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A PROCEDURE FOR COMPUTING
THE MOTION OF A LUNAR-LANDING VEHICLE
DURING THE LANDING IMPACT

By William C. Walton, Jr., and Barbara J. Durling
Langley Research Center

SUMMARY

This paper is a description of a procedure for computing the general motions
during impact of a vehicle performing a controlled soft landing on the moon. The
assumptions involved in idealization of the vehicle and landing surface are stated. The
equations of motion of the idealized system are derived. A procedure is set forth for
numerical integration of the equations. Detailed and explicit instructions are given for
coding a digital computer to carry out the computation of an impact history.

The procedure takes into account experience obtained from extensive correlations
of computed landing motions with results of tests of a model incorporating many of the
mechanical actions of a realistic vehicle. These correlations are reported in refer-
ence 1 (NASA TN D-4215).

The vehicle is idealized as an arbitrary rigid body with up to four legs arbitrarily
attached. A leg is composed of three struts in an inverted tripod arrangement. The
struts telescope during impact. Telescoping of a strut is resisted by forces which
represent the effects of an aluminum honeycomb shock absorber mounted in the strut
and the effects of overall system elasticity and damping. Representation of a very gen-
eral landing surface is allowed.

INTRODUCTION

American designers' conceptions of spacecraft capable of controlled, soft landings
on the moon have been characterized by a preference for vehicles with legs. Prominent
examples are the Surveyor vehicle (with three legs) for unmanned landing and the Apollo
lunar module (with four legs) for manned landing. The legs must be designed to prevent
damage to the craft during the landing impact and to bring it to rest in an upright atti-
tude so that no part of its mission such as deployment of instruments or relaunch will be
inhibited. Leg designs have very generally been trusses terminating on the lower end
in foot pad structures. Load-limiting shock absorbers are built into the trusses.



Evaluation of the design of such a leg system is a considerable task. The main
reasons are as follows:

(1) Limitations on present methods of maneuvering vehicles during the approach
to landing make it necessary to consider a wide range of attitudes and velocities of the
vehicle at the moment of impact

(2) Because of uncertainty regarding the nature of landing sites on the moon, it is
necessary to consider very general conditions of topography and composition of the
landing surface

(3) The relation between the initial conditions and the outcome of an impact gen-
erally is extremely complicated

(4) Impact testing of structurally realistic full-scale vehicles in the earth's gravi-
tational field is seriously hampered by problems which arise in simulating lunar gravity

(5) Because of fabrication difficulties, it does not appear to be feasible to construct
models structurally scaled so that the elastic behavior of the model when impacting
under earth's gravity simulates that of a realistic full-scale vehicle impacting under
lunar gravity.

Faced with these difficulties and yet required to make judgements regarding the
merit of different leg designs, a number of organizations (refs. 2 to 7) have settled on
the following procedure:

Equations of motion of an impacting vehicle based on simplifying idealizations of
the structure and the landing surface are derived. A digital computer program is
devised for generating numerical solutions of the equations. A dynamic model suitable
for landing tests on earth is constructed, as many features of a realistic vehicle as is
feasible being scaled. Landing tests are conducted to determine the behavior of the
model during impacts under earth's gravity. Impact motion histories are calculated for
the model and are compared with the results of the tests. On the basis of the correla-
tion, the analysis is refined; and when consistent success is achieved in predicting the
behavior of the model, the analysis is used to assess the performance of realistic full-
scale vehicles impacting under lunar conditions.

Heavy reliance is currently placed upon such procedures in making design deci-
sions affecting manned craft,

The purpose of this paper is to describe in some detail an analytical procedure
developed at the Langley Research Center along the lines which have been described.
The model which was used, the testing method, and correlations between the analysis
and experiment are discussed in reference 1. It is felt that the present paper and ref-
erence 1 together will be useful as an aid to ascertaining the current state of the art in



analytical prediction of the performance of leg systems, in attaining computing capability
on a level with the state of the art, and in planning research to improve the state of the
art.

SYMBOLS
t * time
X, Y,Z space-fixed Cartesian axes
£, body-fixed Cartesian axes
g gravitational constant
b, 0,y Eulerian angles
Qx:Qy,Qy, space system components of general vector

Q&’QU’QC’ body system components of general vector QX’QY’QZ

ép q element of matrix transforming space coordinates to body coordinates
(see egs. (2) to (3i))

C&’CU’CC body system components of a general vector fixed in body
CX’CY’CZ space system components of vector C.E’Cn’cc

W Wpn,We body system components of angular velocity vector of body
M total mass of vehicle

15’177’1{’ principal moments of inertia about body axes for vehicle in its initial
undeformed configuration

XO’YO’ZO space system components of center of gravity of body
gP,nP,CP body system coordinates of an arbitrary point fixed in body

X5, Yp,2p space system coordinates of point £p,np,{p



FX’ FY,FZ space system components of total force exerted on body through leg struts

N,N _ N body system components of total torque about center of gravity of body
13 Y
produced by forces through leg struts

Vox:'Voy:Voz space system components of velocity of center of gravity of body
Ex kinetic energy of body

XF,j’Y F,j’ZF,j space coordinates of foot

gH,j,k’nH,j,k’ CH,j,k body coordinates of hard point

XH,j,k’YH,j,k’ZH,j,k space coordinates of hard point

Si,k instantaneous length of a strut

UX,j,k’UY,j,k’UZ,j,k space components of unit vector directed along a strut with sense
from foot to hard point

FHX,j,k’FHY,j,k’ FHZ,j,k space components of force exerted on body through a strut

Fy ik magnitude of force exerted on body through a strut, positive when sense is
242
from foot to hard point

Sg ik amount of contraction of a strut beyond which permanent shortening occurs
Sr i,k length of strut when shock absorber is neither contracted nor extended,
a2

permanent shortening due to crushing of shock-absorbing material being
taken into account

SO, ik initial length of a strut
SS,j,k stroke (see eq. (18))
FR i,k part of magnitude of shock-absorber force termed rate-dependent force
Fg ik part of magnitude of shock-absorber force termed quasi-static force
252



EC,J,)7EE,],l07CC, ,k°CE, .k constants determining rate-dependent force

(see fig. 2)
FEC,i,k "EE,j,k FCC,i,k FCE, ik
P, ik coefficient in equation for quasi-static force (see eq. (22))
Kg coefficient in equation for stop force (see eq. (23))

FH&,j,k’ FHn,j,k’ FHC,j,k body components of force FHX,j,k’FHY,j,k’ FHZ,j,k

Ay j’AY j’AZ j’Aj coefficients in equation describing landing-surface boundary
’ ] ’

plane associated with jth foot (see eq. (27))
WX j’wY j,WZ j,Wj normalized coefficients in equation describing landing-
bl b
’ surface boundary plane (see eqs. (28) to (29c¢))

Hj signed distance of a point from jth landing surface plane (see eq. (30))
Np q j,Tp a,i elements of matrices for computing components of a vector normal
b $4 b 4
and tangential to a boundary plane, respectively (see eqs. (31a)
to (32b))

FFNSX,j’FFNSY,j’FFNSZ,j part of force upon a foot acting normal to landing surface
termed quasi-static normal force

FFNS,j magnitude of quasi-static normal force
K ; coefficient in equation for Fpyg ; (see eq. (38))
D; absolute distance from foot to landing surface plane (see eq. (39))

J

FFNDX,j’FFNDY,j’FFNDZ,j part of force upon a foot acting normal to landing surface
termed dynamic normal force

Ry coefficient in equation for dynamic normal force (see eq. (40))

)]

Kent 03 Y omr sy + space components of velocity of foot normal to landin
FN,j7 "FN,j’"FN,] psurfa.ce glane y d



FFTDX,jFFTDY,j’FFTDZ,j force on a foot acting tangential to landing surface plane
termed dynamic tangential force

Rp j coefficient in equation for dynamic tangential force (see eq. (42))
)
XFT,j’?FT,j’ZFT,j space components of velocity of foot tangential to landing
surface plane
FFLX,j’FFLY,j’FFLZ,j space components of total force on a foot acting through

three struts bearing on foot

FFLNX,j’FFLNY,j’FFLNZ,j space components of component of force
FFLX,j’FFLY,jFFLZ,j normal to landing surface
plane

FFLTX,j’FFLTY,j’FFLTZ,j space components of component of force
FFLX,j’FFLY,j’FFLZ,j tangential to landing surface
plane

NG

some time at which a foot has just become free of landing surface

gF,j’nF,j’CF,j body coordinates of foot

body coordinates of foot becoming free at time t(f)

® @ )
£ M .,tF,.

F’j F:J

X(f)_,Y(f)_,Z(f)' space coordinates of foot becoming free at time t(f)
F,j/ F,j F,j

L some characteristic length of the vehicle

The subscript B on any symbol denotes a nondimensional value. A dot over a
symbol denotes differentiation with respect to time t. An asterisk over a symbol
denotes differentiation with respect to tg. The superscript (n) denotes nth iteration.
| | denotes absolute values.



GENERAL ASPECTS OF IDEALIZATION

Overall Vehicle

The vehicle is treated as an arbitrary rigid body to which there are attached up to
four legs, each leg consisting of three struts in an inverted tripod arrangement. (See
fig. 1.) The struts are connected to the body by universal joints, and the junction point
of the three struts in a leg is also a universal joint. This junction point is called the
foot of the leg, and the points where struts attach to the body are called hard points.
There is a shock absorber in each strut. The individual struts may shorten or lengthen
because of stroking of the shock absorbers, but otherwise they do not deform. Locations
of the hard points on the body and the initial positions of the feet relative to the body may
be arbitrarily chosen.

Hard point Massless leg

assembly

absorber

Foot

Figure 1.- 1dealization of vehicle.
Inertias

In the idealized system the legs are considered to have no mass. The inertial
properties of the body are characterized by specification of the total mass, the center of
gravity, a set of principal axes, and the moments of inertia taken about the principal
axes. In representing an actual vehicle or model, the inertial properties are computed
for the system as a whole, including the legs. These inertial properties are then
assigned to the body alone in the idealized system. This approach has been adopted



because it permits considerable simplification of the equations of motion and reduces
the number of equations. The approach is reasonable if the legs are of light construc-
tion and/or deformations of the legs due to stroking of the shock absorbers are small;
that is, the moments of inertia do not change appreciably because of stroking of the
struts.

Shock Absorbers

The shock absorber in a strut is considered to produce simultaneously a force at
the hard point and at the foot to which the strut is connected. The forces are considered
to be equal in magnitude but opposite in direction and to be directed along the axis of the
strut. The magnitude of the shock absorber force is assumed to depend on the change
of length of the strut from the initial length and on the rate of change of the length. The
specific relation between the force and these variables is described in the section
"Forces and Torques on the Body."

Landing Surface

The boundary of the landing surface is represented by a set of arbitrarily oriented
planes, one plane associated with each foot. Use of a different plane for each foot allows
for the representation of many irregular surfaces. When the foot of a leg is not inter-
acting with the landing surface material, the leg is assumed to move as a rigid extension
of the body. When the foot is interacting with the landing surface material, a force acts
on the foot, and the shock absorbers may stroke. The {force exerted on the foot by the
landing surface is assumed to be a function of the position and velocity of the foot. A
basic assumption of the analysis, leading to equations of motion of the feet, is that a foot
always moves in such a way that this force is kept in balance with the shock-absorber
forces bearing on the foot.

In representing the forces generated by the interaction of the foot pad with the
landing surface material, the analyst must face two facts. First, knowledge of the
properties of the lunar surface which would affect landing performance is as yet limited.
Second, soil mechanics has not progressed to the point where one can predict with any
confidence the history of forces on an arbitrary body impinging upon or passing through
soil even under laboratory conditions. The reaction to these difficulties has been a
rather general concentration of initial analytical effort on the case where a foot upon
contacting the surface is stopped abruptly, is effectively pinned, and remains in place
until there is a tendency for it to lift off. Cases where the feet move substantially
through or along the surface are studied by assuming laws for the force on a foot. The
procedure given by this paper is organized so that one may construct a variety of laws



for the force on a foot by specialization of constants. The details of the computation
are given in the section "Equations of Motion of the Feet."

EQUATIONS OF MOTION OF THE BODY

The object in this part of the paper is to set down the differential equations which
govern the motion of the central rigid body. Equations of motion of the feet are devel-
oped in a subsequent section.

