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ABSTRACT 

An approximate formula i s  derived f o r  t he  d i s t r i b u t i o n  of cur ren t  i n  

and t h e  d r iv ing  poin t  admittance of e l e c t r i c a l l y  l o w  and t h i n  d ipo le  

antennas. I t  c o n s i s t s  of four  terms t o  represent  t h e  real and fou r  terms 

t o  represent  t h e  imaginary p a r t  of the cu r ren t  r e f e r r e d  t o  t h e  dr iv ing  

voltage.  These combine simple s i n e s  and cos ines  f o r  t h e  leading p a r t s  

wi th  l i n e a r l y  and logar i thmica l ly  tapered s i n e s  and cos ines  t o  shape t h e  

amplitudes. The cu r ren t s  p e r  un i t  voltage a t  t h e  dr iv ing  po in t s  g ive  t h e  

admittance. 



I INTRODUCTION 

I n  recent  pape r s lp2  representa t ions  o f  t he  cur ren ts  i n  c y l i n d r i c a l  

d ipo le s  were derived i n  t h e  form of t w o  and th ree  t r igonometr ic  terms with 

s u i t a b l e  complex coe f f i c i en t s .  

q u a n t i t a t i v e  accuracy f o r  antennas i n  t h e  range of e l e c t r i c a l  half- lengths  

given by 0 E B h E 5n/4 whereas conventional s inusoida l  theory is  s a t i s f a c -  

t o r y  only f o r  very t h i n  antennas i n  t h e  much more r e s t r i c t e d  range 0 E Boh 

n/2. 

been reported3, but  no general  extension of t h e  theory t o  e l e c t r i c a l l y  long 

antennas has been made except i n  the r igorous ana lys i s  by Wu which does not 

provide a simple t r igonometr ic  formula f o r  t he  current .  Such a formula is  

gene ra l ly  usefu l  i n  providing physical i n s i g h t  i n t o  the  behavior of antennas 

and f o r  many appl ica t ions ,  notably those t h a t  involve superposi t ion and tran- 

s i e n t  response. 

accura te  formula f o r  t h e  d i s t r i b u t i o n  of cur ren t  i n  a c y l i n d r i c a l  antenna t h a t  

may be many wavelengths long. Experimental s t u d i e s  of such antennas have been 

made by I izuka  et  a15 and by Altshuler  . 
t h e  cu r ren t s  resembles t h a t  developed f o r  s h o r t e r  antennas" 2 ,  bu t  is necessa r i ly  

somewhat more involved. 

These w e r e  shown t o  combine s impl i c i ty  with 

0 

An approximate representa t ion  s p e c i f i c a l l y  f o r  long resonant antennas has  

4 

The purpose of t h i s  paper is  t o  provide a simple,reasonably 

6 The a n a l y t i c a l  procedure f o r  der iv ing  

1. 

2. 

3. 
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I1 INTEGRAL EQUATIONS AND APPROXIMATE CURRENTS 

The well-known i n t e g r a l  equation f o r  t he  cur ren t  i n  a t h i n  center-driven 

c y l i n d r i c a l  antenna with half- length h and rad ius  a i s  r e a d i l y  expressed i n  

the  following form: 

where A (z) is the  vec tor  p o t e n t i a l  on the  su r face  of t h e  antenna, 5, L 120n 
2 

ohms, and 

h 

U = - C AZ(h) = - - 4n Iz (z ' )K (h ,  z ' ) dz ' 
-h 

is proport ional  t o  the  vec tor  p o t e n t i a l  a t  the  end z = h of  t h e  antenna. 

-j BoR 

The kerne l  is  K(z * z ' )  = e R s RE/-. 

I f  t h e  real and imaginary p a r t s  of t he  cur ren t ,  kerne l ,  and funct ion U are 

introduced i n  the  form Iz(z)  = I i ( z )  + j I z ( z ) ,  U U k  + j U I s  K(zsz ' )  

KR(zSzt )  + jKI(z,z ')  = R - ~ C O S ~ ~ R  - jR-'sinBoR , 
two equat ions as follows: 

(1) can be separated i n t o  

h 

- / I"(z ' )KI(z ,z ' )dz '  ( 4 4  
-h 

- 2 -  



where h 

5, [ I ' (z ' )KR(h ,z ' )  + I"(z)KI(h,z') dz' ( 5 )  
uR 4 n  Z I 

-h 

h 

5, 1 [I"(z')KR(h,z') - I i (z ' )KI(h ,z ' )  dz' . (6) 
uI = 4 n  z 1 

-h 

The func t ions  U and U are p o t e n t i a l s  i n  v o l t s ,  VE i s  t h e  dr iv ing  vol tage 

t o  which a l l  phases are re fer red .  

