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APPLICATION OF COMPlPTERS TO THE FORMULATION OF 

PROBLEMS I N  CURVILINEAR COORDINATE SYSTEDE 

By James C .  Howard 

Ames Research Center 

SUMMARY 

This repor t  descr ibes  a means of extending t h e  a rea  of appl ica t ion  of 
d i g i t a l  computers beyond t h e  numerical da ta  processing s tage  and reducing t h e  
need f o r  human pa r t i c ipa t ion  i n  the  formulation of c e r t a i n  types of computer 
problems. By t h e  use of  tensor  calculus  and a computer language designed t o  
f a c i l i t a t e  t h e  use of symbolic mathematical computation, a method has been 
devised whereby a d i g i t a l  computer can be used t o  do non-numeric work: t h a t  
i s ,  symbolic a lgebra ic  manipulation and d i f f e r e n t i a t i o n .  

To i l l u s t r a t e  t he  techniques involved, a d i g i t a l  computer has been used 
t o  der ive t h e  equations of motion of a point  mass i n  a general  orthogonal 
curv i l inear  coordinate system. Since t h i s  operation involves a formulation i n  
terms of first- and second-order d i f f e r e n t i a l  coe f f i c i en t s ,  it provides a good 
demonstration of a computer's capab i l i t y  t o  do non-numeric work and t o  assist 
i n  t h e  formulation process which nornally precedes t h e  numerical da ta  process- 
ing s t age .  Moreover, t h i s  pa r t i cu la r  problem serves  t o  i l l u s t r a t e  t h e  advan- 
tages  of t h e  mathematical techniques employed. With t h e  program prepared f o r  
t h i s  purpose t h e  computer w i l l  der ive t h e  equations of motion i n  any coordi- 
nate  system requested by t h e  user .  
coordinate systems: cy l ind r i ca l  polar ,  spherical  po lar ,  ob la te  spheroidal 
and p ro la t e  spheroidal .  

Results a r e  presented f o r  t he  following 

INTRODUCTION 

Research undertaken with t h e  object  of promoting man-computer i n t e rac t ion  
has d i r ec t ed  a t t e n t i o n  t o  t he  use of computers f o r  non-numeric operations.  In  
p a r t i c u l a r ,  t h e  p o s s i b i l i t y  of using d i g i t a l  computers t o  der ive t h e  equations 
of motion and of mathematical physics i n  a general  curv i l inear  coordinate sys- 
t e m  has been explored. Tradi t ional ly ,  these funct ions were considered t o  be 
t h e  exclusive preserve of t h e  s c i e n t i s t .  Nevertheless, as is  shown i n  t h i s  
r epor t ,  d i g i t a l  computers can pa r t i c ipa t e  i n  t he  performance of  such t a sks .  
These computers have been used almost exclusively in  the  past  and continue t o  
be used ex tens ive ly  f o r  numerical analyses o f  a l l  kinds.  In f a c t ,  excessive 
preoccupation with t h e i r  a r i thmet ic  capab i l i t i e s  has tended t o  obscure t h e i r  
p o t e n t i a l  f o r  non-numeric operations.  Nevertheless, t h e  extensive log ic  and 
s torage c a p a b i l i t i e s  of these  computers, combined with the evolution of new 
computer languages, enable them t o  be used for a wide range of non-numeric 
operat ions.  
ers i n  t h i s  manner: 

The author i s  aware of only t w o  previous attempts t o  use comput- 
(a)  Reference 1 describes an in t e re s t ing  technique 



whereby a d i g i t a l  computer uses the  method of Lagrange t o  der ive equations of 
motion. The technique, as described, w a s  not completely s a t i s f a c t o r y  i n  that 
p a r t  of t h e  operation has t o  be performed manually. 
how an IBM 7094 computer, equipped with a Formac compiler, was used t o  obtain 
t h e  Chris toffel  symbols of t h e  f i r s t  and second kind f o r  12 orthogonal curvi- 
l i n e a r  coordinate systems. 

(b)  Reference 2 descr ibes  * 

I f  the  extensive l o g i c  and storage c a p a b i l i t i e s  of these computers a r e  t o  
be used t o  f u l l  advantage, a departure from conventional techniques of formu- 
l a t i o n  may be necessary. For example, when conventional methods a r e  used, the  
form which the  equations of motion and of mathematical physics assume depends 
on t h e  coordinate system used t o  describe the problem. This dependence, which 
is  due t o  t h e  prac t ice  of expressing vectors i n  terms of t h e i r  physical com- 
ponents, can be removed by the  simple expedient of expressing a l l  vectors i n  
terms of t h e i r  tensor  components. 

A s  a consequence of t h e  geometrical s implif icat ion inherent i n  t h e  tensor  
method, t h e  operations involved i n  formulating problems i n  unfamiliar curvi- 
l i n e a r  coordinate systems can be reduced t o  rout ine computer operations.  It 
is t h i s  aspect of t h e  tensor  method which i s  so a t t r a c t i v e  fo r  the  types of 
computer appl icat ions contemplated. It i s  t h e  purpose of t h i s  report  t o  use 
t h e  tensor method t o  show t h a t  d i g i t a l  computers can be used t o  do non-numeric 
work. With t h i s  object i n  mind, a computer program w a s  wr i t ten  t o  demonstrate 
t h e  effectiveness of the  proposed technique. This program, i n  the  Formac com- 
puter  language, w a s  used t o  der ive the  equations of motion of a point mass i n  
a var ie ty  of curv i l inear  coordinate systems. To der ive the  equations of 
motion o f  a p a r t i c l e  by t h i s  method, the  user need only know t h e  coordinate 
transformation equations r e l a t i n g  the  curv i l inear  coordinates t o  an orthogonal 
Cartesian t r i a d .  When t h i s  program i s  used and the  coordinate transformation 
equations are supplied as input,  t h e  computer w i l l  der ive the  equations of 
motion. The equations of motion obtained w i l l  be r e l a t i v e  t o  the  curv i l inear  
coordinate system specif ied by the  coordinate transformation equations used as 
input .  The computer presents the  r e s u l t s  i n  Fortran language. However, f o r  
t h e  convenience of readers,  t h e  Fortran statements a r e  t r a n s l a t e d  t o  conven- 
t i o n a l  mathematical symbolism. 

NOMENCIATURF: 

- 
A vector 

4 physical components of A 

Ai(x) contravariant vector components i n  t h e  x coordinate system 

- 

A j  ( X )  covariant vector components i n  t h e  x coordinate system 

AiJ(x) components of a contravariant  b ivec tor  i n  t h e  x coordinate system 

A i j ( X )  components of a covariant b ivec tor  i n  t h e  x coordinate system 

A i  ( X )  components of a mixed b ivec tor  i n  t h e  x coordinate system 
J 
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r 

T 
- 

Ti 

T i  

covariant der iva t ive  of a contravariant vector  

covariant der iva t ive  of a covariant vector  

system of base vectors  i n  t h e  x coordinate system 

system of un i t  vectors  i n  the  d i rec t ions  of 
- 
a i ( x )  

- 
system of base vectors  rec iproca l  t o  

system of un i t  base vectors  i n  t h e  d i rec t ions  of 

a i (x)  
-1 
a (x) 

contravariant  vector  components i n  the  y coordinate system 

covariant vector  components i n  t h e  y coordinate system 

components of a contravariant  bivector i n  t h e  y coordinate system 

components of a covariant bivector  i n  t h e  y coordinate system 

components of a mixed b ivec tor  i n  the y coordinate system 

system of base vectors  i n  the  y coordinate system 

system of base vectors  rec iproca l  t o  

covariant component of grav i ta t iona l  force  vector  i n  t h e  y coordi- 

b j ( y )  

na te  system 

covariant component of grav i ta t iona l  force  vector  i n  the  x coordi- 
na te  system 

- - ai a j  

-i . .j a 

components of t h e  i n e r t i a  tensor  i n  t h e  x coordinate system 

components of t h e  i n e r t i a  tensor  i n  t h e  y coordinate system 

mass of space vehicle  

pos i t i on  vector 

- 
s c a l a r  magnitude of r 

t h r u s t  vector  

contravariant  component of t he  th rus t  vector  

covariant component of t h e  t h r u s t  vector  

3 



u j  (x) contravariant component of velocity in the x coordinate system 

Vi(d contravariant component of velocity in the y coordinate system , 

Xi system coordinates 

xi(yl,fty) functional form of the transformation from the y coordinate 

Yi system coordinates 

yi(x1,sJx3) functional form of the transformation from the x coordinate 

system to the x coordinate system 

system to the y coordinate system 

Z 

[ ij &I 

displacement along the axis of a cylinder 

Christoffel symbol of the first kind 

Christoffel symbol of the second kind 

ai 
j 

"i 

J 

8 

I- 

constant coefficients 

scalar magnitude of ai 

scalar magnitude of ~i 

Kronecker delta 

polar angle 

physical component of the thrust vector 

- 

gravitational potential function 

gradient of gravitational potential function 

$ angular displacement in longitude or azimuth 

Super sc r ip t s 

aJiJjJkJ 2 indices of contravariance 

Subscripts 

iJJJkJ2 indices of covariance 

4 



ANALYSIS 

. 
Transformtion Laws 

Vector components.- To f a c i l i t a t e  the  computer processing of vectors  and 
bivectors ,  a l l  such e n t i t i e s  should be expressed i n  terms of t h e i r  t ensor  com- 
ponents and a corresponding s e t  of base vectors,  r a the r  than i n  terms of t h e i r  
physical  components and a set of u n i t  base vectors .  
e r a l  curv i l inear  coordinate system, a vector 1 m y  be expressed i n  t h e  fo l -  
lowing a l t e r n a t i v e  forms: 

