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Page 14, figure 6: The two curves labeled n =2 and n = 4 ghould be
replaced with the two curves shown on the attached figure.

Page 23: The second of equations (Bl) has an error in sign in the denominator.

The minus sign before éL should be a plus sign, so that the cor-
¥
rected form of the equation reads

-1 + sinzbcéL + 1 + 2 - 1'2
c Y 5 tanh B tanh<d
<C_1> s . \NY (Asymmetrical)
0/A 1+ sin®( +1 -1
qy tanh<d

Page 1 of 2



Y

.24
1. 20— ~] - h
- L 16 }——] - 4o
i w22
C0 i ~ n=2 A
]
1 2f—— - 0 R T A N - 4
|
- N vd /]
|
! L]
. NS
- [ e // o
| et ///
1. 00 e ml - - —
0.2 0.4 06 08 1.0 08 0.6 04 0.2 d
% L "
10 T Q. 7
y
Corrections for Figure 6. - Variation of CI/Co with rotational restraint coefficientqy for first two asymmetrical modes.
Page 2 of 2

NASA-Langley, 1967 Issued 6—7-6"{



~aSA TN D-2815
TECH LIBRARY KAFB, NM

l N

0079k5e

EFFECT OF EDGE LOADINGS ON THE
VIBRATION OF RECTANGULAR PLATES WITH
VARIOUS BOUNDARY CONDITIONS
By George E. Weeks and John L. Shideler

Langley Research Center
Langley Station, Hampton, Va.

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

For sale by the Clea e for Fe d al Scienti f and Technical Information
Sp gf Id Virginia 22151 - e $2.00



EFFECT OF EDGE LOADINGS ON THE
VIBRATION OF RECTANGULAR PLATES WITH
VARTOUS BOUNDARY CONDITIONS

By George E. Weeks and John L. Shideler
Langley Research Center

SUMMARY

The natural vibration characteristics of flat orthotropic rectangular
plates with inplane loads and various boundary conditions are investigated
theoretically. A set of frequency equations is derived which is valid for
plates having edges simply supported, clamped, or elastically restrained against
rotation. The solutions to these frequency equations are presented in terms of
two general parameters which are functions of length-width ratio, stiffness
ratios, frequency, and inplane stress. These solutions are exact if one pair
of opposite edges is simply supported, otherwise the solutions are approximate.
However, these approximate solutions are shown to be in excellent agreement
with converged modal solutions. The results of the analysis are tabulated so
that, for the boundary conditions considered, the buckling stress, and the var-
iation of frequency and modal behavior with inplane stress can be quickly and
accurately determined for large ranges of length-width ratio, stiffness ratio,
and inplane stress.

INTRODUCTION

External surfaces of flight vehicles have been shown to be susceptible to
various types of aeroelastic instabilities - the most noticeable of which is
flutter. However, flutter analyses are, to a large extent, dependent on predic-
tions of vibration and buckling characteristics of surface structural compo-
nents, particularly under inplane loading conditions. One of the most basic of
these structural components is the rectangular plate.

The problem of determining the natural vibration characteristics of iso-
tropic rectangular plates in the absence of normal and inplane loading with
various beundary conditions has been the object of numerous theoretical and
experimental investigations. (See, for example, refs. 1 to 5.) In fewer
instances, the effect of inplane loading on simply supported or clamped plates
has been studied. (See refs. 5 to 10.) However, the more general cases of
isotropic and orthotropic plates with elastically restrained edges subjected
to inplane loads have received much less attention.



The most comprehensive treatment of the effect of inplane loading on the
vibration of plates with elastically restrained edges is due to Schulman
(ref. 11) who treats the case of an isotropic rectangular plate subjected to
inplane loading with elastic restraints along the longitudinal edges and with
simple supports on the lateral edges. The constant inplane loads throughout
the plate were assumed to be due to restraint against thermal expansion. The
exact frequency equation was derived but was solved exactly for only one given
length-width ratio and elastic restraint coefficient. However, two approximate
solutions to the vibration problem were presented which were based on: (1) the
assumption that the mode shapes remain unaltered with increasing temperature,
thus obtaining a linear relationship between the frequency parameter and
inplane loading and (2) an energy approach using Lagrange's equations. Results
for both methods were presented in terms of a frequency-temperature relation-
ship (ref. 11).

In the analysis that follows, an orthotroplc plate with biaxial inplane
loading and rotational springs of equal elastic restraint on opposite edges is
considered. The magnitude of elastic rotational restraint is defined by a
restraint coefficient having a value of zero for simple supports and infinity
for clamped supports. Starting with the governing partial differential equa-
tion, the frequency equations are derived. These equations are exact if one
pair of edges is simply supported but approximate if supported otherwise. The
frequency equations are then solved for several representative values of the
rotational restraint coefficient, including the special cases corresponding to
simple and clamped supports.

The results are presented in tabular and graphical forms in terms of two
general parameters which are functions of frequency, length-width ratio, stiff-
ness ratios, and inplane stress. With these results, the frequency-stress
relationship and buckling characteristics of a plate can be quickly and accu-
rately determined for large ranges of length-width ratio, stiffness ratio,
inplane loading, and rotational restraint at the boundaries.

SYMBOLS
A,B parameters defined by equation (k)
a,b plate length in x-direction and y-direction, respectively

By,Bp,B3,B), constants of integration appearing in equation (10)

Bi,Bé,Bé,Bi constants of integration appearing in equation (14)

CpsC15Co coefficients defined by equation (7)
Fno
D= bending stiffness of an isotropic plate
12(1 - ue



Dy, Dy

Dxy
D15D12,Dp

E

aby

bey

XY
XY

o,B,B

€,

plate bending stiffness in x- and y-directions, respectively
plate twisting stiffness
plate stiffness coefficlents defined by equation (6)

Young's modulus
base of Naperian logarithm

plate thickness

Nyb?
nondimensional stress coefficient, X

TEEDl

Nyb2
nondimensional stress coefficient,

nng

integers defining mode number in x- and y-direction, respectively

inplane loading in Xx-direction, positive in compression

inplane loading in y-direction, positive in compression

rotational restraint coefficient on boundary, x ==

|

rotational restraint coefficient on boundary, y =

1
I+
njo

time

vertical deflection of plate

assumed variables separable solution of differential equation (1a)
Cartesian coordinates (See fig. 1.)

nondimensional parameters defined by equations (11) and (13)

nondimensional coordinates in x- and y-direction, respectively,

§=§’ n:%

nondimensional parameter used when a = B



GX,Gy spring constant of rotational springs supporting plate on the
boundaries X = i% and y =:t%, respectively
B Poisson'’s ratio for isotropic plate
Hxs by Poisson's ratio in x- and y-direction, respectively
p mass density per unit area
w natural frequency
’JTLPDl
Wg nondimensional frequency parameter,
ahp
Subscripts:
S symmetrical mode
A asymmetrical mode

ANATLYSTS

Solution to Plate Equation

The plate configuration and coordinate system used are shown in figure 1.
The plate is subjected to inplane forces Ny and Ny, defined positive in

compression. The boundary conditions are such that uniform rotational restraint
on opposite edges is provided by a restoring moment per unit length which is
proportional to the edge angle of rotation. Also, support conditions are such
that the transverse deflection on all edges is zero.

With inplane loads, the differential equation of small deflection theory
governing vibrations of a flat orthotropic plate is (ref. 12)

N i D b 2
Dy ) Z N 2<£xy . HyDx W . Yy 3w .y é;z
1 - by 3% 1= bxlly [3x2ay® L1 - whty gk 3%
2 2
o w o w
+ Ny — +p—=0 (1a)
T2 a2



with boundary conditions -

Dx 3% _ 4.
x
1 - pyby 3x2 ox
2
Dx oW Ox ow
1 - by %@ X
i Py S -0 oW
1oy 2 T
32w IS}
Dy + 8y v _

1 - bxhy 3y?

where

X = +& and

boundaries s

dy

= +2

and

and

and

=O t =_E
W a, X )
a

=O = 4 -
W at x 5
N

b

w =20 at y—-—-§
b

w =0 at y =+ ?U

bending stiffnesses in the x- and y-directions, respectively; and Dxy

plate twisting stiffness.

(1p)

(1c)

6x and ey are the spring constants of the rotational springs on the

respectively; Dy and Dy are the plate

is the
An exact closed-form solution to equation (1la) is

known only for the speclal case where two opposite edges are simply supported.
However, an approximate solution can be obtained for the general case in the

Assume

w(x,y,t) = X(E)Y(%)eﬂﬁt (2)

where o

following manner.

is the natural fre-

quency; Y<Z) is some assumed

b
mode shape that satisfies the
boundary conditions on the
boundaries y = igﬁ and X(g)

is a mode shape to be deter-
mined. Substitution of equa-
tion (2) into egquation (la),

multiplication by Y(%), and
integration over the width

with respect to y yields an
ordinary differential equation

in X(% . This procedure is
essentially the first step of

Figure 1l.- Geometry and coordinate system.



a Galerkin procedure which, for this cagse, is equivalent to the method of
Kantorovich. (See ref. 13.) After nondimensionalization, this procedure

yields

xIV(e) - exAx"(e) - £'Bx(g) = O (3)
where
\
— 2(/D C k
a\T|Z2y 1\ -1 ox
A '(E) (Dl Xﬁﬁ’)(Co) T3
(&)
5 - g’é‘_(a)“ Do\(1)(C2) , Ky &1
%o b/ \DL)\ar/\Co) "~ =2 Co
y
2 2 I
kx _ Nxb ky _ Nyb (Dog B 7T Dl (5)
JTED]_ ﬂng a,l‘p
Dy ty Dx Dy
Dy = Djo =D Fo— Dp = —= (6)
1- Mk 1 X o1 - My e 1l - Mk

1/2 1/2 1/2
o= [ vEman o= [ wwrtan ce= [ war™ma (m

-1/2 -1/2 -1/2

and

£ = g n = % (8)

The primes and Roman numeral superscripts denote differentiation with respect
to €& and 7. Note that the parameters A and B depend on the assumed
shape Y(n) through the coefficients C1/Co and Cp/Co. Thus equation (3) is

an approximation unless Y(n) is the exact mode shape in the y-direction.

The boundary conditions (eqs. (1b)) become -

X"(£) - qxX'(£) =0 and X(¢) =0 at & = -1/2 ()
9
X"(g) + qxX'(£) =0 and X(¢) =0 at & =1/2
where
abyx
S



The exact solution to equation (3) for unequal roots of the characteristic
equation is X(£) = Xp + Xg, where

Xg = By cos 2af + Bs cosh 2B
(10)
Xp = Bz sin 20f + By sinh 2p¢
and
1/2 \L/2
a=%<-1‘2+ Ke+§) B=—’2r-<K+ !_XQ+§) (11)

Note_that both « and B are functions of frequency since they are functions

of B. Equations (11) can be solved for A and B in terms of o and B
to get

oEe.)  5aLa (2
7 7

The parameters A and B can be either positive or negative. For B posi-
tive, both o« and B are always real. For B negative, o and S would

be complex when |§I > KQ. This could occur for certain loading conditions

and negative rotational restraint. But for this investigation only positive
values of rotational restraint are considered so that f 1is pure imaginary
and «a real when B 1is negative. Thus, for convenience, define

1/2
B =1iB = ’%(-K - VA2 + ﬁ) (13)
such that for B negative, the solution to equation (3) is

1 —
Xg = B] cos 2at + By cos 2Bt

_ (1)
Xy =B sin 2t + B), sin 2Pt
with
T 2(a2 2 =z _ _ 1 o=
A__nz(ﬁ +a,) B = ﬁhaB (15)

Frequency Equations and Deflection Functions

Application of the boundary conditions (egs. (9)) to equations (10) and
equations (14) results in two sets of four linear homogeneous equations in Bj,
Bp, Bz, By, and By, B, B%, By; one set is for B positive and one set



for E; negative. These equations have nontrivial solutions if, and only if,
the determinants of the coefficients vanish. Further, the expansion of each

of these determinants can be reduced by factoring into equations for_symmetri-
cal and asymmetrical modes. The resulting frequency equations for B positive
are -

2(&2 + 52) + qy(a tan @ + B tanh B) = O (Symmetrical)
(16)
2(&? + 52) ~ qy(a cot a - B coth B) =0 (Asymmetrical)
and for B negative are -
2(&? -'EE) + qy(a tan o - B tan B) = 0 (Symmetrical)
-5 — _ (17)
2(&? - B ) - g (a cot @ - B cot B) =0 (Asymmetrical)
The corresponding deflection functions for positive B are -
Xg = cos 2of - CO8 @ osh 2Bt (Symmetrical)
cosh B
(18)
. sin o .
X, = sin 2af - ===2_ gsinh 2Bt (Asymmetrical)
A € - am B
and for negative B are -
O pu—
Xg = cos 20f - €8 % cos 2Bt (Symmetrical)
cos B
| (29)
Xy = sin 2af - Sln_i sin 2t (Asymmetrical)
sin B
For the special case of simple supports, 1t can be shown that o = %; and that
equations (18) and (19) reduce to the well-known equations
XS(g) = cos mmnk (m =1, 3, 5, - - ')
(20)
Xp(8) =sinmeg (m=2, 4, 6, . . .)

Substitution of equations (20) into equation (3) yields the following relation
between A and B

w* + ZBm? - B = 0 (21)



RESULTS AND DISCUSSION

The frequency equations (16) and (17) were solved for « and B or B
in such a manner_as to give the six lowest frequencles for a given value of qy.
The parameters A and B were calculated from either equation (12) or equa-
tion (15). The results are tabulated in tables 1 to 4 for gy = =, 40, 10,
and 2, respectively. Results are also presented in figures 2, 3, and L to show
the va.ria.tlon of B with A for 4y = 0, o, and 10, respectlvely.

