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AN ANALYTICAL AND EXPERllMENTAL INVESTIGATION 

OF THE MOTION OF A ROTATING SPACE STATION 

By William M. Piland 
Langley Research Center 

SUMMARY 

The dynamics of a manned rot.at.ing spzce-station confignation have been 
investigated both analytically and experimentally. The solutions for the angu- 
lar body motions due to external and internal disturbances were obtained by an 
exact computer method and by an approximate method. The approximate method was 
developed through the linearization of the equations of motion by using small- 
angle theory. In addition, an existing scale model of an inflatable space- 
station configuration was used to obtain experimental results for applied dis- 
turbances on the station. The disturbances considered for this analytical and 
experimental analysis included externally applied torques and static and tran- 
sient products of inertia. 

INTRODUCTION 

In the past, the effects of external and internal disturbances on a 
rotating body in space have been determined by numerical integration of the 
equations of motion with the aid of a digital computer. However, the computer 
solutions can be obtained only for specific configurations and disturbances, 
and they yield little general information. 
which would allow a better insight into the effects of the various disturbance 
and configuration parameters would be of considerable value. Furthermore, a 
closed-form method would yield an approximate solution to the equations of 
motion without the aid of computers, even though the closed-form equations 
could also be programed to permit a solution in very short computer time. 

Thus a general closed-form solution 

mLln L L L L  nnh-^ p~acnt report presents t'ne deveiopment, results, and use of a closed- 
f o m  solution based on small-angle theory. 
dict the uncontrolled motion of a spinning vehicle under various disturbances. 
The results obtained from this solution are compared with results obtained from 
a scaled dynamic model which represents a typical space-station configuration. 
In addition, these results are checked with the exact solution of the equations 
of motion, as solved by numerical integration with the IBM 7094 electronic data 
processing system. 

This solution can be used to pre- 



SYMBOLS 

acceleration of moving mass, f t /sec2 

moment o r  product of iner t ia ,  slug-ft2 

mass of moving body, slugs 

radius of moving mass from body center of gravity, f t  

external torque, f t - lb  

time, sec 

actual  time, sec 

anytime a f t e r  ts, sec 

re la t ive  t i m e ,  sec 

velocity of moving mass, f t / s e c  

orthogonal body-axis system 

position coordinates of moving mass i n  body-axis system with or igin 
at center of gravity, f t  

angular velocity of moving mass, radians/sec 

Euler angles, deg or  radians 

angular velocity , radians / s e c 

spin rate ,  radians/sec 

Sub scr ipts  : 

b body 

f f i n a l  value 

f s  fixed space 

i integer 

max maximum 

0 i n i t i a l  value 

S value a t  the t-ae a t  which disturbance i s  removed 
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X,Y,Z component f o r  X-, Y-, o r  Z-ax i s  

xy,xz,yz component f o r  X Y - ,  X Z - ,  o r  YZ-plane 

1,2,3,4 component f o r  mass 1, 2, 3, o r  4 

A dot over a symbol denotes the derivative with respect t o  time. 

ANALYSIS 

Presentation of Approximate Solution, Restrictions, 

and Procedure fo r  U s e  

The procedure f o r  obtaining an analytical  solution f o r  the  uncontrolled 
body motion of a rotat ing spacecraft i s  developed i n  the appendix. 
of t ransient  and s t a t i c  product-of-inertia disturbances as well as externally 
applied torques on the body can be analyzedby t h i s  procedure. 
order t o  obtain acceptable accuracy with th i s  solution, cer ta in  l imitations a re  
imposed on the use of the l inearized equations of motion. A s  can be seen i n  
the appendix, small-angle theory i s  used i n  the developent of the solution. 
Thus, the modified N e r  angles" produced by a disturbance must be l e s s  than 
15O. 

The ef fec ts  

However, i n  

Therefore, i n  order t o  apply the approximate solution t o  a par t icular  
problem, it 
The maxim 
disturbance 

I n  a manner 

must be ascertained tha t  only small angles ex i s t  i n  the problem. 
angular displacements resul t ing from a constant product-of-inertia 
can be approximated by the following equations from reference 1: 

similar t o  that of reference 1, the maximum angular displacement 
resu l t ing  from a constant applied torque can be approximated by 

The modified N e r  angles used f o r  t h i s  analysis a r e  the same as those 
A s  shown i n  f igure 1, the body posit ion i s  

* 
used by Kurzhals i n  reference 1. 
defined by three  consecutive angles of rotation, $, 8, and 6. 
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Equations (1) and (2) are applicable for body configurations with inertia 
ratios 
angular velocities and attitude angles. 

