and the z axis being directed
toward thenorth pole. With the properchoice of
the moving axes [0’Keefe and Batchlor, 1957] the
disturbing function € can be represented in the
form

Q= (Aez/ra)(xz - yz)/r2 (D

where
z=rcos(f+ g) cos(h — n't)
— rsin (f + ¢) sin (b — nt) cos ¢
y=rcos(f+ g)sin(h — nt)
+ rsin (f + ¢) cos (b — n't) cos ¢
z=rsin(f+ ¢)sing (2)

Substituting (2) into (1), we deduce

= A” 2(1 + cos i)’ ( )3

-cos (2f + 29 + 2h — 2n"Y)
3
A22 2 (1 — cos i)2(§>
.
-cos (2f + 29 — 2k + 20Y)
+ %;—i sin’ i(%) cos (2h — 2n')"  (3)

Introducing the critical argument

w =8l — 2n't

we have

= "&g(l + cosl)(>3

-cos (2f — sl + w + 2¢ + 2h)
A22 -zﬂ3
5 (1 — cosz)(r)

ccos (2f + sl — w + 29 — 2h)

3
+ -;—;% sin’® i(%) cos (—sl+ w20 (4

Using (4) we can write the long-period part of
the disturbing functions as

1 2r
=§fo Q dl (5)

2r 14
2—11rf (%) sin (gf — sl) dl = 0
0

into consideration, and putting

Taking

Q= l i (g)" cos (qf — sl)'dl (6)
T Jo r
we deduce
R=2 (1 + cos 0)*Q%;}

-cos (sl + 2g + 20 — 2n'Y)

A22 2(1 — cosi)’Q?

-cos (sl — 29 + 2k — 2n%Y)

-;%% sin® ¢ Q%° cos (sl + 2h — 2n'8) (7)

The coefficients Q"¢ are functions of the eccen-
tricity only, and they are to be computed by
taking the quadrature (6) numerically for the
given value of e. 1f the eccentricity is large,
neither the mean nor the eccentric nor the true
anomaly is convenient for use as the basic
variable in the process of integration along the
whole orbit. In some part of the orbit one of the
anomalies might be more convenient than
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another, but the use of any of these anomalies
along the complete orbit leads to the multiplica-
tion of a large number by a small one and in
addition the use of Kepler’s equation becomes
inconvenient. For these reasons a new anomaly
is introduced by means of the equation

31f=am(y k) (8)

with
k= 2¢/(1 + ) (9)

and
E2=(1—-¢e/0+ ¢ (10)

The introduction of % leads to the representation
of the integrand by means of rapidly convergent
series even for large eccentricities, and the
troublesome divisor 1 - ¢ will appear in front of
the integral. Basically, the anomaly u does not
differ from the anomaly introduced by Gravelius
[1889] in treating the planetary perturbations in
the case of highly eccentric orbits. The trans-
formation of Gravelius is a special case of
Gylden’s [1869] transformation.

We deduce from (8)

a 1+ecosf 1+ k7

T
and from (8) and the last equation
1 2k’
de = '\/—ﬁ a df = =— du (12)
kl
dl = 2:—1 - du (13)
It follows from (11) and (13)
4k
= A du (19)
kl
T = dn(u + K)
and
ity = LT F d 1.4 (d
=" 2 @ (9

into account, we have from (14)

dl = 2 dn(u + K) du

2 2
1+k,2d2dn(u+K)du

and
_ 2 d ¥
14+ & du dnu

l=2am(u+ K)—n (15)

The half of the period 2K is computed using the
formulas

=1 - VE)/1+ V)
A= ( )+2(P> +15(P>9+
\/?= 1+20 4+ 2" + 22+ ..
We obtain from (6), (8), (11), (13), and (15)

1 QA4+

Q) = P T -
K
f cos (gf — sl)-dn”udu  (16)
0
and
gf — sl = 2qamu — 2s-am(u + K)
25 d kK
Toem + 14 k"% du dnu a7
The argument ¢f — sl and dn®**™® « can be

developed into fast convergent Fourier series,
and for the purpose of computing the perturba-
tions only the first few terms of these series need
be taken into consideration. Taking the de-
velopments

_ T o
amu = 2 + Zn(l T sin 2% (18)

n=1

. nru
dmw 2K T "z.;("l) 1+>\2" °0s T
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into consideration, we deduce from (15) and (17)
the following rapidly convergent series

=T 3 (- l n)
t=F t 2 ( l)( TR

n

w09
() = Jgt+s(=)™!
gf — sl = X u—+ 4 ;{ -

1r_ns(

)n+1} n .y
1T T g (20

In addition we have

—_ — nmru
dnu = o+ &% Z_:l 1 + T (2D

Using the system of formulas 20 and 21 we can
easily obtain the values of @7 ¢ by means of a
numerical quadrature. The value of A is small
even for large eccentricities; for example, for
¢=0.8 we have A\=0.134.

In order to compute the perturbations of the
elements we have to form the derivatives of B
with respect to the elements. All the derivatives
can be easily computed analytically except the
derivative with respect to the eccentricity,
which must be computed numerically. Dif-
ferentiating (6) with respect to e, and taking

da a
aer = 7]

d

a_£ (:_1+1 ”)smf

into consideration, we obtain a general formula
for the numerical computation of the derivative
Q%* with respect to e

Qva p+qu+la+l+p qu+lql
+ g = Qv Jq+1 Qz:.q—l)

In our particular case we have, taking Q¢ =
?. % into consideration,

_3_ 32 __ D 43 1041
de Ql = 2 Qc + 2Qa

- @

1 3.3
+ 1 — e2 (Ql

and

ad 3,0 __ 4.1 4,1
5é Ql - Q(Q. + Q—'l)

The coefficients Q¢ are identical with the
coefficients X, ?'? of Hansen [1855], and if e is
small either Hansen’s development of these
coefficients into series or Cayley’s tables can be
used if an analytic representation is desired.

THE PROBLEM OF INTEGRATION

In performing the integration the canonical
elements of Delaunay are used. This choice is
justified by the simplicity of the process by
which the perturbations of higher orders can
be obtained, if necessary [von Zeipel, 1916,
Brown and Shook, 1933]. We assume that the
commensurability is not extremely sharp and
that the integrals can be represented in the
trigonometrical form. In a case of a sharp
commensurability the theory of resonance
should be applied. In terms of Delaunay
canonical variables

L=+va !
G = Va(l —¢) g
H= Va1 — ¢)-cost h

the disturbing function can be expressed in the

form
H 2
2 (14 Lo
-cos (sl -+ 2g -+ 2k — 2n'1)

14, (1 - E)a 2.3
4 I° G/~

-cos (sl — 2g + 2h — 2n"1)

1A22< _E) 3.0
2 L° 1 G’Q‘

-cos (sl + 2h — 2n'Y) (22)

R=

1
4
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The gravitational constant is set equal to 1.
The value of A,, is comparable to the value of
the coefficient of the fourth harmoniec, and we
will limit ourselves to the perturbations of the
first order with respect to A;;. We can assume
in performing the integration that the argu-
ments are linear functions of time, if only the
perturbations of the first order with respect to
A,, are to be determined. The mean motions
of [, g, and h can be taken from Brouwer’s [1959]
work, and for L, @, H we substitute their mean
values in the right-hand side of the equations.

We deduce from

dL _ R dl R

@w-Ta @ 7oL
ﬁ=+@ dg _ _OR
dt dg dt = 9@

dH _ ,0R dh_ IR
dt ok dt dH

the following equations:

2
ottt

-sin (sl + 2¢ + 2k — 2n'1)
14 HY
g -G e
-sin (sl — 2¢g + 22 — 2n9)

_1A22< E) 2.0
2L031 & s

-sin (sl + 2k — 2n’¢) (23)

G _ 1 A22< g)’ 3.2
- 2L6 1+G Qn

-gin (sl + 2¢ + 2n — 2n'Y)

1da (1 _ B g
+2Ls 1 Q Q.

+sin (sl — 2g -+ 2n — 2n’%) (24)

4 _
dt

and, taking
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__lﬂ( E)z 3,2
et \\tg @

sin (sl + 2g + 2h — 209)

— l A22( . E)z 3,2
2 LO 1 G Q-—'

-sin (sl — 2g + 2 — 2n')

— ﬂ (1 — E) 3.0
LO G2 s

-sin (sl + 2h — 2n’Y) (25)

gt _ 19Q° ¢
e

oL de L°
Qe 10Qe° G
3G e de L?

into account, we have

H 2
-(1 + 6) cos (sl + 2g 4+ 2n — 2n'%)

+

{

+

{

A, (3
VAES

G2 6Q3.2
-3 _')

1
2 4e L™ Oe

G

H2
1——) cos(sl — 2g 4 2k — 2n'%)

2 3,0
D

2 L* de

2

1— ﬁf) cos (sl + 2h — 2n'9) (26)

¢
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-cos (sl + 2g + 2h — 2n'0)

_ 14y EE( E) 3.2
T |:2L @\~ ¢ 9

-cos (sl — 2g + 2h — 2n'%)

_1_4_23[ H LQ3v°
2 L’ e

_(I_E)AQQ_ffg]
G/e 0 L

-cos (sl + 2h — 2n'1)

dh _ 1A22( fl_)g 5.2
w- 2 \!tg/e?

~cos (sl + 2g + 2h — 2n'1)
Lda(, _I)L g

cos (sl — 2¢g 4+ 2h — 2n'¢)

5G= Yoo (1 + ) Qs.z

L 2w,
-cos (sl + 2¢ + 2k — 2n'1)
Y2 ﬁ)z 3,2
2w, (1 G Q-

ccos (sl — 2g + 2h — 20'1) (30)

ﬁ_ Yoz <1+ > Qa.2

L 2W,
-cos (sl + 2¢g + 2h — 2n'Y)
Y2 H\2
(27) + 2W2< ¢) ¢

-cos (sl — 26 + 2h — 20'Y)

+ Y <1 - E-) cos (sl + 2n — 2n’t) (31)

W &
_ Y2 (5032 _ 1 gi &32)
ol W, <2Q' de L* e

HZ
-(1-{-5) cos (sl + 29 + 2h — 2n%)

Ay __I'£ éi 3.0
+ L' L & Q. + Y22 ( Qa 2 _ 1 Qf aQa—'f)
- 4e L* Oe
-cos (sl + 2h — 2n't) (28) .
@
. 41— =] cos(sl — 2¢g 4+ 2h — 2n’t
Putting ( G ( g )
Yoo = 1‘122/144 2 3,0
C _ 4 Yo (3Qso_ig_aQ,>
and designating the mean motions of the W, : 2 L* Qe
arguments .
sl + 29 + 2h — 2n't, sl — 2¢g + 2h — 2n't, -(1 - %5) cos (sl + 2k — 2n'1) (32
sl 4 2h — 2n't
by 1y H L H\ .
Wi/ L3, WofL3, Wyl L3 89 = —211 T\t g e
ded the followi expressions for
we uce ) ing expressio . B\ 0072 @
perturbations: +l1+ =) ===
6L 1 $vas H € G de L
T=1w(1+g) e

-cos (sl + 2g + 2k — 20'1)

l%( _E)z 3.2
Tiw, \! 76 &

cos (sl — 2g + 2k — 2n'Y)

1%( _Ef) 5.0
+2w3 1 G2 Qu

ccos (sl + 2h — 2n'1)

_11_[21 L
(29) 2W,L° LF 6™
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_ (1 _ ﬁi) 19Q° g]
G’/ e de L
-sin (sl + 2k — 2n'%) (33)
_ Y22 A 3,2
oh = zW,<1+ )GQ'
-sin (s! + 2g + 28 — 2n'1)
4 Xz Yoo (1 _ E)A 3,2

2w, G/ q@*
-sin (sl — 2¢g + 2k — 2n'%)
H L’ .
+ ‘;;,2 1 Q2 °sin (sl + 2h — 2n’8) (34)

CONCLUSION

The semianalytical method of treating the
influence of the ellipticity of the equator on the
motion of a satellite is presented in this article.
This method does not require a development of
the disturbing function into powers of the
eccentricity and, consequently, is valid for
highly eccentric orbits. Its validity for orbits
with a small eccentricity depends on the type
of programing used. Programing with a float-
ing decimal point would permit its use for small
eccentricities also.

Long-period terms appear in the development
of the perturbations if the mean daily motion of
the satellite is commensurable with the angular
velocity of the earth’s rotation. It must be
remarked that the influence of the ellipticity of
the earth’s equator is larger for a satellite with
a direct motion than for a satellite with a retro-
grade motion, providing that ¢ and ¢ are small,
as could easily be seen from an analytic develop-
ment of the disturbing function. The order of
the coefficients of the long-period terms is higher

if the motion is retrograde. Thus, if it is
planned to launch a satellite with a mean motion
commensurable with the earth’s rotational
velocity and at the same time it is wished to
diminish or eliminate the influence of the
ellipticity of the equator, the satellites must be
launched into a retrograde orbit.
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This paper presents the results of an experiment to measure the electron density above

the ionosphere.
transmitted from the Explorer VI satellite.

The experiment utilized two coherent signals, one VHF and one UHF,
The evidence of our data is that the electron

concentration in the vicinity of the satellite, 18,000 km above the earth, was unusually

high, of the order of 10! electrons/cm3,

during the measurement period.

This paper presents the results of an experi-
ment to measure the electron density above the
ionosphere. The experiment utilized two co-
herent signals, one VHF (approximately 108
Mc/s) and one UHF (approximately 378 Mc/s),
transmitted from the Explorer VI satellite.
This satellite had a perigee of 136 miles and an
apogee of 23,000 miles. Eight separate meas-
urements were made at a receiving station in
Hawaii before one of the coherent transmitters
failed. To determine the electron density at
the satellite, measurements were made of the
Doppler difference frequency and the rate of
change of the Faraday polarization rotation.
Five of the records were of good quality and
have been analyzed. Although suggestive re-
sults were obtained, not enough data are avail-
able to make definite assertions. However,
these preliminary measurements indicated that
the electron density appeared to be much higher

1 This paper was presented at the Symposium on the
Exosphere and Upper F Region sponsored by Com-
mission III of the United States National Committee
of the International Scientific, Radio Union (URSI),
held on May 4, 1960, in Washington, D.C. Published
in the September 1960 issue of Journal of Geophysical
Research. Reprinted by permission.

765-698 O-65—7

However, the results were influenced by unexpectedly
high correction factors and possibly by an intense world-wide magnetic storm that occurred

than had been expected. It should be noted
that the results were obtained after a large
magnetic storm and also that they are con-
tingent upon estimated corrections made for
ray bending and for the eftects of a nonstatic
ionosphere.

When these corrections are small the simul-
taneous measurement of the difference between
the Doppler shift at two frequencies and the
change of the Faraday rotation can be used to
obtain an accurate measurement of the electron
density in the vicinity of the satellite. This
comes about in the following way. The time
rate of change of the phase of a high-frequency
transmission from a satellite is

dP ok
E=[V~k1,+fan-a o)

where V is the velocity of the satellite relative
to the receiving station, k is the propagation
vector normal to the phase front with a magni-
tude of wn/e, n is the index of refraction, ¢ is the
velocity of light in a vacuum, and « is the
angular frequency of the transmission. The
term V-k is evaluated at the satellite, and the
integral is evaluated along the path that the
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energy propagates. This equation holds for
either polarization propagation mode. If two
coherent frequencies, f; and f, = ¢ fi, are trans-
mitted from the satellite, the difference between
them, when compared at the same frequency,
that is, f; and ¢ f, is

W=Ve@k— k)l + A Sk — k) @

where the difference between the two propaga-
tion paths can be neglected. The first term in
equation 2, the usual Seddon [1953] type differ-
ence frequency term, is proportional to the
electron density at the satellite. When elec-
tron-density measurements are made in the ex-
osphere it is necessary to include the effect of
time changes in electron density in the iono-
sphere. In the exosphere the electron densities
to be measured are small, and changes in elec-
tron density throughout the ionosphere can
have an appreciable effect on the Doppler
difference frequency. Therefore a part of the
present experiment [Kelso, 1958] involved meas-
uring the value of the integral appearing in
equation 2. This was accomplished by re-
cording the rate of Faraday rotation, ¢, which
can be expressed using the quasi-longitudinal
approximation as

b=Vek =KL+ [d-S k- ®

where the primes distinguish one circular propa-
gation mode from the other.?

Thus, to determine the electron density at
the satellite, equations 2 and 3 are combined.
But it should be noted that in equation 3 the
term evaluated at the satellite is proportional
to the product of the magnetic field and the
electron density. Since the magnetic field at
the satellite at the ranges involved in the Ex-
plorer VI measurements (12,000 to 26,000 miles
above the earth) is much smaller than the
magnetic field through the ionosphere, the cor-
rection to the electron density contributed by

2 The integral in equation 3 is evaluated along the
energy propagation path of the VHF signal. In an
exact treatment the two modes of propagation have
slightly different propagation paths. However, to
order 1/w® the propagation paths are identical and
hence this effect can be neglected.

this term is negligible. Hence, at the usual
high-frequency approximation for the index of
refraction and quasi-longitudinal propagation
[Mitra, 1952], equation 3 becomes

ON Ci¢

Wdlzi 4)

where T, is an average value of the longitudinal
component of the magnetic field through the
ionosphere and C) is a constant for any fre-
quency. Equation 2 is most easily solved for
the electron density, N, expressing V in polar
coordinates with respect to the receiving sta-
tion; then

1 oN
N=g- [C,W ~ [T a - cavoa] (5)

where V; and V; are the radial and zenith
angle polar components, respectively, of V, and
4 is the angle between the propagation vectors
of the two frequencies at the satellite as a
result of their different ray bending. The small
amount of refraction for these high frequencies
allowed the neglect of higher-order terms in
8. Combining equations 4 and 5 yields for the
electron density

N = [I/VRICsW — (Cio/HL) — C:Vad) (6)

This expression for N contains the two
measured quantities W and ¢, the polar com-
ponents of velocity known from orbit data,
and the unknown average magnetic field H,
and ray-bending difference angle §. Hence, to
obtain a value for the electron density it is
necessary to make an estimate of H, and .
Because of the uncertainty associated with
these estimates, however, it is desirable that
they be small corrections to W, the precisely
determined Doppler term. This problem, in-
herent in the radio propagation method for
determining electron densities in the exosphere,
necessitates the accumulation of considerable
data at well-chosen orbit positions and times.
For example, temporal changes within 'the
jonosphere are relatively small later at night.
Also, for example, the refraction correction is
small when elevation angles are close to 90°.
Unfortunately in the short time that electron-
density measurements were taken from Explorer
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VI it was not possible to obtain data when
both the correction terms were small.

Eight separate electron-density measurements
were made at our Hawaiian tracking station
in the period August 13 through 23, 1959, for
periods varying from 20 to 70 minutes. After
the latter date one of the two coherent trans-
mitters on board the satellite failed and the
electron-density measurements had to be dis-
continued. On three occasions, August 13, 15,
and 19, severe fading of the VHF signal made
the data unanalyzable.> For the other five
measurements, an attempt was made to estimate
the ray-bending correction using ionospheric
electron-density profiles obtained from the
Bureau of Standards sounding station at Hawaii
and a model electron-density profile* above
the peak of the F layer. Unfortunately, owing
to ionospheric abnormalities, electron profiles
were available only for the last two days,
August 22 and 23.

On August 23 the ray-bending correction
was estimated to be small, approximately 10
per cent of W, the Doppler term in equation 6.
The Doppler measurement yielded an uncor-
rected electron density of 10* electrons/cm®.
The Faraday measurement yielded an equiva-
lent electron density due to the ‘growing’
3 X 10*electrons/ecm®. This value was obtained
using the measured ¢ and the earth’s mag-
netic field component along the ray path at
300 km for H;. The net electron density is the
difference ® between these values (equation 6),
or approximately 2 X 10* electrons/cm®. The
height of the satellite above the earth at this
time was 18,000 km, and its position was 5°N
latitude and 120°W longitude. This result is
considerably higher than would be expected
from the interpretation of whistler propagation
studies. On August 22 data were taken while

3 The unusual fading of the VHF signal occurred
almost every evening at Hawaii and will be the subject
of a forthcoming publication.

+ The model of the exosphere used was based upon
the data presented by Townsend {1959].

5 Note that only the absolute value of the two
measured terms in equation 6 is measured in this
experiment. Consequently, whether these terms should
be added or subtracted depends on wWhether the iopo-
spheric electron content is increasing or decreasing.

the satellite was p&ssingmh apogee, and,
hence, the radial component of the satellite
velocity was essentially zero. This was done
to provide a check on the procedure, since
under these conditions the Doppler difference
frequency depends only on the ray-bending
correction and the changing electron content
of the ionosphere which is measured by the
Faraday rotation. Using the ionospheric sound-
ing data to calculate the ray-bending effect
and the earth’s magnetic field at 300 km with
the measured Faraday rotation to calculate
the ionospheric effect, results were obtained
which checked with the measured value of the
Doppler difference frequency to within a few
per cent. Even though ionospheric sounding
data were lacking for the other three times of
measurement, an effort was made to analyze
the data by calculating ray-bending corrections
using a typical ionosphere. On August 16 this
correction was estimated to be sufficiently
small to allow a calculation of electron density.
Again the data yielded electron densities of the
order of 10* electrons/cm® at a height above
the earth of about 20,000 km.

