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EFFECT OF EEGE LOADINGS ON THE 

VIBRATION OF RECTANGULAR PLATES W I T H  

VARIOUS BOUNDARY CONDITIONS 

By George E. Weeks and John L. Shideler 
Langley R e s  ear ch Center 

The natural  vibrat ion charac te r i s t ics  of f l a t  orthotropic rectangular 
p l a t e s  with inplane loads  and various boundary conditions are investigated 
theore t ica l ly .  A set of frequency equations i s  derived which i s  va l id  f o r  
p la tes  having edges simply supported, clamped, or e l a s t i c a l l y  res t ra ined against  
rotat ion.  The solutions t o  these frequency equations a r e  presented i n  terms of 
two general parameters which are functions of length-width r a t io ,  s t i f f n e s s  
ra t ios ,  frequency, and inplane s t r e s s .  These solutions a re  exact if one p a i r  
of opposite edges i s  simply supported, otherwise the  solutions a re  approximate. 
However, these approximate solut ions a re  shown t o  be i n  excellent agreement 
with converged modal solutions.  The r e s u l t s  of t h e  analysis  a re  tabulated so  
tha t ,  f o r  the  boundary conditions considered, t h e  buckling stress, and the  var- 
i a t i o n  of frequency and modal behavior with inplane s t r e s s  can be quickly and 
accurately determined f o r  la rge  ranges of length-width ra t io ,  s t i f f n e s s  ra t io ,  
and inplane s t r e s s .  

INTRODUCTION 

External surfaces of f l i g h t  vehicles have been shown t o  be susceptible t o  
various types of aeroe las t ic  i n s t a b i l i t i e s  - the  most noticeable of which i s  
f l u t t e r .  However, f l u t t e r  analyses are, t o  a la rge  extent, dependent on predic- 
t i ons  of vibrat ion and buckling charac te r i s t ics  of surface s t ruc tu ra l  compo- 
nents, par t icu lar ly  under inplane loading conditions. One of t he  most basic  of 
these s t ruc tu ra l  components i s  t h e  rectangular p la te .  

The problem of determining the  natural  vibrat ion charac te r i s t ics  of iso- 
t r o p i c  rectangular p l a t e s  i n  t h e  absence of normal and inplane loading with 
various bsundary conditions has been the  object of numerous theo re t i ca l  and 
experimental invest igat ions.  (See, f o r  example, r e f s .  1 t o  5 . )  I n  fewer 
instances, t he  e f f ec t  of inplane loading on simply supported or clamped p la tes  
has been studied. (See refs. 5 t o  10.) However, t he  more general  cases of 
i so t ropic  and orthotropic p l a t e s  with e l a s t i c a l l y  res t ra ined edges subjected 
t o  inplane loads have received much l e s s  a t ten t ion .  



The most comprehensive treatment of t h e  e f f ec t  of inplane loading on the  
v ibra t ion  of p l a t e s  with e l a s t i c a l l y  res t ra ined  edges i s  due t o  Schulman 
( r e f .  11) who treats t h e  case of an i so t ropic  rectangular p l a t e  subjected t o  
inplane loading with e l a s t i c  r e s t r a i n t s  along t h e  longi tudinal  edges and with 
simple supports on the  lateral edges. The constant inplane loads throughout 
t h e  p l a t e  were assumed t o  be due t o  r e s t r a i n t  against  thermal expansion. The 
exact frequency equation w a s  derived but w a s  solved exactly f o r  only one given 
length-width r a t i o  and e l a s t i c  r e s t r a i n t  coef f ic ien t .  However, two approximate 
solut ions t o  t h e  vibrat ion problem were presented which were based on: (1) the  
assumption t h a t  t h e  mode shapes remain unaltered with increasing temperature, 
thus  obtaining a l i n e a r  re la t ionship  between t h e  frequency parameter and 
inplane loading and (2) an energy approach using Lagrange's equations. 
f o r  both methods were presented i n  terms of a frequency-temperature re la t ion-  
sh ip  (ref. 11). 

Results 

I n  the  analysis  t h a t  follows, an or thotropic  p l a t e  with b i ax ia l  inplane 
loading and ro t a t iona l  springs of equal e l a s t i c  r e s t r a i n t  on opposite edges i s  
considered. The magnitude of e l a s t i c  ro t a t iona l  r e s t r a i n t  i s  defined by a 
r e s t r a i n t  coeff ic ient  having a value of zero f o r  simple supports and i n f i n i t y  
f o r  clamped supports. S ta r t ing  with the  governing p a r t i a l  d i f f e r e n t i a l  equa- 
t ion ,  t h e  frequency equations a re  derived. These equations a re  exact i f  one 
p a i r  of edges i s  simply supported but approximate i f  supported otherwise. The 
frequency equations a r e  then solved f o r  several  representative values of t he  
ro t a t iona l  r e s t r a in t  coeff ic ient ,  including the  spec ia l  cases corresponding t o  
simple and clamped supports. 

The r e su l t s  are presented i n  tabular  and graphical forms i n  terms of two 
general  parameters which are functions of frequency, length-width rat io ,  stiff- 
ness ra t ios ,  and inplane s t r e s s .  With these resu l t s ,  t he  frequency-stress 
re la t ionship and buckling charac te r i s t ics  of a p l a t e  can be quickly and accu- 
r a t e l y  determined f o r  la rge  ranges of length-width ra t io ,  s t i f fness  ra t io ,  
inplane loading, and ro t a t iona l  r e s t r a in t  at t h e  boundaries. 

SYMBOLS 

- -  
A, B parameters defined by equation (4 )  

a,b p l a t e  length i n  x-direction and y-direction, respectively 

B1, B2, B3, B4 constants of integrat ion appearing i n  equation (10) 

B;,B;,B;, B; constants of integrat ion appearing i n  equation (14) 

Co, C1, C2 coeff ic ients  defined by equation (7) 

bending s t i f f n e s s  of an i so t ropic  p l a t e  Eh3 



DxjDy p la t e  bending s t i f f n e s s  i n  x- and y-directions, respectively 

p l a t e  twist ing s t i f f n e s s  DxY 

D1,D12,D2 p l a t e  s t i f f n e s s  coeff ic ients  defined by equation (6 )  

E Young ' s modulus 

e base of Naperian logarithm 

h p l a t e  thickness 

i =  \c1 

kX 

NX 

NY 

bey 
qy = - 

D2 

t 

W 

Nxb 
nondimensional stress coefficient,  - 

fi% 

Nyb2 
nondimensional s t r e s s  coefficient,  - 

fi 2D1 

integers  defining mode number i n  x- and y-direction, respectively 

inplane loading i n  x-direction, posi t ive i n  compression 

inplane loading i n  y-direction, pos i t ive  i n  compression 

ro t a t iona l  r e s t r a i n t  coeff ic ient  on boundary, x = +E 
-2 

ro ta t iona l  r e s t r a i n t  coeff ic ient  on boundary, y = +b- 
2 

time 

v e r t i c a l  def lect ion of p l a t e  

assumed var iables  separable solut ion of d i f f e r e n t i a l  equation ( la )  

Cartesian coordinates (See f i g .  1. ) 

nondimensional parameters defined by equations (11) and (13) 

nondimensional coordinates i n  x- and y-direction, respectively, 
E=g,  X q = b  x 

nondimensional parameter used when a = p 
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CI 

Px, Py 

P 

(CI 

Subscripts: 

S 

A 

spring constant of ro ta t iona l  springs supporting p l a t e  on the  
boundaries x = kg and y = kb- respect ively 2 2, 

Poisson's r a t i o  f o r  i so t ropic  p l a t e  

Poisson's r a t i o  i n  x- and y-direction, respectively 

m a s s  densi ty  per  un i t  area 

na tura l  frequency 

/? nondimensional frequency parameter, 

symmetrical mode 

asymmetrical mode 

ANALYSIS 

Solution t o  P la t e  Equation 

The p la te  configuration and coordinate system used are  shown i n  f igure  1. 
The p l a t e  i s  subjected t o  inplane forces  N, and %, defined posi t ive i n  
compression. The boundary conditions a r e  such t h a t  uniform ro ta t iona l  restraint 
on opposite edges i s  provided by a restor ing moment per  un i t  length which i s  
proportional t o  t h e  edge angle of rotat ion.  Also, support conditions a re  such 
t h a t  t he  transverse def lect ion on a l l  edges i s  zero. 

With inplane loads, t h e  d i f f e r e n t i a l  equation of  s m a l l  def lect ion theory 
governing vibrations 0: a f la t  orthotropic p l a t e  i s  ( r e f .  12) 

2 a w  a w  
aY2 at2 

2 
+ p - = o  + Ny - 

4 



with boundary conditions - 
\ 

Dx a2w & = o  and w = o  - Vx% ax2 ax at x = - -  
2 

2 
at  x = + ZJ Dx a + g x a K = o  ana w = o  

1 - ycl-~y ax2 ax 

where ex and eY are  t h e  spring constants of t h e  ro t a t iona l  springs on t h e  

boundaries x = k2 2 
bending s t i f fnesses  i n  the  x- and y-directions, respectively; and i s  the  
p l a t e  t w i s t i n g  s t i f fnes s .  ~n exact closed-form solut ion t o  equation ( la )  i s  
known only f o r  t h e  special  case where two opposite edges are simply supported. 
However, an approximate solution can be obtained f o r  t he  general  case i n  the  
following manner. Assume 

and y = kk respectively; D, and Dy a r e  the  p la te  2’ 
Dxy 

where (o i s  the  na tura l  f re -  

quency; y ( ~ )  i s  some assumed 

mode shape t h a t  s a t i s f i e s  t h e  
boundary conditions on t h e  

boundaries y = kb* 2’ and x(z) 
i s  a mode shape t o  be deter-  
mined. Subst i tut ion of equa- 
t i o n  (2)  i n t o  equation ( la ) ,  
mult ipl icat ion by Y - , and 

integrat ion over t h e  width 
with respect t o  y y i e lds  an 
ordinary d i f f e r e n t i a l  equation 
i n  x(:). This procedure i s  
e s sen t i a l ly  t h e  first s t e p  of 

(3 
Figure 1.- Geometry and coordinate system. 
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a Galerkin procedure which, for this case, is equivalent to the method of 
Kantorovich. (See ref. 13. )  After nondimensionalization, this procedure 
yields 

where 

fl4Ex(5) = 0 

+ 9.1 2 

c 

r )  '3 

and 

X Y 5 = -  a 17 =; 

( 3 )  

( 4 )  

The primes and Roman numeral superscripts denote differentiation with respect 
to E and 7. Note that the parameters A and depend on the assumed 
shape Y(7) through the coefficients C1/Co and C2/Co. Thus equation ( 3 )  is 
an approximation unless Y(7) is the exact mode shape in the y-direction. 