B
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Figure 2.- Variation of B with A for a plate simply supported on
boundaries x = i%. ay = O.
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—120
—140
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Figure 3.- Variation of B with A for plate clamped on boundaries

x =2, Qy = .

The headings "curve I, II," and so on, in the tables refer to the similarly
labeled curves on figures 2 to 4. The mode shapes are defined in the tables
and throughout this report by a mode number m in the x-direction, (n in the
y-direction) indicating m - 1 (n - 1) lines of zero deflection. However, it
should be noted that, with thils definition, no restriction has been placed on
the number of lines of inflection that may occur in any given mode. The reason
for this important distinction will become apparent later.
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Figure 4.- Variation of B with A for plate elastically restrained on

boundaries x = i%. ay = 10.

_ Linear interpolation within the tables_may be used for values of A and
B not tabulated. TFor values of positive A greater than those presented in
the tables, the corresponding values of B can be determined from the approxi-
mate_equation (A8) derived in appendix A. This equation becomes more accurate

as A »o. No values of A and B were tabulated fér gy = O as these
values are readily obtained from equation (21). For values of gy not used in

the solutions of the frequency equations, the corresponding values of A and
B can be obtained by cross plotting the results in the tables.

1i



Modal Characteristics

For simple support boundary conditions, the mode shapes (eq. (20)) are
exact solutions regardless of the inplane loading condition. Hence the mode
shapes for simply supported plates_are independent of inplane stress. This
independénce results in a linear A,B relation given by equation (21) and
plotted in figure 2. In contrast, for boundary conditions other than simple
supports the mode shapes given by equations (18) and (19) are dependent on o
and B or B which are functions of A and B (egs. (12) and (15)). This
dependence of mode on stress results_in nonlinear A,B relations as shown in
figures 3 and 4. For the range of A where the variation of B with A is
nearly linear, the changes in mode shape with stress are slight. For the range
of A for which the B,A variations are highly nonlinear, the changes in mode
shape with stress are significant. An example showing the change in symmetri-
cal mode shapes for clamped supports is illustrated in figure 5 by plotting
mode shapes corresponding to various values of A and B. The A,B plot is
divided into three regions by the B =0 line and the curves for the first
and third simply supported modes. In these regions each curve has a charac-
teristic mode shape as shown in figure 5. For instance, consider curve IIIp,
where the subscript m indicates the mode number. In region R along the
IIT3 curve, two node lines exist. From the B = O line to the first simply

supported mode line, or region Ry, no node lines exist along the IIT; curve.
Between the first and third simply supported mode lines, or region Rz, two node
lines again exist along the III§ curve. Generalizing, for negative B, it is
found that the first mode (m = 1) can exist only in region Rj. (Note that
while no points of zero deflection exist in region Rj, hence no node lines, the
mode shapes may have more than one point of inflection. ) Similarly, the third
mode {m = 3) can exist only in the region of B (region Rz) defined between the
first and third simply supported modes; the fifth mode can exist only in the
region of B defined between the third and fifth simply supported modes; and
so on.

Similar behavior is also observed for the clamped asymmetrical modes as
well as for the symmetrical and asymmetrical modes with rotational restraint.
Further, 1t 1s noted that certain solutions to the frequency equations are
independent of the magnitude of rotational restraint. These points are indi-
cated in figures 2 to 5 by the circles and correspond to points of a change in

mode number for g, > O.

With the preceding observations it was found that the modal characteris-
tics of an orthotropic plate can be described as follows: for B negative,
if m 1is odd (even), all symmetrical (asymmetrical) modes, for clamped or
rotationally restrained supports, between the mth and m - 2 simply supported
modes can exist only in the mth mode. (The cases of m - 2 = -1 for m=1
and m-2=0 for m= % should be interpreted as the B = 0 axis.)

With this modal behavior, which is typlcal of what has been presented, it
is interesting to note that, for gy > O, the first (fundamental) mode (as

iz
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" CHARACTERISTIC MODE SHAPES

/ 1 FOR CLAMPED EDGE CONDITIONS
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Figure 5.- Variation of B with A for symmetrical modes for clamped and simple supports
showing regions of existence of mode shapes. Shaded areas indicate absence of first
mode.

=

J_240

defined herein) does not exist for certain values of negative A. These
regions are indicated by the shaded areas in figure 5 for clamped supports.

It should be further noted that, from the definition of A and B
(eq. (ll-)), 8 necessary requirement to be in the negative A,B region is com-
pressive inplane loading in the x-direction. (When the inplane loading becomes
compressive, the increasing order of frequencies does not necessarily corre-
spond. to an increasing order of mode numbers. )
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Application of Results

In the preceding sectlions, the results have been discussed in terms of the
general parameters A and B. The spplication of these results to obtaln the
natural frequencies of a rectangular plate subjected to normal inplane loadings
and having arbitrary rotational restraint at the edges is 1llustrated in the
following sections. The buckling load may also be determined by setting the
frequency equal to zero. Without restricting the generality of the results,
the following numerical examples will be given only for an isotroplc plate,

that is, Dy = Djp = Dp = D.

For any given problem the orientation of the coordinate system is arbi-
trary (the x- and y-coordinates of fig. 1 may be interchanged) for the calcu-
lation of C1/Co and Cg/bo and finally, K and B. The preferred orienta-
tion is the one that leads to the lowest buckling load or vibration frequency
since this load or frequency corresponds more closely to the exact answer. As
a guide, if at least one value of A calculated from both orientations is
negative, the orientation giving the largest negative A should be used. If _
both values of A are positive, the orientation giving the largest positive A
should be used. This procedure is followed in the calculations of the fol-
lowing examples.

Effect of inplane stress on natural frequency.- For a beam, A and B
reduce to a nondlmen51onal axial load and frequency, respectively, so the tab-
ulated solutions for B positive give the frequency-stress relations directly.
However, the coefficients Cjy[Co and Cp/Co in the parameters A and B for
a plate are functions of the mode shape in the y-direction. Clearly then, the

values of these coefficients, and hence, the support conditions on the y = ig

boundaries must be specified before the frequency-stress relationship of a
plate can be deter-

1.24 - E/A mined. In appendix B,
h=

a method of calcu-
lating these coeffi-

20 //’ cients using beam
[ I I N N s modes is given for
c, I.16 //////"" n=a values of rotational
~ =L fn2? - | //’ restraint 0 € gy S o.
07 e % : P4 The results for the
1 1 Zii first four modes are
| o8 T éiijlaﬂ_,__ﬂlﬁﬁf» plotted in figures 6
L1
P e A / and 7. With Cj/[Cq
Yee | oul s }/}//::;/////// ’i;(/’ and Cg/CO known for
€ rrata 1+ L any rotational elas-
et s ol N O N N B B S ey tic restraint, and
.00 0.2 v_jf; 0.5 0.8 1,0 0.6 0.5 0.4 0.2 9 gy and a/b given,
— - — < * a, * K can be calculated
for any ky. Then,
Figure 6.- Variation of Cl/Co with rotational restraint coeffi- with the appropriate
cient gp for first four modes in y-direction. boundary conditions

1k




at x =:t2? the corre-

sponding value of B °
can be obtained from the
tables and hence, the °
[43) )2 n=| //
frequency (— can be 4 L L
(O.)o 2 4 " ///
calculated for any ky. e/ "7 \ "”///////’ |
41

The results of this ] N —
procedure are shown in ° 1 | ]
figure 8 for (a) a plate P [ S B S B e, e S et
simply supported on all s el M N B e e e e
four edges and (b) a oo 0.2 o0.4_ 0.6 0.8 1.0 0.8 0.6 0.4 0.2 O
plate clamped at the < 3y >k '*‘“‘ég““*——““f>

[@]
<

edges x = i% and simply
supported at the edges Figure T7.- Variation of 02/00 with rotational restraint coef-

ficient a. for first four modes in y-direction.
y = i%. The results are v T

exact since the edges are simply supported at y = i%u From figures 6 and 7,

C C
1 = -1 and 2
7(200 Coﬂ)‘l'

=1, hence, A and B Dbecome (see eq. (4))
2 k
a ) X
2 S
(b)(“ 2>

S n(2) (02 - )

® = (&)

where a/b, n, and ky were arbitrarily chosen to be % =3 n=1, and
ky = O.
Yy

A

(22)

Figure 8 shows that an increase in stress results in a linear decrease
in the square of the frequency for the simply supported plate but a nonlinear
decrease for the plate clamped along the loaded edges. Also shown in the fig-
ure is the region of absence of the first mode (for the case where the loaded

edges were clamped) along with the points K,ﬁ where the mode numbers change.
For correlation of these A,B points, see figures 2 and 3.

Plate buckling characteristics.- The buckling stress for a plate with
given geometry and boundary conditions can be determined from the frequency-
stress plot for the plate as the lowest stress which makes a zero frequency.
However, it is more sultable to use the solutions in terms of A and B
directly. For buckling, with a given value of A, the curve (see, for instance,
figs. 2 to 4) with the lowest value of B should be used to obtain the lowest
buckling load. For illustration, the previous example of a plate simply sup-

2
ported at y =:t%- and clamped at x = i%- will be considered. With (i%) = 0,
equation (22) yields

15




E- (5 (0 )
_<%>h (n” - ngky)

With ky specified, the variation of ky with ]—i‘- can be determined for spec-
ified values of n for the values of A and B (table 1) which satisfy the

\
\ Loaded edges
h clamped

\
\ ___ — ___lLoaded edges
simply supported
N j::[f;s.s. ﬁF;:
x —>| * "—Nx
— |0 5.5, O

- (23)
B

140}— \

120

100

80

“Elg
L __

60

40

20

A

{
4

Ky

Figure 8.- Variation of frequency parameter with stress coefficlent for a clamped and

simply supported plate at x = t%. %— = 3; ky = 03 n = 1. ©Shaded area indicates

absence of first mode.
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frequency equations (16) and (17).
The appropriate value of n 1is

that which yields the lowest wvalue 8.0
of kyg- The results obtalined from
equation (23) for ky = 0, for 7.6 \
which n = 1, are shown in fig- Exact
ure 9; also shown for comparison 7.2 _“M____RSL i
are the approximate solutions of ]
reference 1k. 6.4

Comparison With Other Results K, 6.1

The preceding examples are 6.0 _

exact because one pair of opposite =
edges was simply supported. An 5.6 \\
indication of the accuracy of the Yo xlw
approximate results can be obtained ‘{{—5—9
by considering a case where all 5.2
edges are rotationally restrained. \ }
One of the largest deviations from 4.8 {ig
the exact solution could be N e 10-64)
expected for a square plate clamped 4.4 ] =3
on all four edges since the edge T
effects (boundary conditions) are 4o
more predominant than they are for 0.81.0 1.4 1.8 2.2 2.6 3.0 3.4 3.
other length-width ratios. Accord- B

ingly, the vibration and buckling
characteristics of such a plate

Figure 9.- Nondimensional buckling stress plotted
have been determined by the method

R . A against a for plate clamped at x = +&
presented herein for comparison with b 2

. b . -
the results which have been obtained simply supported at y =%z, ky = 0; n = 1.
in the literature.

Comparison with converged series solutions.- The case of a square clamped
plate loaded in uniform tension along all four edges with ky = ky = =10 is

considered in reference 8. With a series representation of the panel deflec-
tion, convergence was established with six modes in each direction that resulted

2
in a value of (ﬁl) = 36.94% for the fundamental frequency (m=n=1). To

o]
use the method in the present paper, refer to figures 6 and 7 to determine
Cl/CO and CE/CO‘ Then A and B become (see eq. (4))

A=1.2%5 +5 = 6.235

(24)
B

2 2
4] [¢V]
-5.1% - 12.35 + (53) = -17.49 + <__)
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Linear interpolation from table 1(a) gives the lowest value of B for the

— — 2
given A as B = 19.93. Hence (i%) = 37.42. Thus the error of the method
in the present paper is only 1.3 percent.

In reference 15 the buckling of a square plate loaded in compression along
two opposite edges 1s considered. On the basis of computations involving
determinants up to the twentieth order, the solution obtained was
ky(critical) = 10.08 for m =n = 1. To use the method of the present paper,

again refer to figures 6 and T to determine Cl/CO and CQ/CO. Then A and
B become (see eq. (4))

A

kx>
-<-1.255 =

~5.1k4

(25)

w|
i

The lowest value of A for the given B is found by interpolation from
table 1(a) to be A = -3,82. Hence ky(critical) = 10.12. Thus, the error of

the method of the present paper is 0.4 percent of a result obtained by a much
more lgborious method.

Finally, in reference 2 frequency results are given for several modes of
a square clamped plate with no inplane load. It was assumed that convergence
was Obtained with a 36-term series. The results are given 1n the following
table and are compared with results obtained by the method of the present paper:

(w/mo)g for -
Source e .
m= 1 m = 1 m =2 m=2
n=1 ns=2 n =2 n:B
Reference 2 13.30 55.32 120.3 280.0
Present paper 13.32 55 .64 120.6 279.8
Percent variation . . . 0.15 0.58 0.25 0.072

From these comparisons it is seen that the method of the present paper is very
accurate for a square clamped plate. For other length-width ratios and bound-
ary conditions the accuracy would be expected to be as good or better. Thus
the results tabulated in tables 1 to 4 provide an accurate and rapid means of
calculating the frequencies and buckling loads of plates for large ranges of
length-width ratio, stiffness ratio, inplane loading, and boundary conditions.