When re fer red  t o  a gen- 

If, i n  some expression, a ce r t a in  index occurs twice, t h i s  means t h a t  t he  
express ion" is  t o  be summed with respect  t o  tha t  index f o r  a l l  admissible V a l -  

ues of t h e  index, t h a t  is, 

n 

j= i  

- 
where Ai, A j  a r e - t h e  tensor  components of the vector  A, and Xi, 5' are 
t h e  corresponding systems of base vectors .  In accordance with establ ished 
convention, contravariant  components w i l l  be denoted by superscr ip ts  and 
covariant  components by subscr ip ts .  
t i n c t i o n  between contravariance and covariance because if  general  coordinate 
transformations a r e  contemplated, t h e  transformation l a w  f o r  t he  components of 
a contravariant  vector denoted by superscr ipts  d i f f e r s  from t h a t  f o r  a 
covariant vec tor  denoted by subscr ip ts .  
t h e  covariance or  contravariance of tensor  components i s  not an i n t r i n s i c  
property of t h e  e n t i t y  under consideration. 
i n  which t h e  e n t i t y  i s  related t o  i t s  environment, t he  coordinate system, t o  
which it is  r e fe r r ed .  For a coordinate transformation from a coordinate sys- 
tem x t o  a coordinate system y given by 

It is necessary t o  keep i n  mind t h e  d is -  

It must be emphasized, however , t h a t  

The d i s t i n c t i o n  i s  due t o  the  way 

t h e  transformation l a w  f o r  t he  components of a contravariant vector 
(see appendix A and r e f .  3 ) :  

Ai i s  

a y j  * 

Bj(y)  = - A1(x) 
ax= 



where Ai(x) are the  contravariant components i n  the  x coordinate system and 
BJ(y) are t h e  components when re fer red  t o  the  y coordinate system. For the  
same transformation of coordinates,  other  vectors,  such as t h e  gradient  of  a 
scalar  point function, obey a d i f f e ren t  transformation l a w .  These are t h e  
covariant vectors  denoted by subscr ipts .  Assuming t h a t  t he  coordinate t rans-  
formation i s  revers ib le  and one-to-one, t h e  appropriate transformation l a w  f o r  
these vector components i s  (see appendix A )  

where Ai(x) are the  covariant components i n  t h e  x coordinate frame and 
Bj (y)  are t h e  covariant components when referred t o  the  
A s  the following argument shows, t h e  d i s t i n c t i o n  between these  two transforma- 
t i o n  l a w s  vanishes when the  transformation i s  orthogonal Cartesian.  
be the components of a posi t ion vector  7 when refer red  t o  the  x coordinate 
system which i s  orthogonal Cartesian.  Likewise, l e t  yJ be components of t he  
same vector when re fer red  t o  another orthogonal Cartesian system. 
case t h e  transformation of coordinates i s  given by 

y coordinate frame. 

Let x1 

I n  t h i s  

yi = a , x j  i 
J 

i - 
where the  a j  are constants.  The pos i t ion  vector r i s  invariant  with 
respect t o  coordinate transformations. Hence, t h e  square of t he  vector  i s  
a l s o  invariant.  Therefore, 

therefore  

where 6; i s  the Kronecker d e l t a ,  t h a t  i s ,  (see ref .  4) 

1 f o r  j = k  

Equation (6 )  i s  . the or thogonal i ty  condi t ion which may be used t o  so lve  equa- 
t i o n  ( 3 )  f o r  xJ .  If both sides of equation (2) are mult ipl ied by a i ,  

and 

therefore ,  

6kx j j -  - x k = ”ky i i  

i i  
XJ = a j Y  

6 

(7)  



From equation ( 5 ) ,  it i s  seen that  

and from equation (7)  

It follows from equations (8) and (9)  that  

A s  a consequence of equation (lo), t h e  d i s t inc t ion  between contravariant  and 
covariant vectors  disappears when coordinate transformations are confined t o  
orthogonal Cartesian systems. This a l s o  explains why the re  is no preoccupa- 
t i o n  with these  vectors  i n  t h e  study of ordinary vector  ana lys i s .  

Base vectors . -  Subscripts assigned t o  a system of base vectors  indicate  
t h a t  they are covariant i n  character  and obey t h e  covariant transformation 
l a w .  See equation (4)  and appendix A. Therefore, i f  a i ( x )  are a system of 
base vectors  i n  t h e  x coordinate system and 6 j ( y )  are t h e  corresponding 
base vectors  i n  t h e  y coordinate system, then 

- 

- 
In  t h i s  connection it should be noted t h a t  t o  every.system of base vector  
t he re  e x i s t s  a rec iproca l  system of base vectors 
property : 

a i ,  
8' with t h e  following 

A superscr ip t  is  assigned t o  t h e  rec iproca l  base vectors  t o  ind ica te  t h e i r  
contravariant  character ,  and t o  emphasize the f a c t  t h a t  they obey the  contra- 
va r i an t  transformation l a w .  (See eq. (3)  and appendix A . )  Hence, i f  5 i ( x )  
are t h e  r ec ip roca l  base vectors  i n  the  x coordinate system and bJ (y )  a r e  the 
corresponding base vectors  i n  t h e  y coordinate system, then 

- 

In  a cu rv i l i nea r  coordinate system t h e  base vectors  a r e ,  i n  general ,  not 
u n i t  vec tors ,  b u t  a r e  functions of t he  coordinates; t h a t  is, 

7 



The base vectors  Z i  may be obtained as follows: l e t  dT be t h e  
d i f f e r e n t i a l  of a pos i t ion  vector F and l e t  dxi be t h e  corresponding d i f -  
f e r e n t i a l s  of t h e  coordinates.  Then by subs t i tu t ing  d? f o r  A, and dx l  I 
f o r  A’ i n  equation (1) , we have 

~ 

From equation (16) the  base vectors  E i  a r e  given by 

- G 
ai 

- - - 

axi 
- 

In an orthogonal Cartesian frame of reference,  t he  base vectors  
t u t e  a t r i a d  of mutually orthogonal un i t  vec tors .  However, i n  problem formu- 
l a t ion ,  it is  usual ly  convenient t o  use a more general  cu rv i l i nea r  coordinate 
system. When t h i s  i s  done, t he  magnitudes of the  base vectors  genera l ly  
d i f f e r  from uni ty .  

ai const i -  

Vector Derivatives and t h e  Chr i s to f f e l  Symbols 
- The sca la r  product of any two base vectors  

follows : 
a i  and ZJ may be defined as 

-1 Likewise, t he  sca l a r  product of t h e  rec iproca l  base vectors  
defined as 

a ’  and Z? may be 

xi . 5j = ,j . ,i = g i j  (19) 

The symmetry of 
Certain combinations of t h e  p a r t i a l  de r iva t ives  of these  sca l a r  products w i t h  
respect t o  t he  system coordinates are usefu l  i n  obtaining the  de r iva t ive  of a 
vector ,  i n  formulating the  equations of motion, o r  wri t ing t h e  equations of 
mathematical physics i n  a general  cu rv i l i nea r  coordinate system. The de f in i -  
t i o n s  t h a t  follow a r e  ascr ibed t o  Chr is tof fe l  and are ca l l ed  Chr i s to f f e l  
symbols (see ref. 5 ) .  
defined as 

g i j  and g i j  follows from the  nature  of t h e  s c a l a r  product. 

There a r e  two of these  symbols, the  f i rs t  of which i s  

The Chr is tof fe l  symbol of t he  second kind i s  

Derivatives of a contravariant vector . -  me u t i l i t y  of t h e  C h r i s t o f f e l  
symbols i s  immediately apparent -when an attempt is  made t o  f ind  t h e  p a r t i a l  



der iva t ive  of a base vector ,  - or i t s  reciprocal ,  with respect  t o  any system 
coordinate.  Any vector A may be expressed in t h e  forms given i n  equa- 
t i o n  (1) . 
coordinates,  it follows t h a t  t h e  der iva t ive  of 
nate  must involve t h e  Chr i s to f f e l  symbols. From equation - (l), t he  p a r t i a l  
der iva t ive  of t h e  contravariant form of t he  vector A with respect  t o  the  
coordinate xk i s  given by 

Furthermore, s ince t h e  base vectors are, i n  general ,  functions of t he  
with respect  t o  any coordi- A 

- - g i j ,  then 

Likewise, 

and 

Since 

it follows t h a t  

From equations (23) through (26) 

Therefore if equation (12) is  used, t h e  r a t e  of change of t h e  base vector  
with respect  t o  x j  assumes t h e  form 

- Equation (28) gives  t h e  required r a t e  of change of t h e  base vector 
respec t  t o  a system coordinate, i n  terms of t h e  Chr i s to f f e l  symbol of t he  
f irst  kind and the  rec iproca l  base vec tors .  A more convenient form is 
obtained if both  s ides  of equation (28) are mult ipl ied s c a l a r l y  by the  

a i  with 

9 



reciprocal  base vector E z  t o  y ie ld  

From equation (lg), it is seen t h a t  

therefore  

I n  terms of t h e  
follows: 

Theref ore ,  

By subs t i tu t ion  
vector A with 

- 

- dEi k2 . * Zz  = [ i j , k ] g  
3x5 

defining formula (21), equation ( 3 0 )  may be rewr i t ten  as 

of equation (32) i n  equation (22) the  p a r t i a l  der iva t ive  of a 
respect t o  the  system coordinate xk i s  

, 

The indices i n  t h e  second t e r m  on t h e  r i g h t  s ide  of equation (33) 
are dummy‘ indices,  and may therefore  be replaced by any other  convenient 
indices,  except k .  To have a common base vector Bi, equation (33) may be 
rewri t ten as follows 

i and 2 

Furthermore, s ince 

’AS a l ready indicated,  a repeated index implies summation with respect  t o  
t h a t  index. Since the  summation index can be changed a t  w i l l ,  it is usual ly  
referred t o  as a dummy index. 
t h e  index must be preserved. 