Ix/Iz in the interval from 0.5 to 1.0 and zero initial transverse body 

The solution presented herein is an example solution and it assumes special 
cases of disturbances. 
experienced by manned rotating space stations may be analyzed by this solution. 
For example, assumptions made in the development of the approximate solution 
include a constant velocity of the moving masses, a constant applied disturbing 
torque, and nearly constant spin rates. These assumptions are realistic, but 
are limiting in certain instances. A more general solution which considers all 
possible disturbances can be determined by a method similar to that presented 
in the appendix. 

However, most of the basic disturbances that would be 

If a body in space is initially spinning about the axis of maximum inertia 
(the Z-ax i s )  and is disturbed from the steady-spin condition by an externally 
applied moment or an internal mass movement, the motion of the body can be 
determined as shown in the following sections. 

Body motion during the application of disturbance.- For the development of 
the approximate solution, a relative time t* is defined as t" = ta - to for 
the interval 0 5 ta 5 ts (where ts is the t h e  at which the disturbance is 
removed). If the disturbance is applied to the body at zero time, the value of 
to is zero and t" is therefore equal to the actual time ta for the interval 
during which the disturbance acts. For this period, the body angular velocities 
about the body X- and Y-axes are 

+ -  (3) 

where 
I, - I, r,= T (JJZ 
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A2 = AXMX + Ixz%(% + a> - Iyz,ohPz2 

and,, f o r  i n i t i a l  spin about the i n e r t i a l  reference axis, 

J - My %,o - - +  
I Y  

(Iyz, 0, + 1x2, dJ&z 

=Y 

The constants A, A1, B1, A2,  B27 t+,o, and %,o are  dependent only on 

the disturbance applied and the i n i t i a l  character is t ics  of the  body. 
the body angular veloci t ies  can be solved f o r  d i rec t ly  as a function of t i m e  
fo r  the period during which the  disturbance acts.  

Therefore, 

Similarly, f o r  the in te rva l  0 5 t* 6 ts, the modified N e r  reference 
angles can be found from the following equations: 

= 6, cos cuzt * + s in  wZt* + c1 (cos At" - cos a&*) 
0 2  a,* - A2 

+ -((UZt* F1 - s i n  wzt*) 3 (Jh 
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e = eo cos wZt *  + - 60 s i n  uzt* + c2 (cos At* - cos LUzt*) 
W Z  Wz2 - 1 2  

+ %kzt* - s i n  m,t*) 
WZ 

J, = uzt* 

where the constants are defined as 
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and, for initial spin about the inertial reference axis, 

Body motion after cessation of disturbance.- In the development of the 
solution for the body motion after the disturbance ceases, the same definition 
of the relative time t* was used. Since, by definition, t* = ta - to, then 
at the time tine disturbance ceases 
solution is again initially zero. 

to = t, = ta, and t* in the following 

The body angular velocities for any time after time t, are 

where 

and where Ax, $, and h2 have to be recalculated using the final values of 
the body moments of inertia Ix,f, Iy,f, and IZ,f. These inertias can easily 
be Computed if the final position of the moving mass is known. 
4, s and 9, 
values of and ~ u y , ~  computed at time ts: 

The values of 
may be found from the following equations by using known 



The modified Euler angles a f t e r  time ts m e  

6 = gs cos wZt*  + - d, s in  w,t* + (cos At*  - cos wzt*) 
U Z  wz2 - A2 

J ~ A  kin At* - s in  u,t* ) + ---& ~1 - cos w,t*) 
A2 032 cuz2 - + 

e = e, COS w,t* + - 6s s in  wzt* + HZ (cos At" - cos wzt*) 
WZ wz2 - h2 

Jr = w , p  + ts) 

where BS and 8, are  already known and 

6s =wy,s - % # s  1 4s = %,s + wzes 

The constants i n  equations (16), (l7), and (18) f o r  #, 8, and Jr are  

G P Z  = 4 , s  + wzwy,s - - 
A2 

%$, s J1=-- 
G1 h %,s + A 

G P z  
A2 

K1 = - 

G P Z  

A2 
H2 = ' 9 , s  - w*,s + 
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Experimental Model Description 

