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ABSTRACT

Radiation energy transfer and ionization rates in the mixture of
atoms, ions and electrons produced by a normal shock wave propagating in
cold argon gas are examined, It is shown the gas may be regarded as a
combination of two gases, one composud only of electrons and one com-
posed of both atoms and iong, Temperature differences between the elec-
tron gas and the atom-ion gas significantly affect radiation and ioniza-
tion rates in the shock wave.

The analysis uses the ionization rates due to both atom-atom
collisiones and electron-atom collisions., In addition, photoionization,
which is responsible for precursor ioniration, is included.

Although argon is not a grey gas, it is shown that the radiation
variables may be reduced to the forms they would have if the gas were
grey, but with different source functions and attenuation properties.
Radiation generated by photoionization and radiative recombination
involving excited atomic states escapes ahead of the shock wave and
results only in cooling the hot gas. Radiation due to photoionization
and recombination involving the ground state is trapped by the cold
particles ahead of the shock and causes precursor ionization., Photo-
excitation processes (line radiaticn) are omitted from consideration.

The integral form of the radiation variables causes the equations

to0 be integro-differential. Iterative techniques for solving the

b i
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equations are not practical because they converge too slowly. Instzad,
a combined perturbation-iteration method is used.

The effect of viscosity and heat conduction is to discontinuously
change the temperature and density of the gas. Preceding the discon-
tinuity is the precursor region caused by ground state photoionization.
After the discontinuity the electron gas is colder than the atom-ion
gas. Subseguently the electron gas temperature increases until it
becomes equal to the temperature of the atom-ion gas. Finally, after
chemical equilibrium has been reached, the gas radiatively cools to its
final stage. The ionization rate and precursor ionization are found to
be greatly affected by the cool layer of the electron gas following the
discontinuity.

Radiation energy transfer has little effect on the ionization rate
until equilibrium ionizetion is approached. The net collisional rates
then decrease and the radiative rates become relatively more important.
The net effect is to decrease the ionization rate and delay chemical

equilibrium,




CHAPTER 1
BACKGROUMD AND LITERATURE SURVEY

In the last fewv years there has been a great deal of interest
concerning shock waves propagating with sufficient speed that the zhocked
gas becomes ionized and emits radiation, Shock tube research has shown
bov elastic and inelastic collisions between electrons, iomns, api atoms
of the gas influence the ionization process. The role of radiation in
the ionization process, however, hns'never been determined,

In this thesis the effect of radiation energy transfer on the
ionization process in zhock waves propagating in argon is investigated,
It is an especially difficult problem because the radiation energy trans-
fer, the kinetics of ionization and the energy exchang: between electrons,
atoms and ions in the gas must be considered simultanesusly. The fre-
quency depeamdence of the radiative emission and absorption processes
leads to sdditional difficulties in calculating the radiation energy
transfer,

Although the analysis in this theeis is performed for shock
wvaves in argon, its concepts and techniques are generally spplicable

to chemically reacting, radiating gases,
All shock waves analyzed in this thesis are assumed to be normal

and time independent. In the Pulerian frame of reference the three

appropriate fluid conservation equations are:

i aindi-dan
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The Couservation of Mass Ejuation,

:—x- (o u) =0 (1.1)

In this equation p is the mass density of the gas, u 1s the velocity
of an elemental gaseous volume and x 1s a coordinate parallel to the
direction of shock wave propagation. The origin of x is fixed to the
shock wave, Values of x increase in a direction opposite to the direc-

tion of shock wave propagation as shown on Figure 1l.1.

The Conservation of Momeuntum Bjuation,

o

= [pu2 +p-9d]l=0 (1.2)

Here p 1is the hydrostatic pressure in the gas and o 1s the compres-

sive stress produced in the gas because of its viscosity,

The Bnergy Conservaetion Bquation,
= [pu(h+30) -ou+q) =0 (1.3)

The quantity h = (€ + p)/p stands for the enthalpy per unit mass of

gas, € 1s the internal energy of the gas per unit volume and q 1is the

’

net heat flux in the direction of increasing x.

These equations may be integrated once to give

pu = M (1.k)
Mu + Pp=-v = P (1‘5)
M(b+duf)-vusq = B (1.6)

vhere M, P and E are integration constants. These are the equations

which are applied to the analysis of shock wave structure in the simplest
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cases, It is necessary to modify them vhen the shock wave occurs in a
partially ionized gas. This modification is discussed in Chapter II.
The character of the flov in a shock wave is determined by the
quantities h, p, v and q. The way in which these quantities are in-
fluenced by viscosity, chemical reactions, radiation and ionization is

discussed in the following sections,

Effect of Viscosity

The viscosity of a gas is responsible for the compression and
resultant bheating which occur in shock waves., At low speeds where the
gas is not hot enough to produce changes of state in the gas or emit
radiation, it is the only process which occurs. The pressure, enthalpy,
compressive stregg and heat conduction are then described by the follow-

ing familiar relations.

P = pRT (1.7)
h = cp'r (1.8)
s = ow (1.9)
q = - “c%}T' (1.10)

Far upstream end far downstream the compressive stress and heat

flux are both zero and the initisl and final states are related by

pu = p u = M (1.11)
Mu_+p_ = Mu* + P, (1.12)
h+ 4 uf = h 4+ %ui (1.13)




Subscripts + and - in these equations denote values at + wand ~ »
on the x coordinate,

Mathematically speaking the shock extends from - @ to + . In
practice the thickness of the viscous shock is often negligibly small.
It may then be thought of as producing an instantaneous change in the
state of the gas with the initial and final states related by equations
(1.11) through (1.13)., In mathematical terms the change of state produced

by the shock wave may be described as a step function.

Effect of Finite Chemical Rates

The final state reached by the gas in a shock wave can be chem-
ically changed compared to its initial state. Description of chemical
changes in shock waves can be very complicated. For example, Sherman
[1]* has studied a rediating shock wave in air involving thirty-four
reactions, The shock waves studied in this thesis are assumed to propa-
gate in argon.. The choice of argon is advantageous because the only
chemical process which can occur in argon is ionization. Consequently
the chemistry is relatively uncomplicated. Furthermore, because of its
wide use in shock tube experiments, the properties of argon are well
known,

For ionized argon gas the enthalpy and pressure are given by

the following formulas [2].

h=g(l+a)pRT +aRT (1.14)

ion

P = (1 + a) eRT (1.15)

* Numbers in brackets refer to the Bibliography.




In these equations o is the degres of ionization in the gas

ni
a = T — (1016)
na + ni

where n, is the number density of ions and n, is the number density

of atoms. Tion is the ionization temperature defined by the require-

[ J
ment that kT be the ionization potential, For argon T on ™ 1.82(105) K.

i
If the ionization is rapid, the gas may be thought of as instan-

ion

taneously adjusting to a degree of ionization such that the rate of
ionization and the rate of recombination cancel each other. The gas
is then said to be in chemical equilibrium. If chemical equilibrium is
maintained in the gas, the degree of ionization may be calculated from

the Saha equation [2] which for argon may be written

o Pion /T D e- Ty on’
l-¢a p T )

(1.17)
ion

whe e Pion is a constant which has the value 1kg,3 sm/cmB.

However, because of the finite rate at which lonization processes
proceed, the changes which would take place in a shock wave if chemical
equilibrium were maintained in the gas, may be more rapid than can
actually occur. The degree of ionization in this case must be calculated
from equations which describe the chemical kinetics of the ionization

process., Assuming no diffusion of electrons, conservation of electrons

requires
S— (0 u) = b + b (1.18)
coll rad
where n, 1is the number density of electrons, ﬁe is the net rate of

coll
production electrons by collisional processes and ﬁe is the pet
rad




rate of production of electrons by radiative processes. If the number
density of electrons and ions are equal, the degree of ionization may be

written

where m_  is the atomic mass. Equation (1.18) may then be transformed

to

MaE .o o(a + A ) (1.19)
dx 9 o1l erad

Collisional ionlzation cecurs by the following reactions:

A(p)-rz : A+ X

12l
+
@®

p = 1’2’ s e (1'20)

A(p) +

<t
t

A(q) +X a>p, p=12, ... (1.21)

A represents an argon atom, e an electron and z stands for a typical
reaction partner which could be A, e, or a contaminant species., Bound
alectron states are indicated by the index p or q with p = 1 corresponding
to the ground state,

Radiative ionization is described by a similar set of reaction

eqiations,
A(p) +hy = AT + e p=1,2,3 ... (1.22)
A(p) + by * A(a) a>p, p= 1,23 ... (1.23)

Continuum radiation is emitted and absorbed by reactions (1.22) and
line radiation by (1.23).

Other reactions are possible but the research to be reviewed
presently shows them to be of secondary importance for the calculations

performed in this thesis,



Detailed expressions for the collisional and radiative ionization

rates are developed in Chapter II.

gffect of Rediation

Radistion of the gas in & shock wave can affect shock wave struc-
ture by contributing to the ionization process, as just discussed, and
by its contribution to the heat flux q. The effect of radiation on
pressure and eneryy density is completely negligible for the calculations
performed in this study [3].

The‘equation of radiation energy transfer appropriate t0 a one-

dimensional geometry is

|

Oomy vy 1 [I(x, u, v) + 3(x, v)] (1.24)
£ (x,v)

The radiation intensity I(x, u, v) 1s defined by the requirement that

¥

£

P
IS

I(x, u, v) dA do dv 1is the radietion energy which passes through aree
dA of a surface at x whose normal is parallel to the x axis, within
solid angle dw of a direction making an angle cos™ly with the x axis,
in the frequency interval v, v + dv, per unit time. The geometry approp-
riate to this definition is pictured in Figure 1.2,

The source function S(x, v) is the radiation intensity at position
X, angle cos_lu and frequency v due to radiation emitted per unit mass
of gas at the location of dA. Since emitted radiation is independent of
direction, the source function has no dependence on p.

The penetration length £(x, v) is the length required for the
radiation iutensity to decrease by a factor l/e in a gas of constant
properties if there is no emission of rediation (as can be seen directly
from equation (1.24)). The penetration length is a function of x

through its dependence on temperature, density, etc., and it is e fruction




Figure 1.2. Radiation Transfer Geometry.
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of frequency through the way in which radiation is created and destroyed
by the atoms, ions and electrons in the gas. Detailed formulas for the
penetration length are developed in Chapter 1I.

At the upstream boundary x = x_ the gas is assumed 80 cold that
no radiation is emitted in the positive x direction., At the downstreenm
boundary, the gas is assumed to have constant properties and the inten-
sity is given by the Planck function BV(T ) = 2hv3/02(ehv/m‘-l).l

evalusted at the upstream temperature T+.

I(x_, u, v) =0 for 0 &8 pus1l
(1.25)
I(x,, u, v) = B, (T+)
Replacing x by the optical length
X
(x, v) = J = (1.26)
£(x V)

o)

in terms of which equaction (1.2hk) is linear, the solution of equation

(1.24) appropriate to the boundary conditions (1.25) is seen to be

(‘ 7%, v)
8, ¥) e (e Lnlx, ¥) = w(x, V) Vuar(xt, V)/u
T(xerv) for 0s nusl
I(x,u, v) =
< -lr(x,v) - 7(x,v)]/u (1.27)
B (T )e
v +
Cr{x,,v)

-J S(x,v) exp (= [7(x, v) = #(x', v):/War(x', v)/u
\ T(x,v) for =1 s u 0
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The contribution to the heat flux from radiation in the frequency

range v, v + dv 1is

i
G (X, V) = 2x ] uw I(x, u ¥) du (1.28)
Substitution of (1.27) into this expression gives
T(x*)v)
ap(x, v) = 2« [ s(xjv)sgn[r(x,v) - (V) B (|7(x,v) = v(x',V)|)dr(x',v)
T(x_:v)
- Bylrlx,v) = Tl BT, | (1.29)
where
1
plt) = [ e M an (1.30)
o
+1 ift'< ¢t
sgn (t-t') = { - (1.31)

-1 ift'> ¢

The location of the downstream boundary x will be taken to be
- o and that of the upstream boundary X, will be taken to be + w, Then

equation (1.29) becomes

+o0
‘

qR(x, V) = Exhj S(x',v)sgalr(x,v) - 1(x;v)182[|1(x,v) - r(x',v)|ldr(x',v)

(1.32)
The total contribution to the heat flux due to radiation of all fre-

quencies is found from this by an integration over frequency.

a) = [ aylxvian (1.3)
(o]

The form of the radiative heat flux 9 considerably complicates
the problem because of the frequency integration required in equation

(1.33) and because the integrand in equation (1.32) depends on the




2

temperature, density, etc. of the gas vhaich are mot known until the prob-
lem 1is solved, In almost all of the work on rediation shock wvaves the
problem has been simplified by assumptions involving one or both com-

plicating factors.

Effects of lonization

Ionization in shock wvaves is responsible for some phenomena vhich
are mentioned here and discussed in greater detail later,

A partially jlonized gas 1s & mixture of atoms, ions, and elec-
troos. In such a mixture it is possible for proceases to occur in
vwhich one species is preferentially affected,

For example, electrons will lose energy by creating ions through

the reaction
+
e+ A(p) A +e + e,

It happens that the ways in which electrons can gain energy are much less
efficient than the way they lose energy by creating ions. The net result
is an energy drain from the electrons. The electrons can be thought of
as cooler than other species when ionization is taking place,

The thermal conductivity of electrons is much larger than for
other species, Consequently a preferential heat conduction in the
electron gas can be expected.

Transport properties are greatly affected by ionization. Vis-
cosity and heat conduction are much daifferent for a slightly ionized
pas than one which is fully ionized [L].

