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Abstract 

A simple function of the fissionability parameter Z2 /A 

is found which enables fission thresholds to be calculated 

relative to the exponential mass formula reference surface 

(with shell and pairing corrections omitted). From these 

thresholds, systematics of spontaneous fission rates and of 

the ratios of neutron to fission widths are developed. A 

discussion is given of multiple neutron capture experiments 

in the light of these fission characteristics. 
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Introduction 

The recent renewal of studies of heavy isotopes produced 

by multiple neutron capture in underground thermonuclear 

explosions has raised a variety of questions concerning the 

properties of the nuclei formed. 

from the original Mike explosion as indicating that conventional 

I had interpreted the yields 

atomic mass formulas gave incorrect predictions of neutron 

binding energies far from the valley of beta stability 

(Cameron 1957). This led to the development of a new form of 

mass formula, the "exponential" mass formula (Cameron and Elkin 

1965), in which neutron bindinq energies are larger in the 

neutron-rich region than given by conventional mass formulas. 

The fission properties of such nuclei are also of interest, 

and hence in this paper the systematics of several fission 

properties are developed, based on the exponential mass formula. 

It has been recognized for many years that there is a 

correlation between spontaneous fission half-lives and the 

departures of actual masses of heavy nuclei from a smooth mass 

surface owing to shell effects (Seaborg 1952; Swiatecki 1955; 

Foreman and Seaborg 1958: Johansson 1959; Dorn 1961). The 

present approach preserves much of the basic spirit of the 

above papers, but the chain of reasoninq presented here is 

somewhat different, and the resulting relationships tend to 

be simpler. 
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Fis s ion  Thresholds 

S ince  f i s s i o n  is an exoergic process ,  s t r i c t l y  speaking 

there  is no energy threshold .  However, t h e r e  is a f i s s i o n  

Coulomb b a r r i e r  w h o s e  pene t r a t ion  p r o b a b i l i t y  is very s m a l l  

except  very near  t h e  top.  Hence  t h e  t o p  of t h e  Coulomb barrier 

may be def ined  a s  an e f f e c t i v e  th re sho ld  (Cameron 1956). M o s t  

bombardment processes  leading t o  f i s s i o n  r e s u l t  i n  a cross 

section p la t eau  some d i s t ance  above t h e  t o p  of t h e  b a r r i e r .  

There a r e  good p r a c t i c a l  and t h e o r e t i c a l  reasons f o r  t ak ing  

the  t o p  of t h e  b a r r i e r  t o  be the  energy a t  which t h e  cross 

s e c t i o n  reaches h a l f  of  t h e  p la teau  value: the determinat ion 

o f  t h i s  energy is somewhat sub jec t ive ,  b u t  d i f f e r e n t  people 

m u l d  probably choose an energy wi th in  a range of  about 200 

kev. I have adopted t h e  energy thresholds  given by y tde  (1964),  

s i n c e  spo t  checks ind ica t ed  t h a t  they had been chosen c o n s i s t e n t  

wi th  t h i s  determinat ion.  In add i t ion ,  from ( d , p )  measurements 

of Northrup, Stokes,  and B o y e r  (1959),  I have taken t h e  f i s s i o n  

th re sho lds  f o r  t h e  t a r g e t  nuc le i  U233 , , and PuZ3' t o  

correspond t o  neutron bombarding ene rg ie s  of - 1.0, - 0 . 6 ,  and 

- 1.0  MeV. 

Swiatecki (1955) showed t h a t  spontaneous f i s s i o n  ha l f -  

l i v e s  c o r r e l a t e d  w e l l  w i t h  t h e  f i s s i o n a b i l i t y  parameter @ / A  

i f  one assumed t h a t  t h e  f i s s i o n  th re sho lds  f o r  even-even, 
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odd-A, and odd-odd n u c l e i  f e l l  on d i f f e r e n t  "mass'' sur faces .  

Apart from shell e f f e c t s ,  the ground s t a t e  masses of these 

classes of nuc le i  a l s o  f a l l  on three separate and smooth m a s s  

su r f aces .  Thus it appeared t o  me tha t  it would be u s e f u l  

t o  see i f  the sepa ra t ions  of t h e  f i s s i o n  threshold  m a s s  sur- 

faces should also correspond t o  nucleon p a i r i n g  ene rg ie s  

P ( Z , N )  which w e r e  determined i n  t h e  development of the ex- 

ponen t i a l  m a s s  formula (Cameron and Elkin 1965). 

