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ON DYNAMICS OF TWO CABLE-CONNECTED SPACE STATIONS 

Frank C .  L i u  

George C .  Marsha l l  Space F l i g h t  Center 

H u n t s v i l l e ,  Alabama 

ABS TRACT 

Presen ted  i s  a n  a n a l y s i s  of t h e  dynamic problems of two c a b l e -  
connected space  s t a t i o n s  r o t a t i n g  about a n  a x i s  normal t o  t h e i r  o r b i t a l  
p l ane  t o  p rov ide  a r t i f i c i a l  g r a v i t y .  The dynamics of cable-connected 
s t a t i o n s  i n  which t h e  c a b l e  t e n s i o n  is z e r o  (non-spinning c a s e )  a r e  n o t  
t r e a t e d  h e r e i n .  D i f f e r e n t i a l  equat ions of v i b r a t i o n  of t h e  e l a s t i c  
c a b l e  and t h e  a n g u l a r  movements o f  the s t a t i o n s  a r e  d e r i v e d .  These 
motions a re  coupled through t h e  nonhomogeneous boundary c o n d i t i o n s  of 
t h e  c a b l e .  This  mathematical  d i f f i c u l t y  i s  r e so lved  by us ing  t h e  con- 
c e p t  of concen t r a t ed  f i c t i t i o u s  masses. The c a b l e  e q u a t i o n  i s  solved 
by u s i n g  G a l e r k i n ' s  approach f o r  both f r e e  a n d  fo rced  o s c i ? l a t l o n s .  A 
g e n e r a l  n t h  o r d e r  d e t e r m i n a n t a l  frequency e q u a t i o n  o f  f r e e  v i b r a t i o n  o€ 
t h e  system i s  o b t a i n e d .  The responses of t h e  space  s t a t i o n s  t o  a p p l i e d  
t ime-varying moments a r e  p re sen ted  i n  a n a l y t i c a l  forms. 
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DEFINITION OF SYMBOLS 

Symbol 

C 

t 

D e f i n i t i o n  

c e n t e r  of r o t a t i o n  t o  space  s t a t i o n  

bending r i g i d i t y  of c a b l e  

p r i n c i p a l  moment of i n e r t i a s  of space  s t a t i o n  

d i s t a n c e  of cab le  connec t ion  t o  c .g .  of space  s t a t i o n  

l e n g t h  of c a b l e  

mass of space  s t a t i o n  

a p p l i e d  moment 

g e n e r a l i z e d  c o o r d i n a t e s  

e i g e n - f u n c t i o n  of a f r e e - f r e e  beam 

c e n t e r  of r o t a t i o n  t o  c .g .  of space  s t a t i o n  

time v a r i a b l e  

d isp lacement  r e l a t i v e  t o  moving c o o r d i n a t e s  

components of u r e l a t i v e  t o  moving c o o r d i n a t e s  

r o t a t i n g  c o o r d i n a t e s  

i n e r  t ia 1 coor d ina  t e s  

body-f ixed p r i n c i p a l  axes  

c o n s t a n t  i n  e i g e n - f u n c t i o n  of beam 

e igen-va lue  of f r e e - f r e e  beam 

e igen-va lue  of m a t r i x  ( A - ~ M )  

e igen-va lue  of m a t r i x  Q 

mass d e n s i t y  pe r  u n i t  l e n g t h  of c a b l e  



DEFINITION OF SYMBOLS (Continued) 

Symbol D e f i n i t i o n  

$ 9  9, (E E u l e r i a n  a n g l e s  o f  space s t a t i o n  

7ir, 0,ei column m a t r i c e s  of t he  E u l e r i a n  a n g l e s  

Barred symbols r e f e r  t o  counter-weight of space  s t a t i o n .  

S u b s c r i p t s  i, n denote  t h e  i t h  a n d  n th  mode of v i b r a t i o n s  of c a b l e .  

The d o t  above a symbol denotes  the  t i m e  d e r i v a t i v e .  
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TECHNICAL MEMORANDUM X-53650 

ON DYNAMICS OF TWO CABLE-CONNECTED SPACE STATIONS 

SUMMARY 

P resen ted  i s  a n  a n a l y s i s  of t he  dynamic problems of two cab le -  
connected space  s t a t i o n s  r o t a t i n g  about a n  a x i s  normal t o  t h e i r  o r b i t a l  
p l a n e  t o  p rov ide  a r t i f i c i a l  g r a v i t y .  The dynamics of cable-connected 
s t a t i o n s  i n  which t h e  c a b l e  t e n s i o n  is  z e r o  (non-spinning c a s e )  a r e  n o t  
t r e a t e d  h e r e i n .  D i f f e r e n t i a l  equa t ions  of v i b r a t i o n  of t h e  e l a s t i c  
c a b l e  and t h e  a n g u l a r  movements of t h e  s t a t i o n s  a r e  d e r i v e d .  These 
motions a r e  coupled through t h e  nonhomogeneous boundary c o n d i t i o n s  of 
t h e  c a b l e .  This  mathematical  d i f f i c u l t y  is  r e so lved  by us ing  the con- 
c e p t  of concen t r a t ed  f i c t i t i o u s  masses .  The c a b l e  e q u a t i o n  i s  solved 
by us ing  G a l e r k i n ’ s . a p p r o a c h  f o r  b o t h  f r e e  and fo rced  o s c i l l a t i o n s .  A 
g e n e r a l  n t h  o r d e r  d e t e r m i n a n t a l  frequency e q u a t i o n  of f r e e  v i b r a t i o n  of 
t h e  system i s  o b t a i n e d .  The r e sponses  of t h e  space s t a t i o n s  t o  a p p l i e d  
t ime-varying moments a r e  p re sen ted  i n  a n a l y t i c a l  forms. 

