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ABSTRACT 

e .  
I 1  

An. a t tempt  is rnde  t o  exp la in  the B Cephei variables as 

non-rotating s tars  undergoing r a d i a l  o s c i l l a t i o n s ,  on t h e  basis 

of t h e i r  r e l a t i v e l y  l o w  observed r o t a t i o n a l  v e l o c i t i e s  and the  

per iod  ana lyses  by van Hoof. 

condensation and on t h e  t i m e  scale of evo lu t ion  vis-&-vis t h e i r  

A. .' 
Arguments based on t h e  central  

observed numbers i n d i c a t e  t h a t  these B0.5 - B2 g i a n t s  are i n  t h e  

hydrogen-burning phase. Model sequences are cons t ruc ted  f o r  

stars of 15 and 20 Mg t o  t h e  end of hydrogen-burning. The pul- 

s a t i o n a l  c h a r a c t e r i s t i c s  are then obtained by pe r tu rb ing  the  

stable models i n  t h e  usua l  a d i a b a t i c  approximation. Since the  

p u l s a t i o n a l  amplitude is greatest  i n  t h e  o u t e r  envelope, where 

t h e  e f f e c t i v e  p o l y t r o p i c  index is  r a p i d l y  vary ing ,  i t  is  shown 

t h a t  previous arguments based on poly t ropic  models  are l i a b l e  

t o  cons ide rab le  error. ' Indeed, a t  some c e n t r a l  hydrogen abundance 

which i s  h ighe r  f o r  t h e  lower masses, t h e  pe r iods  and t h e i r  

r a t i o s  s e e m  t o  be accounted for. I d e a l l y ,  t h e s e  q u a n t i t i e s  i m -  

p ly  a unique m a s s  and mean molecular weight for each observed 

s t a r  09 t h e  H-R diagram, b u t  comparison of theory  and observa- 

t i o n  g i v e s  a t  p re sen t  merely a mass range of 10  - 20 Mo and 

probably a "normal" chemical composition. A t  any rate, the  

hypo thes i s  of evo lu t ion  of main sequence 09 - B1 stars across 

... 



. - 3 -  

the i n s t a b i l i t y  stri:2 seems to be correct. ,? Uncertainties in 

the sexiconvcctive thory of massive stars would appear to be 

izrcl.evar.c, t l 7 . c~  5-Lc c-cLsi-stable zone has zhost no effect on 

the p u l s a t i o n a l  eigenfrequencies. 

arguments indicate that the effects of rotation and mass loss will 

be small. The period-luminosity relation, observed luminosity 

classes, and location of the Trumpler turn-off in clusters tend 

to confirm our prediction that the 8 Cephei stars of lower m i i s s  

fall closer to the initial main sequence. 

form an apparent extension of the instability strip to kigher 

Theoretical .and observational 

L 6’ 

The Wolf-Rayet objects 

masses (0 stars). 

I’ 
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I. INTRODUCTION 

The B Cephei stars are a group of short-per iod,  p u l s a t i n g  

va r i ab le s .  

running c l o s e l y  p a r a l l e l  to,  although somewhat s t e e p e r  than t h e  

main sequence a t  B0 .5  - B2 and having luminosi ty  classes IS1 and 

I V .  They obey E? period-luminosity law, with per iods  ranging from 

3 . 3  t o  .7 hours ( toward  higher  l uminos i t i e s )  . The obse rva t iona l  

data on the  B Cephei s t a r s ,  a l s o  c a l l e d  8 Canis Majoris v a r i a b l e s ,  

have been summarized by Struve (1955h). 

known m e m b e r s  of t h i s  group (van Hoof 1 9 6 2 ~ ) .  

They form a well-defined sequence on t h e  H-R diagram, 
A .I 

There are now 18 or so 

Since some of t h e  B Cephei s t a r s  e x h i b i t  a beat phenomenon, 

caused by t w o  n e a r l y  equal  pe r iods  and appearing only i n  those 

nenbers of t h e  group with t h e  h ighes t  p ro j ec t ed  r o t a t i o n a l  

v e l o c i t i e s  (30 t o  60 km/sec), Ledoux (1951, 1958) suggested t h a t  

t h e  i n s t a b i l i t y  w a s  caused by r o t a t i o n ,  and furthermore t h a t  i t  

was probably manifested by non-radial  o s c i l l a t i o n s .  

conclusions on crude i n t e r i o r  models and only  a rough not ion  of 

t h e  mea? d e n s i t i e s  of p Cephei stars,  Ledoux and Walraven (1958) 

t r i e d  t o  show t h a t  t h e  period-density r e l a t i o n  c a l c u l a t e d  on the  

basis of rad ia l  o s c i l l a t i o n s  w a s  i n  c o n f l i c t  wi th  t h e  observa t ions .  

More r e c e n t l y  Gum (1963) considered r a d i a l  o s c i l l a t i o n s  of a 

Basing t h e i r  
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main-sequence B1 star of 10 M 

same conclusion. Adopting the concept of non-radial oscilla- 

tions and a suggestion by Chandrasekkrar and Lebovitz (1962), 

(Kushwaha 1957) and came to the. 
Q 

Bohm-Vitense (1963) showed that the degree of period commensur- 

‘ability, could be explained by the observed rotational velocities 
4 . .  

and vice versa, if the B Cephei stars were observed pole-on. 

She used the latter condition to explain the relatively small 

nunber of ,? Cephei stars among early B giants. However, her 

conclusions were based on idealized polytropic models of rotating 

stars from Schwarzschild (1958) and only a rough application of 

results from the Chandrasekhar-Lebovitz theory of non-radial 

oscillations of rotating fluid spheres. 

Since rotation is not always observed in the 8 Cephei stars, 

and is in any case small in comparison with 100 to 200 km/sec for 

main-sequence and giant stars of the same spectral type (McNamara 

and Hansen 1961), it seems worthwhile, still, to consider the 

variables as non-rotating stars undergoing radial oscillations. 

Struve (1955k) has emphasized that many of the @ Cephei stars 

are relatively simple variable stars, completely analogous to 

other yariables that are believed to be in purely radial oscilla- 

tion. In fact, van Hoof (1962g) has shown that many of the 

observed features of the 

by the interference of several simultaneously excited modes of 

Cephei phenomenon may be explained 

. 



' 6 '  

. _  - -  . - 
I 

r a d i a l  o s c i l l a t i o n .  . - ~ - - .  _ -  - - - - - -  --I------..-_-_.. . J  

I t  is  t h e  purpose of t h i s  paper t o  determine a t  which 

evolu t ionary  stage massive stars become B Cephei variables, and 

t o  see  whether t he  r e l e v a n t  observa t ions  may be explained o n . t h e  

assumption of r a d i a l  pu l sa t ion .  

A. 

11 PRELIMINARY EVOLUTIONARY CONSIDERATIONS 

From a d i scuss ion  by Schmalberger (1960),  t h e  8 Cephei stars 

l i e  on the H-R diagram nea r  t h e  locus of models a t  t h e  end of 

hydrogen-burning. 

toward t h e  main sequence. 

This l o c u s  i s  def ined by t h e  first t u r n  back 

Thus the B Cephei stars appear t o  

have evolved from main sequence 09 - B1 stars. 

l u m i n o s i t i e s  for  models o f  upper main sequence stars are f a i r l y  

Since c a l c u l a t e d  

a c c u r a t e ,  we may use  t h e  observed per iod-absolute  magnitude re- 

l a t i o n  t o  o b t a i n  t h e  period-mass r e l a t i o n :  

where the mass range i s  roughly 10 - 20 Ma. 
l i e s  i n  t h e  bolometr ic  c o r r e c t i o n s  t o  the  observed magnitudes. 

n (hours) = 0.35 M/MOr 

The major u n c e r t a i n t y  

There ?re no observed masses of these stars. 