The evidence of our data is that the electron
concentration in the vicinity of the satellite was
unusually high, but in view of the small amount
of data acquired and the occurrence of unex-
pectedly high correction factors these results
can only be regarded as having order-of-magni-
tude validity. An event that may have in-
fluenced the results presented here was the
intense worldwide magnetic storm and the
abrupt increase in solar flare activity recorded
on August 16 and 17. During the storm and
increased activity period the low-energy scintil-
lation counter on Explorer VI (200-kev to
1-Mev electrons) gradually increased its count-
ing rate. By August 18 it had increased by a
factor of 30, and it remained abnormally high
for many days thereafter. Also, data reported
on at this symposium by Farmer and Robinson
indicate that electron densities have increased
by an order of magnitude at heights 800 km
above the earth shortly after a large solar
flare. In conclusion, because of the difficulties
encountered, inherent in this type of propaga-
tion measurement of electron densities in the
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. ’ 4 .
exosphere, it seesgs deséable to use a more direct
means for these measurements in the future.
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Signals from the U.S. Navy Station NSS (15.5 kc) were detected over the altitude
range of zero to about 160 km by a satellite-borne VLF receiver during the daytime launch

phase of the Explorer VI Satellite.

The signals were received on a small electric antenna

which was also used simultaneously to transmit VHF telemetry. During the launch phase,
the antenna was confined between the third-stage rocket case and the folded solar paddles,

with an epoxy shroud covering the satellite and the third-stage rocket.

Nevertheless,

signals were clearly visible in amplitude-time chart recordings (60-cps bandwidth) up to 67

km altitude.
band cross-correlating filter techniques.

The signal variations between 67 km and 160 km were obtained by narrow-
The receiver output was interpreted in terms of

incident electric field strength, and the total measured attenuation through the lower iono-
sphere up to 150 km was estimated to be 43 db. A predicted total attenuation was computed
including the effects of absorption, the change in antenna impedance within the ionosphere,

reflection losses and antenna polarization.
in good agreement.
satellite experiments.

The predicted and measured attenuations are
The measurements are compared with those of relevant rocket and
It is concluded that the launching of the whistler mode, at least in

daytime, can be described by utilizing a sharply-bounded model of the ionosphere to account

for the reflection-transmission phenomenon, and a slowly-varying model to account
absorption experienced by the transmitted wave.

INTRODUCTION

The Explorer VI Satellite was launched from
Cape Canaveral at about 0930 Eastern Standard
time on 7 August 1959. Among the scientific
instruments aboard this satellite was a cali-
brated VLF receiver designed to study whistler-
mode propagation and ionospheric noise.!3

! This manuseript was submitted for publication, but
the untimely death of the principal author has pre-
vented final revision.

? Deceased June 24, 1963.
¥ Superior numbers in text designate References.

r the

Yz

The receiver was designed to receive trans
missions from the U.S. Navy Station NSS (15.5
kc) at Annapolis, and had a dynamic range of
about 80 db and a 3-db bandwidth of 100 cps.?

Signals were to be received on a small electric
antenna which was used simultaneously to
transmit VHF Telemetry. The antenna con-
sisted of two lineal elements, about three-
fourths of a meter long, approximately parallel to
the satellite spin axis (and therocketlongitudinal
axis before rocket-satellite separation). The

91
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elements were electrically connected and func-
tioned at VHF as a monopole relative to the
satellite body. The undetected receiver inter-
mediate-frequency output was telemetered in
analog form beginning before lift-off and con-
tinuing throughout the launch until the rocket
went over the horizon from Cape Canaveral.
The data were obtained during undisturbed
ionospheric conditions and thus afforded the
opportunity to study the propagation of VLF
radio waves through the lowest layers of the
“quiet’’ ionesphere.

In order to interpret the data, it is essential
to have a clear understanding of the satellite
environment during the launch period. The
satellite proper was mounted so that the for-
ward end of the third-stage rocket was located
between the antenna elements. The solar
paddles were folded over the antenna, reducing
the sensitivity by an estimated 30 db. (This
sensitivity change was estimated by comparing
measurements made on a model of the satellite
with paddles erected, with measurements made
on the actual satellite mounted on & floor-stand
pedestal with paddles folded.) In addition, an
epoxy shroud covered the entire satellite and
third-stage rocket. The above conditions apply
to all data that will be utilized here. The
small amount of data obtained after the epoxy
shroud was jettisoned could not be meaning-
fully interpreted.

An initial examination of chart recordings of
the data in a 50-cps bandwidth revealed that,
in spite of the above shielding of the antenna,
NSS signals were detected up to an altitude of
about 67 km. The signal disappeared into the
noise background at the most interesting alti-
tudes; namely just as the vehicle entered the
D-region. The data were extended in altitude
with the aid of cross-correlating, narrow-band
filtering techniques.

The receiver output variations were referred
to the receiver input and interpreted in terms of
incident relative electric field strength, Calcu-
lations of whistler-mode absorption were made
for various electron density and collision fre-
quency models of the lower ionosphere. Ab-
sorption and other attenuating effects were
combined to estimate a predicted total attenu-
ation. The predicted attenuation was found

to be in good agreement with the measured
value.

DATA ANALYSIS

The undetected output of the VLF receiver
was heterodyned down to 2.932 ke in the
satellite and added to the telemetry baseband.
At the ground station, VLF receivers also moni-
tored station NSS. The NSS signal received
on the ground was heterodyned down to 0.884
ke and recorded without rectification together
with the telemetry baseband. Thus, the mag-
netic tape data recordings contained both the
output of the satellite VLF receiver and the
output of the ground VLF receiver.

The satellite and ground receiver outputs
were selected (by filtering—50 cps bandwidth),
then rectified and presented in amplitude-time
chart recordings. An important section of the
launch chart-recording is shown in figure 1.
The top channel is the rectified ground receiver
output, and shows a normal sequence of dots
and dashes in the Morse code. The bottom
channel is the rectified satellite receiver output.
Timing marks are shown on the upper event-
marker channel. Amplitude calibration pulses
appear about every 30 seconds in the satellite
channel. A good quality calibration pulse is
shown between the sections labeled loop 19 and
loop 24. Each calibration pulse consists of two
levels, the first of which calibrates the receiver
and the second of which measures the magni-
tude of the antenna impedance.

In the satellite channel, the N'SS signal ampli-
tude decreases quickly, disappearing into the
increasing noise background at about 67 km
(within the portion labeled loop 11). The in-
creasing telemetry noise level at just above this
altitude is believed to be associated with the
interaction of the vehicle and the ionosphere
and its discussion is outside the scope of this
paper. Before the signal disappeared into the
noise, as shown in figure 1, its amplitude was
determined by comparison with the calibration
pulse amplitudes. The amplitude variations of
receiver output below 67 km were scaled directly
from the chart recordings and are given in
figure 2. Sufficient points are plotted to repre-
sent the detailed variations exhibited by the
data.
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Fiauke 1.—Section of chart recording of the launch data. Upper channel is detected
ground recewer output. Bottom channel is detected satellite receiver output.

The receiver output wvariations after the
signal disappeared into the noise were measured
with the aid of cross-correlating, narrow-band
filtering techniques. A block diagram of the
device used is shown in figure 3. The basic
principle is bandwidth reduction, achieved by
the heterodyning of the satellite receiver output
fs to a center frequency of 100 cps where
narrow bandwidths are easily realized. Post-
detection filtering was also employed. Refer-
ring to figure 3, it can be seen that the satellite
receiver output is heterodyned in Mixer No. 3.
The portion of the satellite receiver output
spectrum to be examined was selected by
adjustment of the mixing frequency (3%f, — f,).
The fixed component of the mixing frequency
3%fe was generated by the frequency multi-
plying circuitry from either an audio oscillator
f¢’, or the grovnd receiver ~utput f,. The
variable frequency component f, was generated
by a voltage controlled oscillator (VCO). Provi-

sions were made for the manual adjustment or
periodic control of the VCO with a function
generator. The filtering operations indicated
in the block diagram were performed by switch-
selected components to provide for faster-than-
real-time data processing.

When the audio oscillator was used, the
mixing frequency signal was continuous and
the device operated solely as a narrow-band
filter. When the ground receiver output was
used, the mixing frequency signal was present
only when NSS was keyed on. This mode of
operation is equivalent to cross-correlation
between the satellite signal and the essentially
noiseless ground-channel information. Cross-
correlation in this case reduces the average
noise power relative to the average signal power.
No provisions were made for adjusting the
time delay, and thus the cross-correlation mode
was useful only when the delay between the
satellite and ground receiver signals was negli-
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Fiaure 2.—Satellite receiver output level relative to calibrate pulse plotted vs. altitude.

gible with respect to the time scale of NSS
traffic. During launch the time delay was
assumed to be negligible.

The device described above was used with
the launch data in the cross-correlation mode
at twice normal tape-playback speed. A
predetection bandwidth of 1.7 cps and a 12.0-
second post-detection time constant were used.
The ground receiver output supplied the fixed
frequency component of the mixing frequency.
It was found that with the above equipment
adjustments, maximum spectral detail was
obtained and the measurements were repeat-
able. Smaller predetection bandwidths were

not useful because of tape recorder limitations.
Sections of records to be analyzed were re-
recorded on magnetic tape loops which con-
tained 4 seconds of real-time data. While a
tape loop was circulating, the VCO was man-
ually advanced and the loop allowed to circulate
until a steady output was achieved. The
result was a spectrum for each 4-second section
of the receiver output data.

Selected examples of the spectra obtained
are shown in figure 4. The corresponding
sections of the chart recording are labeled
with the appropriate tape-loop numbers in
figure 1. Although 25 loops were made,
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certain loops were discarded because they con-
tained impulsive noise or calibration pulses.
It should be noted that the frequency scale
in figure 4 is slightly nonlinear. No absolute
frequency scale is given because of slow (order
of hours) frequency drifts in the system.
The limits of the 50 cps noise bandwidth
were relied upon for approximate frequency
identification within any given spectrum.
The spectrum of loop 9 is in a portion of the
data where the NSS signal is readily visible in
the chart-recording, and the spectrum of NSS
traffic is clearly defined. The succeeding loops
exhibit less signal as can be seen in figure 4, and
the spectra are more complex. Loop 15 shows
small secondary peaks on either side of the cen-
tral spectrum. This phenomenon is enhanced
in loop 19. The exact cause of these secondary
peaks is not known, but may be some form of

interference. The appearance of these spectra
suggests some form of amplitude modulation of
the NSS signal as received at the satellite, al-
though the mechanism for such modulation is
not obvious. It was assumed, a priori, that the
level of NSS signal is measured by the central
peaks in these spectra. The most convincing
support for this assumption lies in the system-
atic and meaningful variation of the electric
field strength with altitude which is ultimately
deduced. The probability that various random
noise or interference sources could produce the
systematic variation obtained must be ex-
ceedingly small.

The relative level of the signals in the spectra
was determined by comparing the central peaks
in the spectra to the peak in a reference spec-
trum where the signal was scalable on the chart
recording (loop 9 in this case) and then account-
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FicUre 4.—Selected spectra obtained with the
cross-correlating narrow-band filter.  Corre-
sponding sections of the chart-recording are
labeled in figure 1.

ing for the noise power contained in the peaks of
the spectra. The data so obtained are plotted
in figure 2 for altitudes above 67 km. It can be
seen that there is considerable scatter in the
data.

It will be noted that the cross-correlating,
narrow-band filter extended the receiver output
measurements to 167 km altitude and to a
level 25 db below that possible using the chart
recordings. The sensitivity improvement that
might have been expected is 24 db. This is
based on an 18 db gain from a reduction in the
predetection bandwidth from 50 to 0.85 cps,
a 3 db gain from reduction of average noise
power by the cross-correlation technique for
an estimated duty cycle of 509, for NSS traf-
fic, a 5 db gain from the post-detection averag-
ing of each 4-second sample, and an estimated
2 db loss because of detector SNR reduction.
This agreement between the observed and
predicted performance of the correlating filter
is surprisingly good.

The receiver output was referred to the
receiver input through the receiver gain charac-
teristic which was approximately logarithmic.
For the data below 67 km, the receiver gain
was set by NSS signal amplitude. For the
data above 67 km, the receiver gain was set
primarily by the noise in the receiver passband.
The resulting curve of receiver input vs alti-
tude is shown in figure 5. It can be noted
that there is considerably less scatter in
figure 5 than was present in the receiver output
curve as shown in figure 2. This fact is the
principal justification for the interpretation
of the spectra of figure 4 as described above.

MEASURED TOTAL ATTENUATION

In order to determine the variation of elec-
tric field strength with altitude, it was neces-
sary to consider the antenna orientation and
changes in the terminal impedance of the an-
tenna. The antenna elements made an angle
with the vertical of 70° and greater after the
rocket entered the D-region. On the assump-
tion that the wave normal in the whistler
mode was vertical, the correction for antenna
orientation was no more than 1 db and can be
considered negligible. Measurements of the
magnitude of antenna impedance during launch
showed no significant variations until the
shroud was jettisoned, although the impedance
was different from that in free space because
of the proximity of the third-stage rocket,
solar paddles and epoxy shroud. The lack of
significant variation in antenna terminal im-
pedance before shroud ejection is believed to be
due to the fact that the epoxy shroud shielded
the antenna elements from electron and ion
currents from the ionosphere® With the ef-
fects of both antenna orientation and the change
in antenna impedance being negligible, the
curve of receiver input can be considered to
represent the variation of relative electric
field strength between about 60 and 152 km
altitude.

Absorption calculations, described later, in-
dicate that absorption begins about 10 km
below the inflection point of the field strength
curve, or about 60 km in this case. Assuming
that the whistler-mode signal is launched into
the ionosphere at this height, the measured
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Fieure 5.—Satellite receiver input level below 1 volt plotted vs. altitude. Data between about 60 and
162 km may be interpreted as relative variation of electric field strength within the ionosphere.

total attenuation through the lower ionosphere
up to about 150 km is 43 db +4 db for daytime.

At heights below 60 km, the observed vari-
ation in signal strength appears to be explained
by the waveguide-mode theory of VLF propa-
gation.* Recent calculations of the height-
gain effect by Wait and Spies® show that as
altitude increases the intensity first increases,
reaches & maximum, and then decreases to
some fraction of the ground intensity at the
lonosphere boundary. For parameters appro-
priate to this situation, these calculations do
not show as great an increase in intensity for
the low altitudes as the measurements show,
and it must be taken into account that the
distance to NSS decreased and that the rela-
tive amount of seawater path increased as the
rocket ascended.

Whatever the influence of the last-mentioned
factors, the variation near the ionosphere is
predominantly due to the height-gain effect
since there islittle change in the path or distance
for this altitude increment. And a priori
choice of 70 km for an effective height of the
lower edge of the ionosphere would be in agree-
ment with that adopted by most workers who
assume a homogeneous sharply-bounded iono-
sphere model for VLF calculations. The height-
gain calculations® for an assumed ionosphere
height of 70 km show a 6 db loss between 60
and 70 km. However, the measured loss
between 60 and 70 km, as shown in figure 5, is
about 17 db. This significant discrepancy
further suggests that the effective height of the
ionosphere and the beginning of absorption was
more nearly 60 km at the time the measure-
ments reported here were made.
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PREDICTED TOTAL ATTENUATION

Some preliminary calculations of whistler-
mode absorption have been made at Stanford
for wvarious electron-density and collision-
frequency models of the lowest ionosphere.®
The daytime models are applicable to this
experiment since the launch took place at about,
0930 EST and the trajectory carried the satel-
lite into longitudes of even later local time.
The calculations show that almost all of the D-
and E-region absorption occurs below about
130 km. Hence, the calculations can be
considered to predict all the absorption up
to 150 km. The first calculation utilized the
electron-density profile deduced by Nertney’
and the collision-frequency profile deduced by
Nicolet,? and yielded a total absorption of 17 db.
A second calculation utilized profiles of electron
density and collision frequency which can be
considered composite models deduced from the
data given in the survey of Waynick,® and
yielded a total absorption of 23 db.

Before the calculations can be compared with
the measurements, there are several other
sources of attenuation that must be considered.
These include reflection losses and the effects
of antenna polarization and changing wave
impedance within the ionosphere. The loss
due to reflection at the lower boundary of the
ionosphere will be accounted for by considering
only the direct ray. The higher-order reflected
rays should be considerably attenuated by
reflection from a daytime ionosphere. In this
case, the subrocket point at the boundary of
the lower ionosphere is just below the horizon.
However, a consideration of diffractive effects
in low frequency propagation by Wait * shows
that the “cut-back factor” for this case is negli-
gible. A computation of the transmission co-
efficient based on the work of Budden !* shows
that for the ordinary ray (whistler-mode) a
reflection loss of 19 db occurs for a sharply-
bounded, summer-daytime ionosphere model
(w/w,;=0.6, 7=60°). The extraordinary ray
which is transmitted into the ionosphere is
completely absorbed well below 150 km.

The change in wave impedance in the iono-
sphere results in attenuation since, for a given
power density, the electric field strength varies

directly with the square-root of the wave
impedance, and the wave impedance in the
ionosphere is less than that of free space.
This attenuation, assuming longitudinal prop-
agation, is found to be 11 db between the
lower boundary of the ionosphere (w/wr=0.6,
r=60°) and 150 km where the electron gyro-
frequency and plasma frequency are estimated
to be about 1.2 and 3.0 Mcps, respectively.

Just below the ionosphere, the incident
electric field, consisting primarily of the direct
ray, can be assumed to be vertical, while just
within the ionosphere the field can be assumed
to be circularly polarized in the horizontal
plane.’? Thus the antenna made an angle
of 70° with the electric field just below the
ionosphere, while making an angle of 20° or
less with the horizontal field within the iono-
sphere. Polarization corrections based on these
relative orientations amount to a gain of about
9 db. In addition, a loss of about 3 db is
incurred because of the spatial averaging of the
approximately circularly polarized whistler-
mode component within the ionosphere by the
linear satellite antenna.

Adding the above factors to the absorption
gives the following tabulation for the estimated
total attenuation through the summer-daytime
ionosphere up to 150 km altitude:

Total
Day Model Total Absorption Attenuation
Nicolet and Nertney_____ 17 db 41 db
Composite__._._________. 23 db 47 db
DISCUSSION

It should be noted that the predictions out-
lined in the previous section were prepared
assuming whistler-mode propagation along the
magnetic field (assumed to be vertical here) for
a constant incident electric field intensity at
the lower ionosphere. The propagation path
from Station NSS to the satellite did not quite
provide constant field intensity in the iono-
sphere below the satellite. The course of the
launch trajectory was in a north-easterly direc-
tion from Cape Canaveral and the average
distance from Station NSS to the sub-satellite
point for the altitude increment of 60 to 150 km
was about 1,000 km and changed about 15%.
Calculation for a comparable situation suggest
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that the field strength just within the iono-
sphere would probably vary by about 3 db over
this distance change.®* This will be considered
negligible here, and the predictions as given can
be considered to apply to the measurements.

It can be seen that the total attenuation
measurement of 43 db + 4 db compares quite
well with the calculated total attenuations of
41 and 47 db. The discrepancy is within the
experimental errors and the magnitudes of the
various effects which have been neglected in
this analysis. It should be obvious that the
calculations are only approximate since several
1 to 3 db effects have been neglected. How-
ever, the measurements also were only approxi-
mate since a rough estimate was used to select
the altitude at which absorption began. None-
theless, it appears that no unusual attenuation
phenomena were observed and that the
measured total attenuation can be accounted
for by the analysis presented above,

Since the measurements which are reported
here were made, the results of two relevant
experiments have been reported. In the first
experiment, the variation of Station NBA lo-
cated at Summit, Panama Canal Zone (18.0 ke)
signal strength with altitude up to about 115
km was measured at about 1700 local time on
14 March 1961 using a split-rocket electric
dipole antenna.'* Aspect data was not avail-
able for these measurements. Allpwing for
uncertainties in antenna orientation and such
factors as diurnal and seasonal effects, these
rocket measurements are quite consistent with
those reported here.

The second relevant measurements were those
made in the LOFTI I Satellite experiment.!® !¢
The total attenuation deduced from the LOFTI
I measurements is somewhat different in that
the detailed variation of signal strength with
altitude was not obtained, although much more
data on total attenuation was, of course, ob-
tained. The measurements reported (ratio of
apparent electric field intensity at the satellite
to computed field intensity on the ground)'®
are also consistent with the measurements re-
ported here when proper allowances are made
for different measurement frequencies, the
attenuation through the F-region and the
different geometric factors for each case.

In conclusion, it appears that the launching
of the whistler mode, at least in daytime, can be
described to a first order by utilizing a sharply-
bounded model of the ionosphere to account for
the reflection-transmission phenomenon, and a
slowly-varying model to account for the ab-
sorption experienced by the transmitted wave.
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Introduction to the Ion Chamber and Geiger Counter
Experiments Designed by the University of Minnesota

BY J. R. WINCKLER

School of Physics
University of Minnesota

The Explorer VI observations in 1959 were
the first extensive ones made throughout the
volume of the trapping region, and they re-
main unique in giving its state at a particular
time in the solar cycle.