I. INTRODUCTION 

The dynamic problems of cable-connected space s t a t i o n s  r o t a t i n g  i n  
t h e  o r b i t a l  p l a n e  have been d i s c u s s e d  in  much of t h e  pub l i shed  l i t e r a t u r e .  
Reference 1 p r e s e n t s  a d e t a i l e d  a n a l y s i s  of many types  of arrangements  
of t h e  s t a t t o n s ,  as w c ? ?  as a biblio*r3nh17 6 L -r & *  J c?n t h i s  s ~ h j e c t .  The con- 
f i g u r a t i o n  of Ehe space  s t a t i o n s  t r e a t e d  in this  r e p o r t  1Ls two a r b i t r a r i l y  
shaped s p a c e  v e h i c l e s  which a r e  connected by a long e l a s t i c  c a b l e .  The 
system is cons ide red  r o t a t i n g  about  a n  a x i s  normal t o  t h e  o r b i t a l  p l a n e  
w i t h  c o n s t a n t  a n g u l a r  v e l o c i t y .  The dynamic problems concerned h e r e  a r e  
(1) t h e  dynamic s t a b i l i t y  c r i t e r i a ,  ( 2 )  t h e  n a t u r a l  f r e q u e n c i e s  o f  f r e e  
v i b r a t i o n s  and ( 3 )  t h e  dynamic responses  of t h e  s t a t i o n s  t o  a p p l i e d  
moments. 

I n  a nea r -ze ro  e a r t h - g r a v i t a t i o n a l  f i e l d ,  t h e  dynamic behav io r  of t h e  
space s t a t i o n s  i n  f r e e  f l i g h t  i s  predominated by t h e  r e sponse  of t h e  con- 
n e c t i n g  c a b l e .  The re fo re ,  i t  is  e s s e n t i a l  t o  develop t h e  dynamic e q u a t i o n  
of t h e  r o t a t i n g  c a b l e  coupled w i t h  t h e  f r e e  a n g u l a r  movements of t h e  space  
s t a t i o n s .  This  concept  l e a d s  t o  a n  approach e n t i r e l y  d i f f e r e n t  from t h a t  
used i n  r e f e r e n c e  1. 



The equa t ions  of motions of t h e  space  s t a t i o n s  and of t h e  e l a s t i c  
c a b l e  are formula ted  independent ly ,  b u t  t h e  two se t s  of v a r i a b l e s  a re  
l i n k e d  k i n e m a t i c a l l y  a t  t h e  p o i n t s  of connec t ion .  This  enab le s  us t o  
e l i m i n a t e  t h e  a n g u l a r  v a r i a b l e s  of t h e  s t a t i o n s .  By us ing  concen t r a t ed  
f i c t i t i o u s  masses t o  r e p r e s e n t  t h e  dynamic coup l ing ,  t h e  problem i s  
reduced t o  the  s o l u t i o n  of t h e  cab le  e q u a t i o n  w i t h  nonhomogeneous mass 
d i s t r i b u t i o n  b u t  homogeneous boundary c o n d i t i o n s .  

11. ANALYSIS 

A. D e s c r i p t i o n  of  t h e  Coordina te  Systems 

The fo rmula t ion  of t h e  dynamic problems of space  v e h i c l e s  can be  
g r e a t l y  s i m p l i f i e d  by c a r e f u l l y  choosing t h e  c o o r d i n a t e s  and t h e  va r i -  
a b l e s .  To ach ieve  t h i s ,  s e v e r a l  c o o r d i n a t e  systems are  r e q u i r e d  ( see  
f i g u r e  1). 

(1) The i n e r t i a l  coo rd ina te s  X Y Z :  L e t  t h e  X and Y axes  be i n  
t h e  o r b i t a l  p lane  of t h e  space s t a t i o n s  and t h e  c e n t e r  of  m a s s  o f  t h e  
sys tem be t h e  o r i g i n .  This  coord ina te  system has f i x e d  o r i e n t a t i o n  w i t h  
r e s p e c t  t o  e a r t h  b u t  w i t h  moving o r i g i n .  

( 2 )  The r o t a t i n g  axes  x ' y z  and xyz: The z -ax i s  is  c o i n c i d e n t a l  
w i t h  Z about  which t h e  coord ina te s  r o t a t e  w i t h  a c o n s t a n t  a n g u l a r  v e l o c -  
i t y  0. Another s e t  o f  r o t a t i n g  a x e s ,  xyz,  w i t h  t h e i r  o r i g i n  a t  one end 
of t h e  cab le  w i l l  be  used i n  d e a l i n g  w i t h  t h e  c a b l e  e q u a t i o n s .  

(3) The p r i n c i p a l  axes  x l x s 3  and t h e  E u l e r  a n g l e s :  L e t  t h e  
c e n t e r  of mass of t h e  space  s t a t i o n  be  t h e  o r i g i n  of t h e  p r i n c i p a l  axes  
and l e t  t h e  x3-axis of t h e  und i s tu rbed  s t a t i o n  be  p a r a l l e l  t o  Z. The 
c a b l e  i s  a t t a c h e d  t o  t h e  space  s t a t i o n  a t  a d i s t a n c e  2 on x l - ax i s .  The 
o r i e n t a t i o n  of  t h e  d i s t u r b e d  s t a t i o n  can be  comple te ly  de f ined  by E u l e r ' s  
a n g l e s .  F i r s t ,  as shown i n  f i g u r e  l b ,  t h e  s t a t i o n  r o t a t e s  abou t  t h e  
a x i s  normal t o  t h e  o r b i t a l  p lane  w i t h  angu la r  d i sp lacement  $. This  
moves the o t h e r  two p r i n c i p a l  axes  t o  x l  and x:. 
a r e  r o t a t i n g  as a u n i t  abou t  t h e  Z-axis w i t h  a n g u l a r  v e l o c i t y  R, t h e  
f i r s t  Euler  a n g l e  is  $ + R t .  The second r o t a t i o n ,  which is  abou t  t h e  
x i - a x i s  w i t h  a n g l e  8, s h i f t s  x: t o  i t s  f i n a l  d i r e c t i o n  x1 and t h e  o t h e r  
axis t o  x5. The las t  r o t a t i o n  0 abou t  xl-axis  g i v e s  t h e  f i n a l  o r i e n t a -  
t i o n s  x2  and x3. 

S ince  t h e  two s t a t i o n s  

( 4 )  Symbols f o r  t h e  counterweight :  The ba r red  symbols a r e  used 
f o r  t h e  c o u n t e r p a r t  of t h e  space  s t a t i o n  which w i l l  be  r e f e r r e d  t o  as the  
counterweight .  