Or cause, t h e  range of admissible values of 

10 



and 

dAi dxk - dAi  
a& d t  d t  
- - _ -  

t h e  i n t r i n s i c  der iva t ive ,  o r  t h e  
contravariant form of t h e  vector 
following f om: 

t o t a l  der ivat ive with respect  t o  time of t h e  - 
A, may be obtained from equation (34) i n  the  

i where A k is  t h e  covariant der iva t ive  of the contravariant vector Ai w i t h  
respect t o  xk. 

i 

var ian t  vector is not a simple covariant or contravariant vector .  
notat ion implies, A:j 
and one index of covariance (see appendix A ) .  
funct ional  transformation of t h e  form given in equation (2) i s  assumed, t h e  
transformation l a w  f o r  t h i s  type of e n t i t y  i s  

The notat ion A , j  suggests t h a t  t h e  covariant der iva t ive  of a contra- 
A s  the  

i s  a mixed tensor ,  w i t h  one index of contravariance 
If a single-valued, revers ib le  

where A i ( x )  are t h e  components i n  t h e  
t h e  corresponding components i n  t h e  y 

x coordinate system and %(y) a r e  
coordinate system. 

I n  an orthogonal Cartesian reference frame 

Therefore, s ince  a l l  these sca la r  products are constants,  it follows t h a t  t h e  
Chr is tof fe l  symbols vanish. In  t h i s  case, t h e  covariant der ivat ive of a con- 
t r a v a r  i a n t  vec tor  reduce s 
components along a set of 

t h e  sum of the p a r t i a l  der ivat ives  of i t s  physical 
f ixed axes 

Likewise, t h e  i n t r i n s i c  der iva t ive  of a vector reduces t o  t h e  ordinary time 
r a t e s  of change of the  physical components along a set of f ixed axes.  

For a genera l  space of t h r e e  dimensions, equation (35) assumes t h e  form 

where 

11 



The i n t r i n s i c  der iva t ive  of a contravariant  vector i n  a space of t h ree  dimen- 
s ions contains 27 Chr i s to f f e l  symbols. 
t h e  Chr is tof fe l  symbols, 

However, because of t h e  symmetry of 

and t h e  number of independent C h r i s t o f f e l  symbols reduces t o  18. 

Derivatives of a covariant vector . -  The - second a l t e r n a t i v e  from equa- 
t i o n  (1) may be used t o  express the  vector  A i n  terms of i t s  covariant 
tensor  components and rec iproca l  base vectors;  t h a t  i s ,  

(41) 
- 
A = Ai?? 

- 
In t h i s  case, t h e  p a r t i a l  de r iva t ive  of t h e  vector  A with respect  t o  

xk is  given by 

From equation (12) 

12 



' therefore  

Subst i tut ing equation (32) i n  equation (43) gives 

theref  ore 

Subs t i tu t ing  equation (44) i n  equation (42) gives t h e  p a r t i a l  der iva t ive  of 
t h e  vector  'li with respect  t o  xk i n  t h e  following form 

The indices  i n  t h e  second t e r m  on the r i g h t  side of equation (45) 
are dummies, and may therefore  be replaced b any o ther  indices ,  except k .  

i and j 

In terms of t h e  base vectors  xi, equation ( 1 5 )  may be rewr i t ten  as follows 

where Ai,k def ines  t h e  covariant der ivat ive of the  covariant vector  Ai 
with respec t  t o  2. 

It may be noted t h a t  t h e  covariant der iva t ive  of a covariant vector  i s  
A s  t he  notat ion implies, A i , j  is  a doubly covariant tensor ,  not a vec tor .  

t h a t  is ,  a t enso r  with two indices  of covariance. If a single-valued, 
revers ib le  func t iona l  transformation, of t h e  form given i n  equation (2) is  
again assumed, t h e  transformation l a w  f o r  e n t i t i e s  of t h i s  kind i s  

where &p(x) are 
t h e  corresponding 
t ioned i n  passing 

t h e  components i n  t h e  x coordinate system, and B. .( ) a r e  
components i n  t h e  y coordinate system. It may be men- 
t h a t  moment of i n e r t i a ,  which i s  a second order tensor ,  has 

1 J  

a transformation-law of t h i s  form. (See appendix A. )  

It appears,  therefore ,  t h a t  t he  operation of covariant d i f f e r e n t i a t i o n  
o f  a vec tor  or tensor  increases  t h e  covariance by one index. 
XJ covariant de r iva t ive  of t he  contravariant vector  Ai is  A;j, which is  a 

q a t  is ,  t he  



mixed tensor ,  w i t h  one index of contravariance and one index of covariance. 
The XJ covariant der iva t ive  of the covariant vector A i  i s  A i , j .  This i s  
a doubly covariant tensor or a tensor with two indices of covariance. 
i n t r i n s i c  der iva t ive  of t h e  covariant form of the  vector A is  obtained from 
equation (46) i n  t h e  following form 

The - 

For a general  space of th ree  dimensions equation (47) assumes the form 

d t  d t  d t  

where 

3 dx' 3 d s  3 d s  
+ &({21} dt + {22}  dt + {23} dt)] 

3 d x l  3 dx3 ' A3({31} dt + {:2) % + {33} x)] 
A s  i n  t h e  case of t h e  i n t r i n s i c  der iva t ive  of t h e  contravariant - vector', 

However, because of the  symmetry implied by 
t h e  i n t r i n s i c  der ivat ive of the  covariant form of t h e  vector A i s  seen t o  
contain 27 Chris toffel  symbols. 
equation (40) , t h e  number of independent Chr is tof fe l  symbols i s  again reduced 
t o  18. 



Special  Coordinate Systems 

The l a rge  number of terms appearing i n  equations (35) and (47) is due t o  
t h e  genera l i ty  of these equations which are appl icable  t o  any space of t h ree  
dimensions. Fortunately,  f o r  t h e  three-dimensional spaces most commonly used, 
both of these equations reduce t o  a more manageable form. 

,i For example, i f  base vectors  of  un i t  length a r e  denoted by & or a , 
then i n  a cy l ind r i ca l  polar  coordinate system, 

a1 = $1 

a2 = x G 2  

a3 = &3 

- 

- 

and 

81 = g1 

S = - & 2  1 
X 1  

= &3 

A s  a consequence of equations (52) and 

1 g l l  = 1 

(53) 

(33) there  a r e  only two independent, 
nonzero Chr i s to f f e l  symbols i n  a cy l ind r i ca l  polar  coordinate system. These 
a r e  

{:2} = -xl 

(54) 

Hence, a contravariant  vector  re fer red  t o  t h i s  coordinate system has a time 
r a t e  of change as follows: 

- dA3 z3 a2 + -  
d t  - -  a d t  - ( dAl d t  + A(.’.> g ) g l  + [e d t  + {f2} (A’ e d t  + A2 e)] d t  

Likewise, t h e  time rate of change of a covariant vector  re fer red  t o  t h i s  
coordinate system i s  given by 



I n  spher ica l  polar  coordinates,  

I - 
a1 = $ g,, = 1 

g3, = (x1  s i n  x212 

= 
- 
a2 = xG2 g22 

a3 = x1 s i n  x2g3 - 
(57 1 

and 

g22 = I 

- 1 &3 g33 = 1 33 = 
x 1  s i n  x2 (XI s i n  ~ 2 ) ~  

In  t h i s  case there  a r e  s i x  independent, nonzero Chr is tof fe l  symbols. 
are 

These 

{;2} = -xl 1 { f3}  = - s in  x2 cos x2 

J {h) = -x1 s in2 9 {;3) = {;g = cot  x2 

When the Chr i s to f f e l  syaibols are subs t i tu ted  i n  equation ( 3 5 ) ,  t he  t i m e  r a t e  
of change of a contravariant vector referred t o  a spher ica l  coordinate system 
assumes the  following form: 

+ [% + {’.) (A‘ + A2 s) + A3 {33) 2 x] d$ a2 

1 dX3 + A3 e) + { ’} (.E? dX3 + A3 E)] a3 ( 6 0 )  
d t  23 d t  d t  

The corresponding rate of  change of a covariant  vec tor  is  obtained by 
subs t i tu t ion  from equation (59) i n  equation (47) .  In  t h i s  case,  

16 



. 
d t  

Alternat ive Derivation of t he  Chr is tof fe l  Symbols 

In equations (20) and (21) t h e  Chr is tof fe l  synibols have been defined i n  
terms of t h e  s c a l a r  product of two of t h e  base vec tors  
a l s o  be derived f r o m t h e  equations of coordinate transformation by t h e  follow- 
ing method, which is  more su i t ab le  f o r  the  appl ica t ions  contemplated in t h i s  
r epor t .  