Since Explorer VI was placed in a very ellip-
tical orbit, and because of the inclination of
the earth’s magnetic axis to its spin axis, the
satellite swept through a considerable part of
the trapping region, making possible the con-
struction of rather complete/contours of con-
stant counting rate and radiation dosages as
measured by the Geiger counter and ignization
chamber, respectively. Such contours nec-
essarily depend strongly on the shielding
surrounding the detectors and are thus peculiar
to the spacecraft. Nevertheless, the Explorer
VI rate contours displayed a shape quite diff-
erent from those derived by Van Allen using a
similar Geiger counter which was mounted
aboard several previous spacecraft.

The rates of the ionization chamber and
Geiger counter displayed a minimum in the
outer zone. According to the present mag-
netic data, the minimum in detector rates
does not lie on a particle shell connecting the
Capetown magnetic anomaly and, hence, cannot
be attributed to a scattering of radiation out
of the trapping region by the anomaly. A
spectral study of the outer zone suggests that
the minimum has a spectral-detector origin.

The proton differential energy spectrum,
fit to the data in the inner zone at a geo-
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magnetic latitude of —28°, has the form E-'%
above 30 Mev. Electron fluxes in the inner
zone are inferred to be greater than 107 elec-
trons/em? sec above 200 Kev.

In fitting trial spectrums to the outer-zone
data it is seen that flat spectrums with electron
energies up to 5 Mev must prevail at the
inner edge of small ranges. The flux of elec-
trons of energies between 1 and 5 Mev here is
of the order of 10° electrons/cm? sec. With
increasing range, the spectrums steepen until
at the outer edge the ionization chamber and
Geiger counter are detecting the electrons only
through the intermediate bremsstrahlung proc-
ess.

As is indicated by the nearly constant ratio
of ionization chamber to Geiger counter rates,
the spectrum of trapped particles in the outer
zone to which the detectors are sensitive does
not change appreciably down magnetic lines
of force except at low altitudes. The counting
rates of the Geiger counter were then used to
determine the pitch-angle distributions of
the trapped particles by studying the intensity
down force lines. Such distributions in the
outer zone show that beyond the line of force
crossing the equator at 25,000 km there is
an increasing number of particles turning near
the equatorial plane. The pitch-angle dis-
tributions of the particles in the outer zone are
inconsistent with those resulting from albedo
neutron decay.
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Large rate changes are observed in the outer
radiation region, and are correlated with solar
activity having a time delay indicating that
the coupling is by means of solar plasma
streams. The percentage of decreases are
greater for lines of force at large radial distances.
The data place an upper limit of about 10
percent for time variations in the inner zone
caused by solar activity during the lifetime of
Explorer VI.

Evidence of the lowering of mirror points in
the outer zone during magnetically disturbed
periods has been obtained. The pitch-angle
distributions of ‘“new particles” in the outer

ENERGETIC PARTICLES IN MAGNETIC FIELDS

zone after a magnetic disturbance show that
they mirror nearer the equatorial plane.

The simultaneous measurement of low-en-
ergy radiation at 42,000 km on an electron
shell connecting an aurora suggests that the
aurora is associated with a disturbance ex-
tending over many degrees of longitude and
out to large ranges. During a strong low-
latitude aurora a rapid decrease in count rate
was observed in the outer zone time coincident
with the break-up of the aurora, indicating
either the precipitation or deceleration of the
trapped particles at this time. '




Observations of the Van Allen Radiation Regions
during August and September 1959, Part 1'

BY R. L. ArnoLpYy,” R. A. Horrman,® anxD J. R. WINCKLER

School of Physics
University of Minnesota
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An integrating ionization chamber and a single Geiger counter were flown on aﬁad
States satellite Explorer VI in an elliptical orbit extending to 48,000 km. In addition to
the Van Allen inner zone and the great outer zone, a stable and distinet intermediate zone
was detected throughout August and September 1959. The outer-zone intensity showed a
large decrease following the sudden commencement of a geomagnetic storm. Later in the
storm the outer zone increased to much in excess of its prestorm level. During stable periods
the outer zone was fairly constant and less intense than it had been observed to be with
Pioneer III or Pioneer IV or the first Soviet cosmic rocket. Cosmie-ray background count-
ing rates were reached on most passes in August and September near apogee of the satellite.
The radiation ‘dumped’ from the outer zone during the geomagnetic storm fits very well
with the intensity and latitude distribution required to account for balloon observations of
auroral X rays made during the IGY period. This paper is based on preliminary analysi
of Explorer VI data.

INTRODUCTION AND DESCRIPTION OF
APPARATUS

The University of Minnesota provided a
radiation-detection experiment for the payload
of Explorer VI satellite, launched August 7,
1959, from Cape Canaveral, Florida. The pro-
gram was under the auspices of the National

sium at Nice, France, in January 1960 [Arnoldy,
Hoffman, and Winckler, 1960].

Figure 1 shows the University of Minnesota
package before the potting compound was in-
serted to fill the container. The instruments
are an integrating ionization chamber and a
Geiger counter. The ionization chamber op-

Aeronautics and Space Administration, and the
payload was engineered by the Space Technol-
ogy Laboratories of Los Angeles. This paper
is based on a preliminary analysis of data now
available. Additional data may be available
from magnetic tape playback during the period
under discussion in this paper. The present
paper is an extension of an earlier version pre-
sented at the first international space sympo-

1 This work was supported by the National Aero-
nautics and Space Administration under contract
NASw-56. Published in the May 1960 issue of Journal
of Geophysical Research. Reprinted by permission.

2 Now at Honeywell Co.
# Now at NASA Goddard Space Flight Center.

erates on the pulsing electrometer principle,
which has been extensively used by the balloon
projects at the University of Minnesota and
was developed for cosmic-ray purposes by Neher
and Millikan [Winckler, Peterson, Arnoldy, and
Hoffman, 1958]. The specifications of the two
instruments are given in Table 1.

The ionization chamber and counter are sensi-
tive to all types of radiation, but in addition,
the ratio of the counting rates of the two instru-
ments gives a measure of the mean particle
jonization and accordingly particle energies if
the type of particle is known. For X rays,
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Ficure 1.—View of the University of Minnesota radiation experiment containing the 3-inch-diameter
aluminum ion chamber, left, and the small Anton infinite-life Geiger counter on the right side of
the package. Note transistor scaling circuits and radio-frequency filter box on the cover of the
package. This unit is completely filled with a polyurethane foaming plastic in its case.

which are an important contribution to the
radiation detected inside the satellite, the rela-
tive response of the two instruments is sensitive
to the energy of the X rays encountered, and
suitable calibrations have been carried out with
X-ray machines. Table 2 lists the rms plate
voitage of the a-¢c X-ray machine versus the
ionizing power ratio expressed as number of
times the ratio for minimum ionizing particles.
The unit has also been exposed to protons in
the energy range 10 to 30 Mev from the Minne-
sota linear accelerator. Using the observed

ratio for protons, and the ratio for Co® y rays
given in Table 2 as characteristic of minimum
ionizing particles, very reasonable agreement
is obtained with the known specific ionization
of the Linac protons. We give in figure 2
the response of the ion chamber and counter to
known amounts of Co® y radiation supplied by
the high-intensity y-ray facility at the Uni-
versity of Minnesota. The radiation dosage in
roentgens is obtained from carefully calibrated
Victoreen R meters exposed, along with the
satellite package, to the cobalt radiation source.
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Ficure 2.—Calibration curve for the ion chamber and Geiger counter used in the University of Minne-

sota Explorer VI experiment.
was cobalt 60.

The ion chamber shows essentially a straight-
line log-log plot with a slope differing slightly
from unity. The Geiger counter shows a
dropping off at high rates which occurs because
of the dead time of the counter and circuitry.
With the aid of this calibration curve, true
counting rates can be inferred from the observed
counting rate of the counter at high rates.

The rates for the two instruments are plotted against the radiation
i roentgens per hour as measured by calibrated Victoreen R. meters.

The source of radiation

Both analog and digital telemetry were used,
but only the former was analyzed for this report.
The Geiger counter fed 17 binaries in series,
samples being taken after the 8th and 17th.
These were mixed, with different amplitudes,
with the output of the 5th binary after the
ionization chamber. The record could be read
without difficulty, since usually only one of the
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TaBLE 1.—Specifications of Radiation Detectors

Ionization chamber

Diameter— .- .. 3.0 in.

Wall thickness of aluminum._______ 0.020 in.

Filling pressure of argon___________ 94 1b/in .2
absolute.

Charge collected/pulse_ - __________ 2.14 X 101
coulomb/pulse.

Geiger counter

Anton type 302:
Wall thickness of stainless steel___| 0.020 in.
Efficiency for charged particles.__| 80 percent.*
Omnidirectional factor__ . _______ 0.55-0.75 cm.2}

*As given by manufacturer.

tComputed from direct measurements on samples
and from manufacturer’s dimensions. A more accurate
value for the flight unit will be reported later.

TaBLE 2.—Relative Photon Response of Uni-
versity of Minnesota Radiation Detectors

[Exposure was made with experiment removed from
satellite]

X-Ray Tube RMS

Approximate X-Ra
Plate Voltage, kv Y

Ratio/Minimum
Ionizing Ratio

35 844
38 76
43 34
50 30
57 10
Isotropic Co® y Rays____. 1.33 X 10~

scaling rates of the counter and the ion chamber
was observed at the same time, owing to the
action of a 3-cps filter network.

The radiation unit in the payload was sur-
rounded by considerable material located mostly
in the plane of the figure. A preliminary evalu-
ation has been made of the complex shielding
experienced in different directions by the unit,
and in a simple way this may be expressed by
the values in Table 3 covering different ranges
of absorption. In general, the lower limit of
detectability is about 16 Mev for protons and

about 2 Mev for electrons directly. Low-
energy electrons may be detected indirectly by
the X rays generated when collisions occur with
the skin and other parts of the payload. For
such X rays the limit of detectability is approxi-
mately 30 kv, where the sensitivity of the
detectors drops off to a negligible value. The
efficiency of detection of such electrons is of
course low on account of the intermediate
bremsstrahlung process.

The payload was injected into an elliptical
orbit positioned in space as shown in figure 3
with the plane of the orbit making an angle of
38° with the ecliptic plane. The period of the
satellite was about 12 hours and 42 minutes,
and the payload was spun about its axis of
greatest moment at a rate of 2% revolutions per
second. Perigee was 6615 km and apogee 48,616
km from earth center. Successful telemetry of
the channel carrying the University of Minne-
sota experiment was maintained for approxi-
mately 2 months, between August 7 and
October 6, 1959. During this period a strong
geomagnetic storm occured on August 16-17
which will be discussed in detail below. A great
solar radio noise storm took place at the end of
August, and on September 4 and 23 disturban-
ces that may be of the recurrent M-region type
were also observed. These latter storms will be
discussed in full detail in a later communication
when more data have been read.

PROFILE OF THE VAN ALLEN REGIONS
DURING THE FIRST WEEK OF
THE SATELLITE

Because the Explorer VI satellite was placed
into a high-ellipticity orbit, and because with
respect to the geomagnetic axis of the earth the
orbits swing northward and southward in
latitude, a large part of the radiation belts is
swept out in a period of several days, affording
an unusual opportunity to plot the details of
the distribution of particles that are accessible
to the instruments in this experiment. Figure
4 shows a series of typical orbits plotted in
rectilinear form, in which the geomagnetic
latitude appears as the vertical coordinate
and the range as the horizontal coordinate.
These orbits were obtained from an ephemeris
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Ficure 3.—The orbit of Explorer VI in space.
earth’s equatorial plane is 47°.

SUN POSITION
ON AUG.16,1959

\

NORTH ECLIPTIC

The angle between the plane of the orbit and the
The orbital plane is tipped 38° to the plane of the ecliptic.

On August 16 during the geomagnetic storm the major axis was directed about 125° away from

the sun.

TaBLE 3.—Shielding Effect of Material in
Satellite Around Minnesota Package

Percentage of Total Solid Angle
Range Interval,
g/cm?
Counter Chamber
0-0.5 16 26
0.5-5 54 46
>b 30 28

furnished by the Space Technology Laboratories.
The geographic latitude, longitude, and range
have been converted to geomagnetic latitude
and range with the aid of the earth-centered
dipole approximation of Vestine [1948]. Re-

cently the orbits in geomagnetic coordinates
from Vestine’s analysis have also been furnished
directly by the Space Technology Laboratories,
in 1-minute intervals. In addition, the NASA,
on the basis of data obtained by the minitrack
net and analyzed under the Vanguard program,
has furnished orbital data in 1-minute intervals.’
These various measurements are in good agree-
ment. Figure 4 also includes lines of force of
the earth’s centered dipole field in the rectilinear
form of plotting.

From the Geiger counter rate during the first
14 passes of Explorer VI, a contour plot of the
radiation regions has been constructed, which
appears in figure 5 in rectilinear form. This
period, the first week after launch, was fairly
quiet magnetically, and the radiation regions
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Ficure 4.—Typical orbits of Explorer VI plotted in the geomagnetic meridian with the lines of force

of the earth’s field shown for comparison.

A rectilinear plot 1s used, the earth’s surface being repre-

sented by the Y coordinate and the range by the X coordinate. The particular passes shown are
those occurring during the geomagnetic storm beginning August 16.

were stable. The dotted parts of contour lines
are extrapolations between regions where data
are available. A more recent contour plot,
making use of the geomagnetic data at 1-minute
intervals and additional data from the counter,
shows considerably more detail at low altitudes,
for example, the ‘horns’ derived from Explorer
IV data by Van Allen [1959a).

In figure 6, on a polar-type diagram which
is more familiar to most readers, the extent and
intensity of the radiation zones as given by Van
Allen, upper [Van Allen, 1959a], and as derived
from Explorer VI measurements, lower, are
compared. The comparison is made on the
basis of the same instrument, namely an Anton

type 302 counter. Although the shielding of
the surroundings of Explorer VI may not be
quite the same as for the Explorer IV and
Pioneer 111 and IV rockets used by Van Allen,
they are not too dissimilar for the present
purpose. It is apparent that since the time of
the construction of the radiation zone figure
by Van Allen the zones have shrunk con-
siderably in intensity and extent. It is seen
that during the first week of August the
counting ratereached the cosmic-ray background
of 1.5 counts/sec at the outer extremity of the
orbit of Expolrer VI, whereas earlier in the
year the radiation intensity as deduced from
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Ficure 5.—Rectilinear plot of contours of equal counting rate for the Anton counter as obtained from
the first week of Explorer V1.

the Pioneer shots was still considerably above
this value.

Throughout the time of observation, three
distinct maxima in the trapped radiation region
were measured by both detectors. The first of
these three regions can be identified with the
Van Allen inner zone and is closest to the earth.
The second and third regions are seen at 17,000
and 23,000 km, respectively, near the equator.
Only these last two are measured on outgoing
passes, owing to the high latitude of the orbit.
Many incoming passes display all three regions
as they exist at southerly magnetic latitudes
between 20° and 50°. Maxima observed on
outgoing and incoming passes lie on connecting
lines of force in the dipole field. An example of
such an incoming pass is shown in figure 7 for
pass 27, which has an incoming trajectory simi-
lar at low latitudes to that for pass 21 (see fig.
4). The maximum rates for the two outer
regions are somewhat larger than normal, since

the pass occurred during a rising intensity
following & magnetic storm. The two inner-
most maxima have average ionizing power as
observed by the two instruments 5 to 6 times
that for minimum ionizing particles. The
outermost maximum has a ratio of approx-
imately 16 times that for minimum ionizing
particles. Such a large ratio is consistent with
soft X rays produced by electrons bombarding
the outer shell of the payload. Protons with
this specific ionization would be stopped by the
material surrounding the instruments.
Assuming that the soft outermost maximum
is due to electrons, it is possible to estimate the
flux incident upon the payload shell. Compar-
ing the ratio of the ion-chamber rate to counter
rate at this point with that from the X-ray cali-
bration of the unit yields a value of 50 kev for
the mean energy of the X rays. For the max-
imum value, observed during the first week, of
10 r/hr (1.9 X 108 ev/cm?®-sec in air), the X-ray
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1000 km

%0 x 1000 km

Ficure 6.—Comparison of the counting-rate contours in the radiation zome as
given by Van Allen (upper) and as given by analysis of Explorer VI (lower)
shown on a polar plot. It is apparent that the radiation zones during the tume
of Explorer VI have shrunk considerably and changed form since those inferred
from the Ezxplorer IV and Pioneer I1I and IV data.
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Ficure 7.—Radiation levels on the incoming
part of pass 27, which show three distinct
radiation regions. The Van Allen inner zone
appears at 8500 km, the outer zone at 11,500
km, and the new intermediate zone close to 10,000
km.  The trajectory is closely similar to that for
pass 21, figure 4. The relative intensities are
meaningful only when the position along the
magnetic line of force is considered.

energy flux is given by

_ 4N _ 19 X 10% ev/em® - sec
Adz 0.23 cm?/g X 0.0013 g/cm?
= 6.3 X 10" ev/cm?.sec 1)

The mass absorption coefficient, A, in the argon
gas of the chamber is chosen for 50-kev X rays.
The electron energy flux is about 10* times
greater than the X-ray energy flux at 50 kev,
owing to the inefficiency of the bremsstrahlung
process. The electron particle flux is then
found to be

6.3 X 10" X 10* ev/cm?-sec
50 X 108 ev

= 1.2 X 10'/cm?2.sec  (2)

Another way to compare the various measure-
ments of the radiation zones is shown in figure
8, in which the counting rate of the Geiger
counter is plotted as a function of range in kilo-
meters for passes of the Pioneer III and IV, the
Russian Mechta rocket [Vernov, Chudakov,
Vakulov, and Logacher, 1959] and a typical pass
(no. 6, August 10, 1959) of Explorer VI. It is
seen in figure 8 that the highest over-all inten-
sity was that recorded by the space probe Pio-
neer IV launched March 3, 1959, in which the
intensity in the central part of the outer region
went off sale but was perhaps as much as 108
counts/sec. = The Russian Mechta rocket,
launched January 2, 1959, recorded intensities
one to two orders of magnitude less intense.
The Pioneer III data in December of 1958 are
still lower, and the closest in intensity to the
Explorer VI results. Explorer VI reached the
cosmic-ray background rate of about 1.5 counts/
sec at approximately 42,000 km, and at that
point had a rate 10~* of the Pioneer IV rate.
The intensity measured is strongly a func-
tion of the position of the trajectory. Figure 9
compares the trajectories of Pioneer III, Pioneer
IV, and Mechta plotted on the same rectilinear
scale on which the typical passes of Explorer VI
are shown in figure 4. These trajectories are
roughly similar, but the Mechta probe crossed
the equator at larger distances. It is clear that
large temporal changes occur in at least the
outer radiation regions surrounding the earth.
The lowa group reports that the enormous
filling-up of the regions shown on the March 3
pass of Pioneer IV is associated with an
M-region solar-type disturbance [Van Allen,
1959b]. It will be shown that an analysis of Ex-
plorer VI data likewise shows strong dependence
on solar activity but not in a simple manner.

To illustrate some of the time variations ob-
served on Explorer VI, Table 4 lists the Geiger
counter rates along the trajectories at the maxi-
mum of the soft outer region for magnetic lati-
tudes within 8° of the equator. Also tabulated
are the planetary magnetic indices A, and the
ionizing power of the trapped radiation ex-
pressed as number of times that for minimum
ionizing particles (i.e., Co® v rays). No data
were received from the ion chamber after Au-
gust 21, and hence the ratios are missing during
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TaBLE 4.—Preliminary Summary of Measurements of Outer Zone Maximum during August and
September 1959

Date Time UT | Pass No. Counts X Minimum Plari%ary Il\:[aaﬁ'zllf;g frolr?lal}li]gaith
(Sec) Ionizing Indices degrees Center, km
Aug7____________ 1538 1 5, 050 15.5 14 7.5 22, 000
Aug9________.__. 0559 4 5, 400 14.3 22 7 23, 500
Aug10___________ 0727 6 4,700 14.5 14 2 22, 600
Aug 11 ____.____. 0859 8 5, 650 13.9 8 -1 22, 500
Aug 12___________ 1028 10 6, 100 13.9 5 0 23, 500
Aug 13.__________ 1200 12 5, 500 14.3 6 -2 22, 500
Aug 14___________ 1330 14 6,250 |____________ 6 1 22, 600
Aug 17_._________ 0509 19 1, 900 7.6 114 7 21, 700
Aug 18___________ 0645 21 8, 150 15.7 28 0 23, 500
Aug 19 _________ 0817 23 10, 000 15.7 21 -3 23, 500
Aug 20 _______ 0900 25 28, 000 10. 3 38 -1 21,700
Aug2l_ _____ .. ___ 1000 27 27, 000 1.1 34 —1 21, 500
Aug22___________ 1232 29 28,500 |____.______. 27 3 20, 500
Aug26___ . ______. 0542 36 27,000 ... .______ 8 4 21, 000
Aug 27 _____.__ 0710 38 28,300 | ___________ 5 0 20, 700
Aug29___________ 1005 42 27,500 |____________ 13 0.5 20, 500
Aug30.._._______ 1130 44 22,300 |_____.______ 9 3 19, 800
Aug3l..________. 1302 46 17,200 | .. _____ 9 3.5 20, 500
Sep 2.___._.____.._ 0312 49 16,000 {____________ 34 7.5 20, 700
Sep 8. ... 0438 51 16,000 | ___________ 33 6 20, 000
Sep 4. .. ____ 0600 53 5,100 | ____.______ 103 4 19, 000
Sep 6o ___._.__ 0730 55 7,600 |____________ 34 2.5 18, 500
Sep 12....._______ 0446 68 8100 |- ... _____ 14 7.8 17, 200
Sep 27_.._._______ 0116 96 3,800 | _________.. 21 -2 26, 300
Sep 28 _._____ 1524 99 4,100 |___.____.__. 18 2 25, 500
Sep 29 _______ 0400 100 4,000 | ___________ 9 4 25, 500

the high intensity and the subsequent decrease.
This table will be discussed further in connec-
tion with the magnetic storm of August 16-18,
1959. The table is incomplete but represents
the present state of analysis of the data.