Coordinate Systems

Space and body coordinate systems.- Reference is made to space and body coor-
dinate systems (fig. 2). These systems are both right-handed Cartesian systems. The
space system is assumed to be an inertial
system, and its axes are denoted by X, Y, Z
and Z. It is oriented so that gravitational

forces point along the negative Z-axis. The

body system is assumed to be fixed in the

body, and its axes are denoted by £, 7,

and . It is placed within the body so that ° 1 ‘

the origin coincides with the center of grav- ‘h

ity and the three coordinate axes coincide K
with principal axes of inertia. Further con-

siderations explained under the heading
""Eulerian Angles' also enter into the estab-
lishment of the body axes.

Eulerian angles.- Rotations of the body X

are specified by use of Eulerian angles ¢,
6, and ¢ as shown in figure 3. (The hori-
zontal orientation of the Z-axis in the sketch is merely for convenience in drawing.)

Figure 2.- Space and body coordinate system.

Note that the Eulerian angles are not defined in the usual way; that is, setting the angles

equal to zero does not bring the body axes into coincidence with the space axes. Instead,
the positive £-axis merges with the positive X-axis, the positive n-axis with the negative
Z-axis, and the positive {-axis with the positive Y-axis.

The following limits are set on the ranges of the Eulerian angles:

0<o<nm (1a)
-mSdp T (1b)
-TSY sq (1c)



The limits on ¢ and Y do not restrict
the generality of orientations. The limits
on @ are restrictive, however, and are
imposed to avoid encountering a mathemat-
ical singularity for 6 equaltoQor 7 as
explained in a subsequent section. As 4
approaches either of the end values 0 or 7,
the {-axis approaches a horizontal orienta-
tion. Therefore, in positioning the body
axes within the body, the {-axis should be
associated with the principal axis of the

ine of
Line of nodes ) icle which is most nearly longitudinal.

If this is done, the restriction on 4 causes
Figure 3.- Eulerian angles. . L. . .
no practical limitation on motions, because
calculation normally stops before the vehicle has tipped so far that the longitudinal axis

becomes horizontal.

Transforming vector components between space and body systems.- Let Qyx, Qy,

and QZ be the space system components of a vector, and let Qg, QTI’ and QC be
the body system components of the same vector. As described in reference 8 and other
texts on classical mechanics, the components are related by the equation

Q, Qx

Qs = %p,q Qy P=1,23 a=1,2,3) (2)

o | %

where

611 = €Os ¥ cos ¢ - cos 6 sin & sin Y (3a)
619 = sin ¥ sin 6 (3b)
613 = -cos ¥ sin ¢ - cos 6 cos ¢ sin Y (3¢)
091 = -sin Y cos ¢ - cos 6 sin ¢ cos Y (3d)
699 = cos ¥ sin 6 (3e)
699 = sin ¢ sin ¢ - cos 0 cos & cos Y (31)
631 = sin @ sin ¢ (3g)
bqq9 = COS 6 (3h)
844 = sin 6 cos ¢ (31)

10



The matrix [Gp’q] appearing in equation (2) is orthogonal which means that its inverse
and its transpose are identical. Therefore, the inverse transformation giving space

components in terms of body components is

: T, -

o T

Qy, = Opq Qp 4)
o ot/

the T denoting the transpose. It follows from equation (4) that if Cg, Cp, and CC
are the constant body system components of a vector fixed in the moving body, and Cyx,
Cy, and Cy are the space components of the vector then

: T -
Cx Cg
Cyy=| bpgq o (5)

where a dot denotes differentiation with respect to time.

Relation between Eulerian angles and direction cosines.- The elements of the
matrix |'6p q] in equation (2) may be interpreted as the direction cosines of the body
_ s

axes measured with respect to the space axes. That is, if one imagines a translation of
the space axes without rotation such that the origins of the body system and the translated
space system are brought into coincidence, 611 is the cosine of the angle between the
¢-axis and the translated X-axis, 619 1is the angle between the £-axis and the trans-
lated Y-axis, and so forth.

It is generally considerably easier to specify the direction cosines associated with
an initial orientation of the body than it is to specify the Eulerian angles. Therefore,
it is useful to have a procedure for computing Eulerian angles once direction cosines
are given. The following scheme which is easily derived from equations (3a) to (3i) has
proved to be satisfactory.

0
|¢| = arc cosine 233 5 0=1¢| =n) (6a)
(631)” + (033)
b = |o| (831 2 0) (6b)
b =-19| (631 <0) (6¢)
6 = arc cosine 639 (0<6<q) (6d)

11



099

|| = arc cosine O=|yl=sm (6e)
(o31)? + (034)?

vyl Pz0)

v = -y (612 <0) (62)

Relation between Eulerian angles and components of angular velocity.- Let

Wgy Wy and we denote the body components of the angular velocity vector of the body.
They are related to the rates of change of the Eulerian angles as follows: (See p. 134
of ref. 8.)

ng sin 6 sin ¢ cos ¥ 5‘@

B
wp »=|sin 6 cos ¥ -sin Y ol( 0 (7
we cos 4 0 1 1,!/ f
The inverse relation is
@ sin Y cos ¥ 0l o
sin 4 sin 6 !
. |
9> = cos Y -sin 0 Wy, (8)
wJ _ cos (?sm Y cos Qcos Y 1 wp
sin 6 sin 2L

The singularity referred to previously in imposing a restricted range on 6 is

involved in the factor 1/sin 6 appearing in equation (8). With the range as established,
the denominator sin § never vanishes.

Equations of Motion

The following definitions are necessary for expressing the equations of motion of
the body:

M total mass of vehicle
Ig’In’Ic principal moments of inertia about body axes &, 7, and ¢

XO,YO, Z0 space system components of center of gravity of body

3 ¢
p:p:p ) body and space system coordinates, respectively, of an arbitrary point fixed
XP’YP’ZPJ

in body
12



F

X FY,FZ space system components of total force exerted on body through leg struts

N E’NTI’NC body system components of total torque about center of gravity of body

produced by forces through leg struts

VOX’VOY’VOZ space system components of velocity of center of gravity of body

g gravitational constant

By using these definitions, the elementary equations of translation are

X0 = Vox
Yo = Voy
20 = Vo
MVoyx = Fx
MVoy = Fy

MVgy = Fy - Mg
Euler's equations for rotation of the body are
Ig(d)g) = (en)(we)(In - I¢) + N,
Iy (@n) = (@g)(©e)(Te - Tg) + Ny

Tg(g) = (wg)n)(e - T + Ne

For completeness, equation (8) is repeated

g (2: T siny cos Y
sin 6 sin 6
6= cos Y ~-sin ¢
{p _cos 6siny _ cos 6 cos ¢y
L L sin 6 sin 6

0

1

(92)
(9p)
(9¢)
(9d)
(9e)

(91)

(10a)
(10b)

(10c)

(11)

13



From equation (4), it follows that

— _ T
Xp - Xo t
Yp-Ygo) = %p,q (12)
12p - Zo IC})J

The preceding equations constitute the equations of motion of the body. A dimen-
sionless form of the equations more suitable for use in computation is given in a sub-
sequent section.

Kinetic Energy

It is sometimes useful to compute a history of the kinetic energy of the system
throughout an impact. The kinetic energy Eg is given by the equation:

_M([,2 2 2\ 1{, 2 o2 2
FORCES AND TORQUES ON THE BODY

The forces which act upon the central rigid body are the gravitational force and
the forces through the leg struts produced by the action of the shock absorbers. The
object here is to write down rules for computing these forces based on practical con-
siderations which arose in analyzing the behavior of the model of reference 1.

Definitions

It is assumed that the legs have been numbered 1 to 4 in any order and the struts
in each leg have been numbered 1 to 3 in any order. Cases where there are less than
four legs are handled by setting the shock absorber forces equal to zero in some legs.
The following definitions are necessary to subsequent developments:

XF F,j’ F instantaneous space coordinates of foot of jth leg
’

;H’j’k’gH’j’k’ ':ZH’j’k} body and space coordinates, respectively, of hard point at which
H,j,k’ "H,j,k’ "H,j,k

the kth strut of jth leg is attached to body

S]. K instantaneous length of kth strut of jth leg
b

Uy : 15Uy : U space components of a unit vector directed along kth strut of
X7J’k Y’]’k Z’]9k
jth leg, the sense being from {oot to hard point

14



FHX,j,k’ FHY,j,k’ FHZ,j,k space system components of force exerted on body
through kth strut of jth leg

FH,j,k magnitude of force FHX,j,k’ FHY,j,k’ FHZ,j,k taken positive if the force is

directed from foot to hard point and negative if the force is directed from
hard point to foot

The following equations may be written on the basis of these definitions:

2 2 5)1/2 "
Sic = (X5 0 XE5) + (Ya5k - YE) + (Za - ZF,j)J (14)
. _ -1— _ . _ - ) _ . _ . )
Spk 5 (% X, g) (5,0 X 3) + (Va0 Yo g) (i g ¥r,5)
b
* (21, 2,3) (B i - 2 15

=1 - L o _
Ux’j’k’UY’j’k,UZ’j’k B S]’k [(XH’j’k xFij), (YH’]’k YF,j)’ (ZH)]ak ZF,])] (16)

., F . L. = Fo . . . . 17
Fux, i, FHY 1,10 THZ, 5,k = P11,k (V%110 U, 1,0 V2, k) am

Reference Length

The shock absorbers for the model of reference 1 were cylinders of aluminum

honeycomb mounted in the struts. For compressive loading this type of shock absorber
has a load-deflection relationship as shown in figure 4.

Load | Elastic Crushing

.

Deflection

Figure 4.- Load deflection relationship before crushing.

15



The shock absorber compresses because of elastic deformation until the load
reaches the level at which crushing of the honeycomb begins. Compression continues at
constant load as the cylinder crushes. The elastic part of the load-deflection diagram
may be nonlinear. If crushing occurs, the cylinder becomes permanently shortened,
and leaves a gap as shown by figure 5. Actually the shape of the elastic part of the load-
deflection diagram may be altered somewhat as a result of crushing; but in this analysis,
it is assumed that this shape remains unchanged.

| |
= SEjk

: :
' Elastic Crushing

Load | Gap

|

|

!
| |
{ |
| |
| |
| |
] |
1

Deflection

Figure 5.- Load deflection relationship after crushing,

In order to account for permanent shortening, it is convenient to define a variable
called the reference length of a strut denoted by the symbol SR,j,k‘ Initially, the ref-
erence length is equal to SO,j,k the initial length of the strut. The stroke SS,j,k at
any time t is defined to be the reference length minus the length of the strut at time t.

5s,i,k = SR,j,k - Sj,k (18)

The length of the portion of the deflection denoted "elastic™ in sketches 3 and 4 is repre-
sented by the symbol Sg ik At the completion of any stroke exceeding SE i,k the
reference length is diminished by the amount by which the stroke exceeded S’E’ ik’

24J2

Magnitude of Shock Absorber Force

It is convenient to express Fyy i,k the magnitude of the shock absorber force, as
bR
the sum of two terms

ik T TRk Y TS ik a9

The term FRj Kk is spoken of as the rate-dependent force and FS ik as the quasi-

bR

static force.

Rate-dependent force.- Figure 6 shows the relation between the rate-dependent
force and the dynamic state of the strut. With respect to the current reference length,
a strut is either extended (SR,j,k - Sj,k = 0} or contracted <SR,j,k - Sj x> 0), In either
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Figure 6.- Relationship between rate-dependent force and the dynamic state of the strut.

case the strut may be extending (Sj k> 0) or contracting <'S]- k= O) For each of the four
possible combinations of these conditions, the rate-dependent force Fr )ik is described
by a separate ramp function of S] k> the rate at which the strut length is changing. Eight
arbitrary constants associated with each strut establish the shapes of the ramps. These
constants are SEC ik SEE i,k SCC ik and SCE,j,k which bear the units of velocity

and Fre ik FEg i,k Fee ik and Feg i,k which bear the units of force. As fig-
ure 6 indicates, the velocity constants establish ranges of S] k Wwithin which Fr ik
varies linearly with S] k and beyond which Fp i,k is a constant. The force constants
establish the heights of the ramps. The subscripts EC, EE, CC, and CE, respec-
tively, denote the conditions extended and contracting, extended and extending, con-
tracted and contracting, and contracted and extending.