An experimental model subjected t o  typical  simulated disturbances w a s  
analyzed by both the  approximate solution and an exact computer solution. 
ro ta t ing  model i s  a 1/3-scale model of an inf la table ,  torus-shaped, space- 
s ta t ion  concept. The ful l -scale  s ta t ion,  shown i n  f igure 2, would be 30 f e e t  
i n  diameter and would ro t a t e  about t he  axis of ~ a x i m m  i n e r t i a  a% 52 rpm t o  
produce a 0.2g environment f o r  the two crewmembers. The products of i n e r t i a  
about the  transverse axes of the space s ta t ion with a mass of 400 slugs would 
be 11 200 slug-ft2 about the X-axis and 12 400 slug-ft2 about the  Y - a x i s .  
product of i n e r t i a  about the  spin axis would be 16 300 slug-ft2. 

The 
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The 

The 10-foot-diameter model i s  constructed of a three-ply neoprene with an 
aluminum hub and has products of i n e r t i a  about the  X-, Y-, and Z-axes of 46, 51, 
and 67 slug-ft2, respectively. 
20 r p m .  A 4-inch air bearing supports the model and allows f30° of movement 
about the  transverse axes and complete freedom about the  spin axis. 
torques are applied t o  the  model by the  f i r i n g  of one of four nitrogen je ts  
located on the  outer periphery of the  model, and crew motions o r  cargo s h i f t s  
are simulated by masses which move i n  tubes a s  shown i n  fi&.;ure 3. The posit ion 
of these tubes can be changed t o  y ie ld  rad ia l  or chordwise mass motions at  con- 
s tan t  speeds. For chordwise motion, as shown i n  f igure 3, e i the r  of the two 
opposite pa i r s  of masses (ml and m2 o r  m 3  and m4) are  moved a t  the same 
time i n  such a manner tha t  the crew motion o r  cargo s h i f t  i s  simulated while 
the  center-of-gravity posit ion of the  model remains fixed. 

The model rotates  about the  Z - a x i s  a t  a r a t e  of 

Disturbance 

The model i s  rotated t o  the desired spin rate by a spin-up motor and shaft  
supported by a boom assembly. The assembly i s  l i f t e d  away from the  model after 
the ro t a t iona l  speed has been obtained. The juncture of the  spin-up shaf t  and 
the model i s  a cone-frustum arrangement which allows the  boom t o  separate from 
the model with l i t t l e  or no t ipoff  error .  

Instrumentation on the  model includes an onboard recorder which traces the 
t i m e  h i s tory  of the body posit ion with respect t o  i n e r t i a l  space. 
e l e c t r i c a l  and nitrogen supplies are a l so  included, and a programing mechanism 
i s  used t o  i n i t i a t e  various combinations of disturbance inputs. The posit ion 
Of the  model i s  determined by a solar-cel l  arrangement located on top of the 
hub s t ructure .  These solar c e l l s  sense the  angular deviation of t he  model with 
respect t o  a f ixed simulated sun on the  laboratory ceil ing.  Angles obtained by 
t h i s  arrangement a re  essent ia l ly  the small angular displacements of the  model 
about t he  X- and Y-axes, 
modified Euler angles, @ and 0, previously discussed. 

Onboard 

These angular displacements are approximately the  

9 
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RESULTS AND DISCUSSION 

The approximate, exact, and experimental r e su l t s  a re  compared i n  f igures  4 
t o  8. 
example space s ta t ion.  
torques and s t a t i c  and t ransient  products of i ne r t i a .  