OBSERVATIONS DURING THE GEOMAG-
NETIC STORM OF AUGUST 16-18, 1959

We shall now consider in detail the changes
observed in the trapped radiation associated
with a strong geomagnetic storm having a
sudden commencement at about 0414 UT on
August 16. The remarkable effect observed
during the first 24 hours of this storm was a
large loss of radiation from the outer region.
It is shown in figure 10, where pass 17, which
occurred early in the disturbance, is compared
with pass 19, which occurred 1 day later.
In figure 10 the ion-chamber rate and the cor-

rected or true counter rate are plotted in pulses
per second multiplied by 1,000 and in counts
per second, respectively. Theion-chamber rate
dropped from a maximum of 9 to about 2
pulses/sec, and the counting rate from 4800 to
about 1800 counts/sec. This means that about
two-thirds of the detectable radiation existing
in the outer zone during the first week of Ex-
plorer VI was lost during the first day of this
geomagnetic storm. As is seen from Table 4,
the trapped radiation remaining after the dump-
ing was considerably harder than before the
storm. Changes were also observed in the inter-
mediate maximum occurring at around 13,000
km, but they have not yet been analyzed in
detail.

If the change in the ion-chamber rates at dif-
ferent ranges as shown in figure 10 is con-
sidered, and the location on the surface of the
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Ficure 8.—Comparison of Geiger counter rates for Explorer VI, Pioneer III, Pioneer IV, and the

Russian Mechta space probe.
approximately 25 percent.

The various counting rates are on a comparable basis within
To compare orbits, see figures 5 and 8. Explorer VI shows the lowest

intensity of trapped radiation, and Pioneer IV the greatest enhancement of the radiation regions.
These curves wllustrate the time variability of the outer regions over long periods.

earth where this radiation must be precipitated
is computed, on the assumption that it is dis-
charged down along the corresponding lines of
force, the precipitation or ‘dumping’ profile
shown in figure 11 is obtained. The radiation
intensities have been corrected, because of the
convergence of the magnetic lines of force, by

the ratio of the surface field to the field along
the orbit at the point from which the radiation
disappeared. The radiation lost from the outer
region is dumped between geomagnetic latitudes
52° and 62° with a peak intensity around 57° or
58°. This profile of precipitation lies definitely
below the usual latitude of the auroral zone.
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Ficure 9.—Comparison of the outgoing trajectories of Pioneer 111, Pioneer IV, and Mechta.

The ratio of the ion chamber and counter for
the dumped radiation suggests that the particles
are electrons of approximately 50-kev energy.
We conclude that this source of electrons could
well provide the auroral X rays seen on numer-
ous occasions in balloon flights flown near the
latitude of Minneapolis, which is about 56°
geomagnetic [Winckler, Peterson, Arnoldy, and
Hoffman, 1958]. In fact, a semiquantitative
comparison can be made between the ion cham-
bers flown on balloons measuring the X rays
generated by the impact of the electrons on the
atmosphere, and the ion chamber contained in
the satellite measuring the X rays from the elec-
trons bombarding the outer shell of the satellite.
We estimate that for a typical strong balloon
X-ray event, considered as extrapolated above
the atmosphere, in a 24-hour period a dosage R,

of approximately 24 mr of X radiation would be
produced. From the change in the satellite
ion-chamber reading shown in figure 10, it is
estimated that 7 r/br of radiation dosage rate
was lost from the radiation belts at the place of
maximum intensity at about 21,000 km. The
change in the number of electrons in the radia-
tion zone at 21,000 km may be expressed by

AZVlou'__ (Ar/hr)/K T (3)

The number of electrons required to produce the
observed auroral X rays at balloon levels may
also be expressed

ANpresip = (Ro/K)(B/B,) 4

where the constant K is the number of roentgens
delivered in the form of X rays to the ioniza-
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FicurE 10.—Comparison of a pass at the very beginning of the geomagnetic storm and a pass 24 hours
after the beginning of the geomagnetic storm. Note the large decrease in the radiation content of
the outer region. From this disappearance of net radiation, it can be computed that the electrons
discharged are sufficient to produce the auroral X rays observed at balloon altitudes in subauroral

zZone auroras.

tion chamber, either in balloon or satellite, by
one electron, 7 is the period of an electron
trapped in the radiation region and oscillating
back and forth between the mirror points
(approximately 1 second), B,, is the surface
value of the geomagnetic field, and B is the
value of the field at 21,000 km. The ratio of
AN1oes t0 ANprecipinatea 1S equal to approxi-
mately 4, which means that enough radiation is
lost from the outer zone to account completely
for the bursts of X rays observed at balloon
levels. A further remarkable observation is

765-698 O-65—9

that on the night of August 16—17 a very strong
aurora was observed by one of us (JRW) at
approximately 57° geomagnetic latitude over
the state of Minnesota. The aurora was a
typical strong storm aurora with ray structure
and visible forms extending as far south as
54° or 55° geomagnetic latitude. The visual
observations indicated that this was the type
of aurora, when observed with balloons at
this latitude, which would produce strong
X-ray bursts. A bright corona was observed,
which has always been correlated with the
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Fiaure 11.—Estimate of the precipitation of
electronic radiation from the outer regions of
the trapped radiation onto the surface of the
earth inferred from the measurements before
and during the geomagnetic storm of August
16-17. Note that the electrons strike the earth’s
surface at about 57° geomagnetic latitude, and
that, at least with the profile of radiation inten-
sity observed in August and September 1959,
they are not discharged into the auroral zone.

presence of balloon X rays if the corona is
seen near the balloon at these latitudes. It
thus seems very reasonable that the balloon
X rays can be due to the direct discharge of
the soft radiation from the outer radiation
zone.

This observation also may account for
conclusions reached by Anderson [1959] that,
although strong X-ray bursts are observed
under visible auroras in latitudes below that
of the auroral zone, balloon observations of
auroras in the auroral zone show only weak
X rays. The line of force connecting to the
auroral zone at approximately 65° geomagnetic
latitude leads into the trapped radiation at a
region where the soft radiation is at a very
low intensity, at least as seen during August and
September 1959. There is some evidence also
from examination of figure 8 that the radiation
regions tend to return to a configuration similar
to that observed in Explorer VI except for
times when there is a large acceleration or in-
jection from outside, and so the normal situa-
tion might be similar to that seen in August and
September.

These observations are concerned with only
one component of the aurora, namely electrons
around 50 kev of energy. It is not certain
what fraction of the total auroral energy is
contained in these electrons. We have esti-
mated from balloon X-ray data that some times
sufficient energy is present in the X-ray elec-
trons to supply all the energy of an auroral
display. It is probable, however, that the
solar plasma, which is presumably present but
inaccessible to measurements with our in-
struments, or a similar type of low-energy
radiation normally in the radiation regions,
discharges to the surface and produces a large
fraction of the visible auroral luminosity, both
in the auroral zone and at latitudes below it.
The association of the auroral X rays with
the visible aurora occurs only in very strong
auroras which sweep southward from the
auroral zone and are characterized by magnetic
indices of K7 to K9.

The exact mechanism of dumping in this case
is not clear, but it seems certain that the in-
crease in altitude of the atmosphere due to heat-
ing cannot remove enough particles. By follow-
ing down the line of force with passes through
the outer zone maximum, it is found that too
large a fraction of the particles have turning
points near the equator and hence at too high an
altitude to be removed by scattering from a
rising atmosphere. Therefore some other mech-
anism besides atmospheric heating must be in-
voked to explain the great loss of particle fluxes
from the trapped radiation. Possibly perturba-
tions of the magnetic field by the solar plasma
exciting the geomagnetic storm may account for
this, and the accompanying discharge of the
particles into the atmosphere may perhaps cause
the atmospheric warming and the scattering-out
of trapped particles with low mirror points.
Evidence for this latter phenomenon has been
obtained by the Iowa group [Rothwell and Mc-
Thwain, 1959] as the result of extensive observa-
tions with the Explorer IV satellite, which
penetrates the outer zone at low altitudes up to
1,000 km above the surface.

Another surprising observation is that, near
the end of the storm on August 18, pass 21, as
shown in figure 12, recorded an increase in the
intensity of radiation in the outer region to a
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F16URE 12.—Pass 21 occurring at the end of the second day of the strong geomagnetic storm on August
16.  Note the great increase in intensity of the radiation regions following the dumping shown in

the previous figure.

This pass went out from the earth at a quite low latitude.

The mazimum at

16,000 km s the new intermediate zone, also shown on figure 10.

value very much higher than that we have called
normal, characteristic of prestorm conditions.
Pass 22, as shown in figure 13, showed a similar
increase above normal, although the pass went
through the trapped radiation at a very high
latitude. Table 4 shows that the intensity in the
soft outer maximum following the storm rapidly
increased on August 20 to about 5 times pre-

storm levels, and remained at this value until
August 30, when it began to decrease. While at
peak intensity the radiation appeared harder
than before the storm as given by the ratios on
August 20 and 21. The magnetic storm of Sep-
tember 3—4 likewise diminishes the radiation in
the soft maximum with a small intensity in-
crease following it. The data for this storm are
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Figure 13.—Pass 22, showing the increase fol-
lowing the geomagnetic storm of August 16-17.
This pass went out at high latitude and missed
the new intermediate zone.

incomplete and will not be discussed further
here.

During the peak intensity in the outermost
maximum, a great long-lasting solar radio noise
storm was observed. A plot of the intensity of
radio emission at 169 Mec/s as determined by
the Meudon Observatory group from the solar
radio station at Nancay, France, is shown in
figure 14, which is taken from the Boulder
reports [National Bureau of Standards, 1959].

SOLAR RADIO EMISSION
INTERFEROMETRIC OBSERVATIONS

satst tese
Nangey 169 Mc

The sun is scanned every day, and the intensities
are plotted across the disk. Regions of moder-
ate activity appear frequently, as shown by the
small black and white spots, but on August 22
a region developed which on succeeding days
reached very high intensity. The radio emission
from this region extended beyond the limits of
the disk (shown by the horizontal lines labeled
W and E on the left margin). This long-lasting
solar noise storm has been observed at several
other stations, for example by Warwick (private
communication, 1959) at Boulder and by Erick-
son (private communication, 1959), at the Con-
vair radio astronomy station in California.
Warwick’s sweep frequency interferometer cov-
ering the approximate range 15 to 100 Mc/s
showed that the emission was continuum radia-
tion, definitely not thermal, and attributable to
synchrotron radiation from electrons in a region
that appeared to be at a very great distance
from the surface of the sun.

The unusual nature of this noise storm is also
made clear by observations of the Fraunhofer
Institute, which showed numerous wide-band
rapid intensity fluctuations during the period.
Similar observations were reported by the Nera
Observatory [Information Bulletin, 1960].

SOLAR RADIO EMISSION
INTERFEROMETRIC OBSERVATIONS

NPTEMBER 195y
Nangay 169 Mc
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Ficure 14.—Solar radio noise intensity measured in Nancay on 169 Mc/s during August and Sep-
tember 1959, showing the great long-lasting noise storm beginning on August 22. Between August
2/ and 30 the outer radiation zone stabilized at a high intensity.
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Ficure 15.—Pass 32 on August 24 during the high-intensity period of the outer zone.

Note the

structure at 45,000 km and the enhanced ion chamber and counter at the maximum at 20,000-km

range.

On the basis of incomplete data used in our
earlier report [Arnoldy, Hoffman, and Winckler,
1960], a close association seemed to exist be-
tween the beginning of the intense part of this
noise storm and the increase in the outer zone.
The acquisition of additional data makes this
association less certain.

During the time of observations of the first
half of this radio noise storm, the trapped radia-
tion was extremely stable and the magnetic
indices were low. Whether the build-up of the
radiation is related to an unobserved initial

The structure is soft radiation similar to the maximum outer zone.

phase of the solar radio noise storm or is an
after-effect of the magnetic storm starting Au-
gust 16 cannot be determined. Nevertheless,
the injection of some particles into the trapped-
radiation region during this period is suggested
by figure 15, which shows a pass during the
high intensity in the outermost maximum. This
pass has structure at apogee and a counting
rate there about 5 times that observed for
cosmic rays during undisturbed periods. A
pass during the intensity build-up just after the
magnetic storm displayed similar structure, as
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did several other passes during the enhanced
intensity.

If the increase of electron flux is associated
only with the geomagnetic storm beginning Au-
gust 16, shown in figure 12, a tentative con-
clusion is that somehow in the wake of the storm
part of the low-energy matter that is normally
undetectable was elevated in energy and passed
across the energy threshold of the ion chamber
and counter carried in the Explorer VI satellite,
appearing as an increase in the electronic com-
ponent. Further studies of the details of the
magnetic field during this storm and similar ones
will be needed to decide on the exact mechanism
of this acceleration process, if, in fact, it does
exist.

Professor Sydney Chapman and his collabora-
tor, S. Akasofu, have kindly furnished us with
a preliminary D,, curve for the storm of August
16, obtained from eight selected equatorial sta-
tions. This curve, shown in figure 16, has been
corrected for the regular diurnal magnetic varia-
tion S,, and for the effect of the underground
current system (by taking % of the total H
variation after S, correction). With relation to
this storm time field variation, which seems to
be a more or less typical example of a strong
storm, the behavior of the energetic trapped
electrons in the outer zone may be described by
the observations of Explorer VI. We show the
times of the appropriate passes by the indicated
bars on figure 16. Data so far have been ana-
lyzed only for the outgoing parts of the passes.

The sudden commencement occurred during
the outgoing part of pass 17, at about 25,600-km
range from earth center (see fig. 10). No ap-
preciable changes from prestorm conditions are
observed during this pass. The ‘dumping’ ef-
fect is observed after about 24 hours of the main
phase have elapsed. The replacement or local
acceleration effect coincides with the recovery
of the field to its normal value. These relation-
ships are probably extremely significant for un-
derstanding the morphology of the storm, but
we will defer detailed discussion until a more
complete analysis of the data has been made.

In conclusion, it must be emphasized that the
data reported herein are preliminary, as a great
amount of unanalyzed records yet remains.
We think that the essential features of this
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Ficure 16.—The Dst(H) curve for the August 16
storm as analyzed by Chapman and Akasofu.
This analysis is based on 12 observatories well
distributed in latitude and longitude between
geomagnetic latitudes 30° N and S. Each
record was corrected to remove the quiet-day solar
daily variation of H.  About 2/3 of the Dst(H)
variation 1s supposed to be of external origin.
From figures 10 and 12, on the outgoing portions
pass 17 showed normal, pass 19 showed a large
decrease, and pass 21 a large increase in the
outer-zone intensity.

discussion will, however, be preserved. It
should also be noted that Explorer VI carried a
variety of detectors from various laboratories,
including a scintillation counter, a magnetom-
eter, 8 coincidence telescope train, a lead-
shielded counter, and the present ion chamber
and unshielded counter. A comparison of these
instruments, when more complete data are
available, is certain to yield a more definitive
account of the types and intensities of particles
in the radiation regions surrounding the earth.
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Observations of the Van Allen Radiation Regions during
August and September 1959°

2. The Capetown Anomaly and the Shape of the Outer Belt

BY ROBERT A. HoFFMAN?

School of Physics
University of Minnesota

N5 21972,

This paper shows that any particles affected by the Capetown magnetic aar}lsly ]o not
have trajectories that would pass through the position of the experimentally observed mini-
mum in the outer belt. Therefore, the minimum cannot be taken as evidence either for the

effect of the anomaly on the trapped radiation ar for support of the neutron

for the outer zone electrons.

Dessler and Karplus [1960] and Hess [1960]
have proposed that the relative minimum in the
outer belt as measured by radiation detectors
aboard Explorer VI earth satellite is caused by
a predominantly low-altitude injection from neu-
tron albedo decays and a local loss of particles
when those with low mirror points drift through
the Capetown magnetic anomaly. To the con-
trary, this note will show, assuming the validity
of present magnetic data, that any particles af-
fected by the Capetown anomaly do not have
trajectories that would pass through the position
of the observed minimum in the outer belt.

EXPERIMENTAL OBSERVATIONS

The experimental observations to which the
anomaly theory is here applied occurred from
August 7 to 13, 1959, when the Explorer VI
earth satellite passed twice a day through the
heart of the outer zone at latitudes near the
magnetic equator. Every even-numbered pass
showed two maxima and the minimum in the
counting rates of the ion chamber and Geiger

1 Published in the December 1961 issue of Journal of

Geophysical Research. Reprinted by permission.
2 Now at NASA Goddard Space Flight Center.
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0 source

7l
counter which the University of Minnesota had
aboard [Arnoldy, Hoffman, and Winckler, 1960].
The odd-numbered passes were too far north
magnetically to exhibit the innermost maximum.
This period of time was reasonably quiet
magnetically. .

Table 1 shows for the even-numbered passes
the position of the minimum counting rate of the
Geiger counter and the small extrapolation to
the magnetic equator by use of the dipole ap-
proximation to the earth’s field, R=Rs cos’A.
The average equatorial range of the minimum
for the six passes is 19,700 km from the center
of the earth at a geographic longitude of 148° E,
or 13,300 km from the surface of the earth.
Figure 1 is a profile for the outer belt of the
Geiger counter counting rate as it would be if a
pass went directly out the magnetic equator,
and shows the two maxima and relative
minimum.

CAPETOWN MAGNETIC ANOMALY AND
PARTICLE TRAJECTORIES

The effect of the Capetown magnetic anomaly
on the motion of trapped particles has been
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FiGurE 1.—Profile for the outer belt of the Geiger
counter counting rate as if a pass went directly
out the magnetic equator. The position of the
anomaly affected trajectories is indicated.

thoroughly discussed by Dessler [1959] and
Dessler and Karplus [1960], and therefore will
not be repeated here. Hess [1960] and Hess and
Killeen [1960] have calculated that the depth of
the gap as it would be seen by radiation detec-
tors, assuming a neutron source injection, to be
about a 10-percent decrease at the equator,
approximately half the value observed. How-
ever, it has never been proven that the particles
affected by the anomaly, assuming they had
drifted on their magnetic shell to the longitude
at which the experimental observations have
been made, actually would pass through the
position near the magnetic equator at which the
minimum is observed. Such a construction can
be made as follows:

The particles that would have mirror points
below about 1300 km over the anomaly are of
interest because at this altitude they begin to
be rapidly scattered into the atmosphere. The
locus of the mirror points of these particles
must be followed as they drift in longitude
around the earth to 148° E longitude. This
gives the location of the affected mirror points at
the longitude of experimental observation.
Then the trajectories of the guiding centers
must be found as the particles spiral out away
from the earth to the place where they would

cross the magnetic equator. This equatorial
range is finally compared to the range at which
the minimum in the outer belt is actually
observed.

Mirror Point Loci

The locus of the mirror points of a trapped
particle has been shown to be defined by two
adiabatic invariants: (a) the magnetic moment,
which defines the magnetic field strength B,, of
the mirror point, and (b) the action integral,

 (Bme Vi o, _ Bm'( _2)1/2
I—me de_me 1-4) d

which defines the magnetic line of force followed
by the guiding center of the particle as it spirals
out from B, across the magnetic equator, and
back toward the earth to the field strength B,,.
[Welch and Whitaker, 1959]. Here V and V), are
the total velocity and velocity component
parallel to the field for the particle; dl is the arc
length along the path of integration; By, Bme
are the conjugate mirror points; and B is the
scalar field along the path of integration.

Jensen, Murray, and Welch [1960] have pub-
lished tables of the geographic latitude, longi-
tude, and altitude of the loci of mirror points as
defined by various values of B,, and In I, using a
512 coefficient expansion of the earth’s field in
order to obtain a good fit near the Capetown
anomaly.

In figures 2a and 2b are plotted the loci of
mirror points in the southern hemisphere de-
fined by several values of B,,and In I. The par-
ticles having mirror points at the Capetown
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F1GURE 2a, b, and c.—Construction to prove that any particles affected by the Capetown anomaly do not
have trajectories that pass through the position of the outer belt minimum.

anomaly are slightly south of the In 7 = 9.5 line
in figure 2@, but not nearly as far south as In
I = 10.0. The tables of Jensen, Murray, and
Welch [1960] do not have the locus. of mirror
points which pass directly through the anomaly.
Figure 2b shows the altitude dependence of the
mirror points as a function of longitude. The
particles affected by the anomaly lie between
the twolines. Any particle above the upper line
never dips below 1300 km as it drifts around
the earth. Any particle injected below the
lower line, even at the maximum altitude of
the line at 125° E will be almost immediately
scattered into the atmosphere. The lines are
for In I = 9.5; the circled dots and squared dots
give the minimum altitude of mirror points
for In 7 = 10.0 at the anomaly and the altitude
at 148° E. Hence the four loci (In 7 = 9.5,
B,, = 0.18 and 0.28; and In I = 10.0, B,, = 0.20
and 0.30) bracket the particles having mirror
points affected by the anomaly. These four
bracketing loci are shown in figure 2¢ as the
lower altitude and more southern latitude set

of points when at the anomaly, and the higher
altitude and more equatorial set when at 148°
E longitude.

