
b 

HIGH-FF8QUENCY WAVES IN A COLLISIONAL PLASMA 

W I T H  MAGNETIC FIELD 

by 

B. Buti* 

National Aeronautics and Space Administration,. 

Laboratory for Theoretical Studies, 

Goddard Space Flight Center, 

Greenbelt, Maryland 

3 6 7 - 2 1 1 6 s  
2 

: 7 - V l - X - 5 " i f Y  +9 c 
(CATEGORY) (NASA CR OR TMX OR AD NUM-BERI 

*National Academy of Sciences - National Research Council 
Resident Research Associate 



ABSTRACT 

The damping of high-frequency waves, in a hot plasma in an 

external uniform magnetic field in the presence of weak Coulomb 

collisions, is investigated by using the Fokker-Planck equation. 

The electron-ion collisions play the dominant role; nevertheless, 

the electron-electron collisions are important for disturbances 

of finite wave lengths. A s  far as the electron-ion-collision con- 

tribution i s  concerned, the frictional term exceeds the diffusion 

term but in electron-electron case, both the frictional and the 

diffusion contributions are of the same order. The two-body 

Coulomb collisions have a stabilizing effect on these plasma 

waves; the magnetic field however does not affect the longitudinal 

waves but has a tendency to stabilize left-handed polarized wave 

and to destabilize the right-handed polarized wave. 
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I. INTRODUCTION 

The small amplitude osc i l la t ions  i n  a f U l y  ionized plasma i n  
1 

a uniform external  megnetic f i e l d  were studied by Bernstein . 
showed that i n  a col l is ion-free plasma, t h e  self exci ta t ion of t he  

waves around thermal equilibrium is  not possible.  

He 

Comisar2 and Buti and Jain3 studied t h e  high-frequency plasma 

waves i n  a hot plasma i n  the absence of any external  magnetic f i e l d  

but they took in to  account the w e a k  Coulomb col l i s ions  by using the 

Fokker-Planck equation of Rosenbluth e t  a14. 

electron-ion co l l i s ions  play more important r o l e  i n  damping the 

longi tudinal  as w e l l  as the  transverse waves; the electron-electron 

collisions,one has t o  take in to  account only i f  one is  in te res ted  i n  

finite-wave-length distrubances. 

They found that the 

The wave motion i n  a plasma, where the co l l i s ions  are too 

frequent and the applied magnetic f ield i s  strong, has been studied 

by Oppenheim5 and Liboff' using the  models known as i so t ropic  

Fokker-Planck model and the  Liboff-Krook model respectively.  

predicted an i n f i n i t e  number of Larmor resonances; i n  add i t io r  

3ppenheim's model described the  diffusion process i r _  veloci ty  space. 

k cold plasma regime and the  long wave length magnetohydrdyriami: 

regime, t o  lowest order, these two models gave the  same r e s u l t s .  

BotF 

Following Comisar and Buti and Jain,  we consider the effeet  of 

an  external  unifmm weak magnetic f i e l d  on the  plasma waves when t k - e  

co l l l s ions  are not too  frequent which allows us t o  neglect the mary- 

body co l l i s ions .  The magnetic f i e l d  Bodoes  not a f f e c t  t he  riature 

of the ro l l i s ions  provided the Larmor radius R L  is much l a rge r  
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than the  Debye length 

l a rge r  than t h e  electron-cyclotron frequency a c- e 80/mc. For 

such small magneticfields,  the radiat ion is  a l s o  negligible;  s o  t he  

Fokker-Planck co-eff ic ients  remain unaltered and we can use the  

Fokker-Planck equation of Rosenbluth e t  a14. 

the  contributions of the  f r i c t i o n a l  and t h e  diffusion terms separate- 

l y  both f o r  the electron-electron and the  electron-ion col l is ions;  

i n  the  former case both contributions are of the same order but  ir, 

the la t te r  case f r i c t i o n a l  contribution is  much l a rge r  than t h a t  

of diffusion which is comparable t o  the contributions due t o  

electron-electron co l l i s ions .  

co l l i s ions  tend t o  s t a b i l i z e  the  system under consideration. 

i.e., i f  t he  plasma frequency OF is  much 

In t h i s  study, we take 

The magnetic f i e l d  as w e l l  a s  the 

11. GENERAL THEORY 

L e t  us consider a f u l l y  ionized hot  plasma i n  a uniform exter-  

na l  magnetic f i e ld ;  t he  ions i n  the  plasma form a neutral iz ing back- 

ground. In equilibrium both t h e  electrons and the  ions have 

Maxwellian d i s t r ibu t ion  of ve loc i t ies  i . e . ,  

aid 

J 
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where W>= K%/nZ , v$= KTc /M 

the equilibrium electron and ion d i s t r ibu t ion  functions.  