Collision processes by which energy and mosentum exchange take

place also depend on the degree of ionization in the gas. If the
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degree of ionization is small, energy and momentum exchange takes place
through binary collisions. But when the degree of ionization is large,
encrgy and momentum may be exchanged by interactions involving many
particles,

Iastly, the steep concentration gradients in a shock wave will
promote diffusion of electrons relative to ions. The resulting charge

separation will cause ean electric field which can affact the flow,

Literature Survey

The survey presented in this section does not attempt to give an
exhaustive account of all the research conducted on radiasting, chemlcally
reacting shock waves, Rather, its purpose is to illustrate the experi-

mental and theoretical knowiedge which has been gained by such research.

Radintion in Shock waves
All of the work involving radiation emergy transfer in shock
waves, with the exception of the work of Clarke and Ferrari [5], has
assumed the gas to be grey and the radiation to be emitted in local
thermodynamic equilibrium.
A ga8s 1s grey when its penetration length may be replaced by an

aversge penetration length which 1s independent of freguency,
0%, V) = By, (%) (1.3%)

local thermodynemic equilibrium means that the source function at
any point in tue gue is given by tne Planck function evaluated &t the

local gas tempersture,

8(x, v) = B(T) (1.35)




L

With these simplifying assumptions equation (1,33) for the radiative

flux becomea

+ h-
q = 2_] y T(x')sgn [(x) = o(x") I (]7(x) = T(A)]) ar(x')  (1.36)

where ¢y 1s the Stefan-Boltzmann constent and

;g X ax
(x) = 1.37
R e 0

The radiation i3 characterized by the average penetration length.

G T

This is a consequence of the grey gus assumption. When frequency variation

of the radiation is considered, there may be no one length which typifies

radiation emergy transfer, Non-grey radiation energy transfer is con-
sidered in Chapter II.

Research on radiating shock waves may be clussified by whether
the radiation is lost or trapped.

Of course no radiation energy can ever be lost in the sense that
it is destroyed. By lost radiation is meant radiation which escapes the
system being considered. For example, radiation may be iost from a
shock tube to the surrounding laboratory. Loss of radiation energy from
3 a system is referred to a&s radiation cooling.

Radiation which is not lost but re-absorved within the shock will
tie termed trapped radiation. All previous investigations of shock wave

structure have considered either trapped racdistion or radiation cooling

Lut not both.
Heaslet and Baldwin [€] have obtained solutions for shock waves
vith trapped radiation. The shock wave is assuued to be inviscid and

propegsting in a perfecuv gas, The mathematical problem associated with
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the integral form of the rediatiom flux, which requires the solution
to be kmown before the imtegramd in equation (1.36) can be calculated,
is avoided by what is essentially the differential approximation
discussed by Murty [7] and by Goulard and Traugott [8].

Although the problem solved by Heaslet and Baldwin is the least
complicated formulation possible which involves trapped radiation, it
must still be solved numerically,

If there were no radiation,the solution would be a step function
shock wave caused by viscosity and heat conduction in the gas. The nature
of the solution depends on the amount of heating which occurs by radia-
tion energy transfer compared to that which océurs by viscous dissipa-
tion,

If radiative heating exceeds viscous heating,it is possible to
have a shock wave without any discontinuities. The absence of discen-
tinuities shows the viscous effects to be completely negligible . Repre-
sentative profiles of temperature, velocity and radiated heat flux
typical of this kind of shock wave sketched from the solutions obtained
by Heaslet and Baldwin are shown in Figure 1.3. Presentation of the
results in terms of the optical length can be misleading. If the
average penetration length for grey radlation is large, tiae extent of
the shock in terms of the optical length will correspond to a very small
distance in terms of the physical length x.

When ﬁhe radiative heating is not so strong the solution consists
of a step function shock imbedded in a larger inviscid region. Profiles
typical of this situation, sketched from the solutions of Heaslet and

Baldwin, are shown in Figure 1.k,
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1

0

Figure 1.3. Inviscid Radiating Shock Wave,

Figure 1.4, Radiating Shock with Discontinuities,
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Heaslet and Baldvin assume the viscous portion of the shock in
the latter case to be vanishingly thin. Cohen and Clarke {9] and Chow {10]
have shown it ie a good approximation to consider the shock wave composed
of an inviscid region, identical to the sclution obtained by Heaslet and
Baldwin, in which is imbedded a viscous region, unaffected b, radia-
tior, which matches the inviscid solution at its boundaries. This is
true as long as the penetration length is large compared to the extent
of the viscous region,

Solutions for shock waves with combined radiation and viscosity
in which there is no restriction placed on the slize of the penetration
length compared to the size of the viscous region have been obtained by
Traugott [11]. Sen and Guess [12] also solve the combined problem but
assume the penetration length to be small compared to the thickness of
the viscous region. They then cmploy the Rosseland approximation to
calculate the radiative heat flux,

All of the solutions just mentioned assume the gas is not ionized
by the shock wave. Non-grey trapped radiastion energy transfer im shock
waves with ionization has been investigated by Clarke and Ferrari [5].
Their work is discussed in Chapter I1I.

Radiation cooling effects in shock tube experiments have been
reported by Petschek et al,[13] and Redkobordyi [14].

All of the solutions for radiation cooling assume the shock may
be divided into two regions, In the first region ionizational equili-
brium is reached and no radiation cooling occurs. That region is followed
by the radiation cooling region from which radiation energy is lost. The

radiation cooling region is terminated by a cold gas interface or wall.
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Petschek et al, [13) calculate profiles in the radiation cooling
é zone assuming it is optically thin., McChesney and Al-Attar [16] perform
! a similar calculation except they assume in addition the gas is grey.

In the solution of Pomerantz [17] the gas is assumed to be grey
but self absorption is teken into account. In contrast to the optically
thin solutions, in which the gas continually cools, cooling stops after
a few penetration lengths due to 8¢lf absorption. A steady state is
reached in the radiation cooling region when it is a few penetration
lengths thick.

In the case investigated by Pomerantz the radiation cooling region
was terminated by a cold gas interface. Yoshikawa and Chapman [18] ob=
tained a solution similar to that of Pomerantz but they terminate the
radiation cooling region with a wall. In addition to the radiation
which is lost by emission ahead of the shock there is a loss at the wall,
Cooling adjacent to the downstream boundary appears to be absent from the

solution of Pomerantz.

Chemistry of Ionization

For shock waves in argon,ionization proceeds in a very complicated
way, The details of the ionlization process are not clearly known,

Petschek and Byron {19] show that more than ore reaction is
neregsary to reach equilibrium ionization, If the electron concentration
is sufficiently high, the most probabie ionization process is ionization
by electron-atom collisions. Petschek and Byron concentrated on investi-
gating this reaction.

They deduced the electron concentration during the approach to

equilibrium ionization in argon from measurements with potential probes
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placed in their éhock tube and from measurements of the continuum radia-
tion intensity, Initially the electron concentration is too low for
electron-atom collisions to be important, but later in the ionization
process the number of electrons is sufficient for electrom-atom collisions
to be the malin source of ionization,

Their measured ionization rate is consistent with a two-step
reaction scheme consisting of excitation followed by ionization of the
excited state,

*
e +A » A + e

(1.38)

* +
e +A +» A +e +e

Furthermore, their measurements verify that the electrons are not in
thermal equilibrium with the atoms as ionization proceeds, This 1s
because each time an electron is produced the electrons collectively lose
energy equal to tbe ionizatiom potential of the atom., The only way in
vhich this energy can be regained is through elastic collisions with the
ions and atoms. However, this is an inefficient process because the
electron mass is much smaller than the atom mass. On the other hand,
energy exchange between the ions and atoms, which have essentially the
same mass, is effective. As a result the electrons tend to cool, but
the etoms and ions establish an equal and hotter temperature. Petschek
and Byron assumed the electrons established thermodynamic equilibrium
amony themselves at an electron temperature Te and the atoms and ions
established thermodynamic equilibrium among themselves at a temperature
Ta' The electron temperature was assumed to be such that the energy

lost by electrons through ionizing collisions was just balanced by that

gained from elastic collisions with the atoms and ions. Since the reaction
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rate is sensitive to the electron temperature, the agreement between
measured and calculated rates obtsined by Petschek and Byron Justified
their model of thermal non-equilibrium between the electrons and heavy
particles,

Wong [21) has also deduced the electron-atom ionization rate in
argon by measuring the electron concentration in the chemical ncn-
equilibrium region cf a shock wave using an interferometric technique.
He found the electron-atom ionization rate to be wore rapid than had
been measured by Petschek and Byron. He attributes the larger rate to

the onset of one-step electron-atom ionization
+
e+A +» A +e+ e

but it could also be caused by other processes to be discussed presently.

Io the early stages of ionization, when the electron concentra-
tion is too small to support ionization Ly electron-atom collislons,
other reactions must be responsible for iovnization, Petschek and Byron
noticed that the time to reach equilitrium ionization was greatly af-
fected by the concentration of impurities presant in thelr shock tube.
Accordingly, they suggested that when the electron concentration was
small reactions between impurity molecules and argon atoms would be
importent., However, the concentration of impurities in their experi-
ment was not great enough to account for all of the ionization which
takes place in the region of small electron concentration. They
speculated that reactiors involving atom-atom collisions and rsdiation
in addition to contaminant reactions contributed to the ionization.

Weymann [21] considered the relative importance of contaminant

reactions and atom-atom reactions. He showed the contaminant reactions
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could be considered independently from reactions between gas atoms
because of the much lower concentration of 1mpurit1el; The impurity
reactions were conjectured to occur much more rapidly than atom-atom
reactions due to the lower ionization potential of impurity species,
He viewed the initial region of ionization as being divided into two
regions, In the first region ionization would take place by reactions
involving impurity molecules, This would be followed by a much more
extensive reglon where ionization would proceed by reactions involving
only gas atoms,

Weymann theorized the most probable atom-atom reaction would be
a two-step reaction similar to the twc-step reaction imvestigatad by

Petschek and Byron,

P +hA - A¥+A (1.39)

A" +a » At iesn
The concentration of excited itoms is maintained either because the
excited state is metastable or because radiative transitions from this
excited state are optically thick. This reaction scheme was experimentali-
ly verified by Harwell and Jahn [22] by use of a microwave probe trans-
verse to their shock tube, Great care was taken to reduce the impurity
concentration., Only when the impurity level was reduced to 2 few parts
per million did their preserce have & negligible effect on the results,
Their technique for reducing the impurity level was further refined Ly

Kelly [23] who confirmed the conclusions of Harwell and Jahn and obtained

more sccurate results,
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The contaminant reaction region was investigated in xenon by
Hacker and Bloomberg [24] by using the microwave probe along the axis
of their shock tube. They found the ionization occurred by a very
complicated set of reactions involving contaminant species, xenon atoms
and molecules in various states of excitation, and radietion. Contami-
nant reactions in argon were theoretically discussed by Morgan and
Morrison {25) who calculated the time to reach equilibrium ionization in
argon shock waves by combining the electron-atom rate of Petschek and
Byron and the atom-atom rate of Harwell and Jahn. They attributed the
discrepancy between the calculated time and the time observed by Petschek
and Byron to contaminant reactions. The calculations made in this thesis
assune the argon gas to be absolutely free of impurities,

Bibermann and Yakubov [26] also calculated the time to reach
equilibrium jonization by combining electron-atom ionizatlion and atom-
atom ionization rates. Experiments show the ionization process actually
takes place more quickly than they calculated. They suggested that line
radiation from the hot gas following the ionization region excites argon
atoms in the ionization region, which are easily ionized, contributing
additional electrons and consequently decreasing the time to reach
equilibrium, The equilibrium ionization time calculated by including
this effect showed much improved agreement with experimentally measured
times,

Radiation can affect ionization in still another way by creating
electrons ahead of the shock discontinuity. Such électrons have been

termed precursor electrons because they occur ahead of what is normally

thought of as the shock front., They have been observed in re-entry by
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their effect on radar cross section [27], (28], [29], and in shock
tubes as described below.

Results of experiments to detect precursor electrons in shock
tubes were at first quite confusing. Some care was needed to eliminate
extraneous causes of electrons ahead of the shock wave such as the phuto-
emission from the shock tube walls [30], [3L]. The early measurements
of precursor phenomena seemed to indicate that most of the charged parti-
cles ahead of the shock front were electroms [30]), [32], [33). If
the photoionization caused the precursors,the number of electrons and
ions would be equal, It was proposed that precursors were caused by
electrons diffusing ahead of the shock wave, It was thought the severe
gradients of electron concentration in the shock wave would cause such a
diffusion.

Theoretical investigation of the diffusion hypothesis has been
reviewed by Wetzel [34]., All the calculations showed a much smaller
electron density ahead of the shock than had been measured, Pipkin {35]
argued that the distrivution of electrons in small diameter shock tubes,
such as had been used for the experiments, produce an electric field
vector that is not mauinly along the axis of the shock tube as had been
assumed in the theoretical work. He analyzed the problem assuming a
different configuration of the electric field and, because Of its weaker
axiasl compounent, was able Lo explain the main features of the experi-
mental results. Appleton [36] claims it is unreasonable to assume that
Pipkin's expression for the axial field is valid in the immediate vicinity
of the shock. Instead Appleton requires the field to be one-dimensional

pear the shock und obtairs a numerical solution in which the electron
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concentration rapidly decreases ahead of the shock, consistent with the
earlier thecretical results. Unless a transition to a weak axial field
takes place in a short distance ahead of the shock, the diffusion hypothe-
518 cannot be theoretically explained,

Recently Weymann cud Holmes [37] and Holmes [38] have repeated
the earlier experiments of Weymenn with improved measurements, These
more recent experiments show that photoionization of the cold gas ahead
of the shock by radistion from the hot shocked gas is the principal means
of producing precursor electrors, This is consistent with the recent
experiment of Zivanovic {3Y] ano Lederman and Wilson [kO] who vere able
to separately measu; e the photo-electrons and the diffusion electrons
abead of the shock waves, They found only photo-electrons.