2 



( a )  The I n e r t i a l  Axes 

k' I , ,;': 
E -&. R 

I J- 0' 3 

C o u n t e r w e i g h t  

Space  S t a t i o n  
( c )  The Layout  of the  Sys tem 

Figure 1. The C o o r d i n a t e  Systems 
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B. Formulation of t h e  Moment Equat ions  of t h e  Space S t a t i o n s  

Let us  cons ide r  t h a t  t h e  masses o f  t h e  space  s t a t i o n s  a r e  much 
g r e a t e r  than t h e  m a s s  of t h e  connec t ing  c a b l e  and t h a t  t h e  system i s  
f r e e  of e x t e r n a l  f o r c e s .  A l so ,  we may r e s t r i c t  t h e  d i s t u r b e d  motions 
of t h e  system as f o l l o w s :  

(1) The motion of t h e  space  s t a t i o n s  is  i n  the  plane of 
r o t a t i o n  and a long  t h e  l i n e  connec t ing  the  two c . g . ' s ,  
and 

( 2 )  the  o r b i t a l  motion of t h e  c e n t e r  of mass of t h e  sys tem i s  
no t  a f f e c t e d  by t h e  d i s t u r b a n c e .  

We s h a l l  now d e r i v e  t h e  equa t ions  of motion of t h e  space  s t a t i o n s  and 
t h e  connecting cab le  s e p a r a t e l y .  

Under the assumption t h a t  t h e  c a b l e  cannot  be ex tended ,  t h e  rad ia l  
v e l o c i t y  of t h e  space  s t a t i o n  is  small i n  comparison w i t h  i t s  a b s o l u t e  
a n g u l a r  v e l o c i t i e s  wl, w2 and a3 abou t  t h e  p r i n c i p a l  a x e s .  Hence, the  
r o t a t i o n a l  k i n e t i c  energy can be used as t h e  k i n e t i c  energy of the  
body: 

where 11, I2 and I3 a r e  the  p r i n c i p a l  moments of i n e r t i a .  Upon sub-  
s t i t u t i o n  of the  r e l a t i o n s h i p s  of t h e  a b s o l u t e  a n g u l a r  v e l o c i t i e s  w i t h  
t h e  E u l e r  a n g l e s ,  

w1 = b - (n + $) s i n  e 

w2 = 6 cos Q + (iz + i j c )  cos e s i n  o 

u3 = (n + +) cos e cos o - i s i n  0, 

4 



Applying the  Lagrangian e q u a t i o n  of motion, 

-7- 

r e s u l t s  i n ,  a f t e r  n e g l e c t i n g  t h e  non l inea r  terms; t h r e e  moment equa t ions :  

where M i s  a moment due t o  a l l  e x t e r n a l  f o r c e s  a b o u t  t h e  a x i s  through 
t h e  c e n t e r  of mass. Three i d e n t i c a l  equa t ions  can be w r i t t e n  f o r  t h e  
counterweight  : 

The p o t e n t i a l  e n e r g i e s  due t o  t h e  a r t i f i c i a l  g r a v i t y  f o r  t h e  two bod ies  
a r e  

-.- -. i n e s e  cerms become c r i r r i c a i  on iy  when Khe s p i n n i n g  r a t e  i s  v e r y  s m a l l .  

5 



vhe r e 

2 C 

-& = 1 [ (2) dx + J ( 1  - COS 0)  + j ( 1  - COS $) 
2 

0 

2 L 

-& = 1 [ (2) dx + i ( 1  - COS i) + - COS ;) 2 
C 

i n  which u = u ( x , t )  is t h e  d e f l e c t i o n  of  t h e  c a b l e  r e l a t i v e  t o  t h e  r o t a t i n g  
a x e s .  Notice t h a t  t h e  p o t e n t i a l  energy of t h e  cab le  is  sma l l  and can be 
d i s r ega rded .  

C .  The Vib ra to ry  Motions of t h e  Connect ing Cable 

For t h e  convenience of u s ing  t h e  t a b u l a t e d  d a t a  and t h e  i n t e g r a t i o n  
formulas  of e igen - func t ions  g iven  by r e f e r e n c e s  4 and 5 ,  t h e  o r i g i n  of t h e  
r o t a t i n g  coord ina te s  i s  t r a n s f e r r e d  t o  one end of  t h e  c a b l e ,  and t h e  new 
coord ina te s  a r e  denoted by xyz and t h e i r  u n i t  v e c t o r s  by i , j  and k .  Le t  
M(x , t )  be t h e  bending moment due t o  c e n t r i f u g a l  l oad ,  N ( x , t )  t h e  a x i a l  
f o r c e  i n  t h e  c a b l e ,  and 2 t h e  p o s i t i o n  v e c t o r  of  a n  element  from t h e  
c e n t e r  of r o t a t i o n ,  

- *  
u ( x , t )  = ( c  - x ) i  + v ( x , t ) j  + w ( x , t ) k .  

The equa t ion  of v i b r a t i o n  can be expressed  by e i t h e r  

o r  

where D, and D t  denote  p a r t i a l  d i f f e r e n t i a l  o p e r a t o r s  w i t h  r e s p e c t  t o  x and 
t ,  r e s p e c t i v e l y .  The l a s t  term i n  e q u a t i o n  (6)  denotes  t h e  a b s o l u t e  a c c e l e r -  
a t i o n  excluding t h e  a c c e l e r a t i o n  of t h e  o r i g i n .  By t h e  p r i n c i p l e  of d i f f e r -  
e n t i a t i o n  o f  a v e c t o r ,  

6 



(7 1 = - [ 2 m t v  + ( c  - x) ~ ' ] i  + (DP - n%)j + D p k .  

The f o r m u l a t i o n  o f  t h e  middle  term o f  e q u a t i o n  (6)  i s  g iven  i n  appendix A .  
Now, t h e  fo l lowing  equa t ions  of motions are ob ta ined :  

There is  no known e x a c t  s o l u t i o n  t o  t h e  above e q u a t i o n s .  However, 
a n  approximate s o l u t i o n  can be  obtained by us ing  t h e  well-known G a l e r k i n ' s  
approach.  F i c t i t i o u s  masses a r e  used t o  provide c o n d i t i o n s  i n  which i t  
is  a p p l i c a b l e .  