These synibols can 

In  a rectangular  Cartesian coordinate reference frame, with coordinates 
denoted by y l ,  an element of a r c  of length dE maybe expressed i n  t h e  fo l -  
lowing form 

dZ = &a dy" = i3p dyp 

theref  ore  

ds2 = 2" - Qp dya dyp = dy" dyP = dy" dy" 
P 

Consider a cu rv i l i nea r  coordinate system with coordinates denoted by 
assume t h a t  t h e  
equations as follows 

xi, and 
x and y coordinates a r e  r e l a t ed  by a s e t  of transformation 

The element of a r c  dE i n  t h e  x coordinate system assumes t h e  form 

theref  o re  

and 



If the  t r ans fo rmt ion  equation (62) is  revers ib le  and one-to-one, then 

x i  = xi(y’,y”,y”) (64) 

By subs t i tu t ion  from equation (63) i n  equation ( 2 0 ) ,  t h e  Chr i s to f f e l  symbol of 
t h e  f i r s t  kind assumes the  following form: 

Likewise, subs t i tu t ing  equation (63) i n  equation (21) gives  fo r  t h e  Chr i s to f f e l  
symbol of  the second kind 

COMPUTER A.PPL1CATIONS 

It i s  in t e re s t ing  t o  note t h a t  t h e  preceding der iva t ions  d i f f e r  from t h e  
conventional approach only i n  t h e  method of expressing a vector i n  terms Of 
i t s  components and associated base vec tors .  Conventionally, a vector  i s  
expressed i n  terms of i t s  physical components and a corresponding s e t  of u n i t  
base vectors.  The proposed method, which is  t h e  method of tensor  ana lys i s ,  
uses a n  a lmost  i den t i ca l  formulation. The important d i f fe rence  being tha t  i n  
t h i s  case t h e  components a r e  not ,  i n  general ,  t h e  physical  components. 
Instead, they  a re  the  tensor  components which obey transformation l a w s  corre- 
sponding t o  t h e i r  variance.  The transformation l a w s  fo r  contravariant  and 
covariant vectors  a r e  given by equations ( j )  and ( 4 ) ,  respec t ive ly .  When t h e  
base vectors def ine a n  orthogonal Cartesian reference frame, t h e  physical  com- 
ponents and t h e  tensor  components are equal.  It follows t h a t  t h e  tensor  
method reduces t o  the  conventional method f o r  problems formulated i n  orthogonal 
Cartesian reference systems. 

A s  a consequence of t h e  geometrical s impl i f ica t ion  inherent i n  the  tensor  
method, t h e  operations involved i n  obtaining de r iva t ives  and formulating t h e  
equations of mathematical physics i n  unfamiliar curv i l inear  coordinate systems 
are rout ine operations.  It i s  t h i s  feature of t h e  tensor  method which makes 
it so a t t r a c t i v e  f o r  computer appl ica t ions .  Because of t h e i r  l og ic  and s to r -  
age capab i l i t i e s ,  d i g i t a l  computers a r e  w e l l  su i t ed  t o  such rout ine operations 
i f  they a r e  properly programmed. 

If t h e  Chr i s to f f e l  symbols a r e  s tored  f o r  a l l  coordinate systems t h a t  are 
l i k e l y  t o  be used, the  r a t e s  of change of any vector  can be obtained by a 
straightforward appl ica t ion  of equation (35) or (47 ) .  Alternat ively,  i f  the  
functional forms given by equations (62)  and (64) are known, t h e  Chr i s to f f e l  
symbols may be obtained from equations (65) and (66) without using storage 
space.  
orthogonal Cartesian reference frame t o  a cu rv i l i nea r  coordinate system i n  
which x1 a r e  cy l ind r i ca l  polar  coordinates .  If the cu rv i l i nea r  coordinate 
system i s  cy l ind r i ca l  po lar ,  t h e  Cartesian coordinates  

T h i s  technique may be i l l u s t r a t e d  by using t h e  transformation from an 

yi a r e  r e l a t e d  t o  t h e  

18 



' curv i l inear  coordinates by t h e  following transformation equations ( see  
sketch ( a ) ) :  

. 
t y3 

y l  = xl cos x2 

y2 = x 1  s i n  x2 

y 3 = $  

The inverse t r a n s f o r m t i o n  is  given by 

x3 = y3 I 
By subs t i tu t ion  from equations (67) and 
(68) in  equations ( 6 5 )  and (66), a l l  
t h e  Chr is tof fe l  synibols may be obtained. 

Sketch (a) 

For t h e  spec ia l  case considered the re  a r e  only 2 independent, nonzero 
Chr i s to f f e l  symbols out  of a t o t a l  of 18. O f  course, i n  p r a c t i c a l  applica- 
t i o n s ,  t h e  operation o f  obtaining Chr is tof fe l  symbols from formulas (65) and 
(66) and t h e  transformation equations would be performed by a computer pro- 
gramed f o r  non-numeric operat ions.  

spond 

Carry 

Subs t 

By way of  i l l u s t r a t i o n ,  equation (66) w i l l  be used t o  obtain the  nonzero 
Chr i s to f f e l  symbols of t h e  second kind. 
t h e  superscr ip ts  appearing on t h e  r i g h t  s ide  of t h e  equation (66) must corre- 

With t h e  exception of t he  dummy index, 

t o  those appearing i n  t h e  Chr i s to f f e l  symbol. For example 

ng out t h e  summation implied by t h e  dummy index a gives  

a2y l  ax1 a2y2 ax1 a2y3 - ax' - + - +  

t u t i o n  f o r  t h e  D a r t i a l  d i f f e r e n t i a l  coef f ic ien ts  f rom t h e  funct ional  
r e l a t ionsh ips  given by equations (67) and (68) gives 

Likewise, 



therefore  

{:} = 

The procedure 

[-sin ,(-sizlX2> + 

f o r  determining t h e  
polar  coordinate system i s  the  same as 

cos x2(co:i”)] = {zl} = 1 X 1  

Chr i s to f f e l  syaibols f o r  a spher ica l  
t h a t  used f o r  a cy l ind r i ca l  polar  

coordinate system. In t h i s  case, however, t h e  terms of equation (66) have t o  
be obtained from a d i f f e r e n t  s e t  of coordinate transformation equations.  The 
Cartesian coordinates y1 are r e l a t ed  t o  the spher ica l  polar  coordinates xi 
by t h e  following transformation equations.  

~ 

(See sketch ( b ) . )  

y l  = x 1  s i n  x2 cos x3 

y2 = x1  sin x2 s i n  x3 ] (69) 

y3 = x1  cos x2 

The inverse transformation is given by 

Sketch (b)  = t a n - t q )  

By subs t i tu t ion  from equations (69) and ( 7 0 )  i n  equation (66), all t h e  
Chr i s to f f e l  symbols may be obtained. 
t he re  a re  6 nonzero Chr i s to f f e l  symbols out of a t o t a l  of 18. 
indicated previously, t he  operation of obtaining Chr i s to f f e l  symbols from 
formula (66) and the  use of t he  transformation equations would be performed by 
a computer programed f o r  t h i s  kind of operat ion.  By way of i l l u s t r a t i o n  
equation (66) w i l l  again be used t o  obta in  t h e  nonzero Chr i s to f f e l  symbols. 
By subs t i tu t ion  from equations (69) and ( 7 0 )  i n  t h e  expanded form of equa- 
t i o n  (66) it is found t h a t  

For the  spec ia l  case being considered 
O f  course, as 

20 



These results are seen t o  agree with those obtained i n  equation ( 5 9 ) .  

The Velocity Vector 

Two methods of obtaining t h e  Chr is tof fe l  symbols have been indicated: 

Since the  
one using t h e  methods of vector  calculus  and t h e  o ther  using known d i f fe ren-  
t i a l  coe f f i c i en t s  from the  coordinate transformation equations.  
l a t t e r  method i s  more adaptable t o  d i g i t a l  logic ,  equations ( 6 5 )  and (66) 
r a the r  than equations (27) and (31) are used t o  determine the  Chr i s to f f e l  sym- 
b o l s .  
t h e  i n t r i n s i c  or  absolute  der iva t ive  of  a vector .  
i n t r i n s i c  der iva t ive  i n  terms of t h e  contravariant vector  components; and 
equation (47) gives  t h e  same i n  terms of the  covariant components. Ei ther  of 
these  equations may be used. However, t o  avoid t h e  necess i ty  of transforming 
covariant components i n t o  contravariant components, and vice versa ,  by t h e  
methods of appendix A, it is b e t t e r  t o  match the  formula t o  the  variance of 
t h e  vectors .  
variance of t h e  vectors  i s .  
elements can be determined as follows: t h e  d i f f e r e n t i a l  elements dy l  i n  t h e  
y coordinate system a r e  r e l a t ed  t o  t h e  elements d x j  i n  the  x coordinate 
system by t h e  following equation: 

Given the  Chr i s to f f e l  symbols, it is seen t h a t  t he re  a r e  two forms f o r  
Equation ( 3 5 )  gives the  

I n  t h e  course of t he  ana lys i s ,  it w i l l  become evident what t h e  
For example, t h e  variance of t he  d i f f e r e n t i a l  

By comparing t h i s  equation with equation (31, it is seen t h a t  t he  d i f f e r e n t i a l  
elements are t h e  components of a contravariant vector .  Likewise, equation (71) 
shows t h a t  t h e  components of ve loc i ty  i n  the y coordinate system a r e  r e l a t e d  
t o  those i n  t h e  x coordinate system by the equation 

t h a t  is, 



where Vi(y) a r e  t h e  ve loc i ty  components i n  the  y coordinate system, and 
U j ( x )  a r e  t h e  ve loc i ty  components i n  t h e  x coordinate system. Comparison of 
equation (72) with equation (3)  shows t h a t  t he  components of t h e  ve loc i ty  
vector  a l s o  obey t h e  contravariant  transformation l a w .  
vector from - equation ( 3 5 ) ,  t h e  pos i t ion  vector  r i s  subs t i tu ted  f o r  t h e  
vector  A; t h a t  is, 

To obtain t h e  ve loc i ty  ' - 

- 1- - 
A = A a i = r  (73) 

Hence, i n  a cy l ind r i ca l  polar coordinate system 

A' = x1 , A" = 0 , A 3  = x3 (74) 

By subs t i tu t ion  of these  values i n  equation (53), t he  ve loc i ty  vector  i s  
obtained as follows 

- d$ g3 a2 + - 
d t  

- d x l -  v = -  
d t  

When the appropriate value of t h e  Chr is tof fe l  symbol i s  subs t i tu ted  from equa- 
t i o n  (541, t he  tensor  components of the  ve loc i ty  vector  a r e  given by 

t h a t  i s ,  

In order t o  reduce equation (75) t o  t h e  conventional form, where the  physical  
components of ve loc i ty  a r e  associated with a s e t  of u n i t  base vec tors ,  equa- 
t i o n  (B1) may be used - t o  express t h e  base vectors  i n  uni ta ry  form. In t h i s  
form the ve loc i ty  V i s  given by 

I f  t h e  coordinate x1  i s  iden t i f i ed  with t h e  r a d i a l  d i s tance  r ,  t h e  coordi- 
nate  x2 with the  polar angle 8 ,  and the  coordinate x3 with t h e  a x i a l  d i s -  
placement z, t he  equation f o r  t h e  ve loc i ty  i n  a c y l i n d r i c a l  polar  coordinate 
system assumes the  fami l ia r  form 

where 61, &, and &, 
d i rec t ions  of increasing r,  8,  and z, respec t ive ly .  

a r e  a t r i a d  of mutually orthogonal un i t  vec tors  i n  the  



In a spherical  polar  coordinate system, the vector  E; has the following 
components . 