These experiments indicate that precursor ionization 1a caused by

rudiation from the hot shocked gus.




CHAPTER II
FORMULIATION OF WQUATIONS

In this chapter the equations which describe non-grey radiation
energy transfer, ionization kinetics, and energy exchange in partially
ionized arygon are formulated, First the fluid conservation equations
for a partislly ionized gas are develcped. These are then transformel to
a non-dimensional form and simplified by eliminating all unimportant
terms, Next equations for the ionization rate sre developed, Finally
expressions are developed which give the ronegrey radiation flux and
radiative ionization rate, The method of solution is discussed at the

end of this chapter.

Conservation Equations for a Partially Ionized Gas

In an un-ionized monatomic gas mass, momentum and energy can be
transferred only by the neutral atoms which make up the gas, If the gas
is ifonized, electrons and ions provide additional ways for mass, momentum
and energy to be exchanged. An equation for the conservation of mass,
momentum and energy can be written for each species of the gas following
the approach used by Appleton and Bray [kl]. .Let each species be labeled
by a subscript A, The species conservation equations for one-dimensional
steady state flow are as follows:

The species mass conservation equation is

L (oyu) = ¥ (2.1)
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vhere Py = W0, is the mass density of species ), m, is the mass of
a particle of species ), n, is the number density of especies ), u, is
the average velocity of species X, and G\ is the mass rate of production

of species ) per unit volume per unit time,

Wk = m)‘ n)‘

where n, 1s the net number of species )\ produced per unit volume per

A
unit time by all radiative and collisional reactions.

The equation expressing conservation of momentum for species \ is

d P
= [pl u, *p, - ox] = 0, eAE +Z'PM. + Jx (2.2)
X'
where Py is the partial pressure of specles ), A is the viscous stress

tensor component of species A, e, is the charge of a particle of species A,
E is the electric field created by the collective motion of the charged
particles, PX\, is the rate of losc of momentum by species \ per unit
volume and time due to elastic interactions with particles of species x;
and Jx is the rate of loss of momentum by species A per unit volume and
time due to inelastic interactions with particles of all other species

and the radistion field,

Conservation of energy for species )} is expressed by the following

equation,
d N 2 _
e+ 3y tp - )y qcl]
= N 2.
nAeAEux+usz PM"+ ZEX'}\'+ Q, (2.3)
ll
where ek is the average internal energy per unit volume due to species A

and q, is the conductive. heat flux, The first term on the right band
A
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side of equation (2.3) is the energy dissipated by Joule heating amd the
second is the rete at which work is dome on species A per unit volume and
time due to elastic interactions between specics A and the other species be-
cause of the fluid motion of species A. In the remsining terms Ekk' is the
rate of energy galn by species A per unit volume and time due to elastic
encounters between species A\ and \' because of thermal motion of the parti-
cles and Qk is the rate of energy gain by species N\ per unit volume and time
due to inelastic encounters between species A and all other species because
of the thermal motion of the particles and radiation,

Equations (2.1) and (2.2) may be used to reduce equation (2.3) to

the following alternative form

d e
= (Gu* qc;‘) + (py - °x)?f:?' = hui - wdy 4 ) B+ Gy (2.4)

>~

Elastic Interactions
Assuming that the degree of ionization in the gas is sufficiently
small that only binary collisions are important, the following kinetic
theoy expressions give the net momentum anc energy transfer between specles

A and A' [B1], [B2].

i . s ,
Py - ey nn,, \] Sy (6 (g) £3550 Avydvy, (£.5)
- T [ -
B = - TS nkn%[/ g.C Skk'(g) fkfk'dvkdvk' uXPK . (2.6)

In these expressions E is the relative velocity of the pariicles before
-p
collision, G is the center of mass velocity of the particles, fk is toe
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velocity distribution function of species ), ¥, 1s the total velocity

A

of species A\ equal to KK + ;l vhere ¢, is the thermal velocity, and

Sar

A

is the diffusion cross section between species A and \'.

It is reasonable 1o assume the time required for each species

t0 establish a Maxwellian distribution of thermal velocities by self

collisions is short compared to the time required to exchange energy with

other particles [L43],

Accordingly, the velocity distribution function

in equations (2.5) and (2.6) are assumed to be Maxwellian at a particular

species temperature T

A'

The species temperatures are equal only if

thermodynamic equilibrium between the species is established.

In addition to the distribution functions, the cross sections

SRR' are needed to evaluate the integrals in equations (2.5) and (2.6).

They are

see

given by.the following equations [4], [4k2], [Mk]-[47].

1

leh r 9k5 '1'2 % ( )
Sei = T 1n t —z ] 2.7
& ek )" bx n_ e
e
P R,
xe BalaRk 2.8
pormmee- R — (2.8)
2(k ) bg n, e
1.7 (10 lu)Ta- ¢ cn® (2.9)
L (07 (2.10)
16 , .
( [- .35+ .775 (lO'“)Te] 10™ cn® if T, > 10" %
< (2.11)

=16 2

(59 - .551(10"1‘)1'e + .595(10-8)T§ J10 cm

if T s 0% K
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vhere the subscripts i, a, and e stand for ions, atoms, and electrons,
Using these cross sections and the Maxwelllan velocity distribu-
tion functions the integrals in equations (2.5) and (2.6), correct to

first order in (me/ma)%, are [4], [19]), [48],[51].

1

P P hf? n ﬁ'—kfr T iS (u = u) (2.12)
a1 = = Pig = -3 N2 o0y | k(T +Ty) ia‘a - i .
8 me k Te \\\.é
Pae = " Fea = - 3.fé Mgl <’-_;-- J Sea(la = ) (2.12)
8 r. s Bk Tg \4%
Pei s e Pie = - 3~/—c I’Line l\ / Sei(ue - ui) (2.1’4)
P ) KT N '3 S
CoeT ey el
hei = - E.ie = =8 'J-Q nine ( - /, mi [k(Te - Ti)
(2.15)
+ %(ue - ui)(mi {ui - ue) + meue)]
m kT ~4 S _ -
- e e ea 1 -
Eae = - Eea s = 8#[.: nane ( - ) E;.— {_k(Ta - Te) + -3-(ua ue)meue]
(2.16)
ck(T +T,) 3
- a i s Xu -
Byy = = Fia = - 242 “a“iL % m, 1 Sia[k(Ta - Ty + 30y, “1)“‘1“1}
(2.17)

Pressure, Viscosity and Heat Conduction

The partial pressure Py viscous stress o, and conductive flux qcx

are assumed to be given by the following familiar formulas.

p)\ = n)\ k T)\ (2.18)
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> (2.19)

(2.20)

The viscosity coefficient H, and thermal conductivity coefficient
A
k. are given by the following classical expressions (4], [48].

- C
5n = X) .
B = &nm ¢ — (2.21)
uk 32 AA A Ka)}\ y
15k
) Emk e
In these equations EA is the mean thermal velocity of species A,
k T
V2
) RN / (2.23)

and w, is the frequency of collisions of species \ with all other

A
particles.
- 2 2m,
@y =), Bus (By+ 2,0 =, (2.24)
b VO
x'

Noting that me/ma << 1, the viscosity and heat conduction coef-

ficients may be written as follows:
1

- n, S T 4+ P, \2--1
5 3 i “ia a i -
H = s (x m_ kT ) Ll + (2.25)
% Saa a 8 By Saa \ e Tq
5, 3 s To*Ty \%[ D8y s 2Ty \é] (2.26

K = (n m k) T, (=~ ) 1+ }- 2.26)
qi 16 Siana i i k 2 n Sia \ T8+T

W =0 (2.27)
%
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15k _
k., == B, (2.28)
a a a

15k

kc1 = mi “Ui (2.29)
: v

s _(*E T.) [ O W ]-l :
kK = k{(Lev2)(1+ £.30
e &See Te ,( (1 +J2)See n, )., ( )

The relative magnitude of these coefficients depends on the amount

of ionization that has tauken place through the rutios “isia/”asaa’

nisii/nasia’ etc.

Inelastic Interactions
Inelastic interactions are collisions in which the internal energy
of the collision partners is permanently changed. W“achspecies may
gain or louse energy through inelastic collision processes,
Processes of this kind are the inelastic electron-atom (e-A) colli-

slon process
-
e + A(l) « e + A(2)
.e+A(?.): At reve

and the inelastic atom-atom (A-A) collision process,

A(L) + A(L) = A(2) + A(1)

A(L) + A(2) = A" + e +A(D

Particles may also exchange energy with the radiation field.
consider how the e-A process will affect the particles in a unit
volume of gas, There ure n, electrons in the unit volume, Suppose one

electron is produced by the e -A process. The electrons which cause the
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ionization will lose energy equal to the ionization potential X plus
the energy of the created electron. The average energy of the created
electron is €. Tue original neelgctrona-will establish equilibrium
by elastic collislons among themselves, Thus the ne original electrons
collectively lose energy X + f in creating one electron of average
energy [. There will then be n, + 1 electrons in the unit volume,

n, of which have lost the energy X + f and one which has gained energy

f. No enerygy is lost in the unit volume by equilibruting the created

N

electron since the required eneryy % k T, - t will be lost by the
original n, electrons but ained by the created electron. The net
energy lose per unit volume is therefore just X. If ﬁeA is the net
rate of production of electrons by the e-A process, the total energy loss
per unit volume by this means is -, X

€A

Z l ’—:
ince f kT, + = u; is the averaye energy of an atom, and

&

the e-A process destroys atoms at the rate 'nbA’ the atoms will collec-
. 3 1 p
tively lose energy at the rate -n__ ( £k T + zm ua). Similarly
. 3 1 c
the ion gas will gain energy at the rate nea( kT + 3 miui).

Electrons are ineffective in transferring momentum with ions and

atoms because of their swall mass., Approximately the rate of momentum

exchange by the e-A process for the electrons is zerq, for the atoms is

'neA ma u&l and for the ions is neA m1 ui.

Similar considerations for the A-pA process and radiation lead to

the following formulas for the inelastic momentum and eneryy exchange,

Jg =0 (2.31)

Ja = - N ma Ua (c.}?)
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Jp=opmg (2.33)

%= - ﬁ‘“x + r.IAA EAA + I.‘rad rad (2.34)

Qg = - n ( g kT, + é maui) - ﬁAA(x *'EAA) - ;;5 (2.35)
rad(trad + X)

G = B(ZET +X+ 3m vl ) (2.36)

vhere EAA is the average energy of electrons when created by the A=A
process, E}ad is the average creation energy of photoelectrons, AAA is the
rate of production of electrons by the A-A process, ﬁrad is the rate of

production of electrons by the radiation field and n = neA + nAA + nrad'

The Flectric Fleld
Steep pradients of electron and ion deansities in the shock wave
will cause diffusion of electrons relative to the ions. The resulting
charge separation creates an electric field. The electric field is found
from Poisson's equation:

%% = kxe (ni - ne) (2.37)

The diffusion is impeded by the electric field it creates. A steady
state is reached when the diffusion is just balanced by the drift from the
electric field. It is assumed a steady state diffusion is maintained in the

shock wave, The net current then is zero,

en, u

Yy e ne ue = 0

or
n, u=n,u (2.38)




Internal Energy
The internal energy due t0 the thermal motion of particles of species
A 1is 5/2ka since the particles have a Maxwellian velocity distribution
at the temperature T,. The internal energies of the atoms, ions and elec-

A
trons per unit volume are:

§ = 0, ( g kT, +va) (2.39)
€, =n, (KT +X) (2.40)
€ =n #KT (2.k1)
e e - e

where LA is the average electronic excitation energy of the atoms, For
the calculations to be performed t. is negligible compared to the

thermal energy of the atom,

Simplified Nondimensional rquations

It will be advantageous to refer the variables to characteristic
values in order to aid in the estimation of the relative magnitudes of
terms in the equations. Let the characteristic values be denoted by a

subscript U, Then the harred variables

- . N . o)
pO

LY e S
will all have a value near one, Let £ be a length which is typical of
the extent of the chemical and radiative portion of the shock wave, It
will be on the order of a centimeter for the shock waves to be considered
in this thesis., Let X = x, # be the nondimensional coordinate,
In addition to the length £ there are several other characteristic

lengths which will appear in the equations. Those which are assoclated
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vith the momentum and energy exchange are presented next.
In the course of the presentation to follow it will be shown that
charge separation is negligible for the shock waves tO be investigated.

Then n, = 1 and the species concentration may be related to the deyree

i
of ionization by the following formulas.