R I 

Owing t o  t h e  q u i t e  d i f f e r e n t  p rope r t i e s  of t he  real and imaginary p a r t s  

of t h e  kernel2 K(z,z') = % ( z , z ' )  + jK (z,z'), , t h e  i n t e g r a l s  t h a t  involve t h e  I 

former have leading terms t h a t  are w e l l  approximated by 

h 

I(z')K,(z,z')dz' 2, I ( z )  , 
n J 

-h 

whereas those t h a t  involve the  l a t t e r  have a dependence on z t h  t is 1 

(7) 

rgely 

independent of I ( z ' ) .  

(4a) and (4b) t h a t  I i ( z )  must have a d i s t r i b u t i o n  t h a t  inc ludes  as Zeading 

terms t h e  t r igonometr ic  funct ions 

include cosEoz. 

I f  use is made of t h i s  f a c t ,  i t  follows d i r e c t l y  from 

sinBo(h - 1.1) and cosBoz; I i ( z )  must 

Addit ional  terms come from the  i n t e g r a l s  on t h e  r igh t .  

However, s ince  BOK1(z,z') d 1, whereas B K (z,z') s (B a)-' >> 1 these  are 

r e l a t i v e l y  small and i n s e n s i t i v e  t o  t h e  v a r i a t i o n  o f  Iz(z) with  Z. 

t h a t  s a t i s f a c t o r y  approximations may be  obtained with I i ( z )  

+ B'  cos Boz + B" f(z). 

O R  0 

It follows 

A s i n  BO(h - ) z ' I )  

I"(z) B" cos Boz + A g ( z )  + B' f ( z )  i n  these  i n t e g r a l s  

where 

h 

( 8 4  f ( z )  = / cosBoz' KI(z,z')dz' - [$ cosBoz + T; Z sinBoz] 

-h 

- 3-  



h 

g ( z )  - 1 s i n  Bo(h-(z '()KI(z,z ')dz'  = - s i n  B,(h-lzl) +: sinBoz sinsoh 

-h 

- L 1 ( ~ ) c ~ s B 0 z  COSBoh (8b) 1 
The approximate expressions on the  r i g h t  in (8a,b) are derived i n  Appendix A. 

The funct ion 

1 2Bo(h-z) + Cin 2B0(h+z) - 2Cin 2B02 

(9) -2B02 TI t n [ x + e  En 2Boz y 2Bo(h-z) > 7 

is slowly varying except near  z = 0. 

s t a n t )  and Cin x * ,f x-'(l - cos x)dx is t h e  modified cosine i n t e g r a l .  

these  formulas a r e  used i n  t h e  evaluat ion of t he  i n t e g r a l s  on t h e  r i g h t  i n  

Note t h a t  an y = 0.5772..(Eulerts con- 

If 
X 

0 

(4a,b) ( see  Appendix A) , r e l a t ive ly  simple expressions a r e  obtained t h a t  are 

acceptable  approximations f o r  a l l  values  of z not too near  t he  ends a t  z = h. 

The r e su l t i ng  approximate d i s t r i b u t i o n s  of t he  real and imaginary p a r t s  of t h e  

current  have t h e  forms 

I i ( z )  A sinBo(h-lz))  + rE' + H'L1(z) cosf30z + D'(z/h)sinBoz ( loa)  L I 

The coe f f i c i en t s  A t o  F remain t o  be determined. The formulas ( loa)  and (lob) 

are usefu l  approximations when 0 B z E $,h - 7r/4. 
0 

A n  approximate simple expression f o r  t h e  cur ren t  near  t h e  ends z = kh 

of a long antenna is r ead i ly  obtained if no te  is taken of t h e  following f a c t  - 
which has been v e r i f i e d  both by reference t o  measurements4 and t o  d e t a i l e d  

-4- 



4 ca l cu la t ions  from t h e  a n a l y t i c a l l y  cor rec t  theory of  Wu , The cu r ren t s  

i n  antennas i n  t h e  range 0 E Boz s 5s/4 are very w e l l  represented i n  t h e  form 1 

I i ( z )  A s i n  Bo(h - 121) + B'(cos f3,z - cos ~ , h )  

I ~ ( z )  B"(coS B0z - COS Bob) , 

I f  a given antenna with Boh c 5n/4 is increased i n  length  by i n t e g r a l  mu l t ip l e s  

of t h e  wavelength so t h a t  t he  new e l e c t r i c a l  length is  B0h + nn, n - 1,2,... 