Quasi-static force.- The quasi-static force is considered to be zero unless one of
the following conditions holds: (1) The strut is contracted with respect to the current
reference length and is extending

. > 2
SR,k ~ Sk~ 0 (20a)

éj,k >0 (20Db)
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(2) The strut is extended beyond its initial length Sg i,k and is extending
3Js

S]’k - SO,],k 20 (213)

Sj,k >0 (21b)

When the first condition holds, the force is assumed to be given by the following
third-order polynomial function of the stroke SR ik~ S]- K
1Jds »

2 3
Fs,ik = P1ik * Paik(Sm,pk 7 Sik) * Pa k(R k - Sik) * Pay k(SR ik - Sipk)

(22)

wherein the constants Pl ik (t =1, 2, 3, 4) may be arbitrarily selected. For this con-

dition the stroke is always’ less than or equal to Sgp ik because of the way Sp i,k is
¥J 132

reset at the completion of a period of contracting which necessarily precedes a period

of extending. Figure 7 shows an example of how the quasi-static force might vary with

the stroke SR,j,k - Sj,k-

Figure 7.- Quasi-static force diagram for strut contracted but extending.

When the second condition holds, the equation for the quasi-static force is:

Fs,i,k = “Ks(5),k - So,1,x) (23)

where Kg is an arbitrary positive constant.

Representing Forces for the Model of Reference 1

The preceding relations between the magnitude of the shock absorber force and the
dynamic state of a strut were established with the following three objectives in mind:
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(1) to represent constant force crushing and free extension characteristic of the alumi-
num honeycomb shock absorbers used on the model of reference 1, (2) to represent
measured elastic characteristics of the model, and (3) to represent, in a gross way,
energy dissipation due to causes other than crushing of the honeycomb to prevent unreal-
istic bouncing of the idealized system.

Constant force crushing.- To accomplish the first objective, the constant Fee ik
»
of the rate-dependent force is set equal to the force at which the honeycomb crushes,

and the constants FEC ik Frg i,k and FCE,],k are assigned relatively small values
for a nominal representation of frictional resistance to strokmg produced by the bearings
in the strut. The constants SEC i ko SEE i ko SCC i, ko and SCE ,j,k are assigned
values greater than zero but small compared with the average stroking rate of the shock
absorbers. With these settings, the shock absorbers will operate on the constant-force
parts of the rate-dependent force diagrams except when stroking rates are very low.
When stroking rates are very low, it is desirable to operate on the sloping part of the
rate-dependent curves in order to avoid an annoying problem in numerical integration of
the equations of motion. The problem is an oscillatory instability of the calculated
stroking rates Sj,k which is encountered when very large forces occur simultaneously
with very small stroking rates so that the sign of a stroking rate may change on one time
step and change back on the next time step.

Elasticity.- For the second objective, the constants Sg jk and Pl,j,k are

chosen for all struts to represent insofar as possible the elas’tgé behavior of the model.
Since there can be significant elastic deformations of the body as well as of the struts
and shock absorbers, the validity of such a representation is open to question. This is
an important limitation arising out of the simplifications made in the analysis. Refer-
ence 1 describes in detail a procedure used to assign these constants for the test model.
The procedure involved a series of static load tests of the model with various leg struts
removed. In spite of the questionable aspects of the representation, the procedure
resulted in good predictions of the outcome of test impacts in which elastic rebound was
a significant influence.

Damping.- It is noted that for the idealized system, there may be an axial elastic
force in a strut which is contracted with respect to the reference length only when the
strut is extending. If a strut is contracted with respect to the reference length and is
contracting the full crush force, FCC,],k resists the stroke unless the stroking rate is
less than the constant SCC i,k As discussed previously, SCC ik is set very low com-
pared with the stroking rates expected throughout most of the impact. The elastic force
must be lower than the crush force. Therefore, for any appreciable loading rate, it
takes more energy to compress a strut spring than is given up when the spring unloads.
As a result, elastic action is damped. This representation is not realistic. A strut
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containing a crushable aluminum honeycomb shock absorber both loads and unloads

elastically with a period of crushing between if the loads get high enough. Energy losses
other than those caused by crushing of the honeycomb come about in diverse ways. How-
ever, the representation described here has been found to be an easy way to provide
some damping for the idealized system during that part of an impact history during which
loads have subsided to the point where the honeycomb in the shock absorbers no longer
crushes. If such damping is not provided, the idealized system will bounce erratically
throughout this period. This result is contrary to the behavior of the model of refer-
ence 1 during test impacts. There the motion was quickly damped to that of a smooth,
essentially rigid body, pivoting about one or two feet pressed against the landing surface.
Unrealistic bouncing can result in erroneous predictions as to whether the model will
overturn as the result of an impact. Representation of the elasticity of the model is not
marred by removing the elastic forces from the compressive part of the stroke. Elastic
action of the model appears to be significant only during a few initial relatively hard
impingements of the feet on the landing surface. On the compressive part of the stroke
during such an impingement, the strut compresses through the elastic part of the stroke
so quickly that it does not matter what representation of the force is used. The primary
effect of elastic forces comes as they impart a push to the vehicle during extension of a
strut.

Quasi-static force for an extended strut.- The force given by equation (23) is not
considered to be of very general interest. It was included in the programing in order to
keep struts from extending beyond their original lengths since the struts of the model of

reference 1 could not do so. A force which was linear in the extension rather than a
step force was chosen to avoid instability in the numerical integration of the type dis-
cussed previously. The force acts only if the strut is extending, and it opposes exten-
sion. Consequently, it can only absorb energy and can never add energy to the system.
This aspect of the programing is important because the constant Kg must be set very
high to prevent substantial extension of the strut. If the force is programed as a spring
which can return energy to the system, lightly damped high-frequency oscillations may
be introduced into the calculated motion and cause difficulties in the numerical
integration.

Total Forces and Torques

The space system components of the total force acting on the body are computed
by the equation

j=4 k=3
FeFyFz= ) z<FHX,1,k’FHY,3,kFHz,J‘,k) (24)

Kl
-y
s
ll
—
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The body system components of the force acting on the body at a hard point are

denoted by FH& i,k FHn i,k HC ik and are related to the space system components

of the force by the equatlon

-
( .

FHE K
FHn,i,k P,q

FHe,j,k

FHx,j,k
FHvy,ik (25)

FHz,j,k

The body system components of the total torque acting on the body are given by

the equations:

j=4 k=3

Ne=) ) (72,3, rE, 3,k ~ S5,k B, 1,) (262)
j=1 k=1
j=4 k=3

N = F - L Fr 26b

n Z ( »1,k7 HE, j,k EH,J,k HC,J,k> (26b)
j=1 k=1
j=4 k=3

N, = . .F - .. F . 26¢c

¢ (511,1,k B,k ™ 73,5 He ) (26¢)
j=1 k=1

EQUATIONS OF MOTION OF THE FEET
Considerations Related to Landing Surface Planes
Equations of planes.- The landing surface plane associated with the jth foot is

described by an equation of the form:

AX,jX + AY,jY + AZ,jZ + A]. =0 (27)

where A X, A A

Y, i Z]and AJ

are constants which may be artibrarily selected.

The equatlon is rewritten with normalized coefficients as follows in order to avoid
ambiguity in specifying the position of a point in space relative to the plane:

We  X+W, .Y+ W

X,] Y,] Z,]
where

Wy W W W. =

'Ax,j|<Ax,j’AY,j’Az

Z+Wj=0 (28)

|
)’ L

(29a)

X,

Y, i’ 2,7

Az’j\[ (Axif + Ay, + (A2,

(AZ’]. # 0)
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A.

)

"AY,ﬂ(Ax,j’AY,j’Az,j’ L)
w W W, .. W. =

(Az;=0 Ay;+ 0)

XY,y UL, ) 5 5 3 )
AY\]AX + AY, + AZ,
]+ () o
—IA ‘(A Ay A Aj)
WX,]’WY ]’WZ,]’W] = X)] X)]’ Y’]’ Zy]’L <AZ ] :0, AY]':O, AX] #_0)
’ 2 \2 2 ’ ’ ’
Ax,j\f(“x,j) * (Ay )+ (Ag,)) 250

Normals.- The vector WX .,WY j,WZ i is normal to the landing surface plane
’ >
associated with the jth foot. Asa result of the normalization procedure just described,
the normal is a unit vector directed as follows:

(1) If the jth plane is not vertical, the projection of the normal on the Z-axis points
in the positive Z-direction.

(2) If the jth plane is vertical but not parallel to the Y-axis, the projection of the
normal on the Y-axis points in the negative Y-direction.

(3) If the jth plane is vertical and parallel to the Y-axis, the normal points in the
negative X-direction.

Surface and subsurface sides of a plane.- A landing surface plane divides inertial
space into two spaces, one into which the normal is directed and one out of which the
normal is directed. Points lying within the space into which the normal is directed are
said to be to the surface side of the plane. Points lying within the space out of which the
normal is directed are said to be to the subsurface side of the plane.

Distance of a point from a plane.- Let the symbol Hj denote the length of the per-
pendicular from a general point X,Y,Z to the jth landing surface plane. The distance

is considered positive if the point is to the surface side of the plane and negative if the
point is to the subsurface side of the plane. The following formula then gives the
distance:

H:

Z,jZ + W] (30)
Normal and tangential projections of a vector.- If the space system components

QX’QY’QZ of an arbitrary vector are given, it will be necessary to resolve the vector

into the sum of a vector normal to and a vector tangential to the jth landing surface plane.

The components in the space system of the normal and tangential vectors are, respec-
tively, NX,j’NY,j’NZ,j and TX,j’TY,j’TZ,j and are readily computed with use of the
following relations:
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z2 2 Z
N < M
. .
0
l
)
O L L
N o X

Np,a,j (312)
TX,' i i QX
Ty = Tp,q,j Qy (31b)
Ty, I | Qyz
where
(Wx,1) Wx3)(v,i)  (Wx.1)(Wz,i)
Mo Mx)s) (et pve) e
(Wxi)Wz) (Mvi)(Mz)  (Wza)

- .

e e ) - () ()
(Tp’q’ﬂ= (k)W) RWX,]'>2+(WZ,j)2] -(Wy,5)(Wz,3) (320)

M) (Wa) (M) () ()]
i L !
Free and penetrating foot.- The following definitions are made to facilitate concise
statements regarding whether a foot is interacting with the landing surface material.
The jth foot is said to be free if any of the following conditions hold:

(a) The foot is on the associated landing surface plane

PN PY |

(b) The foot is to the surface side of the plane

Wx,iXF,j + Wy,jYF,j + Wg,j2F,j + W >0 (34)

(c) The foot is to the subsurface side of the plane; and at the same time, the veloc-
ity component of the foot normal to the plane tends to carry the foot toward the plane
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WX,3XF,] + WY,]YF,] + WZ,]ZF,J + W} <0 (353)

b A1 SRl SL5 SRR ALS NE (35b)
The jth foot is said to be penetrating if it is to the subsurface side of the plane, and at
the same time the velocity component of the foot normal to the plane is either zero or
tends to carry the foot away from the plane

WX, Wy iYr,i Wz i2r,; +Wj=<0 (36a)

]

Forces on a Penetrating Foot

When a foot is penetrating, it is considered to interact with the landing surface
material and thus produces a force on the foot. Additional forces act on the foot through
the three struts bearing on it. The force caused by the interaction with the landing sur-
face material is considered to be the resultant of three separate forces termed the
quasi-static normal force, the dynamic normal force, and the dynamic tangential force.

Quasi-static normal force.- This force acts normal to the landing surface plane

associated with a foot and may therefore be expressed for the jth foot as

Frnsx, i Frnsy, i Frnsz,i = Frns, i (WxpWy,i Ve, ) (%)

Here FFNSX,j’ FFNSY,j’ and FFNSZ,j are the space system components of the force,

is a scalar, and WX Nt WY §? and W, . are the components of the unit nor-
’

FENs,j Z.,i
mal vector previously defined. The scalar FFNS is taken to be a cubic function of
the variable D.: which is defined to be the absolute length of the perpendicular from the

J
jth foot to the associated landing surface plane.

