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TECHNICAL MEMORANDUM X- 53365

BOUNDARY VALUE PROBLEMS ASSOCIATED WITH OPTIMIZATION THEORY
SUMMARY

Optimization theory is applied to the physics of trajectory problems to
yield a boundary value formulation. Three practical numerical methods for
obtaining solutions to boundary value problems are discussed, and a detailed
oexnlana
is included, Numerical methods are needed because the application of optimi-
zation theory to trajectory problems generally results in nonlinear differential
equations connecting the boundary conditions that are not all specified at the
same value of the independent variable. The methods discussed are adaptable
to the solution of boundary value problems other than the ones associated with

trajectory problems or optimization theory.

ion of the application of the most efficient method to a sample problem

INTRODUCTION

The calculation of trajectories or flight paths for rocket-powered vehicles
and projectiles has long been of interest to mathematicians, physicists, and
engineers., With the advent of modern steerable rocket-powered vehicles the
problem has become especially interesting because of the multiplicity of paths
that can occur. Obviously, for a particular vehicle, there should be some path
that allows the attainment of a desired destination most economically. More
generally, the vehicle must be steered so that it achieves a certain mission in
an optimum fashion, where optimum usually means most economically although
other considerations may be added to the definition. The determination of an
optimum path can be accomplished by the application of optimization theory
to the physics of the problem. The next section of this report will be concerned
with an explanation of this procedure with the aid of a simple example.




GENERAL DISCUSSION

Formulation of the Boundary Value Problem

From elementary physics it is known that a force acting on a point mass
produces an acceleration, Locate the force and point mass in a two-dimensional
Cartesian coordinate system with its origin at the center of a gravitational field
and the most simple mathematical approximation to the motion of a rocket-
powered vehicle is obtained. To be more specific the following diagram is used.

—
P
=

\ > X

The diagram aids in the expression of the differential equations of motion,

1l

(F/m) sin y - g,

F -
(F/m) cos ¥ gy

The equations are the sums of the accelerations in the x and y directions; no
aerodynamic accelerations are considered. F is assumed to remain constant
for the duration of the powered flight, and the mass of the rocket is assumed to
diminish at a constant rate (i.e.,fuel is burned at a constant rate). Then,




m(t) = mg - m(t - to)

where m is the constant rate of change of mass with respect to time. Also,
the accelerations caused by gravity can be expressed as functions of the position
of the vehicle because gravity fields are usually assumed to be potential fields.
The potential per unit mass outside a large spherical mass is given by the ex-
pression

v=£H&
R
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where R =W x>+ ¥° and p is a constant characteristic of a particular gravity field.
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The preceding relationships define all of the expressions in the equations
for X and ¥ except the angle x. Chi (x) is called the stecring angle or the control
angle, and it is to be determined at every instant of the powered flight so that
the thrust (F) will be pointed in an optimum direction to minimize some specified
performance parameter. If a steering angle program yx(t) and starting condi-
tions (xg, ¥y, Xg, Voo tp) are given, then the equations of motion (X and ¥ ) can
be integrated numerically to describe the flight path; and x(t), y(t), x(t),y(t)are
determined and tabulated at intervals of time. The symbols X and y are the first
integrals of the equations of motion.

Because many different steering angle programs could be specified for
this example, the problem is to find a particular program that minimizes the
fuel consumed to move the vehicle from the starting conditions to the desired
end conditions. For example, if the mission is to achieve a circular orbit at a
specified altitude (R,), the following conditions must be satisfied at the termi-
nation of the thrusting period for the rocket-powered vehicle:

R, = 2+ y2

v =l +y2 =&

¢ 32+ JR
. . f

0 =xx +yy

or G1=xz+y2—Rf2 =0
G2=3(2+5/2—Vf2 =0

G3:x5(+y57 =




The second expression (Vf = /ﬁ— ) is determined by equating the force caused
f

by gravity to the centrifugal force, due to the rocket's velocity. The third ex-
pression states that the velocity vector must be perpendicular to the radius
vector (i.e., their dot product is zero).

A more abstract notation will now be used for convenience in explaining
the conditions that must be satisfied by the optimum steering angle program.

The differential equations of motion are written in the following first-order form:

X, =f(X, u, t)
i i
where

i=1,2,*++,n

X=Xy, Xg, 00 X (state variables)

T=uy, Uy, ***,u (control variables) .

r

For the example problem the substitutions required are:

X1 =X
X2=y
X3 =X
Xg =Y
Xg = In
and uy =X

Then }.(1 = X3
5(2 = X4

_b(x)
(=)

. F 11§
X4 =(—x—) cos uy - "—(2_2)_'2\3
5 (‘V X"+t X%

X5="I'h

Xq = £ sinuy -
3 s 1

The quantity to be optimized (maximized or minimized) is written as follows:

n
S = Z ex (t)
i=1
where the ci‘s are arbitrary constants and 1:f is the time at which the thrust is

terminated and the mission conditions are to be satisfied.
4




For the example problem, choose

Ci=Cyp=cg=cy=0, andcsg=1 .
Then S = m(t) and a maximization of S will cause the fuel used to bea minimum.
Also, the starting conditions and mission conditions are written in a functional
form:

=0 40y _
Fa(x,t) 0,

where X0 = (x1°, X0, eee, xro)
- - 1

a =1,2,¢ec,k =n+1

GB(X »t)=0.
— f f f

where X = (x4, xz,---,xn)

B :1,2’...’15n+1

For the example system of differential equations, the functional form of
the boundary conditions can be written explicitly.

Fi=x1(t) -x=0
Fa=% () -y0=0
Fg=x3 (t) -%X4=0
Fg=% (t) -§=0
F5=x5 (t) - mg=0
Fe=t (t) -t, =0
Gy= (x*+y) -RAt) =0
Gy = (¥ + ) - vi(t) =0

G3=)Q'(+y.y =0 .



Now the flight path optimization problem can be stated completely in the
more abstract notation. The statement of the problem is as follows: Determine
a u(t) that satisfies the system of differential equations

k.zf_(_)-(—’ﬁ_, t) i=1,29"',n
1 1

X = X4, xz,---,xn
= uy, Ugs #0000
with boundary conditions
Fa(i°, ) =0 a=1,2,++-,1<n+1
G (Ef,tf)=0 g =1,2,*« m=n+1

B

and that maximizes or minimizes the quantity
n
S = Z e, x.(t)
i=1

To determine a u(t) that satisfies the problem statement, an adjoint
system of differential equations must be defined

ri of (X, U, 1)

. _ I I s

A=~ A, i=1,2,"**,n
S =T | j=1,2,-++,n

Now the total system of differential equations (X, and Xi) can be integra-
ed numerically to yield xi(t) and A, (1) if the initial conditions (xio, 7\10, and t%)

are known and a steering function uk(t) is specified in some manner. The
optimum steering functions u.k(t) can be specified by defining
n
H=) A f(X,T,t)
i=1 1]

Then another necessary condition to be satisfied for a minimization
(maximization) of the quantity S is that the function H be a maximum (minimum)

with respect to u at every tg =t = tf. Actually, the maximization or minimiza-

0
tion of H usually allows the relations % =0(k=1,2,...,r) to be solved to
k
give a steering function u, that depends on the xi's and ?\i's at every ty =t = tf.