Hence we have found the approximate
position of the particles having mirror points
that would be affected by the anomaly when
thay had drifted to the longitude where the
experimental observations have occurred. A
typical particle has its mirror point at 148° E
longitude at about 29° south and 2,000 km
altitude.

Guiding Center Trajectory

The next step is to determine the altitude at
which these affected particles will cross the
magnetic equator at the longitude of experi-
mental observations. Vestine [1959] has pub-
lished tables of coordinates (¢, N, k) of points
defining the geomagnetic field lines inter-
secting the earth’s surface at latitude ¢ and
longitude A, appropriate at height h = 0,
using the 48 coefficient expansion. However,
a line having ¢ = 29° S, A = 148° E, and
h = 2,000 km is required for the constfuction
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for a particle which has drifted from the anom-
aly. Such a line has not been published, so it is
again necessary to bracket the point of interest.
Two such bracketing lines are plotted in figure
2¢, the lower one leaving the earth at ¢ = 32°
20’ S, and A = 143° 57’ E, and the upper one
leaving at ¢ = 40° 00’ S, and A = 150° 00’ E.

Hence it is seen from figure 2¢ that particles
having mirror points affected by the anomaly
cross the magnetic equator at about 148° E lon-
gitude somewhere between the altitudes of 9,370
km and 5,450 km, perhaps at about 7,500 km
altitude (14,000 km geocentric range). The
minimum as experimentally observed has an
altitude of 13,300 km, well above any anomaly-
affected particles (see fig. 1).

DISCUSSION

The first conclusion resulting directly from
the above discussion is that the Capetown
anomaly is not an explanation for the minimum
in the outer belt. This conclusion is based on
the assumption that the primary magnetic data
upon which Jensen, Murray, and Welch [1960]
have based their analysis are correct. How-
ever, g comparison between the current United
States’ charts of total magnetic field and a re-
cent magnetic survey of the area west of Cape-
town indicates that the field contours for 1955
could be moved east by as much as 17° [Heirtz-
ler and Hirshman, 1960]. However, even
such a large shift of the anomaly to the east
would probably not move the anomaly-affected
particles out of the four bracketing loci of
mirror points, that is, south of the In I = 10.0
line in figure 2a. Therefore it is not likely that
agreement can be reached between the actual
position of the minimum and the equatorial
range of the trajectories through the anomaly.

Dessler and Karplus [1960] and Hess [1960]
have also used the theory of the anomaly caus-
ing the minimum as supporting evidence for
the neutron albedo decay source of the outer
belt. In order to cause the minimum in the
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equilibrium population of the particles, the local
decrease in magnetic field strength at the anom-
aly would require an injection of particles that
is strongly weighted toward the surface of the
earth. Such a source is found in albedo
neutrons, whose decay density falls off rather
like R~* [Hess, 1960]. A corollary to the first
conclusion is that the minimum can no longer
be considered as a piece of evidence in favor of
the neutron source.
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August and September 1959°
3. The Inner Belt
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The differential energy spectrum of an assumed power law form for trapped protons
in the inner belt has been determined from data received from the ion chamber and Geiger
counter aboard the earth satellite Explorer VI. Above an energy of 30 Mev, the spec-
trum has the form of E-1-6 at about —28° geomagnetic latitude. The spectrum has been
checked by comparison of the actual proton counting rate of the triple coincidence telescope
aboard Explorer VIin the inner belt with the rate calculated from such a spectrum. It is then
shown that the counting rate from the scintillation counter aboard Explorer VI is probably
due primarily to electrons. Electron fluxes at the maximum of the inner belt are given as
about 23X 10° electrons/em? sec from 200 to 500 kev, or about 1X 107 electrons/em? sec greater
than 500 kev at —28° geomagnetic latitude. The spectra obtained are shown to be in agree-
ment with those previously published, and not in conflict with the spee¢trum calculated from
neutron albedo decay. The data also place an upper limit of about 10 percent for time
variations caused by magnetic storms, although they are probably consistent with np varia-

Observations of the Van Allen Radiation Regions during

i
!
.

tions at all.

During twelve passes of the earth satellite
Explorer VI between August 7 and October 2,
1959, telemetry was received while the satellite
was passing through the maximum of the inner
belt on the inward part of the orbit. This
paper presents an analysis of the data received
from the four radiation detectors aboard the
satellite. 'With the assumption that the proton
component has a differential energy spectrum of
the power law form, one such spectrum is found
to be compatible with the counting rates and
calibrations of the ion chamber and Geiger
counter which the University of Minnesota had
aboard [Arnoldy, Hoffman, and Winckler, 1960]
and also the triple coincidence telescope from

1 Pyblished in the January 1961 issue of Journal
of Geophysical Research. Reprinted by permission.

2 Now at NASA Goddard Space Flight Center.
8 Now at Honeywell Co.
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the University of Chicago [Fan, Meyer, and
Simpson, 1961]. From calibrations of the Space
Technology Laboratories’ scintillator [ Rosen and
Farley, 1961] it will be shown that it probably
measures predominantly the electron flux in the
inner belt, and so estimates of this flux at the
maximum of the belt will be given.

Comparisons with previous emulsion and
counter experiments flown into the inner belt
will be made, and the data will be analyzed in
such a manner as to place an upper limit for
time variations of the proton component due to
magnetic storms.

CALIBRATION OF THE DECTECTORS TO
PROTONS

The interpretation of the data received from
the radiation detectors, when situated inside the




complex payload passing through the unknown
radiation flux of the inner belt, requires a
knowledge of the probability of causing a count
in the detector for a proton of a given energy
incident upon the payload. These numbers are
a function of the impact point on the payload,
because the particle will lose a varying amount
of energy along its trajectory to the detector,
depending on the thickness and kind of material
through which it must pass. Therefore, the
counting rates will be expressed as an average
over the entire payload, or the rate in an
isotropic flux. Such numbers will be termed
the efficiency of the detector and will be ex-
pressed as the actual counting rate of a detector
situated inside the payload to an isotropic flux
outside the payload of 1 proton/cm? sec at an
energy E, where E is in Mev.

The efficiencies of the four radiation detectors
to protons were determined in three steps: (1)
The responses of the detectors were first ascer-
tained for the detectors outside the payload
experimentally, theoretically, or both. (2) The
distribution of matter around the detector inside
the payload was determined. It was necessary
to know the fraction of the total solid angle (47)
about each detector having a certain thickness
of absorbing material p,: Q(p,)/47. (3) Then a
monoenergetic, isotropic proton flux of energy
E, was assumed incident upon the payload.
For the various fractions of the total solid angle
having known thicknesses of absorption, the
energy loss by the protons was calculated, so
that the remaining energy for the protons (E))
incident upon the detector for each element of
solid angle was known. Then, from the re-
sponse curves of step 1, the counting rates of
the detectors for protons from each element of
solid angle were found, R,(E;). The total
efficiency for the entire 4r solid angle was just
the sum of the products of these responses
with the fraction of the 4r having the given
absorption:

VAN ALLEN RADIATION REGIONS, 3

Efficiency = > R (E,) 2(p)
i 41I'

CALIBRATION OF THE ION CHAMBER AND
GEIGER COUNTER

The ion chamber and Geiger counter and
associated electronics have been described pre-
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viously [Arnoldy, Hoffman, and Winckler, 1960].
These two detectors were exposed to a beam of
protons in the energy range zero to 36.8 Mev at
the University of Minnesota linear accelerator.
To obtain the low fluxes capable of being
counted by the detectors, the protons were
elastically scattered from helium, and the energy
of the scattered beam was varied by inserting
aluminum absorbers into the beam path. The
scattered beam flux was measured with a
Nal(TI) scintillator, whose output was moni-
tored with a twenty-channel pulse height
analyzer.

Table 1 is a summary of the experimental re-
sults and also includes the calculated response
of the chamber. Since there is excellent agree-
ment between the calculated response of the
chamber and its experimental measured re-
sponse, the energy range of the calibration was
extended to higher energies by accepting the
calculated values. From table 1 it is seen that
the Geiger counter response increases with
energy, reaching its full cross section of 0.710
cm? at 36.8 Mev for radiation incident normal
to its axis. Above this energy the response is
constant.

The mass distribution around the detectors
was determined by three methods: a knowl-
edge of the weights, sizes, and positions of the
packages inside the payload; the measurement
of the absorption of Co® vy rays; and, for the
regions where the thicknesses were less than
about 1 g/em? by the absorption of 8 rays.

The matter around the ion chamber was di-
vided into nine different absorption thicknesses,
each with a chosen average thickness; the mat-
ter about the Geiger counter was divided into
seven regions. These are listed in table 2 along
with the fraction of the total solid angle sub-
tended by each region about the specific detec-
tor.

Using the knowledge of the responses of the
detectors outside the payload to protons and
the mass distributions, the efficiencies of the
chamber and Geiger counter were calculated;
they are plotted in figures 1 and 2.

Whenever a new fraction of solid angle opens
up, allowing protons with high specific ioniza-
tion to penetrate to the chamber gas, the com-
puted efficiency undergoes a sudden increase.
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TaBLE 1.—Experimental Results from Calibra-
tion of Ion Chamber and Geiger Counter to
Protons from University of Minnesota Linear
Accelerator

[The calculated response of the ion chamber is included
to demonstrate the agreement with experiment,
justifying the use of the calculated response at higher
energies.]

Geiger
Ion Chamber, pulses Counter,
(proton/cm?) counts
E, (proton/cm?)
Mev
Experimental Calculated |[Experimental
Response Response Response
18. 7 4. 98 X 10-5 5.12 X 10°% 0. 000
28.1 3.30 X 105 3.50 X 108 0. 334
33.3 2.89 X 10 2. 86 X 1078 0. 595
36. 8 2.72 X 105 2.62 X 107 0.710

TasLE 2.—Various Average Absorption Thick-
nesses for Which the Matter Surrounding the
Ion Chamber and Geiger Counter in the
Ezxplorer VI Payload Was Divided, along with
the Fraction of the Total Solid Angle Sub-
tended by Each Region about the Specific
Detectors

Avg. i(ps
Region Thickness, o)
pi g/cm?
4x
Ion chamber:
) 0. 574 0. 0349
2 . 0. 915 0. 0659
R 1. 10 0. 0143
4 .. 1. 50 0. 1315
L J 2. 00 0. 0434
6 . 2.70 0. 160
[ 3.75 0. 142
. 7. 30 0. 184
| 18 0. 224
Geiger counter:
) S 1. 10 0. 027
2 o e-. 1.78 0. 097
O 1. 97 0. 267
4 _ .. 2. 65 0. 033
L 3. 92 0. 135
O 7. 50 0. 190
Y 18 0. 251

ENERGETIC PARTICLES IN MAGNETIC FIELDS

In reality, of course, such jumps would not
occur, because Q(p)/4r would be a rather smooth
function; therefore, the efficiency must be
smoothed out as shown by the straight lines in
the figure. This straight-line approximation
will be used in the calculations, because straight
lines on the log-log plot transform to power
law efficiencies of the form ¢¢c (E) = KE°,
which are easy to use with power law spectra.
The equations of the three lines are given in
table 3.

Similarly for the counter, the calculated
curve has been approximated by the straight
lines on the log-log plot, the equations of the
lines being given in table 3. For energies
greater than 180 Mev, the protons enter the
Geiger counter from all directions, so that the
efficiency is the omnidirectional geometric
factor of 0.722 cm?.

CALIBRATION OF THE TRIPLE COINCIDENCE
TELESCOPE

The University of Chicago triple coincidence
telescope has been calibrated outside the pay-
load to protons at the Chicago synchrocy-
clotron [Fan, Meyer, and Stmpson, 1961, fig. 3].
The calibration curve given in their figure for
the triples was normalized to its omnidirectional
geometric factor of 2.82 cm? at an energy of
1,000 Mev. To obtain the efficiency of the tele-
scope inside the payload, the assumption is
made here that the mass distribution about the
detector was not too different from that around
the ion chamber, and the efficiency was calcu-
lated in the same manner as for the chamber.
This calculated efficiency is plotted in figure 3,
and the equations of the straight-line approxi-
mations are given in table 3.

CALIBRATION OF THE SCINTILLATOR

The efficiencies of the Space Technology
Laboratories scintillator have been given for
protons and electrons [Rosen and Farley,
1961]. From this reference we have constructed
figure 4, and the equations of the approxi-
mating lines are given in table 3.




VAN ALLEN RADIATION REGIONS, 3 133

TABLE 3.—Power Law Lines Approximating the
Efficiencies of the Four Radiation Detectors
Inside the Explorer VI Payload to Protons

[Efficiency is expressed as the actual counting rate
of the detector situated inside the payload to an
isotropic flux outside the payload of 1 proton/cm?
sec at an energy E, where E is expressed in Mev.]

Detector Efficiencies

Energy Range, Mev Efficiency
Ion Chamber
< 23.6 0. 00
23.6. — 33. 9. 69 X 10718 Es.%
33. — 60. 4, 87 X 10~% Er18
60. —1,000. 5.87 X 1073 E-oss
>1, 000. 1.26 X 10—
Geiger-Miiller Counter
<36. 4 0. 00
36.4— 50. 3.73 X 10~ Ens
50. — 67. 2. 64 X 10-% Et®2
67. — 180. 2.18 X 10~% Evo3
> 180. 0. 722
Proportional Counter Telescope
< 68 0. 00
68. — 92 9. 73 X 10~ En.ss
92. — 140. 2.92 X 101 Es%
140. — 200. 5.43 X 1078 E1.18
> 200. 2. 82
Scintillation Counter
<2. 0. 00
2. — 10. 2.1 X 10
10. — 180. 1.0 X 1073 E1#&
> 180. 3.5

ION CHAMBER AND GEIGER COUNTER
DATA

The time resolution of the data received
from the detectors while the satellite was
passing through the inner belt was often quite
coarse, for two reasons: the satellite was
moving very fast during this part of the orbit

where it was approaching perigee; and the
counting rate of the Geiger counter was high
enough so that the rate sampled from the eighth
binary was filtered out, leaving only the sam-
pling from the seventeenth binary, which
switched only a few times while in the belt.
Also, the chamber pulsing rate was scaled down
by 32, making the chamber cycles quite long.

Figure 5 shows the data from one of the
more completely recorded passes through the
inner belt. Figure 6 is a map showing contours
of constant counting rate for the counter from
data obtained from five passes between August
11 and August 21, 1959. Although inner-belt
data were received through October 2, the
present trajectory data after August 26 are not
sufficiently accurate to allow the data to be
incorporated into a contour map. The dipole
approximation has been used, but, since all the
telemetry was received at the Singapore station,
the longitude interval spanned by the data runs
only from 62° to 139° E. In this region the
dipole shells are very nearly parallel to the
actual magnetic field shells, and so the longitude
effect does not introduce errors in plotting the
data on a common meridian plane. The con-
tour plot also indicates the position of the
maximum counting rate for each of the five
passes (shown by X’s). The only measurement
indicating the locus of the maximum of the
inner belt near the geomagnetic equator was
that obtained from the inbound part of the
Pioneer III flight, for which the counting rate
of the Anton 302 counter aboard was still
increasing at about 10,500 km geocentric
range, only a few degrees from the geomagnetic
equator [Van Allen and Frank, 1959a). There-
fore, the maximum of the inner belt is appar-
ently at a geocentric range of about 10,000 km
at the equator, and follows down this line of
force to a magnetic latitude of about 25°,
where it turns outward.

In figure 7 is plotted the ratio of the ion
chamber rate to the Geiger counter rate divided
by this ratio for minimum ionizing protons (1.57
%X 107* pulse/count). Since the pulsing rate of
the chamber is proportional to the rate of ioni-
zation in the chamber, the ratio is a measure of
the average ionizing power, or the average en-
ergy of the incident radiation. Although there
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Ficure 1.—Efficiency of ionization chamber (inside Explorer VI payload) to protons.

does not seem to be any large variation in aver-
age energy in the belt, there is a tendency to
hardening toward the low-altitude side of the
belt, and perhaps a slight hardening toward
lower latitudes. Van Allen and Frank [1959b]
report a similar observation by the two counters
aboard Pioneer IV. It is also noticed from fig-
ure 5 that the radiation is hardest in the slot
between the two belts, at a time 2315:30 UT
for pass 12, probably indicating high-energy
electrons (above 2.86 Mev) from the inner side
of the outer belt.

PROTON SPECTRA

Since the discovery of the inner radiation
belt by satellite 19584, a number of workers
have flown emulsions and counters into the
radiation to determine its nature and energy
spectrum. Both protons and electrons have
been found, and the energy spectrum of the
protons has been measured a number of times

at different positions. The electron flux is
known to be much larger but not nearly so
penetrating as that of the protons.

From the ratio of chamber to Geiger counter
rates, it is possible to determine the energy
spectrum of the protons in the inner belt; then
from the rate of either detector the flux can be
calculated. However, it must be shown that
the detectors are counting only protons; that is,
the maximum energy of the electrons must be
below the threshold energy for direct detection
by the instruments (1.50 Mev for the chamber
and 2.86 Mev for the counter). Also the con-
tribution to the count rate from bremsstrahlung
must be small. Unfortunately, the maximum
electron energy has so far evaded accurate
measurement. Freden and White [1959] place
an upper limit of one percent on the ratio of
the number of electrons to protons that can
penetrate 6 g/cm? of material (75 Mev for
protons, 12 Mev for electrons). Armstrong,




VAN ALLEN RADIATION REGIONS, 3

o722

o

T llllll

COUNTS
PROTON /
T

L llllll

L

1l & 3 & 1111
©0
cuT-orF 100 1000
PROTON ENERSY (MEV)

Ficure 2.—Efficiency of Geiger counter (inside
Explorer VI payload) to protons.

Harrison, and Rosen [1959] report that electrons
greater than 11 Mev exist in an abundance of
less than 5 percent of protons having energy
over 70 Mev. Holly, Allen and Johnson (1961]
flew packages of eight Geiger tubes shielded by
various amounts of metal absorbers into the
inner belt to obtain range spectra. The data
are consistent with an end point electron energy
between 700 and 800 kev, although it could run
to higher energies. Van Allen and Frank
(19598] believe that the electrons have energies
ranging up to about 1 Mev, with a spectrum
rising strongly toward lower energies. They
give a flux in the heart of the inner zone at an
altitude of 3,600 km on the geomagnetic
equator of about 107 electrons/cm? sec sr with
energy greater than 600 kev.

With the above measurements as evidence,
the assumption will be made here that the
electron flux entering the ion chamber and
Geiger counter while Explorer VI was passing

765-698 O-65—10
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Fiaure 3.—Approximate efficiency of propor-

tional counter telescope (inside Explorer VI
payload) to protons.

through the inner belt was small compared with
the proton flux. This assumption places an
upper limit in energy of 1.5 Mev for electrons.
Although it has been demonstrated by Freden
and White [1960] that the proton component
above 40 Mev is due to albedo neutrons pro-
duced in the atmosphere by cosmic rays, it is
doubtful that such a source is strong enough to
account for the electron flux [Kellogg, 1960].
Since another electron source is apparently
necessary, it is not justifiable to assume that the
maximum electron energy is that from 8 decay
of neutrons, about 800 kev.

Because the ion chamber and counter have
different efficiency curves to protons, it is
possible to solve for two parameters in any
analytically expressed spectrum of particles.
Since it is known that the protons of the inner
belt follow closely a power law energy spectrum
dN/dE = NE-* [Freden and White, 1959],
the determination of N, and v will be exhibited.
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Ficure 4.—Approximate efficiency of scintilla-
tion counter (inside Explorer VI payload)
to protons.

From the efficiencies of the detectors, as ex-
pressed in the power law form in table 3, the

pulsing rate of the chamber to a differential
energy spectrum dN/dE = N,E~7is

© N
Ric = fo “F ae(B)AE = NiFie(y)

or N, times a function of v; and the counting
rate of the counter is

© dN
Roy = j; EE‘GGM(E)dE = NoFgum(y)

Hence the ratio of the ion chamber rate to
Geiger counter rate is a function of v only:

Ric _ NoFre(v) = F(v)
Rou  NoFou(v) Y

By placing various values of ¥ into the count-

T llllTll
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AUG. 13, 1959 UT.

Ficure 5.—Data from ion chamber and Geiger
counter for a typical pass of Explorer VI
through the inner belt.

ing rate integrals, and carrying out the integra-
tions, a curve of the ratio versus v is obtained,
and is plotted in the upper part of figure 8.
After v has been determined for an incident
flux of protons, N, can be calculated from the
counting rate of either detector:

Ny = Reu/Fau(v)

No/Rou = 1/Feu(v) is also plotted versus v
in figure 8.