Comparison with approximate solutions.- The methods of Galerkin (ref. 13)
or Ritz (ref. 2) are often used to obtain approximate solutions to the dif-
ferential equation (la) directly. For a plate clamped on all edges, applica-
tion of the Galerkin or Ritz procedure using a single clamped beam mode in each

18




direction (integrals are tabulated in refs. 16 and 17) results in the following
linear A,B relations for the first four modes

— — ™
m=1: -B + 2.47A +5.14 =0
=2: -B + 9.33A + 39.05 = O
m ° 9.33 3 29.05 > (26)
m= 3 =B+ 20.04A + 150 = O
m=1U4: -B+ 34.7T7A + 410.06 = 0

where A and B are as defined previously. Results from equations (26) are
plotted in figure 10 for comparison with the results of the present method. It
can be seen that these results are in good agreement with the present solution
in the negative B region only for a limited range of A. This range of A
could be extended, of course, if more modes were used in the analysis. (See,
for example, ref. 18.) Similar agreement can be found for finite values of Q.

—— -——— —— Approximate

}l-—100

Present theory

L 200

Figure 10.~ Comparison of K,ﬁ relations obtained from present theory and one~term

Galerkin solutions for clamped supports at x = i%.

19



CONCLUDING REMARKS

The natural vibration and buckling characteristics of flat orthotropic
rectangular plates with uniform inplane loads and various rotational restraints
at the boundaries have been examined theoretically. The governing partial dif-
ferential equation for small deflections was reduced to an ordinary differential
equation by assuming an approximate mode shape in one direction. Beam modes
were used and the boundary conditions were satisfied. The differential equa-
tion was solved exactly and the boundary conditions were applied to obtain a
set of frequency equations valid for any degree of rotational restraint. These
frequency equations were solved in terms of two general parameters A and B
which are functions of inplane stress, length-width ratio, frequency, stiffness
ratios, and the assumed mode shape. Values of A and B which satisfy the
frequency equations are tabulated for modes with up to five node lines 1in one
direction and any number in the other, from which the buckling and vibration
characteristics of an orthotropic rectangular plate can be quickly determined
for any combination of inplane loading and boundary rotational restraint. The
accuracy of this assumed-mode approximation is indicated by comparison with
converged modal results for a square clamped plate. The buckling load differed
from the converged results by O.4 percent. For a plate with large inplane ten-
sion the first natural frequency differed from the converged results by 1.3 per-
cent and by 0.15 percent for a plate without inplane stress. For other bound-
ary conditions and length-width ratios the differences are expected to be no
greater and in many cases will be less. Thus the tabulated results provide an
accurate and rapid means of calculating the frequencies and buckling loads of
plates for large ranges of length-width ratio, stiffness ratio, inplane loading,

and boundary conditions.
Other results of the investigation revealed:

1. The square of the frequency is a linear function of inplane stress for
simply supported plates but may be nonlinear for plates with other edge
conditions.

2. The fundamental mode does not exist for certain ranges of compressive
loading unless all loaded edges are simply supported.

3. The one-term Galerkin solutions and Ritz solutions often used for
vibrating plate problems can be considerably in error for certain values of
compressive loading and plate length-width ratio.

Langley Research Center,
National Aeronautics and Space Administration,
lLangley Station, Hampton, Va., February 9, 1965.
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APPENDIX A
APPROXTMATE SOLUTIONS OF THE FREQUENCY EQUATIONS

An approximate relation is developed herein which may be used to deter-
mine values of B for any given value of A greater than that presented in
the tables. This approximation becomes exact as A — «.

Consider the first of the frequency equations (16) rewritten here for
convenience as
%(2@2 + 2[32) + (o tan o + B tanh B) = 0O (A1)
X
Note that as « a% where m 1s odd, B —»~ and tanh B — 1, hence
A > o (see eq. 4t). For this case, an approximate relation between A and B
can be obtained as follows: Let

a=¢+ I (A2)

where € 1is some vanishingly small positive number and hence, tan o 1is a
negative number, that is

van(e + 28) ~ - (43)

Substitution of equations (A2) and (A3) into equation (Al) gives

l(a2+2[32)+€—+——[3=0 (Ak)

dx o Mot

my
2

It is convenient to write this equation in the following form

e+%£
a = +“‘2—’5 (85)

) B 7+ i(Qo@ + 2[32)

Substitution of equation (A2) into the first of equations (12) gives

m252

B:\/—-+€2+€IDJT+ (n6)
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APPENDIX A

From the second of equations (12)

B = 16 o262 (A7)
T

If equations (A5) and (A6) are substituted into equation (A7) and e is
allowed to approach zero, the result is

1 2
SN | (48)

-’23\}21{ + m2 + ’-(E(K + rﬁg)

Thus, for any given value of A and 4y, the corresponding value of B can
be calculated. It is emphasized again, however, that this relation should be
used only for positive values of B greater than those listed in the tables.

B = (2Kh2 + mu)

Use of equation (A2) in the second of equations (16) with m even gives
the same results as equation (A8). Hence, equation (A8) can be used for both
the symmetrical and the asymmetrical modes. Further, equation (A8) shows the
interesting relationship that when B_ attains large positive values, the value
of B for qu # 0 1is the value of B for simple supports (qy = O) plus some

additional parameter which takes into account the effect of the edge restraints.

22



APPENDIX B

DERIVATION OF COEFFICIENTS C1/Co AND C2/Cq

The deflection functions, Y(n), used to determine the coefficients
C1/Co and Cp[Co must satisfy the boundary conditions.

Clamped beam modes give good results for gy =« with A=~ O and B
positive (see fig. 10) and, thus, the beam modes for each finite gy will be
assumed to give satisfactory results for the calculation of Cl/CO and Cp[Cq.

These beam modes can be obtained from the equations already derived (eq. (18))

by letting Further, for no axial load, A = 0, which implies o =B
Thus,

& 1is a function of Ay -

% - 0.
(see eq. (12)).
say 8, where

Cl/CO can be written as a function of one parameter,
Use of the mode shapes as given by

equation (18) in equation (7) gives the coefficients

Cl/CO and CQ/CO

Sl 4 cosp(a 41 4 2teth Do 2
C1 o Ay S
= = us : — (Symmetrical)
O/s 1+ c0528<—— + 1 - tanh26>
dy
a > (B1)
Sl o+ sin®(t 41+ 2 1
ge,e. Cl o q.y d tanh & tanh26
¢ eratd = U8 (Asymmetrical)
©f 66 A 5 / l{. 1
1+ sin<d({= — + 1 - ————r
L Ay tanh<s
y,
C
<_§> - 165% (Symmetrical)
Co
S
(B2)
C
<—§ - 165H (Asymmetrical)
Co A

For Qy = 0 (simple supports), these equations reduce to

C1
_— = - 2 =
o nZx %o

which are exact for both the symmetrical and the asymmetrical modes.
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APPENDIX B

With equations (Bl) and (B2), the variation of cl/bo and cg/co with
The results are plotted in figures (6)

Ay for each mode can be calculated.
With these curves, and tables 1 to 4, the

and (7) using the data of table 5.
vibration and buckling characteristics of an orthotropic plate with any combi-

nation of clamped and/or rotational restraints can now be determined.
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TABLE 1.- SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS OF A AND B FOR CLAMPED SUPPORTS WITH

qX = o
(a) Symmetrical modes
s [ x s [ s s [ ]s [ x]s [ s s ] s[5 [ x]s
Curve I
(1)* -2 0 (3) -10.23  -68.57 (5) -26.45  -599.5 (7 -50.67 -2371
o 4o -2,005 -.012%  -5,560 -11,15 -10.46 -73.40 -17.63 -2h2,1 -26.91 -623.9 -37.85 .1280 ~51.35 -2hkk1
72.23 162.2 -2,019 -.0497  -6.008 -13.51 -10.71 -78.52 -18.27 -259.9 -27.38 -649.2 -38.65 -~1337 -52.04 -2512
19.24 49.02 ~2,0h2 -.1127  -6.543 -15.96  -10.97 -83.96 -18.88 -278.2 -27.86  -675.5 =39.47  ~1395 -52.75 -25B86
8.798 25.80 -2.076 -.2026 -6.925  -18.45  -11.24 ~89.75  -19.48  -296.7 -28.36  -703.0 -40.28  -1k53 -53.47  -2662
k.892 16.85 -2.120 -.3212  -7.241  -20.98 -11.53 -95.93 -20.05 ~315.4 -28,87  ~731.8 -b1.07  -1512 -54.21  ~27h0
2.940 12.27 -2,176 -h712 -7.514 -23.56 -11.84 -102.6 -20.59  -33L.1 -29.41  -761.9 -41.83 1571 -5k.97  -2822
1.785 9.506 -2,255 -.6560 ~7.757 -26.20 -12,17 -109.7 -21,10 -352.9 -29.97 -793.6 42,58 <1630 -55.75  -2906
1.017 7.646 -2,328 -.8805 ~7.979 -28.94 -12,51 | -117.% -21.60  ~371.7 ~30.5k4 ~-827.0 ~h3,31 1689 -56.56 | -2994
4638 6.288 -2.h27 -1.151 . -8.187T -31.78 -12,89 | -125.7 -22,07  -390.6 -31.15 -862.2 Mol <1748 | =57.39 | -3086
.0379 5.233 | =2.546 -1.476 | -8.387 34,75 -13.29 ~134.7 ~22,52 =kog.7 ~31.78 -899.4 =W, 71 <1807 58,25 | -3182
-.3066 L3701 -2,688 -1.869 || -8.583 - -37.82 ~13.72 -1k .5 -22,97 -k29.0 =324 -938.8 -45.38 1867 [ -59.1k | -3282
-.5967 3.640 | -2.859 =234k | 8,776 | -41.0% -14,18 -155.2 -23.41 ~4h8,6 -33.13 = -980.5 -b6.05 | ~1926 -60.06 | -3386
-.8493 2.998 -3,066 -2.926 || -8.970 AR -14,68 ~166.9 -23.84 -468.5 | -33.86 | -1025 46,71 | -1987 -61.01 | 349k
-1.075 2.1k9 -3.318 -3,649 ~9.167 “47.95 =15.21 | -179.8 -2k, o7 -488.9 -34,61 | -1lo71 ~47.37 1 ~2048 -61.97 | -3607
~1.282 1.886 -3,628 -4,556 || -9.366 -51.67 || -15.78 -193.7 -24.69 | -509.8 -35.38 | -1120 -48.02 |[~2110 -62.96 | -3724
=17k 1.385 || -k.008 5.709 || -9.57L | -55.57 || -16.38 | -208.8 -25.12 | -53L.2 -36.18 | -1172 -48,68 |-~217h -63.97 | -3845
-1.659 29087 || -k.469 -7.176 | -9.782 | -59.67 || -17 -225 -25.56 | -553.3 ~37 -1225 -kg9.34 | ~2238 -65 -3969
-1,831 LUBT | -5 ~9 -10 64 -26 =576 ~50 ~2304
Curve IIT
(3) -7.238 9.793 -g.522( -11.15 -18.78 ~96.60  -23.50  -273.9 -35.48 ~701.2 2,92 1259 -56.46  -2302
fo 4o -7.646 h.13h -9.992 | -13.40  -18.97  -103.7 -2h,02  -291.1 -36.01  ~731.8 -43,45  _1304 -57.52 -2393
605.2 11390 - 0 -10.67 -16.24 -19.17 -111.2 -2h.62 |, -310.1 -36.48 ~762.5 -kh,07  -1351 -58.51  -2484
150.8 3013 (1) -11.66 -20.0L -19.37  -118.9 -25.30 | -330.9 -36.94 ~793.5 ~bh,70  -1k00 -59.43 2572
64.82 1401 ~8,00% | -.0124 213 -25 -19.57 -126.9 -26.08 -354.3 -37.39 -82L,7 -45.38 1453 -60.30 -2659
33.99 813.7 -8.019 -.1978 (3) -19.78 -135.3 -26.96 -380.4 -37.83 -856.3 46,10 -1508 -61.12 -2745
19.33 530.9 -8.0h2 -44h60 -1kko | -30.85 ~20 “1bh -27.95 -409.4 -38.26 ~888.5 -46.88 | -1568 -61.89 -2829
11.11 370.4 -8.076 7952 -15.49 -36.75 -20.23% -153.1 . -29 b1 -38.69 ~921.2 47,73 | -1631 -62.62  -2913
5.970 269.0 -8.121 ~l.247 -16.24 k2,35 -20.46 -162.5 (5) - =39,12 ~954.7 -48.65 | -1700 -63.33%  -2997
2.493 199.9 -8.176 -1.805 -16.76 -47.84 -20.71 ~172.4 -30.07 -b7h Ll —39 56 -988.9 kg6 | -177h -64,02  -3081
L0001  150.0 -8.248 -2.k72 -17.15 -53.33  -20.98 -182.8 ~31.11 -508,5 =40 -1024 -50.71 | -1853 -6h.70  -3165
-1.869  112.6 -8.334 -3.253 , -17.46 ©  -58.92 || -21.26 | -193.7 -32.06  ~5k2.k -ko.45 | -1060 -51.83 | -1937 -65.36 | -3250
-3.319 83.47 -8.439 -4.157 || -17.73 64,67 -21.56 ~205.1 -32,91 i -575.5 -40.91 | ~1097 -53 -2025 -66.02 | -3335
~4 . h7L 60.54 -8.567 -5.193 || -17.96 -70.60 -21.88 -217.2 ~33.66 -607.8 -41,38 | -1136 o) -66.68 | -3h22
-5.396 k2.k2 -8.726 -6.378 | -18.18 ~76.Th -22.23 -229.9 -34.33 -639.4 -41.87 | -1175 -54,18 [ -2116 -67.37 | -3510
-6, 14k 28.31 -8.925 -7.735 || -18.38 -83.11 ~22,61 ~243.6 -34.93 -670.4 -42,38 | -1216 -55.34 | -2209 -68 ~3600
-6.ThT 17.64 -9.181 -9.305 || -18.58 -89.72 -23,03 -258.2
Curve V
(5) -8.024 186.0 -18.08 -1.783 -21.0% -32,60  -32.17  -139.7 34,72 =303.9 -40.71 | -589.1 -53.43 1130
4o 400 -10.70 343,7 -18.12 -2.790 | -22.55 -39.k3  -32,38 -150.9 -34.98 .321,1 -41.93 | -630.2 -53.96 -1172
1657 85340 ~12.81 233.3 -18.18 -h.027 | 25 -ig -32,58  -162.h4 ~35.26  -339.0 -43.38 | -677.0 -5hu6 1217
Lot.1 21950 ENE Y 148.4 -18.25 -5.497 (3) -32,78 17k =35.57  -357.6 k5 -729 -54.93 | -1263
172.6 9925 ,=15.76 85.45 | -18.3k ~T.204 | =27.56 -60.16 -32,97 : -186.8 -35.90 377.1 5) -55.39 | -1309
89.30 5614 1 -16.73 he,35 | -18.4k -9.158 | -29.18 -70.51 ~33,17 -36.25 -397.6 -46.65 -784.0 =55, 83 -1355
50.12 | 3568 ~17.45 15.69 -18.57 -11.37 | -30.11 -80.10 || -33.37 -36.65 -h19.1 -48,17 | -838.8 -56.26 | -1k02
28,41 kot -18 0 -18.73 -13.85 -30.70 ~89.48 -33.57 -37.10 -4k1.9 -b9.46 -891.5 -56.69 | -1450
15.10 1720 (1) -18.94 -16.64 -31.12 -98.94 -33.78 -37.60 -466.3 -50.54 -gk1.6 -57.12 | 1499
6.229 | 1248 -18.0L =113 -19.21 -19.77 -31.hh -108.6 =3k -38.19 -h92.5 ~51.43 -989.6 -57.56 | -1549
-.0002| 915.1 -18.02 =y |l -19.59 ~23.34 -31.72 | -118.6 -34.23 -38.88 -521.3 -52,18 | -1036 -58 -1600
-h.567 670.7 ~18,0k -1.002 || -20,14 -27.hkg -31.95 -129.0 -34.46 ~39.70 -553.2 -52.84 | -1082