The boundary conditions (eqs. (lb)) become - 
X"(5) - qxX'(E) = 0 and X(E) = 0 

X " ( 5 )  + b X ' ( 6 )  = 0 and X(6) = 0 at 6 = 112 

where 

6 



The exact solut ion t o  equation ( 3 )  f o r  unequal roots of the  charac te r i s t ic  
equation i s  X ( s )  = XA + Xs, where 

and 

Note t h a t  both a and p are functions or frequency s ince they a re  functions 
of E. Equations (11) can be solved f o r  A and B i n  terms. of a and p 
t o  ge t  

The parameters and can be e i t h e r  posi t ive o r  negative. For 5 posi- 
t ive ,  both a and p a re  always r ea l .  For negative, a and p would 

be complex when 
and negative ro ta t iona l  r e s t r a in t .  But f o r  t h i s  invest igat ion only posi t ive 
values of ro ta t iona l  - r e s t r a in t  are considered so t h a t  
and a r e a l  when 13 i s  negative. Thus, f o r  convenience, define 

1x1 > x2. This could occur for cer ta in  loading conditions 

p i s  pure imaginary 

.(-x - /=y2 (13) 
- p = i p = -  

2 

such t h a t  f o r  E negative, t h e  solut ion t o  equation (3) i s  

with 

Frequency Equations and Deflection Functions 

Application of t h e  boundary conditions (eqs. ( 9 ) )  t o  equations (10) and 
equations (14) results i n  two sets of four  l i n e a r  homogeneous equations i n  
B2, B3, B4, and Bi, BS, B j ,  BC; one set i s  f o r  B pos i t ive  and one set 

B1, - 

7 
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f o r  g, negative. 
t h e  determinants of t h e  coeff ic ients  vanish. Further, t he  expansion of each 
of these determinants can be reduced by factor ing i n t o  equations for-symmetri- 
c a l  and asymmetrical modes. The resu l t ing  frequency equations f o r  B posi t ive 

These equations have nont r iv ia l  solutions i f ,  and only if ,  

a re  - 

2(a2 + p2) + qx(a t an  a + p tanh p )  = o 

2(a2 + p2) - qx(a cot a - p coth p )  = 0 

and f o r  negative are - 

( Symme t ri c a l  
- 

2(a2 - a2) + q,(a t an  a - p tan  = o 

2(a2 - p') - qx(a cot a - p cot p) = 0 
- 

- 
The corresponding def lect ion functions f o r  posi t ive B a re  - 

cosh 2pS cos a xs = cos 2 4  - 
cosh p 

sinh 2pS s i n  a 
sinh p XA = s i n  2 4  - 

- 
and f o r  negative B a re  - 

-I 
cos a xs = cos 2a5 - - cos 2pE ( Symmetrical ) 
cos j5 

s i n  2Ft (Asymmetrical) s i n  a XA = s i n  2a5 - - 
s i n  J 

For the  special  case of simple supports, it can be shown t h a t  

equations (18) and (19) reduce t o  the  well-known equations 

a = IW - and 
2 

, t h a t  

x ~ ( E )  = cos mfis (m = 1, 3, 5 ,  . . . j) 
XA(E)  = s i n  mat ( m  = 2, 4, 6 ,  . . . )  

( 2 0 )  

Substi tution of equations (20) in to  equation ( 3 )  yields  the  following re la t ion  
between and fii 

- 
m4 + 2iii? - B = o (21) 

8 



RESULTS AND DISCUSSION 

- 
The frequency equations (16) and (17) were solved f o r  a and p o r  p 

i n  such a manner-as t o  gLve the  s ix  lowest frequencies f o r  a given value of 
The parameters A and B were calculated from e i t h e r  equation (12) o r  equa- 
t i o n  (15). = my 40, 10, 
and 2, respectively.  
t he  var ia t ion  of B with x f o r  qx = 0, 03, and 10, respectively.  

q,. 

The r e su l t s  a r e  tabulated i n  t ab le s  l t o  4 f o r  
Results a r e  a l so  presented i n  f igures  2, 3,  and 4 t o  show 

I 
I 
I 

JLI I  
I 
I 
I 
I 
I 
I 

I 
-24 - io  

I 

60  

10 / 
/ 

/ 

j0 II / 
/ 

/ 
/ I.? 40 / 

/ 
/ 

’ 0  

K I I 
4 8 I 2  16 2 0  2 k  

-2 0 

-40 S y m m e t r  i c 
m o d e s  

-60 
A s y m m e  tr i c 

m o d e s  
- - - _ _  

-8 0 

-100 

- I 2 0  

-140 

-160 

Figure 2.- Variation of with Ti f o r  a p l a t e  simply supported on 
boundaries x = +a 5. q, = 0. 
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I 
I 
I 
I 
I 
I 
I 
I 

111 II II 1111 I I  I I I I, I 

50 

40 

20 / 
/ 

/ 
/ 

/ 30 

/ 
/ 

O /  
/ 

4/ 
o /  

C u r v e  I 

/ 4 1 8 I .  12 I 16 I ~ 20 I 24 J a  

2 0  

Symmetr i c 
modes .40 ___ 

__--- Asymmetr  i c 60  
modes 

80  

I O 0  

I20  

I40 

I 6 0  

Figure 3. -  Variation of E with f o r  p la te  clamped on boundaries 
a x = f-. s, = m. 

The headings "curve I, 11," and so on, i n  the tables refer t o  t h e  s imilar ly  
labeled curves on figures 2 t o  4.  
and throughout t h i s  report  by a mode number m i n  the  x-direction, ( n  i n  the  
y-direction) indicat ing m - 1 (n  - 1) l i n e s  of zero def lect ion.  However, it 
should be noted tha t ,  with t h i s  def ini t ion,  no r e s t r i c t i o n  has been placed on 
t h e  number of l i n e s  of in f lec t ion  t h a t  may occur i n  any given mode. 
f o r  t h i s  important d i s t i nc t ion  w i l l  become apparent later.  

The mode shapes are defined i n  the tables 

The reason 
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P 
I 

= I  

I 
I 
I 
I 
I 
I 

j 
?O 

/ 
/ 

/ 

-20 

- symmetr  i c 
modes -4 0 

-6 0 Asymmetr i c 
modes - - 

-8 0 

-100 

-120 

- I40 

.I 60 

Figure 4.- Variation of w i t h  f o r  p l a t e  e l a s t i c a l l y  restrained on 
boundaries x = *-. qx = 10. a 

2 

- and 
B not tabulated.  For values of posi t ive - A g rea t e r  than those presented i n  
the  tables ,  t he  corresponding values of B can be determined from the  approxi- 
mate-equation ( A 8 )  derived-in appendix A. 
as A + m .  No values of A and B were tabulated f8r qx = 0 as these 
values are readi ly  obtained from equation (21). For values of 9~ not used i n  
- t he  solutions of t h e  frequency equations, t h e  corresponding values of A and 
B can be obtained by cross p lo t t ing  the  r e su l t s  i n  t h e  tab les .  

Linear interpolat ion within the  t ab le s  - may be used f o r  values of 

This equation becomes more accurate 

- 
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Modal Character is t ics  

For simple support boundary conditions, t h e  mode shapes (en. (20)) are 
exact solut ions regardless of t h e  inplane loading condition. Hence the  mode 
shapes f o r  simply supported plates-are independent of inplane stress. This 
independence r e s u l t s  i n  a l i n e a r  r e l a t ion  given by equation (21) and 
p lo t ted  i n  figure 2. 
supports the-mode shapes given by equatLons (18) and (19) are dependent on a 
and p or p which are functions of A and 5 (eqs. (12) and (15)). This 
dependence of m o d e  on stress results-in nonlinear re la t ions  as shown i n  
f igures  3 and 4. For t h e  range of A where t h e  var ia t ion  of with is  
near&y l inear ,  t h e  changes - -  i n  mode shape with stress are s l igh t ;  For t h e  range 
of A f o r  which t h e  B,A var ia t ions are highly nonlinear, t h e  changes i n  m o d e  
shape with stress are s igni f icant .  An example showing t h e  change i n  symmetri- 
c a l  mode shapes f o r  clamped supports i s  i l l u s t r a t e d  i n  f igure  5 by p lo t t ing  
mode shapes corresponding t o  var ious values of and 5. The E,g plot  i s  
divided in to  three  regions by the  B = 0 l i n e  and t h e  curves f o r  t he  f i rs t  
and t h i r d  simply supported modes. 
t e r i s t i c  mode shape as shown i n  f igure  5 .  For instance, consider curve I I I m ,  
where t h e  subscript  m indicates  t h e  mode n x b e r .  I n  region R along the  
1113 curve, two node l i n e s  ex i s t .  From the  B = 0 l i n e  t o  t h e  f i rs t  simply 
supported mode l ine ,  or region R1, no node l i n e s  ex i s t  along t h e  1111 curve. 
Between the  first and t h i r d  simply supported mode l ines ,  o r  region R3, two node 
l i n e s  again ex i s t  along t h e  1113 curve. Generalizing, f o r  negative B, it i s  
found t h a t  t h e  f i rs t  mode ( m  = 1) can exist only i n  region R 1 .  
while no points of zero def lect ion exist i n  region R1,  hence no node l ines ,  t h e  
mode shapes may have more than one point of i g l e c t i o n . )  
mode (m = 3 )  can ex i s t  only i n  t h e  region of B (region R 3 )  defined between the  
first and t h i r d  - simply supported modes; t h e  f i f t h  mode can exist  only i n  the  
region of B defined between the  t h i r d  and f i f t h  simply supported modes; and 
so on. 

A,B 
I n  contrast ,  f o r  boundary conditions other than simple 

- -  
A,B 

I n  these regions each curve has a charac- 

- 

(Note t h a t  

Similarly, t h e  t h i r d  

Similar behavior i s  a l s o  observed f o r  t h e  clamped asymmetrical modes as 
wel l  as f o r  t h e  symmetrical and asymmetrical modes with ro ta t iona l  r e s t r a in t .  
Further, it i s  noted t h a t  cer ta in  solutions t o  t h e  frequency equations are 
independent of t h e  magnitude of ro ta t iona l  r e s t r a i n t .  These points are indi- 
cated i n  f igures  2 t o  5 by t h e  c i r c l e s  and correspond t o  points of a change i n  
mode number f o r  qx > 0. 

With t h e  preceding observations it w a s  found t h a t  t h e  modal characteris-  
t i c s  of an orthotropic p l a t e  can be described as follows: f o r  E negative, 
i f  m i s  odd (even), all symmetrical (asymmetrical) modes, f o r  clamped or 
ro ta t iona l ly  res t ra ined supports, between the  mth and m - 2 simply supported 
modes can exist on ly  i n  t he  mth mode. (The cases of m - 2 = -1 f o r  m = 1 
and m ' -  2 = 0 f o r  m = 2 should be interpreted as t h e  B = 0 axis.) 

ct 

With t h i s  m o d a l  behavior, which i s  typ ica l  of what has been presented, it 
i s  in te res t ing  t o  note tha t ,  for qx > 0, the  first (fundamental) mode (as 
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CHARACTER I S T  I C  MODE St’4PES 
FOR C L A M P E D  EDGE C O N D I T I O N S  

Figure 5.- Variation of 5 with 
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M o d e  
s h a p e s  

for symmetrical modes for clamped and simple supports 
showing regions of existence of mode shapes. 
mode. 

Shaded. areas indicate absence of f i r s t  

- 
defined herein)  does not ex i s t  f o r  cer ta in  values of negative 
regions a re  indicated by the  shaded areas i n  f igure  5 f o r  clamped supports. 

A. These 

It should be fu r the r  noted tha t ,  from t h e  de f in i t i on  of_ and 
(eq. (4) ) ,  a necessary requirement t o  be i n  the  negative A,B region is  com- 
pressive inplane loading i n  the  x-direction. 
compressive, t he  increasing order of frequencies does not necessar i ly  corre- 
spond t o  an increasing order of mode numbers.) 

(When the inplane loading becomes 

I 



Application of Results 

I n  t h e  preceding sections, t h e  results have been discussed i n  terms of t h e  
general parameters A and B. The application of these results t o  obtain t h e  
natural  frequencies of a rectangular p l a t e  subjected t o  normal inplane loadings 
and having a rb i t r a ry  ro ta t iona l  r e s t r a in t  at t h e  edges i s  i l l u s t r a t e d  i n  the  
following sections.  The buckling load may a l so  be determined by se t t i ng  the  
frequency equal. t o  zero. Without r e s t r i c t i n g  t h e  general i ty  of t h e  results, 
t h e  following numerical examples w i l l  be given only f o r  an i so t ropic  plate,  
t h a t  is, D1 = D12 = De = D. 

For any given problem t h e  or ientat ion of the  coordinate system is  arbi-  
t r a r y  ( the  x- and y-coordinates of f i g .  1 may be interchanged) f o r  t he  calcu- 
l a t i o n  of C,/CO and C2/Co and f ina l ly ,  A and B. The preferred orienta- 
t i o n  i s  the  one t h a t  leads t o  the  lowest buckling load o r  vibrat ion frequency 
since t h i s  load or frequency corresponds more closely t o  t h e  exact answer. A s  
a guide, i f  at  least one value of A calculated from both - orientat ions i s  

both values of A a re  posit ive,  t h e  or ientat ion giving t h e  l a rges t  pos i t ive  A 
should be used. 
lowing examples. 