For t he  purpose of t h e  present  paper we may w r i t e  the  

essence of t h e  exponent ia l  mass formula as 

2 
form (M-A) + 

where S ( 2 , N )  is the  shel l  c o r r e c t i o n ,  P ( 2 , N )  is the p a i r i n g  

c o r r e c t i o n ,  (M - A)re f  is t h e  smoothly-varying mass excess  

w h i c h  con ta ins  the p r i n c i p a l  t e r m s  o f  t h e  mass formula, and 

(M - A ) f o m  is t h e  mass excess pred ic ted  f o r  a nucleus. 

These q u a n t i t i e s  are f u r t h e r  def ined i n  Cameron and Elk in  

(1965) and are t abu la t ed  i n  an I n s t i t u t e  f o r  Space S tud ie s  

r e p o r t .  

Let us def ine  t h e  he ight  o f  a f i s s i o n  th re sho ld  m a s s  

s u r f a c e  above t h e  r e fe rence  su r face  as 
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where (M - A) is the experimental mass excess of a nucleus l 

I 
exP 

and Ef is the observed fission threshold. 

the quantity 

Let us further form 

where we recall that the pairing energy P ( Z , N )  is intrinsically 

negative. If the hypothesis, that the energy differences 

between the fission threshold mass surfaces are the same as 

the pairing energy differences between ground state mass 

surfaces, is correct, then c, should define a universal fission 

threshold mass surface coincident with that for odd-odd nuclei, 

A plot of c versus the fissionability parameter @/A is 

shown in Figure 1. It may be seen that an excellent straight- 

line empirical relationship is obtained. There is no indication 

of any systematic deviation of the points corresponding to one 

type of nuclear species or another. Thus it is clear that the 

above hypothesis is satisfied sufficiently closely to form the 

basis of an empirical method for calculating fission thresholds. 

The straight line of Figure 1 is described by the relation 

E: = 57.35 - 4.3z2 

3A 

If an experimental mass excess is known, then fission 

thresholds can be calculated from 

Ef = (M - A)ref + E + P ( 2 , N )  - (M - A)exp (5) 
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However, if the experimental mass excess is not known, then 

in equation 
A) exp (M - A I f o m  may be substituted for (M - 

( S ) ,  which then reduces to 

Ef = G - S (Z,N) (6 1 

Equation (6) demonstrates that fission thresholds do not 

exhibit an odd-even fluctuation due to pairing energy effects. 

Spontaneous Fission Lifetimes 

It is evident that the empirical relationship based on 

the data s h m  in Figure 1 does not extend over a very large 

range of Z2/A. 

of this relationship to other values of Z2/A is to see if a 

consistent systematics of spontaneous fission half-lives can 

One way to test the validity of extrapolations 

be based upon it. 

Swiatecki (1955) noted that every millimass unit of 

extra ground state depression relative to the fission threshold 

resulted in about a factor lo6 increase in spontaneous fission 

lifetime. Earlier, Frankel and Metropolis (1947) had suggested 

that spontaneous fission half-lives were of the form 

-ai 7.esEf -7.86Ef 
tf = 10 x 10 seconds, where 10 is the 

barrier penetrability, and the nucleus is assumed to fission 

in 10'"' seconds when above the barrier. Their coefficient 

for the barrier penetration was based on machine calculations 

and it should be considered only to give the order of magnitude. 
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property may be deduced from t h e  fact t h a t  t h e  p o i n t s  corres- 

ponding t o  measured values  of both  X and E partake of it. 

Presumably t h i s  s c a t t e r i n g  i s  t o  be a t t r i b u t e d  t o  v a r i a t i o n s  

i n  t h e  reduced f i s s i o n  width of t h e  ground state. A g r e a t e r  

s c a t t e r i n g  is  observed f o r  t he  cases  i n  which E w a s  calcu- 

l a t e d  f r o m  equat ion (6) ; presumably t h i s  r ep resen t s  a d d i t i o n a l  

u n c e r t a i n t i e s  i n  t h e  f i s s i o n  threshold energy. However, t h e r e  

is  n o  ind ica t ion  of a va r i a t ion  of t h e  mean value of c ' w i t h  

Z?/A. Hence equat ion ( 7 )  may be considered t o  g ive  a s u i t a b l e  

p red ic t ion  for Xf, b u t  nevertheless  a p red ic t ion  which w i l l  

be unce r t a in  by as much as a f ac to r  10'. There is some 

indica t ion  t h a t  t h e r e  is less s c a t t e r  i n  t h e  ca l cu la t ed  values  

f f 

f 

of c f o r  a given value of 2, thus  suggest ing t h a t  v a r i a t i o n s  

i n  f i s s i o n  reduced widths  depend i n  p a r t  on t h e  proton s t r u c t u r e .  