t h e  d i s t r i b u t i o n  of cur ren t  i n  t h e  ou te r  p ieces  of length h 

represented i n  t h e  forms ( l l a )  and ( l l b )  w i th  appropr ia te ly  modified coef f i -  

c i e n t s  A, B ' ,  and B". 

nf  .my length: 

ll 5n  
( l l a )  and ( l l b )  i n  t h e  range B,h' E Boz 6 BOh, where - 5 B0(h - h ' )  e 4 . 4 

s st i l l  very w e l l  

This suggests t h e  following representa t ion  f o r  antennas 

use ( loa)  and ( lob)  i n  t h e  range 0 E B,z E B,h' = nn; use 

I n  o rde r  t o  provide cont inui ty  of cu r ren t ,  t h e  two sets of formulas must 

be equated at Boz = Boh' - n'R. 

same, and 

This r equ i r e s  t h e  two c o e f f i c i e n t s  A t o  be  t h e  

1 
1 - COS Po(h - h' )  

cos BOh' where 
- - 

b =  COS Bob' - COS Boh 

and Ll(h') 

at z = h'. 

Su i t ab le  expressions are 

En/- . The components t h a t  involve s i n  Boz vanish 

They can be continued with components t h a t  are zero a t  z = h. 

- 5 -  



(14b) 

Actua l ly ,  t he  two added terms a r e  small and usua l ly  n e g l i g i b l e ,  

I11 DETERMINATION OF COEFFICIENTS 

The several  c o e f f i c i e n t s  i n  t h e  d i s t r i b u t i o n  of cu r ren t  are determined 

by s u b s t i t u t i n g  t h e  cu r ren t s  (10a,b) and ( l l a , b )  i n  t h e  equations (4a,b) and 

approximating t h e  i n t e g r a l s  as obtained by t r igonometr ic  functions.  This  is 

c a r r i e d  out i n  Appendix A; t h e  des i r ed  approximations are i n  (A-30) t o  (A-33). 

I f  t hese  a re  s u b s t i t u t e d  i n  (4a,b),  t h e  following equations are obtained: 

I n - - (E" + 0.55H" + F t a n  Boh) - D" cos BOz 2 

Z + [H'Ym - F] L1(z)cos Boz + D ' P h R  - E" - 0.55H" - $D"l ( p i n g o z )  c 
4nU1 

@ysR - A; cos 6,h)sin ~ ~ ( z (  + + :(A sin ,9,h + E'  + 0.55H')  C COS B0h 

+ D']COS B,z + [."ycR - A COS 

+ E '  + 0.55" + 

These equations are s a t i s f i e d  i f  t h e  

B,h L1(z)cos Boz + [D1'yhR + A s i n  B0h 3 
(5 s i n  B0z) = 0 . (15b) 

c o e f f i c i e n t s  of t h e  t r igonometr ic  

func t ions  a r e  ind iv idua l ly  equated t o  zero,  

simple results are obtained d i r e c t l y :  

I n  t h i s  manner t h e  following 

- 6 -  



2 e  
An cos B0h n V  

0 F -  P 

'SR ' 0  'Rl 'SR 

2n v; 2 n 
'R + 

P 

cos B0h 'R1 
A =  

' 0  'R1 

An cos Boh n2 ve 
0 

0 
H I = - =  F 

'CR 2'SR 'CR ' 0  'R1 'SR 'CR 

A cos Boh 2n v: 
H" = 

'CR ' 0  'R1 'CR 
. 

The following equations mus t  a l s o  be s a t i s f i e d :  

n 4n UR 

C;K 2 0 5 ,  cos Boh 
P O  E'"-- - -(E'' + 0.55H" + F tan 6 h )  - n" - 

4n ITI 
E"YCR + :(E' + 0.55" + A s i n  Boh) + D' + 5, cos Boh = o  

(20) D"YhR + E '  + 0.55" + 7 TI D' + A s i n  Boh = 0 

It remains t o  eva lua te  D ' ,  D", E ' ,  and E" from (17) t o  (20).  This 

involves t h e  func t ions  UR and UI as defined i n  ( 5 ,  6 ) .  

eva lua ted  i f  (lCa,b) and ( l l a , b )  are s u b s t i t u t e d  i n  ( 5 ,  6),. 