- 
negative, t he  or ien ta t ion  giving the  la rges t  negative A should be used. If - 

This procedure i s  followed i n  the  calculations of t h e  fo l -  

Effect of inplane stre= on natural  fxezency . -  For a beam, A and B 
reduce t o  a nondimensional axial load and frequency, respectively, so  t h e  tab- 
ulated solutions f o r  E posi t ive give. t he  frequency-stress re la t ions  d i rec t ly .  
However, t h e  coeff ic ients  C l I C o  and C*/Co i n  t he  parameters A and f o r  
a p l a t e  are functions of the  mode shape i n  t h e  y-direction. Clearly then, t he  

values of these coefficients,  and h 

boundaries must be specif ied before 

nce, the  support conditions on t h e  y = & 
2 

the  frequency-stress 

Figure 6.- Variation of C1/Co with ro ta t iona l  r e s t r a in t  coeffi- 
c ient  q, f o r  first f o u r  modes i n  y-direction. 

re la t ionship of a 
p l a t e  can be deter-  
mined. I n  appendix B, 
a method of calcu- 
lating these coeffi- 
c ients  using beam 
modes i s  given f o r  
values of ro ta t iona l  
r e s t r a i n t  o < q 5 m .  

The results f o r  %e 
first four  modes are 
p lo t t ed  i n  figures 6 
and 7. With C,/Co 
and C2/C0 known f o r  
any ro ta t iona l  elas- 
t i c  res t ra in t ,  and 
qy and a/b given, 

can be calculated 
f o r  any k,. Then, 
with t h e  appropriate 
boundary conditions 
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a t  x = f a  t h e  corre- 

sponding value of B 
can be obtained from t h e  
t ab le s  and hence, t he  

2' - 

2 
frequency (e) can be 

calculated f o r  any ky. 

The r e su l t s  o f ' t h i s  
procedure a re  shown i n  
f igure  8 f o r  (a)  a p l a t e  
simply supported on a l l  
four  edges and (b )  a 
p l a t e  clamped a t  the  

a edges x = f- and simply 
2 

supported a t  t h e  edges 
y = fb The r e su l t s  a re  

2' 

3 
I O  

Figure 7.- Variation of c ~ / C O  with ro ta t iona l  r e s t r a in t  coef- 
f i c i e n t  q, for first four modes i n  y-direction. 

exact since the  edges are  simply supported a t  y = fL. From f igures  6 and 7, 
2 

,-l ,-l - c;2 - = -1 and - = 1, hence, A and become (see eq. ( 4 ) )  
fi2Co cO& 

A = +(E)  2 (n2 - kX F )  'I 
where a/b, n, and ky were a r b i t r a r i l y  chosen t o  be f = 3 ,  n = 1, and 
ky = 0. 

Figure 8 shows t h a t  an increase i n  s t r e s s  r e su l t s  i n  a l i n e a r  decrease 
i n  the  square of t h e  frequency f o r  t h e  simply supported p l a t e  but a nonlinear 
decrease f o r  t he  p l a t e  clamped along t h e  loaded edges. Also shown i n  the  f ig -  
ure  i s  t h e  region of absence of t h e  f irst  mode (for t he  case where the  loaded 
edges were clamped) along with the  points  A,B where t h e  mode numbers change. 
For correlat ion of these A,B points, see f igures  2 and 3 .  

- -  
- _  

Pla te  buckling character is t ics . -  The buckling s t r e s s  for a p la t e  with 
given geometry and boundary conditions can be determined from t h e  frequency- 
s t r e s s  p lo t  f o r  t h e  p l a t e  as the  lowest s t r e s s  which makes a zero frequgncy. 
However, it i s  more su i tab le  t o  use the  solutiong i n  terms of A and B 
d i r ec t ly .  For buckling, with a given value - of A, t he  curve (see, f o r  instance, 
f i g s .  2 t o  4) with the  lowest value of B 
buckling load. For i l l u s t r a t ion ,  t h e  previous example of a p l a t e  simply sup- 

should be used t o  obtain the  lowest 

ported at y = f- b and clamped at x = fa- w i l l  be considered. With (z)2 = 0, 2 2 
equation (22) y ie lds  

I 



With ky specified, t h e  var ia t ion  of k, with a can be determined for spec- 

i f i e d  values of n f o r  t h e  values of and 5 ( t ab le  1) which s a t i s f y  the  

14 

12 

IO 

8 

6 

4 

2 

Figure 8.- Variation of frequency parameter with s t r e s s  coefficient fo r  a clamped and 
simply supported p l a t e  a t  

absence of first mode. 

x =*E  
2' 

E = 3; k Y -  - OS n = 1. Shaded area indicates 
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frequency equations (16) and (17). 
The appropriate value of n i s  
t h a t  which yields  t h e  lowest value 
of kx. The r e su l t s  obtained from 
equation ( 2 3 )  f o r  
which n = 1, are shown i n  f ig-  
ure 9; a l so  shown f o r  comparison 
are t h e  approximate solutions of 
reference 14. 

ky = 0, f o r  

Comparison With Other Results 

The preceding examples are  
exact because one pa i r  of opposite 
edges w a s  simply supported. An 
indicat ion of t he  accuracy of t h e  
approximate r e su l t s  can be obtained 
by considering a case where a l l  
edges are ro ta t iona l ly  res t ra ined.  
One of t h e  l a rges t  deviations from 
the  exact solution could be 
expected for a square p l a t e  clamped 
on a l l  four edges since the  edge 
e f f ec t s  (boundary conditions) are 
more predominant than they are f o r  
other  length-width r a t io s .  Accord- 
ingly, t he  vibrat ion and buckling 
charac te r i s t ics  of such a p l a t e  
have been determined by t h e  method 
presented herein for comparison with 
t h e  r e su l t s  which have been obtained 
i n  t h e  l i t e r a t u r e .  

. 

a .  

7. 

7 .  

6 

6 .  

k* 

6 ,  

5 .  

5 .  

4 

4 .  

4 

I 

I 
E x a c t  

i e f .  

0 3.4 3.8 
a 
b 
- 

Figure 9.- Nondimensional buckling s t r e s s  plot ted 
a against - f o r  p l a t e  clamped at x = + E  
b 2 

simply supported a t  y = +:. ky = 0; n = 1. 2 

Cgm2arison with converged series solutions.-  The  case of a square clamped 
p l a t e  loaded i n  uniform tension along a l l  four edges with 
considered i n  reference 8. 
t ion,  convergence w a s  established with s i x  modes i n  each d i rec t ion  t h a t  resul ted 

i n  a value of 

use t h e  method i n  t h e  present paper, r e f e r  t o  f igures  6 and 7 t o  determine 
Cl/Co and C2/Co. Then and E become (see eq. ( 4 ) )  

k, = ky = -10 i s  
With a se r i e s  representation of t h e  panel deflec- 

= 36.94 f o r  t h e  fundamental frequency ( m  = n = 1). To (:r 
A = 1.235 + 5 = 6.235 
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-- 
Linear interpolat ion from t ab le  l ( a )  gives t h e  lowest value of 

given 

i n  the  present paper i s  only 1 . 3  percent. 

B f o r  t h e  
- 2 

as B = 19.93. Hence (E) = 37.42. Thus the  e r ro r  of t he  method 

I n  reference 15 t h e  buckling of a square p l a t e  loaded i n  compression along 
two opposite edges i s  considered. On t h e  bas i s  of computations involving 
determinants up t o  t h e  twentieth order, t h e  solut ion obtained w a s  
k,( c r i t i c a l )  = 10.08 f o r  m = n = 1. 
again r e f e r  t o  figures 6 and 7 t o  determine C1/Co and C2/Co. Then and 
B become (see eq. ( 4 ) )  

To use t h e  method of t h e  present paper, 

- 

A - (  = - -1.237 -F 

J - 
B = -5.14 

- 
The lowest value Of - f o r  t h e  given B i s  found by interpolat ion from 
t a b l e  l ( a )  t o  be A = -3.82. Hence k x ( c r i t i c a l )  = 10.12. Thus, t h e  e r ro r  of 
t h e  method of t h e  present paper i s  0.4 percent of a r e su l t  obtained by a much 
more laborious method. 

Finally, i n  reference 2 frequency r e s u l t s  a r e  given f o r  several  modes of 
It w a s  assumed t h a t  convergence a square clamped p l a t e  with no inplane load.  

w a s  obtained with a 36-te1~1 ser ies .  
t ab l e  and a re  compared with r e su l t s  obtained by t h e  method of t h e  present paper: 

The r e s u l t s  are given i n  the  following 

Source 
(4%) 

m = l  m = l  

Reference 2 
Present paper 

I Percent var ia t ion  . . . I 0.15 I 0.58 I 
1 1 1 I 

f o r  - 

m = 2  
n = 2  

120.3 
120.6 

0.25 

m = 2  
n = 3  

280.0 
279.8 

0.072 
. .  

From these comparisons it i s  seen t h a t  t h e  method of t he  present paper i s  very 
accurate f o r  a square clamped p la te .  For other length-width r a t i o s  and bound- 
a ry  conditions the  accuracy would be expected t o  be as good or be t t e r .  Thus 
t h e  r e su l t s  tabulated i n  t ab le s  1 t o  4 provide an accurate and rapid means of 
calculating the  frequencies and buckling loads of p la tes  f o r  large ranges of 
length-width rat io ,  s t i f fnes s  ra t io ,  inplane loading, and boundary conditions. 

Comparison with approximate solutions.-  The methods of Galerkin ( r e f .  13) 
o r  R i t z  (ref.  2) are often used 3.0 obtain approximate solutions t o  t h e  d i f -  
f e r e n t i a l  equation ( la )  d i rec t ly .  
t i o n  of t h e  Galerkin o r  Ritz procedure using a s ingle  clamped beam mode i n  each 

For a p la t e  clamped on a l l  edges, applica- 

18 



di rec t ion  ( in t eg ra l s  a re  tabulated i n  r e f s .  16 and 17) r e su l t s  i n  the  following 
l i n e a r  A,B re la t ions  f o r  t h e  first four modes 

- -  

7 - 
m = 1: -B + 2.47x + 5.14 = 0 

- 
m = 2: -B + 9.33x + 39.05 = 0 

- 
m = 3: -B + 20.04K + 150 = o 

- 
m = 4: -B + 34.77A + 410.06 = OJ 

- 
where A and 5 are as defined previously. Results from equations (26) are  
p lo t ted  i n  figure 10 f o r  comparison with t h e  r e su l t s  of t h e  present method. 
can be seen t h a t  these  r e su l t s  are i n  good agreement with t h e  present solution - 
i n  t he  negative B region only f o r  a l imited range of A. This range of A 
could be extended, of course, i f  more modes were used i n  the  analysis.  
f o r  example, ref. 18.) Similar agreement can be found f o r  f i n i t e  values of qx. 

It 

(See, 

400 

I I 
IO 2 0  3 0  40 50 
I 

1 

_-- A p p r o x i m a t e  

.-I 00 P r e s e n t  t h e o r y  

- -200 

Figure 10.- Comparison of re la t ions  obtained from present theory and one-term 
Galerkin solutions f o r  clamped supports at x = +E. 

