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SUMMARY

Two sets of expressions for the short period perturbations due to
lunar and solar gravitational forces in the orbital elements of artificial
satellites are derived. The first set of expressions applies to the case
of small eccentricity while the second set is applicable to orbits of
arbitrary eccentricity. The results are tabulated in a form suitable for
programming on high speed computers,
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SHORT PERIOD LUNAR AND SOLAR PERTURBATIONS
FOR ARTIFICIAL SATELLITES

INTRODUCTION

The influence of lunar and solar gravitational forces on the motion of a
satellite were recognized shortly after the launchings of the first satellites
(References 1 and 2). This led to analytic formulations for the perturbations
in the elements. By expanding the disturbing function in powers of eccentricity
and in terms of the mean anomalies of the satellite and perturbing body, accu-
rate representations for the long period motion were obtained in Reference 1.
In addition, the results of Reference 2 are useful for satellites of small
eccentricities.

In order to accurately describe the short-period perturbations of satellites
in orbits of moderate to high as well as low eccentricity, the results given in
References 1 and 2 are both modified and extended in this report.

In obtaining the solution for the case of low to moderate eccentricity, the
expansion of the disturbing function in terms of the mean anomaly of the satellite
as adapted in Reference 2 is carried out. The solution for satellites of arbitrary
eccentricity is derived separately. Following the suggestion in Reference 2, the
mean anomaly of the satellite is replaced by its eccentric anomaly. This permits
replacing the infinite series in terms of the eccentricity of the satellite which
may converge slowly, by polynomial in closed form. In addition, the convenient
tabular form for representing the expansions is also adapted.

However, rather than tabulating the disturbing function as done in References
1 and 2, in this report the determining function (see Reference 3), and its differ-
ential coefficients are given. In this way, the need for setting up the variation
equations and performing the integrations by the reader is avoided. The perturba-
tions in the elements are found by forming linear combinations of the tabulated

coefficients. .

THE DISTURBING FUNCTION

From Reference 4 the disturbing function, R, for the gravitational forces
acting on a satellite due to the presence of a third body is given by

2 2 /7.3 ' 3, 1.4
R =K 2 (P (Y (2 ca L), S ()(2) zcs_ic) )
2’3 a/\r'/ \2 2] a'4 a/ \r'/ \2 2



where k

C is given by

Gaussian constant (k2 = 6.670 x 1075 (cm3/kg. sec?))

the mass of the disturbing body

m' = 7.35 % 2022kg.
m' = 1.99 x 1030 kg.

the semi-major axis of the satellite and the disturbing body
respectively.

a' 60.266011 earth radii for the moon
a' = 23438,524 earth radii for the sun

fl

I

absolute value of radius vector from the center of the earth
to the satellite and to the disturbing body respectively

cosine of the angle between T and t';

[ [ [
XX + Z2
C - +yy' . (2)
Irr

By substituting the expression for C given by Equation (2) into the disturb-
ing function, R can be written in the form

)2 a\3 |1 r?2-322 r'2_32'2
(r') 4 r? r'?
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3r2z -523 3r'?z’ - 52'3 N 5 x3 - 3xy? x'3 - 3x'y'?

1
4 r3 r'3 8 r3 r'3

3x2y __y3 3x'2yl ~y'3+}—5- x2z__y22 xIZZI_yI2Zl . 15 Xyz xlylzl (3)
3 4 3 '3 (3 '3

L3
8 3

r r r

Next, the quantities enclosed in the brackets are expressed in terms of the
orbital elements of the disturbed and disturbing bodies by the formulas

X_ 2 cos(f +w+ 6) + 92 cos(f +w-0)
r

Y-c?sin(f +w+6) -2 sin(f + w-6)
Z=2yc sin(f + w)

(4)

cos(f' +a')

Y- -2y'Fsin(f +)
r

[
—Z—; =2y'c' sin(f' + ")
r

cos? 1/2 where I equéls the angle of inclination of the orbit
plane of the satellite to equatorial plane of the earth

where c

6 =Q-0" where(l and Q' are the longitude of the ascending
node of the satellite and of the disturbing body respectively

= sin?21/2

=
i



f = true anomaly of the satellite
w = argument of perigee of the satellite.

and where the primed elements refer to the corresponding elements of the dis-
turbing body.

The disturbing function may then be written in the form

2,1 3 4 '
+ k7m al (L) (3—) E A’ A, cos (af + qQ'f' +qw+q'w +v8) (5)
a r’ q q

In Equation (5) qu is a function of ¢ and ¥ only while A'Vq, is a function of
¢’ and »'. Inthe first summation of Equation (5) q and q' take on the five sets
of values (0,0, (2,-2), (2,0), (0,2), and (2,2). In the second summation q and q’

take on the eight values (1,1), (1,-1), (1,3), (1,-3), (3,1), (3,-1), (3,3) and (3,-3).