*Numbers in parentheses are the mode numbers m having (m - 1) lines of zero deflection.
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(b) Asymmetrical modes

TABLE 1.- SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS OF A AND B FOR CLAMPED SUPPORTS WITH 4y = ® = Concluded

K B ” 'y ‘ B “ Y [ B N ‘ B A | B ” Iy B H K B u Y B
Curve II
(2) -k.115 -0.2278 || -5.524 -14,27 -12,1% -95.49 -18.80 -288.6 -28.87 -TLL.5 -39,30 -1400 -52.78 -2568
+o +eo -k.133 =057 I -5.68k -15.89 -12.59 -103.8 -19.20 ~303.3 -29.55 -Th6.5 -39.92 | -1448 ~53.70 | -2659
273.9 2332 4,156 -.6354 | -5.858 -17.67 -13,01 -112.1 -19.63 -318.9 -30.20 ~-781.7 -ko,s4 -1hot -54.60 -2750
6914 638.9 -4.185 —.9L76 || -6.0u8 -19.61 -13.40 -120.4 -20.07 -335.k -30.84 -816.9 -41,19 -1549 -55.48 ~28h1
30,34 306.9 -k.219 -1.253 -6.255 -21.75 ~13.77 -128.8 -20.53 ~353.0 -31.L45 -852.1 -41.86 -1603 -56. 3k -293%
16.15 183.9 -4.259 -1.643 -6.483 -2k, 11 -14,11 ~137.L -21.02 =3TL.T -32,0k -887.4 k2,55 ~1659 -57.18 -3024
9.336 123.8 -l .308 -2,089 -6.734 -26.73 =1k b -146.1 ~21.54 -391.7 -32.61 -922.9 =43, 27 -1719 -58.00 | -3116
5. sk 88.92 1| -h.355 -2.593 -7.012 -29.66 =177 -154.9 -22.09 -k13.1 -33.17 -958.6 -bh 02 -1781 -58.80 -3207
2,966 | 66.42 -hh12 -3.156 -7.320 -32.95 -15.09 -164.0 ~22,66 -436.,0 -33,7% -994 .8 b, 79 -1846 -59.60 -3299
1.252 | 50.67 b L5 -3,780 -7.663 ~36.66 ~15.40 =173k -23.27 -460.6 Il -34.27 -1031 -b5.60 | -191h -60.38 3392
-, 0104 38.93 =545 -k 469 -8.046 -L0.88 -15.71 ~183.0 -23.92 -486.9 -34.82 -1068 ~46.43 -1985 -61.15 ~3485
-.9779 29.88 ~h.621 5,225 -8.472 -45.65 -16.03 -192.9 24,59 -515.0 ~35.36 -1106 47,29 ~2060 -61.92 -3579
-1.763 22.45 4704 -6.051 -8.943 -51.08 -16.35 -203.2 -25.28 | -5LL.7 -35.90 -11k5 -48.17 -2139 -62.69 ~36Th
-2.412 16.26 4,795 -6.593 -9.455 -57.20 -16.67 -213.9 -26 Y ~36.45 -118% -49,08 -2220 -63.46 -3771
-2.968 10.92 -4.893 ~7.93+  -10 .6k -17 -225 (6) =37 -1225 ~50 -230 -6l.23 -3869
-3.457 6.193 -5 -9 () ~17.34 -236.6 -26.73 -608.6 -37.56 -1267 8) -65 ~3969
-3,887 2.036 -5.116 -10.16 -10.56 -71.38 -17.69 -2h8.7 ~27.45 -6h2.3 -38,13 -1310 -50.93 -2390
-4.0gk -.0253  -5.241 -11i.k2 o111 -79.20 -18.0k -261.3 -28.17 ~676.7 -38,71  -135k -51.86 | -2479
-4 ,102 -.1011  -5.377 -12.78 -11.64 -87.28 -18.42 ~274 .6
Curve IV
) -10.91 36.07 -12.62 ~14,90 -15.52 -78.52 -26.07 ~286.9 ~31.68 -595.8 -4k,18 -1258 -54.13 -2146
+o | +ea -1t.72 11.00 -12.70 -17.16 -15.97 -85.94 -26.42 -302,5 -32,15 -622.2 45,06 -131h -5k.72 ~-2209
1066 35340 (2} -12.80 ~19.60 -16.51 -9k .37 -26.76 ~318.4 -32.66 -650.1 -45.,86 -1370 55,32 -2274
263.3 9188 -12.10 -.0747 | -12.89 ~22.21 -17.17 ~10k,1 -27,08 -33L.6 -33,21 -679.9 -46.60 -1h2h -55.94 -23h1
112.2 4198 -1z 11 ~,2987 || -13 -25 -17.97 -115.5 -27.40 -351.2 -33.81 ~711.8 ~47.29 -1h78 -56.59 -2410
58.37 2399 -12.12 672k | -13.12 -27.99 -18.92 -128.8 | -27.71 -368.2 =3t -T46.1 -L7.94 ~-1531 -57.27 -2483
32.93 1540 -12.1h ~1.196 |-13.24 -31,17 -20 =1L . -28,03 -385.6 -35.20 -783.3 -48.,55 ~-158% -57.98 -2559
18.77 1058 -12,16 -1.870 |-13.38 -3h.57 IS} ' -28.35 -ho3.5 -36.00 -823.8 -hg,1k -1637 -58.73 -2638
9.998 | 756.2 -12.19 -2,696 |-13.53 -38.18 ~21,11 -160.5 -28.67 ~L22,0 -36.89 -868.1 9. 71 . -1691 -59.53 -2722
L, 151 554.2 -12.22 =3.6T% | -13.69 ~h2,0l -22,13 ~L177.4 -29 -4 -37.86 -916.3 -50.26 ~1Thh -60.37 -2810
~.0001 b10.0 I1-12,26 -L.805 |-13.87 -46,16 -23,00 -193.9 -29.34 -Léo.7 -38.90 -968.5 ~50,81 -1799 ~61.28 ~290k
-3.071 303.2 -12.31 -6.090 |-1k.07 -50.56 -23.73 -210,0 -29.69 -180.9 ~ko =1024 ~51.,36 ~185h -62.24 ~300k
~5.420 221.6 -12.36 ~7.532 | -14,29 ~55.28 ~2h.3h -225.6 -3%0.05 -502.1 (6) ~51.90 -1910 -63.27 -3110
~7.265 157.8 -1R.41 -9.1%2 | -1h.54 -60.36 -24.85 ~240.9 ~30.43 -524,0 -k1.11 -1082 52,45 -1967 ~6h.37 | -3223
-8.735 107.7 -12.48 -10.89 -14.82 -65.87 ~25.30 -256.2 -30.82 -546.9 -42,20 1141 -53 -2025 -65.53 -3343
-9.929 67.79  -12.55 -12,82 | -15.14 -71.88 -25.70 -271.5 -31.24 -570.7 -43.23 -1200 -53.56  -2085 -66.75 -316+69
. - -3600
Curve VI
(6) ~11.1% 936.6 -24.29 -5.363 || -25 kg ~27.20 =134 ,4 -39.51 -365.8 =L, 03 ~-642.5 -48.20 -1003
+oo +eo -14,82 658.4 ~2h.22 -7.303% || -25.11 54,72 -27.61 -145.7 ~k0.21 -390.3 =L, 35 -670.6 -48.73 ~104h
2377 175700 -17.68 khz.g 24,26 -9.546 || -25.24 -60.80 || -28.12 ~158.0 -40.77 ~i), 3 -y 67 ~699.4 -49,31 | -1087
581.9 L4860 -19.93 279.1 24,31 -12.09 -25,38 ~67.23 28,76 -171.8 -h1,25 -l38.3 -bs -729 -19.97 ~1133
245.8 20140 -21.70 15k.2 -2k, 36 -1k ~25.53 -7l ol -29.60 ~187.7 -h1.68 -462.3 45,34 ~-759.4 -50.70 -1183
126.8 11320 -23.07 62.78 2h -18.10 -25.69 -81.23 -30.72 ~206.5 -42,06 -L486.7 -45.69 -790.7 -51.55 -1236
70.92 7143 (2) -2L.48 -21.56 ~25.87 -88.84 -3h -256 “ho 41 ~511.4 -46.05 -823.0 -52.52  -1295
40,11 1827 -2k4,10 ~ 88T || -2k .55 -25,33 -26,08 -96.88 (&) 42,75 -536.5 46,43 -856.3 -53.65 -1361
21.22 3398 -2k, 11 ~.5950 || ~24.62 -29.42 -26.30 ~105.k -35.85 -285.1 -43.08 -562.1 ~46.83 -890.8 -5l.95 -1433
8.724 2hLg 24,12 -1.339 ||-2k.70 ~33.83 ~26.56 =114k ~37.42 -313.7 k3,40 -588.3 h7.25 -926.6 | ~56.42 -1513
-.0112| 178k -2k 2k -2,381 ||-24,80 -38.56 ~26.85 ~124,1 -38.61 -340.5 k3,71 -615,1 b7, 71 -963.9 . -58 -1600
-6.358 1300 -24,16 -3.722 || -24.89 -43.61
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TABLE 2.~ SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS OF A AND B FOR FINITE ROTATTONAL RESTRATNTS WITH gy = 40
(a) Symmetrical modes

i [s J5 [s [5 [s Js s x sz sl ] 7]z

Curve T
(1) -1.820 -0.0112 (3) -9.680  -63.95 (5) -25.58  -569.7 (n -k9.h0o  -2278
+0 ™ -1.834 -.0451 -5.532  -11.09  -9.918  -68.5% -17.62  -2k1.8 -26.00 ~593.3 -37.81 -1279 ~50.08  -23L6
27.78 63,14 -1.857 -.1024  -5,987 ~13.26  -10.17 -73.43  -18.20 -258.6 -26.,48 -618.0  -38.58 -1333 -50.79 ~2417
9.810 5.75 -1.890 -.1843  -6.357 ~15.45  ~10.43 -78.67 -18.75 -275.4 -26.98 ~64k, 0 -39.33 -1387 -51.52 -z2kgo
4,972 15.39 -1.93k -.2925 -6.660 -17.67 -L0.72 -8h.29 -19.26 -292.1 -27.50 -671.5 -40.03  -1kloO -52.28 -2567
2.841 10.72 -1.990 -.4298 -6.917 -19.92  -11.02 -90.34  -19.7h ~308.7 -28,04 ~700.6 -bo.72 -1k92 -53.07 -2648
1.663 8.096 | -2.058 -.5997 =T7.1k2 ~22,24  ~11.3hk -96.88 -20.19  -325.2 -28.62  -73L.k =41.37  -154k ~53.89 .2733
9103 6.397 | -2.1k2 -.8070 -7.348  -2k.63 -11.69  -104.0  -20.62  -341,8  -29.22  -76L.3  -k2,01  -1596 ~5k.75 -2823
L3799 5.187 | -2.242 -1.059 -T.540 -27.11  -12.07 -111.8 -21,04 ~-358.5 -29.86 ~799.3 -42,63 -1648 ~55.65 | -2917
-.0223 260 | -2.363 =136 7.7 -29.70  =l2.47 -120.3 -21.45 -375.4 ~30,5h -836.8 ~b3.2L -1701 -56.59 | -3017
-.3448 3.511 | =2.510 =1.735 =7.906 -32,41  -12,92 -129.6 -21.85 -392.6 -31.25 -876.9 388 -1753 -57.57 | -3122
-.6153 2.878 | -2.688 -2,192 -8.086 ~35.2h  -13.40  -140.0 -22,24 -k10,0 | ~32,01 -919.8 =y -1807 -58.59 |-3233
-.8503 2,323 | -2,907 2,760 | -8.267 | -38.21  -13.,92 ~151.4 -22,6L -k27.9 -32.80  -965.h4 45,05 -1861 -59.64 | ~33L8
~1,061 1.824 || =3,178 | -3.480 | -8.k51 -41.33 | -1k.hg -164.0 -23.03 6,2 -33.62 |~1014 ~1916 -60.71 | -3468
-1.253 1.365 || -3.518 ok || -8.638 bh 61| -15.09 -177.8 -23.13 -465,1 =36 L1068k -1972 -61.80 |-3591
-1.433 .9307(| -3.940 -5.602 || -8.831 -48.07 || -15.72 -192.7 -23.83 -48k.5 -35.32 |-1117 -2030 ~-62.88 |-3716
-1.604 51791 -k k6 -7.136 || -9.030 -51.71 || -16.36 -208.5 ~2h .2 ~504 .6 -36.17 |-1171 -2089 -63.95 |-38L3
-1.768 Ja72]| -5 -9 -9.238 | -55.56 | -17 -225 ~2h.66 | -525.4 -37 -1225 -2150 -65 -3969