Also, the second order terms in the series expansion for H in terms of u about

the u that makes the first partials zero must be examined to assure a maximi-

zation ur minimization of H with respect to uk. This examination results in a

condition which requires that the eigenvalues or the principle minors of the
matrix of second partial derivatives of H with respect to u, be all positive for

H a minimum and alternate in signs (starting with a negative) for H a maximum.
The example problem in Appendix I shows how this condition can be satisfied
for two control variables.

The final necegsary conditions to he discussed are concerned with the
boundary conditions. The x9, 2.0 , tg, and t_are chosen to satisfy the following
relationships: v f

F ("‘x-o’ tO)_..
“ 1 oF
M) =) B ( )
a=1 to
1
H(t) + ). p ( ) +Z ¢, % (tp) =0
a=1 =1
Gy (Rps t) =
m G
e - _B
A = Z_p,B 3 x
B=1 1/y
£
m oG
H(t) - ), p (—ﬁ\) =0
v g, fe\et 3

The boundary conditions are actually only n + 1 independent relationships

in X ki, and t at t; and tf because the multipliers P, and pﬁ can be elimi-

nated by using 1 of the n+1+ 1 relations at t; to solve for the pa's and m

of the n+ m + 1 relations at tf to solve for the pB's. When the pa's and pB's

are eliminated, the necessary conditions to be satisfied by the optimization
problem can be written in a more compact system of equations

. oH .
Xi=-57 i=1,2,*"*,n
i
X o= oH
i 2 X,
1




H a maximum for a minimization of S = Z c, X, (tf)
i=1

and n
H a minimum for a maximization of S = Z c, X, (tf)
i=1
with boundary conditions
DJ,(?O,XO,G.O, ty) = 0 j=1,2,"++,n+1

B (R s O t) =0

A derivation of the preceeding necessary conditions is given in Appendix I.
The next section of this report will be concerned with three of the numer-

ical techniques that may be used to determine the X, XO, ty, and tf that will
satisfy the 2n + 2 relations Dj and Ej'

Methods for Solution

Newton's Method with Numerical Derivatives. - The simplest and most
straightforward method of satisfying the Dj and E j relations is to evaluate
numerically the effects of small changes in X, A and t, on the Dj and

0* Mo» to» AR Y
Ej relations. This is done by computing what is called a trial with estimated

values for the unknowns X0 }\10, 1y, and tf. Naturally the Dj and Ej relations
will not be zero, but if the unknowns X,

and 7\i are changed, small amounts

0 0
one at a time, the changes can be used to determine the correct values for X0’
AiO’ ty, and tf. The initial trials and the 2n small changes in the unknowns

allow a numerical determination of the partial derivative of Dj and Ej with re-

spect to X0 and AiO'

. e e -e . e
To show how this can be done let Dj , Ej , Dj , and Ej at t;, and tf be
the symbols used to denote the values of D;, Ej, bj, and f}j at t, and tf in the

trial computation. Then let D?Xmand E?X“) , at tyand tf be the symbols used

to denote the values of Dj and Ej at t;, and t_ in the computation of the trial

f




associated with the small change Ax;, in the single unknown x4. This allows
the following expressions to be written:

p>¥10 _ pe

8Dj(to) D,
25T - Axyp
9E .(t,) ESX0 _ g°
I SR j
aD. (ty) aE.(tf) aD_(ty aE.(tf)
The other partial “erivatives - y J . = , and —/ can
X, 9x, ’ oA, aA,
i0 i0 i0 i0

be determined by similar independent small changes in the X0 and hiO' Dj(to)
and I:Jj(to) are also computed for the estimated values of the unknowns XiO’ }\iO’
ty, and tf.

Newton's iteration formula can then be used in the following form:

8D .(ty) D (ty) ]
0=|D° ! DS (ty) 0 Ax
] . 0 Mo 1 Ax;g
3E_(t)  OE.(t) At,
e j i f e
E| - —J——M 0 EC(t)| |At
o %o 10 Yo

This formula is simply the linear terms of a Taylor Series expansion in the
2n+ 2 i .
n variables X, 07 AiO’ tp, and tf
Solving the matrix equation for AXiO’ A?\io, Aty, and Atf gives the

corrections that are needed for another trial.

A%
A0
Aty

At

PaDj(t())

9%

oX

i0

9E .(t,)
it

oD (ty)
—J

8>\iO
an(tf)

0

i &3
D.(t
j(o)

0

0

-e
Ej(tf)




The entire process can now be repeated with the preceding solution as new

estimated values for X0 AiO’ tg, and tf. Convergence of the process to values

of X0 AiO’ ty, and tf that yields zero values for Dj and Ej can be greatly en-
hanced by a simple modification. Instead of using zero in Newton's formula,
D¢
the quantity K é is used. Then the expressions for AXiO’ Axio, Aty, and
E.
]
Atf become
-1
o 78D (t,) 9D, (ty) o - .
AX _J— ’ ’ D (tO) > 0 D
i0 ox, oA, j j
i0 i0
A}\iO
at, |7 (1K)
0 8E,(tf) BE._(t) o .
i g ox, oA, ot i
| i0 i0 4 =

The constant K must be chosen in the range 0 = K < 1. It is usually chosen to
De
]
ES
]
cycle. Then K can be increased as close to one as is necessary to assure that

to be zero unless the vector is not decreased on a particular iteration

D

the computed values of Axi produce a decrease in

o DA Atg, and Aty ]

— D = D

Another modification to this procedure is called the Secant method. Its
main advantage is that it does not require 2n integrations of the system of
differential equations for each iteration cycle. After the first iteration cycle
only one additional integration of the system of differential equations is used to
modify the partial derivative matrix. A more complete explanation of this pro-
cedure can be found in Reference 1.