Next the development proceeds in terms of the angular variables that are
dependent upon the mean anomaly of the satellite or of the disturbing body. In
Equation (5) first hold q, q' , and v constant and let

a=qf +qw+q' & + 6 (6)

to obtain a term of the form

2. .1 ' P \p
o Y s (3)
alp’ a q q rl

The part enclosed by the brackets may be expanded through the use of
Cayley's Tables (Reference 5) or by formulas from elliptic motion in Reference
4 into a series of the form

1

cos(a+q'f')] (7)

k?m’ L 1 g
Ir:, aP (}E) AL A, E B, cos(a +i 4" (8)
a

it




In (8) i’ takes on both positive and negative integers and zero values. Also
B, ./ is a power series in the eccentricity e’ of the disturbing body, which
has a value of approximately .055 for the moon and .017 for the sun.

The procedure outlined above may be continued for particular values of i’.
Each term of the series, (8), may then be written in the form

2 ¢ P
k*m a® A’ /A B, , [(_r_) cos (qf + 7-):] (9)
: a

[ Vg vq i'q
where 7= i'? yqw+i+qw +v6

For satellites in orbits of small eccentricity an expansion of the quantity in
brackets in (9) converges rapidly. However, when the eccentricity of the satel-
lite's orbit is large it may be more convenient to follow the suggestion of Ref-
erence 2 and expand this quantity in terms of the eccentric anomaly of the satel-
lite. Therefore, two distinct approaches to the solution will be pursued. The first
case will be that of small eccentricity with the quantity in brackets in (9) expressed
in terms of a truncated infinite series in eccentricity and mean anomaly, while
in the second case that of arbitrary eccentricity this quantity is expressed in
terms of a finite series of eccentric anomaly with exact coefficients involving
the eccentricity.

While it is true that the solution for the case of arbitrary eccentricity is valid
for small eccentricity also, the solution for the small eccentricity case is much
simpler. Thus, if the satellite for which the short period lunar and solar per-
turbations are to be computed is one of small eccentricity considerable computing
time and labor may be avoided by using the formulas for that case rather than those
for the case or arbitrary eccentricity.

THE DISTURBING FUNCTION FOR LOW ECCENTRICITY

By means of formulas in Reference 5, (9) may be expressed in the following form

k2m' ' 3 s P [
- aP Avq, qu Bi,q, 2 Ciq cos (i + 1’4’ 1 qw + q'a’ + v6) (10)

i

a'p



where C, is a function of the eccentricity of the satellite. The coefficients A ,
A, By and C;_ are given in Tables 1 through 13 for low eccentricity. Thus,
for this case the mean anomalies of both the satellite and the disturbing body are
used in the expansion of the disturbing function and later the determining function.
However, if i = i’ = 0, then that particular term is not a short period term and
should be omitted. Since it would be inconvenient to list the terms for which i =
0and i' ¥ 0and i #0, i’ = 0 separately from the tables, an asterisk (*) is placed
next to the entry i = 0 or i’ = 0 to remind the reader to omit the term for which
both i and i’ are zero.

THE DETERMINING FUNCTION AND PERTURBATIONS
FOR LOW ECCENTRICITY

Let Q denote the first order part of the determining function (Reference 3),
then the perturbations in the Delaunay Elements L, G, H, £, g, hare given by

oQ 30
3L = — sf = _ ZX
ot L
5G = 2Q bg = - 9Q (11)
og 3G
__9Q
5H :?a_?] Sh = - =+
where
L=ul’?al/? 4 = mean anomaly
G:L(l—e2)1/2 g = argument of perigee

H=Gcos 1 h = longitude of ascend-

ing node

I

In this report g is replaced by w, while h and (1 are equivalent. Also
cos I =1- 292

From Reference 3, we find that Q0 must satisfy the partial differential equation

9Q ., .+ 9Q _
nﬁi—n W—Rp (12)




>

where

n = mean motion of the mean anomaly of the satellite

!

n' = mean motion of the mean anomaly of the disturbing body

n’ = 13.2/day for the moon (approximately)
n' = .986/day for the sun (approximately)
Rp = Periodic part of the disturbing function,

After integration, Equation (12) consists of two groups which are of the form,

in+i'n’

a

0= k? ap ;_‘ }—‘ 7 A' A B c sin (i +1'4 +v6 +quw+q'w’) (13)
" lpl ) — " Vq' vq i'q’ Tiq .
v i it

In group 1 (p, p') = (2,3) and in group 2, (p, p') = (3,4).