Curve III
(3) (1) -11.48 -19.68 -17.80  -102.5 -23.59 . -294,7  -3.82  -T720.4 =ho,h | 21321 -58.19 2501
4o +o0 -7.280 -0.0kk9 -13 -25 -17.99 -109.6 ~2h 7 -318.1 -35.20 -Th7.9 -h3.53 | _1376 -58.8% -257h
1.7 2228 ~T.20k -.1799 (3) -18.12 -117.0 ~25.51 =345,1 -35.57 -T75.7 Y T B, 1.7 ~59.hb | -2645
41.45 896.1 ~7.316 ~.4057 ~2k.20 -30.43 218,38 -12L.7  -26,67 | -375.4 -35.95  -80k.1  -45.h0 | -1503 -60.03  -2717
20.10 503.6 ~T.348 -.7233 -14,98 -35.46  -18.80 -1k1.0 -27.86 | -408.0 -36.33 -833.2  -46,52 | 1577 -60.61  -2789
10.41 324,0 -7.391 -1.135 -15.48 -40.28  -~19.03 -149.8 -29 Ak -36.71  -862.9 W5 | -1659 -61.,18  -2861
5,004 203,0 - 7.4k5 ~1.642 -15.83 45,08 -19.27  -158.9 () -37.10 | -893.3  -49,07 | -1747 -61.75 | -2934%
1.600 159.0 -7.512 -2.24g9 -16.11 -49,95  -19.53 .-168.5 ~30.00 ~473.0 =37.49 -924.6 ~50.43 | -18ko -62.31 | -3008
-.7588 | 11k.5 =7.5%5 -2.961 =16.35 -54.96 -19.81 -178.6 -30.84 -503.3 -38.33 -990.3 ~51,76 | -1933 -62.88 .| -3084
-2.,h71 82.1k -7.697 -3.786 -16.55 -60.1%  -20.11 -18g.L -31.55 ~532,1 -38.77 |-1025 =53 -2025 -63.45 | -3160
-3,766 57.80 || -7.823 L.T3h |-16.7h ~65.51 | ~20.kk -200.8 -32.15 -559.9 ~39.23 | -1061 (7 -64.03 | -3238
=hL7TL 39.20 -7.981 -5.821 |-16.92 -71.09 | -20.81 -213.0 -32.69 -586.9 ~39.7L -| -1098 54,11 | -2113 -64,62 | -3318
~54557 .12 -8,183 -7.077 |-17.10 -76.90 || -21.22 -226,2 -33.17 -613.6 | -40.23 |-1138 -55.11 | -2197 -65.86 | -3485
-6,172 14.81 -8.452 -8.545 |l-17.27 -82,93 || -21.68 -240,6 || -33.61 -640,1 40,78 |-1179 -55.99 | -2277 -66.51 | -35T3
-6.656 7.531 || -8.825 -10.3L  [-17.45 -89.21 | -22,22 ~256.5 34,03 -666.7 41,28 |-1223 -56.79 | -2354 -67.18 | -3664
-7.049 2,490 || -9.372 | -12.53 ||-17.62 -95.74 || -22.85 =27k L ~3h.43 693 .4 =he.02 |-1270 -57.51 | ~2428 ~-67.90 | -3758

-10.21 -15.51

Curve V
(5) (1) -17.54 -18.03 -29.52 -110.2 -32,10 -279.3 -41.02 -615.1 -51.58  -1l4k -57.21  -1796
+m +oo0 ~16.42 -0.101k% -17.93 ~21.335  -29.70  -119.6  -32.3%  -295.0  -43.,12 | -672.5  -51L.9% -1185 =57.77  -1855
3h,11 253h ~16.44 ~-.4057 -18.54 -25.,27 -29.87 -129.h4 -32.61 -311.k ~45 -729 ~52.30 -1226 -58.k0  -1917
15.49 1589 ~16.46 ~:9136 -19.65 -30,43  -30.04 -139.5 -32.89 -328.5 (5) -52.65 ~1267 -59,11  -198k4
5.016 1055 -16.49 -1.626 -21.85 -38,19 -30.20 - -150.1 ~33.21 =346 4 ~L6 4y -780.0 -53.01 -1309 -59.92  ~2056
-1.610 T17.5 -16.53 -2,545 -25 -bg ~30.37 -161.0 ~33.56 -365.3 ~47,5L -826.0 -5%.37 -1353 -60.86 -~2136
-6.127 487.5 -16.58 -3.672 (3) -30.54 -172.3 -33.96 -385.4 -48.32 -868.5 || -53.7h -1397 -62,00 | -2226
-9.359 323.8 —16.64 -5.011 -26.98 -58.88  -30.71 -18k.1 -3h.42 -406.9 -48.97 | -909.1 54,11 ) -1hkl2 -63.37 | -2329
-11.75 203.9 -16.72 -6.567 (=27.95 . -67.L3 || -30.88 -196.3 -3h.97 -430.3 -49.51 -948.5 ~-5%.90 | -1535 -65.04 | -2448
-13.53% 7.1 -16.82 -8.346 ||-28.Lk6 -75.63 | ~31.06 -208.9 ~35.64 -456.4 -49.99 -987.4 -55.31 | =158k -67.01 | -2585
-14.83 5747 ||-16.9% -10.36 ||-28.82 -83.88 || -31.25 -222,0 -36.50 ~486.1 -50.k2 | -1026 -55.7h | -163k -69.15 | -2734
-15.72 21,31 |[-17-09 -12.62 ([-29.09 92,34 || -31.65 ~249,6 -37.63 -521.1 -50.85 | -1065 -56.20 | -1686 -71.21 | -288h4
-16.34 2,010 [{-17.28 -15.16 ||-29.32 ~101.1 -31.87 -26h.2 -39.12 ~563.7 -51.21 |-1105 ~56.68 | 1740 -73 -3025
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TABLE 2.- SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS OF A AND B FOR FINITE ROTATIONAL RESTRAINTS WITH dx = 40 - Concluded

(b) Asymmetrical modes

s [als [x [ s =] s ]z s] [ s ] x] s ] x][s
Curve II
(2) =3.TT3 -0.3702| -5.326 =173 | 11091 -93.26 || -18.11 -273.6 -28.64 -T703.3 -38.89 | -1391 -52.63 | -2557
+o +o0 -3.796 =.5798 | -5.505 -16.41 || -12.29 ~100.6 -18.53 -288.3 -29.22 ~734.5 -39.55 | -1kb1 -53.4h | 2639
69.28 603.3 -3.824 -.8375( 5.702 | -18.28 || -12.63 | -107.9 | -18.98 | -304.0 || -29.77 | -765.6 i -k0.25 | -1kg5 -54.22 | ~2720
24 .89 241.7 -3.858 -Ll.1kk | -5.919 -20.35 lj -12.96 -115.4 -19.4k6 -320,9 -30,31 -796.6 -40.99 | -1551 ~54.98 | -2801
12.32 137.7 -3.897 | -1.500 || ~6.160 -22.66 || -13.27 -122.9 -19.96 -339.1 -30.8% -827.8 |i -h1.76 | -1611 -55.71 | -2882
 6.689 90.45 Il =3.,9k2 ' _-1,908 | -6.428 -25.25 | -13.57 -130.6 | -20.51  =358.7 ~31.34 -859.1 i 42,57 | -1675 | -56.43 . -2962
3.566 63.92 | =3.992 -2.369 || -6.729 -28.19 11 -13.87 . -138.5 | -2L.09 -379.9 -31.,84 -890.8 | 43,41 | -17h2 1 =57,k | 23043
1.589 L6.9k | -, 0h8 -2.88k | -7.067 | -3L.55 | -1h.16 | -146.5 | -21.71 | -h02.9 \ -32.34% | -923.0 ! -4h.30 \ -1814 | -57.8% | -3125
.2185 35.06  -4.111 -3.457 ' -7.449 =35.39 |l =1k.h5 1 -15k.9 l -22.37 -427.8 -32,83 -955.8 | -b5,22 1 1889 | -58.54 | -3207
-.7998 26.15 -4,180 -k.,088 -7.878 -39.81 | -lb.7h © -163.5 || -23.06 ~b5k.5 1 -33.33 -989.2 i -h6.17 i -1968 -59.24  -3290
-1.589 19.20 -h.285 4,783 -8.358 -Lk .89 | -15.03 | -l72.b4 ~23.78 -483.0 | -33.83 | -1023 | =b7.13 | -2050 -59.93  -3375
-2.233 13.48 -4.338 -5,543 -8.883 =50.66 1| -15.33 | -181.7 || -2k.52 -513.0 ‘ ~34.3k | -1059 -48.10 2134 . =60.64 3461
~2.777 8.619 -b.ho8 -6.37%  -9.438 | -57.08 || -15.68 © -191.3  -25.27 | -54b.2 0 3485, -1095 -k9.06 , -2219 | -61.35 -3549
| ~3.246 4,398  -b.527 ,  -7.280 ~10 v ©.15.95 ' -20L.h !i -2% -576 -35.38 | -1132 j =50 230k -62.07  -3639
L =3.643 .9155, =4.750 -9.343 (%) 1-16.61 -223.0 | (6) ~36.47  -1211 ‘ (8) -62.81 3732
| =3.735 - 0230 -4.876 -10.52 -10. 51+ -7L.23 .-16.96 234 .6 -26.71 -608,1 37,0 ! -1953 !I -50.91 | -2389 -64.33 , _3927
-3.742 -.0923 " -5.013 11,79 -1L.0k -78.57 |l -17.32 -246.9 -27.39 -640.1 -37.63 | -1297 -51.79 | -2473 T -65.13 | -4030
-3.755 -.2078y =5.165 | -13.19 -11.50 8595 || -1T.TL | -259.9 | -28.03 | -671.6 -38.25 l -13k2 | | l
Curve IV
() -11.07 -0.2731|~12.04 -25.59 | -17.62 | -113.0 | -25.50 | -312.1 || =31.6L | -639.3 -bh.67 | -1325 -52.81 | -2136
+o0 +oo -11.08 ~.6147|[-12.16 -28.50 || -18.82 -128.0 -25.78 -327.1 -32,32 -672.9 45,21 | 1371 -53.44 | 2201
J16L.L 5580 -11,10 -1.093 |[-12.29 -31.61 |} -20 -1k 26,06 ~342.6 ~33,14 -710.2 k5,72 | ~1416 ~54.12 | -2269
58.09 22hk9 -11.12 =1.710 |-12.4k4 ~3h.94 () -26.34 -358.5 -34,07 ~752.1 -h6.22 | -1h62 -54.84 | o342
27.49 1256 -11.15 -2.465 ||-12.60 =38.48 |l -21,0L -159,7 -26.63 -374.9 -35.1k -799.2 =46.71 | ~1508 -55.63 | -2419.
13.45 797.5 |-11..18 -3.358 ||-12.78 ~h2,28 21,80 =17k -26.93 -391..8 ~36.32 -851.5 i -L7.18 | -155L I ~56.49 | -2503
5.569 538.7 -11l.22 -4.392 |[-12.98 k6,35 1 -22.42 -188.5 -27.56 ' -hers o L37.58 -907.8 “b7.65 + -1601 ~57.44 ' 2593
58131 3744 -11.26 -5.567 ||-13.20 -50.7+ -22.92 -202.0 -27.90 -4he .k -38.83 -966.2 -48,13  -1649 -58.49  -2692
-2.832 261.9 ~-11.31 -6.885 ||-13.46 -55.50 -23.,3L -215.3 -28.25 -466.0 ~Lo - -1024 -48.60 1698 -59.66  -2801
-5.298 180.9 -11.3%6 -8.348 |-13.76 ~60.72 1 -23,70 -228.6 -28.62 . -U4B6.6 (6) -49.08  -1747 -60.9%  -2919
~T.149 120.5 -11.42 ~9.957 '-1Lk,11 -66.50 -24,05 -241.9  -29.02 1 -508.1 -hk1,04 | -1080 -49.56  ~1798 -62.33  ~3047
-8.573 .86 -11.49 =117 -14,53 ¢ -73.03 | -2k.36 -255.4 i-29.l+5 | -530.9 ' -41.95 | -1132 -50,06 -1850 | -63.79 -3183
-9.689 40.05 -11.56 =13.62 =15.06 -80.54 | -24 .66 -269.1 { ~29.91 | -555.1 @ -k2.75 | -1183 -51.09 -1958 ~65.26  -3324
-10.58 13.59  ~11.6k ~15.69 -15.72 | -89.41 . -24,94 -283.1 | -30.k2 -581.0 | =43.45 | ~1231 -51.6k  -2015 -66.68  ~3L64
(2) -11.73 -17.91 -16.57 -100.1 §-25.22 C-29T.k -30.98 -608.9 : -4h.08 | -1279 -52.21 -2075 -68 -3600
-11.06 | -.0683 -11.82 -20.30 ' \ i
i AL L I
Curve VI
(6) -19.78 146.5 -22.29 -11.08 || -23.28 -61.51 | -26.81 -159.5 -38.61 -390.8 -k1.L40 -621.3 -45.53 -965 .k
+o0 +oo ~21.33 46,16 |[-22.3L -13%.69 | -23.42 -67.75 | -27.95 -176.6 -38.94 -411.8 -41.68 -647.5 -k6.17 | -1007
255.4 20070 (2) -22,39 -16.58 | -23.57 .29 | ~29.62 | -198.7 -39.24 -433.2 || ho.27 -702.2 46,92 | ~1054
86.95 | 8ogu. -22,10 -.136k |[-22.145 -19.76 || ~23.7% -81.23 || -3L.84 | -226.5 || -39.52 | -W5k.9 || -k2,59 | -730.7 || -47.82 | -1105
39.57 | Lus6 -22,11 ~5457(|l-22.51 -23.21 || -23.92 -88.58 | -34 ~-256 -39.79 -477.1 -42.92 ~760.2 || -48.95 | -116h4
16.33 | 2764 -22,12 -1.228 ||-22.58 -26.96 | -2h. bk | -96.37 | (L) -h0.06 | -499.7 || -43.27 | -790.7 || -50.37 | -123k4
3.208 ' 1806 -22,13 -2,184 ||-22,66 -30.99 | -24,38 ~104.7 -35.56 -282.6 -40.32 -522.9 ~43.64 \ 822,14 -52.12 | -1316
-5.00k 1200 _22,16 -3.413 |-22,7% | -35.31 |-2h.67 1155  -36.58 | -306.2 | 40,59 | 546.6 | -Lk.05  -B55.h | -5h.15 | -1hog
-10.73 790.0 -22,18 =4,917 ||-22.83 -39.93 . -25.02 -123,2 -37.29 -328.0 ' <40.85 ! -570.9 | -Lk.kg ~890.0 -56.21 -1507
<7k 500.6 -22,21 6,696 ||-23.04 ~50.09 -25,46 -133.7 ~37.82 -349.1 =h1,12 -595.8 ! -hh.98 ~926.5 -58 -1600
-17.66 293.1  -22.25 -8.751 |-23.15 | -55.6k | «26.03 | ~145.6  ~38.24 -369.9 ‘. )