-If t h e  B Cephei stars are indeed s i t u a t e d  along t h e  locus  

of secondary c o n t r a c t i o n ,  then  some ambiguity arises because t h e  

e v o l u t i o n a r y  t r a c k  for models of massive stars swings back qu ick ly  
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* t o  t he  r i g h t  a f t e r  t he  b r i e f  turnback, forming an S-shaped cur.ve. 

'.The luminosi ty  becomes only s l i g h t l y  h ighe r ,  but t he  i n t e r n a l  

s t r u c t u r e  is grossly changed from a core burning conf igu ra t ion  

to a c o n t r a c t i n g  core wi th  a surrounding, hydrogen-burning shell 

(Sakashi ta ,  Ono, and Hayashi 1959; Hayashi and Cameron 1962; 
A 

A. .* 
S t o t h e r s  1963 and 1964, h e r e a f t e r  c a l l e d  "Paper I" and "Paper 11", 

r e s p e c t i v e l y ) .  The con t r ac t ion  phase w a s  suggested by Reddish 

(Discussion, Reddisfi and Sweet 1960) .  

Two l i n e s  of evidence p o i n t  s t rong ly  t o  t h e  former configura- 

t i o n  f o r  t he  8 Cephei stars. The f i r s t  l i n e  of evidence i s  based 

on t h e  observed s ta t i s t ics  of  these  stars. If. our  sample of 18 

stars (van Hoof 19622) is  complete wi th in  a k i l o p a r s e c  r ad ius  

around t h e  sun, i n  a Galaxy of e f f e c t i v e  R = 10 k i l o p a r s e c s ,  and 

5 i f  t h e r e  is a maximum of  1 x 10  0 - B2 stars i n  t h e  Galaxy, 

then t h e  number ra t io  o f  8 Cephei stars t o  a l l  0 - B2 stars w i l l  

be less than 1/50. I n  f a c t ,  McNm-ara and Hansen (1961) have ob- 

t a ined  t h e  r a t i o  1/9. Now according t o  Hayashi and Cameron (19621, 

t h e  g r a v i t a t i o n a l  (core)  con t r ac t ion  phase of a star of 15.6 Mo 

i s  1/200 as long as t h e  hydrogen-burning phase. I f  hydrogen- 

exhaus$ion i s  counted wi th  t h e  g r a v i t a t i o n a l  c o n t r a c t i o n  phase,  

t h e  r a t i o  becomes 1/80. These r a t i o s  are f a r  larger than  t h e  

observed ones.  . 
The second l i n e ' o f  evidence concerns t h e  per iod ra t ios ,  



' accord ing  t o  the work of van Hoof and the  r e s u l t s  t o  be der ived  

i n  t h i s  paper.  Dclring t h e  hydrogen-burning phase,  t h e  c a l c u l a t e d  

and observed period r a t i o s  agree at sone c h a r a c t e r i s t i c  c e n t r a l  

hydrogen zbundance, dependent on t h e  s te l lar  m a s s .  However, 

i nc reas ing  c e n t r a l  condensation leads t o  more and more d i s c r e p a n t  

values  for these r a t io s .  

;. .' 

iIeixe w e  conclude t h a t  we must seek models f o r  the 8 Cephei 

s tars  i n  t h e  hydrogen-burning phase of evolut ion.  

111. STABLE MODELS 

9) B a s i c  Phvsics 

The general s t r u c t u r e  assumed f o r  models of massive s t a r s  

has been o u t l i n e d  i n  Paper I. Here we adopt t h e  same assumptions,  

n o t a t i o n s ,  and eqriations as before .  The adopted masses are 15 

and 20 "0, s i n c e  a t  10 M 0 

approximation t o  t h e  opac i ty  throughout t h e  star. 

e l e c t r o n  s c a t t e r i n g ' i s  no longer  a good 

The i n i t i a l  

con2os i t i on  i s  again taken t o  be 
I' 

= 2 /2. (1) 
e e e CNO e 

X ='0,70, Y = 0.27, 2 = 0.03, X 

The parameters  i n  t h e  formula f o r  nuclear  energy gene ra t ion  are, 

i n  t h e  p r e s e n t  case, 
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v =  f6 

v =  15 

- b) Intesration of Eauilibrium Equations 

The cons t ruc t ion  of models proceeds i n  t h e  manner ou t l ined  

i n  Paper I. However, t h e  f i t t i n g  w a s  accomplished completely 

au tomat i ca l ly  by t h e  computer, as follows. W e  denote t h e  en- 

velope eigenvalue by a .  Thus f o r  t h e  i n i t i a l  model a= log C,  

and f o r  t h e  inhomogeneous models a = h. ( the  composition exponent).  

The i n t e g r a t i o n s  of t h e  o u t e r  r a d i a t i v e  Zone I and t h e  assumed 

r a d i a t i v e  in te rmedia te  Zone I11 are performed as i n  Paper I ,  

and then smoothly continued i n t o  Zone I V ,  t h e  convect ive core ,  

when (n + l)ad = (n +- l)rad. 

t h e  proper  f i t t i n g  p o i n t ,  s i n c e  (n + 1) = (n + a t  t h e  

semiconvective zone, too. Once i n s i d e  t h e  co re ,  t h e  inward 

i n t e g r a t i o n s  are t e s t e d  on t h e  U-q plane a t  each poin t .  I f  

Care must be exerc ised  i n  s e l e c t i n g  

a d  

U > 3 o r  dU/dq > 0, t h e  c u r r e n t  value of q (say,  q ) is  noted, > 

and the' whole i n t e g r a t i o n  is  begun again from t h e  s u r f a c e  ( f o r  

t h e  i n i t i a l  model) o r  f r o m  q 2  ( f o r  the  inhomogeneous models) 

When >- with  a r ev i sed  e s t ima te -o f  a based on t h e  smallness  of q 

q> i s  less than  a s u i t a b l y  s m a l l  prechosen va lue ,  an ex t r apo la t ed  
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'value of $ is obtained.  
C 

Tnc i E t e s r a t i o a  method i s  now al tered as follows. From the 

last t r i a l  i n t e g r a t i o n  a f i t k i n g  poin t  is selected j u s t  i n s i d e  

t h e  core:  t h e  va lue  of f j  = p f  i s  noted. Now t w o  inward in t eg ra -  
.\. .* 

t i o n s  a r e  performed f o r  a and a + Aa, i n  t o  p f .  

o f  U and V are noted. S imi l a r ly ,  two outward i n t e g r a t i o n s  from 

H e r e  t he  va lues  

t h e  c e n t e r  are performed f o r  @ and p + A B c .  From t h e  two in -  

ward i n t e g r a t i o n s  w e  may form 6U/6a  and 6V/6U, and from the  two 

outward i n t e g r a t i o n s  6U/6p and 6V/6$ , a l l  eva lua ted  a t  9 

C C 

W e  f -  C C 

o b t a i n  irnproved va lues  of a and B by 
C 

L I B  derived from a s o l u t i o n  of t h e  two 
C 

us ing  t h e  increments La and 

simultaneous equat ions ,  

n Qc 

fqL - (3  1 

This  method i s  i terated u n t i l  Aa and A B  are s u i t a b l y  s m a l l .  
C 

Wnen Zones I ,  111, and I V  become proper ly  f i t t e d  i n  U ,  V, 

and 13, t h e  semiconvective Zone I1 is  i n t e g r a t e d  and f i t t e d  t o  

Zone 111. as shown i n  Paper I. 

I) c) Resul t s  for Stable Models  - 

T a b l e  1 con ta ins  t h e  e s s e n t i a l  r e s u l t s  for evolu t ionary  

sequences of s i x  models obtained fo r  stars of 15 and 20  MQ. 
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Com?zrison xa?y 5 c  i-r.z.de with t>.e xa1ogot;s scxquence c ~ i . c c l ~ ~ t c d  fcr 

3 0  iv: in ? ~ p e r  &. .- I ,t shc,c.X be r.otcd t'nac ii: tLis paper ~ h ~ +  Q 

adopted values of L and R are t h o s e  of Allen (1963), whereas 

in Papers I and I1 Chandrasekhar's (1939) values were used. In 

all comparisons with other work, we shall renormalize luminosities 

and radii to Allen's values whenever necessary. 