Thus f o r  p r e d i c t i v e  purposes equation ( 7 )  becomes 

Hence t h e  s tudy of spontaneous f i s s i o n  l i f e t i m e s  g ives  

a c o r r e l a t i o n  which i s  c o n s i s t e n t  with t h e  v a l i d i t y  of equat ion 

(4) through t h e  e n t i r e  range of Z2/A for which spontaneous 

f i s s i o n  ha l f - l i ves  have been measured. However, it is c l e a r  

t h a t  such a simple ke la t ionship  must be used wi th  caut ion  

ou t s ide  t h e  region f o r  which it has been t e s t e d :  we have no 
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The p i c t u r e  of a b a r r i e r - f r e e  nucleus f i s s i o n i n g  i n  

10’21 seconds is c l e a r l y  no t  i n  accord wi th  modern da ta .  

It is w e l l  known t h a t  when neu t ron - f i s s i l e  isotopes are 

bombarded w i t h  r e sonance reg ion  neutrons,  the resulting f i s s i o n  

cross s e c t i o n s  are comparable t o  or s l i g h t l y  g r e a t e r  than  

c a p t u r e  cross sec t ions .  For  such n u c l e i  r a d i a t i o n  widths  

are a b o u t  LO-f ev, corresponding t o  a l i f e t i m e  of sec.  

Therefore  I have assumed that n u c l e i . a t  t h e  f i s s i o n  th re sho ld  

w i l l  have a f i s s i o n  r a t e  of  lox4 sec-1. Hence i n  genera l  t h e  

spontaneous f i s s i o n  r a t e  can be w r i t t e n  i n  t h e  form 

H e r e  c is a cons t an t  c o e f f i c i e n t  which must be determined. 

The c o e f f i c i e n t  c was ca l cu la t ed  f o r  t hose  n u c l e i  wi th  

measured spontaneous f i s s i o n  h a l f - l i v e s  (Hyde 1964). Ex- 

perimental  values  of t h e  f i s s i o n  th re sho ld  E w e r e  used i f  t hey  

w e r e  a v a i l a b l e ,  

p re fe rab ly  from equat ion ( S ) ,  b u t  i f  necessary f r o m  equat ion 

(6) .  The r e s u l t i n g  va lues  of the l i f e t i m e  exponent f a c t o r  c 

are p l o t t e d  as a func t ion  o f  Z 2 / A  i n  Figure 2 ,  

f 

I f  they w e r e  n o t  a v a i l a b l e ,  Ef was c a l c u l a t e d  

It may be seen  i n  Figure 2 t h a t  t h e  der ived va lues  of c 

vary by about ?’ l o r  a l i t t l e  more on e i t h e r  s i d e  of a mean 

value of about 6.6. That this s c a t t e r  is an i n t r i n s i c  nuc lear  
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assurance t h a t  it would work w e l l  f o r  t w o  n u c l e i  w i t h  t h e  

same value  of Z 2 / A  b u t  d i f f e r i n g  appreciably i n  mass number A. 

Neutron t o  Fiss ion  Width Rat ios  

The competit ion between f i s s i o n  and neutron emission 

a t  ene rg ie s  s i g n i f i c a n t l y  above t h e  f i s s i o n  and neutron 

thresholds  has  been s tud ied  by Vandenbosch and Huizenga (1958), 

who found t h a t  t h e  ratio of  widths Tn/Tf is c o r r e l a t e d  wi th  

t h e  d i f f e r e n c e  of t h e  f i s s i o n  and neutron emission th re sho lds ,  

Ef - En, a f t e r  some adjustments have been made for nuclear  

type.  It s e e m s  app ropr i a t e  t o  seek s i m i l a r  c o r r e l a t i o n s  wi th  

f '  t h e  present approach t o  determination of  E 

Vandenbosch and Huizenga ad jus t ed  Ef - En by t h e  neutron 

p a i r i n g  energy, P ( N )  , and by an assumed energy gap i n  t h e  

e f f e c t i v e  l e v e l s  of t h e  f i s s i o n i n g  nucleus a t  t h e  saddle  poin t .  