D .  The Boundary Condit ions of t h e  Cable 

1. The Kinematic Boundary Conditions 

It can be s e e n  from f i g u r e  l b  t h a t  the  a n g u l a r  d i sp l acemen t s  of 
t h e  s p a c e  s t a t i o n s  and t h e  displacements  of t h e  c a b l e  are  r e l a t e d  as 
f 01 lows : 

A s  a r e s u l t  o f  t h e s e  important  r e l a t i o n s h i p s ,  i t  enabl-es us t o  combine 
t h e  three s e t s  of equa t ions  i n t o  a s i n g l e  s e t .  

7 



2. The Dynamic Couplings 

The e x t e r n a l  moments i n  e q u a t i o n  ( 4 )  come from two s o u r c e s .  
One source is t h e  a p p l i e d  moments from t h e  c o n t r o l  r o c k e t s  on board t h e  
space  s t a t i o n s  as denoted by M", and t h e  o t h e r  is  t h e  e l a s t i c  s h e a r i n g  
f o r c e s  a t  t h e  ends of t h e  c a b l e .  Converse ly ,  t h e  d i s t u r b e d  motions of 
t h e  s t a t i o n s  a c t  upon t h e  ends of the  c a b l e  as s h e a r i n g  f o r c e s .  The 
a c t i o n  of t h e  s t a t i o n s  on t h e  cab le  can be cons ide red  as concen t r a t ed  
masses a t t a c h e d  t o  t h e  ends of the  c a b l e  w i t h  magnitudes s a t i s f y i n g  t h e  
fo l lowing  dynamic c o n d i t i o n s :  

- -  
Mo = ,12mw(D~(0, t ) )a  f M" 0 M- e = , tmw(Dp(L, t )a  + M? e , ( l o b )  

where mv and mw a r e  the  f i c t i t i o u s  masses w i t h  r e s p e c t  t o  t h e  motions of 
v and w.  L e t  us assume t h a t  the ends of  t h e  cab le  a r e  f r e e  t o  r o t a t e  w i th  
r e s p e c t  t o  t h e  s t a t i o n s ;  t h u s ,  

By s u b s t i t u t i n g  t h e  r i g h t  s i d e  of equa t ion  ( 4 )  i n t o  e q u a t i o n  (10) and making 
use of equat ion  ( 9 ) ,  we now reduce  the  problem t o  f r e e  v i b r a t i o n s  of a 
r o t a t i n g  cable  w i t h  f i c t i t i o u s  concen t r a t ed  masses a t t a c h e d  t o  t h e  ends.  

E .  The Modified Eigen-Functions 

L e t  u s  cons ide r  t h a t  the  f i c t i t i o u s  masses a r e  d i s t r i b u t e d  uniformly 
over a small  i n t e r v a l  E a t  b o t h  ends of t h e  c a b l e .  Consequently,  the  
c o n s t a n t  p of t h e  l a s t  term i n  e q u a t i o n  (8) should be s u b s t i t u t e d  by the 
m a s s  d e n s i t y  f u n c t i o n s  ~ ( E , x )  and ~ ( E , x )  w i t h  r e s p e c t  t o  t h e  motions 
v and w. These f u n c t i o n s  a r e  de f ined  as 
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We now r e p r e s e n t  the two equa t ions  of equa t ion  (8) by an  equa t ion  of a 
s i n g l e  v a r i a b l e  u ( x , t )  i n  t h e  form 

EID4u + mR2 {f (i X2 - Cx) - R P (X - C )  D U] + (2 ( z , x )  (D2u) = 0.  
X X U t a  

1. Eigen-Functions of a Uniform Free-Free Cable 

The e igen - func t ions  of a uniform, f r e e - f r e e  c a b l e  which s a t i s f y  
t h e  d i f f e r e n t i a l  equa t ion ,  

i 
d 4r 
- -  = 0 :  i = 1 , 2  ... dx” 

and the  o r t h o g o n a l i t y  c o n d i t i o n  

f prn(x)  r i ( x )  dx = pLGni, (7 i s  Kronecker d e l t a )  
n i  

0 

a r e  

r l ( x )  = 1 r i g i d  body mode, symmetric 

r?(x) = d ( c  - x )  r ig id -body  mode, a n t i - s y m e i r i c  abvu i  x = c 

d = (c‘ - CL + L2/3)-’/‘ 

r i ( x )  = cosh f3.x + cos p.x - a . ( s i n h  p .x  + s i n  p . x j ,  i 2 3 .  
1 1 1 1 1 

Not ice  t ha t  the  i t h  mode g iven  above i s  t h e  ( i  - 2 ) t h  mode of r e f e r e n c e s  
4 and 5. 

2 .  The Modified Eigen-Functions Adapted t o  Equat ion (11) 

L e t  r i ( c , x )  be t h e  e igen - func t ion  of a f r e e - f r e e  c a b l e  w i t h  a 
m a s s  d e n s i t y  f u n c t i o n  pU(e ,x )  of which c s e r v e s  as a s m a l l  parameter .  
I n  the  l i m i t i n g  c a s e ,  we have 

l i m  r i ( c , x )  = r i ( x ) ,  

E 4 0  

i = 1 , 2 ,  ... . 

9 



Furthermore,  t h e  o r t h o g o n a l i t y  c o n d i t i o n  f o r  t h e  modi f ied  e igen- func-  
t i o n s  is 

I n  dea l ing  w i t h  t h e  i n t e g r a t i o n  

pu(c,x)  r ( c , x )  f ( x )  dx = ( E , x )  f ( x )  dx n 
0 0 

+f(mC/L)  r n ( E , x )  f ( x )  dx + / c )  r n ( c , x )  f ( x )  d x ,  

we may apply  the  mean-value theorem t o  t h e  l a s t  two i n t e g r a l s  of t h e  
above and o b t a i n  

N o  t i c e  t h a t  

r l ( 0 )  = 1 r l (L)  = 1 

r 2 ( 0 )  = d c  r,(L) = -d(L - c )  

r n ( 0 )  = 2 rn (L)  = -(-I)'" n = 3 , 4 ,  . . .  . 
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F. Approximate S o l u t i o n  by G a l e r k i n ' s  Approach 