They are r e a d i l y  

The r e s u l t s  are: 

+ E"YCI(h) + H"YLI(h) + D"YZI(h) + FYSI(h) 

-7- 



4n UI - = E"'YCR(h) + H"YLR(h) + D"YZR(h) + FYSR(h) 

- AYvI(h) - E'YCI(h) - H'YLI(h) - D'YZI(h) 9 (22) 

where t h e  severa l  constants Y(h) are defined i n  Appendix B. Now le t  

= AYVR(h) + H'YLR(h) + H"YLI(h) + FYSI(h) - 7 0.55H" + F t a n  Boh cos Boh 

@Sa) 

AII = AY (h) + H"YLI(h) - H"YLR(h) - FYSR(h) + :P.55H1 + A s i n  Boh cos B,h 

(2%) 

*1R "r 1 
VI 3 

With (16a-d) these  become 

AIR = A Ym(h) + flR cos Bob] , AII A kVI(h) + flI COS BOh 1 > ( 2 4 4  I 
where 

-'k (h) - 0 . 2 7 5 ~  cos Boh 1 
+ (n /2)Yi iksI (h)  - (n /2)  s i n  Boh ] 

-1 -1 
f l R  ( " / ~ ) ~ L R ( ~ ) ~ s R ~ c R  + YCR LI 

(24b) 

flI = (n/2) s i n  Boh + YSRYCR -' -'[% I (h) + 0 . 2 7 5 ~  cos Bob] - YsR(h)Yi:) 

( 2 4 ~ )  -1 - yzR(h) 'CR 

c 
With (21) to  (24),  t h e  equations (17) and (18) now become 

D'YZR(h) + D"pZI(h) - COS Boh YCR(h) + YCR cos Bohl - 

] 'AIR (25) 
- (n/2)cos Boh 

-8- 



Equations (19) and (20) may be arranged as follows: 

D'YhR - D" - n - E" = A(0.55YCR -1 cos Bob) (2 7) 2 

(28) 
D' - n + D"YhR + E '  = - A(sin Boh + 0 . 2 7 5 ~  YsRYiR -1 1 cos Boh) . 

2 

The simultaneous so lu t ion  of (25) t o  (28) f o r  D ' ,  D", E ' ,  and E" expresses 

these  c o e f f i c i e n t s  i n  terms of  t h e  known constant A. It is  ca r r i ed  out  i n  

Appendix C. This completes t h e  determination of a l l  of t h e  c o e f f i c i e n t s  i n  

(10a,b) and (1la .b)  so t h a t  t h e  current i n  t h e  antenna is completely known. 

I V  DISTRIBUTIONS OF CURRENT AND ADMITTANCES 

The d i s t r i b u t i o n  of current  i n  t h e  form Iz (z )  - I:(z) + . j I i ( z )  is w e l l  

approximated i n  t h e  range lf30zl E Boh' = nn by 

s i n  So(h-lzl) 
+ T ~ C O S  Boz + TtL1(~)cos Boz cos Boh 

( 2 9 4  

1 
1 + Ti (z /h ) s in  8,z 

I p )  - - 
'0'31 

z + T"L (z)cos Boz + TA(z/h)sin Boz + TSsin BoIzI 9 L 1  I p )  = - 

(29b) 

where T h  = E ' / A  cos Boh, TF = E"/A COS Soh, T i  - D' /A  COS Doh, T i  = 

n T- = F I A  cos p h - n l 2  y -  When Rob' = nn ?: R z -< R h,  where - < 0 (h-h') 
S 0 SK' 0 0 4 0 

5n sr , t h e  formulas f o r  t he  current  are 

- 9 -  



+ TiLl(h') (cos BOz - cos 1 
s i n  Bo(h-lzl) 

cos B,h 

( 304 

(3Ob) 

I p  = - 

2 n  v; 
I p )  = - b[Ti + TILl(h')] (cos Boz - cos Bob) . 

' 0  'R1 

The driving-point admittance Yo = Go + jBo is given by 

B = -  2n [ t a n  B h + Th + TiL1(0)] 
0 'o'R1 0 

G = -  2n [ T i  + TIL1 (O)] . 
0 'o'R1 

When cos Boh - 0 a l l  of t he  coe f f i c i en t s  T i n  (29a,b) remain f i n i t e  

except Tb. However, i f  the  two f i r s t  terms i n  (29a) a r e  combined i n  t h e  form 

where T i C  = t an  Boh + T b  = (A  s i n  Boh + E')/A cos Boh (33)  

the  new coef f ic ien t  T'  

Appendix C. It may be convenient t o  use the  a l t e r n a t i v e  form 

remains f i n i t e  when cos Boh = 0. This is shown i n  1c 

( 34) 

i n  place of (29a) when cos 

susceptance is 

h is  very s m a l l  o r  zero. I n  t h i s  form t h e  
0 

where, from (9 ) ,  L1(0) = Cin 2B0h . 