However, from energy l e v e l  dens i ty  cons ide ra t ions  (Newton 1956) 

it s e e m s  m o r e  app ropr i a t e  to raise t h e  neutron binding energy 

by t h e  p a i r i n g  energy of the r e s i d u a l  nuc leus ,  P(Z,N - 1). 

Hence w e  form t h e  q u a n t i t y  

- E + P ( Z , N  - 1) + A f  Ef n 

Experimental va lues  of  r /r must be c o r r e l a t e d  wi th  t h i s  n f  

q u a n t i t y ,  The term A f  is r e l a t e d  t o  t h e  assumed f i s s i o n  

energy gap a t  t h e  saddle  point .  

The d a t a  chosen f o r  t h i s  c o r r e l a t i o n  w e r e  t hose  given 

by Vandenbosch and Huizenga for 3-Mev neutron f i s s i o n  
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and for photofission, supplementsdby a somewhat lower energy 

neutron bombardment of E % I ~ ~ ~  (Butler 1960). Examination of 

this data suggested the following values for Af: 

0, even-even nuclei 
A f =  i - 0 . 5 7  MeV, odd-A nuclei 

t. - 0.88 Mev, odd-odd nuclei 

It must be emphasized that these values of A are not rexiable 

to more than one significant figure. 

f 

The resulting correlation is shown in Figure 3 .  It may 

be seen that the majority of the points are consistent with 

a straight-line relationship which will have some value for 

predictive purposes. This relationship is represented by 

= 8.66 exp 1.42 LEf - En + P ( Z , N  - 1) + A f j  - ‘n 

It may be seen that three points are displaced parallel 

to the correlation line of Figure 3 by approximately a factor 

3 .  These points all correspond to isotopes of thorium, which 

apparently have intrinsically smaller fission widths. It is 

interesting to note that thorium isotopes a l s o  have unusually 

long spontaneous fission lifetimes. 

Multiple Neutron Capture Experiments 

In Table 1 are given values of E and E for a wide range f n 

of neutron-rich nuclei which may be of interest in multiple 

neutron capture experiments. All values have been calculated 
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from t h e  exponent ia l  mass formula. Severa l  i n t e r e s t i n g  con- 

c l u s i o n s  follow from an examination of t h e s e  numbers. 

The y i e l d s  formed by mul t ip l e  neutron cap tu re  on a Ua3* 

t a r g e t  have now been published f o r  s e v e r a l  d i f f e r e n t  ex- 

periments.  These y i e l d s  a r e  cha rac t e r i zed  by a progress ive ly  

diminishing abundance wi th  mass number upon which is superposed 

an odd-even v a r i a t i o n  with successive mass numbers. This  odd- 

even superpos i t ion  changes sign beyond about A = 250. 

Dorn and H o f f  (1965) have i n t e r p r e t e d  t h i s  r e v e r s a l  of 

t h e  odd-even effect as r e s u l t i n g  from spontaneous f i s s i o n  of 

the heavy i so topes  competing with beta decay. According t o  

t h e  r e l a t i o n s  found i n  t h i s  paper, t h i s  would r e q u i r e  t h a t  

for such nuc le i  E < 3 MeV. This requirement is i n  c o n f l i c t  

w i th  t h e  numbers der ived  f o r  E i n  Table 1. 

f 

f 

However, t h i s  i n t e r p r e t a t i o n  of Dorn and Hoff is n o t  

accepted by B e l l  (1965) or by some of h i s  col leagues.  B e l l  

ana lyzes  a s i m p l i f i e d  model of a contemporary experiment as 

f o l l o w s .  He assumes t h a t  a deuterium-tri t ium mixture  has  

in t ima te ly  intermixed wi th  it  a Uasa t a r g e t .  There i s  an  

i n i t i a l  i r r a d i a t i o n  of t h e  t a r g e t  with 14 - Mev neutrons,  which 

w i l l  induce no t  on ly  (n,  2 n ) ,  (n,  3n ) ,  and (n,  f )  r e a c t i o n s ,  

b u t  a l s o  s o m e  (n ,  p) and (d,  n )  r e a c t i o n s ,  t h e  l a t t e r  r e s u l t i n g  

from knocked-on deuterons.  The l a t t e r  two  t ypes  of r eac t ions  



produce small  amounts of Pa and Np t a r g e t  nuc le i .  Mult iple  

c a p t u r e  of r e l a t i v e l y  low energy neutrons foll<lws. Because 

of the  h igher  cap tu re  cross sec t ions  of the  Pa  and N p  n u c l e i ,  

the yields  a t  the highest m a s s  numbers r e s u l t  f r o m  neutron 

cap tu re  i n  odd-2 nuc le i ,  t hus  producing the r e v e r s a l  of t h e  

odd-even effect. 