The g e n e r a l  approach t o  t h e  approximate s o l u t i o n  of equa t ion  (8) is  
t o  assume the  s o l u t i o n  i n  the  form 

co 
T- 

i= 1 

co 
T- 

i= 1 

I n  t h e s e  e x p r e s s i o n s ,  r i ( c y x )  i s  the  modified e i g e n - f u n c t i o n  which s a t i s -  
f i e s  t h e  g iven  boundary c o n d i t i o n s ;  p i ( t )  and s i ( t )  a r e  the  v a r i a b l e s  t o  
be de te rmined .  By 

w 
r- 

i= 1 

i= 1 

t h e  same token ,  we may w r i t e  

- \ ' -  

o ( t )  = q t ) .  L 
i= 1 i= 1 

I n  accordance  w i t h  equa t ion  (9), we have t h e  fo l lowing  k inemat ic  coupl- 
i ngs  between t h e  v a r i a b l e s :  
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By making use of equa t ions  ( 4 )  and (13 )  t o  (15), t h e  dynamic boundary 
cond i t ions  g i v e n  by equa t ion  (10) become 

r e s p e c t i v e l y .  
v a r i a b l e s  v and w, we use t h e  following m a t r i x  n o t a t i o n s :  

For the  purpose of combining the  t r e a t m e n t  of the  two 
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S u b s t i t u t i n g  from e q u a t i o n  (13) i n t o  equa t ion  (8) and making use 
of e q u a t i o n  (17) r e s u l t s  i n  

I P + - (x - c )  D r . ( c y x )  (qi) + r i (L ,x )  m x 1  

By i n t e g r a t i n g  the  product  o f  r n ( c y x )  and e q u a t i o n  (18) from x = 0 t o  
x = L and t ak ing  t h e  l i m i t i n g  case  t h a t  c approaches t o  z e r o ,  we o b t a i n  

w 
-1 

i=l 
(19) 

No t i ce  t ha t  use  has  been made of t h e  o r t h o g o n a l i t y  c o n d i t i o n  g i v e n  by 
e q u a t i o n  (11) and t h e  i n t e g r a t i o n  formula g iven  by e q u a t i o n  ( 1 2 ) .  The 
c o n s t a n t  fni i n  e q u a t i o n  (19) i s  defined as 

13 

i J 
f - ,  = r r n ( x )  (5 xz - cx)  - R ,  I DZr,(x) 2.L L 

1 + m - (x - c )  D v r i  _ _  - (x)’f dx ,  
1 

‘ L L  < J  
0 

(20) 

which g i v e s  

PL = f  = o  f = -  
f n i  n m f,, = f,, = f ’1 = 

L - 2[1  + ( - l ) n ]  - 2Rd !{[l - (-1) n c  ] r, + (-l)”}anpn 

L 
13 



The l a s t  two terms of e q u a t i o n  (19)  a r e  recognized as t h e  dynamic coupl-  
i ngs  given by e q u a t i o n  (16) .  The p a r t i a l  d e r i v a t i v e s  i n  e q u a t i o n  (16) 
a r e  now determined from e q u a t i o n  ( 5 )  by us ing  e q u a t i o n s  (10) and ( 1 4 ) .  
The r e s u l t s  a r e  w r i t t e n  as fo l lows :  

The fo rmula t ions  of g n i  and g n i  a r e  shown i n  append ix  B .  

We now have a s e t  of f o u r  e q u a t i o n s  of motion,  two of which a rc  
ob ta ined  from e q u a t i o n  (19)  by s e p a r a t i n g  t h e  v a r i a b l e s  and two of 
which a r e  t h e  t h i r d  e q u a t i o n  of equa t ions  (4a)  and (4b) .  
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Not ice  t h a t  equa t ions  ( 2 2 )  and ( 2 3 )  r e p r e s e n t  t h e  e q u a t i o n s  of  motions 
of two in f in i t e -degrees -o f - f r eedom systems of which t h e  former i s  i n  t h e  
v a r i a b l e  pn  a l o n e  w h i l e  t h e  l a t t e r  has  t h r e e  v a r i a b l e s  coupled t o g e t h e r .  

I n  s tudying  t h e  dynamic s t a b i l i t y  o r  computing t h e  f r e q u e n c i e s  of 
v i b r a t i o n s  of a many-degrees-of-freedom system, i t  is  o f t e n  convenient  
t o  have the equa t ions  of motions i n  m a t r i x  forms.  To t h i s  end,  l e t  u s  
t a k e  a f i n i t e  number of modes f o r  each v a r i a b l e ,  s a y ,  N ,  we o b t a i n  
r e a d i l y  €rom equa t ions  ( 2 2 )  and ( 2 3 )  

( 2 4 )  
1 

-Ah'  + Mp = E ( t )  n2 

where 

U = I d e n t i t y  Mat r ix  D( ) = Diagonal  Mat r ix  
N x N  

L -  
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- - 
I3 - I, I3 - I, 

RE + 5 ~ D ( e 3 ' )  0 = N u l l  Ma t r ix  ml '  0 mi- '  m 
R2 + b n i l  + K; = 

N x N  N x N  

F ( t )  = 
3 N  x 1 

L- 

I n  t h e  e x p r e s s i o n s  of E ( t )  and F ( t ) ,  w e  have in t roduced  t h e  load d i s t r i b u -  
t i o n  v e c t o r s ,  ( e ) ,  ( e ) ,  ( f ) ,  (z ) ,  ( g ) ,  and (E) ,  such  tha t  

M:(e) = 

These v e c t o r s  remain undetermined a t  p r e s e n t  t ime.  
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By t r ans fo rma t ion  of v a r i a b l e s ,  e q u a t i o n  (25)  can be  reduced t o  t h e  
f i r s t  o rde r  m a t r i x  d i f f e r e n t i a l  e q u a t i o n  [ 7 ]  , 

1 
R - 9 - Q Y  = G ( t ) ,  (27 1 

where 

G. S o l u t i o n  of t h e  Homogeneous D i f f e r e n t i a l  Equat ions 

L e t  the complementary s o l u t i o n  of e q u a t i o n s  (24) and (27) b e ,  
r e s p e c t i v e l y ,  
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S u b s t i t u t i o n  of t h e  assumed s o l u t i o n  i n t o  t h e  r e s p e c t i v e  reduced d i f f e r -  
e n t i a l  equa t ions  y i e l d s  

(M - r2A)P = 0 

(AU - Q ) S  = 0 

and t h e  c h a r a c t e r i s t i c  equa t ions  

IM - y2AI = 0 

Ihv - QI = 0 

(Nth degree polynomial of y 2 )  

(6Nth degree polynomial of A). 