Newton's Method with Integrated Partial Derivatives. - The next method
of solving the boundary value problem also uses Newton's iteration formula,
but the partial derivative matrix is computed in a more accurate and efficient
manner. A rigorous justification for the procedure is found in Reference 2,
although most of the steps are intuitively obvious. The method involves chain
rule differentiation of the boundary conditions. The system of equations which
results is:

10




oD (t oD (ty)] [ox, (t,)] [8D.(ty)] [on (t)] [aD. K )]
J((,):F ()] [ox (to) . (o) [0, (to) [ J(toq b, (t)
o L™ L%l LN JL %0 Lo || %]
aD, (to) ) oD, (to)] [ox, (to) +8Dj(t0) o, (to) ) aDj(to'ﬂ Euk(to)
A, ] ox, | _8Ai0d ] oA, | _8Ai0d ] ou, 11 aAiOJ
_ - 1T . - o .
an(tf) _ 8Ej(tf) a’ﬁ(tf) . an(tf) axl(tf) . an(tf) Buk(tf)
Bxio i axl 11 axio— 87\1 BXiO_ ] 8uk 11 UXiO__
N [ NEr ] [~ . [~ .
an(tf):Fan(tf) ax, (t,) +an(tf) o () ) aE]_(tf} ou (t,)
o, _ ox, | _3"10_ ] 2N 11 “104 ] Bu, 11 axio_
1=1,2,---,n

The only unknowns that appear on the right-hand side of the preceding equations

ax, axl'l ’auk“l ax ] [on, du,

are the matrices , , , , , and —= at tyand t_ .
ax. o || ox, 0_' _aXiO_I VN TV ., f
u ou ]
The matrices | ———| and |_7—| canbe determined at any time ty<t=t
8Xi 0 E))\i 0 f

from chain rule differentiation of the third equation in the system of equations

Differentiation yields:
— — — -
9 ]
o’ 0% _] ! . |_82H ou
du_9x axio_ o A.lJ ox. | lz_aumauk— ox.

92H ] 0% | [om } N T [em ] [P ]

+
aumale oA O, aumau& oA,

0=

Od

m=1,2,...,r

11



Therefore,

_ [ _ — _ 3
- ]
ou | s'n | : o | [?4] , | om o2, |
Laxio_ aumaukJ Laumax1 _axi o] Laumaxl_ L'axi 0_l
g — _ '— - T —
el | 1< o [ (™1 |, |om 1 PM]
Laxi 0] aumauk LZ)umax1 Lahi 0] Laumaxl_ _8 Ai 0|
) 9. ox A
Now the matrices le -| , axl-l . 87\1 , and _5{_ at ty, and tf
iO_l i0_| 10 i0

must still be determined. The matrices at t, are determined from the initial
conditions.

Differentiation yields:
’axl(to)‘
| %0
’axl(toﬂ

i 8>\iO

]

(1

[0]

‘axl(to)‘

Laxio

{0l

'axl(to)'

m .
8}\iO_j

-

12




The matrices at ’cf are determined by integrating the matrix differential

equations obtained by differentiation of the first and second equations of the
system of equations

. _ oH
oA,

i

. =_3H

)‘l ox,
i

Differentiation yields:

0%, ] a [ [ on | 8"1_| o’ P“k

+
d
ox, t |ox. axiaxL axiOJ oA.Bu, l_axio

i0 i0
L . } -
o a | PH BXI] 5°H |'ax1 9°H auk.l
%0

. - L. -t -

_3xio_ Todt _E)x 0] - .axiaxl J - Bx,8A Laxio - ox.Bu, XiOJ
ES ES i 16 E

Al _4a T _ |#a B! L Ui

2 dt |y | ox x| [ong, aaou | o

0% ] _d —8’17= _PGZH | |—a"1 KL a)‘l-l_ PH -la“k
P50 ] % [P |9%;9%; | |f’7‘io 0x%;9N 87‘flo_l aXia“kJ Ao

The initial conditions for the preceding system of matrix differential

axl ( to) 3X1 ( to) 87\1 ( to) 87\1 ( to)
equations , . , and have already been
ox, oA, ox, oA,
i0 i0 i0 i0
9 d
determined. Also, and have already been determined for
X, oA,
i0 i0
every tp=t= tf; therefore the equations can be integrated to yield the desired
results at tf. The desired results at tf are values for the matrices
E) 9 0 9
! , Al s -—)j-— s and i . These matrices are substituted
ox, ox, oA, oA,
i0 i0 i0 i0

13



aE.(tf) 9E . (t,)

into the formulas for _8>1(—— and T £ « Then all of the elements are
i0 i0
again available for the use of Newton's iteration formula in the following form
— 7 -1
L oD, (tg) oD, (ty) - A
Ax, - 4 D (t) 0 p°
i0 ax, oA, j J
i0 io0
A7\iO = -
Ato OE (t)  OE(t) e .
At, a; = 0 ES(t) | |ES .
- - i0 i0 L

The computations for the partial derivatives can be performed along each
trial trajectory, and the results are much more accurate than the numerical
differentiation procedure used in the first method described for satisfying the
boundary conditions. The modification to increase the chances for convergence
suggested in the explanation of the first method is still very helpful with the new,
more accurate partial derivatives.

Modified Newton-Raphson Operator Method. -The final method to be
discussed is a modification of the quasilinearization or Newton-Raphson operator
method, The modified method is similar to the steepest descent procedure in
that prespecified control functions are needed to start the iteration cycle, but
the derivation is such that no backward integration is required. The first step
in the explanation of the procedure is the linearization of the system of equations
by using the first-order terms in a Taylor Series expansion in all the variables
about the initial trial trajectory,

. .e -SZH -82H ]

X, = X, + (Ax,) + (Au, )

i i Laxiaxl X _axiuk | U

. e B [ on | [ ot

A= N, - (ax) - (AX,) - ( )

i i axiax1 X1 8x18 }\ld 1 L Bxiau.k uk
9H 9°H [ 5% | -82H

0 au )+[8u axJ (Ax) + |3 ol BN * |5 auJ (Aw)

me m " m 1_ | m
m=1, 2, , T

14




— -— e f— LR
Ax1 X X 1 1,2, ,n
- e = L)
AN A AS k=1,2,---,r
€

Al = % T %

l

The last equation in the preceding expansions can be solved for Auk and

the results substituted into the first two equations. Then the first two equations

can be arranged as a linear system of differential equations with time varying
matrix nne“{n?nnts:

QUL AN U RLAN AN

ko= [A (] x + [By(U] A+ C (1)
X, = (A4 M) x + [B (D] A, + C(t) .

The coefficients A, B, and C are generated along the trial trajectory using the
arbitrary guesses for xw, hi 0’ to, tf, and the arbifrary control functions uk(t) .

To obtain a general solution to the above linear system of differential equations
one particular solution (xiP and AiP ) of the entire system must be generated

by numerical integration and 2n particular solutions to the homogeneous part
(i. e.,with the Ci 4 and Ci2 terms left off) must be generated. The initial

conditions for the particular solution to the nonhomogeneous system are chosen
to be the same as the initial conditions for the trial trajectory. The initial
conditions for the 2n homogeneous solutions for convenience are chosen as
follows and written in matrix notation:

xiq (tg = [T Aiq(to)= [0] g=1,2,**,n .

Also
x, (to) = [0] Ay (t) (1] s=1,2,-++,n .