These comparisons were made fo r  several disturbances acting on the 
Disturbances considered included externally applied 

Externally Applied Torque 

Figure 4 shows the motion of the model s ta t ion  due t o  an externally applied 
torque. The disturbance on the model w a s  produced by f i r i n g  a j e t  of 1-pound 
thrust  at a moment arm of 5 f e e t  from the model center of gravity f o r  5 seconds. 
The motion of the model a f t e r  the torque i s  removed could simulate the response 
of the full-scale s ta t ion  t o  the docking impact of a 7OOO-pound Gemini vehicle. 
Figure 4(a) shows the t i m e  h i s tor ies  of the body angular veloci t ies  u& and uy 
about the transverse body axes and the modified Euler reference angles $ and 
8. It should be noted tha t  i n  figure 4(a) i s  shown a comparison between the 
exact computer solution and the approximate solution, whereas i n  figure 4(b) i s  
shown a comparison between the approximate solution and the experimental r e su l t s  
obtained from the model. The body angular veloci t ies  were not obtained from the 
experimental r e su l t s  since no rate-measuring devices were included i n  the model 
instrumentation. 
determined by the approximate solution, the  exact solution, and the experiments 
are  i n  very good agreement fo r  the applied-torque disturbance, which resul ted i n  
a maximum angular displacement of 4.750. 

A s  can be seen i n  f igure 4, the motions of the model s ta t ion  

S ta t i c  Product of I n e r t i a  

I n  figure 5 are shown the resu l t s  of a simulated s t a t i c  or "step" product- 
Two crewmen a re  assumed t o  be located a t  extreme posi- of-inertia disturbance. 

t ions i n  the space s ta t ion  t o  produce the dynamic unbalance. 
tha t  no impulse t o  simulate the two men instantaneously moving from the center 
of gravity t o  the extreme positions w a s  imparted t o  the  vehicle. Such a move- 
ment would have been d i f f i c u l t  t o  simulate on the experimental model. 
the case presented represents a typ ica l  example of the motion of the s ta t ion  due 
t o  a crew dynamic unbalance. 
were located a t  the following coordinates: x = 3.92 f ee t ,  y = 0, and 
z = 1.42 f ee t  f o r  mass 1 and x = -3.92 feet ,  y = 0, and z = -1.42 f e e t  fo r  
mass 2. Again, good agreement w a s  obtained from both solutions and the experi- 
mental results; the maximum angular displacement f o r  the unbalance w a s  approxi- 
mately 2.50. 

It should be noted 

However, 

On the experimental model two 0.111-slug masses 

Transient Chordwise Products of Ine r t i a  

Figures 6 and 7 i l l u s t r a t e  the motion of the  s ta t ion  due t o  t ransient  
chordwise prOdUCt-Of-inertia disturbances both i n  the  direction of ro ta t ion  and 
i n  the direction opposite t o  the ro ta t ion  of the s ta t ion.  Movement Of the  

10 



masses i n  the direction of rotat ion resulted i n  a s l igh t ly  larger  maximum angu- 
lar  displacement than obtained f o r  movement of the masses i n  the direction 
opposite t o  the  rotation (approximately 1.70 as compared with 1 . 4 O ) .  
assumed tha t  on the ful l -scale  s ta t ion  one 6-slug crewmember moved i n  a chord- 
wise direction at a rate of 0.6 foot per second f o r  10 seconds. Shown i n  f ig-  
ures 6 and 7 are  the time h is tor ies  of the body angular veloci t ies  and E u l e r  
angles of t he  1/3-scale model f o r  the chordwise movement of two 0. l l l -s lug 
masses a t  0.6 foot per second f o r  $ seconds. 

location of m a s s  1 were 
f o r  mass 2, xo = -3.92 fee t ,  yo = 0, and zo = -1.42 fee t .  Each mass moved 
i n  i t s  respective 2-plane with absolute component veloci t ies  of 0.141 foot per 
second i n  the  x-direction and of 0.583 foot per second i n  the y-direction. 
(See f i g .  3 . )  

E t  w a s  

The i n i t i a l  coordinates f o r  the  2 
xo = 3.92 feet ,  yo = 0, and zo = 1.42 feet; those 

The s ta t ion  motions as calculated by the  exact and approximate solutions 
were i n  very good agreement for  both types of chordwise mass movements. 
there i s  a small phase sh i f t  between the approximate solution and the experi- 
menta l  r e s u l t s  i n  the Euler angle plots, the frequencies and amplitudes compare 
very favorably. 
able model i s  not a r ig id  body. 
rigid-body solution would be expected t o  resul t  i n  similar discrepancies. 