(30a) 

(30b) 

S ince  t h e  sub-mat r ices  of ma t r ix  Q a r e  e i t h e r  n u l l  o r  d i agona l  
m a t r i c e s  except  one, B S , ,  t h e  6Nth o r d e r  de t e rminan t  g iven  by equa t ion  
(30b) can be r e a d i l y  reduced t o  a n  Nth o r d e r  de t e rminan t ,  

I (A2 + 6) (A2 + 5) (A2B1 + K1) + A2(A2 + E) abRg + A2(A2 + 6)aGREI = 0. 

This g i v e s  a 3Nth degree  polynomial of A2. 
t h e  b a r r e d  symbols a r e  equal  t o  t h e  unbarred symbols and R: = RL; t h e  
de t e rminan t  of equa t ion  (13) degenera tes  t o  an Nth o r d e r  de t e rminan t ,  

For a symmetric system, a l l  
2 

which is  a 2Nth degree  polynomial of A2. 
r e l a  t i o n s h i p  

This can be seen from t h e  

(33) 
n -  

ein = (-1) ein n = 1 , 2 ,  ... 

ob ta ined  by e l i m i n a t i n g  t h e  v a r i a b l e  in from e q u a t i o n s  (23b) and (23c) .  
Hence, N v a r i a b l e s  of $n can be e l imina ted  from t h e  s e t  of 3N v a r i a b l e s  
of a symmetric system. I n  equa t ion  (31) the c o n s t a n t s  a ,  Z ,  b y  6 ,  6, 5 
and t h e  m a t r i c e s  B,, K, a r e  d i r e c t l y  r e l a t e d  t o  t h e  geometry and moments 
nf i n e r t i a  of t h e  system and bending s t i f f n e s s  of t h e  c a b l e .  The m a t r i c e s  
Rg ,  RE and D(8,4L4) can be w r i t t e n  out immediately: 
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- 
0 

0 
500.6 

3803 
14618 

39944 
89135 

L 

3 
4 

4 1 

d2 

f o r  a symmetric system . 

H. Dynamic S t a b i l i t y  and Free  Vib ra t ions  of t h e  System 

1. Dynamic S t a b i l i t y  C r i t e r i a  

From the  s o l u t i o n  of t h e  homogeneous d i f f e r e n t i a l  e q u a t i o n s ,  t h e  
dynamic s t a b i l i t y  of a system which i s  f r e e  of e x t e r n a l  moments and i n t e r n a l  
damping fo rce  can be r e a d i l y  g iven  as 
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(1) yf > 0 i = 1 , 2 ,  . . . , N f o r  motions i n  t h e  p lane  of 
r o t a t i o n  

I -  
(2 )  A2 < O i = 1, 2 ,  ..., 3N f o r  motions o u t  of  t h e  

p l ane  o f  r o t a t i o n .  

2 .  Free Vib ra t ions  of t h e  System 

I f  a system i s  dynamical ly  s t a b l e ,  i t s  d i s t u r b e d  motions a re  
v i b r a t o r y  and can be  w r i t t e n  i n  t h e  forms: 

N 

COS y fit + k s i n  y Rt) Pn 
P =>1 (knl n n z  n 

n= 1 

(34) 

I -  

where Re { ) means t h e  r e a l  p a r t  of [ ). I n  t h e  above e q u a t i o n s ,  Pn and 
Sn deno te  t h e  e igen -vec to r s  which a r e  t h e  s o l u t i o n  v e c t o r s  of 

(M - yZA) P n = 0 n = 1, 2 ,  ..., N (36) 

('\nu - Q )  sn = 0 n = 1, 2 ,  ..., 3 N ,  (37 1 

r e s p e c t i v e l y .  
magni tudes of  t h e  e igen -vec to r s  Sn can be determined f o r  a g iven  s e t  of 
i n i t i a l  deformat ion  and v e l o c i t y  of t h e  c a b l e  as f u n c t i o n s  of x by us ing  
e i g e n - f u n c t i o n  expansion method. However, t h i s  i s  of l i t t l e  p r a c t i c a l  
i n t e r e s t  t o  u s .  

The a r b i t r a r y  cons t an t s  k n l  and kn, and t h e  a r b i t r a r y  
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I. S p e c i a l  Case - Free  V i b r a t i o n s  of Two I d e n t i c a l  S t a t i o n s  

Connected by a Mass l e s s ,  F l e x i b l e  Cable 

Before we proceed t o  determine t h e  r e s p o n s e s  o f  t h e  system t o  e x t e r n a l  
moments, l e t  u s  a p p l y  t h e  r e s u l t s  of t h e  p rev ious  s e c t i o n  t o  a s i m p l e  case. 
I f  t h e  connecting c a b l e  i s  mass l e s s  and f l e x i b l e ,  i t  remains s t r a i g h t  under 
c e n t r i f u g a l  f o r c e .  This  i s  t o  s a y  t h a t  t h e  d i s t u r b e d  motions of t h e  space  
s t a t i o n s  produce on ly  t h e  two r ig id -body  modes o f  t h e  c a b l e .  For f r e e  
v i b r a t i o n s  of a symmetric system connected by a m a s s l e s s  and f l e x i b l e  
c a b l e ,  we s u b s t i t u t e  t he  fol lowing i n  e q u a t i o n  ( 3 2 ) ,  

and o b t a i n  the c h a r a c t e r i s t i c  e q u a t i o n  of the motions o u t  of t h e  p l ane  of 
r o t a t i o n  

where 

n = 1, 2. 

This g i v e s  t w o  v a l u e s  of A f o r  each  mode from t h e  e q u a t i o n s  

f,(A) = 0 and f , (A)  = 0. 
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I n s e r t i n g  

I 
A = $  1"1 0 6  

i n t o  e q u a t i o n  (30a) y i e l d s  

Yn = JJnl13, n = 1, 2 ,  

f o r  t h e  motions i n  t h e  p l ane  of r o t a t i o n .  