2 
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CONCLUDING REMARKS 

The na tura l  vibrat ion and buckling charac te r i s t ics  of f l a t  orthotropic 
rectangular p l a t e s  with uniform inplane loads and various ro ta t iona l  r e s t r a i n t s  
a t  t h e  boundaries have been examined theore t ica l ly .  The governing p a r t i a l  d i f -  
f e r e n t i a l  equation f o r  small deflect ions w a s  reduced t o  an ordinary d i f f e r e n t i a l  
equation by assuming an approximate m o d e  shape i n  one direct ion.  Beam modes 
were used and t h e  boundary conditions were satisfied. 
t i o n  w a s  solved exactly and t h e  boundary conditions were applied t o  obtain a 
set of frequency equations va l id  f o r  any degree of ro ta t iona l  restraLnt.  These 
frequency equations were solved i n  terms of two general  parameters 
which a re  functions of inplane s t ress ,  length-wi&th r a t i9  frequency, s t i f f n e s s  
r a t io s ,  and the  assumed mode shape. Values of A and B which sa t i s fy  t h e  
frequency equations are tabulated f o r  modes with up t o  f i v e  node l i n e s  i n  one 
d i rec t ion  and any number i n  t h e  other, from which the  buckling and vibrat ion 
charac te r i s t ics  of an orthotropic rectangular p l a t e  can be quickly determined 
f o r  any combination of inplane loading and boundary ro ta t iona l  r e s t r a in t .  
accuracy of t h i s  assumed-mode approximation i s  indicated by comparison with 
converged modal r e su l t s  f o r  a square clamped p la te .  The buckling load d i f fe red  
from the  converged results by 0.4 percent. For a p l a t e  with la rge  inplane ten- 
s ion t h e  first na tura l  frequency d i f fe red  from t h e  converged r e su l t s  by 1 . 3  per- 
cent and by 0.15 percent f o r  a p l a t e  without inplane s t r e s s .  For other bound- 
a ry  conditions and length-width r a t i o s  the  differences a re  expected t o  be no 
grea te r  and i n  many cases w i l l  be l e s s .  Thus t h e  tabulated r e su l t s  provide an 
accurate and rapid means of calculating the  frequencies and buckling loads  of 
p l a t e s  f o r  la rge  ranges of length-width rat io ,  s t i f f n e s s  ra t io ,  inplane loading, 
and boundary conditions. 

The d i f f e r e n t i a l  equa- 

A and 

The 

Other r e su l t s  of t h e  invest igat ion revealed: 

1. The square of t h e  frequency i s  a l i n e a r  function of inplane s t r e s s  f o r  
simply supported p la tes  but may be nonlinear f o r  p l a t e s  with other edge 
conditions. 

2. The fundamental mode does not ex i s t  f o r  cer ta in  ranges of compressive 
loading unless a l l  loaded edges a re  simply supported. 

3 .  The one-term Galerkin solutions and Ritz  solut ions of ten used f o r  
vibrat ing p l a t e  problems can be considerably i n  e r r o r  f o r  cer ta in  values of 
compressive loading and p l a t e  length-width r a t i o .  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Station, Hampton, Va., February 9, 1965. 
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APPENDIX A 

APPROXIMATE SOLUTIONS OF THE FREQUENCY EQUATIONS 

An approximate - r e l a t ion  i s  developed herein which may be used t o  deter-  
mine values of B f o r  any given value of grea te r  than t h a t  presented i n  
the  tab les .  This approximation becomes exact as A + m. 

Consider t h e  first of t he  frequency equations (16) rewrit ten here f o r  
convenience as 

m.Jc 
2 

Note t h a t  as a +- where m i s  odd, p + m  and tanh p + 1, hence 

can be obtained as follows: Let 
+ 00 (see eq. 4 ) .  For t h i s  case, an approximate r e l a t ion  between and 

where E i s  some vanishingly s m a l l  posi t ive number and hence, t an  a i s  a 
negative number, t h a t  i s  

Substi tution of equations ( A 2 )  and ( A 3 )  i n to  equation ( A l )  gives 

It i s  convenient t o  wri te  t h i s  equation i n  the  following form 

Substi tution of equation ( A 2 )  i n t o  the f irst  of equations (12) gives 
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APPENDIX A 

From t he  second of equations (12) 

If equations (A5)  and ( A 6 )  a r e  subst i tuted i n t o  equation ( A 7 )  and 
allowed t o  approach zero, t h e  r e s u l t  i s  

E i s  

- - 
Thus, f o r  any given value of A and q,, t h e  corresponding value of B can 
be calculated.  It i s  emphasized again, however, t h a t  t h i s  r e l a t ion  should be 
used on ly  f o r  posi t ive values of B grea te r  than those l is ted i n  the  tab les .  

even gives 
t h e  same re su l t s  as equation ( A 8 ) .  Hence, equation (A8)  can be used f o r  both 
t h e  symmetrical and t h e  asymmetrical-modes. Further, equation ( A 8 )  shows the  
in te res t ing  I re lat ionship t h a t  when B a t t a i n s  la rge  pos i t ive  values, t h e  value 
of B f o r  q, # 0 i s  t h e  value of f o r  simple supports (qx = 0) plus some 
addi t ional  parameter which takes  in to  account t h e  e f f ec t  of t h e  edge r e s t r a in t s .  

- 

Use of equation ( A 2 )  i n  t h e  second of equations (16) with m 

22 



DERIVATION OF COEFFICIENTS C1/Co  AND C2/Co 

The def lect ion functions, Y ( v ) ,  used t o  determine t h e  coeff ic ients  
C l / C o  and C,/Co must s a t i s f y  the  boundary conditions. 

Clamped beam m o d e s  give good r e su l t s  f o r  qx = m with = 0 and fi 
pos i t ive  ( see  f i g .  10) and, thus, t h e  beam modes f o r  each f i n i t e  
assumed t o  give sa t i s fac tory  r e s u l t s  f o r  t he  calculat ion of C 1 / C o  and C$O. 

These beam modes can be obtained from the  equations already derived (eq. (18)) 
by l e t t i n g  i;.-+O. Further, f o r  no axial load, A = 0, which implies a = p 
( see  eq. (12) ) .  Thus, Cl/Co can be wr i t ten  as a function of one parameter, 
say 6, where 6 i s  a function of qy. Use of t h e  mode shapes as given by 
equation (18) i n  equation (7)  gives the  coeff ic ients  C 1 / C o  and C2/Co 

qy w i l l  be 

- a 

7 7 

(z)s = 166 4 

(z)A = 166 4 

Y 

(Symmetrical) 

For qy = 0 (simple supports), these equations reduce t o  

(Asymmetrical) 

d 

( Symnetri c a l )  7 
(Asymmetrical) J 

which a re  exact f o r  both t h e  symmetrical and the  asymmetrical modes. 



With equations (Bl) and (B2), t he  var ia t ion  of C l / C o  and C$.!O with 
The r e s u l t s  a r e  p lo t t ed  i n  f igures  (6) qy 

and (7) using the  data of t a b l e  5 .  
vibra t ion  and buckling charac te r i s t ics  of an or thotropic  p l a t e  with any combi- 
nation of clamped and/or ro t a t iona l  r e s t r a i n t s  can now be determined. 

for each mode can be calculated.  
With these curves, and t ab le s  1 t o  4, t he  
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TABLE 1.- SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS OF AND % FOR CLRMPED ,3JPPORTS WITH qx m 

-1.476 

-2.344 
-2.926 

-4.556 

-1.869 

-3.649 

-8.587 

-8.776 
-8.970 

-9.366 

-8.583 

-9.167 

-19.7 -22.52 -409.7 -31.78 -899.4 ’ 4 . 7 1  -1807 
-144.5 -22.97 -429.0 -32.44 -99.8 -45 .9  -1867 

-166.9 -23.84 -468.5 -33.86 -103 -46.71 -1987 
-179.8 -24.27 -488.9 -34.61 -1071 -47.37 -m48 

-48.02 - w o  

-225 -25.56 -553.3 -37 -= -49.34 -2238 
-50 -2304 

-155.2 -23.41 -448.6 -33.13 , -980.5 -46.05 -1926 

-193.7 -24.69 -509.8 -35.9 -ll2O 
-208.8 -25.12 -531.2 -36.18 -ll72 -48.68 -2174 

-26 -576 - 

-58.25 
, -59.14 

-61.01 -61.97 
-62.96 

-65 

-60.06 

-63 * 97 

9.793 -9.522 
4 . 1 3  -9.992 
0 -10.67 

4 . 6 6  
-.0124 -13 

-U.l5 -18.78 
-13.40 -18.97 
-16.24 -19.17 
-20.01 -19.37 
-25 -19.57 

-50.71 
-542.4 -40.45 -1060 -51.83 -65.36 

-66.02 
-1937 

-575.5 -40.91 -log7 
-66.68 

-40.71 
-41.93 
-43.9 

-589.1 
-630.2 
-677.0 

407.1 21950 
172-6 9925 

50.12 3568 
28.44 2427 

89.30 5614 

15.10 1720 
6.229 1248 

-4.567 670.7 
-.COO2 915.1 

-14.47 
, -15.76 

-17.45 
-18 

-18.01 

-18.04 

-16.73 

( 

-18.02 

-27.56 
-29.18 

-30.70 

-31.44 

-3o.u 

-31.12 

-31.72 
-31.95 

-60.16 
-70.51 

-89.48 
-80.10 

-98.94 

-118.6 
-129.0 

-108.6 

-33.17 
-33.37 
-33.57 
-33.78 
-34 
-34.23 
-34.46 

-199.7 
-2I.3.0 
-226.8 
-241.2 
-256 
-g1 .4  
-287.3 

-838.8 
-891.5 

(a) m e t r i c a l  modes 

Curve I 

+m 
(I)* 

+m 

72.23 162.2 

0 (3) -10.23 
-.0124 -5.560 -11.15 -10.46 

-.1127 -6.543 -15.96 -10.97 

-23.56 -11.84 
-26.20 -12.17 
-28.94 -12.51 
-31.78 -12.89 

- . a97  -6.008 -13.51 -10.71 

-18.45 -11.24 
-20.98 -11.53 

-34.75 -13.29 
-37.82 -13.72 
-41.04 -1h.18 
-44.42 -14.68 
-47.95 -15.21 
-51.67 -15.78 
-55.57 -16 .9  
-59.67 1-17 
-64 

-2371 I 
-2441 
-2512 
-2586 
-2662 
-2740 
-2822 
-2906 
-2994 
-3086 
-3182 
-3282 
-3386 
-3494 
-3607 
-3724 
-3845 
-3969 

-2 
-2.005 
-2.019 
-2.042 
-2.076 
-2.120 
-2.176 
-2.245 

-2.427 
-2.546 
-2.688 

-3.066 

-3.628 

-2.328 

-2.859 

-3.318 

-4.008 
-4.469 
-5 

19.24 49.02 
8.798 25.80 
4.892 16.85 
2.940 12.27 
1-785 9.506 
1.017 7.646 

.469  6.288 

-1.474 
-1.659 
-1.831 .4487 

-5.709 -9.571 
-7.176 -9.782 
-9 

-7.258 
-7.646 

(3) 
+m I +m 

605.2 u390 -8 

-96.60 
-103.7 
-1l1.2 
-118.9 
-126.9 
-135.3 
-144 
-153.1 
-162.5 
-172.4 
-182.8 
-193.7 
-205.1 
-217.2 
-229.9 
-243.6 
-258.2 

-23.50 -273.9 
-24.02 -291.1 
-24.62 -310.1 
-25.30 -330.9 
-26.08 -354.3 
-26.96 -380.4 
-27.95 -409.4 
-29 1 -441 

-474.4 
-508.5 

(5) 

-35.48 -701.2 
-36.01 -ni.8 
-36.48 -762.5 
-36 * 94 -793 * 5 
-37.39 -824.7 
-37.83 -856.3 
-38.26 -888.5 
-38.69 -921.2 
-39.12 -954.7 
39-36 -988.9 1 140 I -1024 

-42.92 
-43.45 
-44.07 
-44.70 
-45 .9  
-46.10 
-46.88 
-47.73 
-48.65 
-49.64 

-1259 -56.46 
-1304 -57.52 

-1400 -59.43 
-1453 -60.30 
-1508 -61.12 
-1568 -61.89 
-1631 -62.62 
-1700 -63.33 
-1774 -64.02 
-1853 -64.70 

-1351 -58.51 

-2302 
-2393 - 2484 
-2572 
-2659 
-2745 
-2829 
-2913 
-2997 
-3081 
-3165 
-3250 
-3335 
-3422 
-3510 
-3600 

- 

150.8 
64.82 
33.99 
19.33 
11.11 
5.970 
2.493 

.coo1 
-1.869 
-3.319 
-4 .4p  
-5.396 
-6.144 
-6.747 

3013 
1401 
813.7 
530.9 
370.4 

199 9 
269.0 

150.0 
112.6 
83.47 
60.54 

28.31 
17.64 

42.42 

( 
-8.004 
-8.019 
-8.042 
-8.076 
-8.121 
-8.176 
-8.248 
-8.334 
-8.439 
-8.567 
-8.726 
-8.925 
-9.181 

-30.07 
-31.11 

-32.91 
-32.06 

-33.66 
-34.33 
-34.93 

Curve V 
,-- -- 

-1.783 
-2.790 
-4.027 
-5.497 
-7.204 
-9.158 

-11.37 
-13.85 
-16.64 
-19 * 77 
-23.34 
-27.49 

-34.72 
-9.98 
-35.26 
-35.57 
-35.90 
-36.25 
-36.65 

-37.60 

-38.88 

-37.10 

-38.19 

-39 - 70 

-303 * 9 

-339 * 0 
-357.6 
-377.1 
-397.6 
-419.1 
-441.9 
-466.3 
-492.5 
- 5 a . 3  
-553.2 

-3a.1. 
-53.43 
-53.96 
-54.46 
-54.93 
-55.39 
-55 .e3 
-56.26 
-56.69 
-57.12 
-57.56 
-58 

-u30 
-ll72 
-1217 
-1263 
-1309 
-1355 
-1402 
-1450 
-1499 
-1549 
-1600 

486.0 -18.08 

233.3 -18.18 
148.4 -18.3 

343.7 -18.12 

-18.73 
-18.94 

-48. ii 
-49.46 
-50.54 
-51.43 
-52.18 
-52.84 1 L 

%umbers in parentheses are the mode numbers m having (m - 1) lines of zero deflection. 