Although 

A possible explanation of these phase s h i f t s  i s  tha t  the in f l a t -  
A comparison of the flexible-body motions with a 

Transient Radial Product of Ine r t i a  

In  figure 8 are  compared the r e su l t s  obtained f o r  the motion of the model 
s ta t ion  due t o  a t ransient  r ad ia l  product-of-inertia disturbance. 
assumed tha t  on the fu l l - sca le  s ta t ion  one 6-slug crewman moved rad ia l ly  out- 
ward from the s ta t ion Z-ax i s ,  pa ra l l e l  t o  and at  a constant distance from the 
X - a x i s .  On the  model, the two 0.111-slug masses moved pa ra l l e l  t o  the X - a x i s  
a t  a rate of 0.6 foot per second from i n i t i a l  positions ~0 = 1.62 feet ,  
yo = 0, and zo = 1.42 f ee t  f o r  ml and xo = -1.62 f ee t ,  yo = 0, and 
zo = -1.42 f e e t  f o r  m2. Both masses moved f o r  3.1 seconds. Again, as i n  
the previous cases of mass-motion disturbances, the frequencies and amplitudes 
of t h e  s ta t ion  motion are i n  good agreement f o r  both analyt ical  solutions and 
the  experimental data obtained. However, the maximum angular deviation experi- 
enced by the s ta t ion  due t o  the radial mass movement (approximately 1.l0) i s  
s l igh t ly  smaller than that due t o  the chordwise mass movement. 

It w a s  

CONCLUDING REMARKS 

An approximate solution t o  the equations of motion f o r  a spinning body i n  
space has been developed by using small-angle theory t o  analyze the e f fec ts  of 
various disturbances on the body. 
pared with experimental data obtained from a space-station model subjected t o  
simulated disturbances and with the  resu l t s  obtained from an exact computer 
solution. 
obtainable between the approximate solution and the exact solution. 

Results fo r  the approximate solution are  com- 

These comparisons have shown that extremely good correlation i s  
I n  



addition, the results Of both analytical solutions have been verified by the 
results of tests performed on the dynamic model. 

The closed-form solution developed in this study may thus be used to 

These investigations will yield rea- 
investigate the effects of both station body characteristics and disturbance 
parameters on the resulting body motion. 
sonable results for small body angles and rates. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Station, Hampton, Va., May 21, 1965. 



. APPENDIX 

DEVELOPMENT OF THE LINEARIZED EQUATIONS OF MOTION 

In order to develop the approximate solution, a detailed analysis was per- 
formed on the exact equations of motion. 
investigate the order of magnitude of the various terms in the equations. The 
particular disturbance considered was the scaled mass of one crewman moving in 
a chordwise direction on the model station as shown in figure 3. 
crewman was assumed to produce a typical transient product-of-inertia distur- 
bance by moving at a constant velocity in the chordwise direction for a total 
of 2 seconds. The scaled mass on the model was divided into two smaller masses, 
ml and m2, so that the analysis would be simplified by keeping the center-of- 
gravity location stationary. Two other masses, m? and mk, were yresent only  

for initial balancing purposes. This type of disturbance analysis also allowed 
easy substantiating of analytical data with results obtained from tests on the 
existing experimental space-station model, the characteristics of which were 
used for this analysis. 

An example disturbance was used to 

The 6-slug 

The rotational equations of motion for a spinning body in space, as 
derived in references 1 and 2, are 

By definition, the space-station configuration *der consideration rotates about 
the axis of maximum inertia (Z-axis) at a spin rate 
moving mass on the body may be defined at any time by (see ref. 1) 

uZ. The position of a 



APPENDIX 

7 x = ~ , ~ t  1 2 + VX,,t + xo + r cos vt 

z = pz,ot 1 2 + VZ,,t + zo J 
It is not unrealistic to assume that the velocity of the motion of the 

crew is constant, since a crewman walking w i l l  accelerate and decelerate almost 
instantaneously. In order to correlate the approximate solution developed 
herein with the results from the experimental model in which linear motion of 
the crew is very closely approximated, the position of the moving mass is 
defined simply as 

Y = Yo + Vy,ot 1 x = xo + Vx,o 

and, inasmuch as the motion of the crew is always at the same z-coordinate, 

z = zo ( A B )  

If the positions of any number of masses 
center-of-gravity position of the overall body, the products of inertia for a 
body are defined as 

q at any time do not affect the 

In addition, for any number of masses q, the body moments of inertia about 
the X-, Y-, and Z-axes are defined as 

14 



APPENDIX 

Equations (A5) a l so  apply only i f  there i s  no change i n  the center-of-gravity 
position, as i n  the case of the experimental model used i n  the  present 
investigation. 