A typical term of R ., is of the form

A cos (it +i't" + )

and the perturbations then resulting from such a term are obtained from

9Q
L = —=
3
9Q
8G = —
g (14)
20
6H = —
26
2Q 2L 30 G? 9Q
8 2 s e S — —
t oL L oa +eL3 de
5 Q_ G 9Q cosl Q _G EQ__(1_272) 3Q (15)
& -BG_e_L_'z 3¢ TG d(cosI) L2 de 4Gy oy

oh =

30_1 3@  _ 1 30
3H G 9(cos 1) 4Gy Oy




In order to obtain (3Q/3a) one must make use of

dn_ 3n 16
da 73 (16)
Therefore, if the typical term in R is A cos(id + i'd'+¢) where
2
aA-Km ea A B, C._,
al P’ q q i'q" Tigq
then the perturbation may be obtained by applying the following formulas
p-1
3_B:ﬁn_ A, ,A, B,.C, & [(2p +3)in +2pi'n’)
aa alpl q q iq 1q (in + i:n:)Z
2 aoC. 1
B.km p B, , 19 (17
de pr Y3V %e i Li'n!
2
’a_B.:k m fV , vq Bi, , C 1
oy rpr Y3 Oy T M in+i'n’
where
B-_ A
in 4+ i'n’

ILLUSTRATIVE EXAMPLE OF THE USE OF THE TABLES
FOR LOW ECCENTRICITY

In order to illustrate the use of the tables, the contribution to the perturbation
in 4 resulting from the term defined by the indices q = 3, q'=3, v =2, i’ =5,
and i = 2 is obtained. From the first of Equations (15)

2
sg- 2L 3Q G° 9Q
pt da 13 de

and from the first two of Equations (17), where A represents a single coefficient
in the series for Q




2 2
%A‘:_k - Ay; Ay By €y S — (7n +15n']
a 4 (2n 4+ 5n')?
2 °C
oA _K'm A, A, B, 323 1 .
€ 4 € 2n 4 5n’
From Table 12
[ 15 t, 15
Ays = - T <7
A23 = csy
127 ,,
B53 =5 e
9 33 ,
Cpa=-5e T €
oCy3 9 99 ,
- T =4 —€
de 2 4
Therefore, due to this single term
2
s4 = _2_L_;A G_..B_A. cos (24 + 54" + 3w + 30" +26).
e aa eL3 ae




LOW ECCENTRICITY
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8 38 4 12 -1
5. _15s S8
8 8 0
1+292—%e4 48—%83 .
e 3 1 2
-—te -—+3e
2 2 2
_éez +Be4 _§_e+.1.le3
8 16 4 4 3
_ T3 T2
24 8 4
-5 e -5 s
383 % 5
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LOW ECCENTRICITY

TABLE 10
a=3,4q =1
) dA,
2 9
Avq' Avq —a;" v
_1_5_C14 ,)/12 46 6 yS -3
145_0,3 Y (1 =392 ¢S el y% (5 -6792) -2
1—85-(:'2(1—10’)"2+15 ') c? y4 273 (2-372) -1
__l_s_cl,/l (1—5/'2+5')’l4) C3 7‘3 30)/2 (1_2'}/2) 0
Byr6-2007155%) L oty 2¢2y(1-39%) 1
|
--1—45-c' Y3 (@2 -39 c5y cd (1 -6%%) 2
15 2 y'e ch -6cty 3
: i’
11 ., -1
8
e’ o*
1+2e'? 1
3e’ 2
B e 3
8
o) it i
a de
R 75 o3 -1
128 32
_35 _ 105 . o*
8
ST 2 _ 65 ST, 65 g 1
8 16 4 4
__e+3_393 _2+9§e2 5
2 ) 2 g
1 6e2+§6%1-e4 -12efsi96le3 3
_3_0 _EZ e3 _3__ 171 2 4
2 8 2 8
15,0 135 15, 135 .
8 16 4 4
9 27
—_— —_— e
3¢ 4 6
3 4 A s 7
128 32
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LOW ECCENTRICITY