0 0 

2. .I 

Apart from the increasing importance of the semiconvective 

zone from 15 to 30 M 

mention is that the initial decrease of central density for stars 

of intermediate and high mass becomes negligible or even vanishes 

foz very massive stars, at some mass between 20 and 30 M 

also Heayey, LeLevier, and Levge 1959). 

energy generation is not quite sufficient to expand the central 

the only other point worthy of special 
0' 

(cf. 
0 

It seems that the nuclear 

regions against their slow gravitational contraction. 

be due to the lower value of v ,  which.leads to a less steep 

gradient of temperature and hence of pressure. 

This would 

IV. PULSATiNG KODELS 

j' 

3) P u l s a t i o n  E m a t i o n  

The equation describing small, radial adiabatic pulsations 

of a s?herically symmetric fluid may be written 
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w h e r e  5 is  t h e  r ad ia l  d i sp l acenen t ,  a/2ri = E -1 t h e  frequency and 
2. .) 

L t h e  per iod  of o s c i l l a t i o n .  W e  have a l s o  t h e  a d i a b a t i c  exponent 

f o r  a n i x r u r e  of p e r f e c t  gas and r a d i a t i o n  (Chandrasekhar 1939).  

Equation (4)  i s  t h e  equat ion  der ived by Ledoux (1939) i f  the 

r e l a t i v e  a n p i i t u d e  d r / r  i s  introduced i n  p l ace  of 5 = 6 r .  S ince  

the  c o e f f i c i e n t s  of t h e  p u l s a t i o n  equat ion  have s i n g u l a r i t i e s  a t  

t h e  s u r f a c e  and c e n t e r ,  we have t h e  fo l lowing  boundary cond i t ions :  

I t  w i l l  be convenient  t o  eva lua te  an expl ic i t  express ion  

f o r  a (I? P)/ar .  

are of n e g l i g i b l e  e x t e n t  i n  massive stars, we  may t a k e  y = 5/3 

Since t h e  i o n i z a t i o n  zones of hydrogen and helium 1 '  

througdout  t h e  whole star.  Then we o b t a i n  f r o m  equat ion  (5) 
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?.nd from the  equat ion of s t a t e  

With t h e  h e l p  of t h e  homology i n v a r i a n t s  V = - d I n  P/d I n  r and 

n + 1 = d I n  P/d I n  T, we obtain the d e s i r e d  express ion  

A. 

where 

Introducing equat ion (9), V, and j3P = kPT/pH i n t o  equat ion 

(4 ) ,  we rewri te  t h e  puls 'a t ion equation as 

This  i s  t h e  f i n a l  f o r m  of t h e  pu l sa t ion  equat ion ,  t ak ing  r a d i a t i o n  

p res su re  e x a c t l y  i n t o  account.  I n  t h e  case  of no r a d i a t i o n  

p res su re  (1 - B = b = 0 ) ,  rl = y and  equat ion (11) reduces t o  

t h e  equat ion  used by S t o t h e r s  and Schwarzschild (1961). 

1n;terms of t h e  non-dimensional envelope v a r i a b l e s  def ined i n  

Paper I equat ion  (11) becomes 
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R3 
Wf - 0-= 

i s  t h e  eigenvalue of t h e  problem. For homologous stars w 2 is  
1. .a 

cons tan t ,  so t h a t  we  o b t a i n  the  familiar r e l a t i o n  ll & = const .  

~ I n  t h e  core of t h e  s t a r ,  t h e  pu l sa t ion  equat ion  may be 

w r i t t e n  a s  equat ion (12) with t h e  envelope variables simply re- 

placed by t h e  starred core v a r i a b l e s  of Paper I. 

t h e  eigenvalue i s  

I n  t h i s  case 

B) S t a r t i n s  Series 

Because of t h e  s i n g u l a r i t y  a t  t h e  s te l la r  su r face ,  t h e  

s o l u t i o n  of t h e  p u l s a t i o n  equat ion must be expanded i n  a power 

series around r = R .  To do t h i s ,  we f irst  in t roduce  t h e  zero  

s u r f a c e  expansions from Paper I i n t o  equat ion  ( 1 2 ) .  W e  no te  

t h e  necessary  express ions  for t h e  homology i n v a r i a n t s :  

n+ I 
I - X  u = o ,  Y =  - > n+l = 4. 

Then equat ion  (12) becomes, near  the s u r f a c e ,  
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where 

2- r," 
P =  2-4 T O  ) >  

0 

and rl = rl(B,). We now expand 5 i n  a power series i n  terms of 

t h e  s m a l l  (nega t ive)  q u a n t i t y  X - 1: 

In t roduc t ion  of t h i s  expression i n t o  equat ion (16) y i e l d s  t h e  

fol lowing r ecu r s ion  r e l a t i o n  among t h e  c o e f f i c i e n t s  5 ( w  2 ) :  
k 

where 5 

e f f i c i e n t s  are r e l a t i v e , t o  t h e  magnitude of 5 . 
amplitude a t  t h e  su r face  (x = l), we have t h a t  $ 

= 5-, - - 5-, =,,O. Note t h a t  t he  magnitudes of t h e  co- -1 

Normalizing t h e  
0 

= 1. 
0 

The s o l u t i o n  of the pu l sa t ion  equat ion i s  s i m i l a r l y  expanded 

i n  a power series around r = 0. From t h e  c e n t e r  expansions of 

Paper I,, we no te  t h a t  V is a q u a n t i t y  of second order and @ - Bc '  
so t h a t  
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b 

Then equat ion ( 1 2 )  becomes, near the  c e n t e r ,  

‘k2 which is. , independent of 6 and w . The s o l u t i o n  i s  simply 
C .  A. 

E = g: %” . 

c) Inteuratioq af Pulsation Emation 

I t  is  convenient t o  s p l i t  t h e  second-order d i f f e r e n t i a l  

equat ion (12 )  i n t o  two coupled, f i rs t -order  equat ions  with t h e  

h e l p  of  t h e  a u x i l i a r y  q,uant i ty  $ = a</ax. By a s u i t a b l e  choice 

of independent v a r i a b l e s  i n  p l ace  of x f o r  t h e  var ious  reg ions  of 

t h e  s tar ,  these  t w o  equat ions  may be accu ra t e ly  i n t e g r a t e d  r a t h e r  

c l o s e  t o  t h e  s te l la r  cen te r .  

w i l l ,  i n  g e n e r a l ,  d iverge  as. t h e  cen te r  i s  approached, t he  fcl lowing 

procedure w a s  used t o  o b t a i n  t h e  correct e igenvalue t h a t  makes 

Since t h e  s o l u t i o n  f o r  a r b i t r a r y  w 2 

5 and $ small near  t h e  cen te r .  For each mode, two t r i a l  va lues  of  

GJ are guessed, and i n t e g r a t i o n s  are performed i n  both  cases  down 
2 

t o  a small, prechosen value of q (say q ) .  Then an improved value 

of w i s  c a l c u l a t e d  from t h e  magnitude and s i g n  of J, a t  q . The 

procedure i s  i t e r a t e d  u n t i l  J, M 0 a t  q . 

e 
2 

e 

e 

Improvement i s  now obtained by t h e  same method t h a t  was used 
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i n  c a l c u l a t i n g  the  s t a b l e  models  (Sect ion IIIb). We fit t h e  

core  xu =fivelope s o l u t i o n s  a t  p using a $ / a @  and a $ /as  as 

f i t t i n g  parameters.  The inward and  outward va lues  of these  

2 2 
f '  

parameters are normalized by t h e  r a t i o  of t h e  inward and outward _.  