A1 = x 1  , A2 = A3 = 0 

When these values are subs t i tu ted  i n  equation (601, 
t h i s  coordinate system i s  given by 

t h e  ve loc i ty  vector i n  

dx3 - x 1  - 
d t  a3 

Again, by subs t i t u t ion  of t h e  C h r i s t o f f e l  symbols from equation (39), t h e  
ve loc i ty  vector  may be expressed i n  terms of i ts  tensor  components and a 
corresponding set of base vectors  as follows: 

- d x l  - dX2 - dx3 - a2 + - v = -  a1  + -  d t  d t  d t  a3 

t h a t  is, 

From a comparison of equation (73) with ( 7 8 ) ,  it is seen t h a t  when expressed 
i n  terms of  i t s  tensor  components, t he  veloci ty  vector  has the  s a m e  form i n  
both coordinate systems. This i s  t r u e ,  i n  general, s ince by de f in i t i on  

And subs t i t u t ion  from equation (17) i n  equation 

i - dx - v = -  
d t  ai 

O f  course, t h e  physical components of ve loc i ty  are d i f f e r e n t ,  as can be seen 
when the  methods of appendix B are used t o  reduce the  base vectors  t o  un i ta ry  
form. By subs t i t u t ion  from equation (37) i n  equation (78), t he  ve loc i ty  vec- 
t o r  may be expressed i n  terms of i t s  physical components and a set of un i t  
base vectors  as follows: 

When t h e  coordinate x1 i s  iden t i f i ed  with t h e  r a d i a l  dis tance 
na te  5 with the  polar  angle 0 ,  and t h e  coordinate x3 with 
angle $, t h e  equation for V assumes t h e  more fami l ia r  form 

- 
r, the  coordi- 

t he  azimuth 
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where &I, gz, and & 
di rec t ions  of increasing r,  8 ,  and I), respec t ive ly .  

are a tr iad of mutually orthogonal un i t  vectors  i n  t he  

The Acceleration Vector 

If  the  acce lera t ion  vector were required t o  formulate the  equations of 
motion of a p a r t i c l e ,  t h e  ve loc i ty  vector  V would be subs t i tu ted  f o r  t he  
vector  i n  t h e  equation f o r  t he  i n t r i n s i c  der iva t ive .  A s  shown i n  equa- 
t i o n  (72) ’  t he  ve loc i ty  vector  assumes the  contravariant  form; therefore ,  - if 
t h e  tensor components of ve loc i ty  a r e  subs t i tu ted  f o r  t h e  components of 
equation ( 35)  , 

- 

A i n  

Hence, i n  a general  curv i l inear  coordinate system, t h e  acce lera t ion  vector i s  
given by 

By subs t i tu t ion  from equation (82) i n  equation (83)’ 
may be wri t ten i n  t h e  following a l t e r n a t i v e  form 

( 8 3 )  

the  acce lera t ion  vector  

This equation gives t h e  acce lera t ion  i n  any coordinate system, provided t h e  
Chr is tof fe l  symbols are appropriate  t o  the  coordinate system chosen t o  
describe the  problem. 

In a three-dimensional c y l i n d r i c a l  polar  coordinate system, equation (83) 
i s  subs t i tu ted  reduces t o  the form given by equation ( 5 5 ) ,  when t h e  vector  

f o r  t he  vector A.  Likewise, i n  a three-dimensional spher ica l  polar coordi- 
nate  system, equation ( 8 3 )  reduces t o  t h e  form given by equation (60), when 
the  vector v is subs t i tu ted  f o r  t h e  vector  x. If equation (60) i s  used t o  
obtain the accelerat ion vector ,  the  t enso r  components of ve loc i ty ,  ra ther  than 
t h e  physical components,must always be used. The tensor  components of veloc- 
i t y  a r e  given by equation (78).  

v - 

These a r e  

Subst i tut ing these values i n  equation (60) gives  t h e  acce lera t ion  i n  t e r m s  of 
spherical  polar  coordinates 
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- 
d2x1 1 dx2 ax2 1 dx3 dx3 

at  = [(x + {22) at dt + {3} dt x) . 

+ (s + 2 {13} - dxl - dx3 + 2 {23} 3 - d s  -) dx3 E3] 
d t  d t  d t  d t  

By subs t i t u t ion  of t h e  Chr i s to f f e l  s w o l s  from equation (59) i n  equa- 
t i o n  (86), t he  acce lera t ion  vector may be expressed i n  terms of i ts  tensor  
components and associated base vectors  as follows: 

d2x2 + - 2 - d x l  - dx2 - sin 3 cos xf-) d$ ] a2 
+ [- dt2 x 1  d t  d t  d t  

The corresponding physical  components of t h e  acce lera t ion  vector may be 
obtained from t h e  base vectors  expressed i n  terms of un i t  vectors  i n  accor- 
dance with equation (57).  
t i o n  (87) gives  

When appropriate  subs t i tu t ions  a re  made, equa- 

dxl  dx= 2 + 2 - - - x1 s i n  x cos 
d t  d t  

+ (xl s i n  x2 + 2 s i n  3 - - 
d t2  at a t  

Equations of Motion i n  a General Curvilinear Coordinate System 

I n  using tensor  methods t o  der ive equations of motion, it is  again 
important t o  remember t h a t  t h e  acce lera t ion  and force  vectors  m u s t  always be 
expressed i n  terms of t h e i r  tensor  components r a the r  than t h e i r  physical  com- 
ponents. Hence, t h e  two s ides  of every equation must balance with respect  t o  



t h e i r  covariant O r  contravariant  proper t ies  before applying Newton's second 
l a w  of motion. 
accelerat ion vector is expressed i n  contravariant form i n  equation (84), t h e  
force  vector may appear i n  t h e  form of a covariant tensor .  The force  vector 
assumes the  covariant form when it appears as the  gradient  of a s c a l a r  point  
function. This Occws i n  t h e  equations of motion of a space vehicle  which, i n  
addi t ion t o  t h e  t h r u s t  force ,  i s  subject  t o  g rav i t a t iona l  forces .  I f  t he  
g rav i t a t iona l  forces  a r e  expressed i n  the  form of t h e  gradient  of a gravi ta-  
t i o n a l  po ten t i a l  function, t h e  force vector i s  

In  t h i s  connection it is worth noting t h a t ,  although the  

( 8 8 )  
- 
F = v c p + F  

where cp is  the  g rav i t a t iona l  po ten t i a l  function, which may include the- 
influence of oblateness and e x t r a t e r r e s t r i a l  g rav i t a t iona l  forces ,  and T i s  
t h e  th rus t  vector .  (See r e f s .  6 and 7 . )  

The tensor  form of t h e  gradient  of a sca l a r  point  function assumes t h e  
following form 

-i vcp = - a 
d X i  

(89) 

The use of t h e  rec iproca l  base vector 8' i n  equation (89) i s  j u s t i f i e d  by 
t h e  following considerations:  t he  components of t h e  gradient  of t h e  grav i ta -  
t i o n a l  po ten t ia l  function i n  the  y coordinate system a r e  r e l a t ed  t o  those 
i n  t h e  x coordinate system by the  following equation: 

or 

where 

The transformation of t he  components of t h e  grad ien t  vector  from t h e  x coor- 
d ina t e  system t o  t h e  y coordinate system (eq .  (90)) obeys t h e  covariant 
transformation law as defined i n  equation ( 4 ) .  

The equation of motion of a point  mss which is  subject  t o  g r a v i t a t i o n a l  
and th rus t  forces is obtained by combining equations (84) and (88). 
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. 
where M is the mass. 

It is seen that the acceleration eomponents represented by the left-hand 
side of this equation are all contravariant. The thrust vector, on the other 
hand, is usually given in terms of its physical components, and as already 
indicated in equation (901, the gravitational forces assume the form of 
covariant vectors. 
it is necessary to convert all the force terms to the contravariant form. The 
potential gradient function may be converted to contravariant form with the 
aid of equation (A22). From equations (89) and (A22) 

To have a force system compatible with the accelerations, 

The thrust vector may be expressed in the following alternative forms 

i in - 
T = T ai = 7 ai 

where 
Ti 
thrust vector are related to the contravariant tensor components by 
equation (Bl) 

Ti are the contravariant tensor components of the thrust vector, and 
are the corresponding physical components. The physical components of the 

By substitution from equations (92) and (93) in equation (gl), the equation of 
motion assumes the following form 

Theref ore 

When the expression for the gravitational forces is expanded in a general 
three-dimensional coordinate system, equation (94) becomes 

However, in a rectangular coordinate system 



. .  
glJ = 0 f o r  i # j 

and 

where the  parentheses imply suspension of t he  summation convention. 