2 3
F =K, .D. + K, D + K, .D: 38
FNS,] 15] ] 2’] ] * 3:3 ] ( )
where the coefficients Kj i (i =1, 2, 3) may be arbitrarily assigned. From equa-
tion (30), D; may be computed by the formula
Dy = |W ,]XF,] + Wy JYF + Wy L2 GZE T Wj (39)

Dynamic normal force.- The space system components of this force are denoted

FFNDX,j’ FFNDY,j’ and FFNDZ,j' The force is proportional to the component of the
velocity of the foot normal to the associated landing surface plane and acts in the direc-
tion opposite to that of the normal velocity; that is,
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-1 (5 ; /
Frnox,; FrNDY,p FENDZ,i = Ry j (XFN,j’YFN,j’ZFN,j) €0
’

where Ry . is a positive constant to be arbitrarily assigned and XFN i YFN i and
ZFN ,j are the space system components of the normal velocity of the foot. By
equation (31a),

X i (%
FN,j F,j

Yen,i? =1 Npai Y ; (41)
FN,j i JUF)

The dynamic normal force has the character of a frictional resistance to penetra-
tion into the landing surface by the foot. The constant Ry j has the character of the
reciprocal of a viscosity constant.

Dynamic tangential force.- This force is the tangential counterpart of the
dynamic normal force. The space system components of the force, denoted

FFTDX,]’FFTDY,]’FFTDZ,]’ are given by the equation

-1

FFTDX,j’FFTDY,j’FFTDZ,j - RT,]- (XFT,J"YFTJ’ZFT,J'> (42)

where R+ . is a positive constant, and X s Y ., and y/ ; are the space sys-
T,j FT,p “FT,j FT,j
tem coordinates of the tangential velocity given according to equation (31b) by

B I (%
F,j
=l Toai |{YR; (#3)
7 .
_ JUF

Force through the struts.- The force acting on a foot through a strut is equal in

magnitude but opposite in direction to the force FuxiwF i wFHz 5k Which is

»J,K " HY,j, '3y
exerted through the strut onto the hard point at which the strut is attached to the body.
Therefore, the space components FFLX,j’ FFLY,j’ and FFLZ,j of the total force on
a foot through the three struts bearing on the foot may be computed by the formula

k=3

F (44)

FLX, ¥ FLY, FFLZ, =~ Z Fax ik Try ik Fuz,ik
k=1
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By using equations (31a) and (31b), this force can be resolved into a force normal to and
a force tangential to the associated landing surface plane with space components given
by the respective equations:

~ - ~

FRINX, FrLx,;
Friny,ib =1 Np,a,i Frry,; (45a)
FriNz,j FrLz,;

L ] _

- - N
FrLTX,] Frix,i
FrLTY i Tp,q,i FrLY,j (45b)
Ferrz,; Frrz,;

Equation for a Penetrating Foot

Summing the forces on a foot in the normal and tangential directions gives the fol-
lowing equations:

XFN,j? YFN,j? 2FN,j ~ FFNs,jRN,j(Wx,j’wY,j’Wz,j) + RN,j(FFLNX,j’FFLNY,j’FFLNZ,j)

(46a)

Z F

Xpr,p VP, 27T,; = 1, (FFLTX, 3 FLTY,y FFLTZ,j) (46b)

Adding equations (46a) and (46b) gives

XF,j FNS, i, (W

.

Ypplp;=F W

X, i’ LW

Y, + Ry, -

F,i ZJ) NJ(FFLNXJ’FFLNYJ’FFLNZJ)

‘*RTJ(FFLTXJ’FFLTYJ’FFLTZJ) (47)
Equation (47) is the equation of motion for the jth foot when the foot is penetrating.

Equation for a Free Foot

For computing the trajectory of a free foot, it is assumed that the lengths of the
three struts connecting the foot to the body remain fixed so that the foot moves as a
rigid extension of the body. Let gF j’nF j’CF i denote the instantaneous body coordi-
b b ki

nates of the jth foot. From equation (2)
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EF,j I | XF]

MF,j) = %,q Y (48)

CF’j L n ZF,?
Suppose that at a specified time t(f) a foot has just become free. This time may be
the initial time or a later time following a period of penetration. The space coordinates

of the foot at this time may be presumed to be known and are denoted by X(If?) j’Yg)"Zg‘)j'
’ 5] ’

The corresponding body coordinates are denoted by g(f)j, ng)j, and C(I?j and may be
’ b ’

computed from equation (48). The body coordinates of the foot remain fixed as long as
the foot remains free. Therefore, during this time the space coordinates of the foot may
be computed from equation (4) as

) ( T - . M )

XFJ E%?j X0

Yp i) = 50.q { T’(Ff*zj + (Y, (49)
£

oy | IR

Equation (49) is the equation of motion of the jth foot which is used when the foot is free.
DIMENSIONLESS EQUATIONS

The purpose of this part of the paper is to convert the equations of motion and cer-
tain auxiliary relations into equivalent dimensionless forms. Working with dimension-
less equations of motion facilitates the application of results to both model and full-scale
versions of a vehicle as is frequently necessary in studies of lunar landing dynamics.
Also, replacing time by a dimensionless variable allows one to rely to some extent on
previous experience in sizing the time step for numerical integration of the equations of
motion,

Definitions of Dimensionless Quantities

The symbol for a dimensionless quantity is generally formed by adding the letter
B to the subscript in a corresponding dimensional quantity. (The only exceptions to
this rule are the dimensionless quantities defined by equations (56a) to (57) and quantities
such as UX,j,k’UY,j,k’UZ,j,k and WX,j’WY,j’WZ,j which are dimensionless as
defined.)

27



Time.- Time t is replaced by the dimensionless variable tp where

_ 8
= fE

and L represents some characteristic length. An asterisk denotes differentiation

(50)

with respect to tg.

Lengths, forces, and velocities.- Lengths, forces, and linear velocities are ren-

dered dimensionless by dividing them, respectively, by 1,, Mg, and \fg_L For example,

Lengths:
1
XoB = T %o
Forces:
Foo=—F
Velocities:
X 1%
FB,j = gL Tl

The dimensionless quantities arising in this manner (and denoted by subscript B)

are as follows:

28

From lengths 7 From forces - From velocities
XB’YB’ZB FxB:Fys Fzp : VOXB’VOYB’VOZB
£p:p'p FuxB, i,k FHYB, i,k FHZB, j,k XOB’YOB’ZOB
XoB' YoB:Z0B FuB,j,k SB,],k
épplpR SpB FRB,jk XHB,],k’YHB,] wZHB ik
XpB: Ypp:ZpB F$B,i,k | fECB,],k
XFB,j YFB,j»2FB, Frcs,jk : §EEB,j,k
XHB,j,k’ YHB,j,k’2HB,j,k | F'EEB, j k 3CCB,jk
§HB,j,k’™HB,j,k’ CHB,j,k | TCCB,jk SCEB,],k
SB,j,k FcEB,j,k XFB ]’YFB ]’ZFB j
SEB,j,k FyeB,j,k FHnB, i,k THEB, | k
SRB,j,k FENSB, i
SoB,j,k Frixs,i? ' FLYB,j FFLZB, j
SsB,j,k FrLNxB,j T FLNYB, i FFLNZB, |
WB,j FFLTXB,j’FFLTYB,j’FFLTZB,j
Hp |
Dp
§FB,j""FB, " *FB, j




Additional quantities.- Miscellaneous additional dimensionless quantities necessary
for remaining developments are defined by the following equations:

* * * 1/ . .
Voxs'Voys Yozs = E(VOX’VOY’VOZ> (52)
w w W = \jilw W o,w (53)
3 eB = g (Vo)
oox ok L.,
N,o,N N, =L Ne Ny Ne (55)
EB BB T g \T T Te

-1
Lewlees = E(In’lzg> (562)

1
“In 56b

-1
Leem Ty = 1 (1) (560)

1

L1
PB,jk = Mg Ll,ik t=1,23,4) (58)

L
KsB = yg Xs (59)
LK 4 .
®B,i,j = Mg (i=1,2,3) (60)
g
RNB,jRTB,j = M\(; (Bx, R, 5) (61)
1

EKB = pgT FK (62)
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Dimensionless Form of Equations of Motion of Body

The following dimensionless form has been adopted for

the equations of motion of

the body. These dimensionless equations are readily derived from equations (9a) to (12)

with use of the definitions of dimensionless quantities which have been established in

this part of the paper.

*

XoB = VoxB (632)
*
YoB = VovB (63Db)
*
ZOB = VOZB (63C)
*
*
*
*
w;p = wan§B<InEB - IC&B) + NEB (64a)
*
w.B = wCBw ¢B (ICUB - IgnB> + I\-nB (64b)
* \
Wep = wngnB(IECB - IUCB> + I\K’B (64c)
* [ siny cos ¥/ W
ﬂ s Sin 6 011«
x | .
i ) :1 cos Y -sin Y 0 w B (65)
Y | _cos @siny _cos 0cos Y 1w
L sin 6 sin ] B
Xpp - X0B PB
Ypg - YoBY = %p,q PB (66)
ZpB - ZoB ‘pB

Dimensionless Form of Equations of Motion of Feet

The dimensionless forms adopted for the equations of motion of a penetrating foot

and a free foot are, respectively,
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* *
XFB,j’YFB,j’ﬁFB,j = BB, iFrnss,i(Vx, i Wy, Vz, i)

+ RNB, j (FFLNXB,j’FFLNYB,j’FFLNZB,j)

+ Rrp,; (FFLTXB,j’FFLTYB,j’FFLTZB,j) (67)
XFB, j &FB,] Xop
= (f)
YrB,j[ = %,q Trg,i0 + | YoB (68)
, et)
?FB’! L | FB,] kZOB

These equations are derived from equations (47) and (49).

Dimensionless Form of Auxiliary Relations

To facilitate working with the equations of motion in dimensionless form, a number
of the relations established in the preceding sections are rewritten here in equivalent
dimensionless forms:

From equation (13):

_1/,2 2 1 2 2
Eksp = E(VOXB +*Voys * VOZB> ( tBY:B * BB * Bep? CB> (69)

From equation (14):

1/2

2, (ZHB,j,k - ZFB,].>2—J (70)

— - 2 -
SB,ik = [(XHB,j,k XFB,j> + (YHB,j,k YFB,j>
From equation (15):

* 1 * *

Sh ., =0—I(X ., - X A X .= X .

B,1.k sBjk[( i,k Xrm ) Kem, 1. - Xep,
32

*
HB,j,k ~ ZFB,j)J
(71)

* * *

* (Yap, i - YFB,j)(YHB,j,k ) YFB,j) * (%mB,3% ~ Zrp, (z
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From equation (16):

1

-
Ue . Uo o Up o2 (X o = Xy b (Yorm s v~ Yom s (Zun s 1 - Zog

X5,k 7Y,k 72,1k SBjkL< HB,j,k FB,J)’( HB,j,k FB,J)’( HB,j,k FB,J)]
(72)

From equation (17):
Frxs,j ke Fuys i, Fuzs,jk = FuB,ik(Ux,,1 07,k Uz,i,x) (73

From equation (18):
SsB,1,k = SRB,j,k ~ 5B,1,k (74)

From equation (19):
Fup,i,k = ¥sB,i,k * FRB,jk (75)

From equation (22):

2
F .y, =P . P o (S Ly = S . P . S R .
sB,i,k = PB,1,i,k * PB,2,1,k(3RB, i,k ~ 5B,1,k) * PB,3,i,k(SRB,ik ~ 5B,k

3
+Pp 45,x(5RB,i,k ~ 5B,i,K)
*
(0% 5Rm, 5k ~ Sp,1, = SEB,j¢ 0 < SB,1) (10
From equation (23):
< _ . *
FsB,ik = "XsB(Sp,i,k ~ S0B,ik) (0= 5p, 1.~ Som,j6 0 <5,k (17
From equation (24):
j=4 k=3
_ N
FxpFyp'Fzp = z /, (FHXB,j,k’FHYB,j,k’FHZB,j,k) (78)
i=1 k=1
From equation (25):
FyeB,ik FHxB,i,k
FyuB,ik %,q FuyB,jk (79)
FHtBrjsk L FHZB,jyk
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From equation (26a):

z S F -t F
B g ("B, 1,k HEB, i,k ~ SHB,i,kFHyB, j k)

IIMH

From equation (26b):

[I&)

j=4 k=
_1
B

k=1 7

m\% L

. Ly - . . F .
(Shp, 1, kP HeB, 1,k - fuB,j,kFres, 1)

w

J

From equation (26¢):

)

3

o
1l
<8

k

1

;1 F L - . F .
Bep (B, kP BB, ik e, kP12, 1K)

@
n
]

k=1

1

h"h
[SY

From equation (28):
From equation (30):

)

From equation (38):

D3

D2
= K + K . .
B,j B 2,1 B,j * B,3,J B,j

D

Frnss,i * KB 1,

From equation (39):

D W, . X + W, .Y +WZ +W

B,j ~ |"X,j" FB,j Y,j"FB,j Z2,]"FB,j B,j

From equation (44):

k=3

FrLxs,pFrLys,pF

FLZB,j= " kzl Fuxs,j,k FHYB, i,k FHZB, i,k

(80a)

(80b)

(80c)

(81)

(82)

(83)

(84)

(85)
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From equation (45a):

FFLNXB,j FrLxB,;
FeiNyB,i/ =  Np,aj FrLYB,j (86a)
FFLNZBj) | FrLzB,j

From equation (45b):
FrLTXB,j |
FrLTyB,i) =| TP (86D)
FrLrzB,j

NUMERICAL INTEGRATION OF EQUATIONS OF MOTION

A brief discussion of the basic ideas involved in the numerical integration of the
equations of motion is given in this section.