Each of the columns in the previous set of matrices is considered to be a set of
initial conditions to yield the 2n particular solutions to the homogeneous sys-
tem, All of the numerical integrations can be performed at the same time, and
the general solution is then written:

i5



x. (1) xiP(t) + l:xiq(‘t)] K, * [xis(t)] K, .

p
A = AT (1) + [Aiq(t)] K, * [Ais(t)] K,

I

The constants Kq and KS in the previous relations are determined so
that the general solution will satisfy the Dj and Ej boundary conditions. To

do this the boundary conditions are also expanded in a Taylor Series with only
the first-order terms retained, This yields the following expressions:

R aD° oD% .
D + — ax(tg) + —1 AN (t) + —L Ay (to) + D (t)) At

o
il

! to ! to Luk to
. E® oE° [ oE © .
0 = Ej + ——Laxi Ax (t) + —J—mi AA(to) + —J—auk Au (t,) + Ej (tpAt
L
AX. () = x.(t) - x (t)
(= X = %
e

Again the third equation in the system of equations is used to obtain Au.k in
terms of Axi and A?\i. Then the general solutions for xi(t) and Ai(t) evalu-
ated at {; and tf are substituted into the Axi and A?xi expressions, and the
boundary conditions become 2n + 2 linear equations in the unknowns K , K ,
Aty, and At_, which are easily solved. 4 s

Using the newly computed values for Kq, KS, Aty, and At_, the original

f’
system of equation and the linear system with time varying coefficients are re-
integrated. The initial conditions for the original system of equations remain
the same, but the initial conditions for the linear system are given by evaluating
the general solutions for xi(t) and xi(t) at ty. This yields

16




e
= +
X, (tp) ne X (to) Kq

e
}\i(t°)new - Ai(to) + Ks

e

= +
Y new bo Aty
e
= +
1;f new tf Atf '

During the reintegration process the third equation of the system of equations
is again used to compute Auk, which is added to the old control function fo

produce the new control function for the next iteration cycle. Thi
does not converge until both the boundary conditions are satisfied and
oH

"

cedure
= 0 over the interval ty=t= tf'

To increase the chances of convergence the process can be made to creep
toward a solution by not requiring that Dj’ Ej’ and % be zero on a particular
trial, but only that it be smaller than the previous trial (i.e.,zero in the Taylor

e

8H D; oH
Series expansions for D, E, and —— is replaced by K Y1 and k |=>—
E M u, E€ 9
]
where 0 =<K <1 and 0 =<k< 1). This is the same idea that was suggested for

the first and second methods of satisfying the boundary conditions.
Computational Considerations

All three of the preceding methods require that the units of length, mass,
and time be adjusted or scaled such that each of the variables has the same order
of magnitude. This scaling is needed mainly to retain good numerical precision
when the matrix inverse in Newton's formula is taken or when the system of
linear equations is solved in the third method. For trajectory optimization prob-
lems this is easily accomplished as is shown in the Computational Procedure
Section of Appendix IL

17




None of the methods is sensitive to the choice of the quantities that must
be estimated to begin the iteration cycle, except the first method. If the Ax
values estimated for the numerical determination of the partial derivatives are
not chosen properly, this method may not converge. The second method has
been found to converge for almost any values of the quantities that must be esti-
mated, except all zeroes. For example a heliocentric transfer from the Earth's
orbit to the orbit of Mars converged in only 10 iterations with very crude guesses
for the initial conditions. In Reference 3, this same problem with the same
crude guesses took 13 iterations and the procedure used (which is similar to
method three) is slightly more complicated to program on a computer. Because
the second method has proven to be so effective, no effort has been made by the
author to program the third procedure. The explanation of the third procedure
is included as a generalization and extension of the ideas presented in Reference
3, and also to point out this method's similarity to the steepest descent idea.

Inequality constraints on the control variables can be handled very easily
by all three methods. When the control variables are on the constraint boundary,
H is not considered to be a function of the control u; therefore, all of the terms
in the equations that contain first and higher order partial derivatives of H with
respect to u are considered to be zero. To handle discontinuities or inequality
constraints on the state variables or functions of the state variables and the
control variables, modification of the necessary conditions is needed. The modi-
fications have been developed in References 4, 5, and 6. All of the modifications
to the necessary conditions usually require that additional boundary conditions
be satisfied at other than the first and last points. Because the three methods
discussed for satisfying boundary conditions have been formulated for two points
(the first and last), the extension to three or more points should be obvious.
Also, because the iterations on the boundary conditions are performed at both
ends of the trajectory, all three of the methods can be integrated backward or
forward. The backward integration is helpful when the final conditions are
extremely sensitive to changes in the initial conditions, but not ''vice versa."

CONCLUSIONS

Practical methods for solving boundary value problems associated with
the optimization of trajectories have been discussed. Actual experience with
the construction of computer programs and the numerical results of computer
programs has indicated that the second method described is usually the most
effective for solving boundary value problems. Efficient use of the new IBM
FORMAC computer language, which enables the computer to obtain functional

i8




forms for the partial derivatives of functions with respect to the variables that
appear in the function, will also assure that the second method becomes an
easily programmed and economical computer program. More about the IBM
FORMAC computer language can be found in Reference 7.

The detailed application of the second method to a simple trajectory
optimization problem is outlined in Appendix II. Because the theoretical formu-
lation for more difficult problems is also available, subsequent efforts will be
directed toward the application of the second method to these problems to gener-
ate additional computer programs.
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APPENDIX I
DERIVATION OF THE NECESSARY CONDITIONS
FOR THE OPTIMIZATION OF S

The problem is to determine a u(t) that satisfies the system of differ- 1
ential equations

X, = fi(x,u,t) i=1,2,¢ee,n
X = XqsXpyt e, X
U= g lg,ee, U

with boundary conditions

Fa(xo,to) =0 @ 1,2,¢-c,1=n+1

GB(Xf’tf) =0 B = 1,2, m=n+1

and that maximizes or minimizes the quantity
n
S =), o x(t) .
i=1

Because the xi's are assumed to be continuous, S can be rewritten in integral
form.

tf n
5 = fto L

n
L c, X dt + Z cixi(to)

i=1
To examine the effects of the constraints on the maximization of S, a new
function S' is defined.

tf n n
St = fto {Z ¢, Sgi+ Z Ai[ki—fi(x,u,t)]} dt ‘

i=1 i=1

n 1 m
+ Z ¢, x, (tp) + Y p, F_(xpt) + Y b, G (x t)
i=1 a=1 B=1

A minimization of S' is equivalent to a minimization of S, if the boundary
conditions and the system of differential equations are also satisfied. Assuming
a solution to the problem statement exists, the optimum S' can be written as
follows:
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_ tf n — n _ _ o
S' = -[Tt-o{z ci 5(1 + Z )\i [ki-fi (X,u,f)]} dt

i=1 i=1
n _ 1
+ e k(R + ), B F (ko) + Z Py Gy Gpnf)
i=1 a=1 g=1

The bar over all of the variables means that they have their optimum value.
Now a variation in all of the variables is written as follows:

_ tf+At J‘ n

S' = 8 + A8 = L/C(X+L\X}

frat L

4+

n
iz=1 (Xi + AA) [(3_:i + Aki) - fi()_c + AX, u + Au,t)]} dt
n 1

) ¢ [ x(t) + Ax(T)] +) (p_+AP )F_[xo(tohtax () oA t]
i=1 a=1

m

+ BZ=1(53+ApB) G [xf(tf} + Ax(t) t +at] .