perturbations, the  l inear ized Fokker-Planck equation for  e lectrons 

is given by 

and E($-ae and Fl&,c a r e  

For small 

where f i s  the  perturbed electron d i s t r ibu t ion  function and 8 is 

the  ex terna l ly  applied magnetic f i e l d  which we s h a l l  take along 

the  Z-axis. 

t h e  electron-ion and the  electron-electron co l l i s ions  and i s  re- 

presented b f y 3  

-0 

The co l l i s ion  term [=/at.), takes care of both 

and 

where 
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and 

with r = (4ve4/n iz)  e, ( 4 - m  A:) ; A? = ~T/(~VW)_ 
If we take t h e  Fourier transforms i n  space and Laplace transforms 

i n  t i m e  of a l l  the  perturbed quant i t ies ,  then Eq. ( 3 )  goes over t o  

I 
where f' 
E and a(& ,x)is t h e  Fourier transform of the  i n i t i a l  perturbation 

i n  the  d i s t r ibu t ion  f'unction. I n  wri t ing Eq. (12),  we have made 

use of t he  cy l indr ica l  polar co-ordinates f o r  t h e  ve loc i ty  i.e.,  

\I = (V+ , ~ , V Z )  . 
Maxwell equations, we obtain 

and 5% are the  Fourier-Laplace transforms of f and - 
On taking the Fourier-Laplace transforms of 

% 
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where s a n d  
and the magnetic fields respectively. 
Eqs. (12) and (13), we get 

correspond to initial perturbations in the electric 
On eliminating g'b from 

where =r &s/(S'+C,'*' ; 4 (4n Ne'/W) 
For wave propagation along the direction of the magnetic field 
i.e., ck n 

et e, on introducing the integrating factor exp E- CSc ikV=)  
J m 

Eq. (14) can be solved to give 

with x' = (, VL , 
and on performing 4'- integration, Eq. (15) reduces to 

*z) . On substituting Eq. (2) in Eq. (15) 
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then 

and Eq. (16) becomes 
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where 

and 

111. DISPERSION RELATION 
Let us introduce the  Coulomb mean f r e e  path L = e* / (N r>  

and i f  we assume t h a t  the co l l i s ions  a r e  infrequent, then the  

e f fec t ive  co l l i s ion  frequency = %/L is  much smaller t;hanc+; 

so t o  the  lowest order i n  Gc , Eq. (19) yields  

where 



represents F in a collision free plasma. 
relation, we shall study Eq. (25) for the longitudinal and the 
transverse oscillations separately. 

To obtain the dispersion 

(a) Longitudinal Oscillations. 

In'ychis case 

and 

which when substituted in Eq. (25) immediately gives 

where 
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From Eqs.(29) and (30), it is apparent that the dispersion relation 
would be independent ofaand hence the longitudinal oscillations 
are unaffected by the external magnetic field. 

(b) Transverse Oscillations. 

In this case F(.tg,o,s)as well as (aF/a%)r-o are zero: w- 

so Eq. (26) reduces to 

which for the right-handed polarized wave further simplifies to give 

Now if we use Eq. (28) in Eq. (241, we get (see appendix), 

where 
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with A =Qi- m/M) .  &a i s  obtained from & I  by put t ing A =;: d 

and v0 = 
i . e . ,K3 = &f,+& where the superscr ipts  5 and A r e f e r  t o  the  

f r i c t i o n a l  and the  diffusion parts respect ively and are given by 

. The kernel K,in Eq. (29 )  consis ts  of two parts 
I*H 

( 3 3 )  

and 
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Once again Ka, is obtained by putting A =. s, and V4 = Wa in 

In writing Eq. ( 3 3 ) ,  we have made use of the cylindrical co-ordinates 

for $ - i.e., s=(Ecr,e,EZ_). q(5) is as given in 

Eq. (22). 

k, . - *  

From Eq. (231, (28) and ( 2 9 ) ,  we get 

which can also be put into the form 

where 

and 
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We not ice  that 9 (h,S) depends only on the  i n i t i a l  conditions of 

t he  system and i f  we consider t h e  case when 3 (%,S) is ana ly t ic  

i n  the  complex s-plane then t o  determine the  current densi ty  of t he  

system, we have t o  take in to  account t he  zeros of 9 &,SI which are 

given by 

where 

The subscr ipt  1 correspond t o  electron-ion co l l i s ions  whereas 2 

and 3 represent electron-electron co l l i s ions .  Eq. (40) gives the  

required dispersion re la t ion .  
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where RI = (s--ia)/,fL 

subs t i tu ted  f o r  T4 (5 ) 
. In writ ing Eq.  (42), we have already 

the following expression: 

t h i s  i s  e a s i l y  obtained from Eq.  (22)  i f  we make use of the  follow- 

ing r e l a t ions :  

and7 

TQ and 19 are the  Bessel functions of the  f i r s t  kind and are 

r e l a t ed  by7 

(46) 

On put t ing  (+-+') = i n  Eq. (42) and on performing \Iz and 4 

integrat ion,  a f t e r  some s implif icat ions we obtain 
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i n  simplifying use has been made of the  recurrence re la t ion ,  namely 