-10- 



t 

The cur ren t  i n  the  range BOh' = nn c Boz 

i s  obtained from (30a) with the  s u b s t i t u t i o n  Th = TiC - t a n  8 h as given 

by (33). Since,  

f3 h t h a t  corresponds t o  (34) 
0 

0 

s i n  Bo(h-lzl) 

COS Boh 
= s i n  BOh - s i n  BOz + t a n  B0t(cos BOz - COS Bob) (37) 

(cos Boz - cos Bob) 9 (38) 1 
where, as def ined I n  (131, b = cos Bob' / (cos  Boh' - cos Boh) 

(33) reduces t o  (34) at z = h ' ,  s ince  BOh' = nn. 

Note t h a t  

V THE FIELD PATTERN 

The r ad ia t ion  f i e l d  of an e l e c t r i c a l l y  long antenna has been deter-  

mined by Wu4 i n  a usefu l  form. It is read i ly  computed from the  well-known 

formula 

I where t h e  f i e l d  f a c t o r  i s  

I n  t h e  form given i n  (34b) the  f i e l d  i s  r e fe r r ed  t o  t h e  Iz (0)  = V:Yo a t  t h e  

dr iv ing  poin t .  It may, of  course,  be r e fe r r ed  t o  the  dr iv ing  vol tage ins tead ,  

but t h i s  is not  conventional. The current  d i s t r i b u t i o n  i n  (34b) is t h a t  given 

5: /?om L\ . A ~ L  f4n- L\ ~ ? & ~ - . . + 4 . . ~ i . .  f q i . \  -..a f 4 Q \  --.. 
\ . -4U,Y, "*b.. \avo,",. '.A.L~..IOL**C*,, \ 4 - r ,  U.... \a", ... UJ 

(29b) and (Sob). I n  t h e  evaluat ion of  t h e  f a r  f i e l d  p a t t e r n  i t  is adequate 

be a==:! iz:Et-,ed cf 

-11- 



t o  rep lace  the logar i thmic  term wi th  i t s  value a t  z = h ' .  Hence, wi th  Iz (z)  

= I p  + j I p ,  

where (40a) app l i e s  f o r  0 f Bolzl f Boh' 

I n  (40a,b), 

TS is real. 

nn , (40b) f o r  Boh' f Bolzl E Bob. 
TCL = TI' + j T h  + (Ti  + jT i )Ll (h ' ) ,  

Yo = Go + j B o  is obtained from (31a,b). 

TZ = Ti + jTk .  Note t h a t  

I f  (40a,b) are used i n  (39b), t h e  following i n t e g r a l s  are obtained: 

j B o Z  cos 0 h 

(1 /2)s in  8 / s in  Bo(h-lzl) e Bodz = F,,,(O,B,h) 

-h 
cos(boh COS 0) - COS Boh 

I (4 1) s i n  8 

jBoz cos 8 
h' 

(1/2)s in  0 J' s in  ~ ~ l z l  e Bodz = FS(O,nn) 

-h 

j B o Z  cos e h '  

(1/2)sin 0 1 cos B0z e Bodz = FC(O,nm) 

-h' 

jBoz cos e h' 
(1/2)s in  8 ,/ ( z / h ) s i n  B,z e Bodz = Fz(O,nn) 

-h ' 

[nn sin2 e cos(nn cos e) +  cos s i n ( n r  cos e) I n 

4 
= - (-1) 

(44) 6,h s i n  8 
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~ B ~ Z  COS e h h' 

(1/2)sin 8 (1  - 1,) (cos BOz - cos Bob) e Bodz 

where 

I FC(O,Boh) = =[sin 1 BOh cos(lloh cos 0) - cos Boh sin(Boh cos 0)cos 0 

FE(O,Boh) = tan 0 sin(Boh cos 6) . 
It follows that the field pattern is given by 

f(O) = [TC + TLL1(0) + j tan Boh I-' {J Fm(O,Boh)sec Boh + TCLFC(O,n*) 

A similar formula is readily derived for the range of Boh near and at 

(2n + 1)(~/2). usually l f ( e ) l  is of primary interest. 
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APPENDIX A: INTEGRALS 

The following four  i n t e g r a l s  occur i n  t h e  equations (4a,b):  

h h 

J;Z = IA(z')  s ( z , z ' ) d z '  ; J i  - I:(z') KR(zDz')dz'  J 
-h -h 

(A-1) 

I n  t h e  approximate eva lua t ion  t h e  cur ren ts  

I i ( z )  = A s i n  Bo(h-lzl) + E'COS Boz + 

are given by 

I i ( z )  = A s i n  8 (h-lzl)  + b[E' + H'Ll(h')](cos Boz - cos BOh) (A-4a) 
0 

I"(z) = b[E" + H"Ll(h') (cos f3,z - cos Boh) (A-4b) 1 
n 5r 
4 4 i n  t h e  range h'  f I z l  s h where - < Bo(h-h') c - . 