I n  order t o  invest igate  the order of magnitude of the  terms of equa- 
t ions  (AI-), the  values of the body moments of h e r t i a  a d  products of i n e r t i a  
were calculated by subst i tut ing the character is t ics  of the model and of the 
t ransient  product-of - iner t ia  disturbance into equations (A3),  (Ah-), and (A5) . 
The values of these moments of i n e r t i a  and the derivatives of these ine r t i a s  
were then substi tuted in to  equations ( A l )  so t ha t  the re la t ive  magnitudes of 
the terms of each equation could be analyzed. 
the t i m e  the masses began t o  move and again a t  the t i m e  the masses stopped and 
the body disturbance ceased. The e f fec t  of the time-varying disturbance on the 
i n e r t i a  terms were analyzed by using t h i s  procedure. Equations ( A l a )  and (Alb) 
were reduced by assuming tha t  any external torque would be applied only about 
the X- o r  Y-axis and tha t  the values of q and uy are  much smaller than the 
value of the spin rate 

This analysis w a s  performed a t  

u),. Eliminating a l l  second-order terms then yielded 

and from equation (Alc) the spin speed was found t o  be approximately constant. 
I n  addition, the change i n  the values of the body moments of i n e r t i a  due t o  the  
mass movement was negligible. 

Differentiating equations (A6) and assuming Ix, Iy, I,, and (uz con- 
s t an t  yields  



m m 1 x  . 
and combining equations (A6) and (A7) yields 

where 

s =  I= IY - 'yu,zl 
Substituting equations (A3) , which represents the positions of the moving 

masses on the model, into equations (Aha) and (A4b) yields 

and the derivatives of these equations are 

J 
.. 
I,, = 0 

.. 
Iyz = 0 
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APPENDIX 
b 

The products of i n e r t i a  can be writ ten as 

Also, the disturbing torques 
gation a re  not time-varying; 
equations (A8) become 

Ixz = Ixz,o + 

Iyz = Iyz,o + 

f o r  the experimental model of the present invest i -  
therefore fix = $Iy = 0, and, with equations (A12), 

.. '9 + A%y = + ixz'"z('uz + Ax) - 
I Y  

=yz, oQ*z - iYZAiOZ2j J 

If a r e l a t ive  time t* i s  chosen t o  be 
0 5 ta 5 ts (where ts i s  the t i m e  at which 
torque i s  removed), then, when to = 0, t *  = 
i s  used, t h e  body angular ve loc i t ies  (& and 

* t = ta - to f o r  the  in te rva l  
the  m a s s  stops moving o r  the 
ta. If t h i s  def ini t ion of t* 
(9 during t h i s  in te rva l  are 

found from the  solution of the  second-order d i f f e ren t i a l  equations (Al3) 
(assuming a constant spin rate) and are  

where 



If the body i s  i n i t i a l l y  spinning about the Z-axis only, then 
= osIo = 0, and from equations (A6) 

In  reference 1, it i s  shown tha t  the body motion maybe re la ted  t o  a Set 
of modified M e r  angles. 
rates a r e  

The equations involving these angles and the body 

$ = + + 9 tan 0 s i n  (6 + wz t an  0 cos (6 7 
i, = "y cos 6 - wz s i n  6 

4 = wz cos @ sec 0 + w s in  (6 sec 0 J Y 

Now, if 0 and (6 are  assumed t o  be small, then the sine and tangent of 0 
and 6 
Of 0 and (6 can be approximated by unity. By using t h i s  small-angle approxi- 
mation and assuming tha t  % << wz, and % << (uz, equations ( A l 7 )  
reduce t o  

can be approximated by the angles themselves and the cosine and secant 

0(6 << 1, 

\t = wz 

The time h is tor ies  of these modified Euler angles must now be obtained. 
angles, i l lus t ra ted  i n  f igure 1, define the posit ion of the body with respect 
t o  a se t  of fixed-space axes a t  any time and a r e  necessary t o  determinf! the 
body motion completely. Differentiating equation ( ~ 1 8 ) ,  solving fo r  8, and 
substi tuting in to  equation ( A l 9 )  y ie lds  

These 

and i n  a similar manner the following may be obtained from equations ( A l 9 )  and 
(~18)  : 

18 
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2 e + w Z  e = %  - y z  
.. 