Recurrence Equations

The fundamental equations used in the integration are the following equations
which form a set of recurrence equations. A superscript (n) indicates that a quantity
is computed by or is otherwise associated with the nth of successive applications of the
recurrence equations. The quantity Atgl) is the increment of dimensionless time used
on the nth application.

60,72 - (e D, 25 D) » o) (K50 ¥, 265") @72
V) Vs vE)e - (VS ViR vEsR) + s (VSR IGRVEER)  em
Bl - (o550, f50) e (550,552,557 @10

XGh 180 28% = (v8ke vk VShn) 80
T8k P Skn Y 8he = (PP FS - (88
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*
wgg = wggwgg (177 B~ L £B> + N(gg (89a)

“’7(713 = w(g]l_,))wgg (ICUB - I&nB) + Ngg (89D)

Z’(ﬁxg - wé’Bwf{B (Teem - Tye) * N(gr}_:); (89c)

If foot j is penetrating at tgl_ 1)

X y®  gm <X(n—1) ¢(n-1) z<n-1>>+Atg>(§<n-1> $n-1) ;<n—1>> (90)

FB,i’ FB,j?”’FB,j - \*FB,j»Y FB,j"ZFB,j FB,j’ YFB,j*“FB,]

L) Em) M) _ (n-1)
XFB, i YFB,p 2 FB, = Fnm,iFrnss,j (Wx Wy, Wz, j)

(n-1) n-1) (n-1)
*+ RN, j <FFLNXB,j’FFLNYB,j’FFLNZB,j

(n-1) (n-1) (n-1)
*Ryp <FFLTXB,j’FFLTYB,j’FFLTZB,]‘ (91)

If foot j isfree at tg‘- 1)

) | ) el
RO W50+ (v (922)
2r;) | BIG%  A
Wl )
gk"%11)3,]' = 31(3?21 nglg’lj) + Vgg)(B (92b)
?gl%,L C%’ég Yg%B/
If foot j isfreeat I andfreeat t{"1
)0 ) aeD) aeD) o) o3

FB,j’'FB,j’>FB,j =~ °FB,j’" FB,j’*FB,]
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If foot j is free at tgl) and penetrating at tgl' 1) or if foot j is penetrating at tgl)

- ~ (i .
G2 X0% | - X0
Wi % v - v, o)
5%1)3,1 i | kzg‘r‘ll)B,j - 2811)3

Auxiliary equations, for example, those relating forces and torques to the system
variables, are used in the integration. Also, on each step a series of tests is performed
to establish the dynamic state of each strut so that operations such as selection of appro-
priate force equations and proper setting of reference lengths may be performed. The
auxiliary computations and tests are not shown here but are described in complete
detail in the section "Programing Instructions.”

Relation to Euler's Method

The integration scheme is practically identical to the classical straightforward
method of Euler. (See ref. 9.) It differs from Euler's method only in the following
respect;:

Euler's recurrence scheme, stated for simplicity for a single-degree-of-freedom
system with dependent variable «

& = f(otp) (95)

amounts to the following:
) _ D), )30 962
A0 f<a(“),tg‘)> (96b)

However, if rate-dependent forces are considered, the single-degree-of-freedom analog
of the dimensionless equations of motion does not take the form of equation (95) but is
rather

&= 1(ey ,tp) (97)

The variable & on the right appears because the forces and torques may depend upon

the rates of change of the strut lengths. Thus, Euler’'s method is not directly applicable
*

because ¢« is not an explicit function of o« and tg.
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To get around this difficulty and yet preserve the basic simplicity of Euler's

method, the dimensionless foot velocities igl]%,j’?[g%,j’%g‘%,j for a penetrating foot

are not computed as functions of the forces on the foot at tg‘) as would be required by
a strict application of equation (96b) but as functions of the forces at tg‘ -1) as equa-

tion (91) shows. Thus, the di sionless accelerations ik/'(n) {‘,(n) ikf(n) a\d
n WS, us, men cceleration oxs’Yoys'Vozp an
X () %(n) *(n)

EB' B B are partially dependent upon conditions at tg]-l) because the forces

(n) p(n) o) (n) () () ¥ () % (n)
FXB’FYB’FZB and the torques N&B’NnB’NC’B depend on XFB,j’ YFB,j’ and ZFB,j'

In contrast to Euler's method, therefore, the recurrence scheme depends on the informa-
tion at both tgl -1) and tg -2) in computing the system variables (X(Onl)a,Ygg,Zg%),

() vy (n) () @)  (n)
<VOXB’VOYB’VOZB > and W epiypsep)-
If rate-dependent forces were suppressed, that is, if
FEC,1,k FEE,j,10 Fee,iwFcE, ik = 0:0,0,0 (98)

and if on the right in equation (91) the superscripts n-1 were replaced by n, the
recurrence scheme would reduce to Euler's method.

Efficiency and Validity

The method for integration was selected because it is very easy to program and
because all the mathematical relations in the scheme may be interpreted physically.
Efficiency was not a primary consideration. However, discussions with other workers
in analysis of lunar landings have led the authors to believe that the method is relatively
efficient in regard to consumption of computer time compared with methods now in use.
About 2 minutes are required to compute an impact history with an IBM 7094 digital
computer. Although the recurrence equations as given indicate a variable time interval

Atgl), the authors to date have programed a constant time interval throughout an impact.
The computer time could probably be reduced by using a short time interval during the
initial part of an impact when accelerations are generally high and a longer one later
when accelerations have been reduced.

The authors are unable to offer any rigorous demonstration of the validity or accu-
racy of the integration method. The method has been tried on a number of systems
selected so that exact solutions for the motion could be computed, falling bodies, for
example. The approximate solutions have consistently been in good agreement with the
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exact when sufficiently small increments of the dimensionless time are used. Further
confidence in the method has developed as a result of the good correlation between ana-
lytical and test results reported in reference 1.

PROGRAMING INSTRUCTIONS

The object in this part of the paper is to provide instructions which expedite pro-
graming a digital computer to carry out the computation of an impact history. The
instructions are based entirely on relations which have been established in preceding
parts of the paper. A constant time interval is assumed.

Basic Organization

The suggested basic organization of computing is shown in block diagram form:

Input

e

{ Dimensionless

\ input
\' Initialization
) Dimensionless
As or
< required dimensional
‘ output
Number Integration
required cycle

_ |

A table of input information is read which describes the vehicle, the landing sur-
face, and the initial orientation and velocities of the vehicle. The input is converted to
dimensionless form by use of the definitions and relations in section "Dimensionless
Equations." Then initial values of all quantities of interest are computed. After ini-
tialization, the computation proceeds into the integration cycle. On each pass through
the integration cycle, the recurrence equations discussed in "Numerical Integration of
the Equations of Motion" are applied to advance computation of the variables of the
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system one step in time. As often as desired, quantities are extracted from the integra-

tion cycle as output. Sometimes, it is convenient to convert the output to dimensional
form.

Input
The quantities required as input are listed. The subscripts range as follows:
i=1,2,3,4; k=1,23; 1=1,234; i=123; p=1,23; q=1,2,3.
Gravitational constant: g
Characteristic length: L
Mass: M
Principal inertias: IS’IU’IC

Body coordinates of hard points: £y i,k T,k $q i,k
1J 3Jy 2Jr

. . 0) . (0) .(0)
Initial body coordinates of feet: ( . . .
y n gF’]’nF,],CF’]

Shock absorber constants:

ik

S .

E,ik

Fec,i,xTEE,j K Fec,iwFeE, ik

SEC,i, K EE, i, k5

Kg

cc,j,k’SCE, j k

Boundary plane coefficients: Ax ]-,AY j’AZ j’Aj
t4 b ’

Surface impedance coefficients: RN,j’ R ? and Kj j (Do not set RN i or
’ H

Ry i precisely equal to zero. In the present
bl

computing scheme, this procedure will cause
the feet to be locked onto the landing surface
plane. If infinite viscosity is desired, use very
small finite values for Ry ; and R ])
Initial space coordinates of center of gravity: Xg)),Yg) ),Zg))

" - do w0 $(0) (0)
Initial space components of velocity center of gravity: VOX’VOY’VOZ

Initial direction cosines of body axes with respect to space axes: ESI(JOZI
M
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Initial components of angular velocity referred to body axes: w(go),wg)),w(o)

Dimensionless time increment: AtB

Conversion of Input to Dimensionless Form

The computations necessary to render the input dimensionless are as follows:
1
I I =—(I,I
néB’ LB I£< n C)

1
Lepplenp = 1 (Toole)

~3

_1
Lep e = 1 (Lerly)
1
£4B, i,k HB, j,k SHB, 1k = T, (58, 3,k T8, i ko CH, 5, k)
© (O 0 _1/0) (0 40
£¥B,yIFB,j FB,j = E<£F,3’”F,3’CF,1>

LZ-—l

P . =—P, .
Bal’]sk Mg Z’]’k

1
SEB,j,k ™ T SE,j,k

1
FEcB,j, k0 FEEB, i,k T cCB, i,k FCEB, i,k = I\Tg(FEC,j,k’FEE,j,k’FCC,j,k’FCE,j,k>

SECB,j,k’ EEB, j,k">CCB,j,k’>CEB,j,k ~ oL (SEC,j,k’SEE,j,k’SCC,j,k’SCE,j,k>
_ L
KsB = 71 X5

_mE
R, Prs,; = M‘/; (RN,j’RT,j)

i
LKi'

KB:iyj = Mg

0 0 0 1 ((0) +(0) (O
Ky 182y« L0828

vO 4O 4O _ 1 (v<°> v (0

OXB’ "OYB’ "OZB ~ \fg—L ox " oYy OZ)



0) (0 0 L{ (0 0 0
el 0.0

Integration Cycle

The integration cycle is discussed before initialization because the necessity for
the steps in initialization is much easier to understand once the integration cycle is
understood. Upon entering the integration cycle for the first time, all quantities with
superscript zero will have been provided as input or computed under initialization.
Also the following quantities will have been computed under initialization:

Yx,iWy,»Wz 3 WB,j

[Np,q,j] and [Tp,q,ﬂ

Bip:Byp:Ben

Upon entering the integration cycle for the nth time (n > 1), all quantities with superscript
(n-1) will have been computed on the previous pass through the integration cycle.

The organization of the integration cycle is shown in the block diagram which fol-
lows. The circled numbers indicate the connections to be made from page to page.
After the block diagram are listed the relations and tests necessary to perform the
operations called for in each block. A block is identified by the number at the upper
left-hand corner,

Begin integration cycle

(1) r

Compute tgl)

(2)

Compute space coordinates

of the center of gravity
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(3) CP

Compute space components \
|

of velocity of the center |

of gravity ]

(4) Y

Compute body components

of angular velocity of
the body

(5 \

Compute Eulerian angles .