When t h e s e  d i s t r i b u t i o n s  are s u b s t i t u t e d  i n  t h e  several i n t e g r a l s  

c e r t a i n  well-known i n t e g r a l s  are encountered. These are 

h . 
Ca(h,z) = 1 cos Boz' K(z,z')dz' 

-h 
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The p rope r t i e s  of t h e  real p a r t  of t h e  ke rne l  penu i t s  t h e  following 

approximat ions : 

(A-8) 

where YSR S (h,X/4) 9 YCR Ca(h,O) p YER = Ea(h,O). a 
In  t h e  imaginary p a r t s  of t h e  i n t e g r a l s  (A-5) t o  (A-7) ,  t h e  approxi- 

mation R 12' - zl can be  made. It then  follows t h a t  

I m  Sa(h,z) = - b l ( z )  cos Boz + P1(z) s i n  Bolz l ]  -[Ll(z) cos Boz 

(A-9) 
TI 

X 

where, w i th  Cin x = 1 x-'(l - cos x)dx, 

0 

L ~ ( z )  = 2 Cin 26 (h-z) + Cin 2B0(h+z) - 2 Cin 2B0z] 'c 0 
(A-10) 

& en I"- (h /z ) 1 + Iln(2B0z y)e  -2 BoZ when 2Bo(h-2) > y TI (A-11) 

I n  (A-11) t h e  f i r s t  term is a well-known approximation f o r  arguments t h a t  

are not too small. The second term, i n  which En y = 0.577. . .  as Eu le r ' s  con- 

s t a n t ,  is  added t o  provide a formula t h a t  has approximately t h e  co r rec t  

behavior near and at z * 0. I n  (A-lo), wi th  S i  x = I x- l  s i n  x d x ,  
X 

0 

P,(z) = $pi 2B0(h-z) - S i  2B0(h+z) + 2 S i  2B0z 3 ( A-12 a) 

H I n  t h e  range 2g0(h-z) > - 2 '  

Pl(z) s i n  SOlzI 2 s i n  Bolzl . (A-12b) 

Actually,  near z = 0, P,(z) + 2B z, so t h a t  P1(z) s i n  BolzI  + 2B:z2, whereas 
0 

H lr - s i n  Bolz l  + 2 Boz, 2 However, t h e  p r e c i s e  shape of t h e s e  small terms i n  a 
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narrow range near z - 0 i e  not  important so long as t h e  value a t  z = 0 

is c o r r e c t ,  Hence, t h e  simple form (A-12b) i s  adequate. 

Corresponding t o  (A-10) 

+ s i n  ~ , z j  , (A-1 3) 

where 

L2(z) = $ k i n  2Bo(h+z) - Cin 28,(h-z)] (A-14a) 

P2(z) - $[Si 28 (h+z) + S i  2B0(h-z)l . (A-14b) 
0 

Subject t o  t h e  condition 28,(h-z) 3 n / 2 ,  

(A-15 ) 

S t r i c t l y ,  t h e  approximation L2(z) 

However, near z = h,  L2(z) rises rap id ly  t o  L2(h) = $ Cin 48,h A $[0.577 

+ Iln 4BohI which is considerably g r e a t e r  than 1. However, i n  a small 

co r rec t ion  term, t h e  simple form L (2) 2 

considerably i n  e r r o r  near z = h. 

f is  v a l i d  only when (z/h) 1. 

Z T; should be adequate even though 

F i n a l l y ,  

Im Ea(h,z) = -bi 28,(h+z) + si 2p0(h-z)] A - . (A-16) 

The approximation on t h e  r i g h t  is v a l i d  when 28 (h-z) 3 n/2. 
0 

Addit ional  i n t e g r a l s  - which occur only i n  q u i t e  s m a l l  terms - involve 

d i s t r i b u t i o n s  of curren t  of t h e  forms L1(z)cos Boz and ( z /h ) s in  Bozo 

assoc ia t ed  i n t e g r a l s  are 

The 
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' . . ,  
h 1 L1(zt) cos Boz' s ( z , z ' ) d z '  

-h 

YCR L (2) cos B,z ' . j (A-17) 

Since L1(z) is  q u i t e  slowly varying, )YCR is  an appropr i a t e  amplitude. 

h _ _  
2 ,/ (zyh) s i n  B0z' KR(Z,Z')dZ' YhR (z/h) S in  Boz + (Sin Boh/Boh)cos Boz 9 

-h 
(A-18) 