+

In the preceding expression the variations for times greater than t. and less

than t0 are taken from the values at t, and t:f For example

Ax(t)

x(t) - x(ty) t=t

Ax(t)

x(t) - i(tf) t=t , etc.

Subtracting S' from S'+ AS' yields AS'.

Eo n n
L - - . - . _ - —+A
As' = [ 2 e AR ) + ) (A +AN)[ (R, +A%)) f, (x+Ax, u+Au,t) ] p dt
tg+ Aty | i=t i=1

E n n
+ ff{’ clAS( +Z)\[Ax +f(x,u,t)—f(x+Ax,u+Au t)]
i=1 i=1

+ Z A?\[(x +AX) —f(x+Ax,u+Au,t)]} dt
i=1

21



Ef+Atf n _ n_ _ _ _
+ [ . 121 o (k +ak) + iZ_i(7\i+A>\i)[(xi+Axi)—fi(x+Ax,u+Au,t)] dt

n 1
+ z ciAxi&o) +Z ;-)a Fa[;i(fo)"‘AX(Eo):{o'*‘Ato] - Fa[;i (tg) ,Eo]}
i=1 a=1

Ap_ F_[x(f)+Ax(fy), ty+ Aty]
1 (8 o

+
el

+ 1pB Gﬁ[x(tf) + Ax(te), to+ Aty] - GBIX(tf), tel

T o8

m
+ ;iApﬁ Gﬁ[x(tf) + Ax(E), T+ At

If AS' is greater than zero for all the variations, S' will be 2 minimum and
"vice versa." To see how AS' can be made greater than or less than zero the
following steps are taken. The expression for AS' is simplified by assuming
that all of the variations considered are small. This allows Taylor Series
expansions to be used, and all second-order terms can then be neglected. The
following expansions are made with only linear terms of the Taylor Series re-
tained. The symbol 6 means a smaller variation (meaning first-order terms
are sufficient) than the symbol A.

_ _ o n afi()—c,ﬁ+Au,t)
fi(‘,{+ 6xX, u+ Au, t) =fi(x,u+Au,t) + Z

8
1=t %) g

n aFa[;((Eo) Eo]

F_[x (1) + 6x(foh, Tyt otg] =F _[x (Toh fo] +iZ=1 o, 6x,(fy)
n oF [)_( (Eo),t-()] - - oF [;( (to) 9{'0]
[a]] . o
* iz=1 ox, X; (o) [ Oty + at Oty
. o ___ n |eG [E(Ef) ,ff]
GB[x(tf)+6x(tf) Wbt 6tf]=GB[x(tf) .t +iz;l . 0% (t,)
n |8G [x(1),t.] 9G [x(t.),t.]
g V0 - - [ R
¥ i; ox, X (L) [ ot + ot ot
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Substitution into the expression for AS' and elimination of the second-order
terms caused by the smaller variations (denoted by a &) yield:

58" = Z c, x(to)+2 A (Eo) [, (t) = £, (xg,u9 + Aug, E)1} 5t
i=1 i=1

t
+ ff {Z c 6x + Z h[éx +f(x,u,t) f(x,u+Au,t)

t Li=t i=1
>g afi(§,6+Au,t) 'i
- L . (6x,)
i=1 % )
n
+ Z 67\[x —f(x,u+Au t)]r dt
i=1
n
+4) ci(tf) Zx(tf)[x(t) f( u+Au,t)] ot
i=1 i=1
n 1 _ n EFa(;(o,Eo) _
* e ox () By ) || ox(l)
i=t a=1 i=1 i
n [oF (xpt0)] OF (X, tg)
0 || R (et +[ 6tg

1

i=1
1

+aziap F_ (X0l + Z 50, Gy % 1]
m

)

=1
n [8G (x,,t.) n |8G (x.,t.)
g % 't - 8 ¥e S
.Z X, ox, (t)+ Z ox. X, (t)oty
i=1 i i=1 i
9G (X.,t,)
+ [——Ban—f—] 6tf} )

A combination of certain terms under the mtegral sign may be integrated by
parts as is shown:
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- -

tf n _ n _ t
[2 D (e Ry ok | d=| ) (e +A)ox,
to i=1 i=1 -

Substitution of this expression into 6S' and further rearrangement yields an
expression of the form.

5S! —{Z c.k. (to)+z X, (to)[X(to) - f (X, ug+ Ay, T)] b 6t

i=1 i=1
1 n |[0F (;(0,10) oF ()—(o,fto)
= (63 T T o
+ ) B, Z ox X, (Rg)oty +|— oty
a=1 =1 i
n [ _ 1 _ 9F, (3t 1 o
LR+ ) by, — | ox ) op,F (uto)
l=1 a=1 1 ao=1
t n n of (x,u + Au,t
f Z - - 1 ’ 9
- XY (N) ox,
ffo {i=1 12 Al axi i

n
+ 121 AL (X0 +Au,t) - - £, (x,u, )]

n
- ) AR - (X, u+Au t)]}
i=1

n n
+{i=1 c.ki(tf) + i217\1(%) [x,(t) - fi(x uf + Auf,t )]} ot

m n | 8G ( t) oG ‘(;( "i )
0 _ﬁ_i_ - 0
+ Z_ pﬁ{z_ Xi(tf) 6tf+ _E__E?t 6tf}
B=1 i=1
n m aG ( ,t) m
T Ll e
lz;:i Cl+}\i(tf)+62=1pﬁ axi 6Xi(tf)+BZ [3 ,B(X t)
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The only way that 6S' can be made greater than or less than zero for either
positive or negative values of the variations (the 6 wvalues) is to make the
coefficients of all the variations zero. This yields the following necessary
conditions:

Fa(Xo, to) =0

_ L T (xg )
Ax(t") - pa ox,
a=1 i
n n
N o tE e Y R AENIL AN L f L T4 Ae TV
)y, vltxl\ “w/ L u.i\u(y lAi‘yol ;i\Ao, wg T Laawgy v
i=1 i=1 :
1 BF Xgs t OF  (xg,ty)
+ ) D !: (0,0)§(f)+ a0l =0
a 0 ot
a=1 i={
Gﬁ(xf,tf) 0
m G (x f)
A(t) =-c, - Z ;-J
f =1 B ax