STOP UNLESS

Compute rates of Eulerizm:
angles

)

Compute kinetic energy

(8) \

Compute direction cosines

(9) \

Compute rates of direction
cosines

©,




®

(10)

For kth strut jth leg compute
space coordinates of
hard point

(11)

k=123

=

For kth strut jth leg compute
space components of velocity
of hard point

(12)

Test: Was jth foot free or
penetrating at

¢{n-1)4

(13)

Compute space coordinates of
jth foot using equations for
penetrating foot

(9 v

Compute space components of
velocity of jth foot using
equations for penetrating foot

Penetrating

(15)

For kth strut jth leg compute
strut length

} Free —

(25)

Compute space coordinates of
jth foot using equations for
free foot

26) |

Compute space components of
velocity of jth foot using
equations for free foot

i=1,234

(27)
For kth strut jth leg set
strut length equal to its

(n-1)
Hf/alue at tB

yy
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(16)

For kth strut jth leg compute
rate of change of
strut length

(17)
For kth strut jth leg compute
stroke
(18)

For kth strut jth leg compute
reference length, quasi-static
shock force and rate-dependent
shock force

(19) B
Compute space components of
force along kth strut jth

leg

(20)
Compute body components of
force along kth strut jth

leg

1,2,3

bl 4

(21) |

of the jth leg

Compute space components of total
force on the body through struts

(22)

Compute body components of total
torque on the body through struts

of the jth leg

—

o
®

44

(28)

For kth strut jth leg set
rate of change of strut
length equal to zero

(29)

For kth strut jth leg set
stroke equal (o its value

at t n- 1)

(30) i

For kth strut jth leg set
reference length equal to

strut length

e e e e

(31)

2,3

Set eq{;z;l'lwt'(')”zerc) the space
components of total force
on body through struts

(32)

Set equal to zero the body

components of total torque

on the body through struts
of jth leg

®

j=1,234

j=1,2,34

(1)



®

(23) ‘

Compute magnitude of quasi-static
normal force on jth foot

24)

Compute space components of
normal and tangential
forces on jth foot
through struts of

the jth leg

(33)

Set equal to zero quasi-static
normal force on jth foot

(34)

Set equal to zero space
components of normal and
tangential forces on jth
foot through struts of
the jth leg

(35)

Compute signed distance
of jth foot from jth
landing surface plane

(36)

Compute velocity of jth
foot normal to jth
landing surface
plane

(37)

|

, Test: Is jth foot penetrating
‘ or free?

l-—Penetrating

©

Free

10

j=1234

bt A §

@)
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(39)

(38)
Test: Was jth foot penetrating
at tg'l)?
- Penetrating— 1 Free - —»

(40)

i=1

Compute body coordinates

Set body coordinates of jth

t e thei
of jth foot foot equal to their values

(n-1)
L ?t tB

r o

46

2,3,4

b A e |

_(41) \
Compute space components of

total force on the body
through all legs

(42)
Compute space components of%

acceleration of the 1
center of gravity |

——

(43)
Compute body components of

total torque on body
through all legs

(44)

Compute body components of

angular acceleration of
the body

End integration cycle




BLOCK 1:
(n) _ ,(n-1)
tB = tB + AtB

BLOCK 2:

-1 -1 -1 - - _
Kb b 2(5) =i, v(55 0, 2855 « vl v vies )
BLOCK 3:

-1 -1 -1 * -1 * fo_ * -1
Vo Vs Vs - (Vgxg VOTH ’Vglzs)> +Atg (VgXB) ’VleIIB)’VngB)>

BLOCK 4;

(n) (n) (n) -1 -1 -1 *(n-1) *(n-1) *(n-1
el () .50,

BLOCK 5:
60,00 ) _ (50D 40D (-1} 5 (301 1) 3 a-1)

BLOCK 6:
ol [ e o
) = cos _sin (@ 0 wa;g
i(n)‘l ~cos g(")s(in) y _cos g(“)c(os y® ] o)
. sin g(n sin 6(n) J{¢B
BLOCK 7:

=3 -3 (v + (V5" (V83

2 2 2
1
+ 5[}383 (wg‘}%) + BnB(“’v(;g) * Prp <w§’3>]
BLOCK 8:
6§n)1 = coS w(n)cos <Z>(n) - cos 8™sin <1>(n)Sin ‘P(n)
égn)z = sin yMgin o®
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BLOCK 8 — Concluded:

(ln% = ~COS v,b(n)sm rb( ) - CcOos G(r‘)cos qb(n)sin z,&(n)

6(2n)1 = -sin z,b(n)cos (;’)(n) - cos 9(n)sin qb(ll)cos 1,'/‘(“)

G;n?z = COS w(n)sin 9(n)

£

’

= sin w(n)sin (b(n) - cos Q(H)cos cb( )cos L’/(n)
; )1 = sin 9( )sm qb(n)
g; cos O(H)

6?;1?3 = sin Q(n)cos gb(n)

H

BLOCK 9:

g(ln)l = _[COS Lb(n)sin dJ(n) + cos H(H)cos (b(n)sin lf/(n)] ’(;)(n)
+ ;Tsin O(n)sin (i)(n)sin z,(/(n)J E(H)

,(n)

- sinycos o™ 4 cos 6™sin 6(cos ¢/(“) (n)

S(H) = +[sin xp(n)cos B(H)} g(n) + [Cos w(n)sin O(ni J/(n)

g(n [cos u/(n)cos cb(n) - cos 9( )sm fb(n)sm (n ) (n)

+ |sin 9(“)cos ¢>(n)sin w(n)} 9(“)

I

+ sin l!/(n)Sin ¢(n) - cos 6™Weos cb(n)cos ’(n)lll/(n)

[

6(2n)1 = {sm z,b( )sm (b(n) cos G(n)cos c‘)(n)cos :,L(n)} qb(n)

+ Lsin H(H)sin <;b(n)cos z,l/(n); ’5(“)

- [cos z,!/(n)cos qi>(n) - cOoS {?(n)sin dJ(n)sin u/(n) J/(n)
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BLOCK 9 — Concluded:

ggn)z = [cos lp(n)cos G(H)J E(n) - [sin d/(n)sin G(H)J ;L(n)

B

ggné = [sin w(n)cos qb(n) + cos G(H)sin qb(n)cos z,b(n)] Zﬁ(n)
b !_ . .
+ fsin Q(n)cos cb(n)cos z,l/(n)J 9(n)
 1c0s ¥ Dsin o 4 cos (Mo 3Mgin o] 30

0 < [sin 60cos 6|50 [cos o@giy 5] 30

3,3
BLOCK 10:
r ™ ) ~ e =~
X T (e %)
HB,jk| | HB,j,k OB
f
(n) | (n) (n)
YHB,j,k/ ~ | %p,q "HB,jk/ * |YOB
Fz(n) . | g . Z(n)
HB,jk| | | UHB,jK OB,
BLOCK 11:
k) ) 1T (1, (n)
B, j,k (‘fHB,j,k Voxs
% (n) _ *(n) (m) |
YuB,ix) = %p,a "B,k * {VoyB
% (n) (n)
“HB i k CHB,j,lﬂ Vozs
. Eth | HERN

BLOCK 12: The foot was free if either Hgl_jl) 20 or Vl(\%lj) > 0; otherwise, the foot
. )

b

was penetrating.



BLOCK 13:

n M @ _ (n 1) (n-1) _(n-1) (n-l) *(n-1) *(n-1)
XpB,iYFB,ZFB,j = \XFB,j’ 'FB,i"2FB,j) * *'8\X¥B,j»YFB,j"2FB,j
BLOCK 14:

() 3n) (n) pl0-1)
XFB,j’ FBJﬁFB] RyB,iF FNSB,](W 7 Vy, WYz, j)

(n-1) (n-1) (n-1)
¥ RNB,j<FFLNXB,j’FFLNYB,j’FFLNZB,j

(n-1) (n-1) (n-1)
+ RTB,j(FFLTXB,j’FFLTYB,j’FFLTZB,j

BLOCK 15
<@ <« m \2 [ m 2 () w
SB.j,k = ( HB,jk XFB,j) + (YHB,j,k - YFB,j) * (ZHB,j,k - ZFB,j)
BLOCK 16:

*(n) 1 (n) (n) (n) (n)
SB,ik = O (XHB ik XFB,]’)( XHB,jk XFB,])
B,J,k

0 y® 5 g
+(YHB,]-,R )ﬁfﬁls,], nB,j>

(n) (n) \[x(n) * (n)
(ZHB ik ZFB,j><ZHB,j,k - ZFB,]‘)

BLOCK 17:
(n) m-1) ()
8B, i,k = SRB,j,k ~ 5B,j,k

BLOCK 18: The following table gives conditions and the operations to be performed when
all conditions in a row of the table hold. Test first to determine whether the first condi-

tion holds; all other conditions are mutually exclusive.
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Contracted | Contracting
(n) *(n)
SsB,jk” 0] Spjk 70
--- No
Yes Yes
I
|
i
Yes Yes
|
!
|
!
|
Yes Yes
! |
T :
i |
|
\
|
: Yes Yes
|
i .
‘ \
i
Yes ' No

Conditions

Elastic
0- s

No

Yes

SB,j,k S

- g

7]

‘ SB,j,k‘

.
5B,ik

§

B,k

B,j,k ~ ”B,jk

.
B.j,k' “SceB,jx

Scen,ik

* o,
5B,i,x| “ SceB,jx

Sce, ik

(0

*

¥

CEB, j,k

Do operation
(n) _gln-1)
SRB,j k = 5RB, j
(n)  _ (0) (n)
FsB.j.k = ¥sB|SB,j,x - Sn.jx
(n) B
FrB,jk =0
(n} _on-1)
SrB,j,k = SRB,,k
(n)
FsB,k =0
&(n)
s
) "Bk o
RB,j,k S; CCB,j,k
CCB,j,k
M )
RB,j,k = 5RB,j,k
()
Fsp,jk =0
(n) _
FrB,jx = Foo,jk
(n) _on-1)
SRB,j,k = SRB,,k
(n)
FsB,j,k = 0
(n)
£ SBik
RB,j,k ~ " % CCB,j,k
SceB,jk
n) _gfn-1)
SRB.j,k ~ 5RB,j,k
(n)
Fel . . =0
S$B,j,k
{n)
Fra,j,k = Foes,jk
(n) _glr-1 i
RB,j,k ~ °RB,jk ‘
( 3
n) (n) (n) (n)
FsB,ik ~ PB,1,k * "B,z,j,k<ssa,j,k) ' PB,S,],k<SSB,J',k * PB,4,i,k(%5B,j,k
(n)
P SBik
RB,j,k =~ 35— — FCEB,jk
SCEB,jk
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o Conditions l
Contracted [ Contracting | Elastic | Do operation
{n) *(n) ] e | Other |
SsB,ik "0 1 OBk O Sspyk e,k i
: m -1
| SEB,j,k = SRB,jk
I
\ . S e ) 2 m P
Yes No Yos Smak SceBgk FsBk T Pt "nx?,x.'n(“s&],k) * pB,a,j,k(SSB,J,k) P4 k5581
f T
3 - PRBk T TFCEBGK
- 4 it 1
‘ {n) o) .
SRB.j,k* SB,ik * SER, ik
! (n) , f N v \3
Yes | No | N L | Fsmikc Pkt Pis o, (Bem ) Peus, ik (Ceik) * Ph,a.k(SEB, k)
< ° ° B,j.k © CEB,jk |
‘ i &(n)
‘ : po . Bk
RB,,k ¥ TUCEB K
SCEB.J‘k
i
H 1
‘ [ . n
‘ | SRB,k 7 3B,k TEn
i
Yes N No § § D i s L s P+P (s 3
es 0 e B,k “CEB,jk = SBik "Bk T B2 0 EB,J,k) B.3'J.k(‘ EB,j,k/ B,4.i.k\ EB,M)
| (n) _
i Frm,ik = "TCEB,ik
| ;
i ; -
i (n) _on-1)
| i SRB‘j_k SRR,j,k
|
| w(n)
; + * | F o= 0
: . | Fsm ik
No Yes | So.ik “Spenkl
! *(m)
‘ O SB,i,k .
| RB,j,k 7 7% 7T VRECOB LK
; Spe, Lk
3 |
f (n) L Gn-1)
‘ SrB,ik ~ SRB,ik
No ! Yes - : ; é i F(") =0
B,jkl  "ECB,jk ‘ SBjk”
: ‘ m
| | FrB,ik = "ECB,k
i 1‘
L(n) -1
! {9RB,k = SRk
()
‘ . . F -0
‘ . SB,i,k
No No S < Sern
W)
F I ST
‘ RB,jk ™% ~FrEBak
i SEEB.j,k
I
: (n) _ -1
i : SRB.\.k B 5RB,]J’.
\ : (i
. n)
No i No ‘ SB,.i.kl éEEB.j,k Fap,jkx =0
(-
‘ Frpik ™ FEED K
j i ;
i :
L B
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BLOCK 19:

M () () 1 [(, () () \ ([ (n) @ \/, 0 (n)
VX500 0 Uz k = [("I?B,j,k - XFI}B’J')’(YI?B,J',R - Y;B,j)’(ZﬁIB,j,k - ZFnB,jH
B,jk