values  o f  

(14) f o r  w * ~  d i r e c t l y  from t h e  t r i a l  value of  w 

or' and 9 from t h e  stable model. Then only  one equat ion of ( 3 )  

h a s  t o  be used t o  o b t a i n  improved va lues  of w and hence of  w . 
h7e note  t h a t ,  besides B , w depends on w only through X and 

t / t *  (from t h e  stable m o d e l ) .  
4 4  

a t  8,. An a l t e r n a t i v e  procedure i s  t o  use  equat ion 

2 and our  knowledge 

C 

2 *2 

* 2  2 
C C 

- d )  R e s u l t s  for Pulsatins Models 

The p u l s a t i o n a l  c h a r a c t e r i s t i c s  of massive s t a r s  are co l -  

2 *2 l e c t e d  i n  Table 2. It  i s  t o  be noted t h a t ,  s i n c e  w and w are 

independent of t h e  nuc lear  energy genera t ion  and hence of the 

s t e l l a r  r a d i u s ,  so are p f i  and t h e  per iod r a t i o s .  

on ly  on B and the t o t a l  luminosity,  a p a r t  from t h e  age and 

i n i t i a l  chemicai composition. The period-root-mean-density 

They depend 
C 

C 

r e l a t i Q n  i s  given by Q = ILf(F/FQ). I t  does n o t  change much from 

m a s s  t o  m a s s ,  f o r  models a t  t h e  same evolu t ionary  s ta te .  The 

same s ta tement  i s  crue -for p / F  and t h e  per iod r a t i o s . .  
C 

2 
W e  n o t e  t h a t  w does n o t  depend very s t r o n g l y  or;' t he  c e n t r a l  

I 
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a' condensation, For in s t ance ,  between models 1 and 2 f o r  15 I.s, 

; f.5 do.L;Sles. Likswise,  &tween xodels 3 and 5 i t  doubles again.  

However, t he  change of u2 i n  tho l a t t e r  case is much smal le r  than  

i n  t h e  former. The reason i s  t h a t  w depends on t h e  r a t e  of de-  

c 

2 

c rease  of 5 ,  which drops r a p i d l y  i n  the  o u t e r  envelope, and t'nere- 

f o r e  is i n s e n s i t i v e  t o  the  p r e c i s e  i n t e r i o r  condi t ions .  Figure 1 

shows t h i s  i n  the  case of t h e  f i v e  ca l cu la t ed  modes f o r  model 4 

of 1 5  MQ. 

envelo;?e and hence by t h e  t o t a l  luminosity,  so  i s  w . Now w e  

Since 5 i s  determined c h i e f l y  by t h e  s t r u c t u r e  of  t h e  

2 

note  t h a t  t h e  lufninosity inc reases  much l e s s  between models 3 and 

5 than between models 1 and 2 .  

2 
Tables 1 and 2 also show t h a t  w and the period: r a t i o s  de-  

0 

This may be seen  by comparirq the  i n i t i a l  1' c rease  wi th  j3 and r 
models f o r  t h e  t h r e e  masses. The e f f e c t  i s  s i m i l a r  t o  t h a t  found 

i n  the  s tandard  model (Ledoux and Walraven 1958). However, de- 

t a i l e d  comparisons us ing  t h e  standard model appear t o  be very 

mis leading ,  because the  e f f e c t i v e  po ly t rop ic  index throughout t h e  

envelope a c t u a l l y  crops f a r  below n = 3 (see Figure 2 ) .  This l eads  

t o  g r e a t l y  d i f f e r e n t  va lues  of the  p u l s a t i o n a l  q u a n t i t i e s .  

l a s t  column of Table 3 ,  Schwarzschild 's  (1941) r e s u l t s  on t h e  

I n  t h e  

s tandard  model are l i s t e d .  W e  s e e  t h a t  our  va lues  of  Q a r e  even 

l a r g e r  than  a of t h e  s tandard model, which Ledoux and Walraven 

0 

0 
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found t o  be i n  excess of t h e i r  "observed" v&ue f o r  t h e  fj Cephei 

s t a r s ,  = 0.027. However, t h e  values they used! f o r  t h e  r a d i i  
*a 

of these  stars w e r e  t o o  l a rge .  

Gum, (1963) ca lcu la t ed  the pu l sa t iona l  

(1957) _ .  i n i t i a l  main sequence model of 10  Mg 

ii = 2.12  hours.  Since we  see from Table 2 
0 

eigenvalues  for Kushwaha's 

and X = 0.90,  and found I 

t h a t  t he  per iod more 

e 

than doubles along t he  evolu t ionary  t r a c k  of massive s t a r s ,  h i s  con- 

c l u s i o n  t h a t  our  p re sen t  theory of s t a r s  on t h e  up?er main sequence 

s e e m s  inadequate ,  because of t h e  period disagreement,  appears t o  be 

unwarranted. I n  f a c t ,  as we s h a l l  see i n  Sec t ion  VIa, t h e  per iods 

(bu t  n o t  t h e i r  ra t ios)  may be considerably a l t e r e d  through m a l l  

changes i n  t h e  chemical composition. Moreover, we have seen  t h a t  

arguments baked on changing t h e  cent ra l  condensation of models do  

n o t  l ead  very f a r ,  s i n c e  Table 3 shows t h a t  even t h e  s tandard  model 

g i v e s  a f a i r  r e p r e s e n t a t i o n  of p 0. F i n a l l y ,  a g r a d i e n t  of e f -  
C 

f e c t i v e  p o l y t r o p i c  index, such a s  occurs i n  t n e  models ca l cu la t ed  

he re ,  seems necessary t o  y i e l d  c o r r e c t  values  of 9 f l  and u . 2 
C 0 

Reddish and S w e e t  (1960) i n t e r p r e t e d  S t r u v e ' s  t e n t a t i v e  sug- 

g e s t i o n  of a s e c u l a r  per iod change i n  8 Cephei i n  t e r m s  of  t he  

expandjng r a d i u s  during hydrogen-burning. Their rough r e s u l t  t h a t  

t h e  rate of i n c r e a s e  i s  an order  of magnitcde smaller than  t h a t  re -  

qu i r ed  by observa t ions  i s  confi;rrr.ed by our d e t a i l e d  models. T h i s  

i s  a f u r t h e r  i n d i c a t i o n  t h a t  b e a t  phenomena'and slow period ckangzs 

ir- 3 Cephei s t a r s  may he explained by i n t e r a c t i n g  modes.  
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V. DATA ON THE BETA CEZHEI STARS 

I n  TaSlc 4 t h e  r e s u l t s  of v a n  Hoof's ana lyses  of t h e  l i g h t  

curves  of f i v e  p Cephei stars are presented.  

of si Canis Majoris  i s  n o t  presented ,  s i n c e  it w a s  e s s e n t i a l l y  an 

i n t e r p o l a t i o n  (van Hoof 1 9 6 3 ) .  However, these stars are rcpre- 

A s in i l a r  a n a l y s i s  

s e n t a t i v e  of a l l  t h e  B Cephei s t a r s ,  i n  t h a t  they inc lude  a broad 

range of p e r i o d s ,  r o t a t i o n a l  v e l o c i t i e s  , and ve ' loc i ty  amplitildes. 

The d a t a  of Table 4 w e r e  used t o  i n t e r p o l a t e  t h e  models presented 

i n  Table 3. All t h e  per iod racios zqreed; t h e r e f o r e  w e  l i s t e d  

only  , the adopted II /II ' f o r  each mass. 1 0  

To p l o t  t h e  obse rva t iona l  d a t a  f o r  9 Cephei stars on t h e  

t h e o r e t i c a l  H-R diagram, we have u s e d  t he  l i s t  given by van Hoof 

(19622) and t h e  r e l a t i o n s  between spectrum, e f f e c t i v e  temperature ,  

and Soloxetric c o r r e c t i o n  given by  H a r r i s  (1963). H a r r i s ' s  bolo- 

m e t r i c  c o r r e c t i o n s  w e r e  used f o r  a l l  luminos i ty  classes (I1 - IV). 