Subst i tut ing these  values i n  equation (93) gives  f o r  orthogonal systems 

Equation (96) may be rewr i t ten  as follows: 

or  i n  the  a l t e rna t ive  form 

From the  point of view of non-numeric computer operat ions,  it is  more expedi- 
en t  t o  eliminate t h e  Chr i s to f f e l  symbols and t h e  metric tensors  from equa- 
t i o n  (97) .  
equations by equations (63) and ( 6 3 ) .  
( 6 5 )  i n  equation (97) gives  

These symbols a r e  r e l a t ed  t o  t h e  coordinate t r a n s f o r m t i o n  
Subs t i tu t ing  from equations (63) and 

~ 

A s  indicated previously,  a repeated index implies summation with respect  t o  
t h a t  index. An exception t o  t h i s  r u l e  occurs when repeated indices  a r e  

convention is t o  be suspended f o r  t h a t  index. This means t h a t  f o r  each value 
of t h e  index i, equation (98) must be summed on a, j ,  and k. For example, 
when equation (98) i s  summed on 

I enclosed i n  parentheses.  Parentheses around an index imply t h a t  t he  summation 

a, it appears as follows: 

+- 
i) d t 2  

%? a f  +- a&) ax(l) ax( 

28 



The l e f t  s ide  of  t h i s  equation must a l so  be summed on j and k .  When each of 
these  indices i s  permitted t o  take the  values 1, 2, 3, i n  tu rn ,  equation (99) 
assumes the  following form: 

The form of  t h i s  equation is  well  su i ted  t o  rout ine non-numeric computer oper- 
a t i o n s .  
g e n e r a l i t y  of t h i s  equation, which i s  applicable t o  any space of t h ree  dimen- 
s ions .  
dimensions, it m y  be permanently s tored in  t h e  computer. Hence, t o  obtain 
t h e  equations of motion i n  any system of coordinates,  t he  only information 
required i s  the  spec ia l  form of equation (2)  r e l a t i n g  t h a t  system of coordi- 
na t e s  t o  t h e  orthogonal Cartesian coordinates 

The l a rge  number of terms appearing i n  equation (100) i s  due t o  t h e  

Moreover, s ince t h i s  equation i s  applicable t o  any space of th ree  

yi. 



Computer Derivations of Equations of Mot ion 
i n  Special  Systems of Coordinates 

Spherical polar  coordinates.- Consider a transformation of coordinates 
specifying the  r e l a t ion  between the  spherical  polar  coordinates 
orthogonal Cartesian coordinates yi. In t h i s  case, equation (2)  becomes 
(see sketch (b) 1: 

x1 and t h e  

yl = x1 s i n  x2 COS XS 

f = x1 s i n  9 s i n  x3 

y3 = x1 cos x2 

These coordinate transformation equations were supplied as input t o  an 
IBM 7094 computer, which w a s  programmed f o r  non-numeric operations.  

When t h e  computer w a s  ins t ruc ted  t o  perform the  operations involved i n  
equation (loo), t he  following output w a s  obtained i n  Fortran language: 

FOR I = 1, 
The expression input f o r  Y ( 1 )  i s  given below. 
X( 1 ) "FMCSIN ( X( 2 ) ) *FMCCOS ( X( 3 ) ) $ 

FOR I = 2,  
The expression input f o r  Y ( 1 )  i s  given below. 
X( 1 ) "FMCSIN ( X (  2 ) ) *FMCSIN ( X (  3 ) ) $ 

FOR I = 3 ,  
The expression input fo r  Y ( 1 )  i s  given below. 
x ( 1 ) *FMccos ( x( 2 ) ) $ 

F O R I = l  
The equation f o r  I = 1 is  given below. 
M*( P (1) -R (2 ) **2 . O*X( 1 ) -R ( 3 ) **2 .O*X( 1) "FMCSIN ( X (  2 )  ) **2 .O ) $ 
=DPHI ( 1 ) +TAU( 1 ) $ 

F O R I = 2  
The equation f o r  I = 2 is  given below. 
M* ( P (2 ) *X( 1 **2 . O+R ( 1 ) *R ( 2 ) *X ( 1 ) *2 . 0 -R ( 3 ) **2 . O*X( 1) **2 . O*FMC SIN ( X( 2 ) ) "FMCCOS 
(x( 2) ) ) $=DPHI (2)  TAU(^) *x( i)$ 

F O R 1 = 3  
The equation f o r  I = 3 is given below. 
M* ( P ( j *X( 1 ) **2 .O *FMCSIN ( X (  2 ) ) *"2 .Q +R (1) *R ( 3 ) *x( 1) *FMCSIN ( X( 2 ) ) *V .0*2 . O+R (2 ) 
*R ( 3 ) *X( 1 ) **2 . 0 *FMC S I N  ( X ( 2 ) ) *FMC COS ( X ( 2 ) ) *2 . 0 ) $ 
=DPHI ( 3 ) +TAU( 3 ) *X (1 ) *FMCSIN (x( 2 ) ) $ 



Comp/load Executive 
Time on t i m e ,  min time, min 

950 -09 0.78 0.41 

In in te rpre t ing  these Fortran statements, it must be remembered tha t :  

dxi R ( i )  = - a t  

In  t e r m s  of conventional mathematical symbolism, these equations assume 
t h e  following form: 

1 2  d2x2 + 2x1 - d x l  - dx2 - (x1) 2 s i n  x2 cos x2 (“GT] - 2 + X1T2 M[(x - d t 2  d t  d t  

M x1 s i n  x2 + 2x1 s in2 x2 - - + s i n  s cos x2 - - 
d t  d t  

d x l  dx3 [( >2 dt2 d t  d t  

Because of  i t s  genera l i ty ,  equation (100) i s  appl icable  i n  a l l  coordinate 
systems. Therefore, t o  obtain t h e  equations of motion i n  any other  coordinate 
system, a l l  t h a t  is required i s  t o  supply the  computer with the  appropriate 
coordinate transformat ion equations.  

Cyl indr ica l  polar  coordinates.- A s  a fur ther  i l l u s t r a t i o n  of t h e  procedure 
involved, consider t h e  equations of motion i n  a cy l ind r i ca l  polar system of 
coordinates .  
sketch ( a ) ) :  

In  t h i s  case,  t h e  coordinate transformation equations a r e  (see 

y l  = x 1  cos x2 

;Ji! = x 1  s in  x2 

When these  coordinate transformation equations were used t o  evaluate the  terms 
of equation (loo), t h e  following computer output w a s  obtained. 



FOR I = 1 
The expression input f o r  Y(I) i s  given below. 
x(1)*FMccos(x(2) )$ 

FOR I = 2 
The expression input f o r  Y(I) i s  given below. 
X( 1 ) *FMCSIN ( X( 2 ) ) $ 

F O R 1 = 3  
The expression input f o r  Y ( 1 )  i s  given below. 
x(3)$ 

The equation f o r  I = 1 is  given below. 
M*( P (1) -R (2 ) *"2 .O*X( 1) ) $ 
=DPHI(l) +TAU( l )$  

The equation f o r  I = 2 i s  given below. 
M*(P(2) *X(1) *e .O+R(l) * R ( 2 )  * X ( 1 )  .K2 .O)$ 
=DPHI ( 2 ) +TAU( 2 ) *X( 1) $ 

The equation f o r  I = 3 i s  given below. 

=DPHI ( 3 ) +TAU( 3 ) $ 
M*P( 3 ) $ 

Comp/load Executive 
Time on time, min time, min 

037.78 1 .l? 0.14 

Translating these equations fkom Fortran language t o  conventional mathematical 
symbolism yie lds  t h e  following: 

Prolate spheroidal coordinates.  - h o t h e r  i n t e r e s t i n g  system of orthogonal 
curvi l inear  coordinates i s  the  pro la te  spheroidal coordinates.  Coordinate 
surfaces a re  obtained by ro ta t ing  a family of confocal e l l i p s e s  and hyperbolas 
about t h e i r  major axes.  Rotating these  conic sec t ions  gives r ise t o  a system 
of prolate spheroids and hyperboloids of two shee ts .  A family of planes 
through the a x i s  of ro ta t ion  completes t h e  system of orthogonal sur faces .  
curvi l inear  coordinate systems generated by t h e  CmVes of in te rsec t ion  of 
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these  surfaces  are useful  i n  c e r t a i n  quantum mechanical problems ( r e f .  8 ) .  
The transformation equations r e l a t i n g  t h i s  system of coordinates t o  t h e  
orthogonal Cartesian system a r e  as follows: 

y l  = a s inh  x1 s i n  x2 cos x3 

y2 = a s inh x1 s i n  $ s i n  x3 

y3 = a cosh x1  cos x2 

To obtain t h e  equations of motion r e l a t ive  t o  a p ro la t e  spheroidal system 
of coordinates,  these transformation equations were subs t i tu ted  f o r  equa- 
t i o n  (2) i n  t h e  computer program. Omitting 
t h e  print-out i n  Fortran language, t h e  equations of motion were obtained as 
follows : 

Execute time w a s  1.63 minutes. 