= o £ n, = (- a)—£- (2.42)
a

Using relations (2.42) the lengths characteristic of the energy and

momentum exchange processes may be written as follows,

T 1/
1 (o) a o4
oo = p = La R (2.43)
NZ Saa Pa (L ~a)e
where
o Tol/h
‘o k- 2 (20“)
aa -1k
J2 (1.7)(1077) p,
1 o]
big = = b, 1 (2.45)
J2 Sia n, (1 -a)p
where
(o] ma
‘1‘= “lh (d'%)
Jo (L) 10777 o )
T, /ap
1 (o} e ~
Loy = 444 =J'2 3 o = Loy 1 ] e (2.47)
el 1 1+ E—-—ln(Te[aAp)
el
where
2
o m, 8(k‘1‘°) oy 218
lei o u ( . )
e Jox e P Cei
and ,
cei = In —_— (2.49)
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fon ® ten (1 -a)p 8“(3.?. (2.30)
vhere ﬁ
n m

0, (= = (2.51)
* ( Y ) V2 Po Bea(To)

b o

and s%‘(ﬁe) = 8, (T,)/8,,(Ty). Using the reference values T, = 10" K
and a density of p_ = 2,13 (1077, gn/cm’ (which ie the density corre-
sponding to a pressure of 1 cm Hg at a temperature of BOO'K) the following

values are found.

o -l 0

B, = 1.31(107) em £, =13 cnm

£ = 1.8 (107) cn £, =.8(107%) cn (2.52)
cei = 6.86

From these formulas it can be seen that the lengths for heavy
particle partners, ‘aa and lia, are considerably smaller than those

involving electrons, £ and £, .

ea

An appropriate nondimensional electric field is

F o= 2 (2.53)
(k T /e tp)

vwhere fp 1s the Debye length, 1In terms of nondimensional variables

the Debye length is

. T
e 5 | _ﬁ)% (2.54)
Ca b
vhere
m kKT ﬁ
) a o P
tD’ —— (2,55)

\Nlug e Py
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For the same values of the reference variable as used above, l% is
found to be 1,21 (10'6) cm. The Debye length is much smaller than any
other length im the problem,

Substitating the formulas developed in the last section and the
nondimensional variables from this section into the electron momentum
equation (equation (2.2) with A\ = e) and noting that m, << m, produces
the following equationg

8 (8 - - - - .
34::; l‘ ‘ea (uu ) ‘-le) ' el e ui)} (2.5¢)

3 4
(neTe)--ne‘.23+

lh

1)

~
&

%
kinetic energy of the particles, Since 25 << ¢, the first term on

where the parameter a = k'ro/ma is & typical ratio of thermal to

the right hand side will be the dominant term in the egquation. Unless
the gradients in n, amJ'Pe nre large the electric fisld must be small in
order to preserve the equality., It will be assumed that B 1is small
throughout the region which has characteristic length £, Equations
(2.37) and (2.38) then show that there is no charyge separation and no

diffusion of electrons relative to ions,

n, = 1 (2.57)

ui = U (2.58)

This justifiesc the previous use of relations (Z,.kc) which will be used
frequently in the eguations which follow.

Consider now the equation obtalned by adding the electron momentunm
equation to the ion momentum equation. This is found by summing equation

(2.2) over the electron and ion species, Using the result just obtained,
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n, =0, and W, = U, and the formulas specified in the previous sections,

the nondimensional form of this equation is found to be

a a ,= =2 d { _=,m =
7 —(pu)+ -:l_&n('l'ei' )
ax dx

a
e
' Rt ax
5 [ox o5 8 ]
"TNs Ty T & 2T
7 a 4+ i% ’i i t
(=) ¢+ &2 {—7)
< 11 \T + 7
b fa - - -{ .t = L = =3
= 3 \; (ua - ue) ap ‘- 4 "_ea Te% + ""';a(Ta + Ti) ] (2‘59)

Since the ratio %—- , vhich appears on the right hand side of the

ia : :
equation, is very large, the mean atom velocity u, must be very nearly

the same as the mean electron velocity u, in order that the equality

be true. Consequently there is negligible diffusion of the species

relative to each other,
(2.60)

=ﬁ ﬁ:u
a e " "1
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The nondimensional form of the ion energy equation (equation

(2.3) with A = 1) ie:
_ dTi
-y \
. - - : ia -
fapi . | Da greb
dx ax M. . op
a’ Ti 5 lia ETi
—) 11, s
. il Ta Ti

]
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where N = is a characteristic convective rate.
!7u0

The largest term on the left hand side of this equation is of
order . On the right hand side of the equation the term containing

the ratio i%—- and the term containing the chemical reaction rate n
ia

will have the largest values. If the chemical rate were zero, the atom
temperature and the ion temnerature would have to be very nearly equal

to preserve the equality since the ratio %—- is very large. However,
ia

if the chemical rate is sufficiently high, the atom and ion temperature.

can Iiffer. For *he shock waves which are considered in ihis thesis the
chemical rates are sufficiently small that differences in the astom and

ion temperatures are negligible, Accordingly, it is assumed that

'T_a = Ti (2.62)

The assumptions Just discussed greatly simplify the problem for
they have reduced the dependent variables to the followling five quanti-
ties: «, p, U, T, and Te. The equations which will be used to celcu-
late these variables will be the total conservation equations, the

electron energy equation and electron mass conservation equation.

i e
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The total conservation equations are obtained by summing equa-
tions (2.1), (2.2) aud (2.3) over all species.
The nondimensional form of the total mass conservation equation

is

5 U = CM = 1 (2.65)

This means that the reference

The constant CM is chosen tc be one,

quantities must be chosen such that PY, is equal to pu at sowe point

in the shock wave,
After summing equation (2.2) over all species, substituting the

nondimensional variables aud integrating once, the following equation

which governs the transfer of momentum is found.

—_— s../8
l - - u - —é ﬂﬂ
. Li,/4 du _ ¢
®ITTI - " Cp
a’“i1 dx
where CP is the integration constant. The last term in this equation
J ]

is the viscous stress., This term is negligible since the ratios 152

I} -
and -‘-j-ﬁ are very small and the velocity gradient 9-:—- is assumed not

dx

to be large. The equation of momentum transfer for the gas is therefore

+ ap ("fa + a"i"e) = Cp (2.6h4)

)
The equation of total energy conservation is obtained in a manner

similar to that used to derive the total momentum conservation equation,

The result is

I g
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L /s dT
-2 [ea e ap™ —2 . (2.65)
O'\i J_ 2 -2 d.)-( £
LNy —22 =)
1.+~fé ea

where Cg 1is a constant resulting from the integration of equation

(2.3).

The last two “erms represent thermal heat conluction in the

gas and the one preceding these represents viscous dissipation. The
y /
terms containing the ratios ;59 and 7 are clearly negligible but

the terum containing the gradient in electron temperature car be impor-

tant. This term represents heat conduction in the electron gas. Its

larger magnitude reflects the fact that the electrons are good con-

ductors of heat.

‘ee

a 7=, vwhich is the magnitude of this term, is sufficiently small for

the range of variables of interest in this thesis that heat conduction

As can be seen from equation (2.47), the quantity

in the electron gas may be neglected, The equation of energy conserva-

tion then reduces to the following form.

2_ T T 1 QR s O
A (Ta + re) +Q Tion + — = * % C

(2.66)




Equation (2.4) evalumted for A\ = e is the equation which de-
scribes the energy balance for the electrons. Substituting the
formulas developed in the preceding sections into this equation and

noting that 'b/"h << 1, the folloving nondimensional form of the elac-

tron energy equation will be found.

dT L./ a7
fe Bt L og )
ax ax $oe ax
(1+J2)(1+ -‘—->
1 +Jé ea
- -
- = 4 /) - = = _m =
+apT —=8 -a-(-—+ -——) ap T2 (T -T ) o+
ax P lea ‘ei e ‘'a e & ion
fan ban Pras Tred B s =
+ 22 22, rad ‘rad N3 g (2.67)
. 2 e
N kI N KT N

Conduction and convection of energy in the <lectron gas is
described by the terms on the left hand side of this equation. The
gain in energy of the electrons by elastic interactions, inelastic
interactions, and the creation of electrons by ionizing reactions is
accounted for by the terms on the right hand side of ihe equation.

When the rate of production of electroms is sufficiently slow

the right hand side of equation (2.67) reduces to the single term

/ ‘ 1
aJe (._Lw_t_ «s B E - T
b /lea ‘ei e a e

This term represents the energy gained by electrons because of elastic

interactions between the electrons, ions and atoms.




43

Jaffrin [4] has studied shock waves in ionized argon assuming she
rate of producticn of electrons to be zero. Bquation (2.67) reduces to
the electron energy equation used by Jaffrin when the rate of production
of electrons is zero, In addition Jaffrin neglects the radiative heat

flux Qe He finds the shock wave consists of a region of the order

v e thick in which the electrons are heated by conduction and elastic

e
interactions with ions and atoms, Imbedded in the region where heating

of the electrons takes place is 8 much smaller region of the order ‘1a
or ‘aa thick in which the atoms and ions experience a viscous shock.
For the shock waves studied in this thesis the rate of
production of electrons is not negligibly small. Heating of the
electrons by conductiorn and convection, however, is negligible because

4

either a 1is small, or a 732 is small or the gradients in Te and u

are small., Consequently the electron ¢nergy equation reduces to

A [3
8-‘,-(-;!-+ T‘-—)a;’,"i"%('r-tre)- A F LA CAA
"\ %ea el

e ‘'a ﬁ ion & kTo_
. _ (2.68)
Upa Srada B3 =
- an i T = o
ﬁ RTO & 2 e

When all ionization processes except the electron atom ioniza-
tion process are ignored equation (2.,68) reduces to the equation used
by Petschek and Byron [19] to describe the energy balance of the
electrons,

The final equation needed to completely determine the problem
is the mass conservation equation for the electrons (equation (2.1)

with A = e), The nondimensional form of this equation is




(2.69)
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Sumary of Equations

Theliimplified nondimensional equations which are used in this

mrmmmmtmmwmﬂmmmmmmmmmmmm !

thesis to describe shock waves in radiating and ionizing argon are:

The total mass conservation eguation.

The total momentum conservation equation,

+ap (T; +Q ?e) = Cp (2.64)

ol

The total energy conservation equation.

q
2 - — — l R - -
£(T,+aT) +aT + 3 + C., (2.66)
a p a p, u

The electron energy conservation equation.

a 4 2 = = -
8J;-<-‘-; + Z:)ap&é('ra-'l‘e)- ;.;—Tion
(2.68)

Baa SAA Praa Srad
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N

The electron mass conservation equation.

DI et i,

«  (2.69)

I
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It remains to give detailed expressions for the ionization rates

This is done in the following two sections,

and the radiative heat flux,
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Zonization Rates

In order to compute the rates aeA’ aAA and n it s

rad
necessary to know the population of all electronic energy'lﬂtﬂli*°ff§hﬂ
atom vhich contribute to the rates. In many instances one process, for
example, electron collisions, is dominant in populating these states and
& Boltzmann distribution of the population of excited levels can be
assumed,

However, in the present problem no one process is necessarily
dominant in populating all the electronic states of the atom. For
example the upper levels might be affected most by collisions of the atom
with electrons, but the ground level populstion might be affected most
by racdiative interactions.

In theory it is necessary to calculate the population distribu-
tion of the atom by solving a rate equation for each level, taking into
account all the ways by which the populstion of that level can be
changed. Such a calcuilation has been performed for atomic hydrogen
(the only gas for which the collisional and radiative cross sections are
known in sufficient detail) assuming the upper states of the atom to be
in statistical equilibrium [52]) - [56].

A detailed analysis of the population of excited levels in
argon cannot be made because of an insufficient knowledge of the neces-
sary data, HEven if all the necessary data were available it would be
desirable to simplify the calculation by making a reasonable model of
the actual case,

The wodel employed in this thesis is based on the fact that

electron-atom 20llision rates greatly exceed other rates for those

e
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levels vhich are close to the ionization limit of the atom [52]- [%8].
Consequently these levels will establish equilibrium with the electrons.
Since the excited states of the argon atom are all within about & ev of
the ionization limit, the excited states of the argon atom are assumed
to be in thermodynamic equilibrium with the electrons.

Since the excited states are in equilibrium with the electrons,
their net rate of production of electrons is zero, All of the free
electrons must be supplied by the ground level, Ground state electrons
are released by electron-atom collisions, atom-atom collisions and
radiative interactions.

The collisional reactions depleting the ground state are

I

A(L) + A A(2) + A

(2,1)

gﬂ

(2.70)
A(l) + e T A(R) + e (2.71)

where index 1 d2notes tine ground state and index 2 the excited state.
These reactions are followed by a rapid ionization from the excited
state,

The rate of change of population of state 2 due to atom-atom

collisions is

a(2) = K,(1,2) o, n (1) - K,(2,0) n(2) ng - n_ (2)

vhere h+ (2) is the rate of ionization from state 2, Since state 2 is
in equilibrium with the electrons, its net ionization rate must be zero.

Consequently the rate of ionization by atom-atom collisions is
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Byp = Ku(1,2) o, n(1) - K,(2,1) n(2) n, (2.72)

where the rate coefficient &A(l,e) is shown in Appendix A to be

( 2c, ( 32, Ty * Tox/Ta
K,(1,2) = kT) m—— Z)e (2.73)
09 = et )™ (O

In equation (2,73) '1‘ex = 1.3&(105) °K 1s the excitation temperature
for the Iirst excited state of the argon atom and C, = 7.5(10'8)cm2/erg
is a constant used in the expression for the atom-atom excitation
cross section.

At equiliorium bAA must be zero and the population of the
atomic levels must be given by a Foltzmann distribution at the atom
temperature T, . In tne limit of equilibrium equation (2.73) ohows that

KA(l,E) is related to Kﬁ(e.l) by
H g -T x/T
n{2 2 ex "a., .. ~
K,(1,2) = L;{-;} ]F Ky(2,0) = = e K, (2,1) (2.74)
,I’T l
a
vhere g, is the degeneracy of state £, Consequently the atom-atom

ionization rate may be written as

B = K4 (1,2) myr(L) {1 - a(2)/n(1) ]

[n(2>/n(1)JE,T
e

- z T./T.]