= + 4.72  f o r  t h e  9301 Tne l u m i n o s i t i e s  w e r e  normalized by c s i n g  

sun (Allen 1963) .  The r e s u l t i n g  values  of luminos i ty  and e f f e c t i v e  

temperature  are n o t  very d i f f e r e n t  from those  obtained Sy Sc'nmal- 

iserger (1960).  

The evo lu t iona ry  t r a c k s  on Figure 3 came f r o m  Papers I, 11, 

and the p r e s e n t  paper f o r  15 - 20 - 30 Na, and from Senyey et a. 
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(1959) fo r  11 - 20 Ma. Crosses denote t h e  i n t e r p o l a t e d  models 

of Table 3 .  

I t  is  c l e n r  f r o m  Figure 3 ,  as well as Table 3 ,  t h a t  the 

locus  of cons t an t  period ratios i s  no t  t he  locus of secondary .._ .* 

con t rac t ion .  W e  s h a l l  n o t  concern ourse lves  t h a t  the  constant-  

r a t i o  s t r i p  falls to t h e  l e f t  of  t he  observed p Cephei s t r i p  and 

t h a t  t h e  per iods  do not  q u i t e  agree; both of these.  d i sc repanc ie s  

may e a s i l y  be removed by a change i n  t h e  r a d i u s ,  accomplishable 

i n  s e v e r a l  ways, as shown i n  t h e  next s ec t ion .  I t  i s  therefore of 

somewhat academic i n t e r e s t  t o  r e c a l l  t h a t  Struve ( 1 9 5 5 ~ )  had 

e a r l i e r  proposed evolu t ion  of stars ~ 1 3  the  p Cephei s t r i p ,  i n  

t he  absence of any d e t a i l e d  models a t  t he  t i m e .  

V I .  EFFECT OF CHANGING PHYSICAL PARAMETERS 

a) Chemical ComDosition 

I n  g e n e r a l ,  a change i n  t h e  i n i t i a l  chemical composition of 

a s t a r  whose opac i ty  i s  dominated by e l e c t r o n  s c a t t e r i n g  w i l l  

s h i f t  i t s  evolu t ionary  t r a c k  along a diagonal  l i n e  almost p a r a l l e l  

t o  t h e  i n i t i a l  main sequence i n  t h e  H-R diagram. For,  s i n c e  

3 - Pe and R - 4 1/2 we have t h a t  T - v e  - pe e 
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If w e  assume t h a t  a l l  t h e  p Cephei stars have t h e  same m a s s  

and p u l s a t e  a t  t h e  same evolu t ionary  s t a g e ,  b u t  have d i f f e r e n t  

3/2 3/2 . Since II i s  i n i t i a l  chemical compositions,  then n -  R 
abserved t o  vary  by a factor of 2 ,  w e  must conclude t h a t  X a lso 

v a r i e s  by a t  least  t h e  same factor. T h i s  conclusion s e e m s  t o  be 

- ge 

_ .  e 

u n j u s t i f i e d  by observa t ions  o f  t h e  upper main sequence. Moreover, 

t he  per iod ra t ios  w i l l  be d i f f e r e n t  a t  t h e  same evolu t ionary  s t a g e ,  

i n  c o n t r a d i c t i o n  of t h e  observed rough constancy of t h e s e  r a t i o s .  

F i n a l l y ,  t h e  v a r i a t i o n  i n  X necessary t o  produce t h e  observed 

v a r i a t i o n  i n  luminosi ty  i s  much more than a factor of 2. 

e 

The l a s t  argument.would also r u l e  o u t  t h e  p o s s i b i l i t y  of 

p u l s a t i o n  a t  d i f f e r i n g  evolut ionary s t a g e s ,  even though supple- 

mentary c a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  c o n s t a n t - r a t i o  s t r i p  on 

t h e  H-R diagram for stars of t h e  same . m a s s  b u t  d i f f e r i n g  i n i t i a l  

chemical composition f a l l s  i n  t h e  same way as i n  Figure 3 .  The 

reason f o r  t h e  s i m i l a r  p o s i t i o n  of t h e  s t r i p  i s  t h a t  w2 and t h e  

per iod r a t i o s  a t  t h e  same evolu t ionary  s t a g e  (1 ) are smaller f o r  

stars of  lower X (and hence higher  luminos i ty) .  

0 

C 

e 

zf, however, w e  assume with Schmalbsger  (1960) t h a t  a l l  t h e  

j3 Cephei stars f a l l  along t h e  locus of secondary c o n t r a c t i o n  

(Xc M 0.03) on t h e  H-R-diagram, we can compute the necessary 

i n i t i a l . c h e m i c a 1  compo6ition f o r  each m a s s  on t h e  basis of constancy 

I '  
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of t h e  per iod r a t i o s .  

X = 0.70 almost fulfils the criteria. 

From Table 3 t h e  model f o r  30 Ma wi th  

Using it as a standard, e 

we invoke homology arguments to calculate Xe for b t h e r  masses. 

From Paper I, as long as j3 is not too low, the dimensionless 

structure of the star is specified only by the parameters A and 
C 

C at a given evolutionary stage (1 ) ,  since the variable j may be 
C 

replaced by 1 0.285 (Schwarzschild 1958). Then, holding A constant, 

we calculate that X must be 0.46 and 0.32, for 20 M 

respectively. 

and 15 Mo, 
e 0 

Since the pulsational eigenvalues and hence period 

ratios depend only on the dimensionless structure of the star, 

these values of X 

secondary contraction. They are unrealistically low, and should 

be lower still because the mass at which X 

greater than 30 Mo, and because the decreased values of X 

an increased luminosity. Therefore, to give agreement with the 

seem to be necessary for the hypothesis of e 

" 
= 0.70 is actually e 

imply e 

observed luminosities, even smaller masses and hence lower X would e 

have to be taken. Moreover, there is no reason to believe that the 

calculated periods would agree with the observations. In any case, 

it is,difficult to see why j3 Cephei stars of lower mass should have 

lower initial hydrogen abundances. 

Ideally, if the 8-Cephei strip were sufficiently well defined 

observationally, the stellar masses and chemical compositions could 
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be determined w i t h  g r e a t e r  accuracy. For a given model, s p e c i f i e d  

by M and p , t he  evolu t ionary  t r a c k  c ros ses  t h e  s t r i p  on t h e  H-R e 

diagram at a certain p o i n t ,  where both no and the period r a t i o s  

n u s t  agree wi th  t h e  observat ions.  Since i'I depends e s s e n t i a l l y  
0 

on t h e  s te l lar  r a d i u s  and t h e  period ratios on t h e  luminosi ty ,  the  

requi red  model is t h e r e f o r e  uniquely determined. 