2 d x l  d S  9 + sinh2 XI) e + 2a2 s i n  9 cos x - - 
dt2 d t  d t  

d x l  1 d$ d s  + a2 s inh  x1 cosh x1 dx - - a2 s inh  x1 cosh x - - 
d t  d t  d t  d t  

- a2 sin2 3 s inh  x 1  cosh x 1  = a Jsin2 x2 + sinh2 x1 T 1  + - a(P 
d t  d t  ax1 

d2$ d x l  d x l  
d t2  d t  d t  

x2 + sinh2 XI) - - a2 s i n  x2 cos x2 - - 

d x l  d S  dx2 dx2 + 2a2 s inh  x1 cosh x 1  - - + a2 s i n  5 cos 3 - - 
d t  d t  d t  d t  

- a2 s i n  x2 cos x2 sinh2 x1 = a(Jsin2 x2 + sinh2 x I ) T ~  + - a(P a s  d t  d t  

1 d x l  d s  {a2 sin2 9 sinh2 x 1  e + 2a2 sin2 5 sinh x1 cosh x - - 
dt2 d t  dt  

a(P + 2a2 s i n  x2 cos x2 sinG = a s i n  9 sinh XI 73 + - 
ax3 

Oblate spheroidal coordinates.- Confocal e l l i p s e s  and hyperbolas ro t a t ed  

These surfaces,  together  with a family of planes through the  
about t h e i r  minor axes generate the  oblate  spheroids and hyperboloids of one 
shee t  (ref.  9 ) .  
axis of ro t a t ion ,  cons t i t u t e  a family o f  orthogonal sur faces .  
coordinate systems generated by t h e  curves of i n t e r sec t ion  of these surfaces  
are ca l l ed  obla te  spheroidal coordinates.  Oblate spheroids a r e  sometimes 

The curv i l inear  
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re fer red  t o  a s  planetary e l l i p s o i d s ,  because the  Earth and t h e  planet  J u p i t e r  
a r e  approximately of t h i s  form. 
system of coordinates t o  t h e  orthogonal Cartesian system are as follows: 

The transformation equations r e l a t i n g  t h i s  

y1 = a cosh x 1  s i n  x2 cos x3 

= a cosh x 1  s i n  5 s i n  9 

= a sinh x 1  cos x2 

These transformation equations take t h e  place of equation (2 )  i n  the computer. 
In t h i s  case, the  t i m e  required t o  execute the program w a s  again 1.63 minutes. 
Omitting t h e  print-out i n  Fortran language, t h e  equations of motion r e l a t i v e  
t o  a system o f  oblate  spheroidal coordinates were obtained i n  the  following 
form: 

d2x1 d x l  d x l  
d t2  d t  d t  

x1 + cos2 3) - + a2(sinh x1 cosh x l )  - - 

d x l  d$ d$ dx2 - 2a2 cos 5 s i n  9 - - - a2 sinh x1 cosh x1 - - 
d t  d t  d t  d t  

d2x2 d x l  d x l  M a2(sinh2 x1 + cos2 x2) - + a2 s i n  3 cos * - - c dt2 d t  d t  

d x l  dx?- d s  dx2 + 2a2 sinh x1 cosh x1 - - - a2 s i n  5 cos 3 - - 
d t  d t  d t  d t  

dx3 - a2 cosh2 x1  s i n  x2 cos x2 - d t  

a2 cosh2 x1 sin2 x2 - d 2 s  + 2a2 sinh x1 
dt2  

E] = aJsinh2 x1 + cos2 5 T2 + 7 3 (1’ 
d t  3X 

d x l  d 9  cosh x1 sin2 S - - 
d t  d t  

+ 2a2 cosh2 x1 s i n  x2 cos x2 b(P 
d t  d t  3x3 

= a cosh x1 s i n  9-1~ + - 

CONCLUSIONS 

The extensive log ic  and storage Capabi l i t i es  of d i g i t a l  computers, com- 
bined w i t h  t h e  new computer languages, enable them t o  be used for a wide range 
01’ nun-numeric operations.  Research i n d i c a t e s  t h a t  these  Computers can be 
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used more e f f e c t i v e l y  f o r  t h i s  purpose i f  a l l  vector  quan t i t i e s  a r e  expressed 
i n  terms o f  t h e i r  tensor  components, r a the r  than i n  terms of t h e i r  physical  
components. Because of t he  geometrical s implif icat ion inherent i n  t h e  tensor  
method, t he  formulation of problems i n  curvi l inear  coordinate systems can be 
reduced t o  rout ine computer operat ions.  
explo i ta t ion  and extension of these  techniques should lead  t o  a subs t an t i a l  
reduction i n  t h e  man hours required t o  formulate and process engineering and 
s c i e n t i f i c  problems. 

The r e s u l t s  obtained suggest that  the 
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APPENDIX A 

TRANSFORMATION FORMUUS FOR VECTORS AND BIVECTORS 

Base Vectors 

The transformation l a w s  and, hence, t h e  covariant and contravariant 
character of  t h e  base vectors and t h e i r  reciprocals  may be obtained as fo l -  
lows: Let the  d i f f e r e n t i a l  of a posi t ion vector be denoted by dF. Then i f  
a i ( x )  a re  the  base vectors i n  the  x coordinate system, and b j ( y )  t h e  base 
vectors in the  y coordinate system, the  d i f f e r e n t i a l  d7 may be expressed 
i n  t h e  following a l t e r n a t i v e  forms: 

- 

Therefore 

Likewise, 

therefore  

ai(x) = - - 

It is  seen from equations (A2) and ( A 3 )  t h a t  t h e  base vectors  Z i  and bj  
the  covariant transformation l a w ;  consequently, the use of subscr ipts  i s  
j u s t i f i e d .  

obey 

Reciprocal Base Vectors 

To each system of base vectors  
vectors ZJ with the  following property 

gi t h e r e  e x i s t s  a reciprocal  system of 

- . gj = s? = gj . - ai ai 1 

I where 8: is  t h e  Kronecker del ta ;  t h a t  i s ,  

, j  = 1 f o r  j = i 

f o r  j + i  

Scalar multiplication of each s ide  of equation (A2) by bJ(Y) gives on using 
( A 4 )  



- - a j  
ax= 

b j ( y )  - ai(x)  = 

Similar ly ,  from equations (A3) and (A4) it is seen t h a t  

-1 - axi a (x)  - b j ( y )  = - ayj  

(A5 ) 

Equation (Al) re fer red  t o  t h e  rec iproca l  system of base vectors  assumes t h e  
form 

theref  ore  
- 

d y j  = b j ( y )  al(x)dxi 

and 

theref  ore  
dxi = a j  dyj  

axi 

@om equations (A7) and (A8) 

t he re fo r  e 

Likewise, from equations (A7) and (Ag) 
-. a j  

ax= 
bJ (y )  = Zi(x) 

From equations (AlO) and (Al l ) ,  it i s  seen t h a t  the  rec iproca l  base vectors 
obey t h e  contravariant  l a w  of transformation; therefore ,  the  superscr ipt  
no ta t  ion i s  just i f  ied . 

Vector Transformations 

Equations ( A l O )  and (All)  may be used t o  obtain t h e  transformation law - 
f o r  a vector  A, where . 
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- 
I f  = Ai(x)Zi(x) .when the  vector A i s  
t e m ,  and i f  a = BJ(y)b . (y)  when re fer red  
invariance of requires  t h a t  J 

re fe r red  t o  the  x coordinate sys- 
t o  the  y coordinate system, 

. 

From equations 
as follows: 

Bj(y)Gj(y) = Ai(x)ai(x) (A13 1 

(A2) and ( A l j ) ,  t he  appropriate transformation l a w  i s  obtained 

Equation (Al4) 
t h e  vector x. is the  

When 
vectors X i ( X )  , which 

contravariant transformation l a w  fo r  the  components of 
a i s  re fer red  t o  the  x coordinate system with base 
obey the  covariant transformation l a w ,  the  components 

A i ( x )  obey the  contravariant transformation l a w ;  hence, t he  use of super- . 
s c r i p t s  is j u s t i f i e d .  If is  re fer red  t o  the  reciprocal  base system a , 
then f r o m  equation (Al2) 

-1 

- 
A = Aiai 

On a transformation of coordinates - from the  x coordinate system t o  the  y 
coordinate system, invariance of A requi res  t h a t  

Ai(x)Zi(x) = Bj(y)b -j ( y  ) (Al3 ) 

From equations ( A l O )  and (Al5), the  appropriate  transformation l a w  i s  obtained 
as follows: 

- 
It i s  seen t h a t  when a vector  A i s  referred t o  a coordinate system with 
reciprocal  base - vectors , which obey the  contravariant  l a w ,  t h e  corresponding 
components of A obey t h e  covariant l a w ,  and the  use of subscr ip ts  i s  
therefore  j u s t  i f  ied . 

Raising and Lowering of Indices 

Lowering indices.-  The vector 
forms given i n  equation ( ~ 2 ) .  
t i o n  (Al2) by Zj gives 

Scalar  

(Xi - Zj)Ai 

may be expressed i n  the  a l t e r n a t i v e  
mul t ip l ica t ion  of each s ide  of equa- 



By subs t i tu t ion  from equations (18) and (A4)  i n  equation (Al7), t h e  following 
r e s u l t  i s  obtained . 

Again by subs t i tu t ion  f o r  A j  from equation ( ~ 8 )  i n  equation (Al2) 

( U S )  
- ai = g .  .gj 

1 J  

Equation ( ~ 8 )  gives t h e  transformation from t h e  contravariant components t o  
t h e  covariant components of a vector.  The corresponding transformation of 
base vectors i s  given by equation (Al9). 
re fer red  t o  as lowering t h e  index. 

These operations are usual ly  

Raising indices.- Scalar multiplication of each side of equation (Al2) by 
~i gives 

Ai(Zi . $) = A j ( g j  . si) (AZO) 

Subs t i tu t ion  from equations (19) and (Ab) in equation (A2O) gives 

When t h i s  expression f o r  Ai 
t i o n  (Al2), t h e  following result is  obtained 

is  subst i tuted i n  t h e  left-hand s ide of equa- 

therefore  

Equation (A2l) enables the contravariant components of a vector t o  be 
expressed i n  terms of i t s  covariant components. 
corresponding transformation of base vectors.  
r e f e r r e d  t o  as ra i s ing  the  index. 

Equation (A22) gives the  
These operations are usual ly  

Bivector Transformations 

A second-order tensor  is  characterized by having two indices .  Both 
indices  can be superscr ipts ,  i n  which case t h e  tensor  is  doubly contravariant .  
Tensors of th i s  kind a r e  sometimes referred t o  as t h e  contravariant components 
Of a b ivec tor  ( r e f .  10). 
doubly covariant ,  o r  t h e  components of a covariant bivector .  
happens t h a t  one of the indices i s  a superscript  and the  other one a subscript .  
E n t i t i e s  of t h i s  kind a r e  ca l led  mixed tensors or t h e  components of a mixed 
b i v e c t o r .  