Note that when t h e  l i m i t s  are -h' and h ' ,  2 where YhR = h(2h/Boa ) - 1.577. 

s i n  Boh' = 0 s i n c e  B,h' = nn. 2 

7 h 1 L1(z') cos Boz' KI(z,z')dz' Li(h/2) cos Boz' KI(z9z')dz' 

-h -h 

In  t h i s  small term, t h e  slowly-varying func t ion  L1(z) is, replaced by an 

approximately average value at z = h/2,  v i z .  Ll(h/2) = $[c-in 3goh - Cin Boh] 

(Iln 3)/2, and t h e  remaining i n t e g r a l  is  t h e  same as (A-lS), 

+ 3 ~ ~ ~ 4 )  s i n  ~ ~ 1 2 1  1 s i n  2B0h h I ( z ' / h )  s i n  Boz' KI(z,z')dz' = - 
-h 

- L2(z) cos BOz 

n z  s i n  2B0h 2 
-{[1- 2B,h - -1 h2 cos B,z + 7 T; s i n  B$ 

Note t h a t  when t h e  l i m i t s  are -h' t o  h '  s i n  2Boh' = 0 s ince  Boh' nn. 

This i n t e g r a l  is evaluated d i r e c t l y  wi th  R 

approximate expression i s  obta ined  wi th  (A-15). 

is of higher order  i n  t h e  cur ren t  d i s t r i b u t i o n  than t h e  terms i n  (10a,b), 

Iz - 2'1 i n  t h e  kernel.  The 

2 Since t h e  term (z/h) cos B,z 
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it w i l l  be omitted.  

I n t e g r a l s  t h a t  a c t u a l l y  arise i n  add i t ion  t o  (A-5) t o  (A-7) inc lude  

h 

,/ s i n  Bo(h-lz'I) s ( z , z ' ) d z '  = Re[Ca(h,z) s i n  b0h - Sa(h,z) cos B0h - 1 
-h 

A YR s i n  B,(h-lzl) , (A-21) 

where 

Ca(h,h-X/4) sin B0h - Sa(h,h-X/4) cos B0h when B0h > 7 lr (A-22) 

h 

I 1 s i n  Bo(h-lz'l) KI(z,zr)dz'  - Im Ca(h,z) s i n  Boh - Sa(h,z) cos B0h 

-h 

1 [: s i n  B0(h-1zI) - L1(z) cos Boz cos Boh + E s i n  Boz sin B0h 

(A-23) 

h' 

( C O S  o0z' - COS BOh) %(Z,Z')dz' 

:: Y cos B z (A-24 )  

1 cos Boz' $(z,z')dz'  + 
-h' 

CR 0 

i n  the range Izl E h'. 

of cos Boz such as a t  z - 0 where 

The constant amplitude YCR is defer red  a t  a maximum 

(A-25) 

Since L (z) is slowly varying, 1 

h'  h h '  1 L1(z1) cos Boz' KR(z,z')dz' + b Ll(h') (1 - [.)(cos Boz' - cos Bob) 
-h ' 
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. !  

Since i n t e g r a l s  w i th  t h e  ke rne l  KI(z.2') are no t  s e n s i t i v e  t o  t h e  d i s t r i -  

bu t ion  of current and s i n c e  t h i s  is continuous at 2 = h ' ,  t h e  added s l i g h t l y  

d i f f e r e n t  i n t e g r a l  f o r  h' E IzI 6 h cannot s i g n i f i c a n t l y  al ter t h e  va lue  

obtained wi th  an unchanged d i s t r i b u t i o n .  Hence, wi th  (A-13). 

h '  h h' 

cos B z '  KI(z,z')dz' + b (COS B0z' - COS Boh) KI (z ,~ ' )dz '  1 0 

-h ' 
A -[: cos [joz + - 2 s i n  Bo.] b (A-27) 

h 

Simi la r ly ,  with (A-19) 

h h h' 1 ~ ~ ( 2 ' )  cos BOz' KI(z,z')dz' + b Ll(h') ( 1 - 1,) (COS BOz' - COS B O W  
-h 

KI(z,z')dz' A - 0.55[$ cos Boz + -. 2 s i n  Boz] (A-28) 
h 

With t h e  several approximate formulas, I t  is  now poss ib l e  t o  express  

t h e  o r i g i n a l  i n t e g r a l s  (A-1) and (A-2) with (A-3a.b) and (A-4a,b) as follows: 

3 J; = -[EtvE + 0.55H1'$ + D" + 5 n F t a n  B0h cos Boz - + 0.55H" + D":] 2 

Z (K s i n  Boz) - F Ll(z) cos Boz + F s i n  B,(h-lz()/cos Boh - (A-32) 2 
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. 
APPENDIX R: COMPONENTS OF U 

The c o e f f i c i e n t s  UR and UI are def ined by ( 5 ,  6) .  Approximate values  

are obtained from t h e  s u b s t i t u t i o n  of  t h e  cu r ren t s  (10a,b) and ( l l a , b ) .  