= K,(1,2) n‘n(l)l. 1- . (2.75)

Since state 2 is in equilibrium with the electrons, its population

may be found from tne Saha equation.

willin
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where XE is the ionization potential of state 2.
The population of state 1 which would exist if it were in
eyuilibriur with the electrons, n(l) g. p » 18 found from the follow=
’? Te

ing similar equation

2 3/2
ng _ 2(2n m, K Te) e- X/k’l‘e
;]
a1y T, g o

Therefore the ratio of the population of states 1 and 2 may be written as

n§2; n(l)ﬁT f_?_ 'Tex/Te
n(l =

n(l gle

The firs. excited level of the a,gon atom is separated from the ground
state by an energy gap of about 11.8 ev, Because of this large energy

gap, it 1s a good approximation that

n(l) =g, =(1L-0a) pfm (2.76)

E,T; (1 -ag(r,)] o/m, (2.77)

n(llgp ="
e

vhere aE(TP) is the degree of ionizatior which would exist if the gas
were in equilibrium at the electron temperature and is given by the

following formula.

2 3/2
BT L P < _'1.'5_“)/ o MionfTe (2.78)

1 - q% (T,) P T
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The ratio of the population of states 1 and 2 may then be writtem as

n(2) _ 1o (Te) Q'Tex/Te 8y

- (2.79)
n l1-a 8

Using equation (2,79) in equation (2.75) the atom-atom ionization rate is

1 1
1-a(m,) ""u("i: -
e

. o/ o 2 T
LI (3 - a) ( n ) KA(l,a) [1 - 'J._-'"&'L" (2.80)

In a similar way the electron-atom ionization rate is
B, = (—g:./ K,(1,2) & (ag (7,) - o) (2.81)

where Ke(l,e) is the forward reaction rate constant for the electron-

atom reaction, It is shown in Appendix A to be

3/, 1 -7 /T
K(1,2) = 200 [B ) (e 2)e (2.82)
e ~ e

In equation (2.82) C, = kb (10°6) cmz/erg is a constant used in the
formula for the electron-atom excitation cross section.

When the degree of ionization is small the atom-atom rate is
larger than the electron-atom rate, By substituting equation (2.80)
into equation (2.66) and assuming the degree of ionization is small,
it can be seen that as the degrec of ionization decreases the electron
temperature also decreases. Consequently for small degrees of ioniza-

tiorn the collisiornal ionization rate reduces to

. L[] 2
(hyy *+Bgplye, =(L-@ (§; ) K,(1,2)

It may be that just behind the viscous shock the degree of
ionization is so small that there are insufficient electrons to establish

equilibrium with the excited states of the atom., Equation (2.7y) is

wWI‘willmw i



then imvalid. Just behind the viscous shock, however, it will be true

that

n(2)/n(1) « 1
(a(2)/n(2) g o
a
and equation (2.75) shows that the collisional rate will be the same as
the expression just given for low degrees of ionization, Therefore
although equations (2.20) and (2.81) are invalid for very small degrees
of ionization, their limiting values are correct. Consequently the ioni-
zation rates will be assumed to be those given by equations (2.80) and
(2.51) for all degrees of ionization,
in the equations developed in the last section the ioni-ation

rate always appears divided by the characteristic convection rate ﬁ.
Dividing equations (2,30) and (2.81) by N and expressing the result in

terms of nondimensional variables gives the followling equations.

" . . .2_ 2, “fex N TexdTe 1 e (T,) .Texﬁe-]
A . = (1-a)"p T - +2 [e - e
i ‘AA a Tﬂ / l-0a |
(2.83)
n - -
ek p —2m=3/2, T -7, /T
TS l“a[aE(Te)-a]p Te ( :_—e-’-‘-+2>e ex’e (2.84)
T
e
where 4,, and £, are characteristic reaction lengths given by
Jn Ce m . 8
bpp = 2 3/z = Cy m @A (2. 83
¢, p v a’f¢




Notice that the electron-atom rate depends on the electron
temperature and the atom-atom rate depends primarily on the atom tempera-
ture. When equilibrium ia reached T, =T, and a= oh(Te)‘ The rates
then are zero.

The radiation ionization rate is derived after the next section.

Non-Grey Radiation Energy Transfer
The ways in which radiative interactions take place in a mon-

atomic gas are descrited by the following reaction equations.

A(p) +hyv = At +e p=1,23 (2.86)

and

A(p) + n v+ A(q) Q> p p=1,23 (2.87)

where A(p) denotes an atom excited to the pth electronic state.

Appendix B shows it is possible to write a radiation transfer
equation for each of the radiative reactions in equations (2.86) and
(2.87) and each radiaticn transfer equation has the same form as equation
(1.24). Let the radiative reactions be labeled by the subscript j. The

raaiation transfer equation which corresponds to reaction j is

al, (x,u,v)

P B - s
b33 E;T;:;y [I(x, u v) J(X, v)] (2.88)
The meaning of the terms in this equation is exactly the same as for
the corresponding terms in equation (1.24) except they apply to the
jth reaction only. For example Id(x, #, v) is the intensity of radia-

tion from the jth reaction alone,
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The total intemsity is the sum of the iandividual intemsities

from all the radiative reactions,

I(x, u, v) = Zld(x, u, v) (2.89)

J
If equation (2.86) is summed over all the radiative reactions, equation

(1.2k) is obtained.

al (x 4, ) 2:.[.(": M, v)
Zﬂ .‘1 ’ = ¢ dx = -_l—— [I(x:“: ") - S(x, V)]

y £ (x,v) ‘

vhere the penetration length £(x,v) and the source function S(x,v) are
the following functions of the penetration lengths la(x,v) and source

functions Sj(x,v) for the individual radiative reactions.

1 N\ L A
L(x,v) %_, lJix,v) (2.90)
s(x,v) = Z__:‘(jxx,:’v)r S.(x,v) (2.91)

unce the individual penetration lengths zj(x,v) and source functions
Sj(x,v) have been specified, equations (2.90) and (2.Yl) can be used in
equations (1.26) and (1.32) to calculate the radiative heat flux,

For the photoionization reactions (2.86) the following formulas

for the inaividual penetration lengths and source fuactions are derived

in Appendix B,

i - n(p) -hv/kTe] )
W = ch (V)n(P)l-l - -n-(-p-y— e ! (4—-92)
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) a(pPlg  opyd / DV/KT n(p)y
bp(x,v) N .c?!. e ¢ -—n-G)TE-/’ (2.93)

where n(p)g is the population of atoms in state p which would exist
if level p vere in equilibrium with the electrons and ions. It is

found from the following formula.

3/2
B0, 2(2x m_ k Te) - xp/x T, o
= —— e (5‘9)‘")
P

In equation (2.44) Xp is the ionization energy at level p and &, is
the degeneracy of state p.

The quantities ch(v) in equation (2.92) represent cross sections
for photoionization from level p. In the derivation of equations (2.92)
and (2.93) the electron energy was assumed to have a Boltzmann distribution
at temperature Te’

As in the sections on ionization rates all but the ground state

are assumed to be in equilibrium with the electronms.

n(p), = n(p) pP=2,34 ...

and for the ground state

n(1) =n,

n(l)g - 1l- GE(TQ)

nzls 1-a

Using these simplifications the penetration length and source

function for photoionization from the ground state are found to be

1 "1 - aglT,) -hv/k’l‘e ]

‘-1-(-1-’—;) - w(v) n, [1 - Toa ¢ (2.95)
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1eafT) -3, -wv/il, L-g(r) "%
s, (x, V)-'r:-;'(;-'-f%’(f o) e

The source function given by equation (2,96) differs appreciably from the
Planck function omly when GE(Te) is near one and a ¢ QE(Te).

For photoionization from excited states the following formulas

are found.
~hv/kT,
EP X9 = ch(v) n(p) (1 -e ) p= 2,5’&‘ see (2.97)
2hv2 hv/kTe -1
sp(x,V) = “'{;ﬁ" (e - l) = B‘,(Te) p = 2,5,“ soe (2.%)

It is to be expected that the source function for photoionization
from excited states, equation (2.98), is the Planck functiom since the
excited state atoms have been assumed to be in equilibrium with the
electrons.

The penetration lengths and source functions for the photoioniza-

tion reactions (2.87) are shown in Appendix B to be

-

1 - . ola) g
25V n(p) Bpg Ppe(¥) i_l alp) & ] (2.59)
Pa q
o(a) &, o> n(q) g, \-1
8 a - £
pq(x,v) Ol -g'i— g kl ) A (2.100)

where qu is the total tranmsition probability for the transition between

states p and q, and ﬁpq(v) is the line shape function.

Separation of Radistive Interactions
Radiation energy tramsfer is combined in the sense that the total

pemetration length and source function depend on the penetration lengths
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and source fumctions for each of the individual radiative interactions
as showa by eﬁmtiono (2.90) and (2.91).

However, if for some range of frequemcies ome penetration lemgth
is significantly emaller than all the others, the term in the summation
containing that penetration length will be dominant. For example if
zk(x,v) is considerably smaller than all other penetration lengths for
the frequency range v, % v & v, equations (2.90) and (2.91) will
simplify to

8(x,v) = S,(x,v) Vg5V d vy (2.101)
1 1
i (x’v) - .z)Jx,.}- v‘ sv s vb (2'102)

These equations show radiation would be transferred in the frequency
range v, svs v, as if the kth reaction were the only radiative
interaction taking place.

If the penetration length tk(x,v) is assumed to be vanishingly
small compared to the scale of variation of gas properties, equations
(1.26) and (1.32) show the radiative flux for the kP reaction is zero.
Consequently reactions for which the penetration lengths are vanishingly
small may be eliminated from the summations in equations (2,90) and
(2.91).

Radiative reactions for which the penetration lengths are very
large may also be neglected since terms for which the penetration lengths

are large will not contribute to the summatioas in equations (2.90) and

(2’91) .




56

Iine Radiatioa. The photoexcitatiom reactions (2,87) produce
line rediation, Many of the lines may be eliminated from consideration
because the atomic levels from which the excitatiom proceeds are mot
populated, Equation (2.95) shows the penetration length is them very
large,

For those lines produced by photoexcitation from populated states
the penetration length at the lime center is usually vanishingly small
and radiation energy transfer in the center of the line may be ignored.
However, the penetration length in the line wings may be such that
radiation energy transfer is important.

Murty {1%)] has examined line radiatiom in the precursor region
ahead of shock wuves in hydrogen, He finds the excitation of atoms
caused by the line radiation to be important to the ionization process
far ahead of the shock front, Bihermsn and Yakubov [26] have concluded
that radiative excitation of atoms affects the approach to equilibrium
ionization for shock waves in argoa.

However, it is advantageous to determine the effect of comtinuum
radiation without the considerable complication which accompanies the
amalysis of line radiatiom, For this reason further consideration of

line radiation is omitted.

Continuum Radiation. The cross section for photoionizatioa from

the ground state, BJ.C(")’ is zero for frequencies less than the fre-
quency of the ionization edge, v, = X/h. Consequently for frequencies
in the range O s v & vy only the radiation due to photoionization from
excited atomic states takes place, BEquations (2,90), (2.91), (2.97), and
(2.93) then give
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S(x’v) = Bv('l‘e) 0 v< Vl (2.103)

-hv/kT
Tesy =(-e 9 ) B () ) (2.108)

p&2
Shock tube experiments in argon show the continuum radiation is

well represented by the Uns81d formula [13], [14], [57]. The basic
assumption used to obtain the Unstld formula is that all the excited
levels are hydrogenic and closely spaced, Mies [58] and Dronov et al.
{59] improve this model by assuming all the levels to be hydrogenic
except for certain lower lying states which are treated in more detail,
In view of the good agreement of the Unsdld formula the refinements of
Mies and of Dronov et al. need not be used for the shock waves of
interest in this thesis,

The Unsdld formula predicts the emitted radiation is constant at
all frequencies., Since the radiation must decay at the higher frequen-
cles, the radiation predicted by the Unsdld formula is usually terminated
at some rather arbitrary cutoff frequency. However, in the formulas
developed below, which are based on the same assumptions as the Unsoid
formula, the radiation properly decays at the higher frequencies,

Assuming the excited states are hydrogenic, the Menzel and
Pekeris formula [60] for the photoionization cross section may be used

in equation (2.104) to give

4
- o/
L & ehv/k’.l'e P pK 2} Sy 2.109)
Ix,v) 3 e - ’
’ 2hv 5 93

2

2(x mur )32
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n Er 3 J 3
effective nuclear charge, G the Gaunt factor, n the emergy of the photo-

vhere K » Ry, BY is the Rydberg comstant, z.“ is the
electron., The sumnation over the atomic state in equaticam (2,103) is to
be carried out at constamt frequemcy. (omsequently, the electron emergy

is limited to values consistent with the requirement that the tramsitioa

energy, hy, be a constant

hy = Xp + 1 = constant (2.106)
where X.p is the energy of level p below the ionization limit
2
h Z
S i (2.107)
o P

Assume the states are closely spaced down 10 a level IH below
the ionization limit and regard the quantum number p as coantinuously
distributed in this range. Then from equations (2.107) it follows that

2
2hRZe1,r

A= =
a 3

dp
P

and since hv = constant = X + g

dX = - dy

The maximu: electron energy coneistent with equation (2.106) is

that corresponding to X = 0 and is

Ngax = BV

The minimum allowed electron energy consistent with equation (2.106) is

that corresponding to the largest value of X which ie XM.
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"atn ‘{ e by = Xy if v > X,

Substitution of these results into equation (2,103) gives

2 Noax  n/«f
1 _ et eh"/k're 2 o KL ore os o
e 2
£(x,v) ohy’ 2(2x mex'reP/ 2hR )

Assuning the Geunt factor to bave a constant value and performing the

integration the result is

2,2
n_ 2
1 N K e “eff ot (2.108)
4(x,v) B,(T,) Jr

vhere

6 .
16 \/ e -39
K' = - = 5.4 (20
5-15 k m2;2 e? ? ( )

=l vy = l"/h

f { B (T vy 3
w )

=5y

v, ¢
M

if v 2V " lﬂ/h

At frequencies less than the frequency vy tbhe penetration length
given by formula (2.108) is the same as that which would be found from
the Unsold formula. At frequencies greater thaa vy the penetration
length given by equation (2.103) differs from the Umsold result by the
factor f. Similarly for frequencies less than vu,the intensity of
emitted radiation, wnich is Bv(Te)/z(x,v),is independent of frequency,
but for frequenciee greater than v, the intensity of emitted rediation

decays as l/v’. The penetration length has s marked frequency dependence
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through the Planck function and the facter f.
Nov consider ground state photoionization, The cross section
for photoionisation from the ground state of argon has been experi-

mentally determined {61]. It can be roughly represented by

=0 if v < v, = X/h
B).(v) (2.109)
v €
= — = X
BO (-Vl J iftv> vy /h

where B = 35(10'18) cm® 1is the cross section at the ionization
threshold.
For frequencies equal to and larger than Vi the penetration

length for photoionization from the excited states,equation (£.108),

»mmmummommlwmlmmrmmmmmmmmnmwmmm:"WWWWW

will be very large. Conseguently excited state photoionization
way be neglected compared to the ground state photoionization
when v & v,
Collecting the results of this section, the penetration length

and source function to be used in the calculation of the radiative

flux are
f; Bv(Te) ifo=sys vy
5(x,v) < (2.110)
L -og(Te) g3 (ehv/ Ko bl -
l-a & 1-a J

ifvsa vl
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r K ne Z.ﬁ, G
-W -s-—_—J_Te 1f0$v$vn
1 K' B o Lepe &/ VM3
2(x,v) vy (8) VT,
\2 r 1 - ay(T,) «hv/kT ]
v e e
’naBo('v_l' h 1% e itvsz vl
(2.111)

Clarke and Ferrari (5] have also‘studied non=grey radiaiion
energy transfer in shock waves with ionization. Their work differs
from this study in that they use different reactions to describe the
collisional ionization process; they assume the electron and atom
temperatures are equal and they neglect photoionization from excited

states.