Z cx(t)+2h(tf)[x(t) £ (X U+ Aug, £)]

m n |0G (x.,t,) 9G ( f)
- Bt | = - _
i=1 i
xi=fi(x, u+ Au,t) tp=t=< tf
n [ af(xu+Au,t) _ _
- A, > fp=t=t .
1= X

Then the expression for 6S' becomes

£
s8'=- [ {Z A M (% u+Au,t) - f(xut)]} .
to i=1
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Now 6S' will be positive if the variations Au make the variations in the
differences of the fi either zero or negative. This means the variations in the

differences of the fi must be negative for some finite interval in the time period

ty= t=1t. This allows bounds to be placed on the control variables. From the

f.
opposite viewpoint, 6S' will be negative if the variations Au make the varia-
tions in the differences of the fi either zero or positive, The same considera-

tions hold for bounds on the control variable. If AS' is positive for all small
variations in u, then S' is a local minimum with respect to u and 'vice
versa,' Defining a new quantity H and combining and rearranging the previous
results allows the final form of the necessary conditions to be written

H—Z AL ()

i=1
Then,
o o B
i 6,
i
. oH
hi— T oox )

Because H must be a maximum or a minimum with respect to u

% =0, and H a maximum for S a minimum

H a minimum for S a maximum

Fa(Xo, to) =0

1 OF (xo,to)
M) =), b, o
a=1 i
1 oF (Xo,to)
Z ¢, %, (tg) + H(ty) +) P, “‘a“af— =0
i=1 a=1
Gy (xpt) =0
m 8G ,(x.,t,) m 0G (X,,t.)
——0 - _B Pt _ _BPT
M=-c Bzi Pp %, » H(ty Bz—'i Pg at =0
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This development and form for the necessary conditions were chosen
because they allow the part of the second variation associated with the control
functions (i.e., the maximization or minimization of H) to be examined and
satisfied. In reality all of the second order terms in the Taylor Series ex-
pansions should be retained and examined, Combinations of the second order
terms would produce quadratic forms, and all of these would have to be positive
or negative definite to assure a minimization or a maximization of S. ¥From a
computational standpoint, it is impossible to assure positive or negative definite -
ness for any but the terms associated with the control functions alone, The
other terms can be examined as a test, but there is no freedom to correct the
terms if the test is not satisfied. Therefore, a solution is usually obtained
satisifying the necessary conditions given, and physical reasoning is used to
determine if the trajectory is acceptable without resorting to the extra effort
necessary to test for the sufficiency conditions.
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APPENDIX II
APPLICATION OF THE NECESSARY CONDITIONS
TO A TRAJECTORY PROBLEM

A simple model for the equations of motion of a rocket-powered vehicle
in three dimensions is given by the following system of differential equations:

o E i -
R= o oS X, Sinx - 5

R = '\/x?‘+y2+z2

m(t) =my - I.no(t-to)

F(1) =Fy .

These equations are based on the same assumptions that were used for the two-
dimensional model described in the first part of the General Discussion. The
control variables are xp and )%' that locate the missile axis or thrust with

respect to the coordinate system that is shown in the diagram below.

7/
y 7/
/7
F

LA *
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The following substitutions are made so that the system of differential

equations will be in the form required for the application of the necessary con-

ditions:

Then

Xy =X
X =Y
X3 = Z
X4 =X
Xg =¥
X6=Z
Xy =m
X =F
U =Xp
llz—xy

f, = 22 cos u, cOS u, - 2
2= X 1 U, (%42 + %% + x€2)3/2

f, = ﬁ cos uy sin uy ~ (x4 }f‘:{f + xg%) ¥y
fy = x4

fs = x,

fg = xg

f; = -my

fg =0

Now H can be written:

H = AI[(EK) sin uy - 2] +7\2[€§;-) COS uyCOS Uy -

221 ]
X1 (%2 + x5 + %) 25/2

(% +x5+%g
+ A.3 [—(‘E:) Cos uy sin Uy - (X42+X52+X6. 2) 3/2] + A.4X1 + A.5X2 + 7\.6X3 - 7\7&10 .
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Then the IBM FORMAC language can be used to obtain fortran expressions for
part of the necessary conditions as follows:

(B
1 37\i i:i’z’u.n’s
. oH
AT ek

Expressions for the control variables that appear in the Sci and Xi equa-

tions are obtained by solving the third equation in the system of equations for
uy and Ug.

oH X Xg\ s X

— = 0= —ﬂ) - (—3 sin uy cos u, + (—3-) i i
au; M(xr, cos uy - Ay X’I) uy W + Ay Xq sin u4 sin u,
M _o-=- Ay (—}-{&) cos uy sin wy - Ag (—}5&) COS uy COS Wy

ouy Xq Xq

From the second equation

tanu2=--7§‘°‘ .

A2

This is assuming that (i;a) and cos uy are not zero, but L'Hospital's rule can be
(

used to show that the expression is still true as both approach zero as a limit,
From the previous relation

7., I
sin uy = -
N
coOs U2 == .

Substitution of these equations into the equation for -%%— gives:
1

2 Asl
P, : N
Ay COS Uy - ——— Sinuy - _———__ sinuy =0
Ajcosuy ,\/}\22 +7\32 sinu; =0

N
dE,\/}‘22 +>\32' .

tan uy =
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A
INER TR IR

sinu;=

anf A2 + At
AE A2+ ag

The ambiguities on the signs of sin and cos of u and u, can be resolved by

cos uy =

o’H o*H
examining 3 and 5~ - Because it is desired to minimize
8u1 3\12
o ‘8_‘ - 14\ L. -~ — - - - P - [ T 4 aZH PR, |
o U, AL WHEIC Cy — Cyg —C9g — Ly —Cg — Cpg —Cg — UV aliu Cg — = 41, " 79 aliu
T L C Aty WiueITe Cy=Cp —C3 =04 —C5— Cg — g 1 ou
i=1 1
o°H . .
out must be negative. The above statements say that S = - m(tf) is tobe a

minimum. This is equivalent fo stating that m(tf) is to be 2 maximum. For

- m(tf) to be a minimum H during the period ty=t = tf must be a maximum;
2 2

therefore g—H and oH must be negative at all times in the interval

1y Uy
-
tg=t= tf .

3" X 3&) _

ox  _ _ +

Buf A (xv) COS Uy COS Uy + Ag (X'z cos u, sin u,
=('§ﬁ') { - Ay sin uy + cos uy[ - A, cos u, + Ay sin uyl}

1
2
———guljz = - (—fg{) COS Uy COS Uy + Ag (2—) cos uy sin wy

= iﬁ { cos uy[ - A, cos uy + A3 sin w1}
7

From the physics of the problem it is obvious that (-’iﬁ-) will always be positive.
7

Also, the positive sign is arbitrarily chosen for cos uy .