, b) Nuclear Enerav Generation 

The r a d i u s  of massive stars i s  e s s e n t i a l l y  determined by t h e  

ra te  o f  nuc lea r  energy genera t ion .  Since n - R 3/2 , i t  is  clear 

t h a t  we  may seek agreement with the observed per iods  by ad jus t ing  

6 o r  X as w e l l  as by changing pe (see previous subsec t ion ) .  
0 CNO' 

To change I7 of t h e  model f o r  15 Ma that best f i t s  the  observa- 
0 

t i o n s  of per iod  rat ios;from 3 . 7  t o  5 days,  we r e q u i r e  an inc rease  

by a f a c t o r  of 45. Such an inc rease  seems inadmis- CNO i n  c or X 
0 

sible. Moreover, t h e  inc rease  does n o t  scale homologously with 

i n v e r s e  m a s s  b u t  i s  cons t an t ,  so t h a t  agreement with observa t ions  

a t  15 Mo produces too g r e a t  a no a t  20 Mo. It  should also be re- 

c a l l e d  t h a t  changing R and hence t h e  per iods  does n o t  change the  

per iod r a t i o s .  
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- c) O n a c i t v  

The i n a b i l i t y  of a reasonable change i n  t h e  nuc lear  energy 

genera t ion  ra te  t o  produce agreement w i t h  the observed per iods  

w i l l  n o t  be d i s a s t r o u s ,  however. I n  our  models we  neglec ted  
. . .' 

o p a c i t y  sources  o t h e r  than e l ec t ron  s c a t t e r i n g ,  and it i s  c e r t a i n  

t h a t  bound-free absorp t ion  processes w i l l  c o n t r i b u t e  non-negligibly 

i n  the  o u t e r  envelope. The model sequence f o r  20 MQ with  X = 0.68, e 

computed by Henyey, LeLevier,  and LevGe (1959), included these 

processes ,  and t h e  r e s u l t i n g  evolut ionary sequence l ies  on t h e  

H-R diagram p a r a l l e l  t o  our  sequence a t  very n e a r l y  the same lumi- 

nos i ty .  It' i s ,  however, displaced t o  lower e f f e c t i v e  temperatures 

by an amount equ iva len t  t o  a change i n  log (X/RQ) equal  t o  0.06,  

af ter  allowance f o r  d i f f e r e n c e s  i n  X , , ard t: . T h i s  chan2-e 

is brought about almost d i r e c t l y  by the opac i ty ,  s i n c e  w e  have 

e 'CNO 0 

t h a t  R - K ,  from a dimensional a n a l y s i s  of t he  equatior,  of energy 

t r a n s p o r t  by r a d i a t i o n .  The change produces an i n c r e a s e  of II from 
8 0 

5.2  t o  6.4 days,  more c l o s e l y  i n  agreement with observa t ions .  

The ques t ion  arises whether i nc lus ion  of boundr-free absorpt ion 

w i l l  change t h e  p u l s a t i o n a l  eigenvalues.  Undoubtedly i t  w i l l  t o  

some 'ex ten t ,  b u t  t h e  ra t ios  of the modes, e s p e c i a l l y  those of t h e  

h igher  modes, should remain f a i r l y  cons t an t ,  because they are n e a r l y  
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independent of t h e  r ad ius .  W e  r e c a l l  t h a t  i t  i s  these  r a t i o s  

t h a t  e s s e n t i a l l y  f i x  t h e  f3 Cephei stri.:: . -  the evolu t ionary  H - 3  

dirigram. 

1t.rnay e a s i l y  be shown, however, t h a t  t h e  i n c l u s i o n  of bound- 

free absorp t ion ,  which has an inc reas ing  e f f e c t  a t  lower masses, 

a c t u a l l y  se rves  t o  o f f s e t  t h e  l i n e  of c o n s t a n t  per iod r a t i o s  

farther from the  locus of  secondary con t r ac t ion .  

roughly equ iva len t  t o  inc reas ing  X i n  t h e  e l e c t r o n  s c a t t e r i n g  opac i ty .  

As d i s c u s s e d  i n  Sec t ion  V I a ,  t h e  period r a t i o s  then a l so  increase. 

Therefore, a t  lower masses, the  model f o r  which the  r a t i o s  agree 

with obse rva t ions  l i e s  c l o s e r  to the i n i t i a l  main sequence. 

eve r ,  as stated above, Ithe e f f e c t  should be s m a l l .  

Its i n c l u s i o n  i s  

How- 

- d )  Semiconvection 

Since t h e  e x t e n t  of semiconvection i n  a s ta r  depends mainly 

on t h e  luminos i ty ,  a lowering of  the i n i t i a l  hydrogen abundance i n  

stars of a given mass inc reases  the m o u n t  of  semiconvection, 

through t h e  r e l a t i o n  L - 
as we  ,have treated i t ,  i s  unable t o  a l t e r  t h e  p u l s a t i o n a l  eigen- 

. Kowever, t h e  semiconvective zone, 4 
'e 

va lues  t o  a p e r c e p t i b l e  degree,  even i n  t h e  l a s t  hydrogen-burning 

model of a star  of 30 "0. Hence u n c e r t a i n t i e s  i n  the  seniconvec- 

t i v e  theo ry  w i l l  probably no t  be? r e f l e c t e d  i n  t h e  p u l s a t i o n a l  
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c h a r a c t e r i s t i c s  of massive s t a r s .  

c h a r a c t e r i s t i c s ,  i t  is  adequate merely t o  cons ider  t h e  i n t e z x e d i a t e  

zoms as wholly radiative.  

For determinat ion of t h e s e  

3. .) 

VII. DYNAMICAL EFFECTS 

a) Rotation - 

Rota t iona l  e f f e c t s  should be s m a l l ,  s i n c e  McNamara and Hansen 

(1961) have shown t h a t  t he  average e q u a t o r i a l  v e l o c i t y  f o r  3 Cephei 

stars i s  only  22  k d s e c .  I n  add i t ion ,  t h e o r e t i c a l  evidence e x i s t s  

t h a t  l a r g e  r o t a t i o n  may i n h i b i t  2u l sa t ions  ( S t e i n i t z  1964) .  How- 

eve r ,  t h e  f a c t  t h a t  somewhat higher  r o t a t i o n a l  v e l o c i t i e s  a r e  ob- 

served i n  t h e  case of ,9 Cephei s t a r s  e x h i b i t i n g  a b e a t  phenomenon 

. i n d i c a t e s  t h a t  t h e  presence of secondary per iods  may be due t o  t h e  

r o t a t i o n .  A t  any ra te ,  t h e  work of NcNamara  and Hanser, (1961) and 

t h e  summary by Struve (1955') s t rengthen  t h e  case f o r  pure ly  r ad ia l  

o s c i l l a t i o n s  i n  the  slowly r o t a t i n g  9 Cephei stars. I n  view of 

t h e  okserved per iod-luminosi ty  r e l a t i o n  and van 

s ta tement  probably holds  t r u e  a lso f o r  t h e  more 

Hoof ' s work, ' t h i s  

r a p i d l y  r o t a t i n g  

stars i 
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h) Eceraizincr Mec'hanisms 

Schwarzschild and H a r m  (1959) have shown t h a t  upper main 

sequence stars become p u l s a t i o n a l l y  uns t ab le  above about G O  Ma. 

A t  these  masses r approaches 4/3 because of t h e  high r a d i a t i o n  

p res su re ,  and nuc lea r  r e a c t i o n s  are able t o  supply enough energy 

1 . .  

t o  maintain t h e  i n s t a b i l i t y .  Stars of l o w e r  mass should be pulsa- 

t i o n a l l y  s table  nuclear-wise,  and e x p l i c i t  c a l c u l a t i o n s  by G u r m  

(1963) fo r  1 0  Mo confirm t h i s  expectat ion.  

. R o t a t i o n a l  energy i s  a second poss ib l e  source f o r  t he  pulsa- 

t i o n s .  As evo lu t ion  off the main sequence proceeds,  t h e  envelope 

expands and hence d i s p l a y s  a lower r o t a t i o n a l  ve loc i ty .  A t  t h e  

same time, t h e  core i s - c o n t r a c t i n g  and ,  i n  t h e  absence o f  d i s -  

s i p a t i v e  mechanisms, w i l l  r o t a t e  f a s t e r .  Since the  3 Cephei stars 

as a group show r o t a t i o n a l  v e l o c i t i e s  f a r  less than t h e  v e l o c i t i e s  

shown by stable stars of t h e  s a m e  s p e c t r a l  and l m i n o s i t y  c l a s s e s ,  

poss ib ly  t h e  angular  momentum has been t r a n s f e r r e d  to t h e  co re  and 

used i n  ene rg iz ing  t h e  pu l sa t ions .  However, Figure 1 sugges ts  t h a t  

r o t a t i o n a l  energy of t h e  core may not  be a source f o r  t h e  pu l sa t ions  

s i n c e i t h e  p u l s a t i o n a l  amplitude here  i s  less than 1 pe r  cen t  of i t s .  

va lue  a t  t h e  su r face .  I t  i s  p a r t l y  f o r  t h e  same reason t h a t  nuclear  

energy f a i l s  as a source.  