Reduction to Grey Radiation
Non-grey radiation energy transfer can be reduced to an equiva-
lent grey radiation energy transfer if the penetration length can be
written as a function of x +times a function of v. Assuming thie

write

A(x, v) = o(x ¢(v) (2.112)

The contribution to the radiative heat flux in the frequency

range vas v va is

Yo
Qqp (%) = j % (x, v)dv (2.113)

Va
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where qﬂ(x, v) 18 given by equation (1.32). Using equation (2.112) in
equations (1.26) and (1.32) and reversing the order of integration in

equation (1,32), equation (2.113) may be written as
Qgpy (X) = 2x Jl sgn [v(x) -T(X')]Jab(x,x') aril) (2.114)

-0

where Jab(x, x') is the following integral

1 vy -LT(;% : T(x') |
: I
Jab(x’ x') = J’ du J dv ﬂf;)!l e (2.115)
0 Vo

and r(x) is an optical length which is independent of frequency,

, dx'
(2.116)
J a(x')

Bquation (2.114) for the radiative heat flux is in the form expected
for a grey xas where J is to be interpreted as & combined attenuation
function and source function.

Consider the frequency range VS V< Noting that
hv/kTe << 1, equations (2.110) and (2.111) give the following relations

1
L

8(x) =

n B
a o X
) / .\_I_. \&
fiess \ vy
1= ay(T,) ohy” -hv/kTe(x)
Blx,v) l-aqa 7 ©

c

Using these formulas the function J(x, x') may be written as
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: = vyl Jr(x) - x(xt)]

1 -qa,(T) : — 2
J]_a(x, x') = 21 -l-_—;l—e— Bvl(‘l‘e)‘/ du _/dA(l-oA) e kTe u(1+4)
° o

where A 1s defined by
v = vl(J. +4)

Since ( hvl/ kT, ) is large, the main comtribution to the

integral will be for small values of A. Assuming A << 1 and

-hy
1
I;'Fe- >> It(x) -r(x")]|, Jh(x, x') simplifies to
1-aq (’Pe) kT,
'Jm(“’x') ol T B, (Te) Ea(|1-(x) - r(x")|)

1

Equation (2.114) then gives the radiative heat flux in the frequeacy

range vl <v < xas
f 1- ak:(lle) , kTe \
Q(x) =2 | T3 Bvl‘Te) = sen [v(x) - =(x' )]E2[ |7(x)
- w(x)]] dar(xt) LRAET)

This expression is in the form of the radiative heat flux tor a

grey gas with an equivalent grey source function

l - OE(TE) kTe

1-a Bvl (Te) h

and optical thickness
X
i dx!
T(x) = e (2.118)
‘]0 naZA y Bo
A similar reduction can be carried out for the frequency range

< v<v,. Assuaing the Gaunt factor G and effective charge Zeff

e




(1

to be one, and noting that ;%?L- >> 1, the following relations are
e

found from equations (2.110) amd (2.111).

BvM (T,) Jﬁ:
o(x) = —v 2
Ne
3
). & y..)
s (&
o =hy /KT
(x,v) = 2 e v/iTe

Substituting these relations into equation (Z.1l14) gives the radiative
heat flux from the frequency range vy S e v, as

o

kT
H'M.l. = nJ (I' ) 'B—'e- sgn [+’ (x) =+ ')]EEHT'(X) = 1"(x')]d1"(x')
(2.119)
where 7'(x) is the followfng optical thickness
j » K! nZ(x')
T (x) = / 3 dx! (2.120)
- BV [Te(x')] Te(x

M

For freguencies between O and Vi the penetration length is

not exactly separable into a function of x times a function of vy because
hy lanc
the combinaticn —E$;(;7 occurs in the Planck function. However, the

penetration length may be written in an approximate form which is

separable, The penetration length in this frequency range is

JT: B, (T,)
b (x,v) = = hv/KT
K' ni l-e .
JTe By (T,)  r(bv/kT,)
5 -hv/KT,

K' De l-e
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where BM(Te) is the maximum value of the Planck function at the
electron temperature Te' It is a function only of the electron tem-
oerature and is given by

2(kT,)’

> (2.121)

B (T ) = 1.421k36
e (he)

The ratio of the Planck function to its maximum value 1is KkT /

which is a function only of kh,; .
e
(hy_ "’
/hv - B,(Tg) _ L \KT, ——
be/ BM(Téj 1.421Lh% . hv/kT, .

Approximetely, the penetration length is

I‘(/ hyv '
e r-' (T ) . kTgy / (2.123)

L(x,v) =
’ 2 -hv/k Ty,
e l-e

where Tav is a suitably chosen average temperature,

Using the approximate penetration length the following relations

are obtained.

e(x)

]
ny

$(v)

]
L)
=2
<
s
P <
< ~

" hy
B"i(T&‘) : {\\ k']_"av /

Substituting these formulas into equation (2,115) gives

S(x,v) = Bv(Te)




1 v
M
Iog(x,x') = BT (x)) [an [ " av (- ),
] ]

. by
T™"(x) - ¢"(x' 1 et av
R E rihv?kTavE (1-e )
. @
hv,/kT

. 1 s [r"(x) - £"(x') af
S8y 5 tn (x0)1f an | SIEQ e

= —= B,[T (x )]J duJ at(lL - e™) e

(&) (6}

g By [T, ()1 F[|+"(x) = +"(x")]]

hy
where, noting that -iﬂ = T, , the function F may be written
rI‘ex/Tav

-g‘
F(t) = | ag(1 - eb)e, [ ¢ il—rfﬁ—l ] (2.124)
o]

and 1" is the following frequency independent optical thickness

X K ni(x') dx!

“r(x') By [T (x')]

x) = | (2.125)

o}

The contribution to the radiative heat flux from the frequency

range O s v = VM is therefore
® KT,
“ ~ b r " " | " " n
Quylx) = 2 n\j sM(Pe) F— sen [+"(x) = 2" (x")JF[ )" (x) - +"(x')]|]) ar"(x")
- (2.126)
Although equation (2,126) has the form of a radiative heat
flux for a grey gas, it does not have the attenuation function E2

appropriate to a grey gas, Instead the radiation is attenuated
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accordimg to the fuactior F,.
The attemuation function F was evaluated on an IBM 7064 computer. )
The results for Tnv equal to ten thousamd and thirty thousand degrees
Kelvin are shown om Figure 2.1. The grey gas attemuatiom function 8215
also shown for comparison., F is much more sharply peaked for small
values of its argument than is 32 . Both functions rapidly diminish as
their arguments increase, At the larger values of the arguments shown
in the figure, F' becomes independent of Tav'
The differences between the functions F and Eashow that the

widely practiced procedure of using frequency averaged penetration

lengths in grey gas vadiation energy transfer equations in order to

approximate the radiation energy transfer in a non-grey gas may be

erroneous because the grey gas attenuation function may be improper.
The total radiative heat rlux is given by the suu of equations

(2.117), (2.115), and (2.126). Dividing the total radiative heat flux -

by p, ug, which is the way in which it appears in equation (2.66),

and expressing the result in terms of the non-dimensional variables,

the following formulas for the radiative heat flux are obtained.

% -— - -— - -— = -
= = TUEy0 + Q) + Tl = T 3, (2.127) ‘
Po Yo
7'Th
vhere I' = is a characteristic ratio of radiated energy to

3

Po o x

convected energy and y' = —Jg (1.421436)y 7 1s the Stefan-
n

Boltzmann constant. The separate terms in this equation are




o)

F ) for T =10%K

F(t) for T,=300%°K

Figure 2,1, Attenuation Function F.




69

= @ o h | 1 T)] —ﬁ-‘-‘l‘-‘-\"fh galv(x)-r(x'))ES[ |*(X)
Ql_(x) ol J p (1= as( ') r( - / o © T-X -1 f o

- e -7(x')|Jax’ (2.128)
T.(5) = & 'a2'2J¥ sgn [v!(X)- (BB ' (R)=r' (R')|Jak" (2.129)
M1 lex J e 2 .

(%) = -f-;x _/ a'?s?ﬁe sgnl+"(X)-v"(X') IF[|+"(X)-v"(X")|1aX'  (2.130)

In these equations zg is a characteristic length for the ground state
photoionization process and ze % is a characteristic length for photo=-

ionization from excited states,

JT B (T)
t, = T*— b, = — T (2.1%1)
0 2
-n-x: BO K'(po/n‘a)

In terms of the nondimensional variables the optical thicknesses

are -
(%) = -j—J (L-0a)p ax! (2.1%2)
& (8]
x 2 =2 -
- I} ot p dx ' , \
(X)) = - = (2.133)
Lex Jo Te7/2 r(Texﬁe )
S —-%——“2 2 (2.134)
r(x) = = = ax ' 2.1
‘ex Jo 'l‘e7 e

It should be noticed that these equations depend only on the
electron temperature, not the atow temperature. Thermal nonequilibrium

of the gas will therefore affect the radiative frlux.
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The Radiative Ionization Rate

The rate of radiative energy absorption per unit volume of gas
dqR(x,v)
in the frequency range v, v + dy is - x « Since the line

radiation pas been ignc.ed, all the radiative emergy that is absorbed must
produce ionizations. Each absorption process, that is, each ionization,
requires energy hyv. The total rate of production of photo-electrons

is therefore

1 daglx,v) aq(x,v)

d | 4
o = - — — ) 2 - dy
by _L By s = Jo o

Except for the factor -%; , the integral in this equation is Jjust like
that in equation (2,11%). Consequently the procedures used in the last
section to evaluate the integral in equation (2.113) are applicable

this integral. Im terms of the nondimensional varialb 'es the radiative

ionization rate retioed to the characteristic convective rate N is found

to be
o C Q&) 9, (x) @ (x)
R b ey (2.135)
N dx T, i T J
ion ex av

where Qém is the sauwe as :‘ given in equation (2.130) except that

$)0!

the attenuation fuaction ¥ is to be replaced by the function F' written

below.

r ¥ - ) wg-e"" - = - "wee »
Q' (X)) = =— ~[ " p \jTe sgn [+"(x) « «+"(x")] F'[|v"(x) - #"(x')|]ax"

oM !
ex_ =
(2.136)

Tex/Tav

=L r -t
Fi(t) = | ag 11—1-‘"——1 6y | ¢ T ] (2.137)

O
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Numerical evaluation of F' shows it to be rimilar to the function

F as may be seen in Pigure 2.2.

Method of Solution

The radiation flux and the radiative ionization rate are in the
form of integrals which have integrands containing variables which are
not known until the problem has been solved. Yet the problem may not be
solved until the radiation flux and radiative ionization rate are known.
This dilemwa is avoided Ly using a startipg solution to calculate the
radiative terms. The equations are then solved using the radiative
terms determined by the starting solution. The resulting solution is
used to re-evaluate the radiative terms which are then used to generate
still another solution and so forth,

The starting solutics which was used is that obtained by omitting
all radiative terms from the equations, The radiative terws determined
from this radiationless solution may not be directly wused in the equa-
tions to generate another solution because this procedure does not con-
verge toc the true solution rapidly enough to be practical. Iiustead the
radiative terms obtained from the radiationless solution are inserted
in the equations and multiplied by factors which make them artificially
small but not negligible, The factors are chosen so that the next
solution does not appreciably differ from the starting solution. This
procedure is repeated, each time increasing the factors which multiply
the radiative terms. In this way a series of solutions are generated,
each of which is not greatly different from the preceding solution.

When the factors are one the true solution is obtained by iteration.