24.59 1 125.28 

-486.9 

-544.7 
-515.0 

-0.2278 -5.524 
-.bo57 -5.684 
-.6354 -5.858 
-.9176 -6.048 

-1.253 -6.255 
-1.643 -6.483 

-14.27 
-15.89 
-17.67 
-19.61 
-21.75 
-24.11 

-46.43 
-47.29 
-48.17 

-1985 -61.15 
-2060 -61.92 
-2139 -62.69 

-27.45 
-28.17 

-642.3 
-676.7 

-14.90 
-17.16 
-19.60 
-22.21 
-25 
-27.99 

-15.52 
-15.97 
-16.51 
-17.17 
-17.97 
-18.92 

-78.52 
-85.94 

-104.1 
-94.37 

-115.5 
-128.8 

-26.07 
-26.42 

-27.08 
-26.76 

-27.40 
' -27.71 

-158 
-1314 
-1370 
-1424 
-1478 
-1531 
-1584 

-54.13 
-54.72 
-55,32 
-55.94 
-56.59 
-57.27 
-57.98 

-42.20 
-43.23 

-1141 
-1200 

-44.03 
-44.35 
-44.67 
-45 
-45.74 
-45.69 
-46.05 
-46.43 

-642.5 
-670.6 
-699.4 
- 729 
-759.4 
-790.7 
-823.0 
-856.3 

2377 
581.9 

126.8 
245.8 

70.92 
40.U 
21.22 
8.724 
- . o u 2  

-6.358 

175700 -17.68 
44860 -19 93 

11320 -23.07 

4827 -24.10 
3398 -24.11 
2449 -24.12 
1784 -24.14 
1300 -24.16 

20140 -2.1.70 

7143 ( 

4G3.9 
279.1 
154.2 
62.78 

:2) - .1487 
-e5950 

-1.339 

-3.722 
-2.381 

TABLE 1.- SOLUTIONS OF FREQWCY EQUATIONS IN TERMS OF X AND E FOR CLAMPED SUPPORTS WITH q, = m - Concluaed 

Curve I1 

-4.115 
-4.133 
-4.156 
-4.185 
-4.219 
-4.259 
-4.304 
-4.355 

-4.475 
-4.545 
-4.621 
-4.704 
-4.795 
-4 .893 
-5 
-5 .116 
-5.241 
-5.377 

-4.412 

-12.14 
-12.59 

-13.40 
-13 - 77 
-14.11 
-14.44 
-14.77 

-15.40 
-15.71 

-13.01 

-15.09 

-16.03 
-16.35 
-16.67 
-17 
-17.34 
-17.69 
-18.04 
-18.42 

-288.6 
-303.3 
-318.9 
-335.4 
-353.0 
-371.7 
-391.7 

-28.87 
-29.55 
-30.20 
-30.84 
-31.45 
-32.04 
-32.61 
-33 e17 
-33.73 
-9 -27 
-34.82 
-35 * 36 
-35 - 90 
-36.45 
-37 
-37.56 
-38.13 
-38.71 

-711.5 
-746.5 
-781.7 
-816.9 
-852.1 
-887.4 

-958.6 
-994.8 

-922.9 

-1031 
-1068 
-1106 
-1145 
-1184 
-129 
-1267 
-1310 
-1354 

-2568 
-2659 
-2750 
-284i 
-2933 
-3024 
-3116 
-3207 
-3299 
-3392 
-3485 
-3579 
-3674 
-3771 
-3869 
-3969 

69.44 638.9 
30.74 306.9 
16.15 1883.9 
9.336 123.8 
5.444 88.92 1 

2.966 , 66.42 
1.252 , 50.67 - .0104 
-.9779 29.88 

-1.763 22.45 
-2.412 16.26 
-2.968 10.92 
-3.457 6.193 
-3.887 2.036 
-4. og4 - .0253 
-4 . lo2 - .lo11 

-413.1 
-436.0 
-460.6 

-192.9 

-213.9 
-203.2 

- 225 
-236.6 
-248.7 
-261.3 
-274.6 

Curve IV 

-10.91 
a. 72 

-12.10 
-12.11 
-12.12 
-12.14 
-12.16 
-12.19 
-12.22 
-12.26 
-12.31 
-12.36 
-12.41 
-12.48 
-12.55 

36.07 
u . 0 0  

- .0747 
-a2987 
-.6724 

-1.196 
-1.870 
-2.696 
-3.674 
-4.805 
-6.~90 
-7.532 
-9.132 

-10.89 
-12.82 

-595.8 
-622.2 
-650.1 
-679.9 
-711.8 
-746.1 
-783.3 
-823.8 
-868.1 
-916.3 
-968.5 

-2146 
-2209 
-2274 
- 2 9 1  
-2410 
-2483 
-2559 
-26% 
-2722 
-2310 
-2904 
-3004 
- 3 u o  
-3223 
-3343 
-3469 
-3600 

( 
+m 

1066 
263.3 
112.2 

-2&. 9 

-334.6 

-368.2 
-385.6 

-302.5 
-318.4 

-351.2 

-403.5 
-422.0 
-441 

-480.9 

-524.0 

-570.7 

-460.7 

-502.1 

-546.9 

-12.62 
-12.70 
-12.80 
-12.89 
-13 
-13.12 
-13.24 
-13.9 
-13 -53 

-13.87 
-13.69 

-14.07 
-14.29 
-14.54 
-14. a2 
-15.14 

-44.18 
-45.06 
-45.86 
-46.60 
-47.29 
-47.94 
-48.55 

-49.71 
-50.26 
-50.81 
-51.36 
-51.90 
-52.45 
-53 
-53.56 

-49.14 

+m 

35340 
9188 
4198 
2399 
1540 
1058 
756.2 
554.2 
410.0 
303 2 

157-8 
107 * 7 

221.6 

67,79 

58.37 
32.93 
23.77 
9.998 
4.151 - . 0001 

-3.071 

-7.265 
-8.735 
-9.929 

-5.420 

C u r v e  V I  

-24.19 
-24.22 
-24.26 
-24.31 
-24.36 
-24.41 

-24.55 
-24.62 
-24.70 
-24.80 
-24.89 

-24.4a 

-9 
-25.11 
-25.24 
-25.38 
-25.53 
-25.69 
-25.87 
-26.08 
-26.30 
-26.56 
-26.85 

-27.20 
-2=(.61 
-23.12 
-23.76 
-29.60 
-30.72 
-34 

-35 .85 

-38.61 
-37.42 

-365.8 
-390.3 
-414.3 
-438.3 
-462.3 
-486.7 
-511.4 
-536.5 
-562.1 
-588.3 
-615.1 

-48.20 
-48.73 
49.31 

1 -50.70 
-51.55 
-52.52 
-53 * 65 
-54.95 
-56.42 

I 149.97 

-58 

-1003 
-1044 
-1087 
-1133 
-1183 
-1236 
-1295 
-1361 
-1433 
-1513 
-1600 

-1l.14 936.6 11 -14.82 1 678.4 
(6) 

+ m  I +m 
-5 - 363 
-7.303 
-9.546 

-12.09 
-14.94 
-18.10 
-21.56 
-5 .33  
-29.42 
-33 .83 
-38.56 
-43.61 

-49 
-54.72 
-60.80 
-67.23 
-74.04 
-81.23 
-88. a4 
-96.88 

-105.4 
-114.4 
-124.1 



15.39 
10.72 
8.096 
6.397 
5.187 
4.260 

-1.934 
-1.990 
-2.058 
-2.142 
-2.242 
-2.363 -56.59 

-57.57 
-58.59 
-59.64 
-60.71 
-61.80 
-62.88 
-63.95 
-65 

-3017 
-3122 
-3233 
-3348 
-968 
-3591 
-3716 
-3643 
-3969 

-41.33 
-44.61 
-48.07 
-51.71 
-55.56 

-14.49 
-15.09 
-15.72 
-16.36 

11 -17 

-164.0 
-177.8 
-192.7 
-208.5 
-225 

-23.03 
-23.43 
-23.83 
-24.24 
-24.66 

-46.84 
-47.46 
-48.09 

-2030 
-2089 
-2150 

-a1796 (3) -18.ii -1i7.0 -9.51 

-.7233 -14.98 -35.46 -18.80 -141.0 -27.86 
-.LO57 -14.U. -30.43 -18.9 -124.7 -26.67 

-345.1 -35.57 -775.7 -44.41 

-408.0 -36.33 -833.2 -46.52 
-375.4 -35.95 -804.1 -45.40 

39.20 
25.12 
14.81 
7.531 
2.490 

-i.%i 
-8.183 
-8.452 
-8.825 
-9.372 
-10.21 

-82.93 -2l.68 
-17.45 -89.21 -22.22 
-17.62 -95.74 -22.85 

-240.6 -33.61 -640.1 -40.78 -1179 
-256.5 -34.03 -666.7 -41.38 -1223 -56.79 
-274.4 -34.43 -693.4 -42.02 -1270 

-49.51 

-50.42 
-50.83 

-49.99 

-51.21 

-948.5 
-987.4 
-1026 
-1065 
-11% 

TABLE 2.- SOLUTIONS OF FFLEQWCY EQUprIONS I N  TERMS OF AND FOR FINITE ROTATIONAL RESTRAINTS WITH q, = 40 

(1) -1.820 -0.oll2 (3) -9.680 
-9.918 
-10.17 
-10.43 
-10.72 
-1l.02 
-11.34 
-11.69 
-12.07 
-12.47 
-12.92 
-13.40 
-13.92 

43-97 
-68.54 
-73.43 
-78.67 
-84.29 
-90 9 
-96.88 
-104.0 
-1l1.8 
-120.3 
-129.6 
-140.0 
-151.4 

-17.62 
-18.20 
-18.75 
-19.26 

-20.19 
-20.62 
-21.04 
-21.45 
-21.85 
-22.24 
-22.64 

-19.74 

-25.54 
-26.00 
-26.48 
-26.98 
-27.50 
-28.04 
-28.62 
-29.22 
-29.86 
-30.54 
-31.25 
-32.01 
-32.80 
-33.62 
-9.46 
-35 32 
-36.17 
-37 

-569.7 
-593.3 
-618.0 
-644.0 
-671.5 
-700.6 
-731.4 
-764.3 
-799.3 
-836.8 
-876.9 
-919.8 
-965.4 
-1014 
- l a  
- m 7  
-1171 
-1225 

-241.8 
-258.6 
-275.4 
-292.1 
-308.7 
-325.2 
-91.8 
-358.5 
-375.4 
-392.6 
-410.0 
-427.9 
-446.2 
-465.1 
-484.5 
-504.6 
-525.4 

(5) 
-11.q 
-13.26 
-15.45 
-17.67 
-19.92 
-22.24 
-24.63 
-27.l.l 
-29.70 
-32.41 
-35.24 
-38.21 