TABLE 11

q - 3,49 -
o N T A,
Avq' AM. N:.l..;.._ o
.lfs_c'z ).'4 V6 6 )5 -3
15 o 13 12 ., 5 1 4 5~6 .2 2
Bt @ -3 ¢ ety :2) -
.1:.»'2<6-20)"’a15 ) 2,4 2,3(2-3),% -1
_1;-(“ Y (1 =592 45 03,3 Jevi (-2 0
185.0'2 (1-102 1 15 +'4) b2 2e2 (1 =3 1
B '174S'c'3 ¥ -3 5 eI (1 -6v?) 2
15 a2 ch -6c4, 3
Bl‘ll’ i’
.‘?‘1(!'2 -3
3¢ -2
142e"? -1
e! o*
R gNE 1
8
dC.
Ciq —&i l
de
75 .4 75 o3 -1
128 32
- ..35 p‘ - 1—05-92 0*
8
57 o2 _ 65 4 57..85 3 1
8 16 4 4
9 33 3 9 % 2
-~ 4 ' -2 4= ¢ 2
A 51 ¢
1-6c2 9 4 120 N 3
64 6
3 e - 57 o3 3. 171. e? 4
2 8 2 8
!§(\2 1§5 e 15»( —135- 3 5
8 16 4 4
9—(‘3 _2,2 (‘2 6
i 4
33 . A3 s 7
128 32

20




LOW ECCENTRICITY

TABLE 12
:3, ql :3
! dA
A'vq: Avq d’yvq v
ic'ﬁ y6 6 S -3
8
1_45-c’5 ¥ c s cTlyd (5697 -2
ZS§CI4 y'2 c? 44 273 (2 -392) -1
%c” '3 c3 y3 3cy?(1-2v%? 0
lss-c‘2 y'é ct y? 2¢2y (1 -39 1
- 1_45_c' 'S Sy cd (1-672) 2
5,:5 6 4
= c -6 3
8 4 cr Yy
Bilq' i’
.l_e'2 1
8
-e! 2
1-6¢€'2 3
Se’ 4
5o i
. dc,
iq de !
75 s 7S o3
128 n° -1
5_7 2 _95_ 4 .Sle _§e3 1
8 16 4 4
J9..38 29,9
297 % ¢ 7 7 C 2
501 591
1-6¢e2+ Z—et -1 == 3
e + o4 e 2e + 16 e 3
ée __5_7. 3 i__ ];Zl 2 4
2 8 2 8
8 16 4 4
9 3 27 2 6
4 4
S # 7
128 32

21




LOW ECCENTRICITY

TABLE 13
q=3,q =-3

d.l\vq
vq df)/
6 yS
Tty (5-677)
273 (2-37%H
3cyia -2y
2c¢2y (1 -37%
3 (1-672)
-6cty
ql
1-6¢€'?
. dciq
Ha de
75 3
32
S 105 .2
8
_§§e4 ﬂe_g‘ieS
16 4 4
——e+%e3 —%+—4;-e2
6e2+sgle“ —12e+—5-9-1-e3
el _:i__lll.eﬂ
2 8
135 4 15 135 5
16 4 4
7,
4
343 .
A3 3
32
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THE DISTURBING FUNCTION FOR ARBITRARY ECCENTRICITY

By means of formulas in Reference 4, (9) may be expressed in the followirig-
form

k?m'
vy

aP AVq A'uq, Bi‘q' E Ci.q cos iE+i'd' +quw +q'w +1v6) (18)

i

where C, isa function of 8 and where

1 e
- 1- Y1-¢2)= — (19)
e ) 1+ V1-e2

The quantity 8 is thus of the same order as e, the eccentricity of the satellite's
orbit. Further, in Ciq the expansions in £ are in terms of closed polynomials
rather than infinite series as would be the case if the expansion had been in

terms of the mean anomaly of the satellite instead of the eccentric anomaly, E.

Thus the expansion of R, or even (r/a)R which as shown below is useful in

deriving the determining function, can be expressed for given values of 9 and q’
in the form

k2m’

r ’ . s 4 P [N

—;R:alp, af § E ? Avq, qu Bi,q, Ciq cos (iE+i'f! +v6 +qutq'w’) (20)
v i i

The coefficients A’v ' Auq Bi,q, and Ciq are given in Tables 1 through 13 for
arbitrary eccentricity.

The expansion of (r/a)R is used in finding the determining function which is
now discussed.

THE DETERMINING FUNCTION AND PERTURBATIONS
FOR ARBITRARY ECCENTRICITY

The determining function for the arbitrary eccentricity case is obtained in a
slightly different fashion from that of low eccentricity. The development for this
case is the same through Equation (12) however. The difference in the form of
the determining function is due to the need of using eccentric anomaly instead
of mean anomaly in order to obtain closed expressions involving eccentricity.

Since in this section the eccentric anomaly of the satellite rather than the
mean anomaly is used, Equation (12) takes the form

N, 10 _r g (21)

oE ag3f' na P
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where

nl
mz=— =
n

and where m, and M’ are the mass of the earth and disturbing body respectively.

But it has been shown that a typical term in the expansion of (r/a)Rp is of the
form

Acos IE+i'4d' +¢).