F'(1) for T,=10*K

F(4) for T,,=300%°K

Figure 2.2, Special Function F',
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Knowing the values of the varisbles at an initial point ii,
the values of the variables at any point X may be found as follovs.
Using equation (2.135) the electron mass conservation equationm

(2.69) becomes

3 =, = - - s, & - - - . e L
a(x) = ai + -al: l 1.("1..-) Qh.(X) + QM(‘YE QMJ.(") + Qoﬁ (’LL %l(x) ]
Tion Tex Tav
i/ . .
R MY gz (2.138)
ii N /

where ay is the initial value of the degree of ionization and the terms
51. » Gy, @nd Q! are to be regarded as known functions of X.from the
preceding solution. The integral in equation (2.138) was evaluated
using a standard Runge-Kutta integration procedure. The integrana of
this integral is found from equations (2.£3) and (2.84). It must be
evaluated at the values of o and X generated by the Runge-Kutta
method, This is accomplished in the following way.

Bquations (2.64) and (2.66)may be combined to give

e I’
o 5C e s28(Cy= oTy = = qg) 3
R » — P . |Ll+{l- 25 cf = }J
ha(C8 -a Tion- T % ) P
(2.139)
1 1
5; + fe & (Cp - g ) N (2.140)

The density p can be calculated from equation (2.139) using the
values of o and x generated from the Runge-Kutta integration proce-
dure (ER i3 a known function of X from the preceding solutlon ),

Then equation (2.140) can be used with the electrom energy equaticn




T

(2.68) to give T; and T;.

The average energies E;A and which appear in the electron

E;ld
epergy equation are shown in Appendix C to be of the order kTe or less.
When the electron-atom rate A, 1s the domimant rate, the terms in the
electron energy equation which contain the average emergies are com-
pletely negligible, Just behind the viscous shock front the atom-atom
rate will be the dominant rate, There will then be some error in
determining the electron temperature if the terms containing EAA and
Erad are omitted from the electron energy equation. However, when the
atom-atom rate is the dominant ionization rate an accurate determinatiom
of the electron temperature is unimportant because then the atom-atom
ionization rate is independent of the electron temperature. In the
precursor region, where only the radiative rate is important, the
electron temperature need not be calculated because the degree of ioniza=-
tion in the precursor region is so small that the terms containing the
electron temperature are eliminated from the equations. Consequently

the terms containing the average energies were omitted

Can 20d C g
from the electron enerygy equation.
The constants C;, and Cg are of coursq determined from the
initial conditions at point ii'
Theoretically the initial conditions are known at X = = w ahead
of the shock wave, To start a numerical solution of the problem, however,
initial conditions must be known at a finite distance in front of the
shock wave, In order to find the conditions at a finite distance ahead

of the shock wave from those which are known at - «, an analytical

solution valid far ahead of the shock wave is used.
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In the precursor region far ahead of the shock wave the gas will
be cold. The temperature will be so low that the radiative ionization
rate will be much larger than the collisional ionization rate. Further-
more, the number of excited atoms will be small and consequently the
radiation emitted by electron recombination to excited states in the
shocked gas will not be absorbed., Accordingly equation (2.6Q9) can be
integrated to read

m
a + 2 J av qH(x,v) = constant 2.141)
hv

In the far precursor region the emitted radiation will be negligi-

le compared to the absorbed radiation. Consequently equation (1.24),

(@ 28

the radiative transfer equation, becomes

dl (x, W, v _ & Kke
“'&?‘Tif_v‘s_L = - I(x, v, u) (2.142)

The radiation intensity at x = 0 is found from equation (1.37) to be

@
-r (x,v)/u dr x',v) if -l Hg O
i

= - S(x' v)e
( J ’
o

I(0,k,v) i _
= 0 if0Ocugl
(2.143)

The solution of equation {2.14Z) with the requirement that the solution

at x = 0 be given by equation (2.1L43) is

I(x, u, v) = I(0, u, vle T(x, v)/u (2.1h4)

Using the Eddington approximation the radiative flux can oe

related to the average intensity as follows.
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qg(x,v) = 2!J WI(x, uv)dusbx BT (x,v) (2.145)
-1

vhere | is an average value for u, assumed to be %, and the average

intensity, I, is defined by
p 1
T(x,v) = %J I(x, b, v)dn (2.146)
-1
Equation (2.142) may be integrated over u to give

dgg (x,v) 4T (x,v)

) M )

The solution tc this equation is

I(x,v) = I (o,v)e" t(x,v)/h (2.147)

Collecting these results the integral in equation (2,141) may be

written as

m m ‘ -r(x,v)/0 [ 1
a dv [ dv ’
/ RG ap(x,v) = 2{/ kg ~/ am

Po Yo Poto 4
Vl Vl
= -7(X',v)/u d x'
J S(x',v) e dr (x',v) s
0

Using the penetration lengths and source function appropriate to fre-

quencies greater than vy, from equetions (2.110) and (2.111) this may be

1

written in the form

m ® -f(x)/n z
a dv . r Q, (o)
— J W ogxv) = g e “lm (2.148)
0o =
e ion
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In this equation all quantities have been referred to the kmown initial

conditions at X = - ®

Py = Pl=w), T =T(-m), u_ = u(-e), ete,

() (3

except I' and the variables in the integrand of 6(0) which are referred
to values typical of the hot shocked gas downstream from the precursor
region, Using lg for the characteristic length £, the optical thickness

which appears in equation (2.148) may be written as

- X
1(X) = J (L -q)padx (2,14 Y)
o
In a similar way, the radiative flux is found to be

«® - -
(%) = 4x | T O D, ©
x) = bx I (x,v)dv= e A 0
IR J ’ = M
Yi
The degree of ionization in the precursor region far ahead of

the shock will be negligible compared to one, Since the electron
temperature always appears in the equations multiplied by the degree
of ionization, the electron temperature may be omitted from considera-

tion in the far precursor region. The equations become

i +a pT, = e (2.150)
g— = 1 r . T/8
- A 2,151
z Ta ta Tion * e e a € q,l.(o) = CE (2,151)
2a p
-r /B Q (o)
a + g e _l' = constant (2.152)
Tion
At X = -w, p=T =1. The solution to these equations is
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p(x) = "f.(i) =1 (2.153)
-r(x)/h
0 = a(O) e : ' (2'151‘)
r o
a(o) = = - Q) (0) (2.155)
aT
ion

This solution gives the finite value of X needed to start the

solution and the initial values for p, T, and Q in terms of the
ratio a/a(o) at which the solution is to be started and the flux
integral alM(o).

The full equations are then integrated, using the procedure
previously discussed, to the point X = O, where the gas passes through
a shock wave caused by viscosity and heat conduction effects, The
radiative flux is constant and no ionization tekes place across the
viscous shock wave, The fluid conservation equations then give the

Jump conditions,

p(0¥) =4 p(o7)

a(o’) = alo”)

m ue(- ) o T
Ta(o+) +Q Te(o+) = Ié)— 2 L_E(:. )_.]

. p(o”)
where the - and + signs denote values just before and just after
the shock respectively. The last equation must be solved with the
electron energy equation to get Ta(°+) and Te(o*).
From behind the shock the equations are integrated until

equilibrium is reacted to within some predetermined accuracy. The
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definition of equilibrium used for the calculations was that the degree
of ionization equal the local equilibrium degree of ionization within
five percent and the electron and atom temperatures be equal within one
percent, The equations are very difficult to integrate near equiiibrium
because then the ionization rates are sensitive to small changes in the
variables,

After equilibrium has been reached the degree of ionization can
be calculated from the Saha equation, and the system of eguations
becomes entirely algebraic. 'The variables change in this region because
of radiation cooling. The radiative cooling continues until a steady
state is reached.

In this way a new solution is generated from the preceding solu-
tion. Thus process is repeated, each time increasing the factor which
multiplies the radiative terms, until the factor is one snd the solutions
converge. Succeesive steps for the Mach number 15 solution presented in

Chapter III are shown in Appendix D.
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CHAPTER III

RESULTS AND DISCUSSION

Computer codes using the method of solution outlined in the
previous chapter were developed and calculations were carried out on
an IBM 7094 computer,

The argon gas ahead of the shock wave was taken to be at a
pressure of 1 cm Hg and BOO'K temperature. Calculations were performed
for shock waves having Mach numbers of 12, 18, and 30, which correspond
to shock velocities of 3.87, 3.681 and 9.68 mm/u sec respectively.

The reference state used for the calculations was that given by
the strong shock Rankine-Hugoniot relations applied to the cold gas far
ahead of the shock wave, The reference values found by this procedure

are shown in Table 3,1,

Table 3,1, Reference Conditions,

P 105) u Te(lo']q a, 'y a
(m/cm’)  (m/weec) K
M= 12 1.090 .7581 1.09% O34k 7,533 3,968
M= 18 17.7 608N 1.425 .2028 16.61 6.078
M= 30 25.29 0167 1.987 . TU87 28,11 6.202

These reference conditions give the characteristic lengths shown
in Table 3.2.
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Table 3.2, Characteristic Lengths

ta 2,,(10") £,(20°) L, ;
(cm) (cm) (cm) (cm)
M=12 2.387 1.305 1.739 1.791 1
M= 18 .9112 4981 1,068 1.69%
M= 3 L1536 .2480 TGk 2,6Th

At each Mach number solutions were first obtained by neglecting
thermal nonequilibrium and radiation effecte. Then the calculations were
again performed with thermal nonequilibrium, or radiation, or both included
in the analysis. In this way the effects of radiation and thermal non-

equilibrium can be evaluated by comparing the solutions obtained when

radiation and thermal nonequilibrium have been included with the golutions

obtained when radiation and thermal nonequilibrium have been excluded.

Radiationless, Thermal Equilibrium Solutions

When radiation is omitted from the analysis and the electron and
atom temperatures are assumed to be equal the solutions shown in Figures
3.1, 3.2 and 3.5 are found.

The temperature and density are to be recad from the linear scale
on the left, The electron-atom and atom-atom ionization rates ar. shown
divided by the total ionization rate just after the viscous shock, ﬁﬂ.
The ionization rates are to be read from the logarithmic scale at the
right as is the ratio a/ao.

‘™o scales are used on the abscissa., For the extent of the first
scale the atom-atom ionization rate exceeds the electrom-atom ionization

rate and the characteristic length is chosen to be ZAA' For the extent
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of the following scale the electron-atom rate exceeds the atom-atom rate
and the characteristic length is taken to be ze‘. The portion of the
shock vave where the atom-atom ionizatiom rate is domimant is small
compared to the portion where the electron-atom rate is dominant, The
length of the region in which the atom-atom rate is dominant, XpA0
the length of the following region in which the electron-atom rate is

and

dominant, is shown in Table 3,3, The region where the e-A process

Xops
is dominant is terminated when the degree of ionization is within 5% of

the local equilibrium degree of ionization.

Table 3.3, Length of A-A and e-A Regions

for Radiationless Shock Wave with Te = Ta'

xAA(cm) XeA(Cm)
M = l2 09571 %'3 «
M= 18 6.38(107%) 8.71(10°%)
M= 30 2.72(10"°) 1.92(107)

In all cases the e-A ionization rate quickly rises to a peak
value and then slowly diminishes. The peak and decrease in the rate is
due to the increased importance of recombination as an equilibrium degree
of ionization is approached. The A-A ionization is unimportant except
right behind the viscous shock.

The behuvior of the other variables follows that of the e-A
ionization rate, a region of abrupt change followed by a much slower

variation. The shock waves all have long tails where the values attained

by the variables are close to their final values.




Thermal Equilibrium with Trapped Radiation
For the solutions shown in Figures 3.4, 3.5 and 3.6 the only

radiation process allowed was photoionization from the ground state,
This radiation is completely absorbed in the shock wave, i.e.,, the
radiation is trapped. As in the last section the gas is assumed to be
in thermal equilibrium and the elzctron temperature is equal to the
atom temperature, Thege same assumptions were used in the solutions
obtained by Clarke and Ferrari [5].

Ionization takes place in the precursor region due to the absorp=-
+ion of the radiation emitted by the gas behind the viscous shock at
x = U, The degree of ionization in the precursor region is shown divided
by the degree of ionization at the viscous shock wave, q;, in Figures
3.4, 3.5 and 3,6 ard is to be read from the logarithmic scale at the
extreme left, The abscissa in the precursor region is x divided by
the ground state characteristic length evaluated for conditioms at
X = w, lg_= .08878 cm. The precursor degree of ionization is shown on
a larger scale in Figure 3,7 where it can be seen that the variation of
the degree of ionization is nearly exponential except close to the
viscous shock wave and in the far precursor region.

Because of the precursor ionization the atom-atom rate behind
the viscous shock at x = 0 1s much less than the electron-atom rate,
In contrast to the radiationless solutions discussed in the last section
there is no region where the atom-atom ionization rate is the dominant
rate., The peak value of the electron-atom rate is reduced and slightly
shifted, but it still has the same features as for the radiationless

case, a rapid rise to a peak value followed by a region where it

slowly decreases.
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The distance required for the degree of ionizstiom to come within
5% of ite local equilibrium value is only slightly different than when
trapped radiation is excluded from consideration as in the last section,
The distances are 56,3, 8.97(10'2) and l.8h(10'5) cm including trapped

radiation compared to 57.3, 8.77(107 ) and 1.95(10'5) cm when trapped

radiation is excluded, for Mach numbers 12, 18 and 30 respectively.