One of the p r i n c i p a l  ob jec t ives  o f  the m u l t i p l e  neutron 

cap tu re  experiments is to  produce the g r e a t e s t  p o s s i b l e  y i e l d s  

of the highest possible m a s s  numbers. O n e  apparent ly  a t t r a c t i v e  

way t o  do t h i s  is  to  i r r a d i a t e  targets w i t h  the  l a r g e s t  poss ib l e  

va lues  of 2 and A. But Table  1 i n d i c a t e s  t h a t  cau t ion  i s  

necessary,  I n  order to minimize competit ion of s l o w  neutron 

f i s s i o n  w i t h  neutron cap tu re ,  it is  necessary to  choose t h e  

m o s t  massive reasonable  isotope of a given element. Thus 

f i s s i o n  competit ion w i t h  cap ture  is  probably not  p r o h i b i t i v e  

beyond a Pu242 target, bu t  it would be s e r i o u s  beyond any 

practical  curium or ca l i forn ium t a r g e t s .  

Fas t  neutron f i s s i o n  of the i n i t i a l  t a r g e t  nucleus can 

also become very se r ious :  i n  f a c t  it would a l r eady  be serious 

i n  a Pua4' target.  When bombarded by 14 - MeV neutrons,  a 

heavy nucleus w i l l  have t w o  o r  three chances a t  f i s s i o n  i n  

competi t ion w i t h  neutron emiss ion :  t h e  T /Tf r a t i o  for 

neutron bombardment of P u z r P  is smaller than  for UT"R,  

n 
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Moreover, a f t e r  l o s ing  t y p i c a l l y  t w o  neutrons,  forming P U ? ~ ~ ,  

t he  s~lbsequent  slow neutron induced f i s s i o n  i n  and 

~ ~ 2 4 3  will lead t o  much m o r e  t a r g e t  deple t ion  t h a n  w i l l  t h e  

corresponding neutron loss t o  Thus with plutonium or 

h e a v i e r  t a r g e t s  it must be expected t h a t  t h e  y i e l d  of heavy 

elements pe r  u n i t  mass of t a r g e t  w i l l  be considerably 

reduced, and t h e  increased  capture  cross s e c t i o n  due t o  f i s s i o n  

products  w i l l  require t h a t  t h e  t o t a l  mass of t h e  t a r g e t  should 

a l s o  be reduced i n  order t o  maintain a l a r g e  i n t e g r a t e d  neutron 

f l u x  a v a i l a b l e  for cap tu re  i n  the t a r g e t  ma te r i a l .  

The f i s s i o n  parameters exhib i ted  i n  T a b l e  1 a r e  also of 

i n t e r e s t  f o r  another  t y p e  o f  mul t ip l e  neutron capture :  t h a t  

process i n  nucleosynthesis  i n  which neutrons a r e  captured 

rapidly. The cap tu re  pa ths  l i e  w e l l  on t h e  neutron-rich 

side of t h e  v a l l e y  of b e t a  s t a b i l i t y .  F r a n  Table 1 it may 

be p red ic t ed  tha t  such r a p i d  cap tu re  w i l l  no t  be terminated 

by f i s s i o n  u n t i l  fa r  beyond t h e  range of t e s t e d  v a l i d i t y  of 

either t h e  exponent ia l  m a s s  formula or the f i s s i o n  sys temat ics  

of t h i s  paper. 
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F i q u r e  Captions 

Figure 1. The q u a n t i t y  E:, defined by equat ion ('3), p l o t t e d  
a g a i n s t  the  f i s s i o n a b i l i t y  parameter Z 2 / A .  
l i n e  is given by equation ( 4 ) .  

*The s t r a i g h t  

Figure 2. The spontaneous f i s s i o n  l i f e t i m e  exponent f a c t o r  c a 
as c a l c u l a t e d  from equation ( 7 )  is plotted a g a i n s t  t h e  
f i s s i o n a b i l i t y  parameter Z 2 / A .  

Figure 3. The r a t i o s  of neutron and f i s s i o n  widths p l o t t e d  
against t h e  ad jus t ed  th re sho ld  energy d i f f e rences .  
s t r a i g h t  l i n e  is given by equat ion  ( 8 ) .  

The 