Hence we may write Equation (15) in the form

2_3‘““% :%cos HE+1i'4' +¢) +ml—:%cosE (22)
where m; = me . Equation (22) is a type considered by Hansen, Reference 6,
whose solution may be represented in the form
Q=Q, +m,Q, +m2Q, + « - (23)

Hansen's method for finding the expansion represented by Equation (23) has been
described in Reference 2, which we repeat for the convenience of the reader.

We first neglect the terms of order m, and higher in Equations (22) and (23)
to obtain the equation

B_Qo_+m?&zﬁcos GE+i'd +9) (24)

JE LA n

The solution of Equation (24) is given by

Q, =Asin (il?'*r it + ) (25)
n(i +1i’ m)

which may be verified by noting that Equation (25) satisfied Equation (24).
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The next step is to neglect terms of order mf and write

_Asin (iE+i'? +¢)
Q= n(i +i'm) rmQ (26)

which is substituted into Equation (22) to obtain

%Q, 2Q, 9Q (27)
IO

and in general we may write

3Q; 30, 0. .
— -——l_'. 1o s E - (28)
3E m a{' a/ﬁ' COSs &

Then, from Equations (23), (25), and (27) the solution for Q may be found to order

m?2

_ A ' ' 2.2 ! 29
O G rim Qrme ety &

where Q) ,Q; and Q) are trigonometric functions given in Table 14.

Substituting the value of Q from Equation (29) into Equation (13) we find that

°Q, 2Q, oQ, A
{24 me —L +m2e2 2|2
oL <5E me 3E m< e SE

r ni +n’i’

2Q! Q! BQ') A
N 1 2,272} __ A 30)
= + +
G <8 me 3 m<e 3 (

w ni +n'i’

9Q, oQ; 3Q, A
SH =| — —L 1 m2e2 2
SH (89 tme 55 m 50

. '
ni+n 1
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The differential coefficients with respect to E,w, and & are listed in Table 14.
Similarly '

: 2
s4--9Q_ _2L 0, G? 3Q
BL M aa eL3 3e

5 30 G 30 .cosI 3Q _ G 3Q_ (1-2r) 30Q (31)
WS = = = - —= T P = —— e ——— —
9G L2 de G d(cosI) 2 oe 4Gy 9y
50=-99._.1_3Q _ 1 20,
oH G 9(cosI) 4Gy 2y
We also need the formulas
3E a .
3T sinE
dB _ (1 + 84?2 (32)
de " 2(1-/%)
dn __3 1
da 2 a

For group 1 of Equation (5), the quantity, A, appearing in Equation (29) is given
in Tables 1-13 for Arbitrary Eccentricity. It is of the form

2A A B C
3 a qu' Avg vq ilql iq

so that 9Q/da is given by
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9Q _ k2m'a(7ni +4n’'i')

%8 9ar3(ni+n'i’)?

A'vq: Avq Bi;q: Ciq [Q(') +meQ) + mzezQé]

' 2 2y
s A I:Bme Q1 N om< e Q2:] (33)
ni +n’i’ da da

where dmeQ;/3a and om? e 2 Q,/9a are given in Table 14, Similarly, for group 2
of Equation (5) we find

Q

a

k?m'a? (3ni +2n'i")

3 [ 2 '
5 Al ,A B, ,C [Q +meQ m?e2Q!]
2 44 (ni +n'i")? vq" “vq Ti'q’ Vig Q ! Q,

dme Q! Som2e%!
+ A [ Q + Q{'

ni +n’i’'[ Qa Jda (34)
For group 1, 9Q/9%e is given by the formula
aQ_kzm,a2 (1 +/62)2 [} aciq ' ' 2 .2 ¢y
e AT G opD MM Birargp [ rmeQ) rm?e @)
°Q! 2Q!
+_L__ [__0 a sinE +mQ; + me - ?-sinE+2m2eQ;
ni +n’i’ Lo r 9E r
0Q;
tm2e? — & sin E:l} (35)
%E r

For group 2, the factor k’m’'a?/a’'3 is replaced by k2m'a3/a'?

. Finally for
group 1, 9Q/9y is given by

2 _k?ma?,, M
87_ a’'3 va' 87

Byt Cy [Qy +meQ] +m? e2Q;] (36)
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The corresponding derivative for 9Q/ 9y for group 2 is again obtained by replacing
the factor k’m’a?/a‘? by k’m'ad/a’* in Equation (36).
SPECIAL CASES

Several interesting special cases arise which simplify the calculation of
certain terms in the determining function, they are, (i.) i # 0, i’ = 0, (ii.) i=0
i’ # 0and (iii.) i = i’ =0,

(i.) TheCasei # 0, i' =0

The differential equation for @, Equation (21), then becomes

= x, ' (37)

IRy
=S
I
Dln-‘

Hence Q is of the form

_k'™m' oA LA B.,C. sin(iE + &)
Q= :p'a vq' fvq Poq' “iq sin (
na

So that Q = Q, with i’ = 0 and thus agrees with the result of the general case.