The equation f o r  
After substi tution f o r  ox, 5, 4, and %, equations (A21) and (A22) are  
solvable d i f f e ren t i a l  equations. If the same def ini t ion of t* as before, 
during the in te rva l  

can be found by direct  integration of equation (A20). 

0 5 t* 5 ts i s  used, these solutions y ie ld  

$ = 8, cos wzt* + - $0 s in  wzt* + c1 (cos At* - cos wzt*) 
wz wz2 - A2 

+ F1 -(wZt* - s in  wzt*) 
3 

U Z  

c2 (cos At* - cos ozt*) 
* 60 * 

0 = 8 ,  cos w z t  + - s in  c u z t  + 
(UZ 'Uz2 - A2 

+ F2 -(wZt* - s i n  wzt*) 
wz3 

* Jr = cuzt  

where 
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A new set of equations are now needed for the station motion after time t, 
when the disturbance is removed. At time ts equations (Al.3) becomes 

;;x + = 

where 

M J Z 2  W Z 2  

- Iy,f I,, f 
G2 = --(IyzJo + I t - -- 'YZ J YZ s 

* If the time t* is again defined as t = ta - to, where now to = ts, then at 
the time the disturbance is remoyed, 
tions ( ~ 2 6 )  for % and "y in the interval ts 5 ta 5 t, or 0 5 t* 5 t 
are : 

ta = t, and the solutions to equa- 

20 
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In the equations for cu, and 5, the values of and ~ 5 , ~  have previ- 
ously been determined, and from equations ( A 6 ) ,  

lY, f I 

Substitution of equations (A27) and the derivatives of equations (A27)  
into equations (A21)  and (A22) yields two additional second-order differential 
equations which, when solved, are the equations for the modified Euler angles 
6 and e after time ts. These solutions are 

6 = 6, cos uzt* + - d, sin uzt* + 
WZ 

HIA 
wz2 - A2 

(cos At* - cos wzt*) 

e = e ,  cos uZt* + - 6s sin wZt* + (cos At* - cos cozt*) 
U Z  wz2 - A2 

21 
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where 

A' 

Again at time t* = 0, ta = ts and t h e  values of 8, and #s have already 
been determined. The values of 3, and 6 ,  can be found from equations (~18)  
and ( A l 9 )  where, now, 

3s = %,s + W Z Q S  

6s = 5 , s  - (UZ#S 1 
If the  same def in i t ion  of r e l a t i v e  t i m e  after t i m e  ts 
modified Euler angle 

i s  used, t h e  t h i r d  
$, from in tegra t ion  of equation (A20), becomes 

$ = uz(t* + ts) 

22 
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Figure 1.- Orientation of body axes with respect to fixed-space axes. 
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Figure 2.- Sketch of inflatable space station. L-60-7389 
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Chordwise 

x -  

(a) Photograph of experimental model. L-65- 124 

motion of m2 

(b) Schematic drawing of model and moving masses. 

Figure 3.- Characteristics of experimental space-station model 
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(a) Comparison of exact solution and approximate solution. 

Figure 4.- Motion of example station due to an externally applied torque. 
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(b) Comparison of approximate solution and experimental results. 

Figure 4.- Concluded. 
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(a) Comparison of exact solution and approximate solution. 

Figure 5.- Motion of example station due to a static product-of-inertia disturbance Ixz. 
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(b) Comparison of experimental results and approximate solution. 

Figure 5.- Concluded. 
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(a) Comparison of exact solution and approximate solution. 

Figure 6.- Mot ion of example station due to a chordwise mass movement opposite to station rotation. 
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Figure 6.- Concluded. 
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(a) Comparison of exact solution and approximate solution. 

Figure 7.- Motion of example station due to a chordwise mass movement i n  the direction of station rotation. 
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(b) Comparison of experimental results with approximate solution. 

Figure 7.- Concluded. 
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(a) Comparison of exact solution and approximate solution. 

f i gu re  8.- Motion of example station due to a radial mass movement. 
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(b) Comparison of experimental results with approximate solution. 

Figure 8.- Concluded. 
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