The above procedure will now be applied to
data obtained in the inner belt. As an example,
from figure 8 or from table 4, the summary
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shows the relationship between v and Ny/Bea.
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TaBLE 4.—Summary of Inner-Belt Data and Calculations

Pass Counter | Ratio
No. Date Mag. Lat. | Range Rate Minimgfn Y No/R Spectrum (I::lr.ggosl:;
Mev)
10 { Aug- 12._____._. —31.8° | 8740 ~600 4.75 1.67 | 15.0 0.90X 104 E-1e6
12 | Aug. 13____.____ —29, 2° 8660 790 4.72 1.66 | 14.5 1.14X 104 E-1.66
25 | Aug. 20._______. —28. 4° 8625 880 4.61 1.64 | 13.0 1.14X 104 E-18
27 | Aug. 21 ________ —26. 5° 8460 ~900 4.82 1.68 | 16.0 1.44% 104 E-1.88
14 | Aug. 15_________ —25.3° | 8490 1730 4. 50 1.62 | 11.5 1.99X 104 E-1e
11.65 114.0 14.0X BEX E-1.6
57 | Sept. 6. ________ —24. 5° 1900 2.66X 10 E-1.6
72 | Sept. 14____._.__._ —23.5° 1850 2. 59X 104 E18
89 | Sept. 23_...___.__ —23.0° 2200 3. 08X 10¢ E-1.6
104 { Oct. 1. __ —22.0° 2840 3.98X 104 E-1.45
106 | Oct. 2. ________ —22.0° 3100 4 34X 10¢ E-188
85 | Sept. 21_____.___ —21.5° 1450 2.03X 10 E-1.8
102 | Sept. 30____-.___ —21.0° ~3300 4.62X 10¢ E-188
1 Average.

table for the inner belt, the ratio of chamber to
counter at the maximum Geiger counter rate
of 790 counts/sec in the inner belt for pass 12
is 4.72 times minimum ionizing protons. From
figure 8, a ratio of 4.72 corresponds to a vy of
1.66, and for a v of 1.66, N,/R=14.5. Therefore
the proton spectrum at the maximum of the
inner belt at —29.2° latitude is dN/dE
=1.14X10*E"!% protons/cm? sec Mev. Table
4 summarizes, in order of decreasing magnetic
latitude, the proton spectra obtained in this
manner up through pass 27. After pass 35, on
August 25, no ion chamber data were received,
and so the spectra could not be calculated.
However, over a change in magnetic latitude
of 6%°, the spectrum remained quite constant
with the average value of v equal to 1.65.
Hence, assuming that such a spectrum continues
down to a latitude of —21.0°, the table sum-
marizes the spectra for the remaining passes on
which usable data were obtained.

The remainder of table 4 beyond pass 27
requires an explanation. It was mentioned
that the trajectory data beyond pass 36 were not
sufficiently accurate to be incorporated into the
contour plot, figure 6. The assumption is here
made that the error in trajectory is not one in
spatial position, but one of time along the orbit,

as evidenced by comparison of the newly com-
piled trajectory through pass 36 with the origi-
nal trajectory data. Consequently, the lati-
tude of the maximum was determined by finding
the intersection of the orbit with the 10,000-km
line of force. The time shifts to bring the ob-
served maximum counting rates into coinci-
dence with the line of force are reasonable except
for passes 72 and 85, which require shifts of 9
minutes. The orbits of all the passes used later
than pass 36 were north of those before pass 36.

It was mentioned above that there was no
large variation in average energy during pas-
sage through the belt. It is seen from figure
7 that the ratio at ranges beyond the maximum
intensity is usually slightly larger than at the
maximum, the largest being 5.05 times mini-
mum, whereas those on the inner side of the
maximum are slightly lower, the smallest being
3.90. These ratios correspond to v’s of 1.72 and
1.53, respectively, a rather small change in slope
of the spectrum.

It is also noticed from table 4 that there is a
progressive hardening of the radiation (lowering
in exponent) with decrease in latitude, except
for pass 27. However, the Geiger counter rate
at maximum intensity for this pass is not accu-
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rately known, and could be somewhat higher,
causing a lower ratio, and therefore smaller ¥.

It is of interest to check the spectrum ob-
tained from the chamber and counter rates by
calculating from it the counting rate that
should have occurred in the triple coincidence
telescope, and comparing this with the actual
rate for a particular pass. Since the counting
rate of the telescope in the inner belt has been
published for pass 27 [Fan, Meyer, and Simpson,
1960], the spectrum used is dN/dE=1.44X10*
E~t%,  This spectrum and the efficiencies
listed in table 3 are inserted into the counting-
rate formula,

Rate = J; %ED,OD(E’)dE

and the rate of 2185 counts/sec is obtained. The
maximum actual counting rate for the inward
portion of pass 27 is about 1850 counts/sec, only
18 percent lower. Assuming the accuracy of the
efficiency curves, such a reduction over the cal-
culated value of triples counting rate indicates
that the spectrum falls off more steeply than
E-1% at high energies since the major contribu-
tion to the above integral comes from energies
above 200 Mev. Such an increase in exponent
with energy has been observed by Freden and
White [1960] with emulsions.

ELECTRON FLUXES

For the Space Technology Laboratories’ scin-
tillation counter, the assumption that the
counting rate in the inner belt is due solely to
protons cannot be applied, because the low-energy
cutoff for electrons is about 200 kev [Rosen
and Farley, 1961]. It is of interest, however,
to determine what fraction of the scintilla-
tor counting rate could possibly be due to pro-
tons. The spectrum given in table 4 for
pass 25 and the scintillator efficiencies from
table 3 are placed in the counting-rate equation,
which gives a scintillator rate of 3680 counts/
sec. The assumption is made in this equation
that the proton spectrum determined from the
chamber and counter extends down to an energy
of 2 Mev, the low-energy cutoff for the scintil-
lator. This rate of 3680 counts/sec is negligible
in comparison with an actual rate of 4.5 X 10°

counts/sec, which, after correction for binary
failure and saturation effects, gives a true rate
of 4 X 10° counts/sec [Rosen and Farley, 1961].

Naugle and Kniffen [1961] have recently pub-
lished the results of their study of the proton
spectrum as a function of position in the inner
belt, down to energies of 8 Mev. They found
that, at higher latitudes, the slope of the spec-
trum below 30 Mev steepens considerably. At
about 33° magnetic latitude the spectrum is
given by

3.2 + 0.6 X 108

FAbw0b

J(E) = protons/cm? sec st Mev

Such a steepening would increase the calculated
counting rate of the scintillator over that given
above. Hence, a proton spectrum incorporating
these results below 30 Mev will be determined
for use in the scintillator rate calculation. The
emulsion data were gathered at the lower-alti-
tude side of the belt, where the intensity is less
than at the maximum. Therefore, below 30 Mev,

‘the spectrum will be taken as dN/dE = KE™*5,

and K is determined by normalizing this spec-
trum at 30 Mev to the one used above 30 Mev:

dN/dE = 1.44 X 10¢E"1.8

K is then found to be 1.90 X 108

Putting this double-sloped spectrum into the
counting-rate equation, along with the efficien-
cies in table 3, gives a counting rate for the
scintillator of 5,490 counts/sec, again well below
the actual rate. Therefore, the scintillator
counting rate in the inner belt must be ascribed
principally to electrons. The efficiency for elec-
trons between 200 and 500 kev is 2.1 X 1074
and at slightly above 500 kev, 3.7 X 1072
[Rosen and Farley, 1961]. These factors would
yield fluxes in the inner belt of about 2 X 10°
electrons/cm? sec between 200 and 500 kev, or
1 X 107 electrons/cm? sec above 500 kev for the
true counting rate of 4.0 X 10° counts/sec.
The mesasurements are for pass 25 at about
—28.4° magnetic latitude.

The interpretation of the scintillator count-
ing rate in the inner belt as due to electrons
explains the noncoincidence of peak counting
rates of the scintillator and proportional counter
telescope while passing through the inner belt.
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TaBLE 5.—Comparison of Exponents to Power
Law Spectra for Protons from Data in Inner
Belt

Altitude, Energy
Experiment km Mag. Lat. ¥ Range,
Mev
Emulsions
Freden and 1,230 max_} 25°_______ 1.84 | 75-700
White 1,200 av
[1959].
Armstrong 1,170 max_| 22°_______ 1.80 | 80-600
and Heck- | 1,080 av
man
[1961].
Naugle and 1,600____. 27%° 1.7 40-100
Kniffen
[1961].
Counters, etc.
Holly, Allen,
and John-
son [1961].
Flight 4.____| 940_______ 26°_ ______ 1.42 | >17.5
Flight 5.____| 1,100_____ 19° ______ 1.68 | >23
Explorer VI | 2,225 av_._| —28.2°av_| 1.65 | >23.6
chamber
and
counter.

This is shown in Figure 11 of Rosen and Farley
[1961], where the scintillator peak is at a range
250 km larger than the telescope peak.

The good agreement between the calculated
counting rate of the telescope and the actual
rate adds a justification to the assumption that
the electron flux entering the ion chamber and
Geiger counter in the inner belt was small com-
pared with the proton flux, placing an upper
limit of about 1.5 Mev for electrons in the inner

belt.

COMPARISONS WITH OTHER EXPERIMENTS

Besides the satellite measurements, there
have been several emulsion flights and two
counter flights into the lower side of the inner
belt. Since they have occurred at different

geographic locations, it is difficult to compare
their relative intensity measurements, but the
exponents (v) to the power law energy spectra
determined from the various data are of in-
terest. Table 5 summarizes the results.

Above about 100 Mev, the proton spectrum
obtained from emulsions is in good agreement
with that expected from neutron albedo decay
[Freden and White, 1960]. Below 80 Mev, the
calculated neutron decay spectrum falls off to
an exponent of only 0.72.

The spectra derived from both Geiger counter
experiments and the chamber and counter com-
bination are somewhat less than the spectrum
from emulsions, probably for two reasons.
First, the exponent decreases with decreasing
energy. Since the spectra derived from the
counters and chamber are average spectra valid
to lower energies than those quoted for the
emulsions, the exponent would be expected to
be smaller. Recent emulsion work to low
proton energies has also shown that there is a
small maximum at 30 to 40 Mev, and a mini-
mum at about 20 Mev at latitudes lower than
Naugle and Kniffen’s flight [Freden and White,
1961; Armstrong and Heckman, 1961]. This
falloff in intensity from a power law at low
energies would also tend to lower the exponent
derived from Geiger counter experiments. The
sharp rise in spectrum at energies below 30
Mev found by Naugle and Kniffen [1961] would
probably not affect the chamber and counter
combination, because the low-energy proton
cutoffs are at 23.6 and 36.4 Mev, respectively.
Therefore, we can conclude that the spectra at
the inner belt maximum derived from the
chamber and counter are not in disagreement
with the spectrum from neutron albedo decays.

No other electron fluxes have been measured
at the latitude where Explorer VI crossed the
maximum of the belt. Van Allen, on the basis
of observations from Explorer 1V and Pioneer
II1, has suggested tentative fluxes at the heart
of the inner zone on the geomagnetic equator
[Van Allen and Frank, 1959a]:

Electrons
>20 kev ~2 X 10'/cm? sec
>600 kev ~2 X 10%/cm? sec

To these estimates are now added the scintil-
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lator measurements at —28.4° geomagnetic lati-
tude:

Electrons
200-500 kev ~2 X 10%cm? sec

500 kev ~1 X 107/em? sec

or

TIME VARIATIONS

The contour plot of figure 6 contains three
passes, 10, 12, and 14, during a quiet time
before the magnetic storm of August 16, 1959,
and two passes during and after considerable
magnetic activity, passes 25 and 27. Between
passes 14 and 27, the outer belt underwent
large changes in intensity. The Geiger counter
first showed a decrease to an intensity one-third
that of the prestorm value, and then an increase
by a factor of 5 above the prestorm value
[Arnoldy, Hoffman, and Winckler, 1960). The
inclusion of passes 25 and 27 in the plot produces
smooth contour lines, especially on the low-
altitude side of the maximum. From this
analysis, the data are consistent with no time
variations due to magnetic activity.

Figure 9 is a plot of the maximum counting
rate for each pass versus geomagnetic latitude,
as listed in table 4. Except for passes 27 and 85
the points fall reasonably near a smooth curve.
There were magnetic storms between almost all
the passes beyond pass 72. Hence, if proximity
to the smooth curve is taken as the criterion for
stability, the inner belt does not change more
than about 10 percent.

Passes 72 and 85 can possibly be accounted
for by trajectory error, as was previously men-
tioned. Pass 27 remains somewhat trouble-
some. Even though the maximum rate could
not be read accurately, it is most likely not
higher than 1,000 counts/sec. It is noticed from
figures 6 and 7, however, that the range of the
maximum is slightly smaller than where the sur-
rounding passes indicate that it might be. Mov-
ing the maximum to the intersection of the orbit
with the line of maximum intensity shown in
figure 6 displaces the latitude of the maximum
almost one degree south. This displacement,
coupled witn a true maximum rate of 1,000
counts/sec, brings the point within 10 percent
of the line in figure 9. It should be pointed out
that there is still a question about the accuracy
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Ficure 9.—Maximum Geiger counter rate vs.
magnetic latitude of the maximum for each
pass through the inner belt from which data
were received.

of even the new trajectory data near perigee
(J. A. Lindner, private communication). With
this fact in mind, it seems possible that the data
plotted in figure 9 might be consistent with no
time variations in intensity of the inner belt
due to magnetic storms for protons of energies
greater than about 30 Mev.

SUMMARY

The principal results obtained from this
investigation are: (1) For an assumed power
law energy spectrum for the trapped protons,
the spectrum has a form 1.14 X 10* E~** at
the maximum intensity at about —28° mag-
netic latitude. Spectra for other latitudes are
listed in table 4. (2) The radiation becomes
slightly softer with increasing range through
the belt, and with increasing latitude. (3) Elec-
tron fluxes at the maximum intensity at —28°
magnetic latitude are about 2 X 10°/cm? sec
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from 200 to 500 kev, or about 1 X 107/cm? sec
greater than 500 kev. (4) The proton spectra
through the belt are not in disagreement either
with those previously published or with the
spectrum calculated from the neutron albedo de-
cays. (5) An upper limit of about 10 percent is
placed on time variations of the proton com-
ponent due to magnetic storms, although the
data are probably consistent with no variations
at all.
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4. The Outcerone Electrons
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A study is reported of the data from the radiation detectors aboard the Explorer VI
earth satellite (19595,, launched August 7, 1959) as the spacecraft passed through the outer
zone during a period when the count rate time variations and the geomagnetic activity were
low. Theradiationdetectorsaboard thesatellite wereanionization chamber, a Geiger counter,
a proportional counter telescope, and a scintillator. Extensive calibrations were made to
determine the response of these detectors to monoenergetic electrons when inside a spare pay-
load. In using these calibrations and fitting assumed power-law spectra of electrons to the
data, it is seen that the spectrum is flat and must extend to several Mev at the small ranges,
with the ion chamber and Geiger counter responses there due primarily to direct electron
detection. The intensity of the energetic electrons is shown to decrease with increasing
range as the spectra steepen and the radiation softens, resulting in an increasing contribution
of bremsstrahlung to the rates of the chamber and Geiger counter. Any attempt to utilize
the bremsstrahlung response of the Explorer VI detectors to determine fluxes is useless if an
appreciable portion of their counting rate is produced by direct energetic particles. The
spectral shape of the outer zone as suggested by this analysis allows us to interpret the
minimum observed in the Geiger counter rate at an equatorial geocentric range of 19,000 km
as having spectral-detector origin rather than as representing the removal of radiation by
an anomaly in the earth’s magnetic field. This analysis is only capable of fitting trial
spectra to the data; the procedure does not eliminate the possibility of more complex spectra
existing in the outer zone which would lead to different conclusions about the nature of the
trapped radiation.

This paper reports a study of the energetic
radiation trapped in the outer Van Allen zone,
using data from the detectors aboard the Ex-
plorer VI satellite. The orbit of Explorer VI
was very elliptical, with an apogee of 48,800
km and perigee of 6,600 km. Since the period
of revolution was about 12 hours, the satellite

! Published in the July 1962 issue of Journal of Geo-
physical Research. Reprinted by permission.

3 Now at Honeywell Co.

3 Now at NASA Goddard Space Flight Center.

fiiay~

passed twice a day nearly through the heart of
the outer zone. Owing to the slow precession
of the orbit and the inclination of the earth’s
magnetic axis to its spin axis, the satellite
swept through a considerable part of the outer
belt. The upper part of figure 1 shows the
average Geiger counter rate in the geomagnetic
equatorial plane versus range compiled from
the first fifteen passes; the lower part is a plot
of the orbit of a typical pass, pass 12, for a
rectangular coordinate system.
143
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Fiaure 1.—Top: Average Geiger counter rates
and ratios of ion chamber to Geiger counter
rates on the geomagnetic equatorial plane
versus geocentric range compiled from the first
fifteen passes. The dashed line in the Geiger
counter curve represents an extrapolation to the

equator made from a plot of contours of constant

counting rate. The arrow marks the equatorial
position of the shell upon which Walt and
co-workers measured an electron spectrum.
Bottom: A rectangular plot of the orbit of
Ezxplorer VI for pass 12.

Data were obtained from Explorer VI for
approximately two months, and time variations
associated with geophysical events were re-
corded during this period. The first fifteen
passes of the satellite will be considered the
normal state or ‘quiet time’ representation of
the trapped radiation in the outer zone as
measured by Explorer VI, since no significant
- intensity variations occurred during this period.
This paper will discuss the trapped radiation as

~ENERGETIC PARTICLES IN MAGNETIC FIELDS

measured along the orbit of a quiet time pass,
pass 12, between geocentric ranges of 11,000
and 37,000 km. Within these ranges the satel-
lite on the outgoing part of pass 12 did not
move more than 30° off the geomagnetic equa-
tor, as can be seen in the lower part of figure 1.
In figure 2 are plotted the ratios of the ion
chamber to Geiger counter rate for the quiet
time passes measured along the line of force
that crosses the equator at a geocentric range of
17,000 km. This plot shows that the ratios re-
main constant along the line of force from the
equator to at least 30° latitude, indicating that
the spectrum of the radiation to which the ion-
ization chamber and Geiger counter are sensi-
tive does not change in this interval. Experi-
mental ion chamber to Geiger counter ratios
along other lines of force give similar results.
Consequently, radiation measured along the
orbit will be nearly identical to that in the
equatorial plane when traced down appropriate
lines of force to the equator. This is further
indicated by the similarity in the shape of the
curve for the average ratio of the ion chamber
rate to the Geiger counter rate versus range in
the equatorial plane in figure 1 (top) and the
curve for the same ratio versus range along the
orbit in figure 4.

However, from figure 2 it should be noticed
that for latitudes greater than 30° the ratios in-
crease, indicating that the spectrum does change
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force crossing the equatorial plane at 17,000
km geocentric range plotted versus the geomag-
netic latitude along the line of force.
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at large distances off the equatorial plane and
near the earth. This point will be discussed fur-
ther when the measurements along the orbit are
compared with low-altitude outer-zone data.

Counters aboard the Pioneer 111 space probe,
launched December 6, 1958, first measured the
trapped radiation as having two distinet in-
tensity peaks [Van Allen and Frank, 1959a],
now commonly called the inner and outer zones.
Since that time several space probes and satel-
lites have passed through the outer zone, among
them the Explorer VI satellite. The results ob-
tained from this analysis of the Explorer VI
data will be compared with the other measure-
ments.

Unless otherwise stated, ranges used in this
discussion will refer to geocentric distance to
positions on the orbit.

EFFICIENCIES

Before we can study the outer zone it is
necessary to know the radiation response
characteristics of the detectors aboard Ex-
plorer VI. These detectors are the University
of Minnesota ionization chamber and Geiger
counter (Arnoldy, Hoffman, and Winckler,
1960qa], the University of Chicago proportional
counter [Fan, Meyer, and Simpson, 1960], and
the scintillator furnished by Space Technology
Laboratories [Rosen and Farley, 1961]. The
counters of the University of Chicago experi-
ment were operated in the semiproportional re-
gion with the circuitry simply counting all
pulses above a fixed bias. Both the count rate
from one of the counters and the triple coinci-
dence rate were telemetered. In this study the
single rate is used unless otherwise stated. The
scintillator count rates used in this discussion
are the observed rates corrected for a binary
failure and saturation.

Because of electron bremsstrahlung and the
complicated distribution of matter about the
detectors in which it is produced, the detector
responses to electrons from 30 kev to 1 Mev
were obtained experimentally. To obtain these
responses or efficiencies calibration experiments
were performed jointly by the experimenters,
with the detectors inside a spare payload.
From zero to 90 kev a small d-c electron acceler-
ator constructed at the University of Minnesota

for this purpose was used. Electrons from
several hundred kev to 1 Mev were obtained
from a Van de Graaff generator (Hi Voltage
Engineering, Inc.) and a Cockecroft-Walton
electron accelerator (General Electric Co.).

For the calibration of the ionization chamber
and Geiger counter, the surface area of the pay-
load was divided into 86 approximately equal
areas, many of which were further subdivided
if they were close to the detectors. About 140
spots on the payload surface were bombarded
with electrons at various energies and known
currents while the detector rate inside the pay-
load was monitored. The response from. this
bombardment at a given energy was integrated
over the whole surface of the payload to obtain
the efficiency of the detector. The efficiency is
expressed as the actual counting rate of the
detector inside the Explorer VI payload when
the payload is immersed in an isotropic flux, Js,
of 1 electron/cm? sec at an energy E (kev).
(J, has the usual definition ,that is, the counting
rate of a spherical counter of 1 cm? cross
section.)