When both indices a r e  subscr ipts ,  the  tensors  a r e  
It sometimes 
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Contravariant bivectors.-  As i n  t h e  case of vectors or  f i r s t - o r d e r  
tensors ,  bivectors  are e n t i t i e s  whose propert ies  a r e  independent of the  re f -  
erence frames used t o  describe them. Equations (Al3) and (Al3) a r e  mathemati- 
c a l  expressions of t h i s  statement, insofar  as it appl ies  t o  vectors .  A s  might 
be expected, t h e  invariance of a bivector  i n  going from a coordinate system x 
with base vectors a j ( x )  , t o  a coordinate system y with base vectors  6 i ( y ) ,  
involves t h e  equal i ty  of two dyadics. The coef f ic ien ts  of t h e  individual  
dyads i n  these dyadics a r e  t h e  components of t h e  bivectors .  If i n  t h e  x 
coordinate system with base vectors 

t 

- 

- 
a j  t h e  bivector  is given by 

- 
and if i n  the  y coordinate system with base vectors bi t h i s  bivector  
assumes the form 

invariance requires  t h a t  

By subs t i tu t ion  from equation (A2) i n  equation (A23) 

Therefore, by equating coef f ic ien ts  of l i k e  dyads i n  
required transformation l a w  i s  obtained as follows: 

This i s  the transformation l a w  f o r  the  components of 

a,j b . ( y )  
(3x8 J 

(A&) 

equation (A&), the  

a contravariant bivector .  

are characterized by two Covariant bivectors.-  Since covariant b ivec tors  
subscr ipts ,  it follows t h a t  t h e  formulation of t h e  dyadics will be i n  terms 
of the  reciprocal base vectors .  That i s ,  i f  
covariant bivector  i n  the  x coordinate system, and B;j(y) a r e  t h e  corre- 
sponding components i n  the  y coordinate system, invariance of t h e  bivectors  
requires  t h a t  

&p(x) are t h e  components of t h e  

Subst i tut ion from equation (AlO) i n  equation ( ~ 2 6 )  gives 
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’ therefore  

. 
Equation ( ~ 2 8 )  i s  t h e  transformation l a w  f o r  t h e  components of a covariant 
b ivec tor .  

Mixed bivectors . -  A mixed bivector  has one index of covariance and one 
index of contravariance.  I n  t h i s  case, t he  b ivec tors  cons is t  of base vectors  
and rec iproca l  base vec tors .  The invariance requirements may be stated as 

Subs t i tu t ion  from equations (A2) and (AlO) i n  equation (A29) gives  

J 

Therefore, 

The omponents of mi: zd bivectors  transform according t o  - q u a t i - i  (A3O) .  

Moments and Products of I n e r t i a  as the  Components of a Bivector 

Moments and products of i n e r t i a  provide a good i l l u s t r a t i o n  of t he  com- 
ponents of a b ivec tor .  Moreover, since the moments and products of i n e r t i a  
a r e  t h e  components of a Cartesian bivector ,  e i t h e r  equation (A25) o r  ( ~ 2 8 )  may 
be used t o  transform t h e  components. The equal i ty  of covariant and contra- 
va r i an t  components of Cartesian bivectors  f o l l o w s  from equation (10) . 

Consider the rigid-body shown i n  sketch ( c ) .  Let m be t h e  mass of a 
P a r t i c l e  of t h e  body a t  t h e  point  P, and i t s  pos i t ion  vector r e l a t i v e  t o  

t h e  point  0, t h e  center  of mass of 
t h e  body. The moment of i n e r t i a  I 
of the body about an a x i s  through O,n 
i n  the  d i r ec t ion  of the u n i t  vector p 
i s  given by 

- n  

I = m(&) (TXC) = ; @ p 

where 0 i s  t h e  i n e r t i a  dyadic which 
i s  def b e d  as follows: 

Sketch ( c )  Q = Cm(r21: - E) 
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- 
and I is the  iden t i ty  dyadic; therefore ,  

The components Ixixj are the moments and products of i n e r t i a .  

be denote2 by I i j g i$ j  when it is re fer red  t o  t h e  x coordinate system, and 
by I l J b i b j  when re fer red  t o  the  y coordinate system. See sketch ( d ) .  The 

In order t o  take advantage of t he  tensor  notat ion,  the  i n e r t i a  tensor  w i l l  
_. . A  

components of t he  i n e r t i a  tensor  a r e  
r e l a t e d  t o  the  components of t h e  iner- 

A + "3 

\ '  - I  \ 

\ 

t i a  dyadic 0 as follows: 

J 

A 
0 2  - Consider a transformation of coor- \ 

d ina te s  i n  which the  transformation 
equations are:  

( A 3 2 )  I -a 
b2  

y l  = x1 COS e - ~3 sin e \. 
A 

y2 = x2 

/ y3 = XI sin e + x3 COS e 
#:I 

Sketch (d)  

These equations represent a ro t a t ion  
about t h e  & axis, t he  angle of rota- 
t i o n  being 8 .  

Equation (A23) may be used t o  f i n d  the  moments and products of i n e r t i a  
r e l a t i v e  t o  the  y coordinate frame. These a re :  

When equation ( A 3 2 )  was supplied as input t o  a d i g i t a l  computer, which was 
programmed t o  determine the  i n e r t i a  components 
formation l a w  ( A 3 3 ) ,  t he  following output w a s  obtained i n  Fortran language: 

T l j  according t o  t h e  t r ans -  
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4 

In  terms of conventional mathematical symbolism, these equations assume t h e  
following form: 

= C ~ ~ I , ~ , ,  + ceseIxl9 + C B S B I , ~ , ~  + s ~ ~ I ~ ~ ~ ~  
YIY1 
I 

= - c e ~ , ~ , ~  + s e ~ ~ ~ ~ ~  = 52y1 
I Y  l Y 2  

2 2 
= s e ~ , ~ , ~  - s e c 0 1 ~ ~ ~  - ceseISX1 + c 0 1 ~ ~  

where 
ce = cos e 

and 
S0 = s i n  8 
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APPENDIX B 

PHYSICAL COMPONENTS 

The transformation from covariant t o  contravariant components and vice 
versa  was  discussed i n  appendix A. 
formation from covariant and contravariant  components t o  physical  components 
and v ice  versa  (ref.  11). 

This appendix is concerned with t h e  t rans-  

It f requent ly  happens t h a t  an ana lys i s  can be performed and t h e  r e s u l t s  
obtained, without reference t o  physical components. However, sometimes a 
quant i ty ,  such as a force,  i s  known only i n  terms of i ts  physical components. 
I n  t h i s  case,  t h e  transformation from physical components t o  tensor  components 
must be determined. 
lows: From equation (18) 

The appropriate transformations may be obtained as fol-  

- - - 
ai a j  - gij  

theref  ore 

L e t  
- ai = a,.$ i i  

where a i  as a sca l a r  magnitude and &i is a u n i t  vec tor .  With t h i s  notat ion 

Therefore, 

ai  =Jm 
t h a t  i s  , 

where t h e  parentheses imply suspension of the  summation convention. - 
Ai are t h e  contravariant  tensor  components of a vector  A, and i f  A i  are 
t h e  corresponding physical components, then 

Hence, if 

the re f  ore  



Likewise, from equation (lg), 
xi . ,j = g i J  

L e t  
ai = p i g i  

where Pi is  a sca l a r  magnitude and gi i s  a uni t  rec iproca l  base vec tor .  
Therefore , 

gi . 81 * = g (ii) = ( p i ) 2  

theref  ore 

therefore  

- 
Hence, if Ai a r e  t he  covariant components of a vector  
t he  corresponding physical components 

A, and i f  di a r e  

therefore  

Moreover, i f  t he  coordinate system i s  orthogonal, t h e  physical  components 
can be expressed i n  the  following a l t e r n a t i v e  forms 

Ai = Jm Ai = 
1 

Equation (A18) may be used t o  show t h a t  
systems. From equations (B4) and ( ~ 8 )  

A i  = Ai i n  orthogonal coordinate 

That i s  

That di #A‘ i n  nonorthogonal coordinate systems may be seen as follows: 
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i , Therefore, i n  t h i s  case, 
I 

The f a c t  t h a t  A i  # Ai 
of t he  r e l a t i o n  

i n  nonorthogonal coordinate systems is a consequence 
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APPENDIX C 

TRANSFORMATION FORMULAS FOR COVARIANT DERIVATIVES 

The transformation from covariant tensor  components t o  contravariant  
tensor  components and v i ce  versa ,  w a s  discussed i n  appendix A .  
sh ip  between physical  components and tensor  components w a s  derived i n  appen- 
dix B .  
covariant vector may be obtained from the  covariant de r iva t ive  of a contra- 
va r i an t  vector and v ice  versa .  The method is  analogous t o  the  procedure of 
r a i s i n g  and lowering of indices ,  which was discussed i n  appendix A .  

The r e l a t ion -  

I n  t h i s  appendix, it w i l l  be shown t h a t  t h e  covariant de r iva t ive  of a 

From equations (34) and (46) 

t h a t  i s  

morn equation ( f i g )  

g .  .ZJ = - “i 
1 J  

. Subst i tut ion from ( C 3 )  i n  (C2) gives  

t h a t  i s  

gijL$ + {ik}A7 = 2 - {Tk) A, 

Similarly,  from equation (A22) 

ij- = .j 
g a i  

Subst i tut ion from equation ( ~ 6 )  i n  equat ion (C2) g ives  



1 -  Therefore, 

that is, 

. .  
Afk = glJAj,k 

c 
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