J .  Responses of the  System t o  E x t e r n a l  Moments 

L e t  u s  cons ide r  a sys tem which is dynamically s t a b l e ;  i . e . ,  t h e  
e igenva lues  yn (n = 1, 2,  ..., N )  a r e  r e a l  and p o s i t i v e  and the  e igen -  
v a l u e s  A, (n = 1, 2 ,  ..., 3N) a r e  pure imaginary.  We now d e f i n e  t h e  
f o l  1 owing : 

P = (PIP, ... PN) modal m a t r i x  of m a t r i x  (A'lM) o r  a row m a t r i x  of 
N x N  t h e  e igen -vec to r s  of e q u a t i o n  (29a) 

S = modal iriatrix of Q 
6N x 6N 

r2 = ~ ( 7 ~ )  = P - ~ ( A - ~ M ) P  
n 

N x N  

0 
n 

6N x 6N -j A? 

(39) 

s i n  I'Rt = D(s in  y 6ltj n 
N x N  
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By making the t r a n s f o r m a t i o n  of v a r i a b l e s  

P = pq 

and 

y = s z ,  

i n  equat ions (24) and (27),  r e s p e c t i v e l y ,  we o b t a i n  

+ (Rr)*q = P’lA‘lE(t) ,Q2 

and 

5 - (m)z = E’’G(t). 

( 4 2 )  

( 4 3 )  

It fo l lows  immediately t h a t  

I n  t h e  above, fo rmula t ions  of t h e  s o l u t i o n s  E ( t )  and G ( t ) ,  as mentioned 
e a r l i e r ,  a r e  y e t  t o  be de te rmined .  

Before we proceed t o  de te rmine  t h e  moment d i s t r i b u t i o n  v e c t o r s  d e f i n e d  
i n  equa t ion  (26) ,  some c o n s i d e r a t i o n s  a b o u t  t h e  a p p l i e d  moments a r e  neces-  
s a r y .  To confine o u r s e l v e s  t o  t h e  assumpt ions  made e a r l i e r  f o r  t h e  d e r i v a -  
t i o n  of the  equa t ions  of motion, we r e q u i r e  t h a t  (1) the  r e s u l t a n t  moment 
i n  t h e  p l a n e  of  r o t a t i o n  is small such  t h a t  t h e  change of t h e  r o t a t i o n a l  
v e l o c i t y  R is  n e g l i g i b l e  and (2)  t h e  r e s u l t a n t  moment normal t o  t h e  p l ane  
of r o t a t i o n  is  a l s o  small so  t h a t  the  motions of t h e  s t a t i o n  normal t o  
the o r b i t a l  p lane  can be d i s r e g a r d e d .  Based on t h e  above c o n s i d e r a t i o n s  
and on t h e  assumption t h a t  t h e  moment of i n e r t i a  of t h e  sys tem (mR2 + fik2) 
is much g r e a t e r  than the p r i n c i p a l  moments of i n e r t i a  of t h e  s t a t i o n s ,  we 
may assume that t h e  d i s t u r b e d  motions of t h e  s t a t i o n s  due t o  t h e  a p p l i e d  
moments do not have a p p r e c i a b l e  e f f e c t  on the  motions of t h e  whole system. 
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I n  o t h e r  words, t h e  a p p l i e d  moments which a re  used f o r  t h e  purposes of 
n a v i g a t i o n ,  changing o r b i t a l  p l a n e ,  s p i n n i n g  up o r  down of t h e  system, 
e t c . ,  are excluded,  Although t h e r e  is no means by which t o  determine t h e  
exact components of t h e  a p p l i e d  moments on each g e n e r a l i z e d  c o o r d i n a t e  , 
it seems p l a u s i b l e  t o  determine t h e  loads  d i s t r i b u t i o n  i n  a s t a t i c  e q u i l i -  
brium s t a t e  and use i t  as a n  approximation i n  t h e  s o l u t i o n  o f  dynamic 
r e sponses .  

S t a t i c  Loads D i s t r i b u t i o n  

L e t  $ and $ be  t h e  a n g u l a r  displacements  of the s t a t i o n s  and u(x)  be  

The work of t h e  u n i t  moment i s  equa l  t o  t h e  sum of t h e  change of 

- 
the d e f l e c t i o n  o f  the c a b l e  produced by the a p p l i c a t i o n  of a u n i t  moment 

M$. p o t e n t i a l  energy of t h e  s t a t i o n s  and the s t r a i n  energy of the c a b l e .  

N o t i c e  t h a t  the k i n e t i c  energy of the system is  omi t t ed  under t h e  a s sump-  
t i o n  t ha t  t h e  system is  i n  s t a t i c  e q u i l i b r i u m  c o n f i g u r a t i o n .  We now 
assume t h a t  

i= 1 

o f  which t h e  c o n s t a n t s  c i ' s  a r e  t o  be determined from t h e  c o n d i t i o n  

E = $ - (AV + nv + N J ) ,  (48 1 

is  a minimum; i . e . ,  

Some o f  t h e  terms i n  equa t ions  ( 4 8 )  and ( 4 9 )  can be w r i t t e n  us ing  r e s u l t s  
a l r e a d y  ob ta ined :  
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- =  
g n i C i  n 3 C  

i= 1 

N 
- c r (0) R n n  

n= 1 

0 0 i= 1 

where 

as g i v e n  by equa t ion  (A-1). It  i s  t e d i o u s  t o  perform t h e  i n t e g r a t i o n  g iven  
i n  equa t ion  ( 5 2 ) ;  however, w i t h  t h e  a i d  of r e f e r e n c e  5 a c losed  form of h n i  
can be o b t a i n e d .  This work i s  omitted h e r e .  

S u b s t i t u t i n g  from equa t ions  (50) t o  (52) i n t o  (49) r e s u l t s  i n  a system 
o f  equa t ions  i n  c i  

(mR2Qzgni + fiERQ2gni + - 1 h . ) c i  = - R r (0) n = 1, 2 ,  ..., N (53) 
EX n i  R n  

from which ci can be s o l v e d .  We now r e p l a c e  t h e  s t a t i c  d e f l e c t i o n  r n ( x )  
by  r n ( x )  p n ( t )  t o  r e p r e s e n t  t h e  dynamic d e f l e c t i o n ,  and r e w r i t e  the  work 
e x p r e s s i o n  as follows: 

n = l  n= l  

R 
Q 

S ince  @,(t) = - r n ( 0 )  p n ( t ) ,  the above e x p r e s s i o n  g i v e s  
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S i m i  lar  1 y , 

Qrn (L) 
where En = - 
(53) w i t h  the  equa t ion  which gene ra t e s  C 

This r e l a t i o n s h i p  is ob ta ined  by comparing equa t ion  
Qrn(O> 

n' 

However, the  proposed s t a t i c  approach cannot  be a p p l i e d  t o  t h e  p i t c h  moments, 
s i n c e  t h e  r o t s i o n a l  v i b r a t i o n  of t h e  c a b l e  is  n o t  cons ide red .  The re fo re ,  t h e  
r e sponse  t o  t h e s e  moments cannot be  t r e a t e d  a t  t h e  p r e s e n t  t ime. 