To obtain the efficiency of the ionization
chamber and Geiger counter beyond 1 Mev, 8-
and y-ray measurements of the payload thick-
nesses for various directions of incidence were
made. These absorption measurements were
then used in conjunction with the positions in
the payload, wall thicknesses of the detectors,
and the sensitivity and gas pressure of the
ionization chamber to calculate the efficiencies
of the counter and chamber.

The efficiencies of the proportional counter
and scintillator obtained from the calibrations
have been published [Fan, Meyer, and Simpson,
1961; Rosen and Farley, 1961]. Figure 3 is a
plot of the efficiency curves for the four detec-
tors. The proportional counter efficiency curve
is a factor of 4 lower than that given by Fan,
Meyer, and Simpson [1961], because it is ex-
pressed in terms of the isotropic intensity in
space. The scintillator efficiency curve was ex-
tended beyond the 1-Mev value given by Rosen
and Farley [1961] by requiring it to approach
the detector geometrical factor of 3.5 cm? at
energies sufficient for electron penetration of
the payload from every direction about the -
detector, taken as 50 Mev. Likewise, the pro-
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portional counter efficiency curve was extended
to approach its omnidirectional geometrical
factor of 5.5 cm? at 50 Mev.
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The discontinuity in the ion chamber effi-
ciency curve at 1.55 Mev and in the Geiger
counter curve at 2.86 Mev shows that some
electrons above this energy were able to pene-
trate certain parts of the payload and reach the
chamber and counter directly, instead of being
detected through the less efficient bremsstrah-
lung process. The proportional single counter
was surrounded by 5 g/cm? of lead, so that no
electrons below 13 Mev could be detected
directly. The scintillator had an electronic bias
so that its theoretical threshold for photon
detection was about 220 kev [Rosen and Farley,
1961]. From 200 to 500 kev electrons were
detected through a thin aluminum window in
the payload skin; above 500 kev the electrons
could penetrate a significant fraction of the
payload skin to produce the discontinuity in
the efficiency curve.

The proton sensitivities of the ionization
chamber and Geiger counter are presented in
an article by Hoffman, Arnoldy, and Winckler
[1962]. For the ionization chamber, the thresh-
old for proton detection was 23.6 Mev, and for
the Geiger counter it was 36.4 Mev. The pro-
portional counter, being shielded by 5 g/cm? of
lead, had a threshold when in the satellite of
about 75 Mev [Fan, Meyer, and Simpson, 1961].
By detection of protons through the window in
the satellite skin, the scintillator could measure
protons above 2 Mev in energy with an omnidi-
rectional factor of 2 X 10~* cm? [Rosen and
Farley, 1961]. For detection of protons pene-
trating the satellite skin the threshold of the
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scintillator was 10 Mev, the omnidirectional
factor increasing to 4 X 1072 cm?.

Measurements made by Van Allen and Frank
[19595] with detectors aboard Pioneer IV,
launched March 3, 1959, gave an outer-zone
proton flux for energies greater than 60 Mev of
less than 100 particles/cm? sec. Instruments
flown on the Cosmic Rocket II [Vernov,
Chudakov, Vakulov, Logachev, and Nikolayev,
1960], launched September 12, 1959, detected
less than 1 proton/cm? sec of energy greater
than 30 Mev. The data from the proportional
counter telescope aboard Explorer VI are con-
sistent with these results in detecting no protons
above 75 Mev energy in excess of the galactic
cosmic-ray background [Fan, Meyer, and Simp-
son, 1960]. The large rate, then, of the propor-
tional singles counter aboard Explorer VI can
only be attributed to electrons.

For the ionization chamber and Geiger
counter, protons of 75 Mev energy make their
ratio of rates 8 times that for minimum ionizing
radiation. This ratio rapidly increases to
infinity for lower proton energies, as can be seen
in table 1, because of the larger threshold of the
Geiger counter. If a significant number of pro-
tons below 75 Mev are trapped in the outer
zone, they would have to be concentrated be-
tween geocentric ranges of 19,000 and 33,000
km where the measured ratio of the ion cham-
ber rate to the Geiger counter rate was above 8.
Furthermore, there can be no significant con-
tribution to the rates by protons of energy
between 24 and 50 Mev, since this radiation
would increase the measured ratio much beyond
the maximum value of 18 times minimum ioniz-
ing that was observed. Thus, for an appreci-
able proton contribution to the ion chamber and
Geiger counter rates in the outer zone, the
protons would have to be trapped in a very
narrow range interval and have energies be-
tween 50 and 75 Mev. In view of this and
the results of the previous measurements, the
analysis presented here will contend that only
electrons were detected by the ion chamber
and Geiger counter.

It is more difficult to understand the scintilla-
tor rates, but, if they are due entirely to pro-
tons, they require a steep spectrum of 10° to 10
protons/cm? sec between energies of 2 to 75

Mev. But such a steep spectrum has a suffi-
cient number of protons in the energy interval
24 to 36 Mev, that is, between the ion chamber
and Geiger counter thresholds, so that the ratio
of the rates of these two detectors would become
very large and be inconsistent with the meas-
ured values. We cannot rule out the possi-
bility that a large flux of protons between 2 and
24 Mev exists in the outer zone and was detected
only by the scintillator. However, if the scin-
tillator rate was due entirely to protons of
2-Mev energy, the energy density of the radia-
tion would exceed that of the trapping field at
the heart of the outer zone; similarly, a mono-
energetic flux of 24-Mev protons producing the
counting rate of the scintillator would nearly
equal the field energy density. It will be
agssumed here that electrons, which produced
the rates of the other detectors, rather than
protons, contributed predominantly to the
scintillator rate.

EXPERIMENTAL OBSERVATIONS

The Geiger counter rate along the orbit of
pass 12 is plotted versus range in figure 4,
along with the ratios ion chamber to Geiger
counter (ion/GM), proportional singles rate to
Geiger counter (prop/GM), and scintillator rate
to Geiger counter (scint/GM). The major
quiet time characteristics of the outer-zone
electrons measured by the Explorer VI detectors
are displayed in this plot. First, the Geiger
counter shows two maxima in its counting rate.
The proportional counter singles rate would
likewise show these peaks in approximately the
same spatial configuration, but the relative
intensity of the two peaks is quite different for
the two instruments. The scintillator detects
three maximsa in count rate [Rosen and Farley,
1961}, the third being beyond the two seen by
the Geiger counter. The spatial intensity
distribution as detected by the ion chamber,
proportional counter, and scintillator will be
analyzed by studying their rates in ratio to the
Geiger counter rate as plotted in figure 4.

The second characteristic of the outer zone
is that the ion/GM ratio varies smoothly with
radial distance and is quite closely followed by
the prop/GM ratio. It is not clear whether the
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Freure 4.—QGeiger counter rate and the ratios
of the rates of the detectors to the Geiger counter
rate measured along the orbit of pass 12. The
geocentric range is measured to points on the
orbit.

decrease in the prop/GM ratio beyond 29,000
km and its subsequent increase is a significant
effect or a manifestation of the large fluctuations
in the ratio at large distances as seen by Fan,
Meyer, and Simpson [1961]. These fluctuations
could arise from the slightly different time in-
tervals over which the counting rates of the
instruments in ratio are obtained. At high
counting rates such time differences are neg-
ligibly small, but with decreasing intensity of
the radiation the different scaling factors for
the two instruments cause shifts in the time
intervals over which the rates are taken.

Third, the ratio of ion/GM shows no maxima
coincident with count rate maxima but rises
steadily to reach a peak ratio at 26,500 km and
then decreases rather slowly to the cosmic-ray
ratio of about 3 times minimum ionizing. The
%ast point to observe in figure 4 is the large
increase in the ratio of scint/GM after the
maximum in ion/GM ratio and when Geiger
counter rate has diminished to 2 percent of its
peak value. ’

ENERGETIC PARTICLES IN MAGNETIC FIELDS

RATIO CALCULATIONS

By using the efficiencies of the counters, the
rates and ratios of detectors can be calculated
for assumed spectral forms for the trapped elec-
trons. Matching these calculated ratios with
the experimental observations, we can solve for
certain parameters of the assumed spectra, thus
providing a spectral interpretation of the domi-
nant outer-zone features displayed in figure 4.

If a differential energy spectrum of electrons,
dN/dE, is assumed, the counting rate of a detec-
tor having a known efficiency dependence on
electron energy, ¢(E), can be calculated from
the equation

Emex dN

The measured efficiencies of the detectors as a
function of electron energy are approximated in
figure 3 by a series of n straight lines, A,E%,
where the subscript © refers to the energy inter-
val, E, to E,,, over which the straight-line
approximation is made. There are seven such
straight lines in the approximation for the ion
chamber and six for the Geiger counter from 25
kev and 40 kev, respectively, up to 5000 kev.
Hence the counting rate of a given detector for
an assumed differential power-law spectrum of
electrons, dN/dE = N,E~7, is then

L3 Ein

R=3

AEYNE—"dE
iT1JE

The energies E are always given in kev. The
ratios of the detector rates have been calculated
for a range of v, with E,+, variable. Figures 5
to 7 show the dependence of the various ratios
on ,, and also the large dependence on the
choice of the upper limit of integration, K.,
This sensitivity to the high-energy cutoff is due
to the discontinuity in the Geiger counter ef-
ficiency resulting from direct electron detection.
The prop/GM and scint/GM ratio curves be-
come a double-valued function of ¥ for spectrum
high-energy cutoffs greater than the Geiger
counter cutoff for direct detection at 2.86 Mev,
whereas the ion/GM ratios are double valued
for high-energy cutoffs below this energy. The
scintillator rates are obtained by integration of
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Ficure 5.—Ratios of the ion chamber to Geiger
counter rates as a function of the exponent v,
Jor assumed power-law spectra of electrons.
Ratios were obtained from caleulations using
the measured efficiencies of the detectors.
The various curves are labeled according to the
kigh-energy cutoff (in kev) imposed on the
assumed spectra.

(1) with a lower limit of 200 kev, whereas the
Geiger counter, ion chamber, and proportional
counter rates for figures 5 to 7 have zero as

the lower limit. Zero can be used because the
efficiency drops faster with decreasing energy
than the number of electrons increases; i.e., b
is greater than v for the range of v considered.

We might think of figures 5 and 6 as con-
taining two sets of curves, one set representing
solely the bremsstrahlung response of the de-
tectors (curves with high-energy cutoffs less
than the thresholds for direct electron detection)
and the other set the response for both brems-
strahlung from low-energy electrons and direct
detection of energetic electrons. Figures 8 and
9 give the 1on/GM and prop/GM ratios, respec-
tively, for spectra of electrons above 1,000 kev
energy and hence represent the detector re-
sponses for only energetic electrons.

It is of interest to introduce another param-
eter to the assumed power-law spectrum and
study its influence on the ratio curves. If the
power-law dependence is not continued down to
very low energies, but the spectrum is made
completely flat below some energy E,, the ion/
GM ratio curves will take a form as shown in
figures 10 and 11. The rate of a detector for a
power spectrum flat below E, is given by

k Ei+t
R; = N,Efr 2 A;E¥ dE
i=1 JE;

n Eis1
+ > f N,E-14,E% dE
i=k+1

Ei

where E, equals E,,. % is the number of
straight-line approximations to the efficiency
curve that are included in the energy interval
E,to E,. E,can be taken as zero in the calcula-
tion, because of the rapid drop in efficiencies
toward low energies.

A power-law spectrum with a flat portion at
low energies makes the ratio of ion/GM decrease
when v increases from 4 to 6. However, as
can be seen in figure 13, the flattening of the
spectrum at low energies greatly increases the
scint/GM ratio for large v because counts are
removed from the Geiger counter rate and none
or few (depending upon the extent of the
flattened portion) from the scintillator rate be-
cause of its electronic bias. The same is true
for the prop/GM ratios in figure 12, because the
Geiger counter is more efficient at lower energies
than the proportional counter.
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Freure 6.—Ratios of the proportional
counter to Geiger counter rates as a
Junction of the exponent v, for assumed
power-law spectra of electrons. Ratios
were obtained from calculations using
the measured efficiencies of the detectors.
The various curves are labeled according
to the high-energy cutoff (in kev) imposed
on the assumed spectra.

In comparing figures 10 to 13 with figures
5 to 7, it is seen that, when the detectors are
measuring both bremsstrahlung and energetic
electrons directly, the introduction of a flat
portion to the power-law spectrum at low en-
ergies has little or no effect on the ratio curves
for ay of 4 or less. Furthermore, by comparing
figures 8 and 9 with figures 5 and 6, respectively,
we observe that, even when all the low-energy
radiation, i.e., less than 1,000 kev, is removed,
the ratio curves for a v less than 4 are quite
similar to those for which the response to
low-energy electrons is included. It thus
becomes evident that, for not too steep a spec-
trum, i.e., vy less than 4, the ratios of the
Explorer VI detectors become very insensitive
to the low-energy radiation when the Geiger
counter is directly detecting energetic electrons.
As will be seen later, this behavior limits the
extent of the analysis of the outer zone that
can be made using the Explorer VI counters.

OUTER-ZONE RADIATION FOR RANGES
LESS THAN 26,500 KM

In this section the experimental detector
ratios in figure 4 from 11,000 to 26,500 km
range will be investigated. In this region the
ton/GM ratio steadily increases with increasing
range from 3.5 times minimum ionizing to a
maximum in the outer zone at 26,500 km of
18.8 times minimum ionizing. From an exami-
nation of figures 5 and 11 it is seen that the low
ratio of 3.5 at 11,000 km can be obtained in
several ways. These will be listed here and
then studied in the light of the requirements
of the experimental prop/GM and scint/GM
ratios. The first possibility (a) is to have at
small ranges a flat spectrum containing only
low-energy electrons, 1.e., have a high-energy
cutoff less than 1,500 kev, and then steepen the
spectra with increasing range to obtain the in-
creasing ratios. A second alternative (b) is
again to have flat spectra that steepen with
range, but to have them contain energetic
electrons that are detected directly, i.e., high-
energy cutoffs greater than 2,860 kev. A final
possibility (¢) would be to have a steep spectrum
at small ranges with a flat portion at low
energies extending from zero to a couple
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FiGUrRE 7.—Ratios of the scintillator to
Geiger counter rates as a function of the
exponent vy, for assumed power-law spectra
of electrons. Ratios were obtained from
calculations using the measured efficien-
cies of the detectors. The various curves
are labeled according to the high-energy
cutoff (in kev) imposed on the assumed

spectra.
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of hundred kev; we would obtain then the
smoothly increasing ratios with increasing range
by decreasing the exponent, i.e., by flattening
the spectra.

The prop/GM ratio rises from a value of
0.18 at a geocentric range of 11,000 km to 0.80
at 26,500 km. The only two interpretations
for this behavior that are consistent with the
ion/GM ratios are (a) and (b) above. First,
the flat spectra that steepen with range and
contain only low-energy electrons fit both ratios.
However, since the prop/GM ratio curves for
high-energy cutoffs less than 1,500 kev have a
slope opposite to those for the ion/GM ratio, an
increasing prop/GM ratio that is consistent with
the ion/GM ratio can be obtained only by
steadily moving from a curve with a low cutoff
at small ranges to curves with larger high-energy
cutoffs. The second interpretation consistent
with the two experimental ratios, (b), is to
have flat spectra containing energetic electrons
steepen with range.

Because the prop/GM and scint/GM ratio
curves rise when flat portions at low energies
are introduced to steep spectra (see figs. 12
and 13), the low experimental ratios at small
ranges cannot be matched by such spectra,
hence the last interpretation of the experimental
ion/GM ratio, (¢), must be incorrect.

Finally, the experimental scint/GM ratios
limit us to just one interpretation of the meas-
urements of the outer zone between 11,000 and
26,500 km that is consistent with all the detector
rates. The analysis that attributes the detector
rates to low-energy electrons, (a), must, accord-
ing to the experimental prop/GM ratios, have
the high-energy cutoffs smoothly increase from
500 to 600 kev with increasing range. How-
ever, the scint/GM ratio curves give a very
rapid jump in ratio for a small change in v in
going from a cutoff of 500 to one of 600 kev.
Such a sudden increase in the scint/GM ratio
is not experimentally observed at small ranges;
hence the interpretation is not consistent with
the scintillator measurements. The large dif-
ference between the 500- and 600-kev ratio
curves in figure 7 reflects the discontinuity in
the scintillator efficiency at 500 kev due to
electron penetration of the satellite skin.
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F1cuRre 8.—Ratios of the ion chamber to Geiger
counter rates as a function of the exponent v,
for assumed power-law spectra of electrons.
Ratios were obtained from calculations using
the measured efficiencies of the detectors. The
assumed spectra contain only electrons of energy
greater than 1,000 kev. The various curves are
labeled accordingto the high-energy cutoff imposed
on the assumed spectra.

The remaining interpretation is, then, the one
that has energetic electrons trapped in the
outer zone, namely (b). At 11,000 km the
data require electrons of energy 5 Mev or
larger. Using the curves of figures 5 and 7,
the exponent of an assumed power-law spectrum
fit to the data will be between 2 and 3 at 11,000
km and increase to between 3.5 and 4.5 at
22,500 km range, the position of the second
count rate maximum. The high-energy cutoff
must decrease with increasing range in order to
obtain the large ratios measured at 22,500 ki,

with the best fit to the data giving a cutoff of
3.5 Mev at this range. We wish to emphasize
here how the spectral parameters tend to change
with range rather than their exact numerical
values. This analysis was made by using
curves that reflect the general behavior of the
detector ratios for various spectra. Since the
exact shape of the curves and the numerical
spectral paramenters associated with them are
the result of complicated calibrations, idealized
calculations, and estimations of the scintillator
and proportional counter response character-
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Ficure 9.—Ratios of the proportional counter
to Geiger counter rates as a function of the
exponent v, for assumed power-law spectra of
electrons. Ratioswere obtained from calculations
using the measured efficiencies of the detectors.
The assumed spectra contain only electrons of
energy greater than 1,000 kev. The various
curves are labeled according to the high-energy
cutoff imposed on the assumed spectra.
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Ficure 10.—Ratios of the ion chamber to Geiger
counter rates as a function of the exponent v,
Jor assumed power-law spectra of electrons.
The power-law spectra have a flat portion from
zero to 100 kev. The various curves are labeled
according to high-energy cut-off imposed on
the assumed spectra.

istics above 1 Mev, it is difficult to assign an
estimate of error.

Because the detector ratios become insensi-
tive to the low-energy radiation when energetic

Figure 11.—Ratios of the ion chamber to Geiger
counter rates as a function of the exponent v,
Jor assumed power-law spectra of electrons.
The power-law spectra have a flat portion
from zero to 280 kev. The various curves are
labeled according to the high-energy cutoff im-
posed on the assumed spectra.

electrons are measured, it is not possible to in-
vestigate the low-energy electrons in the range
interval 11,000 to 26,500 km by using the Ex-
plorer VI data. This fact is exemplified in fig-
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F1aure 12.—Ratios of the proportional
counter to Geiger counter rates versus
the exponent v, for power-law spectra
of electrons. The assumed power-law
spectra have a flat portion from zero
to 100 kev for the dashed curves and
a flat portion from zero to 280 kev Sor
solid  curves. Varous  curves are
labeled according to high-energy cut-
off imposed on the assumed spectra.
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Ficure 13.—Ratios of the scintillator

to Geiger counter rates wversus the
exponent v, for power-law spectra of
electrons. The assumed power-law
spectra have a flat portion from zero
to 100 kev for the dashed curves and a
JSlat portion from zero to 280 kev for the
solid curves. Various curves are labeled
according to the high-energy cutoff im-
posed on the assumed spectra.




ure 14, in which are plotted the ion/GM ratios
versus v for a fixed-high-energy cutoff and as a
function of the extent of the low-energy flat por-
tion. We see from this figure that even for an
exponent as large as 4 the ion/GM ratio is insen-
sitive to what is done to the low-energy end of
the power spectrum. Without a unique spec-
tral form for the low-energy radiation, flux
estimates that include the low-energy electrons
cannot be made.

The fact that an assumed power-law spectrum
has been used for the electrons does not restrict
the general conclusions arrived at in this paper
about the trapped radiation between 11,000 and
26,500 km as being peculiar to the power-law
spectrum. If we use an exponential energy de-
pendence for the electrons of the form dN/dE
= Ny, "%, the existence of energetic electrons
can be demonstrated as was done for the power-
law spectra. The ion/GM and prop/GM ratio
curves versus k of the exponential law are shown
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in figures 15 and 16. Note that it is only for %
values between 0.00 and 0.01 that the effect of
direct electron detection becomes significant.
For k greater than 0.01 the ion/GM and prop/
GM ratio curves have different slopes, hence the
smooth rise in both experimental ratios from a
range of 11,000 to 26,500 km can be obtained
from these figures, as was true for the power-law
spectra, only by introducing energetic electrons
that give the curves the same slope for some
range of k less than & = 0.01.