¢

TABLE 3.- SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS CF A AND B FOR FINITE ROTATIONAL RESTRAINTS WITH g, = 10
(a) Symmetrical modes
Iy I B ” ry l B " A | B Iy B “ Iy l B I[ X l B K | B X 3
Curve I
(1) -1.533 -0.2306| -6.21k -16.33 -9.553 ~T2.21  -18.8k -283.1 -25.09 -576.9 -38.4k2 -1325 -47.62 162
+o0 +o -1.582 -.3393| -6.381 -18.17 -9.836 ~T7.46 -19.19 -296.9 -25.57 -601.1 -39.02 -1370 48,24 o223
10.57 24,81 -1.64h 7k | -6.533 -20.07 |-10.15 -83,23 -19.52 -310.2 -26.09 -627.1 -39.56 141k -48.90 -2287
3.975 11.34 -1,720 -.640h | ~6.678 22,0k | ~20.49 -89.62 -19.83 -323.6 -26.64 -655.4 -ho.08  -1457 -49.59  -2356
1.935 7.119 | -1.812 -.8435| -6.819 -24,10 | -20.87 -96.79 -20.1h -337.2 -27.25 -686.4 -40.57 -1hk99 -50.34  -2h29
.9k29 5.049 | -1.925 -1.093 | -6.960  -26.26 |-11.30 : -104.9  -20.45 -351,0  -27.92  -720.7 -h1.05 -1541 -51.1%  -2509
J3uko 3,789 | -2.064 -l.bo2 | -7.102 -28.51 | -11.79 -114.3 -20.76 -365.0 -28.67 -759.1 -h1.52  -1583 -52.02 -2596
-.0680 2,919 | -2.239 =1.793 | ~7.245 -30.88 || -12.35 -125.1 . -21.07  -379.4 -29.50  -802.5 -41,99 -1625 -52.97 -2691
-.3803 2,254 || ~2.463 2,298 | -7.394 -33.36 || -13.01 -137.9 || -21.38 -3gk.2 -30.k5 -851.8 “bok5  _1668 -sk.03  -2797
«.6320 1716 || =2.759 -2,972 || -7.546 | -35.97 || -13.77 -152.9 || -21.70 -409.3 -31.50 -907.8 -42.92 , -1711 C=55.21  -2916
-85k 1.258 || -3.158 -3.90% | -7.70% | -38.71 || -1k.62 | -170.2 || -22.03  -k25.0 | -32.67 | -970.k | -43.40 | -1756 -56.53  ~3050
-1.033 B5k3) -3.699 -5.221 || -7.869 41,60 || -15.49 -188.9 -22.36 TS -] -33,88 | -1037 -43,88 | -1801 -57.98 | -3198
~1.205 4829 -b.%66 -6.993 | -8.041 | 44,65 | -16.31 | -207.6 | -22.70  -b5B.0 || ~35.06 | -1105 -4l 37 | -1848 -59.54 | -3360
-1.364 L1366|| -5 -9 -8.221 -47.87 || -17 -225 -23.06 -475.5 -36.11 | -1168 -4 .87 | -1895 -61.11 | -3527
-l.hm1 ~.0088 (3) -8.611 | -54.91 -25.81 | -512.9 | -37 -1225 -45.38 | -1945 -62.59 | -3688
1443 -.0355| =5.464% | -10.94 -8.823 | -58.78 | -17.57 -2k1,0 || -24.22 | -533.0 (7 -45.91 | -1996 -63.89 | -3836
~1.h6h -.0806| -5.785 -12,76 -9.049 -62.93 || -18.05 -255.8 24 6 -554.3 =37.77 | -1277 “b7.02 | -2100k -65 -3919
-1.494 -.1451) ~6,022 | -1k.5h || =9.292 | -67.38 || -18.k7 | -269.8
Curve III
(3) -6.146 -1.353 -1b.b7 -37.54 | -16.82 . -130.0 | -29 [ 34,15 -787.7  -43.50 | -1465 -58.66 -2702
+o +eo -6.192 -1.850 -1k.64 -41.51 | -17.00 | -137.5 (5) -34.43 -812.7  -45.9% | -1601 -59.06 -2762
32,58 695.5 -6.24k9 -2.430 -1hk.78 -45.61 || -17.18 ~145.3 -29,83 -469.8 -34,72 -838.4 -48.96 | -1769 -59.46  -2822
9.795 283.3 -6.318 -3.096 |-14.91 -49.86 || -17.38 -153.5 -30.37  -hok.2 -35.33 -891.5 -51.47 | -1919 -59.87 -2883
2.579 152.3 -6.402 -3.857 |-15.04 -54,29 || =17.60 -162.0 ~30,78 -516.8 ~35.64 ~919.2 -53 -2025 -60.28 -2045
-.9337 88.41 -6.508 -k, 722 |[<15.16 -58.89 || -17.83 -171.0 -31.13 -538.6 -35.97 ~ghT.7 (n -60.7L  -3008
-3.009 50,78 -6.646 -5.710 ||-15.28 -63.68 || -18.09 -180.5 -31.,h4h -560.1 -36.32 -977.1 -53.97 | -2105 -61.13 | -3072
-4.353 26.72 || -6.834 ~6.857 ||-15.L40 -68.65 || -18.38 -190.7 -31.73 -581.6 -36,68 | ~1008 ~5h.67 | -2L7h | =62.02 | 3204
-5.2hk2 11.49 ~7.112 -8,238 ||-15.52 -73.82 || =18, 72 -201.8 -32.00 -603.2 -37.07 | -1039 -55.24 | -2237 -62.48 | -3272
-5.817 2.798 || ~7.579 -10.04 ||-15.6h4 -79.19 | -19.12 2142 ~32,27 -625.0 -37.48 | -1073 5574 | -2297 -62.96 | -3343
(1) -8.514 -12.83 ||-15.77 =84, TT || -19.63 -228.5 -32,54 -64T7.1 =37.9% | -1109 ~56.20 | -2355 -63.46 | -3k15
-6.032 -.0372|[-10.62 -18.16 ||-15.91 -90.55 || -20.30 -246.0 -32.80 -669.5 =38.45 | -11b7 -56.63 | -2413 -63.98 | -3490
-6.041 -.1490[-13 -25 ~16.04 -96.55 | -21.29 | -269.0 | -33.06 | -692.3 | -39.03 | -1189 -57.05 | -2470 -64.54 | -3569
-6.057 ~.3357 (3) -16.19 -102.8 -22,81 ~301.8 -33.33 ~715.4 ~39.74 | -1238 -5T7.46 | -2528 ~65.13 | -3651
~6.079 -.5980(-13.87 -29.67 ||-16.33 -109.2 -25,09 -3k9.2 ~33,60 ~739.0 40,62 | -1295 -57.86 | -2585 -65.78 | -3739
~6.109 ~.9368]1-14, 24 ~33.64h ||-16.65 -122.8 -27.51 -401.8 -33,87 ~763.1 ~41.81 | -1367 -58.26 | 264k -66.51 | -3835
-67.35 | -3942
Curve V
(5) L1433 1 -2.206 |-25 l -4g ~27.76 | -146.5 | -29.6 | -305.7 (5) -49,30  -1145 1 -52.90  -1667
E +o <1k.36 1 =3.179 (3) -27.87 | -156.5 -29,84 -320.9 || -46.06 -773.0 | -49.55 | -1181 -53.25  -1714
48,75 3145 -1k ho =k,332 |-26.19 -57.12 || ~27.99 -166.9 -30.05 -336.6 -L6.61 -808.6 -4g9.79 | -1218 -53.63 | -1762
9.359 | 1171 L b -5.665 | -26.53 -63.99 || ~28.11 =177.7 -30.30 -353.1 -46.99 ~841.9 ~50.0k | -1255 -54.05 | -1813
~3.182 | sha.7 -1h.49 -7.182 |-26.73 ~70.90 || -28.24 -188.8 -30.57 | -370.b4 -47.30 | -87h.5 -50.30 | ~1293 -5k.52 | -1866
-9,182 242.9 -14.55 -8.886 |-26.87 ~78.05 || -28.37 -200.2 -30,90 -388.9 -k7.58 -907.0 -50.56 | -1331 ~55.09 | -1925
-12,50 T9.41  ||l~14.62 -10.78 |[-26.99 -85.47 || -28.65 ~224,2 -31.33 -hog.h =47.84 -939.7 -51,10 | -1k10 -55.83 | -1993
-14,13 5,084 ||-1k.72 -12.88 |[-27.10 -93.21 | -28.80 -236.8 -31.95 -433,5 -48.09 ~972.7 -51.37 | -1451 -56.95 | -2079
(1) 14 .8k -15.21 ||-27.21 | -101.3 | -28.95 | -249.8 | -33.06 | -466.3 | -48.34 | -1006 ~51.66 | -1492 -59.03 | -2212
~1h.27 -.0881([~15.01 17,79 |[-27.32 -109.6 -29,11 -263.1 -35.67 -525.8 -48.,58 | -10k0 -51.95 | =153k ~63.64 | 2471
-14.28 -.3524[I-15.29 -20.75 |-27.k2 | -118.3 |[-29.27 | -276.8 | -kl.55 | -645.2 || ~48.82 | -1O74 -52.25 | -1576 ~70.16 | -2833
~1k4.29 ~+7932/-15.91 252 [|-27.53 | -127.% [ -29.45 | -201.0 || 45 ~729 -k9,06 | -1109 -52.57 | -1622 -7 -3025
-1h.31 ~1.411 ([-18.34 -31.92 l-27.6h -136.8
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TABLE 3.- SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS OF & AND B FOR FINITE ROTATTONAL RESTRAINTS WITH gy = 10 - Concluded

(b) Asymmetrical modes

| s [ s ] 5]