(n) _ o(n) (n)
FuB,j,x ~ FsB,j,k * FRB,j k

(n) (n) (n) _ (n) (n) (n) (n)
FhxB,j, 0 FHYB,j, ko FHZB, i k = FuB,1,x\Ux 10Uy 3,0 V7, i k

BLOCK 20:

(m ) T 7 ()
FHiB,j k Fhxs,j,k

5 (n) F (n)

F(n) .
p,q HYB,j,

HnB,j,k

Vel
]
e
~"

(n) (n)
F . F
HCB,j k) ]

BLOCK 21:

k=3

(n) (n) (n) _ (n) (n) (n)
Fuxer,pFayer,yFazer,; = Z Fuxs, i, FHYB,j, 0 FHZB,j k

BLOCK 22:
W (0 (n)
n 1 n n
NeBT,j = kZI BgB(nHB,J',kFHCB,J’,k - CHB,j,kFHnB,j,k)
k=3

) (v) 5]

1

.= —_— P O . - . .

nBT, ] kZl BUB(CHB,J,k heB,jk ~ °HB,j,kFHEB, j K
k=3

(n) _ Z 1 (n) (n)
NeBT,j = L Bes *HB,j,kFHyB, i,k ~ "HB,j kT HEB, |k

BLOCK 23:

DL - l(wx,j)(xglr)s,j) * (WY,J‘) (Y(P%,J * (Wz,j)(zg%,i) ' WB,J"
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BLOCK 23 - Concluded:

G (n) ()2 (m)\3
Frnss,i “X¥B,1,iPB,i * ¥B,2,i{PB,i) *¥B,3,i\PB,;
BLOCK 24:

I T N .=-<F<“> O )

FrLxB, FFLYB, ' FLZB, ] HXBT, ' 'HYBT, " FHZBT, j
Fo ) [ 1 (F@ )
FLNXB, j FrLxB,
g0 _ (n)
(FRINYB,j| = Np,a,j JFFLYB]
Lo O
\_ FLNZB,j B 4 U FLZB,j
(n) N[ | (n) )
FrLTXB, ] FrLXB,j
(n) _ o
ﬁFFLTYB,j = Tp,q,i \ FeLyB,j |
o) )
Frirzs,i) | | \FrLzs,i
BLOCK 25
Y T 17 (-1} o)
FB,j FB,] B
(n _ (n) (n-1) (n)
YFB,j( ~ %,q \ "FB,i( * |YOB
(n) (n-1) (n)
AL ) Z
%FB,j) | | UrBj) |%0Bj
BLOCK 26:
- T
v ) ] (n 1)) ”V(n) )
FB,j FB,] OXB
e || i (n)
YrB,j( = %,q MFB,j [ * {Véym
*(n) (n-1) V(n)
ZFB,i) | J ¢r,i) Vozsl
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BLOCK 21:

BLOCK 28:

BLOCK 29:

BLOCK 30:

BLOCK 31:

BLOCK 32:

BLOCK 33:

BLOCK 34:

BLOCK 35:

BLOCK 36:

$(

(n-1)
B,jk = 5

B,j,k

(n)
§I;,j,k =0

(n) _ o(n-1)
SSB,i,k = 58B,1,k

(n) (n)
S . =S
RB,j,k B,j,k

Fgl})(BT,j’FI(?S){BT,j’Fg%BT,j = 0,0,0

NggLyNggnrNggTJ=(LQ0

Fg§SBJ=0

F%%NX&ng%NY&ng%NZ&j=Oﬂﬁ

F(P?I)_.TXB,]"FglI)JTYB,j’FglI)_.TZB,j =0,0,0

Hl(;,)j - Wx,jxgll)s,j ¥ wY,ng‘llz.’»,j * WZ,jZ(];‘l;B,' +Wg
(n) =W i(n) .’{{(n) LW %(n)

. .+ W . ) .
VNB,j X,J7FB,j © "Y,j FB,j Z,i“FB,j
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BLOCK 37: The foot is free if either Hgl). z0 or Vgl}; j > 0; otherwise, the foot is

’

penetrating.

BLOCK 38: The foot was free if either H(n] ) z0 or Vglélj) > 0; otherwise, the foot

was penetrating.

BLOCK 39:
Eg% j\ I | G(g‘ll)B.,j - X(Onl);
LB
i
LCFB i) | | ng‘lI)B,j - Zg1)3,1
BLOCK 40:

g(n) (n) C(n) _g(n 1) (“ I)C(n_l)
FB,"FB,iFB,j = {¥B,i""FB,**FB, i
BLOCK 41
() 0 @) NS (n) (n)
n n n n n n
FypFyp 'tz = / (FHXBT,j’FHYBT,j’FHZBT,j>
j=1
BLOCK 42:
x(n) x(n) x(n) (n) (n) (n)
Voxs'Voye Yozs = Fxp Fym Fzp - !
BLOCK 43:
=4
(n) (n) . (n) (n) (n) (n)
NepNypNep = Zl <NEBT,3’NnBT,j’N<BT,j>
]:
BLOCK 44:

() _ () (o) o
©;B = “y8@eB(lyeB " leen) * Nin

50 - 0 (n)
w5t (lenm -~ 1enp) + NoB

() () (n) N

wep = @epnB(Lee ~ Ines) * New
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Initialization

Before entering the integration cycle, it is first necessary to compute certain
constants and to compute initial values of those time-dependent variables whose initial
values are not given as input. As in the previous section, the computation will be
described by a block diagram followed by the details of the steps in each block. When
referring to equations written in the description of the integration cycle it is always
assumed that the superscript (n) has the value zero.

Begin initialization 7

(1)
Set tg)) equal to zero

(2) '

Compute constants

BEB’BnB’BCB in
torque equations

(3) i

Compute initial kinetic

energy

(4) 1

Compute initial Eulerian

angles

(5)
Compute initial rates
of Eulerian angles
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(6)

Compute initial rates
of direction cosines

(7

Normalize coefficients of}.
jth landing surface plane 1

(8)

Compute coefficients for

resolving a vector into

components normal and
tangential to the jth

b
landing surface plane J

(9)

Compute initial space
components of the jth
foot

(10) \

Compute initial sigﬂed
distance of jth foot
from jth landing

surface plane

j=1,2,3,4

1




®

(11)

For kth strut jth leg
compute initial space
coordinates of hard
point

(12)

For kth strut jth leg
compute initial space
components of velocity
of hard point

(13)

For kth strut jth leg
compute initial
length of strut

(14)

For kth strut jth leg
set initial stroke
equal to zero

(15)

For kth strut jth leg
set reference length
equal to initial
length of strut

k=123

®

§=1,2,34

>
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(16)

Test: Is jth foot to
surface side of jth

landing surface

plane ?

Not to

To surface

surface side

am \

Set equal to zero the
initial space
components of
velocity of the jth
foot

@ 1

side

Compute initial space components
of velocity of jth foot by free
foot equations

k=123

(23) oy

Foriilglilgtﬁrﬁ?jth leg set equal to
zero the initial rate of change of
strut length

24)

(18) _
For kth strut jth leg compute
initial rate of change
of strut length
b - (S

(19) \

Compute initial forces and torques
on body through struts of jth leg

Set equal- to zero the initial
forces and torques on the
body through struts of

(20)

Compute magnitude of quasi-static
normal force on jth foot

(1)

Compute space components of total
normal and tangential forces on
jth foot through struts of jth leg

the jth leg

(25)

Set equal t6 zero the magnitude
of quasi-static normal force
on the jth foot

(26)

Set equal to zero the space
components of total normal
and tangential forces on
jth foot through struts
of jth leg

\
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j=1,2,34
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(27) j=1,2,34
Compute velocity of jth foot normal
to jth landing surface plane

(28) | B
Compute initial space components
of acceleration of the

center of gravity

(29)
Compute initial body components of
angular acceleration of the body

End initialization

BLOCK 1:

O

BLOCK 2:

_ 1
B¢ BrpBep = Lo (el l)

BLOCK 3: Use block 7 of integration cycle.

BLOCK 4: Compute

'd)(o)l = arc cosine




set o0 - _ (¢(O)‘ it o) <0; otherwise, set (0 - \&0)‘.

Compute

9(0) = arc cosine 6(:,?’)2 (0 < 9(0) < ‘n)

Compute

'z,L/(O)l = arc cosine 62&(3)2 5 <0 = ‘W(O)l = 77)
J(2+ (1)

if 6(0)2 < 0; otherwise, set w(O) = lw(o)‘.

Set w(o) - _‘w(o) 1

If 6:(30)1 = 0, then |¢(0)1 = arc cosine (1) = 0. However, because of round-off
b

error, it is possible for a computer to generate a number slightly larger than unity for

—

2

0 0

Gg )3%/6% ?3 , and thus cause an error stop in most subroutines for computing the arc
] 3

cosine. This possibility should be accounted for in programing the computation of the
initial Eulerian angles.

BLOCK 5: Use block 6 of the integration cycle.
BLOCK 6: Use block 9 of the integration cycle.

BLOCK 7: Compute wX,j’wY,j’wZ by (), (b), or (c).

)]

Conditions Do operation

) Wo  We W, Wg . = ’Az’jl Ay Ay oA,
Z,] %Wy, ¥z, VB, 7 ——— (xityifhz T

2
Az,jd“x,j tAy Az

A, . =0 Ay . #0  —momme- We  Wo W, Wy . = Ay Au Ay ALY
Z,j Y,] X Y, 2, B, 3 XY T2,
2 2
. 4 AL
AY,J{AX,J+AY,]+ Z,j
- A~ A;
x,il
A, .= . . . . . = | 2 Ao . Ay LA, 3
2] 0 AY,J=0 AX,J‘ *0 WX,]’WY,J’WZ,J’WBJ > 5 5 (X,]’ Y,j’ Z,J’L>
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BLOCK 8: Compute [NP qj] where
-_— b S

Compute [Tp,q, JJ where

BLOCK 9:

@ )
FB,j

(0)
FB,j

7(0)
_ FB,_D

Y

2
N =Wy
L,1,j ~ "X,j

Ni,2,"No 1=

1,3, 7 Ny, = W

3’1’j
2

N .
Y,j

2,2,§ =W

N2,8,1 " Na,2, =W
2

N . =W, .
3’3’] Z’]

(0)
X

BLOCK 10: Use block 35 of integration cycle.

BLOCK 11:
BLOCK 12:

Use block 10 of integration cycle.

Use block 11 of integration cycle.

Yx,i%y,;

W, .
X, Z,j

w

Y, Z,]

Q(O) A
FB,j

(0)
FB,j

(0)

‘FB

CFB,j)

20
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BLOCK 13: Use block 15 of integration cycle.

BLOCK 14:
©
8B, i,k = °
BLOCK 15:
) <0

RB,j,k = "B,j,k

BLOCK 16: If Hg))j z 0, the foot is to the surface side of the plane; otherwise, the foot
’

is not to the surface side of the plane.

BLOCK 17:

x(0) x(0) x%(0)
X¥B,i» YFB,j’ 2FB,j

=0,0,0

BLOCK 18: Use block 16 of integration cycle.
BLOCK 19: Use blocks 18 to 22 of the integration cycle and delete from block 18 the
calculation of reference length S(n) .

BLOCK 20: Use block 23 of integration cycle.
BLOCK 21: Use block 24 of integration cycle.
BLOCK 22: Use block 26 of integration cycle.
BLOCK 23: Use block 28 of integration cycle.
BLOCK 24: Use blocks 31 and 32 of integration cycle.
BLOCK 25: Use block 33 of integration cycle.
BLOCK 26: Use block 34 of integration cycle.
BLOCK 27: Use block 36 of integration cycle.
BLOCK 28: Use blocks 41 and 42 of integration cycle.
BLOCK 29: Use blocks 43 and 44 of integration cycle.

Comments on Output

Printing or plotting quantities generated by a digital computer can involve sub-
stantial computer time. Therefore, when the procedure described in this paper is pro-
gramed, outputting should be made flexible so that the number of output quantities can be
kept to a minimum consistent with the objectives of a particular investigation. It is
usually not necessary to output after each execution of the integration cycle since the

time step required for satisfactory integration is usually much smaller than that required
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for plotting. Conversion from dimensionless to dimensional output is readily programed
by using the inverse forms of the relations given in "Dimensionless Equations."