F u r t h e r ,  as- we have a l ready  rrtentioned, i n d i r e c t  t h e o r e t i c a l  
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I evidence shows t h a t  r o t a t i o n  of a star as a whole tends t o  in-.  
I 

hibit pulsations ( S t e i n i t 2  1964) .  I n  analogy with t h e  Cepheids, 

i f  t h e  hydrogen or  helium i o n i z a t i o n  zones are t h e  source of t h e  

pu l sa t ions ,  then they o r i g i n a t e  i n  t h e  atmosphere or no t  f a r  be- 

low the,.photosphere. Atmospheric expuls ion i s  indeed what is  re- 

qu i r ed  t o  exp la in  t h e  beat phenomenon according t o  t h e  theory of 

Struve and Odgers (Struve 1955h). If m.olecular d i s s o c i a t i o n  i s  

t h e  cause of t h e  i n s t a b i l i t y ,  then some reasonably.abundant  molecule 

m u s t  be d i s s o c i a t i n g  a t c t empera tu res  t y p i c a l  of B0.5 - B2 g i a n t s .  

' 4  1 
, G) Mass Loss -- 
1 

If t h e  theory  of Struve and Odgers (Struve 1955h) i s  c o r r e c t ,  

t h e  $ Cephei phenomenon may be explained by t h e  e j e c t i o n ,  decelera- 

t i o n ,  and subsequent i n f a l l  of an atmosphere. I n  any case, i t  i s  

t o  be expected t h a t  sorqe mass w i l l  be l o s t  (Sahade i n  Discussion, 

Reddish and S w e e t  1960)fi. W e  should l i k e  now t o  examine whether t h e  

fi Cephei s t r i p  (or c o n s t a n t - r a t i o  s t r i p )  i s  a c t u a l l y  t h e  evolu- 

t i o n a r y  t r a c k  of a stac l o s i n g  mass. 1 

If t h e  star remains chemically inhomogeneous, a constant-  

r a t i o  Line cannot be maintained s i n c e  X along t h e  l i n e  inc reases  
C 

as t h e  s t e l l a r  m a s s  i s  flower (Table 3). If, however, t h e  i n c i p i e n t  

i n s t a b i l i t y  causes  and $hen maintains complete mixing ,Of t h e  

s te l la r  material, a coqstant-ratio l i n e ' m i g h t  be maintained s i n c e  
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I 
, (= x ) decreases wi th  t h e  mass. For average va lues  of M and L 

C e 

taken from Table 1, the l i f e t i m e  o f ' a  star of i n i t i a l l y  2 0  Ma t o  

reach 10 Ma w i l l  be A? = E AX <M>/<L> = 10 

r a t e ' o f  m a s s  loss is  

able. 

7 years .  

Mo/year; t h i s  rate might n o t  be unreason- 

Hence the  mean 

>. .) 

Three arguments seem t o  r u l e  out complete mixing, however. 

First, the mass would be forced t o  decrease with X as IJ., i n  order 

to preserve  constancy of t h e  period ra t ios  (see Sect ion Via). 

Second, s i n c e  L - N ? / ( l  + X ) - M/(1 + X ) ,  and both M and 

- 2  
e 

'e e e 

1 + X decrease  by about t he  same f a c t o r ,  L w i l l  n o t  change very e 

much, i n  c o n t r a d i c t i o n  t o  t h e  observat ions.  Third,  complete mixing 

n o t  on ly  restores stars t o  the i n i t i a l  main sequence, b u t  as hydro- <. 

gen is  consumed, it produces a t r ack  t o  t h e  _left. A compromise 

Sased on pa r t i a l  mixing may be ru led  o u t  by t h e  same argument ap- 

p l i e d  a g a i n s t  the inhomogeneous case. I '  

W e  conclude t h a t  theory p r e d i c t s  l i t t l e  m a s s  loss ,  and i n  t h e  

absence of any d i r e c t  observa t iona l  evidence t o  t h e  con t r a ry ,  w e  

have assilmed t h a t  s tars  must t he re fo re  evolve ac ross  t h e  i n s t a b i -  

l i t y  s , t r ip .  Since the  s t r i p  i s  so narrow, t h e  t i m e  scale of 

evo lu t ion  across it must be s m a l l ,  and therefore t h e  mass loss i n  

any case will be small, 



. 

. -  - 31 - 

VIII. INTERPRETATION OF THE H-R DIAGRAM 

W e  should now l i k e  t o  see whether t h e  r a p i d  drop i n  lumino- 

s i t y  along .. , t he  c o n s t a n t - r a t i o  l i n e  i s  more compatible w i t h  the  

observa t ions  than t h e  g e n t l e r  drop occurr ing  s t r i c t l y  along t h e  

locus of secondary c o n t r a c t i o n ,  as suggested by Schmalberger (1960).  

F i r s t ,  s i n c e  no known p Cephei s t a r s  are members of a b inary  system, 

w e  have r e l i e d  on the model c a l c u l a t i o n s  t o  p l ace  t h e  m a s s  l i m i t s  

a t  10  and 20 Mo, roughly. 

a period-luminosity l a w  II - L i n  t h i s  range. (Ext rapola t ing  

Then o u r  c o n s t a n t - r a t i o  models p r e d i c t  

0.40 

from 15 MQ t o  10  Mg, w e  should a c t u a l l y  have an exponent s l i g h t l y  

less than  0.40.) Since II w i l l  change by a roughly cons t an t  mul t i -  

p l e  for  all model masses i f  t h e  cons tan ts  determining R are changed, 

t h e  exponent 0.40 wi l l ! r ema in  unchanged f o r  h o r i z o n t a l  s h i f t s  of 

t h e  evolu t ionary  t r a c k s  i n  t h e  H-R diagram. Now a l l  t h e  p Cephei 

. How- 0.25 
stars taken toge the r  (van Hoof 1962g) y i e l d  a l a w  !J - L 

eve r ,  on ly  four  of them have accu ra t e ly  determined luminos i t ies .  

T'nese are m e m b e r s  of t h e  Scorpio-Centaurus c l u s t e r ,  and inc lude  

8 Ophi-uchus and j3 Crucis  f r o m  Table 4. 

!J - 
They y i e l d  the law 

Good agreement i s  the re fo re  found w i t h  t h e  t h e o r e t i c a l  

l a w .  7' 

Second, t h e  luminosi ty  class drops from I1 - I11 f o r  t h e  
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variables of earliest s p e c t r a l  type (B0.5) to I V  for those of 

l a t e s t  s p e c t r a l  type (B2). This  suggests  t h a t  t h e  @ Cephei s t r i p  

does indced approach the 'main  sequence c l o s e r  than does t h e  locus  

of secondary c o n t r a c t i o n ,  which should probably not  show a drop, 

o r  a t  least  a large one, i n  luminosity class. W e  note  f u r t h e r  

t h a t  t h e  magnitude d i f f e r e n c e  between class I V  and V stars a t t a i n s  

a m i n i m u m  a t  B2 (Arp 1958) .  From Figure 3 t h e  cons t an t - r a t io  

s t r i p ,  ex t r apo la t ed ,  would run c lose  t o  t h e  i n i t i a l  main sequence 

a t  1 0  MQ (B2). I 1  

Third,  observa t ions  of ear ly- type c l u s t e r s  and a s s o c i a t i o n s  

i n d i c a t e  t h a t  t h e  t i p  of t h e  Trumpler tu rn-of f ,  which by age argu- 

ments is be l i eved  t o  r ep resen t  t h e  po in t  of secondary con t r ac t ion ,  

occurs  a t  luminos i ty  class III. For example, i n  I Geminorurn the  

turn-off  from t h e  i n i t i a l  main sequence appears &t til  V and t h e  

t i p  of t h e  turn-off  a t  B1 I11 (Crawford, L i m b e r ,  Xzndoza, Schul te ,  

Steinman, and Swiharz 1955).  

stars would n o t  have reached t h e  end of hydrogen-burning. 