(ii.) The Case i = 0, i'# 0

The differential equation for Q, Equation (21), for this case becomes

9 _ g (38)

P

Now, from Equation (9) we find Q is of the form

k2m’ aP |, it A 3
Q:—n—l-—a—,[—;’—Avq, Avq Bi‘q' COq sin(i £ +¢) ( 9)
For this case we find that
Q=0Q,

with the subscript i set equal to zero.
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(iii.) The Casei = i’ =0

Let R_ be the terms of R that are independent of both i and i’ obtained by

averaging R over the mean anomalies of the satellite and the disturbing body.
Then Equation (21) may be written as

9aQ _r
- (R-R 40
JE na ( ) =0
Integrating we find

R

=S (E-4), (41)
n
1 (7
since d{:idEand—J' LRdE:Rs.
a 27 , @

1

Thus, (r/a)R =R_ for those terms in (r/a)R for which i = i’ =0, Thus

R_=KmalNTu A B, c +q'w +v)
s~ a3 vq' Buq Bog' Lo COS (Qwtqw

2.t .3
+k—573_2 Alvq' Avq BOq' Coq cos (qu + g'w’ +v0) (42)

where the summations are over q, q' and v, We have
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R
- x)Q s fa
SL = %= —m[—-1
L od, n (r >
5G=L R _ (43)
n
SH-L R

where R is the expression obtained when the cosine terms of R are changed to
sine, The perturbations in 4, w, and Q) are given by Equations (21). The expres-
sions for 3Q/3a,0Q/d e, and 3Q/ () y are

20 Taklnl g _ gy Z AL A, By Cop cos (qut e’ +v0)

da 2na'3

+9a k m’ (E - 1) E A’ Coq cos (qw +q'w' + v ) (44)
2 m! 52 (AN

_?_szma 2sinE A LA, B ., C cos (qw +q' &' + v 6)

de na's r vq vq q Oq

20,3
+k M4 25inE Al ,A_ B ,C 2 cos (qw +q'w' + v o)
na't T vq' “vq 09" T0q

aC
2 1,2 212 )
+k m'a? (1+73%) (E - 1) E A'uq' AVq Boq' _’aoﬁq cos (qw+q'w' +v )
2na’'3 1 -42
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2m’a3 (1 + 522 aC,
E-A4 9 W)
4 1_[82 ( ) Z vl q! aﬁ COSs (qw+qw +y§)

2na’ (45)
a k2 2
Q S ® - /E)Z Oq' COq cos (Qw+q'e’ +v6)
2 3
L & - £)Z A - By» Coq €08 (AQw+q'e’ +v6) (46)

ILLUSTRATIVE EXAMPLE OF THE USE OF THE TABLES
FOR ARBITRARY ECCENTRICITY

In order to illustrate the use of the tables, the contribution to the perturbation

in o resulting from the term defined by the indices q=2,q' =-2, v=-1, i'=-2,
and i = 3 is obtained.

It is assumed that the 'mean''elements a, e, i, w and ) are known. Then,
for a given value of 1,E may be determined from Kepler's equation by using the

mean eccentricity. Then r /a is known also as are the elements of the disturbing
body.

1. From Table 14 we find

Qp = sin (3E - 24’ + ¢) wherep = 2w - 20’ ~ 6

sin (4E - 24' +¢) 1 sin (2E - 24’ + ¢)

Q;:‘ 2-m 2 1 -m

0! _sin (E -24' + ¢) , Sin (3E - 24’ + &) , 5in (5E -24' + ¢)
27 2(1-m) (1-2m) 2(1-m) (2-m) 2 (2 -m) (5-2m)

3Q; ,

a—E-_3cos (BE - 24" + ¢)
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3Q; 2 1
——:— - {)/' Y - S 2E— ’f/‘
SE 2_mcos (4E -2t + ) l_mCOS ( 24" +¢)

00 cos(E-24'+¢) _cos(3E-24'+¢) S5cos(SE-24"+¢)
3E  2(1-2m) (1-m) (1-2m)(2-m) 2 (2-m)(5-2m)

2. From Table 2 we find

[} . ' 13
A-1—2 =3¢’y
- 52
B3_2 =1 ——2- e
- 3
A-12 =cy
._~B
Cs,
(1+82)3
Then
_k?m’'a?
A= '3 -1m2 Ay By, Gy
a
Also,

dc,, _—1+5,82
dB (1 +B%)°*

We then find dQ/de from Equation (35). From Table 2 again we have

12 _y? 2
d’)/ (3"47 )

C

Hence, we can calculate dQ /dy by means of Equation (36).