B

| =] s ] x] 5] Ts
Curve II
(2) -3,285 -1.580 -5.613 ~21.31 -12.69 -119.6 ~19.65 ~342,3 ~30,22 -813.7 ~39.45 | -1k71 -54.66 | -2796
+o0 +o0 -3.330 ~1.960 -5.928 ~2h, 0 -12,92 -126.1 -20.40 -367.8 -30.60 -839.5 -40.35 | -1538 -55.21 | -2861
22,12 204.8 -3.381 -2,386 -6.302 -27.29 -13,38 -139.7 -2L.26 -397.2 ~30.99 -865.9 -41.36 | -1613 -55.76 | -2927
T7.566 87.30 -3.k37 -2.858 -6.749 —31.24 -13.62 -146.9 22,22 -430.7 ~31.39 -892.8 ~h2kg | 1698 ~56.30 | -2993
2.980 50,01 ~3.500 =3.379 ~7.290 -36.09 -13.86 ~154.4 | -23.26 -467.6 ~31.79 -920.4 43,7 ] -1793 -56.85 ' -3059
k28 31.72 -3.568 -3.951 -7.934 Lo, ol -1k, -162.1 -24,28 -505.8 ~32,19 -gkB.7 -b5.11 ' -1897 =57.41 3127
- 6024 20.67 -3.6k2 4577 -8.659 | -49.06 14,37 -170.2 ~25.21 - -5k2.k ~32.61 -978.0 -46.50  -2007 ~57.97 . -3197
-1.519 13.10 -3.724 -5.260 -9.379 | -56.63  -1h.64 -178.7 ~26 ~5T76 ~33,04  -1008 -b7.82 , -211k I -58.54 -3268
-2.201 TA45L | -3.813 . 6. -10 | -Bh ©o-15.21 -196.9 (6) {=33.48 | -1039 v -49.00 | -2214 f -59.12 | -3341
~2.739 2,977 -h.olk -7. 70k (») » -15.52 0 _p06.8 i ~26.67 | -606.6 =342 | 21106 Y 50 1 -2304 -59.72 | ~3416
-3,098 -.01911 -k,129 -8.671 -10.49 -70.83 i -15.8%  _217.2 ~27.2% ~634.9 ~3h, 03 _1dh2 (8) ~60.33 | -3hol
-3.105 ~.0765  -h,25h -9.729  ~10.89 ~77.20 1 -16.19 « -228.h 1 -27.7k -661,7 ; ~35.uk |_1180 . =50.86 | -2385 -61.62 | -3658
~3.116 -A72F 0 -b,392 ) -10.89 ~11,22 -85.28 | -16.56  -240.5 \\ -28.20 -687.5 j =35.99 | -1220 Jt ~51.62 | ~2k61 1 =62.32 | =345
-3.132 -.3069  -k.5h3 ' .12,17  -11.50 -89.23 | -16.96  .293.5 | -28.63 | -7l2.9 | -36,58 ' .1262 -52.30 | -2531 -63.04 | 3837
-3.153 -.4807 4,710 -13.59 -11.76 -95.1k -17.39  -267.7 @ -29.04 -737.9 . ~37.2L ' -1308 . 52,93 | -2600 b -63.80 ' -3935
~3.179 -6k 4,896 -15.17 -12.01 -101.1 | -17.87 -283,3 . -29.4k -763.0 ~37.89 -1357 ! =53.53 | -2666 1 -64.60 -h038
-3.209 -.9L78  -5,104 -16.95 -12.2% « -107.1 ) -18.39 ~300.6 -29.83 -788.2 ° <38.,63 \ 110 1‘ -5k,10 | 2731 L -65.46  -hahkg
~3.2h% L "l -5.34 { -18.97  -l2d47 -113.3 h -18.98  -320.1 ‘ u | ” [{ ;
Curve IV
(%) =9.651 -2.896 || -10.74 -32.41 ) -24,09 -322,3 -30,06 -640.9 ~43.86 | 1343 -bg.33 | -1972
oo ta -9.682 -3.786 |l -10.87 -35,49 -20.80 -157.9 -24,30 -336.0 ~31.39 -692.k4 -k, 19 | -1380 -49.80 | -2024
L1kt 1635 -9.717 k796 || -11.01 -38.76 ~21.26 -169.7 -2k .52 -350,0 ~33,39 -T65.4 ~hh 52 | L1k17 ~-50.31 | -2079
10.43 638.3 -9,756 -5.927 || -11.17 -42,26 -21.59 -180.7 ~24,08 -379.3 ~36.08 -862.5 -4l .86 | -1455 -50.86 | -2137
5524 320.6 i =9.800 ~7.180 || ~11.35 -46,01 | -21.86 | -191.5 -25.23 -394, 7 -38.52 | -956.5 ~b5.19 | -149k | -51.48 | ~2199
~k 230 166.8 I -9.848 ‘ -8.556 ! -11.56 -50.09 | -22.09 -202.3 | ~25.48 -410,5 b ~ko ~1024 | ~45.53 ' 1533 -52.,19 ' -2269
~7.005 ! 78.50 -9.901 | -10.06 ' -11.81 | -54.59 ; -22.30 | -213.2 = -25.75  -426.9 {6) | ~45.87  -1573 I 53,00 !'-2349
8,745 1 2437 "t -9.958 | ~11.68 i «12,13 | 59,68 & -22.50 224,31 26,03 ~b43,9 - 40,89 | -1075 . -k6.21 | -1614 -5k,12 ‘-2uu5
) (2) 1=10.02 [ ~13.43 0 -12.56 7 -65.7) Y -22,70 ~235.6 1 -26.33 ~461,7 " 41,51 | -1118 - =U6.57 1 1655 ‘ -55.57 | -2567
-9.553 -.05896 -10.09 ! -15.32 ,! -13.19 | -73.37 | -22.89 —ah7.l | 26,66 ' -u8o.y i ~k2,00 | -1157 | -h6.935  -1697 ~57.61 -2732
-9.560 ~.2359 -10.16 | -17.33 ~1h.20 -84.16 - -23.09 -258.9  -2r.01 ~500.2 ~b2.h3 ) -1195 7,67 -178% -60.46  ~2057
-9.570 -.5309 -10.33 = -21.77  -15.9k ~101.0 -23.28  _271.0 © -27.41 -521.6 | 42,81 | -1232 -48.06 -1829 -63.79 -3222
~9.584 -.g4k1L 10,42 ~24.20  -18.35 -2kl -23W8 0 283,30 -27.87 ~545.0 1 ~U3.17 | -1269 o =487 -1875 | -66.10  ~3uhk
-9.602 -1.476 u.10.52 -26.78 | -20 | —2ky -23.68 | -296.0 -2B.k2  ~571.3 ,! 43,52 | -1306 l}[ -48.89 ' -1923 -68 | -3600 ‘
9.624 2,126 | 10,62 29,51 | L 23.88 -309.0 l 29,12 | 602.3 t i | I |
Curve VI
(6) ~19.77 ~1.098 | -20.07 -20.67 | -20.90 ~71.15 -2k,69 | -163.5 ~36,64 -385.6 ~38.46 -591L.7 |} -k1.17 | -881.1
+oo +oo -19.79 -1.952 || -20.12 -23.98 -21,01 ~T7.34 ~29,53 ~209.0 ~36.61 -hoh,2 ~38.87 -638.6 ~41.5k4 -913.5 |
5k.33 | 5329 -19.80 -3.050 || -20.18 -27.54 -21.13 -83.84 -3k -256 ~36.99 | -h423.3 -39.08 | -662.8 || -42,00 | -94B,5
6.550 | 188k -19.82 -k.393 || -20.34 -31,36 ~2L.27 -90.65 (&) ~37.16 -ih2.8 -39.30 -687.6 -Lo,58 ~988.0 |
-8.628 789.9 1-19.85 =5.980 || ~-20.30 -35.Lk2 -21.hk2e -97.82 ~35.07 -2718.5 ~37.3k ~462.7 || ~39.53 -713.0 k3,45 121036
~15.77 277.7 -19.87 -7.812 | -20.45 ik 32 P-21,60 =105,k ~35.53 -296.9 (| =37.52 | -483.0 -39.76 | -739.0 45,03 |(-1107
-19.43 21.99 '-19.91 -9.890 -20.52 -49.15 -21.81 -113.4 -35.83 -3k Y w3770 0 -503.8 . .ho.OL -765.6  -UB.6B |-12uk
2 -19.9% -12.21 -20.61 ~54.25 ., -22.08 -122,2 -36.,06 -331.8  -37.88 i -525.1 ” -40.27  -793.0 -54.98 ' -1469
-19.76 -.1219 -19.98 ' -1k.78 -20.70 -59.61 ' -22,u47 -132,0 ~36.27 =349.h 1 38,07 -546.8 1 40,54 -821.3 -58 -1600
-19.76 l ~-.4878 .20.02 ~17.60 J ~20.80 -65.24 ~23.1% ~14k.2 ~36.46 ~367.3 L58 26 ) -569.0 . -40.8% : -850.6 '
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TABLE k.~ SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS OF A AND B FOR FINITE ROTATIONAL RESTRAINTS WITH q, = 2
(a) Symmetrical modes
F [ 5 |5 [ s [ x5 [ s[5 [&x] 5] ] 5 ]x [s]x]s
Curve I
(1) -5.615 1454 =741k 46,23 | -15.64 ~196.0 -20.18 -367.3 2544 -629.7 ~39.78  -1h67|-45.97 -2070
+oo +w -5, 70k -15.96 ~7.57L 49,05 | -17 -225 -20.42 -379.3 ~26.06 -660.8 -40,12  -1500|-46.46 -2118
2,007 5,703 || =5.793  -17.bh  -7.737  -52.03 (5) -20.67  -391.6 | -26.82 | -699.0 k047 -1533|-46.98 -2169
3418 2.368 || -5.883 -18.97 -7.912 ~55.18 | ~17.4k <2384 |, -20,93 - -kOk.2 -27.83 -749.5 -£0.81  -1567|-47.54 -g224
~.2423 1.193 || -5.976 -20.59 -8.099 -58.54 || -17.72 ~249.3 -21.19 -k17.2 -29,30 -823.0 -51.16  -1601|-48.14 -~2282
-.5661 .5403|| <6.073 -22.26 -8.299 -62.16 || -17.96 -259.6 -21.73 kil 3 -31.7k -946.0 -hk1,52 _1635|-48.79 -2347
-.7878 .0933|| -6.172 =24, 0L -8.516 -66.07 || -18.18 ~269.7 -22.01 -458.5 -35.41 | -113h -41,88 -1670|-49.55 -2k21
-1.,903 -2,161 || -6.275 -25.8k -8.754 -70.37 || -18.40 -279.8 -22,31 k73,2 -37 -1225 -ho,25 -1706|-50.43 |-2507
-2.395 -3,160 || -6.383 27,7 -9.020 -75.16 || -18.61 ~290.1 -22,62 -1488.6 ) -h2.62  -1743|-51.51 |-2613
=3.553 ~5.542 || ~6.49h -29.72 -9.327 -80.70 || -18.83 ~300.5 -22.94 ~504.7 =3T7.61 | -1269 -43,00 -1780|-52.93 |-2753
-5 -9 ~6.610 -31.79 -9.688 -87.22 || -19.04 ~311.1 -23.,28 -521.7 -38.04 | 1305 -b3,39 | -1818|-54.99 |-2955
(3) =6.730 | =33.94% || -10.1k -95.31 || -19.26 ~321.9 | -23.64 -539.7 | -38.41 | -1338 -4k ,20 | -1897||-58.40 |-3291
~5.292 -10.55 -6.855 -36.19 || -10.73 -106.0 -19.49 ~332.9 -24.03 -559.0 -38.76 | -13T0 =ik 62 | -1938(-63.11 |-3761
=542k -11.87 -6.986 -38.,53 || -11.60 -121.8 -19.71 ~3hk .1 ~2h ks -580.0 -39.10 | -1403 -45.05 | -1980|-65 -3969
-5.524 -13.19 || -7.265 -b3.54 )l -13.08 | -148.6 || -19.95 -355.6 | -24.91 -603.1 -39.4b | -1435 -45,50 | -202k
Curve III
I
(3) -13.79 -45.88 | -15.47 -128.4 -29 | <41 | =31.97 -693.8 -35.64 1049 -5h.97  -2286 -59.92 -3081
4o +o ~13.87 -49.81 | -15.61 -135.0 (5) 1 -32,18 -T1k.9 -35.96 -1076 ~55.28 -2336 -60.28 -3138
0.7368 | 100.9 -13.96 -53.90 | -15.75 -141.8 || =29.49 -463.5 -32.40 -736.k -36.24  -1104 -55.59 ~2385 -60.6L -3196
-4.351 9.465 | -1k.05 =-58.1k | -15.89 -148.8 -29.73 -481.8 ~32.63 ~758.2 -36.56  -1133 ~55.90 -2436 -61.01 -3255
(1) =1k Ak -62.55 | -16.04 -156.0 -29.94 -kgg.9 -32.86 -780.3 -36.93 | -1165 -56.22 -2486|-61.38 -3315
-5.372 =6.979 ||-14.23 -67.13 | -16.19 -163.3 -30.14 -518.0 -33,32 -825.7 ~37.39 | -1201 ~56.5%  -2538|-61.76 -3375
-5.518 -8.095 ||-14.32 ~71.87 | -16.35 -170.9 ~30.33 ~536.3 -33.56 -8.8.8 -38.25 | -1257 ~56.86 -2589|-62.1k 3437
«6.061 -10.02 |i-1k. k2 ~76.76 | -16.52 -178.8 -30.53 -554.9 -33.81 -872.4 -b3.0h | 1507 -57.19  -2642|-62.53 -3499
-13 -25 -14.53 -81.8: | -26.70 -186.9 -30.73 ~573.8 -34.05 -896.3 -53 -2025 -57.52 | -2695(-62.93 -~3562
(3) -14.63 -87.07 || -16.89 | -195.h | -30.92 | <593.0 | -34.30  -920.6 (n -57.85 | -2748||-63.35 -3627
~13.38 -28.57 |[-1hs.7h -92.47 || -17.10 ~204 b -31.13 -612.6 -3k.56 -945.3 -53.63 | ~2088 -58.18 | -2802|-63.78 ~3694
-13.48 -31,76 ||-1k.86 -98.03 || -17.38 21k .6 -31.33 -632.4 -34.82 -970.% 54,01 | -2139 -58.52 | -2856/|-6L .2k |~3764
~13.56 -35.06 (-15.09 -109.7 -17.87 -228.7 -31.5k -652.5 -35.09 -996.0 -5k.3L | -2188 -58.87 | -2912||-64.75 |~-3838
13,64 -38.51 |[-15.21 -115.8 ~20.41 -278.8 =31.75 ~-673.0 -35.36 | -1022 ~5k.65 | -2237 -59.56 | -3024|~65.40 |-3928
-13.71 =212 |-15.3 | -122.0
Curve V
T T
(5) ~25.50 6l 26031 | -138.L -27.55 ~259.0 -29.08 ~402.5 -46.50 -909.9 | -48,55 | -12L0|-51.19 -1663
4w +em -25.57 -67.76 -26.41 | -147.8 || -27. ~271.8 || ~29.31 | -419.6 | -46.69 | -940.6 | -k8.78 ' -1276/-51.45 -1705
28,134 237.5 ~25.64 ~Th.39 1 -26.51 -157.6 ~27.82 -28k.9 -29.80 -bh1,6 | -46.89 -971.8 -49.23 | -1349 -51.71 -1747
(1) -25.72 -81.31 || -26.61 | -167.6 | -27.95 ~298.4 =45 -729 -47.08 | -100k -Lbo k6 | -1386(-51.99 [-1790
~13.29 -17.98  ||-25.79 -88,55 || -26.72 | -177.9 || -28.10| -312.2 (5) -47.29 | -1036 -49,70 | -1h2k|-52.27 |-1834
~13.37 -20.50 ||-25.87 -96.10 || -26.82 | -188.5 -28.25 -326.3 45,51 -762.7 47,49 | ~1068 -49.94 | -1463|-52.56 |-1879
-13.51 -23,31 ||-25.95 | -103.9 -27.05 -210.8 -28.40 |  -340.8 -45,7h ~791.7 | -47.70 | -1102 -50,18 | -1502|-52.88 |-1925
-25 -9 -26.04 -112,1 -27.17 | -222.3 -28.56 ~355.6 -45.93 -820.6 -b7.90 | -1135 -50.42 | -1541|-53.26 |-1975
(3) -26,1%3 | -120.6 || -27.29 | -234.2 || -28.72 | -370.8 | -46.12 | -849.9 | -k8.12 | -1170 -50.67 | -1581|-54.13 |-2049
-25.41 | -55.39 |[[-26.22 | -129.4 -27.h2 | -2L6.L -28.89 ~386.4 -46.31 -879.6 | -48.33 | -1205 -50.93 | -1622|-73 -3025