-.a51 -5.532 
-.lo24 -5.987 
-.1643 -6.357 
-.295 -6.660 
-.4298 -6.917 
-.5997 -7.142 
-.e070 -7.348 
-1.059 -7.540 
-1.364 -7.725 
-1.735 -7.906 
-2.192 -8.086 

+m 

27.78 
9 A10 
4 * 972 
2.841 
1.663 
a9103 
.3799 - .0223 

- .6153 
-1.061 
-1.253 
-1.433 
-1.604 
-1.768 I .hi211 -5 
I) 

Curve I11 

-11.48 1 -19.68 -17.80 -102.5 -23.59 , -294.7 -34.82 
-25 -17.99 -109.6 -24.47 1 -318.1 -35.20 

(1) 
+m -7.280 -0.0449 -13 

(3) 
+m 

-720.4 -42.74 -1321 
-1376 
-1436 
-1503 
-1577 
-1659 
-1747 
-1840 
-1933 
-2025 

- a 3  
-2197 
-2277 
-2354 
-2428 

-58.19 -2501 

-59.44 , -2645 
-60.09 -27717 

-58.83 -2574 
114.7 ?228 -7.294 

896.1 -7.316 
503.6 -7.98 
324.0 -7.391 
223.0 -7.445 

41.45 
20.10 
10.41 
5.004 
1.600 - .7588 
-2.471 
-3.766 
-4.771 
-5.557 
-6.172 
-6.656 
-7.049 

-60.6i 
-61.18 
-61.75 
-62.31 
-62.88 
-63.45 
-64.03 
-64.62 
-65.86 
-66.51 
-67.18 
-67.90 

-2j89 
-2861 
-334 
-3008 
-3084 
-3160 
-3238 
-3318 
-3485 
-3573 
-3664 
-3758 

-L&2 -15.83 -45.08 -l5.2? -158.9 (5) -37.io -893. j -49.07 

1025 I 1  -53 

-924.6 -50.43 
-990.3 -51.76 

159.0 I 1  -7.512 -2.249 -16.U. -49.95 -19.53 .-l68.5 -30.00 
-178.6 -30.64 
-189.4 -31.55 
-200.8 -32.15 

-473.0 -37.49 
-503.3 -38.33 
-532.1 -38.77 

114.5 -7.555 
82.14 1 ,  -7.697 
57.80 -7.823 

-2.96i -16.35 -54.96 -19.81 
-3.786 -16.55 -60.14 -20.11 
-4.734 -16.74 -65.51 -20.44 
-5.821 ~-16.92 -71.09 11 -20.81 
-7.077 
-8.545 
-10.31 
-12.53 
-15.51 

I ,  

.- 

+m 
34.11 
15.49 
5.016 

~- 
-57.21 -1796 
-57.77 -1855 
-58.40 -1917 
-59.11 -1984 
-59.92 -2056 
-60.86 -2136 

+m 
(5) 

259 
1589 
1055 
717.5 
487.5 

203 * 9 
1.1.7.1 
323.8 

57.47 
21.31 
2.010 

-29.52 
-29.70 

-30.04 

-30.37 
-30.54 
-30.71 

-31.6 
-31.25 

-31.87 

-29.87 

-30.20 

-30.88 

-31.65 

-1144 
-1185 - 12% 
-1267 
-13W 
-1353 
-1397 
-1442 
-1535 
-1584 

-1686 
-1740 

-1634 

-51.58 
-51.94 
-52.30 

-53.01 
-52.65 

-53.37 
-53.74 
-54.11 
-54.90 
-55.31 
-55.74 
-56.20 
-56.68 

-17.54 
-0.1014 -17.93 
-.LO57 -18.54 

(1) 

-.9136 -19.65 
-1.626 -21.85 

-3.672 
-5.0~ -26.98 

-8.36 -28.46 
-10.36 -28.82 
-12.62 -3.w 
-15.16 li -29.32 

, -2.545 -25 

-6.567 -27.93 

-18.03 
43.33 
-25.r 
-30.43 
-38.19 
-49 
-58.88 

-75.63 
-83.88 

(3) 

-92.34 
-101.1 

-110.2 -32.10 

-129.4 -32.61 
-119.6 -32.34 

-139.5 -32.89 
-150.1 -33.21 

-279.3 
-295.0 
-311.4 
-328.5 
-96.4 
-365 3 
-385.4 
-46.9 
-430.3 
-456.4 
-486.1 
-521.1 
-563.7 

-16.42 

-16.46 
-16.44 

-16.49 
-16.53 
-16.58 
-16.64 
-16.72 
-16.82 
-16.94 
-17.w 

-i.610 
-6.127 
-9.359 
-11. 75 
-13.53 
-14 -83 
-15.72 
-16.9 

I 



I 

-513.0 34.34 
-544.2 I, 134.85 

w 
0 

-15.64 
-15.95 
-16.61 
-16.96 
-17.32 

1 -17.71 

TABLE 2.- SOLUTIONS OF FREQUENCY EQUATIONS IN TERMS OF n AND ?i FOR FINITE ROTATIONAL FiEspRAIImS WPPH 9~ = 40 - Concluded 

:;)-576 
-608.1 
-640.1 
-671.8 

( b )  Asynrmetrical modes 

, -35.38 -36.47 
-37.04 
-37.63 
-38.25 

-0.2731 
-.6147 

-1.093 
-1.710 
-2.465 
-3.358 

-5.567 
-6.885 

-4.392 

-12.04 
-12.16 
-12.29 
-12.44 
-12.60 
-12.78 

-13.20 
-13.46 

-12.98 

-8.98 , 
-9.957 

-13.76 
-14.11 

-25.59 

-31.61 
-34.94 
-38.48 

-28.50 

-42.28 

-17.62 

-20 

-21.01 
-21.80 

-18.82 

( 

-312.1 
- 3 q . l  
-342.6 
-358.5 
-374.9 
-391.8 

-31.61 
-32.32 
-33.14 
-34.07 
-35.14 
-36.32 

-1325 
-1371 
-1416 
-1462 
-1508 

-52.81 
-53.44 
-54.12 
-54.84 
-55.63 

-1554 I -56.49 

im 

58.09 

13-45 

161.4 

27.49 

5.569 

+m 

5580 
2249 
1256 

797.5 
538.7 

-530.9 ' -41.95 
-555.1 -42.75 

-608.9 : -44.08 
-581.0 -43.45 

-1132 -50.06 -1850 
-1183 -51.09 -1958 

-1279 -52.21 -2075 
-1231 -51.64 -2015 

1806 
1200 

790.0 
500.6 

-22.13 

-22.21 

-22.16 
-22.18 

Curve I1 

-25571 
-2639 
-2720 ~ 

-2801 
-2882 
-2962 
-3043 
-3125 

, -3207 
-3290 
-3375 
-3461 
-3549 
-3639 

-3.773 
-3.796 
-3.824 
-3.858 

-14.73 
-16.41 
-18.28 
-20.35 
-22.66 
-25.25 
-28.19 
-31 - 55 
-35.39 
-39.81 
-44.89 
-50.66 
-57.08 
-64 

-71.23 
-78.57 
-85.93 

(4)  

-93.26 
-100.6 

-115.4 
-122.9 
-130.6 

-107.9 

-138.5 
-146.5 
-154.9 
-163.5 
-172.4 
-181.7 
-191.3 
-201.4 
-223. o 
-234.6 
-246.9 
-259.9 

-18.l.l 
-18.53 
-18.9 
-19.46 
-19.96 
-20.51 
-21.09 
-21.71 
-22.37 
-23.06 
-23.78 
-24.52 
-25.27 
- 26 

-26.71 
-27.39 
-28.03 

( 

-703.3 
-734.5 
-765.6 
-796.6 
-827.8 
-859.1 
-890.8 
-923.0 
-955.8 
-989.2 
1023 

4 3 2  

I 11059 
, -log5 

-lW 
-1253 
-1297 
-1342 

-0.3702 -5.326 
-.5798 -5.505 
-.e375 -5.702 

-1.144 -5.919 
-1.500 -6.160 
-1.908 -6.428 
-2.369 -6.729 
-2.884 -7.067 
-3.457 -7.449 
-4.088 -7.878 
-4.783 -8.358 
-5.543 -8.883 
-6.374 -9.438 
-7.280 #-io 
-9.343 

-10.52 -10.54 
-1l.79 -11.04 
-13.19 -1l.50 

-38.89 -1391 
-39.55 -1441 
-40 .8  -14% 
-40.99 -1551 

1 -41.76 -1611 
' -42.57 -1675 
' 1  -43.41 -1742 
! '  -44.30 -1814 
,' -45.22 -1889 

, -47.13 ~ -2050 
-48.10 -21% 
-49.06 , -2219 

1 8  -46.17 -1968 

-52.63 
-53.44 
-54.22 
-54.98 
-55.71 
-56.43 
-57.14 

1 -57.84 

-59.93 
-60.64 

1 -61.35 
-62.07 

I -58.54 
-59.24 

-62.81 -3732 
~ -64.33 -3927 

+m +m 

69.28 I 603.3 
24.89 241.7 
12.32 

6.689 
' 3.566 

1.589 

137.7 -3.897 
90.45 11 -3.942 
63.92 -3.992 
46.94 I -4.048 
35.06 - 4 . m  
26.15 -4.180 
19.20 -4.255 
13.48 -4.338 

4.398 -4.527 
8.619 -4.428 

-.0230/ -4.876 I 
.9155, -4.750 1 

-.We3 -5.013 
-.2078t1 -5.163 I 

.2@ 
- .799f 

-1.589 
-2.233 
-2.777 

1 -3.246 
; -3.643 
i -3.735 

-3.742 
-3.755 

-639.3 -44.67 
-672.9 -45 .u  
-710.2 -45.72 
-752.1 -46.22 
-799.2 -46.71 ! -851.5 -907.8 I -47.18 -47.65 

- a 3 6  
-2201 
-2269 
-2342 
-2419 
-2503 
-2593 
-2692 
-2801 
-2919 
-3047 
-3183 
-3324 
-3464 
-3600 

-11.07 
-11.08 
-1l.10 
-1l.12 
-11.15 
-1l.18 
-1l.22 
-11.26 
-11.31 
-l.l.36 
-11.42 
-11.49 
-11.56 
-11.64 
-l.l.73 

3 -1l.82 

-26.34 

-202.0 -27.90 
-28.25 
-28.62 

-215.3 
-228.6 

455.4 
-269.1 
-283.1 

' -297.4 

-241.9 -29.02 
-29.45 
-29.91 
-30.42 
-30.98 

Curve VI 

+m 

(6) 

0070 
8091 
4456 
2764 

-965.4 
-1007 
-1054 
-1105 

-1234 
-1316 
-1409 
-1507 

-1l64 ! 