We now r e t u r n  t o  equa t ions  ( 2 5 )  and (26)  and r e w r i t e  the load func- 
t i o n s  i n  t h e  forms: 

E ( t )  = (Mi(t) Ro + M:(t) RL) (c,). (55) 
N x l  

+ M:(t)%) 

0 

0 

F ( t )  = 
3 N  x 1 

- = a R - 1  where Ro - %. 
Q 

K .  Discuss ion  and Recommendations 

A g r e a t  d e a l  of computer t i m e  can be saved i n  computing equa t ion  ( 4 5 )  
by us ing  p a r t i t i o n e d  m a t r i c e s  t o  take advantage  of t h e  f a c t  t h a t  the  e igen -  
v a l u e s  and e igen -vec to r s  of m a t r i x  Q a r e  i n  con juga te  p a i r s .  For t h i s  
purpose ,  l e t  u s  p a r t i t i o n  t h e  ma t r i ces  a s  fo l lows :  



where ' 'A '  above a l e t t e r  denotes  i t s  con juga te ;  0, p, v a r e  N x 3 N  sub-  
m a t r i c e s ;  and 5 ,  TI, ( a r e  3N x N sub -ma t r i ces .  It is  easy  t o  prove t h a t  
m a t r i x  II can be computed d i r e c t l y  from t h e  e q u a t i o n  

Now, equa t ion  ( 4 5 )  becomes 

s = 2Re {oH(t) 1 5: = 2Re {Jon, H ( t ) )  
N x l  N x l  

@ = 2Re (pH(t)  3 = 2Re {jpA, H ( t ) )  
N x l  N x l  

? = 2Re { v H ( t ) )  = 2Re { jvAl  H ( t ) ) ,  
N x l  N x l  

where R e  denotes the  " r e a l  p a r t  of" and 

From equat ions  ( 4 4 )  and ( 5 2 ) ,  

t 

p = J s i n  Q r ( t  - T ) P - ~ A - ~ ( M " ( T ) R ~  + M ~ ( T ) E ~ ) ( C ~ )  d.t (62) 
4f 4f 

0 

and 
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fi = C P ~ c o s  Q r ( t  - T )  P-lA-l(M"(~)Ro 4f + M 2 ( ~ ) R 0 ) ( c n )  $ d z .  
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F i n a l l y ,  t h e  Eu le r  a n g l e s  and t h e i r  time d e r i v a t i v e s  of t h e  space  s t a -  
t i o n s  a r e  

1 
$ = jj iRop  iR s 

1 
R o  

e = -  

where Z = (1 1 .. . 1>,  a I x n row m a t r i x .  

I n  conc lus ion ,  t h e  fo l lowing  problems a r e  sugges ted  f o r  f u r t h e r  
s tudy : 

(1) Refine t h e  approach  used f o r  t h e  d e t e r m i n a t i o n  of t n e  
load d i s t r i b u t i o n  f a c t o r .  

( 2 )  Obtain s o l u t i o n s  on o the r  types of l oad ings  such  as r e e l -  
o u t  and r e e l - i n  of  the c a b l e ,  sp in-up  and spin-down of 
t h e  s t a t i o n s ,  movements of t h e  a s t r o n a u t s ,  e t c .  

(3) Take i n t o  c o n s i d e r a t i o n  t h e  t o r s i o n a l  s t i f f n e s s  of t h e  
c a b l e  and o t h e r  end cond i t ions  of t h e  c a b l e .  

( 4 )  Siildji  o t h e r  c o n f t g u r a t i o n s  of t h e  s t a t i o n s ,  such as two 
s t a t i o n s  connected to  a massive hub. 
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APPENDIX A 

Dete rmina t ion  o f  M(x, t )  and N(x, t )  and Their D e r i v a t i v e s  

A s  observed from F igure  A - 1 ,  t h e  bending moment a t  x due t o  t h e  
c e n t r i f u g a l  f o r c e  is  

X 

M ( x , t )  = - s i ) i ) i l (c  - E ) [ u ( x , t )  - u(E ; , t ) l  dE; - mRR2[u(x,t) - u ( O , t ) ]  x < c  

0 

Since  x = c is the c e n t e r  of r o t a t i o n ,  

1 1 
mR + - 2 pc2 = I?IR -t 5 p(L - c ) ~ .  (A-2) 

It  can be proved r e a d i l y  that  

O < x < L .  = - 1 pa2 I (X* - 2cx) 2 3% + 2(x  - c )  &] - mRQ2 p 2% , 
2 L 3 X  

The ax ia l  f o r c e  i n  t h e  c a b l e  is 

X 

N ( x , t )  = r p Q p ( c  - E;) dE; i- mRR2, x < c 
J 
0 

L 

N ( x , t )  =s pn2(E; - c)  dE + &in2, x > c. 

X 

(A- 4 )  
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It is seen that 

(A-5) 

Figure A - 1 .  D i s p l a c e m e n t  of C a b l e  
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APPENDIX B 

The P o t e n t i a l  Energy 

S u b s t i t u t i n g  e q u a t i o n s  (13 ) ,  ( 1 4 )  and (15) i n t o  e q u a t i o n  (5) r e s u l t s  
i n  

N N  C 

= 1 1 [ 1 fz) f?) dx + - 1 r ( 0 )  r i ( 0 ) ]  qnqi R* 2 R n  
n,  i=l 0 

n ,  i=3 

i= 1 

11-1 
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n ,  i = 3  

where 

. 
Let  us denote 

N N 

where t h e  formulas of gni and Eni  a r e  t a b u l a t e d  as fo l lows :  
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i 2 2  = Rd'(L-c) = R d [ ( - l ) n 2 ( L - c ) / R  + ( - l ) n 2  4- r ,(c)]  
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