Finally, having calculated dQ/de and dQ/d7y we may derive the perturbation
in « by means of Equation (31).
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ARBITRARY ECCENTRICITY

TABLE 1
q: 0, q‘ =0
. dA

ALy A & v
%(1-67"%67'4) 1-672 46 129 (1 - 292) 0
3c'y' (1 -29'% cy(l-2v%) cl(1-87v24+8y% 1
3C'2,>,'2 c? 72 2'}’(1—2’}’2 2
B, i’
92 -2

4
3 -1

2
Q- e'2)—3/2 0*
3 1

2
2e'2 2

4
c. 1+ 5273 %Cq 1+ )4 i

iq d,@

- B3 -38% (1 -5 -3
3821 +8%) 658 (1 -8%Y -2
S3B8 (L +382+8YH | -3 -B8HA+58%8H -1
1+9 82 + 9434 4 36 12 8(1 - 8% 0*
-3B(1 +382%+ 8% =31 -8H(1+58%+8%) 1
3821 +8% 681 -58% 2
- p3 -3B82(1 - 5% 3
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ARBITRARY ECCENTKICITY

TABLE 2
q=2, q'=-2
dA
vq
A, =
7? 4 y3
¢’ cTly2 (3 -477)
c? 2 25 (1 -272
ey ¢ (1-4%2)
o4 -4 c?y
B
7
—2-6
1—_s.e'2
2
1 .,
-
2
- dCi 2\-4
Ciq Q1 +,82) 3 dﬁq 1+ 5%
- B8 - 534446
B (5 + A% 4 B3 (5 - %)
- A3 (10 4557 562 (-2 + 8% (3+5Y)
10 82 (1 + 8% 20 8Q -B8Y
-58(1 +28% -5(1-28%(1+38%
14582 4481 -56%
-8B -14+5p3?2
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ARBITRARY ECCENTRICITY

TABLE 3
Q=2, q' =0
dA,
! q
e Avq Ty
Seraya 2 47
3c' Y (1 -29'% cy? ¢ty (3-47?)
-2-(1—6')"2+67'4) c2 y2 2y (1-2v2)
-3y (=27 | Sy c(1-47?)
_32_(::2,),!2 c4 —4C27
Bi'q' i
2 -2
4
(1 - e2)~3/2 o
ie' 1
2
.g_e'2 2
4
Ciy @ + B2y3 i (1 + 82)=* i
dy
- B35 - 584+ 88 -3
B4 (5 + B 4 B3 (5 - 8% -2
- B3(10+5482)| 582 (-2+B8% (348% -1
10 82 (1 +482%) | 2081 -8% o*
-58@1+28YH) | -51-28%H(1+38?% 1
1+5 82 481 -5p5%H 2
-5 -1+5p32 3
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ARBITRARY ECCENTRICITY

TABLE 4
q:O, q'=2
dA
ALq qu vq v
dy
-‘;—c"‘ c? 2 2y (1 -2y -2
S3c3y | ey (1 -29?) Tl (1-8y2+8yY -1
3ez,2 L 1-6y2469° -2y (1 =277 0
3t ¢y (1-2y2) cl(1-872+87% L.
3 o2 52 2y (1-272) 2
B,s i’
- —e' 1
1--.§.e'2 2
2

e 3

2
17 o2 4

2
c 23 dciq 2\~4 i
” (1 + B2) TR 1+ 8% i
- 3 -382(1 -8 -3
382 (1 + B8 6 8 (1 ~p3% -2
381 +3B82+8% | -3QA-8HA+582+FH | -1
1+98%2+9pB%+48 12 8(1-5% 0
381 +3B82 8% | -3 -BH (1 +58% 48 1
382 (1 + B?) 658 (1-8% 2
- B3 -382Q -4 3

36




ARBITRARY ECCENTRICITY

TABLE 5
q=2, q' =2
Al A, dqu v
q q 94
34 y4 43 -2
3
-3c'3y cy? ctly? (3-47% -1
22y c? y? 27 (1-27% 0
-3¢’ y3 3y c(l-47% 1
-3-7'4 ct -4cty 2
4
B,: s i’
1. 1
2
1 -2e'? 2
_7..e' 3
2
17 o2 4
2
dC.
2\~3 1gq 1 +/B2)-4 i
c,, a + 8% 9B (
- 35 - 584 4+ B2 -3
B* (5 +82) 4 83 (5-8%H -2
- B3 (10 + 5 8% 582 (-2 + 82 (3 +8% -1
10 B2 (1 + B32) 20 8(1 - 8% 0
-58(1+282% -5(1-242)(1 +33?% 1
1+5032 481 -506% 2
-8 -1+5p8? 3
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ARBITRARY ECCENTRICITY