-1600 

+m 

255.4 
86.95 
39.57 
16.33 
3.208 

-5. og4 
-10.73 
-14.74 
-17.66 

-22.39 
-22.10 
-22.1.1 
-22.12 

-50.09 -25.46 
-55.64 , -26.03 -.- 



- - - - - h B 
- - 

A B A B A B A B A B - - - - 
h B A B I  

. 9 4 0  
- . a 0  
-.$03 
-.6320 
-.e454 

-1.033 
-1.205 
-1.364 
-1.431 
-1.443 
-1.464 
-1.494 

3.789 
2.919 
2.254 
1.716 
1.258 

.854; 

.48Z 

.136f -.Om 
-.035: 
-.@a 
-.Ut51 

-1625 
-1668 
-1711 
-1756 
-1801 
-1848 

-1945 
-1996 
-2104 

-1895 

-52.97 
-54.03 
-55.21 
-56.53 
-57.98 
-59.54 

-62.59 
-63.89 
-65 

-61.11 

- 3 . w  

-4.722 
-5.710 

-8.258 

-3.857 

-6.857 

-10.04 
-12.83 
-18.16 
-3 

-14.91 

-15.16 
-15.28 

-15.52 

-15.04 

-15.40 

-15.64 
-15.77 
-15.91 
-16.04 

-54.67 
-55.24 
-55.74 
-56.20 
-56.63 
-57.05 
-57.46 
-57.86 
-58.26 

-2l74 
-2237 
-2297 
-2355 
-2413 
-2470 
-2528 
-2585 
-2644 

9.359 
-3.182 
-9.182 

-12.50 
-14.13 

32.71 -14.44 
542.7 -14.49 
242.9 -14.55 
79.41 -14.62 
5.084 -14.72 

-.a331 
(1) 

-14.27 
-14.28 I -.3524 

-14.84 

-15.29 1 -15.01 

-5.665 
-7.182 
-8.886 

-10.78 
-12.88 
-15.21 
-17.79 

' -20.75 

-26.53 -63.99 -28.11 -177.7 
-26.73 -70.90 -28.24 -188.8 
-26.87 -78.05 -28.37 -200.2 

-27.10 -93.21 -28.80 -236.8 
-2'l.a -101.3 -28.95 -249.8 
-27.32 -1Og.6 -8.U -263.1 
-27.42 -118.3 -8.q -276.8 

-26.99 -85.47 -28.65 -224.2 

-29.45 -291.0 -45 -729 -49.06 

TABLE 3.- SOLUPIONS OF FREQUENCY EQUATIONS IN TERMS OF A AND 5 FOR FINITE ROTATIONAL RESTRAINTS WITE q, = 10 

-2162 
-2223 
-2287 
-2356 
-2429 
-2509 
-2596 
-2691 
-2797 
-2916 
-3050 
-3198 
-3360 
-3527 
-3688 
-3836 
-3919 

-6.214 
-6.581 

-6.678 
-6.819 
-6.960 
-7.102 
-7.245 
-7.394 
-7.546 
-7.704 
-7.869 
-8.041 
-8.221 
-8. 611 
-8.823 
-9.049 

-6.533 

-9.292 - 

-16.33 
-18.17 
-20.07 
-22.04 

-26.26 
-28.51 
-30.88 
-33.36 
-35.97 
-38.71 
-41.60 
-44.65 
-47.87 
-54.91 
-58.78 
-62.93 
-67 .9  

-24.10 

-9.553 
-9.836 

-10.15 

-10.87 
a . 3 0  
-11.79 
-12.35 
-13.01 
-13.77 
-14.62 
-15.49 

-17 

-10.49 

-16.31 

( 

-72.21 -18.84 -283.4 - 3 . W  

-89.62 -19.83 -323.6 -26.64 

-n.46 -19.19 -296.9 -25.57 
-83.23 -19.52 -310.2 -26.09 

-96.79 -20.14 -337.2 -27.25 
-104.9 -20.45 -351.0 -2l.92 
-114.3 -20.76 -365.0 ~ -28.67 

-576.9 -9.42 

-627.1 -39.56 
-601.1 -39.02 

-655.4 -40.08 
-686.4 -40.57 
-720.7 -41.05 

-0.230~ 
- .339: 
-.4744 
-.a04 
- .843: 

-1.093 
-1.402 
-1 * 793 
-2.258 
-2.972 
-3.904 
-5.221 
-6.993 
-9 

-1.533 
-1.582 
-1.644 
-1.720 
-1.812 
-1.925 
-2.064 
-2.239 
-2.463 
-2.759 
-3.158 
-3.699 
-4.366 
-5 

-759.1 

-30.45 -851.8 
-31.50 -907.8 
-32.67 -970.4 
-33.88 -1037 

-29.50 -802.5 

-35.06 -1105 
-36.11 -u68 
-37 -3225 

(7) 
-37.77 I -1277 

-41.52 
I -41.99 

-42.45 
-42.92 
-43.40 
-43.88 
-44.37 
-44.87 
-45 .9  
-45.91 
-47.02 

-125.1 

-170.2 
-188.9 
-207.6 
-225 

-137.9 
-152.9 

-379.4 
-394.2 
-409.3 
-425.0 
-441.2 
-458.0 
-475.5 
-512.9 
-533.0 
-554.3 

- 2 ~ 0 7  

-22.03 
-22.36 
-22.70 

-23.81 
-23 .6  

-24.22 
-24.64 I 

-58.66 
-59.06 

-59.87 
-60.28 
-60.71 
-61.13 
-62.02 
-62.48 
-62.96 
-63.46 
-63.98 
-64.54 
-65.13 
-65.78 
-66.51 

-59.46 

47 -33  

-2702 
-2762 
-2822 
-2333 
-2945 
-3008 
-3072 
-3204 
-3272 
-3343 
-915  
-990  
-3569 
-3651 
-3739 
-935  
-3942 

+m 
(3) 

695.5 
283.3 
152.3 
88.41 
50.78 
26.72 

-6.146 

-6.249 
-6.192 

-6.318 
-6.402 
-6.508 
-6.646 
-6.834 

-37.54 
-41.51 
-45.61 
-49.86 
-54.29 
-58.89 
-63.68 
-68.65 
-73.82 
-79 * 19 
-84.77 
-90.55 
-96.55 

-102.8 
-109.2 
-122.8 

-29 I -441 ' -9 .15  
(5) , -34.43 

-29.83 -469.8 I -34.72 

-787.7 
-812.7 
-838.4 
-891.5 
-919.2 
-947.7 
-977.1 
-1008 
-1039 
-1073 
-uOg 
-1147 
-1189 
-1238 
-1295 
-1367 

-43.50 
-45.94 
-48.96 

-1465 

-1769 
-1601 

-130.0 
-137.5 
-145.3 
-153.5 
-162. o 
-171. o 
-180.5 
-190.7 
-201.8 
434.2 
-228.5 
-246.0 
-269.0 
-301.8 
-99 .2  
-401.8 

-16.82 
-17.00 
-17.18 
-17 .9  
-17.60 
-17.83 
-18.Og 
-18.9 
-18.72 
-19.12 
-19.63 
-20.30 
-21.29 
-22.81 
-25.09 
-27.51 

+m 

32-56 
9.793 
2.579 
- .9337 

-3 009 
-4.353 
-5.242 
-5.817 

( 

-6.041 
-6.057 

-6.032 

-6.079 
-6. 109 

-494.2 -35.33 

-553.6 -35.97 
-560.1 -36.32 
-581.6 -36-68 
-603.2 -37.07 
-625.0 -37.48 
-647.1 -37.94 
-669.5 -38.45 
-692.3 -39.03 
-715.4 -39.74 
-739.0 -40.62 L -763.1 -41.81 

-516.8 -35.64 
-51.47 1919 I 12025 

-30.37 
-30.78 
-31.13 
-31.44 
-31 73 
-32.00 
-32.27 
-32.9 
-32.80 
-33.06 
-33.33 
-33.60 
-33.87 

11.49 -7.l i2 

-8.514 
-.0372 -10.62 
-.1490 -13 - ,3357 
-.598O -13.87 i -.9368 -14.24 

II 
Curve v 

a 4 5  
-ll81 
-1U8 
-1255 
-1293 
-1331 
-1410 
-1451 
-1492 
-159  
-1576 
-1622 

-30.30 
-30.57 
-30.90 
-31-33 
-31.95 
-33 .6  
-35.67 
-41.55 

-353-1 
-370.4 
-93.9 
-409.4 
-433.5 
-466.3 
-525.8 
-645.2 

-46.99 

-47.58 
-47.84 
-48.09 
-48 .9  
-48.58 

-47.30 

-48.82 

-50.04 

-907.0 -50.56 
I&:; 11 -50.30 

-1813 
-1866 
-1925 
-1993 
-2079 
-2212 
-2471 
-2833 
-3025 

-54.05 
-54.52 
-55.09 
-55.83 
-56.95 
-59 * 03 
-63.64 
-70.16 
-73 

-1040 II -51.93 

w 
P 



w 
Iu 

TABLE 3.- SOLUTIONS OF FFEQUKNCY EQUATIONS IN TERMS OF X AND i FOR FINITE ROTAIPIONAL RESTRAINTS WITH qx = i o  - Concluded 

(b) A s m e t r i c a l  modes 

curve I1 

-1.580 
-1.960 
-2.386 
-2.858 r -3.951 -3.379 

-4.577 
-5.260 

' -6.006 
-7.704 
-8.671 

-3 * 285 
+m -3.330 

22.12 204.8 -3.31 
7.566 87.30 -3.437 
2.980 50.01 -3.500 

-.6024 20.67 -3.642 

( 2) ! +m 

.748 31.72 -3.568 

-1.519 13.10 -3.724 
-2.201 7.451 , -3.813 
-2.739 2.977 -4.014 
-3.098 , -.019Il -4.129 

-5.613 
-5.928 
-6.302 
-6.749 
-7 * 290 
-7.934 
-8.659 
-9.379 

( 
-10 

-10.49 

-813.7 
-839.5 
-865.9 
-892.8 

-948.7 
-920.4 

-39.45 
-40.35 
-41.36 
-42.49 
-43.74 
-45.11 

-1471 
-15% 
-1613 
-1698 

-2007 
1 -1793 
-1897 

-54.66 
-55.a 
-55 * 76 
-56.30 

1 -56.85 
-57.41 
-57.97 

-21.31 -12.69 -119.6 -19.65 

-31.24 -13.62 -146.9 -22.22 
-36.09 -13.86 -154.4 I -23.26 

-24.04 -12.92 -126.1 -20.40 
-2(.3 -13.38 -139.7 -21.26 

-42.04 -14.11 -162.1 -24.28 

-2861 
-293 
-2993 
-3059 
-3127 -505.8 -32.19 

-49.06 -14.37 -170.2 -25.21 -32.4 -52.6i -978.0 -46.50 
-56.63 , -14.64 -178.7 -26 -576 -33.04 -1008 -47.82 

lI -33.48 -1039 , /  -49.00 
-50 

-64 -15.u -196.9 I (6) 
I -15.52 ' -206.8 I! -26.67 -606.6 -34.42 I -Il06 

-5197 

-3341 
-3416 

-3268 

-2304 -59.72 
I -60.33 
-2385 -61.62 
-2461 / I  -62.32 

-15.84 -2l7.2 -27.23 
-16.19 , -228.4 I -27.74 
-16.56 -240.5 1; -28.20 
-16.96 -253.5 1 -28.63 
-17.39 -267.7 ' -29.04 
-17.87 -283.3 -29.44 
-18.39 -300.6 -29.83 
-18.98 -320.1 

-634.9 -3.91 -1142 ( 
-661.7 8 8  -35.44 1 -1180 , -50.86 
-687.5 \ -35.99 ~ -1220 -51.62 
-712.9 I' -36.58 -1262 ' 1  -52.30 
-737.9 I -37.U ' -1308 -52.93 
-763.0 -37.89 -1357 '1 -53.53 
-788.2 ' -3.63 1 -1412 -54.10 

-3494 
-3658 
-3745 

-2531 '' -63.64 , -3837 
-2600 ! -63.80 -3935 
-2666 ~ -64.60 -4038 
-q31 , -65.46 -4149 

-70.83 

-83.28 
-89.23 

-77.20 

-95.14 
-101.1 

-3.16 -.oi65 -4.254 -9.729 -10.89 
-3.116 i -.1724 -4.392 1 -10.89 -11.22 
-3.132 -.3069 -4.543 ' -12.17 -11.50 
-3.153 -.4807 -4.710 -13.59 -11.76 
-3.179 -.6941 -4.896 -15.17 -12.01 
-3.209 -.9478 -5.104 -16.95 -12.24 I -107.1 
-3.244 , -1.243 -5.341 -18.97 -12.47 -1l3.3 

l.-r 

Curve IV 

(4) II -9.521 
^^  

n- (4) _.. . -24.09 1 I1 - -- -322.3 
_ _ c  . II -640.8 ,._ -t34? II -49*!! I -??? +m I +m I1 -Y.W? I -3: iOb I1 -.LU.O/ I -37.4Y I1 -2U.OU -L7/,Y II -24,3U I -35b.U II -3L.5Y I -bY2'.4 II -44.J.Y -.L5UU II -49.00 1-2024 