This  suggescs t h a t  t h e  B1 I V  /3 Cephei 

The observed sp.c, tral  (or  mass) range of t h e  p Cephei stars 

One ind ica t ion  t h a t  t h e  lower mass i s  remarkably w e l l  defined. 

c u t o f f  should occur near  B 2  i s  t h a t  our  c a l c u l a t i o n s  show an in-  

t e r s e c z i o n  of t h e  ex t r apo la t ed  cons t an t - r a t io  s t r i p  with t h e  main 

scquence aear 10  MQ. Secondly, not ing t h a t  t h e  /3 Cephei s t a r s  
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occur only xnong sharp- l ine  (slowly ro t a t ing )  e a r l y  B s t a r s ,  

>:cSamara azd Eansen (1961) a s c r i b e  t h e  c u t o f f  t o  increas ing  rota- 
1 

t i o n a l  v e l o c i t i e s  among the la te - type  B stars. ( T h i s  i nc rease  i s  

observed i n  both luminosi ty  classes V.and I11 [ A l l e n  19637.) Thus .. . 

observa t ions ,  as w e l l  as theory,  i n d i c a t e  t h a t  l a r g e  r o t a t i o n  tends 

t o  inhibit p u l s a t i o n a l  i n s t a b i l i t y .  

An u n f r u i t f u l  suggest ion regarding t h e  u m e r  l i m i t  t o  t h e  

m a s s  i s  t h a t  semiconvection s t a r t s  t o  become important i n  s te l la r  

envelopes a t  about 20 Mg. Al though convection tends t o  damp pulsa- 

t i o n s ,  t h e  semiconvective zone i s  too i n e f f e c t i v e  and l i e s  too  deep 

f o r  t h i s  purpose (see Fig .  1). 

OSservational evidence e x i s t s ,  however, for t h e  cont inua t ion  

of i n s t a b i l i t y  up to  t h e  h ighes t  masses. 

0 g i a n t s ,  t he  i n s t a b i l i t y  manifests  i t s e l f  i n  t h e  Wolf-Rayet 

phenomenon. Westerlund (1961) and Westerlund and Smi t ' r ,  (1963) 

have shown t h a t  i n  the,H-R diagrams of 0 c l u s t e r s  i n  the Large 

Xagel lanic  Cloud, t h e  Wolf-Ralrez stars appear i nva r i ab ly  a t  t h e  

xi? of t h e  Trumpler turn-off .  

of =:?e. Wolf-Rayet stars l i e  between 20 and 6 0  M which is  w h a t  w e  

rcL:dLre t o  expla in  them as an "extension" 05 t:iZ B Cephei s t r i p ,  

m w  occurr ing  c l o s e  t o i t h e  l o c u s  of secondary con t r ac t ion .  

B u t  i n  the case of the  

'L'hese au thors  suggest  t h a t  t he  masses 

0' 

Sahade (1962)  g ives  a table of computed masses f o r  some of  
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, tho g a l a c t i c  Wolf-Rayet s t a r s .  Although they appear to be less 

massive than t h e i r  OB companions, t h e  t h r e e  luminosi ty  c l a s s e s  

given f o r  the companions are a l l  c l a s s  I. Hence w e  expec t  these 

com2anions t o  be more massive,  s i n c e  they have presumably evolved 

f u r t h e r  ( p a s t  t h e  Wolf-Rayet phase o f  pseudo-class 0 111). 

F i n a l l y ,  i n  an a n a l y s i s  of Wolf-Rayet s p e c t r a  Smith (1955) 

has  repor ted  v a r i a b i l i t y  of emission l i n e  i n t e n s i t i e s  on a t i m e  

scale of a few hours ,  i n  analogy with the  O f  s t a r s  (Oke 1954).  W e  

emphasize, however, t h a t  t h e  observa3ie form of t h e  i n s t a s i i i t y  and 

probably t h e  energ iz ing  mechanisms s u s t a i n i n g  it a r e  wholly dlf- 

f e r e n t  f o r  t h e  Wolf-Rayet and /3 Cephei stars. m y  an apparent  

changeover should occur a t  BO is  unknown. 

.; IX. CONCLUSION 

I t  appears  t h a t  r a d i a l  pu l sa t ions  o f  ,,ydrogsn-burning g i a n t s  may 

be adeqilate t o  exp la in  t h e  observat ions of ,9 Cephei s t a r s .  Non- 

r a d i a l  o r  s t r i c c l y  atmospheric p l s a t i o n s  need no t  be invoked. How- 

e v e r , , t h e  e z f e c t  of r o t a t i o n  and p o s s i b l e  mass loss cannot be d e f i -  

n i t e l y  a s c e r t a i n e d ,  although i t  i s  probable t h a t  they a r e  small. 

21 any c a s e ,  theory  cannot y e t  say  why t h e  8 Cephei stars l i e  i n  

zhe d i s t i n c t  range B0.5 - B2 I11 - I V ,  nor why only  some stars i n  

I 
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t h i s  range become variable, nor what the sources maintaining 

s a v e r a l  simultaneously e x c i t e d  modes may be. 

A pre l iminary  t h e o r e t i c a l  d i scuss ion  of  t h e  Cephei stars ap- 

peared i n  t h e  a u t h o r ' s  doc to ra l  d i s s e r t a t i o n ,  Harvard Univers i ty  

(1963), which w a s  supported i n  p a r t  by a Harvard scho la r sh ip  dur ing  

t h e  f i r s t  h a l f  of  t h e  qcademic year 1963 - 1964. Another p a r t  of  

t h e  work repor ted  i n  t h i s  paper was supported by an NAS-NRC Post-  

doc to ra l  Resident Research Associateship under t h e  Nat ional  A e r o -  

n a u t i c s  and Space Administration. It i s  a p leasure  t o  thank 

D r .  Leon Lucy for d i scuss ions  and D r .  Robert Jas t row f o r  h i s  

h o s p i t a l i t y  a t  t h e  I n s t i t u t e  f o r  Space S tudies .  
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FIGU-RZ CAPTIOXS 

Fig.  1. - Xoraalized pu l sa t ion  aiipli tude as a func t ion  of r ad ius  

f r a c t i o n  f o r  model 4 of 15  24 Solu t ions  are labe led  
Q -  -. * 

with t h e  mode number. Roman numerals des igna te  t h e  

s t e l l a r  zones (Paper I ) ,  which are marked off  by 

v e r t i c a l  l i n e s .  

Fig.  2. - E f f e c t i v e  po ly t rop ic  index as a func t ion  of mass 

f r a c t i o n  f o r  t h e  s taxdard r d e l  and for models 0 and 

4 of 15 .NQ. 

core.  

A do t  marks the boundary of t h e  convect ive 

Fig.  3 .  - Theore t i ca l  H-R d iagrax  of t h e  upper main sequence, 

inc lu2ing  obse rva t iona l  p o i n u  f o r  the B Cephei stars. 

Model sequences f o r  15 - 2 0  - 3 0  2: 

and those f o r  11 - 26 24 

Crosses Eark the  i r* t s rpola ted  models f o r  equal cal- 

c u l a t e d  and observed per iod r a t i o s .  

a r e  ccs t o  S t o t h e r s ,  

to Eenyey, LeLevie-c, ar,d LevGe. 
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