TRAPPED RADIATION BEYOND 26,500 KM
RANGE

As is shown in figure 4, beyond a range of
26,500 km the ion/GM ratio decreases, until
at 37,000 km it is at nearly the same low value
that prevailed at 11,000 km. The prop/GM
ratio, however, continues to increase to reach
& maximum at 29,000 km, and exhibits some
fluctuation, but never returns to a value as low
as measured at small ranges. The scint/GM
ratio rises sharply beyond 26,500 km. This
large increase in the ratio is due to a maximum
in the scintillator count rate at 29,000 km,
where the other three detectors are decreasing
in rate with increasing range. Rosen and
Farley [1961] interpret this maximum in count

Ficure 14.—Ratios of the ion chamber to Geiger
counter rates as a function of the exponent v for
assumed power-law spectra of electrons. The
high-energy cutoff imposed on the spectra is
fixed at 3,600 kev. The various curves are
labeled according to the extent of the flat portion
introduced in the spectra from zero to the energy
i kev shown.

rate as due to eflicient detection of radiation
through the window, to which the other de-
tectors respond inefficiently.

The flux of protons of energy between 2 and
about 20 Mev necessary to produce the large
rate maximum at 29,000 km would have a par-
ticle energy density exceeding the magnetic
field energy density at this range. The fact that
dipole lines maintain their identity in the
trapped radiation indicates that this is not the
situation [Fan, Meyer, and Simpson, 1961]. The
only way the large prop/GM and scint/GM
ratios can be consistent with the low ion/GM
ratios at large ranges if the rates are due to elec-
trons is to have steep spectra with flat portions
at the low energies. By studying figures 11 to
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Ficure 15.—Ratios of the ion chamber to Geiger
counter rates as a function of the parameter k,
for assumed exponential spectra of electrons.
Ratios were obtained from calculations using
the measured efficiencies of the detectors. The
various curves are labeled according to high-
energy cutoff imposed on the assumed spectra.

13 we see that such spectra can produce the
measured ion/GM and prop/GM ratios beyond
a range of 26,500, km but cannot give the mag-
nitude of the scint/GM ratios. We could sug-
gest the possibility of an error in the scintillator
saturation correction, but it seems more likely
that we cannot compare the scintillator data
beyond 26,500 km with that from the nearly
omnidirectional Geiger counter by means of
the ratio curves of figure 13.

Evidence for a change in the distribution of
the trapped radiation along magnetic field lines
for ranges beyond about 23,000 km is given in
figure 17. In the figure are plotted the Geiger
counter rates measured along lines of force
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Ficure 16.—The ratio of proportional counter
to Geiger counter rates as a function of the
parameter k for assumed exponential spectra
of electrons.  The ratios are obtained from cal-
culations using the measured efficiencies of the
detectors. The warious curves are labeled
according to the high-energy cutoff imposed
on the assumed spectra.

labeled by their goecentric range. The abscissa
is the field strength along the line of force in
units of the equatorial field (B,) for that par-
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Ficure 17.—Geiger counter rates measured along
magnetic dipole lines versus the field strength
along the line. The different dipole lines
are labeled according to the range where they
cross the equatorial plane.

ticular line. Lines of force beyond the 22,400
km line have an increasing Geiger counter rate
near the equatorial plane, as is indicated by the
upswing in the curves near B/B, = 1. This en-
hanced Geiger counter rate is not due to a spec-
tral change for radiation trapped near the equa-
tor, since the ion/GM ratio along the line of
force does not change significantly. The en-
hanced rate can only mean an increasing con-
centration of radiation near the equatorial plane
having a spectrum similar to that for the radia-
tion that turns further down the line of force.
The 28,000-km line shows that about 50 percent
of the intensity measured at the equator is due
to trapped radiation having turning points near
the equatorial plane. Orientation of the spin-
stabilized satellite so that the look direction of
the scintillator through the window is also per-
pendicular to the field lines would greatly in-

crease the efficiency of the scintillator above
that used in the calculation of the ratio curves
for detection of this radiation if a significant
fraction of it lies in the energy interval 200-500
kev. Hence, we could not expect under these
circumstances to study the measured ratio with
the curves of figure 13.

Regardless of whether the above interpreta-
tion of the scint/GM ratio is correct or not, we
must conclude from the scintillator rates and
the ion/GM and prop/GM ratios that the spec-
trum is steep at large ranges. To obtain the ion/
GM ratio of 4.4. times minimum ionizing at
37,000 km, a flat portion of 200 to 300 kev in ex-
tent is necessary at the low-energy end of the
steep spectrum. Whether such rounding of the
spectra at low energies occurs at smaller ranges
cannot be determined in this analysis because
the detectors are insensitive to the low-energy
radiation at the smaller ranges, as was pointed
out above.

SHAPE OF THE OUTER ZONE

By means of the crude spectral analysis of
the outer zone presented in the previous dis-
cussion, it is possible to interpret the minimum
in detector rates at 19,000 km as having a
spectral-detector origin rather than as represent-
ing & minimum in intensity. Relative to this
second maximum, the first Geiger counter rate
peak is larger; for the proportional counter,
however, the first peak is much smaller than its
second count rate maximum. This suggests that
the two maxima can be looked upon as the
result of the addition of two intensity curves
folded in with the sensitivities of the detectors.
One curve represents the decreasing number of
energetic electrons caused by the steepening
spectra and decreasing high-energy cutoff with
increasing range; the other represents the large
increase in the low-energy electrons resulting
from the steepening spectra with range. The
first maximum is thus due to the efficient
detection of energetic electrons. Since the
Geiger counter efficiency is greater than that
of the proportional counter because of direct
electron detection, its count rate relative to its
second peak is much larger than that for the
proportional counter. As the number of ener-
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getic electrons decreases the rates go down, but
they are soon increased again by the increasing
number of low-energy electrons. The second
peak is thus produced by the detection of a large
number of these low-energy electrons. Because
of the great difference in the efficiencies of the
counters for measuring the two groups of elec-
trons, the second peak, even though it is smaller
for the Geiger counter rate than the first one,
represents the maximum in intensity. Thus
the intensity of the radiation increases steadily
with range because of the increasing contribu-
tion of inefficient low-energy-electron detection
to the total rate of the counters. The fact that
different counters do not measure the minimum
at the same range reflects the different sensi-
tivities of the detectors. The shift of the
minimum in range during disturbed periods
when time variations occur in the outer zone
indicates the changing spectral shape of the
trapped radiation.

COMPARISON WITH OTHER
MEASUREMENTS

The first suggestion of trapped energetic
electrons in the outer zone was made by the
Russian scientists [Vernov and Chudakov, 1960]
in their analysis of data from Cosmic Rockets
I and II launched on January 2, 1959, and
September 12, 1959. A flux of 10° electrons/cm?
sec with energies between 1 and 3 Mev was
inferred from the detector rates of Cosmic
Rocket II, with the scintillator measuring the
flux of electrons of energy greater than 5 Mev
to be less than 1 particle/cm? sec. Shielded
Geiger counters aboard Cosmic Rocket II,
sensitive to energetic electrons, reached their
peak rate at smaller ranges than the maximum
in ionization, the counter having the greater
shielding being at a slightly smaller range than
the less-shielded counter. The exponent of
the integral power-law spectrum fit to these
energetic particles observed at the edge of the
outer zone was approximately 2. These results
support the Explorer VI observations that have
energetic electrons at small ranges with a
high-energy cutoff of 5 Mev or more at an
equatorial range of 15,000 km. A differential
power-law spectrum fit to the Explorer VI

data at this equatorial range can have an
exponent as low as 2. For such a spectrum
the flux of electrons from 1- to 5-Mev energy
is of the order of 10° electrons/cm? sec.

Walt, Chase, Cladis, and Imhof [1960] meas-
ured the spectrum of the trapped radiation
with an electron spectrometer aboard a rocket
flight into the foot of the outer zone on July 7,
1959. The vehicle reached an altitude of 1,045
km, and measurements were made on a dipole
line of force that crossed the equatorial plane
at about 15,000 km. In figure 1 (top), the posi-
tion at 125° east longitude of the electron shell
upon which Walt’s measurement was made is
indicated with respect to the profile of the outer
belt at this longitude. It is seen that the spec-
trometer measurements are on the inside edge
of the first Geiger counter rate maximum.

The spectrum obtained from this measure-
ment is quite steep, the exponent of a differen-
tial power-law spectrum fit to the data above a
few hundred kev being about 5. The observed
counting rates were not inconsistent with a
spectrum having an end-point energy of 760
kev. An absolute upper limit to the number
of electrons above 1.5 Mev is less than 1 per
cent of the total flux observed, which is less
the 10* electrons/cm? sec. However, since the
background corrections were of this order of
magnitude, the presence of electrons of energy
greater than 1.5 Mev was not established by the
measurement. The Explorer VI measurements
suggest a flatter spectrum and definitely estab-
lish the existence of electrons above 1.5 Mev.
The difference in spectral shape is probably
due to the fact that the spectrometer spectrum
was measured at a low altitude whereas the Ex-
plorer VI measurements were made nearer the
equatorial plane.

By studying the prop/GM ratio at low alti-
tudes and near the equatorial plane, the spectra
in the two places can be compared. The pro-
portional counter is used, since no ion chamber
data are available at low altitudes, owing to the
reduced intensity of the trapped radiation.
The average prop/GM ratio for a time interval
in which the satellite spanned an altitude from
700 to 1,900 km and moved northward in mag-
netic latitude from 40° to 49.5° was 0.63 for a
quiet time pass. The ratios measured near the
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equatorial plane as the satellite cut lines of
force enclosing the geographic interval over
which the low altitude ratic was obtained
varied from 0.40 to 0.18 for a latitude interval
of 28° to 5°. This indicates that the spectrum
changes down the line of force when low
altitudes are approached, and, to be consistent
with the ion/GM ratios, the prop/GM ratios
near the equatorial plane require high-energy
electrons. The only explanation for the higher
prop/GM ratio at large distances off the equator
is to have the spectrum steepen, as, indeed,
Walt’s measurement indicates.

DISCUSSION

In an earlier draft of this paper (Cosmic Ray
Group Tech. Rept. CR—46, University of Min-
nesota) we deduced electron energy spectra and
fluxes in the range 30 to several hundred kev by
fitting trial spectra to the measured instrument
responses. Itis now completely clear, however,
that any attempt to utilize the bremsstrahlung
response of Explorer VI instruments is useless
if an appreciable portion of their counting rate
is produced by direct energetic particles. This
fact is evident in the calibration curves of
figure 3, which show the nearly three orders of
magnitude difference in efficiency between the
bremsstrahlung and direct measurements of
electrons.

The realization of the importance of this
effect has come from the new measurements in
the outer zone made by the Explorer XII satel-
lite, which for the first time directly measured
electrons below 100 kev [(0'Brien, Van Allen,
Laughlin, and Frank, 1962].

We therefore believe that total fluxes de-
duced in the heart of the outer zone by fitting
trial spectra to the Explorer VI data are mean-
ingless. This statement must include the
preliminary flux value quoted by the Minnesota
group in an earlier paper [Arnoldy, Hoffman,
and Winckler, 1960a]. The inability to deter-
mine fluxes is in principle a result not of insuf-
ficient knowledge of the bremsstrahlung process
as suggested by Dessler [1960] but rather of the
presence of a much more powerful competing
effect that dominates certain detectors. How-
ever, certain aspects of the kind of analysis pre-

sented herein appear to be on a firm basis and
are useful.

In fitting assumed power-law spectra of elec-
trons to the Explorer VI data, it has been seen
in this discussion that the spectrum must ex-
tend to several Mev at the small ranges, with
the ion chamber and counter responses there
due primarily to direct electron detection. The
intensity of the energetic electrons was shown
to decrease with range as the spectra steepen
and the radiation softens, resulting in an in-
creasing contribution of bremsstrahlung to the
rates of the chamber and Geiger counter. At
the outer edge of the trapped radiation,
bremsstrahlung is the dominant factor.

The spectral dependence of the trapped radia-
tion on range might be attributed to the source
of the radiation and (or) loss mechanisms that
operate in the outer zone. Very little is known
about the source of the radiation, although three
general origins have been discussed. They are,
first, the injection of electrons into the trapping
region from the decay of cosmic-ray albedo neu-
trons [Hess, 1960]; second, the direct injection
of electrons into the trapping region from
solar gas clouds; and last, the local acceleration
of low-energy electrons present in the exosphere
or from the solar stream [Van Allen and Frank,
1959b; Arnoldy, Hoffman, and Winckler, 19600].
It is possible that all the above-mentioned
sources, and perhaps even some that have not
been considered, contribute to the intensity of
the radiation. Present data, which we must
admit are meager, indicate that some unknown
local acceleration mechanism is the dominant
origin, only by reason of eliminating the other
two possibilities as strong sources.

The existence of energetic electrons, i.e., elec-
trons of energy greater than 1 Mev, poses a
serious problem for the neutron albedo theory.
The neutron decay electron is less than 1 Mev
in energy, and the kinetic energy of a decaying
neutron by conservation of momentum is given
primarily to the decay proton. Hence, the elec-
trons from neutron decay are too low in energy
to account for the energetic outer-zoneradiation.
To raise the energy of the decay electrons an
acceleration mechanism is needed. It is then
no longer clear that, if acceleration is taking
place in the outer zone, the decay electrons
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remain as the dominant source, in view of the
large quantity of low-energy electrons available
for acceleration from the solar stream. Fur-
thermore, the measured electron flux along a line
of force in the outer zone is found to be incon-
sistent with the calculated distribution expected
from a neutron decay source [Hess, Killeen, Fan,
Meyer, and Stmpson, 1961] (Hoffman, private
communication, 1961), indicating that other
processes, in addition to electron injection by
neutron decay, are responsible for the distribu-
tion of the outer-zone electrons.

Simultaneous measurements of the trapped
radiation by detectors aboard the Explorer VII
satellite [Van Allen and Lin, 1960] and of the
radiation in a solar cloud in transit to the earth
by similar detectors aboard the Pioneer VI
space probe [Arnoldy, Hoffman, and Winckler,
19600] indicate that for the particular solar
cloud encountered by the space probe the maxi-
mum flux of electrons present in the cloud of
energies characteristic of the trapped particles
was about three orders of magnitude too low
to account for the subsequent electron intensity
changes that the satellite observed in the outer
zone. In fact, the space-probe data are consist-
ent with no energetic electrons in the cloud,
since the response of the detectors can be at-
tributed to solar protons that were also in tran-
sit to the earth at the same time and were
measured by balloon-borne detectors. This
single observation suggests that direct solar
injection is not a likely origin for the outer-zone
electrons.

Although a local acceleration process has been
generally conceded as fundamental in a source
for the outer zone, the exact mechanism is not
known. Loss of trapped radiation resulting
from violation of one or more of the adiabatic
invariants has been discussed [Parker, 1960;
Parker, 1961; Welch and Whitaker, 1959]. How-
ever, the role of local acceleration and loss
mechanisms in establishing the properties of the
outer zone as discussed in this paper cannot be
fully understood until more data on the
dynamics of the magnetosphere are available.
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The measurements made in the outer trapped radiation region by the University of
Minnesota ionization chamber and Geiger counter and the scintillation counter furnished
by Space Technology Laboratories, Inc., aboard the Explorer 6 earth satellite during the
August 16, 1959, magnetic storm are studied. The variations in the detector rates are
correlated with the visual aurora recorded by all-sky cameras and with high-altitude X-ray
bursts observed by balloon-borne detectors. An increase in radiation observed at a geocentric
range of 42,000 km simultaneously with the occurrence of a visual aurora on the electron
shell connecting with the satellite measurements suggests that the aurora is associated with
a disturbance extending over many degrees of longitude and out to large ranges. Further-
more, a rapid decrease in the Geiger counter rate coincident with a strong low-latitude
aurora at Fargo, North Dakota, indicates that energetic radiation is either precipitated out
of the outer zone during strong auroras or decelerated by a perturbation of the earth’s
magnetic field accompanying the aurora. Frequent observations of rate variations at the
outer edge of the trapped radiation and at apogee point out the great instability there that
results in the frequent discharge of radiation into the atmosphere observed by balloon-borne

detectors at the high latitudes connecting with the region.

dynamics of the trapping region has a solar origin.

The close correlation of outer-

zone intensity variations and solar phenomena indicates that the energy involved ;‘n éhe

INTRODUCTION

During the lifetime of the Explorer 6 earth
satellite (August 7 to October 6, 1959) five
magnetic storms occurred. Variations in the
count rates of the detectors associated with
these magnetic storms, while the satellite was
in the trapped radiation, have been discussed

11962 issue of Journal of Geophysical Research.
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2 Now at Honeywell Co.

3 Now at NASA Goddard Space Flight Center.
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in detail by Arnoldy, Hoffman, and Winckler
(1960a], Farley and Rosen [1960], Rosen and
Farley (19611, and Fan, Meyer, and Simpson
[1961].

The maximum count rate of the Anton 302
Geiger counter while the satellite was in the
outer zone and close to the equatorial plane
(within + 10° geomagnetic latitude) is shown in
figure 1 to summarize the general features of
the outer zone during the lifetime of the satel-
lite. The intensity of the horizontal component
of the earth’s field at Honolulu (geomagnetic
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F16URE 1.—Tlime correlation of measurements during the lifetime of the Explorer 6 transmitters. The
Geiger counter rate at the outermost maximum in the outer belt (top), the daily average of the earth’s
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neutron monitor (bottom).

latitude 21.0° N, data from the IGY Data Cen-  michael through the IGY Data Center A for
ter A for Cosmic Rays) and the neutron monitor ~ Cosmic Rays) for the same period are also
data from Deep River (courtesy of H. Car- shown in the figure. The August 16, 1959,
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storm produced the largest rate variation as
measured by the Explorer 6 Geiger counter;
this is the period considered here.

In studying the rate changes of the Explorer
6 detectors, however, we must keep in mind the
response characteristics of the instruments,
since such changes reflect variations only for
the part of the spectrum to which the detectors
are sensitive. For example, a reduction in the
Geiger counter rate does not necessarily mean
that the over-all intensity of the trapped radia-
tion isreduced. The Explorer 6 Geiger counter
had a cutoff of 36.4 Mev for proton detection
and a 2.9-Mev threshold for direct electron de-
tection. Below 2.9 Mev, electrons were de-
tected less efficiently through the intermediate
bremsstrahlung process [Arnoldy, Hoffman, ane
Winckler, 1962]. The response characteristics
of the scintillator will be discussed in the next
section.

The state of the outer zone before, during,
and after the August 16 storm is represented
by the observations during passes 12, 16, 17, 19,
20, and 25 shown in figures 2A4 to 2F. In these
figures the rates on the ion chamber and Geiger
counter are plotted as a function of radial dis-
tance from the earth’s center. The profile of the
outer zone as the Geiger counter would have
measured it if prestorm conditions had pre-
vailed is sketched for each pass. This profile is
obtained from curves giving the prestorm Geiger
counter rate along dipole lines of force. The
prestorm rates for a given pass are read from
these plots at the position along a given force
line where the orbit for the pass crossed the line.
The important features of each of the passes
may be summarized as follows:

Pass 12: represents the ‘normal state” of the
trapped radiation as far as the Explorer 6 data
are concerned.

Pass 16: observed the reduction in ion cham-
ber and Geiger counter rates at large ranges
before the sudden commencement of the August
16 magnetic storm.

Pass 17: the ssc of the magnetic storm oc-
curred at 0404 UT August 16, when the satel-
lite was at a range of 26,400 km. The rates
were further reduced below prestorm levels at
the large ranges.
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Ficure 2A.—The outer zone as measured during
the outgoing part of pass 12.
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Ficure 2B.—The outer zone as measured during
the outgoing part of pass 16.

Pass 19: the minimum count rates in the
outer zone for the ionization chamber and
Geiger counter were observed on this pass.
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Ficure 2C.—The outer zone as measured during
the outgoing part of pass 17.
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F1aure 2D.—The outer zone as measured during
the outgoing part of pass 19.

Pass 20: first measurement of the radiation
built-up occurring after the minimum.

Pass 25: the maximum count rates in the
outer zone were recorded by the Explorer 6
detectors during this pass.

The state of the heart of the outer zone
following the sudden commencement as meas-
ured by the ion chamber and Geiger counter is
uncertain because of the lack of data from these

GEOCENTRIC RANGE (XM)

Ficure 2E.—The outer zone as measured during
the outgoing part of pass 20.
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Ficure 2F.—The outer zone as measured during
the outgoing part of pass 25.

detectors for pass 18. Pass 19 measured the
reduction in Geiger counter rate by a factor of
2% some twenty hours after the sudden com-
mencement.

In this paper our effort is concentrated on
correlating the variations of the Explorer 6
detector count rates with simultaneous visual
auroras recorded by all-sky cameras and with
high-altitude X-ray bursts observed by balloon-
borne instruments.
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AURORAS
0440-0710 UT, August 16, 1959

During pass 17 the satellite detectors recorded
their first large rate fluctuations, superimposed
on the general reduction in the outer-zone rates
at the large ranges. These rapid variations
began at about 0550 UT, 1 hour and 46 min
after the ssc and when the satellite was at
ranges larger than 42,000 km. In figure 34
the Geiger counter and scintillator rates are
plotted versus time as the satellite moved from
a range of about 34,000 to 46,000 km and from
the equatorial plane to about 20° S geomagnetic
latitude. Also shown in the figure is the in-
ferred prestorm rate curve of the Geiger counter
obtained from the first 15 quiet-time passes.

ENERGETIC PARTICLES IN MAGNETIC FIELDS

The prestorm curve for the scintillator, crudely
obtained from the contour plot of the trapped
radiation made from the first 15 passes, is
given in the paper by Rosen and Farley [1960].
The decrease in the count ra