N + Ag*

—_————
NAZ + A2 + a2

cos uy =

Then 51_21% will be negative if the following signs are chosen for sin u, and
2
cos uy .
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Also,

therefore H is a maximum because

N

cos uy =
_ . S
RN
2
gqu will be negative if the following signs are chosen for sin u,.
i

M
NAZ + a2+ At

sinuy =

Th di hoi £ si K 9% 9%H
e preceeding choice of signs make Bui 8u2 and &)u2 au1

Zero;

%H 9%H

7~ and 3
8111 8112

are both negative. With

the expressions for the control angles defined, the boundary conditions can now
be discussed.

For this problem the boundary conditions at t; are assumed to have the

form shown below:

Fy = x3-%=

Fy = X -¥5=0
F3 = x3-29=0
Fy = x4 - %X =0
Fs = X5-y0=0
Fg = x5 -2¢=

F; = x; - my =0

FS = XB—F0=0

Then the transversality conditions become

32
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A3(tg) = ps Ar(ty) = Py
A(ty) = py Ag(ty) = pg
mg + H(tg) + pg =0

The last equation determines py , and the other eight p's or A's must be
determined to satisfy the boundary conditions and transversality conditions at
tf. For this problem the boundary conditions are assumed to have the form

Gy = x42+x52+x62_Rt2 =0

f
G, = x2+xl+xl-v 2 =0
1 1 Z 3 t
f
Gs =x1x4+X2x5+x3x6—(vaos'1.9)t =0

f

The quantities R 2 v, 2 | and (Rv cos &) ¢ 2re desired constants that charac-

f - f f
terize a certain orbit where R is the radius, v is the velocity, and Rv cos 4
is the dot product of R and v . Then the transversality conditions become

)q(tf) = 2pyXq + P3Xy
Aty = 2py% + pyXs
7\3(tf) = 2pyXg + PgXg
M(te) = 205% + pgXy
As(te) = 2p4X5 + p3xy

Ag(te) = 2pyxg + p3X3

M(t) = 1
A’S(tf): 0
H (tf)= 0

This is nine transversality conditions and three boundary conditions for
a total of twelve conditions that must be satisfied by the eight initial A's or p's

and the three p's at tf and tf. The three p's at tf can be eliminated by

using three of the transversality conditions to solve for the p's interms of
x's and A's. To do this in an easy manner the following steps are taken:
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‘7\1“ -xi_ -x4-
A[= 20 [ X + p3 |X5
A3, [ X3 %6 |
[Aq) x4 x4
As|= 2pq | X5 + pg X .
2] % %)

Vector algebra is used on these two vector equations to eliminate the

three p's. Crossing the first vector equation with [gzi] yields
3

X1 A [x)] ) Xy Xy
Xo| X [ M| = 2Py X X |Xo} + P53 |X] X [X5
X3 A3 | X3 X3 | X3 Xg

ETEE

= P3| Rl XX

| %3 | R

Crossing the second vector equation with [%] yields

—

Xy My EA Xy Xy X4
Xg X | A5l = 2pg |X5| X [X5] + p3 | X5 X | X
Xg Ag %6 | Xe Xg X3
[%4] Xy
= ps |Xs X X .
| %6 | X3

Adding the two resulting equations gives
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X3

Performing the cross multiplications yiclds the three desired independent
scalar equations:

A3Xy = AgXg + AgXs - AsXg =0
- >\3X1 + A1X3 - )GX4 + }\4)(6 =0
ApXy ~ Aqxp+ Ay ~ AgX5 = 0

Now the eight A's or p's at t; and t. are used to satisfy the follow-

ing nine conditions at t_.

f
f
x42+X52+X62‘Rt2 -0
f
x12+x22+x32—vt2 =0
f
x1x4+x2x5+x3x6—(vaostsl)t =0
f
AgXp — AgXg ¥ AgX5 = AsXg = 0
- AgXy A Xy - AgXg T AgXg = 0
ApXy = AgXp +AsXy - MX5 =0
A1- 1 =0
Ag
H = A (—)—’i&) sin uy - E %
7 (X% +x62)3/2
Ay (Eﬂ-) COS Uy COS Uy - —E%5
X1

(X 2+xP+x? )3/2
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R : B Xg .
+ >\.3 - ( ) CcOs u1 Sin uZ - +X4X1+ 7\.5X2+A6X3"A1m0 = 0 .
Xq 20 o 214 2)3/2
(% 4+X5+%6")

The preceeding discussion and the discussion in the main part of this
report should be sufficient for an understanding of the following computational
procedure that was used in constructing the actual computer program.

Computational Procedure

Preload

x" = X (m/sec) A

%" = § (m/sec) A0

x3" = 2 (m/sec) As

x’ = x (m) A

X50 =Yy (m) 7\50

x6° =z (m) 7\60

kg sec ?

%' = m (=5 ) A7

%’ = F (kg) Ag?

f‘o = (kg/sec) th cutoff altitude squared (m?)
f

hy = ( g;i) v, 2 cutoff velocity squared (m?/sec?)
f

GM (m?3/sec?) (Rv cos ¢), (determines path angle at

I cutoff)

ty (sec) K

tf (sec)

Tolerance = .5% 1078

At (sec) for integration
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Preload Computations

All input must be scaled

K; = 1.5698587 x 1077 (scales length)
K, = 1.241825 x 10~3 (scales time)
K; = 0.16001332 x 1074 (scales weight)

The preceeding scale factors are for near earth trajectories, and they
cause the initial radius (N x+x2+x.* ), the initial mass, and W to be unity for
the test case data given at the end of this computational procedure,

K
Xlo — X1° (_;_)
K
0 _
Xy Xz° (_;_
K
x3° - X30 __:)

%" = %0 (Ky

x5' = x50 (Ky)
%' = %’ (Ky
2
0 = xp (53_152_)
Ky

. . K3 K,
mo = mo ( Kl )
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K3
GM = GM (——17)
K,
tp =t (K
tf = tf (Kz)

K&

2 _ oy 2 (__1_)
v v 5
tf 1:f 2

2
(Rvcos ¢4), = (Rvcosd) (—ISJ—)
te te \ K

Preload Computations for the Isolation Routine

Set up the following matrices:

-axi—
axo = [0]
j ) i (number of rows) =
j (number of columns)
—Bhi-
o =1
IR A

8

= 8

Suggested Order for Computing Line "n'' for the Isolation Routine

) oA,

i
X, A , and W

1
5 S NPTV

to a new (t +At) by Runge-Kutta integration.
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The following equation is to be used with the IBM FORMAC language to

obtain functional (fortran) expressions for the partial derivatives needed for
the subsequent calculations:

_ 53_) oo (GM)x, + Xp _ (GM) xg
H Aq (X'I sin uy (x42+X52+x62)3/2 Ay (XT)cos uy COS Uy (x42+x52+x62)3/2
Xg : (GM) xq . .
- 0 - + AXpRAg%yFAgxg-Aqingh AgF
+7*3[ xg OO M St m ) AxHAsX+tAgXg-Aqngt AgF g
P - Ai
(1) sinuy = 132 132 +2.2
NAT T AT T A
,\]"2+ PR
(2) cos uy = —— 22—
NAZ g2+ agt
. S
(3) sinu, = —
N2+
e
(4) cos u, = de 7\32
3 - oH . _
(5) X = o, i=1,2,°*",8
y = a_H i = ss e
(6) A, = “Bx i=1,2,++-,8

1

Construct the following matrices with the IBM FORMAC language:

k(rows) = 1,2
| 9% |
—ﬂ——— 1(columns) =1,2,-++,8
| 9ty Y
a_&f_lg__] k(rows) = 1,2,
L u'k um m(columns) = 1,2
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o*H |
i(rows) =1,2,°*°
{ 0X, ax,] i(rows) *e 8
i |
j(columns) =1,2,+++,8
82H ]( ) E e ’
0x, oA,
i |
~Then compg.te: _
- T D L O e % o*H 07
ree Bl — 0 0
[—87\1 Lau.kaum Bu.kaxl 87\j Laukaxl 87\j
[ o5 T lox 17 1o
8) * | | ofH i o%H Y
0 - 0 9 0
b87\j axiaxj 8?\j ukaxld 8)\1
oA ox Ty EIN
(%) i | _ | i 9°H "k o%H i
an? | Tlox.ex | |on® ou, 9 on. 0| “lex.aa. | | oA.°
J 1] ] uk xl ] 1] ]
83{i BXi
Now ki, Xi || and NG are integrated by Runge-Kutta integra-
i i
axi 87\i
tion to give Xi: Ai, —éh—° , and A0 for the next line. This integra-
J )
tion is stopped when t = 1:f .

t. ona

All of the following equations are to be computed at the time t= ¢

particular trial:

(1) E1 = X42+X52+X62 -th

f
(2) Ez = X12+X22+X32—V 2

1:f
(3) E3 = x4xq + XX + X3Xg - (RvV cos 19)t
f
(4) Eq = AgXp = MpXg + AgX5 — AsXg
(5) E5 = = 7\3X1 + 7\1X3 - A6X4 + A.4X6
40
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(6) Eq

1l

Mxq = MXy + AgXy - MgXg

(7) E'( = l7—1
. (8) Eg = X
_ o =y o _(GM)x,
(9) Ey = X (X'l) SIn Uy — (g 2 T3
[ _ _(GM) x
+ Ay (X'z ) COS 14 COS Uy (x42+x52+x€2)3/2
r . B
+ Ag —(ﬁ\ cos uy sin'ty - — s Xﬂz\q/o ‘
Xq | t 2 (xfrxgexg) ¥ |

+ K4X1 + A’5X2 + 7\6x3 - )\-II.IIO + )"BF“O

(10) Define E = [El’ Ez, E3, E4, Es, Es, E',, EB’ Es]

Construct the following matrices or vectors using the automatic partial
differentiation routine:

30 OE OFE
R [ R aER and -——I}-
3%, lmk oA ot

¥

]

R(rows)= 1,2,°°**,9

i (columns) = 1,2,-+,8
j (columns) = 1,2,-++,8
k (columns) = 1,2
Then compute:
[0E_] [OE 9E OE
(11 r| |7°R Bxi . R auk . R axi
| lax, taxﬁ ou || a° an, If a.°
[ J 1 ] ] J J
(12) (W 1= (A; sin uy sin uy + A3 sin uy cos uy)
km . -
(A3 cos uy sin uy - Ay sin uy - A, cos uy cos uy)

A3 €cOS uy sin uy ~ Ay COS Uy COS W)
3 1 2 2 1 2
(A, sin uy sin uy + A3 sin uy cos uy)
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X, cos uy sin uy + A3 COS uy cos u,
A, sin uy cos uy - Xj cos uy - Ay sin uy sin uy

OE
|:8ER 9E =l . 9E

X, +|l—u + |=—| A, +
ukuk a, i at

N
£
li
———
g
=
E 1
—

14) |
()ER

(15) AE = E
Compute |AE| = Nl/i:iz + E + Eg2 + B + Eg? + Eg2 + Eg? + Eg? + Eo?

oE .
— R
(16) [qu] 5 }\jo , ER

If |AE| is = tolerance go to converged case run saving Aio (old) and
tf (old). 1If not continue:

Compute [qu] "1 in double precision

- 4 -
(17) p = [qu] E and test [qu] [qu] -1 _ (1 .

where

P = [AA, AN0, ARgD, ANS, AASS, ANGD, A AN, Atd .

On the first trial skip the next three "if'' statements and go to 'mow for
a new trial" :

IAEn| 1 K
f —— > (1-K+— K) set K= —
AR (1-K+% 1.8
n-1
,Aﬁnl {
f ——— = (1-K+ —K) set K=1,8K
AE 1] 6
n_

If K>1 set K=1
Now for a new trial:
xi" (new) = 7‘10 (old) -K A X,
Atf (new) = tf (old) - KA tf
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Converged Case Run

Reintegrate the trajectory with the converged Ai(to) and 1:f and compute
additionally at each At .

R = Vx? + x? + x5 (‘1121\’

v =A%)
1

_ XqXg + XoX5 + X3Xp
Rv

sin 4 = \Ii —cosﬁﬁ

(]
[#]
/]
Y

4 arc tan (sm,})

cos & (convert to degrees)

il

arc tan (Elﬂ_\ (convert to degrees)

u
1 cos uy /

: sin u
u, = arc tan (—l) (convert to degrees)
1 COS U,

Print out at each At:

(1) On the first step of each trial print

u [ax. ox, oA, )
t xRS 1 i 1 and |—1
I T s St & axl" ’[axj" ’ BA]_O i axj" ’ axj" .

(2) At t= tlc on each trial print all of (1) plus the following

9E
E., AE Rl E z z |7z z |7, and
E, ? 87\j° e Sl gs| | qs| *|"aqs| | gqs ’

(3) Ateach At of the converged case run print

el

t, uy, up, R, v, 4, X Ai,ki, Xi .
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Data for an Example Trajectory

ty = 150, 01366

Xy = 2378, 9375

Xy = 1181.8890

Xy = -1259, 8308

Xy = 143391. 19

Xs = 6447134.8

Xg = -40967. 611

Xq = 6361. 8535

Xg = 40599. 685

Fo= 0.0

= 9. 6776706

GM -~ . 39860160 x 101

A= 1.0

A= 1.0

A3 = 1.0

M = 1.0

Ag = 1.0

Ag = 1.0

A = 1.0

Ag = 1.0

te = 650

At = 1.0

Tolerance = .5 %10 -6

Rtf2 = . 44193245 x 1014

v, 2 = , 59878362 x 108
f

(Rv cos 19)tf = 0

K = |




(<]
.
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