They may be expressed as i n  (21)  arid (22) i n  terms of  a set of numbers 

denoted by Y(h) since they correspond t o  i n t e g r a l s  eva lua ted  at z = h, 

t h e  end of t h e  antenna. The several va lues  are def ined below. 

= Ca(h,h) s i n  Boh - Sa(h,h) cos B0h (B-1) 

(cos B,z' i'l - 
h' 

YC(h) YCR(h) + jYCI(h) = 1 cos B z '  K(h,z ')dz'  + b (  ( - n 
-h' \ i h  -;'I 

- COS Bob) K(h,z')dz' 

03-21 
h'  

where 
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APPENDIX C: SOLUTION OF EQUATIONS 

The four equations (25) t o  (27) f o r  D ' ,  D", E ' ,  and E'' can be solved 

Thus, q u i t e  simply i f  E '  and E" are first e l imina ted  from (25) and (26). 

from (27)  and (28) 

E' - - b ' ~  T + D1'YhR + A(sin Boh + 0 . 2 7 5 ~  YSR -ly-l CR cos B o b ]  , (C-la) 

I 

(C-lb) n -1 E" = D'Y - D"- - 0.55A YcR COS BOh hR 2 

When these  expressions are s u b s t i t u t e d  i n  (25) and (26) these  become 

D' Qi + D" Qy = A g3 (C-2a) 

D' Qi + D" Q; = A Q4 9 (C-2b) 

where 

Q3 - - YVR(h) + YCR(h) s i n  Boh + f j  cos Boh (C-7) 

a4 - - Y (h) + YCI(h) s i n  Boh + f 4  cos B0h (C-8) V I  

where 
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cos Boh f 4  = - flI - 0.55  YiibCR(h)  - YCR 
-1 -1 

+ (a /2 )  sin Boh + 0 . 2 7 5 ~  1 
[Y (h) + (3/2)  cos B h] . (C-10) 'SR'CR CI 0 

It follows d i r e c t l y  t h a t  

D' = A A-l[Q3@! - Q 4 1  a"] = A b- 'P! [ -  YvR(h) + YCR(h) s i n  BOh + f 3  cos B,h] 

1 - Q;l[- YvI(h) + YCI(h) s i n  Boh + f 4  cos Boh 

(C-11) 

D" = A A-l[a4Q; - @,O;] = A A-'b$-  Y v I ( h )  + YcI ( l i )  s i n  Boh + f4 cos Bob] - 

(C-12) 

e and A = - 2 s  Vo/So YR1 cos Boh. Since when Boh -C (2n -t 1)(3/2), Y v R ( h )  + 

YCR(h), YvI(h) + YCI(h), i t  is c l ea r  t h a t  a l l  terms not mul t ip l ied  by cos 

Boh i n  t h e  numerators of (C-11) and (C-12) vanish so t h a t  t h e  cos Boh i n  

t h e  denominator of A is cancelled and f i n i t e  values of D' and D" remain. 

With D' and D" given i n  (C-11) and (C-12), E '  and E" are given by 

(C-la ,b) . Thus, 

-1 -1 + 0.2753 YSRYCR COS B0h (C-13) 

Since t h e  coe f f i c i en t s  (0 and Q4 ind iv idua l ly  red- t o  t h e  form f cos Boh 

when Boh + (2n + l ) ( s / 2 ) ,  i t  i s  c l e a r  t h a t  E" remains f i n i t e  when cos B0h 

3 
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+ 0 s ince  cos f3 h i n  the  denominator of A cancels  with cos BOh i n  t h e  numera- 

t o r .  Exactly t h e  same is  t r u e  i n  E' except f o r  t h e  one term, s i n  Bob. 
When cos Boh i n  the  denominator of A i s  mul t ip l ied  through t h i s  becomes 

0 

t a n  Boh. 

Hence, E' * 

junct ion with (32), the  sum of the  terms A s i n  Bo(h-l z I ) + E' cos f3,z 

y i e l d s  simply (A s i n  Boh + E') cos Boz - A cos B h cos 8 z which remains 

f i n i t e  when f3,h + (2n + l ) (m/2) .  

( f i n i t e  term) + t an  B0h . As pointed out i n  con- { 1 2n v; 
' 0  'R1 

0 0 
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