RELATION BETWEEN PRESENT PAPER AND REFERENCE 1

Reference 1 gives the results obtained by using the procedure to compute landing
stability boundaries, that is, to compute bounds on approach velocities and orientations
within which a vehicle will not overturn and beyond which it will overturn. The calcula-
tions were made for a 1/6-scale dynamic model of a lunar landing vehicle suitable for
manned landing. The computed stability boundaries were compared with boundaries
obtained by landing tests of the model.

The computed stability boundaries presented in reference 1 fall into three cate-
gories termed "elastic shocks,' "inelastic shocks," and "rigid body." The first two
categories were obtained by using an IBM 7094 digital computer programed to execute
a procedure in all essentials equivalent to the procedure of this paper. The boundaries
designated ''rigid body" were obtained by using a procedure reported in reference 5
which is based on the assumption that the entire vehicle moves as a rigid unit. The dif-
ference between the boundaries designated "elastic shocks" and "inelastic shocks" lies
in the representation of the shock absorber. In the first instance, there is assumed to
be a spring in the shock absorber; in the second, the shock is assumed to provide no
elastic restoring force.

For precise cross-referencing, the numerical values of input to describe the model
and the landing surface of reference 1 are given in table I on page 66.

SOME NEEDED IMPROVEMENTS IN ANALYSIS

It is extremely important to render analytical procedures much more efficient in
regard to consumption of computer time in order to consider the multitude of landing
situations which may be encountered. Design of vehicles and planning of missions would
be greatly enhanced if the time for calculating an impact history could be reduced to the
order of a hundredth of a minute as opposed to present times of 2 minutes or more with
fast computers. The possibilities for improvement in this area are largely unexplored.

A systematic method is needed for including the effects of overall elasticity of the
vehicle. A way should be devised so that the data describing the elastic characteristics
of the system can be obtained either by structural analysis or by feasible tests if the
vehicle is available.
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TABLE 1.- INPUT FOR LANDING STABILITY CALCULATIONS REPORTED IN REFERENCE 1

[g = 32.2 ft/sec2 (9.8146 m/sec?); L =2.26 ft (0.68885 m); Atg = 0.000369 sec:l

(a) Input for configuration

2
1.662 1b-sec”

ft
2.08 ft-1b-sec?

2.08 ft-lb-sec?

1.008 ft-1b-sec?
0.895 ft
-0.370 ft
~1.47 ft
1.4675 ft
0

-0.647 ft
0.895 ft
0.370 ft
S1.47 1t
0.370 ft
0.895 ft
-1.47 ft
0

1.4675 ft
-0.647 ft
-0.370 ft
0.895 ft
-1.47 ft
-0.895 ft
0.3170 ft
-1.47 ft
-1.4675 ft
0

-0.647 ft
-0.895 ft
-0.370 ft
S1.47 ft

2.473 ‘i&-;ﬁf
0.2876 m-kg-sec?
0.2876 m-kg-sec?

0.1518 m-kg-sec>
0.273 m
-0.113 m
-0.448 m
0.447 m
0

-0.197 m
0.273 m
0.113 m
-0.448 m
0.113 m
0.273 m
-0.448 m
0

0.447 m
-0.197 m
-0.113 m
0.273 m
-0.448 m
-0.273 m
0.113 m
-0.448 m
-0.447 m
0

-0.197 m
-0.273 m
-0.113 m
-0.448 m

.........

.........

.........

.........

.........

..........

..........

..........

..........

-0.370 ft

-0.895 ft
-1.47 ft

0

-1.4675 ft
-0.647 ft
0.370 ft
-0.895 ft
-1.47 ft

2.205 ft

0

-2.26 ft

0

2.205 ft

-2.26 ft

-2.205 ft

0

-2.26 ft

0

-2.205 ft

-2.260 ft

-0.113 m

-0.273 m
-0.448 m

-0.447 m
-0.197 m

0.113 m
-0.273 m
-0.448 m

0.672 m

-0.689 m

0.672 m

-0.689 m

-0.672 m

-0.689 m

-0.672 m

-0.689 m
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TABLE I.- INPUT FOR LANDING STABILITY CALCULATIONS REPORTED IN REFERENCE 1 -~ Concluded

(b) Input for landing surface

Agi ooeee s 0 0
AY’]. ...... 0.17364818 0.17364818
AZ’]. ...... 0.98480775 0.98480775
AT 0 0
i 1011 ft/lb-sec | 0.672 % 101! m/kg—sec
Ry oo 107! ft/1b-sec | 0.672 x 10711 mykg-sec
i
K. ... 0 0
i,j
P
{c) Input for shock absorber
For elastic shocks: For inelastic shocks:
rp1 ke 0 0 LA 0 0
pz’j’1 ........ 53,600 Io/ft| 179,765 kg/m sE’ j’ Lo 0.00203 ft 0.000619 m
pz’j’2 ........ 73,900 Ib/ft| 109,975 kg/m sE’j’2 ....... 0.00350 ft 0.00107 m
P2’j’3 ........ 53,600 Ib/ft| 179,765 kg/m sE’j’3 ....... 0.00203 ft 0.000619 m
2Jdy 2Jy
P3,j,k -------- g g FEC,j,k ...... 51b 2.27 kg
Pyik oo FRE k- < - - 5 1b 2.27 kg
Sp g e e 0.00239 ft 0.000728 m ) 128 1b 58.1 kg
sE’]’1 0.003465 ft 0.00106 C€C,i,1
SE’j’z -------- (-) 00239 o 0 (;00728 m FCC,],Z ...... 256 1b 116 kg
FE’j’s -------- 00239 oo0me :1 Foca- -« - - 128 1b 58.1 kg
ECik -« .27 kg .FCE,].’k ...... 5 1b 2.27 kg
FEEjk - 51b 2.2 ke SpC ik - - - 0.01 ft/sec [0.003048 m/sec
CCil - 128 1b 58.1 kg , ol
CC’j’2 ...... 256 1b 116 kg SEE,j,k ...... 0.01 ft/sec| 0.003048 m/sec
yJy .
CCi3 128 1b 58.1 kg SCC,j,k ...... 0.01 ft/sec| 0.003048 m/sec
CEjk:® ' "*" - 51b 2.2Tkg ScE k- 0.01 ft/sec| 0.003048 m/sec
Spc K 0.01 ft/sec | 0.003048 m/sec K- v v v ven . 73,900 lb/ft{ 109,975 kg/m
. 3Jy
SEE K - - 0.01 ft/sec | 0.003048 m/sec
"SCC,j,k ....... 0.01 ft/sec | 0.003048 m/sec
SCE ko 0.01 ft/sec| 0.003048 m/sec
Kgo o oo eeee 73,900 1b/ft| 109,975 kg/m
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For the usual vehicle configuration, a rocket nozzle protrudes downward beneath
the body when the vehicle is in a landing attitude. As the shock absorbers stroke, the
nozzle may impinge on the landing surface and affect the course of the vehicle during
the impact and possibly affect the stability against overturning. The subject of nozzle
impingement requires study and documentation.

CONCLUDING REMARKS

This paper has given the development of a procedure for computing the motions
during impact of a spacecraft with legs representative of presently conceived vehicles
for lunar landing.

Idealization of the vehicle and landing surface is discussed in a general way. The
vehicle is treated as an arbitrary rigid body to which there are attached up to four legs,
each leg consisting of three struts in an inverted tripod arrangement. The struts are
connected to the body by universal joints and the junction point of the three struts at the
foot of a leg is also a universal joint. There is a shock absorber in each strut. The
individual struts may shorten or lengthen because of stroking of the shock absorbers
but otherwise do not deform. Locations of the points where the struts attach to the body
and the initial positions of the feet relative to the body may be arbitrarily chosen. The
legs are considered to have no mass. The shock absorber in a strut is considered to
produce forces directed along the axis of the strut. The magnitudes of the shock
absorber forces are assumed to depend on the instantaneous length of the strut and the
rate of change of this length. The boundary of the landing surface is represented by a
set of arbitrarily oriented planes, one plane associated with each foot. If a foot is inter-
acting with the surface material, a force is assumed to act on the foot. This interaction
force is assumed to be a function of the position and velocity of the foot.

A derivation of the differential equations which govern the motion of the rigid body
part of the idealized vehicle is given. The equations consist basically of Newton's equa-
tions of translation of the body and the Euler equations for rotation of the body. Forces
and torques from the shock absorbers appear in the equations as specified variables.

Idealization of the shock absorbers is discussed in detail. Emphasis is placed
on practical considerations in representing the aluminum honeycomb shock absorbers
which were utilized on a model vehicle reported in NASA TN D-4215. These considera-
tions include representing constant force crushing characteristic of honeycomb, repre-
senting the overall vehicle elasticity by springs in the shock absorbers, and representing
gross system damping to prevent unrealistic bounding of the idealized system. Expres-
sions are derived relating shock absorber forces and torques to the system variables,
and thereby completing the equations of motion of the body.
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The idealization of the landing surface is developed and equations of motion of the
feet are derived. In representing forces generated by the interaction of the feet with the
surface, two facts must be considered. First, knowledge of the properties of the lunar
surface which would affect landing performance is as yet limited. Second, soil mechanics
has not progressed to the point where one can predict with any confidence the forces on
an arbitrary body impinging upon or passing through soil even under laboratory condi-
tions. Therefore, cases where the feet move substantially through or along the surface
are studied by assuming laws for the force on a foot. The definitions and associated
equations allow one to construct a variety of laws for the force on a foot by specializa-
tion of constants. The derivation of the equations of motion of the feet rests on the
assumptions that a foot not interacting with the landing surface material moves to main-
tain a static balance between the interaction force and the forces from the shock
absorbers bearing on the foot.

The equations of motion of the body and feet and necessary auxiliary relations are
converted to equivalent dimensionless forms. Working with the dimensionless equa-
tions facilitates application of results to both model and full-scale versions of a vehicle.
Also, replacing time by a dimensionless variable allows one to rely to some extent on
previous experience in sizing the time step for numerical integration of the equations
of motion.

The scheme for numerical integration of the equations of motion is given; the
method used is a slight modification of Euler's method.

Explicit instructions are given for programing a digital computer to compute a
general impact history.

Some improvement is needed in the analysis of landing vehicles with legs. Ana-
lytical procedures should be made much more efficient in regard to consumption of
computer time, a systematic method is needed for including overall elasticity of the
vehicle, and the effects of impingement of the rocket nozzle on the landing surface
require study and documentation.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., May 8, 1967,
124-08-04-13-23.

69



70

REFERENCES

. Herr, Robert W.; and Leonard, H. Wayne: Dynamic Model Investigation of Touchdown

Stability of Lunar Landing Vehicles. NASA TN D-4215, 1967.

. Anon.: Final Report of Lunar Landing Dynamics Systems Investigation. Rept.

No. MM-64-8 (Dept. 870), Bendix Products Aerospace Div., Bendix Corp., Oct.
1964.

. Anon.: Documentation of Digital Computer Programs for Lunar Landing Dynamics

System Investigation. Rept. No. MM-64-9 (Dept. 870), Bendix Products Aerospace
Div., Bendix Corp., Nov. 1964.

. Lavender, Robert E.: On Touchdown Dynamics Analysis for Lunar Landing. AIAA

Symposium on Structural Dynamics and Aeroelasticity, American Inst. Aeron.
Astronaut., Aug.-Sept. 1965, pp. 239-244.

. Walton, W. C., Jr.; Herr, R. W.; and Leonard, H. W.: Studies of Touchdown Stability

for Lunar Landing Vehicles. J. Spacecraft, vol. 1, no. 5, Sept.-Oct. 1964,
pp. 552-556.

. Walton, William C., Jr.; Herr, Robert W.; and Leonard, H. Wayne: Landing Stability

for Lunar-Landing Vehicles. Conference on Langley Research Related to Apollo
Mission. NASA SP-101, 1965, pp. 77-85.

. Mantus, M.; Lerner, E.; and Elkins, W.: Landing Dynamics of the Lunar Excursion

Module (Method of Analysis). LED-520-6 (Contract NAS 9-1100), Mar. 6, 1964.

. Goldstein, Herbert: Classical Mechanics. Addison-Wesley Pub. Co., Inc., c¢.1950.

. Levy, H.; and Baggott, E. A.: Numerical Studies in Differential Equations. Watts

& Co., 1934.

NASA-Langley, 1967 —— 31 L-4857