we

TABLE U.- SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS OF A AND B FOR FINITE ROTATIONAL RESTRAINTS WITH 9y = 2 - Concluded

(b) Asymmetrical modes

|

]

5 s | sl s [ s s 7[s
Curve IT
{2) -2,71k ~2,917|| -5.180 | -22.75 || -12.16 | ~-l22.k ~16.87 | -273.0 29,15 1 -T779.2 -35.85 | -1260 -53.66] ~2732
+oo o -2,769 ~3.364 || -5.752 | -27.38 || -12.34 | -127.9 -17.48 | -292.4 29,44 | -799.8 -36.49 | -1307 -5k4, 07| -2784%
2.307 37.45 -2.829 <3847 -6.T40 | -35.37 || -12.52 | -133.6 -18.28 | -318.1 -29.73 | -820.7 =37.24 | -1361 =54 .48 -2835
b a1.126 9.825 || -2.89k ~4.367(| -8.680 | -51.34 || 12,70 | -139.5 =19.45 | -355.6 -30.05 | -842,1 -38.17 | -1k27 ~54.89| -2887 ‘
~2,352 -.0145(| -3.039 ~5.530 || -10 - -12.89 | -145.5 -21.h1 | -418.9 ~30,34 | -863.9 -39.38 | -1515 ~55.31} -2941
-2.358 -.0581| -3.120 ~6.179 ! (&) 1 -13,08 | -151.7 -2k, 5k | -521.5 f -30.65 ' -886.1 ' -k1.14 |.16u2 -55.73' -2995
-2.367 -.1307:| -3.206 ~6.876" -10.36 -69.65 |-13.,50 ' .16h.8 =576 | ~30,96 | -908.8 =W 07 | -1854 -56.16, -3049
i -2.379 -.2325 ¢ 23,300 | ~T.628 |-10.56 -74.30 l-lB.’(l 1-171.8 (6) I -31.29 | ~932,1 \ -48.26 | -2162 ~56.60i -3105
~2,396 ! -.3637, -3.401 ~8.4k0, ~10.73 ~78.75 1 «13.94 | -179.0 -26,52 | -601.9 ki -31.96 + -980.6 | -50 2304 -57.04 -3162
-2.418 =52k 23,511 | 29,323 1-10.89 | -83.19 ' -14.18 : -186.6 | -26.88 | -622.8 | -32.32 ,-1006 X (8) -57.49|-3220
-2.439 . -,71k9 -3.631 -10.29 "‘-11.05 -87.69 " -1k.h3  _194.5 -27.18 | -6h2.k 32,68 |.1032 1 =50.70 | -2373 -58.43|-3339
2,467 - 9355H =3.763 | =11.35 l -11.20 -92.29 || -14.69 | -202.3 | -27.47 | -661.6 || -33,06 | -1059 -51.20 | -2429 ~58.92| ~3402
-2.498 | -1,187 |l -3,910 l -12.53 || =11.35 ~96.99  -1k.97 | -211.9 | -27.75 | -680.7 | -33.45 |-1088 -51.64 | .2481 -59.42 -3&66
-2.533 ' -1.468 " L,077  -13.88 | -11.51 |-101.8 -15.27 1 -221.6 -28.03 | -699.9 | -33.87 !-1118 ©-52.06 |-253%2 -59.94 |-
-2,572 -1.782  <h.271 | -15.43 ||-11.67 [-106.8  -15.60 ' -232,1 | -28.30 [ -T19.k 5 -34,31  -1149 -52.46 | -2582 -6o.l+8|-5602 '
-2.615 | -2,127 ! -k.502 | -17.30 ’ -11.85 |-J_11.8 h=15.96 | -243.8 | -28.58 | -739.0 | -34.78 |-1183 -52.86 |-2632 -61.05|-367h |
-2.662 | -2.505 ' -k,792 ' -19.63 | ~11.99 -117.0 -16.38 i-257.2 | -28.86 ! -758.9 | -35.29 !-1220 i -53.26 {2682 -61.65l 3751
L L L A I\
Curve IV
(L) -8.586 ~6.274 || ~9.518 | -35.37 | -20.7% | -172.7 -22.85 | -321.1 -26.02 | ~-538.9 -42.67 |-1318 -46.97(-1863 |
+eo + -8.624 ~7.468 || -9.612 | -38.19 | -20.88 | -181.9 -23.21 | -346.1 -26.39 | -559.6 -k2,94 |-1351 -47.29(-1903
-2,746 1 180.2 ~8.665 -8.768 (| -9.700 | -41.1k || -21.02 | -191.2 -23.39 | -359.0 -27.06 | -589.7 -h3,20 | -1385 W7.61] 194k
(2) -8.710 | -10,17 -9.815 | -ih.21 || -21,16 | -200.7 -23.57 | -372.2 ~30.71 | -T713.7 =347 {.1h1g -47.95|-1986
-8.390 -.0518| -8,758 | -11.68 ~9.927 | -47.44 || -21.30 | -210.5 23,76 | -385.6 -ko -1lo2h b3, | —14sh -48.29(-2028
-8.394 -.2071 ~8.809 | -13.30 || -10.05 -50.83 || -21.4 | Z220.5 -23.95 | -396,3 (6) =hk,02 |-1488 -48.,6k| -2072
-8.403 -.4661| -8.863 | -15.01 [ -10.19 ~Shhs 221,58 | -230.7 ~24.15 | -413.3 -10.56 | -1064 bl ,29 _1524 -49.01|-2116
-84k -.8286} -8,983 -18.78 1.10.38 | -58.46 | -2L.73 | -zi1.2 -24.35 | k27,5 | -40,87 | -1096 -4 .58 -1560 -49. ko ~2163
-8.429 -1.295 1 -9.0k8 ; -20.82 }\-10 69 | -63.57 -21.88 | -251.9 ~24.56 1 k2.1 ‘3 [ 5 I § TR P R - 4 -44.86 -1596 -49.84 —2213
8,47 -1.865 ' -9.117 | -22.97 ' -12.16 -77.65 ~ -22.04 | _262.8 -24,78 ' -b56.9 41,39 | ~1158 =454 21670 -50.40 2272
-8.468 -2.539 -9.189 - -25,22 -20 TS -22,19 -27h.0 -25.00 i =h72,2 ~41.65 | -1189 b5, 7k 1707 -51.4l ~2365
-8.495 | -3.316 -9.266 | -27.59 () -22,35  .285.4 -25,22 -487.8 =41,90 |-1221 ~b6.0%  -1ThS | -57.37 -2806
~8.521 | =4.198  -9,346 | -30,07 (=20.h2 p-15h.T i-22052 | L297.1 | ~25.46 | 5040 | -h2,16 |-1253 | ~b6.35 121784 U -68 -3600
-8.552 l ~5.184 51 «9.430 | -32.66 -20.60 |-163.7 ‘;l -22.68  ~309.0 | -25.72 | -520.8 'L k2,41 | -1285 i -46.65 -1823 | \ '
Curve VI )
(6) -18.48 ~5.565 || -18.86 -32.84 |[ ~19.65 -89.26 ) -35.56 | -405.h4 -37.14 | «606.3 || -38.85| -82z,L]
4o +oo -18.50 ~7.269 i -18.97 -41.04 || -19.75 ~95.78 || -34.46 | -275.3 -35.70 | -423.7 -37.32 | -628.7 -39.06| -848,6
-15.41 214.8 18.53 ~9,200 || -19.03 =547 || -19.85 | ~102.5 -3h .61 | -288.7 =35.85 | -hhe.b ~37.49 | -65L.4 ~-39.27| -875.2
(2) 18.56 -11.36 ||-19.10 -50.1k || -19.95 | -109.6 =34, 75 | -30k.2 =36.00 | -461.4 -37.68 | ~674.6 -39.49| —go2,4
-18.%0 -.1136|18.59 | -13.75 |[|-19.17 | -55.04 | -20.06 | -116.8 -3k, -320.1 || -36.15 | -480.9 || -37.86 | -698.2 | -39.73| -930.2
~18.40 -.5h3 018,63 ~16.36 |~19.2% -60.16 || -20,19 | -124.k -35.01 | -336.4 -36.31 | -500.8 -38.05 | -722.1 -39.98| ~959.0
-18.41 -1.022 118,67 | -19.20 1'-19.32 | -65.52 | -20.3h | -1z || J35.1k | -353.0 || -36.47 | -521.1 -38.25 | -746.6 || -40.28| -9B9.7
-igilf -ég;.g \-Jig."{l I 22,27 -19.28 -72.31 -22.65 -11%.8 | -35.28 | -370.1 -36.63 | -541.8 =384 | ~77LLL -40,96-1033
-18. -2, ~18.75 -25.57 | =19. -76.93 || -3 -25 -35.42 | -387.6 -36.80 | -562. -28.6% | -796.7 Il - ~160
-18.45 -4.089 |18.80  -29.09 \ -19.56  -82.98 || i > > ? Bt 1967 } 0 |




TABLE 5.~ SOLUTIONS OF FREQUENCY EQUATIONS (16) FOR o = 8 =8 WITH

VARIOUS VALUES OF RESTRAINT COEFFICIENT Ay (FIRST FOUR MODES)

5 for -~

n=1 n=2 n=3 n =L
1.7855 3.2733 4.8063% 6 .3560
1.9068 3.3666 4 .8808 6.4172
1.9833 3.4364 4.oh12 6.4692
2.037h 3.4907 %.9910 6.5139
2.0778 3.5341 5.0328 6.5526 .
2.1344 3.5993 5.0089 6.6163
2.1723 3.6460 5.1488 6.6663
2.1868 3.6646 5.1694 6.687h
2.2152 3.7020 5.2116 6.7319
2.2h64 3.7450 5.2621 6.7867
2.2815 3.7956 5.3240 6.8566
2.3207 3.8551 5.4006 6.9472
2.3651 3.9271 5.5001 7.0652

NASA-Langley, 1965
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“The aeronautical and space activities of the United States shall be
conducted so as to contribute . . . to the expansion of human knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widest practicable and appropriate dissemination
of information concerning its activities and the results thereof.”

—NATIONAL AERONAUTICS AND SPACE ACT OF 1958

NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS

TECHNICAL REPORTS: Scientific and technical information considered
important, complete, and a lasting contribution to existing knowledge.

TECHNICAL NOTES: Information less broad in scope but nevertheless
of importance as a contribution to existing knowledge.

TECHNICAL MEMORANDUMS: Information receiving limited distri-
bution because of preliminary data, security classification, or other reasons.

CONTRACTOR REPORTS: Technical information generated in coan-
nection with a NASA contract or grant and released under NASA auspices.

TECHNICAL TRANSLATIONS: Information published in a foreign
language considered to merit NASA distribution in English.

TECHNICAL REPRINTS: Information derived from NASA activities
and initially published in the form of journal articles.

SPECIAL PUBLICATIONS: Information derived from or of value to
NASA activities but not necessarily reporting the results -of individual
NASA-programmed scientific efforts. Publications include conference
proceedings, monographs, data compilations, handbooks, sourcebooks,
and special bibliographies.

Details on the availability of these publications may be obtained from:

SCIENTIFIC AND TECHNICAL INFORMATION DIVISION
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
Washington, D.C. 20546
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