-1k9.i 
-180.7 

-202.3 

-235.6 

-258.9 
-211.0 

-191.5 

-213.2 
-224.3 

-247.1 

-24.52 -530.0 11 -24.98 1 -379.3 
-25.23 -394.7 
-25.48 -410.5 
-25.75 -426.9 
-26.03 -443.9 
-26.33 -461.7 ti -26.66 -480.4 

I -27.01 -500.2 
-27.41 -521.6 

~~ 

-2079 
-a37 
-a95 
-2269 
-299 
-2445 

-45.19 -1494 

[ -45.87 -1573 (6) 
-40.89 -1075 -46.U , -1614 I -41.51 -lll8 -46.57 I -1655 

I -42.00 -U57 -46.93 -1697 
-47.67 -1784 -42.43 -1195 

! -42.81 -1232 -48.06 -1829 

-52.19 
1 -53.04 
-54.12 
-55.57 

'' -57.61 
-60.46 
-63 * 79 

-2567 
-2732 
-2957 
-3222 
-944 
-3600 I 

-73.37 ,; -22.89 
-84.16 -23.09 
-101.0 -25.3 

-48.47 -1875 -66.40 
-48.89 ' -1923 ' 1  -68 

. - I l L ' L I  
Curre V I  

(6) 
+m 



(1) 
+m +m 

2.007 5.713 
,3418 2.368 

-.2423 1.193 
-.5661 . 9 0 3  
-.7878 .0933 

-1.903 -2.161 
-2.395 -3.160 
-3.553 -5.542 
-5 -9 

(3 )  
-5.292 -10.55 
-5.424 -11.87 
-5.524 -13.19 

-5.615 
-5.704 
-5.793 
-5.883 
-5.976 
-6.073 
-6.172 
-6.275 
-6.383 
-6.494 
-6.610 
-6.730 
-6.855 
-6.986 
-7.265 

-9.020 
-9.327 
-9.688 

-10.14 
-1o.n 
4 . 6 0  
-13.08 

-75.16 
-80.70 

-95.31 
-87.22 

-106.0 
-la8 
-148.6 

._ 
-6.bsl -10.02 

-13 1 -e 
-13.38 -28.57 
-13.48 -31.76 

(3)  

-13.56 -35.06 
-13.64 -38.51 
-13.71 -42.12 

-14.42 
-14.53 

-14.74 
-14.86 

-14.63 

-15.09 
-15.a  
-15& 

(5) 
+m +m 

-8.19 I 237.5 
(1) 

-25.50 
-25.57 
-25.64 
-25.72 

TABLE 4.- SOLUmONS OF FREQUENCY EQUATIONS IX TERMS OF H AND E FOR FINITE ROTATIONAL RESTRAINTS WlX3 q, = 2 

(a)  Synnnetricd modes 

Curve I 

-14.54 
-15.96 
-17.44 
-18.97 
-20.59 
-22.26 
-24.01 
-25.84 
-rl .74 
-29.72 
-31.79 
-33.94 
-% - 19 
-9.53 
-43.54 

-20.18 
-20.42 
-20.67 
-20.93 
-21.19 -2l.n 
-22.01 
-22.31 
-22.62 
-22.94 
-23.28 
-23.64 
-24.03 
-24.45 
-24.91 

-367.3 
-379.3 
-391.6 
-404.2 
-417.2 
-444.3 
-458.5 
-473.2 
-488.6 
-504.7 
- 5 a .  7 
-539.7 
-559.0 
-580. o 
-603.1 

-25.44 
-26.06 
-26.82 
-27.83 
-29 - 30 
-31.74 
-35.41 
-37 

-17.72 
-17.96 
-lB.18 
-18.40 
-18.61 
-18.83 
-19.04 

-249.3 
-259.6 
-269.7 
-279.8 
-290.1 
-300.5 
-711.1 

-1225 -42.25 
-42.62 
-43.00 
-43.39 
-44.20 
-44.62 
-45.05 
-45.50 

-1706 -50.43 -2507 
-1743 -51.51 -2613 
-1780 -52.93 -2753 
-1818 -54.99 -2955 
-1897 -58.40 -3291 
-19% -63.l.l -3761 
-1980 -65 -3969 
-2024 

- 9 4 . 1  I -355.6 

Curve 111 -~ 
-1049 
-1076 
-1104 
-1133 
-1165 
-1201 
-1257 
-1507 
-2025 

-128.4 
-135.0 
-141.8 
-148.8 
-156.0 
-163.3 

-178.8 
-186.9 

a 4 . 6  
-228.7 
-278.8 

-170.9 

-195.4 
-204.4 

-29 I -441 

Curve V 

(3) -35.64 

-36.24 
-36.56 
-36,93 
-37.39 
-38.25 
-43.04 
-53 

-35 * 96 
-45.88 
-49 .81 
-53.90 
-58.14 
-62.55 
-67.13 
-71.87 
-76.76 

-87.07 
-81.84 

-92.47 
-98.03 

-109.7 
-115.8 
-122.0 

-15.47 
-15.61 
-15 75 
-15.89 
-16.04 
-16.19 
-16.35 
-16.52 
-16.70 
-16.89 

-17.87 

-17.10 
-17.38 

-20.41 

-31.97 -693.8 
-32.18 -714.9 
-32.40 -736.4 
-32.63 -758.2 
-32.86 -780.3 
-33.32 -825.7 

-33.81 -872.4 
-34.05 -896.3 

-33.56 -848.8 

-9 .30  -920.6 

-54.97 -2286 -59.92 -3081 
-55.28 -2336 -60.28 -3138 
-55.59 -295  -60.64 -3196 
-55.90 -2436 -61.01 -3255 

-19.4 
-147.8 
-157.6 
-167.6 
-177.9 
-188.5 
-2 lO .8  
-222.3 
-234.2 
-246.4 

-27.55 
-27.68 
-27.82 
-27.95 
-28.10 
-28.25 
-28.40 
-28.56 
-28.72 
-28.89 

-259 * 0 
-271.8 
-284.9 
-298.4 
-312.2 
-326.3 
-340.8 
-355.6 
-370.8 
-36.4 

-61.44 -26.31. 
-67.76 -26.41 

-29.08 -402.5 -46.50 
-29.31 -419.6 -46.69 
-29.80 -441.6 , -46.89 
-45 -729 -47.08 
-45.51 (5 )  -762.7 -47.29 -47.49 

-45.74 -791.7 -47.70 
-45.93 -820.6 -47.90 
-46.12 -849.9 -48.12 
-46.31 -879.6 -48.33 

-50.42 

w w 



w c- 

+m 
2.307 37.45 
-1.126 9.825 
-2.352 -.0145 
-2.358 -.O58l 

TABLE 4.- SOLKCIONS OF FFXQUENCY EQUATIONS IN TEPM OF H AND ii FOR FINITE ROTATIONAL RESTRAIWS WITH q, = 2 - Concluied 

-2.7l.4 -2.917 
-2.769 -3.364 
-2.829 -3.847 
-2.894 -4.367 
-3.039 -5.530 
-3.120 -6.179 

(b) Asynmetrical modes 

-2.367 -.1307i 

I W e  I1 

-3.206 -6.876 
' -2.379 -.2323 -3.300 , -7.628 

-8.586 -6.q4 -9.518 

-2.746 1 18i"P2 11 -8.665 I -8.76811 -9.710 
-8.624 -7.468 -9.612 

(4) 
+m 

-llu.20 
4J-*35 
-11.51 

-8.710 -10.17 -9.815 
0518 -8.758 -11.68 -9;92'7 

(2) 
-8.390 
-8.394 1 1:20'741 -8.809 I -13.30 I l - l O . 0 ~  

-92.29 1 ;  -14.69 -202.3 
-96.99 -14.97 -=.9 
-101.8 , -15.27 -221.6 

-8.863 I -i?.bi I 10.19 
-9.048 , -20.82 11-10.69 -8.983 -18.78 1110.38 

-8.447 -1.865 -9.117 -22.97 I -12.16 
-8.468 -2.539 -9.189 -25.22 -20 

, -28.03 
-28.30 
-28.58 

-35.37 
-38.19 
-41.14 
-44.21 
-47.44 
-50.83 
-54.45 
-58.46 
-63.57 
-77 65 
-144 

-699.9 i, -33.87 :-EL8 -52.06 -2332 
-719.4 -34.31 ,-ll49 -52.46 -2382 
-739.0 I -9.78 1183 -52.86 -2632 

-20.74 
-20.88 
-21.02 
-21.16 
-21.30 
-21.44 
-21.58 
-2l.D 
-21.88 
-22.04 
-22.19 

I( -28.86 -758.9 1; -35.29 111220 ~ -53.26 -2682 

I! 156.16: -3049 

-58.92 
-59.42 

-3402 
-966 

Curve IV 

-41.14 
-41.39 

-41.90 
-41.65 

-172.7 
-181.9 
-191.2 
-200.7 
-210.5 
-220.5 
-230.7 
-241.2 
-251.9 
-262.8 
-274.0 
-285.4 

-1127 
-1158 

-1221 
-1189 

-22.85 
-23. 21 
-4.39 
-23.57 
-23.76 
-23.95 
-24.15 
-24.35 
-24.56 
-24.78 -e. 00 
-25.22 -8.493 I, -3.3% -9.2G ~ 47.59 (4) -22.35 

-321.1 
-96.1 
-359.0 
-385.6 
-399.3 
-413.3 
-427.5 
-442.1 
-456.9 
-472.2 
-487.8 

-372.2 

. .  
-1745 I -57.37 -%g 

-5.565 
-7.269 
-9.200 
-11.36 

-16.36 
-19.20 
-22.27 

-13.75 

-25.57 

-42.67 
-42.94 
-43.20 
-43.47 
-43.74 
-44.02 

-44.58 
-4.4.86 
-45.44 
-45.74 
-46.04 

-18.86 
-18.97 

-19.10 

-19.24 
-19.32 
-19.40 

-19.03 

-19.17 

-19.48 

-1596 -49.84 -2213 
-1670 -50.40 -2272 
-1707 -51.44 -2365 

-19.65 
-19.75 
-19.85 
-19.95 
-20.06 

-89.26 (4) 
-95.78 -9.46 
-102.5 -9.61 
-1Og.6 -34.75 
-116.8 -34.88 

-32.84 
-41.04 

-50.14 
-45.47 

-55.04 
-60.16 
-65.52 
-71.~ 
-76.93 
-82.98 

Curve VI 

-273 * 3 
-288.7 
-304.2 
-320.1 
-336.4 
-353.0 
-370.1 
-387.6 

-35.56 -405.4 
-35.70 -423.7 
-35.85 -442.4 
-36.00 -461.4 
-36.15 -480.9 
-36.31 -500.8 

-36.63 -541.8 
-36.80 -562.9 

-36.47 -521.1 

-37.14 
-37.32 
-37.49 
-37.68 
-37.86 

-38.44 



TABLE 5 .- SOLUTIONS OF FREQUENCY EQUATIONS (16) FOR a = $ = 6 WITH 

VARIOUS VALUES OF FCESTRAINT COEFFICIENT q, (FIRST FOUR MODES) 

- 

qY 

2 
4 
6 
8 

10 
14 
18 
20 
25 
33 - 3  
50 
100 

aJ 
. .- 

n = 3  n = l  n = 11- 

1 7855 
1.9068 
1 9833 

2.0778 

2.1868 
2.2152 

2.2815 

2.3651 

2.0374 

2.1344 
2.1723 

2.2464 

2.3207 

NASA-Langley, 1965 L-4301 

I 

n = 2  

3 2733 
3.3666 
3.4364 
3 4907 
3 5341 
3 -5993 
3.6460 
3.6646 
3.7020 
3.7450 
3 7956 
3 08551 
3.9271 

4.8063 
4.8808 
4.9412 
4.9910 
5.0328 
5 - 0989 
5.1488 

5.2116 
5.2621 

5.5001 

5.1694 

5.3240 
5.4006 

6.3360 
6.4172 

6 9 5139 
6.5526 , 
6.6163 
6.6663 
6.6874 
6.7319 
6.7867 
6.8566 

7.0652 

6.4692 

6.9472 

35 
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“The aeronautical and space activities of the United States shall be 
conducted so as to contribute . . . to the expansion of hirman knowl- 
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