The %, - integrat ion can be eas i ly  performed by wri t ing (1 /64 )  as 

5;ddd 

is  much less than unity, t h e  other int.egrations can be performed 

t o  give 

- 
and on fur ther  making t h e  assumption t h a t  b =  *@o/(S-iJL) 

J 

The other consti tuents of Pj can be evaluated by prozeed- 

i.ng on t h e  l i n e s  similar t o  the evaluation of P3 and we f i n a l -  

l y  Gbtain 

d 
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and 

It is interesting to note that though the frictional term is al- 
ways much greater than the corresponding diffusion term but as far 
as the electron-electron contribution (+Pa+ pa) is concerned, two 
contributions are of the same order. 
the electron-electron collisions contributions are 

The total electron-ion and 

and 
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V .  DISCUSSION 

If we subs t i t u t e  Eqs .  (43), (53)  and (36 )  i n  Eq. ( I C O ) ,  we ge t  

t he  dispersion r e l a t ion  i n  the form 

\ =  - C$s (S-iJL)'' 
(5%- 

which on put t ing S =  -(iG3cY) J T=Y&c"r; fo r  Irl<< 
t he  following r e l a t ions  : 

gives 

and 

k the absence cf i 3 t e rpa r t i c l e  col l is ions,  bcth the elek?tror-? on (Ti] 

and the electrcn-electron(re)parts of -p vanish. Eq.  (38)  wkick._ 
gives the  cha rac t e r i s t i c  frequency is the same as obtained by 

Bernstein ; SO we sha l l  Lot discuss it here. Moreover, wl.,en&,+o, 

Eqs.!38) - (60) reduce t o  the ones given in  refm8(3) oil rep lac i rg  

&, by(- a) , we ge t  the  corresponding r e s u l t s  f o r  the left-hw-ded 

polarized wave. 

1 

It is  worth pointing out t h a t  t h e  r e s u l t s  obtained here are 

va l id  only when the magnetic f i e l d  is weak;  under such cErcum- 

stances, E q s .  (39 )  and ( 6 0 )  can be rewri t ten as ( t o  lowest, order i n  a) 
- 18 - 



and 

where t h e  upper and the  lower signs correspond t.0 t he  right-kanded 

and the left-handed polarized waves respect ively and 0 i s  given 

by Eq. (58). 
demands t h a t  fo r  dens i t ies  of t he  order of 10 

t h e  magnetic f ie ld  eo be much less than 3x105 gauss; t h i s  is  plau- 

sible i n  many physical systems of i n t e re s t .  

The requirement, t h a t  (fi/L+,) be much less than unity, 
16 

par t i c l e s  per cm3, 

VI. CONCLUSIONS 

The two-body co l l i s ions  have a s t ab i l i z ing  e f fec t  on the  high- 

frequency plasma waves when the wave propagation i s  along t h e  d.i.rec- 

t i o n  of t he  uniform external  magneti,c f ie ld .  However, t h e  magnetis 

f i e l d  i tself ,  though s t ab i l i ze s  the  left-handed polarized wave, Las 

a tendericy t o  des tab i l ize  the right-handed polarized wave 

lowest; order i n  colli.sion frequency the electrori-ion c o l l i . s i o m  

play a domicant; ro l e  i n  plasma diffusion;  however, the  elec.t.rur-- 

e lec t ron  c o l l i s i o s s  are importart f o r  dis turbames of f ir:i.t>e wave 

lengths  

To ?,?-e 

5 i  strong magne.t.ic f ie ld  > CJ , t he  col1i.si.on.s t a ~ e  plane d 
i:c a somewhat d i f f e ren t  manner and the  theory outLi.ned here does mt 

hold good a d  needs modificatior?. 

cients w i l l  ha-& t o  be reevaluated. 

and. w i l l  be repor-ked shori-ly 

L.1 f a c t  *he Fo&er,=-Plaxk a~o, - : f ' f~  - 
This study is  under i.rxes%i.ga?kxA 
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APPENDIX 

From Eq. (241, we have 

L e t  us consider first the  f r i c t i o n a l  contributioc; t h i s  is  giver;_ 3y 

On substi tsut . isg f o r ( a >  from Eq. (71 acd on using ske re1a:iorl - oi 

- 20 - 



1 .  

c 

c 

1 -  

Now i f  we use Eq. (16) t o  zeroth order for  sl(x') f o r  the  ri.ght- 

handed polarized wave, Eq. (A3) a f t e r  some s implif icataiocs  goes 

over t o  

where Q! is  defined by Eq. ( 3 0 ) .  Eq. ( A 4 )  can be immediately rc- 

writteri i n  the  form of Eq. (29). 

the other elemeLts of (aFy&),j car. be eas i ly  evaluated ar-d She 

resalts giver  ir, the texf, follow. 

Proceeding on the s imilar  l;r,es, 

. 
* 
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