TABLE 6
q=1, q' =1
s dA,
Avq' A'Vq d’)/ v
%ﬁ_c,‘. ‘2 c2 44 273 (2-37%%) -3
%S‘C'a(l-s'/’z)'y' cyd(2-37H cTly?(6-~237%+187%) -2
%c'2(1-10 72415 ' ;206 -20,2 1159 27 (6-4072% +45 %Y -1
—%C"/' (1-57/245,"% cy (1 -5,2+5%h el (1 -17 %2 £ 4594 - 3075, 0
%».'2(5-20 RERTEVEN e? (1 =10 y? +15 79 —2 (i1 =50 72 4 45 7%) 1
L_Sc' Y3 (223 cd(1-3yYHy c (1 -1372+18+v% 2
‘.2_;.("2 44 c4 ),2 2(‘2}/(1_3/,2) 3
Bilq, i'
1 . -1
8
e’ o*
1+2e'? 1
3e’ 2
_sé.e'z 3
8
2y-4 dCiq 2y-5 i
Ciq 1+ B8YH 7 1+ 8% i
- B* - B4 (5-38% -4
B4 (5 + 3 8% 2 83 (10 - 22 - 3 8% -3
- B3 (10 + 15 82 4 3 B4) -B2(30+258%2-2484-38% | -2
B2 (10 + 3082 + 1584 + B8y | 2B (10 + 30 B2 - 15 8% - 11 B9) -1
-58(1+6824+68%+8%) | -5 -84 +115%4+8% o*
a2
1+15 82 + 30 34 + 10 386 2 8 (11 +15 82 - 30 3% - 10 B%) 1
-B(3+15/32 +10 8% -3-2p824+25p84 430886 2
B2 (3 +58% 28(3+82-108% 3
- 43 -B%2(3-5p8% 4
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ARBITRARY ECCENTRICITY

TABLE 7
a=1,q =-1

. dA g
Avq' Avq dy g
?‘ 2 14 c? oy 273(2"372) -3
T @3y ¢y @3y cThy? (6-237%+187%) -2
%N (6-207"24150'% | 72 (6-20,% 15794 27 (6-407% +457%) -1
%c' S (1 =-572459% cy(d-5y2+59%% el (121752 445%%-307%) Y
‘g‘c'2(1-107'2+157") e (1102 +15 %) -27(11-507% +457%) 1
;_5C'3 1-3r%Hy 3 (139 c(1-137% +187%) 2
45 14 2 ot 2 2¢2y (1-37%) 3
- B¢ 4 i
1
.5_3_t'2 -3
8
3e -2
14+2e'2 -1
e’ o
Uopn !
8
dc, ‘
Cy (1 + B2)~9 d/‘; (1 + 325 1
T - A% (5-30% -4
B4 (5 +3 5% 267 (10~ 5% - 3 A% w3
- B3 (10 +15 B2 + 3 A% - B2 (30 +25 82 -24 8% -32% -2
B2(10+308%+158% + 8% | 28(10+3032-158% 11 5% | -1
-52(1 +6B%+68% 5% =51 -8% 1+ 11587+ 8% o
1+15 52 4 30 54 4 10 B° 25 (11 +15 52 - 30 2% - 10 5 !
-B(3+1582 +108% -3-2402+25p5% +30 /36 2
B? (3 +58YH 28(3 +82-108% 3
- a3 - 52 (3 -5 8% 4 |
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ARBITRARY ECCENTRICITY

TABLE 8
q=1, ' =3

vq

dqu

dy

c? 4

cy3@2-37H

Y2(6 -2 72 +15 Y
cr(1=-5%2+59%

€2 (1 ~107y2%+15y%

3y (1-37%)

2y3(2-37?%
el y2(6-23y2 +18%%)
2y (64072 +457%)

e=1 (1175244554 -30 v%)

2, (11 =50 y2 + 45 ¥4

c(1-1372+183%

c4 ')/2 2 c? y
Bx’q’

~e'?
—e'
1-6¢'?
Se'
127 o2

dC;

H — (1485

Ciq 1+ B ) EYe
_ﬁs _[:M (5_3/32)
B (5+38YH 253 (10 - 32 =3 8%

- B3 (10 + 15 82 + 3 8%
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ARBITRARY ECCENTRICITY
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ARBITRARY ECCENTRICITY
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ARBITRARY ECCENTRICITY
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ARBITRARY ECCENTRICITY
TABLE 14
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TABLE 14 (Continued)
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TABLE 14 (Continued)
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