Thermal Nonggpilibrium with Trapped Radiation

As in the last section the only radiation process which is con-
sidered in the calculations is photoicnization from the ground state.
However, the gas is not assumed to be in thermal equilibrium and the
electron temperature may be different than the atom temperature. The
solutions obtained by employing this model are shown in Figures 3.8,

3.9 and 3,10,

The electron temperature is much less than the atom temperature
right behind the viscous shock. It then rises amd becomes equal to the
atom temperature farther downstream,

The electron-atom ionization rate depends principally on the
electron temperature. The lower electron temperature causes the
electron-atom rate to be considerably reduced from the value it would
have if the electron temperature were equal to the atom temperature.
Because of the lower e-A ionization rate,the point at which the e-A rate
attains its peak value is much farther downstream from the corresponding
point when thermal equilibrium is assumed. Also the length of the
region vhere the atom-atom rate is dominant, x,,, and the length of

the following region where the electron-atom rate is dominant, X A2

are much greater than the corresponding leagths when thermal equilibrium
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is assumed. These lengths are showvn in Table 3.k, |

Table 3.k. Length of A-A and e-A regions for

SIS - -1 I 1 i

Trapped Radiation Shock Waves with T, ¢ Ty

XA (cam) XA (cm)
M= 12 Tl oh,2
Ms 18 .205 . 3hg
M = 30 3,18 (1077 3,47 (1079)

Because of the lower electron temperature the intensity of the
radiation emitted froo the gas just »ehind tie viscous shock will be
significantly less than the intensity of rediation which would be emittea
were the gas in thermal equilibrium. The penetration length for ground
state continuum radiatios ie less than or of the order of the length re-
quired for the electron temperature to become equal to the atom tempere-

.ure and all of the ground state continuum radiaticn is =mitted into the

precursor region fram right behind the viscous shock. Corsequently tne
intensity of ground state continuum radiation is reduced. The precursor
ionization for Mach number 12 is so much curtailed it ies negligible. For
the Mach numbers 18 and 30 reduced precursor lonization occurs. The
degree of ionization produced by the Mach numbers 18 and 30 thermal non-
equilibrium shock wave is shown in Figure 3.7.

The preceding results show the ratio of the penetration length to the
length required for the electron temperature to attain the atom tempera-

ture is an important parameter in analyzing the precursor ionization i

caused by emission of ground state¢ continuum radiation, I: can also
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be an important parameter in determining precursor iomization due to
emission of radiation caused by other radiative reactions involving
electrons.,

Since the calculations show precursor ionization due to emission
of ground state continuum radiation is negligible at Mach number 12, and
considerable precursor ionization is measured at Mach numbers and
pressures similar to those used in the calculations, [37], [38], [40],

precursor ionization must be caused by some other radiative reaction.

Thermal Nonequilibrium with Complete Radiation

The analysis of this section includes radiation resulting from
photoionization and radiative recombination involving excited bound states
of the atom in addition to the radiation due to photoionization and ra-
diative recombination involving only the atomic grouad state which was
considered in the previous scection. The equations then include the
integrals specified by equations (2.129) and (2.130).

The gas is not assumed to be in thermal equilibrium and the
electron and atom temperatures may be different. Since the radiation
integrals in equations (2.129) and (2.1%0) depend on the electron
temperature, as do the equivalent optical thicknesses given by equations
(2.133) and (2.134), the contribution of these terms is affected by
the thermal nonequilibrium of the gas., Bquations (1.26), (2.133) and
(2.134) show the effect of lowering the electron temperature, all other
factors being the same, is to decrease the penetration lengths of the
excited state continuum radiation. Equations (2.129) and (2.130) show

the excited state continuum radiative flux will be reduced if the

electron temperature is lowered. Accordingly the radiative flux and
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penetration lengths of the excited states continuum radietion is changed
by the cool layer of electron gas just behind the shock discontinuity
when thermal equilibrium is not established.

The solution for a Mach number 18 shock wave is shown in Figure
3.11. It consists of an atom-atom ionization region &nd an electron-
atom ionization region, just like the corresponding solution without the
excited state continuum radiation shown in Figure 3.9, followed by a ra-
diation cooling reczion. The length £" chosen tc nondimensionalize
the coordinate x in the radiaticon cooling region is a typical penetra-
tion length for the continuum raciation in the frequency range

Osvy s v, It is the distance in the uniform slab which would result

4.
after the shock if there were no radiation cooling for the optical

thickness v to be one. For the Mach number 18 shock wave 2" = 42.7
cm, The optical thickness ' corresponding to continuum radiation in

"

the frequency range Vv, v sv, 1is always much larger than <+ and

M i
the radiative flux term QMl is negligible comparea to QoM‘

Up to the beginning of the radiation cooling region the solu-
tion is almost identical to that found excluding the excited states
continuum radiation. At the beginning of the radiation cooling region
the solutions for these two cases are within 1% of agreement. The
equilibrium degree of ionization, however, is very sensitive to small
changes in the solution and at tne beginning of the radiation ccoling
zone, where without the excited states continuum raaiation the solu-

tion was within % of the equilibrium degree of ionization, the aegree

of ionization is only within about 9% of the equilibrium degree of

ionization. Furthermore, as equilibrium is approached, the collisional
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ionizational rate becomes small and the radiative rate becomes relative-
ly more important. The radiative rate is a recombination rate, It
opposes the collisional ionization rate, As a result the point at
which the degree of ionization reaches 5% of its equilibrium value is
considerably delayed. For the solution shown in Figure 3.1l this point
is at x/4" = .1045 which is 4.46 cm from the end of the e-A region
where the 5% equilibrium point was attained when excited state con-
tinuum radiation was excluded from the analysis. The end of the e-A
region is .545 cm. from the shock wave discontinuity and corresponds

to %.38 usec., laboratory time. This compares well with the time to
reach equilibrium ionization measured by Petschek and Byron [19] of

6.5 usec, and that measured by Wong [20] of 4.7 usec. The analytical
solution of this section suggests, however, there is an extensive region
beyond this point where the gas has not attained equilibrium, but is
near equilibrium,

The distance to reach an equilibrium degree of ionization cal-
culated in this section is that corresponding to Tav = 30,000 °K. This
is a conservative estimate. Smaller values of Tav will result in longer
distances to reach an equilibrium degree of ionization. Since line
radiation, which has been excluded from the analysis, can cause an
increased ionization rate and shorten the distance required to reach
an equilibrium degree of ionization, the extent of the chemical non-
equilibrium region is uncertain. It is clear, however, the relative

magnitudes of collisional and radiative ionization rates are important

when chemical equiliibrium is approached.
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CHAPTER IV

SUMMARY AND CONCLUSIONS

A gas, initially composed only of atoms, becomes a mixture of
atoms, ions, and electrons in the process of ionizetion by a shock wave,
The ways ir wh'ch mass, momentum and energy may be transferred within
such a mixture are different than for the unionized gas. The shock wave
is profoundly affected if the transfer processes occur slowly compared to
ionization. This is indeed the situation for the shock waves investigated
in this thesis., The electrons lose translational enmergy in the process of
ionizing neutral atoms, Furthermore, since electrons are inefficient in
exchanging energy with the atoms and ions, they regain energy slowly,
being effectively insulated from the atoms and ions. On the other hand
the atoms and ions readily exchange energy. In this situation the gas
may be thought of as a combination of two component gases, a gas composed
of only electrons and a gas composed of both atoms and ions. The tempera-
ture of the electron gas may be different from that of the atom-ion gas,
that is, the electron gas and the atom-ion gas may not e in thermal
equilibrium, The ipnability of the electron gas and the atom-ion gas to
establish equilibrium greatly affects the rate of ionization and radia-
tive emission behind the shock wave,

Viscosity and heat conduction are changed by ionization. The

electron gas is an especially good conductor of heat. For the shock

waves of interest in this thesis, viscosity and heat conduction effects
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are only important im a very thin portion of the shock wave, In this
case the effect of viscosity and heat conduction can be thought of as
discontinuously changing the temperatures and demsity at a point in the
gas. Following the discontinuity the atom-ion gas cools because it
loses energy by creating further ions, heating the electron gas and by
2mitting radiation. The temperature of the electron gas, however, is
less than that of the atom-ion gas after the discontinuity, Subse-
quently there is a net gain of energy by the electron gas, heating it
until thermal equilibrium is established with the atom-ion gas.

Two collisional processes are responsible for icnization, the
atom-atom process and the electron-atom process, The rate of ionization
due to the atom-atom process depends on the properties of the atom-ion

gas, but the rate of ionization due to the electron-atom process depends

»
on the properties of the electron gas. Since the electron gas is

cooler than the atom-ion gas, the ionization rate due to the electron-
atom process will be retarded compared to the rate which would be
pradicted assuming the electron gas and the atom=-ion gas were in thermal
equilibrium. The results presented in Chapter III show the ionization
is significantly different in these two cases,

The grey gas assumption implies that radiation energy transfer
can be described by a single frequency independent penetration length,
For argon, however, there are many different penetration lengths because
there are many possible radiative interactions which can occur. Conse=-

quently a grey gas model for argon is open to question.

The excited states of argon are closely spaced within & few

electron volts of the ground state ionization limit., It follows that

SORUR NG < NPT Lt i ¢ Gl )
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the energy levels may be approximated as continuously distributed and
hydrogenic, The radiation energy transfer due to photoionization and
radiative recombination of all the excited states may then be found by
integrating over the continuously distributed levels. The resulting
radiation transfer equation has a marked frequency dependence, It
agrees with the Uns81d result for small values of frequency, but at
large values of frequency, where the Uns8ld model fails, it has the
proper form, For the shock waves considered in this thesis the pene=-
tration length for photoionization and radiative recombination from the
excited states is large compared to lengths typical of other processes
which may take place, In the precursor region it may be regarded as
infinitely large. Consequently continuum radiation caused by photo-
ionization and radiative recombination of the excited states results
only in the radiation cooliny of the gas behind the discontinuity. The
penetration length for photoionization and radiative recomblnation of
the ground state, however, is sufficiently small that the continuum
radiation from the ground state is irapped, causing precursor ioniza-
tion.

The total radiative flux and the radiative ionization rate are
in the form of multiple integrals. These integrals can be reduced to
the form they would have if the gas were grey, but the source functions
and attenuation functioms contained in these integrals in general are not
those of a grey gas., Consequently the practice of using grey radiation

transfer formulas to descrive radiation energy transfer in a non-grey

gas is not justified for the shock waves investigated in this thesis.
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Radiation energy transfer depends on the behavior of the electron
gas, Just after the shock discontinuity the radiative flux is less than
the value it would have if thermal equilibrium were established, because
the electron temperature there is less than the atom temperature, For
the calculations performed in this thesis all of the radiation which is
trapped in tne precursor region comes from the cool layer of electron
gas just behind the shock discontinuity. Consequently the precursor
ionization is much reduced from that which would be estiumated if thermal
egullibrium were established., In fact the precurscr ionization for the
Mach number 12 shock wave is found to oe negligibly small because thermal
cyurlibriwe is not establiisned., Consequently the measured precursor

xr_‘ﬁ,, (4O}

’ - ’

ionization {37} for Mach numbers near 12.is not caused by
continuuwe radiation trapped in the precursor region.

The penetration length for radiatlon caused by phnotoionization
from the ground state 1s independent of temperature, but the penetration
length for radiation caused by photoionization from excited states depends
on the temperature of the electron pas, The excited state penetration
length is an equivalent penetration length for photoionization for all
excited levels and all possible frequencies of radiation. As shown by
equation (2.111) it depends on the numver density of electrons and is
proportional to the electron temperature, As a result the penetration length
for excited state continuum radiation ls much smaller in the ccol layer
ol ¢lectron gas near the shock wave discontinuity than it would te if
the thermal equilibriuu were established., This layer is therefore much

more absorbent when thermal equilibrium is not established in the

shock wave,
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Radiation energy transfer, therefore, depends on the relative
extent of the thermal and chemical nonequilibrium regions compared to the
penetration lengths of radiative processes. The extent of the thermal
and chemical nonequilibrium regions is reduced when the Mach number is
increased.

Radiation has little effect on the ionization until equilibrium
ionization 18 approached. Then the collisional rates decrease and the
radiative rate becomes relatively more important. Since the radiative
rate opposes the collisional rates the effect is to delay the point at
which equilibrium ionization will be reached. There is an extensive
region where the gas properties are nearly constant but not in chemical
equilibrium, Since photoexcitation processes, which could increase the
ionization rate and cause equilibrium to be reached more quickly, have
been excludea from the calculations, the existence of the quasi-
equilibrium region is questionable. It is certain, however, that the

rate of ionization near equilibrium ionization is a delicate balance

of collisional and radiative ionization rates.
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APPENDIX A

DERIVATION OF COLLISIONAL RATZ CONSTANTS

The number of collisional encounters per unit volume and time
between particles of species A having velocities in the range
¥ '\;1 + d:). and particles of species A having velocities in the

L d
range '\7”, v, <+ dvx, is given by the following classical kinetic theory

- -
>y ¢ I \
l‘lR nkl f‘\ fX' gb db de lvxd v)‘. A.l)
where fx is the velocity distribution function
. ( my \}/r_ . -2m v, /k’l‘k .9}
A \ en ka / !

b is the impact parameter, 9 1is the angle between the plane of moticn

and a reference plane, and _gis the relative velocity of the particles.
Let Zi; < (b,g) bve the probability that the A particle is

excited from state 1 to state ¢ during the collision with the particle,

The number of excitations per unit volume and time is therefore

~

1=+

n T.r A
AT TAA! AA'

, v 3 - -
T v i+ ¢ P
n th,g) b db de v \ dv

A'

The totai numoer of e-citations for all orientations and wmagnli-

- +
tudes of the vectors v and v' is




n.lnl' - ~

where Slk,(g) is the diffusion cross section

ox T le2

su,(g)-f de fabzu, (b,&)b (A.k)
(o] (o]

Dy = 1 if species A\ is different than species \', zero otherwise.

Consider the collisions between atoms, Except for the small

number of particles that become excited, translational energy is

conserved in a collision so that [L4Z]

[s]
5L (v, +v.,) m (6" = (% &)

~
i

- - - -
v dv_, 4G dg
a 1

-»>
where G is cne center of mass velocity. Substitution ir o equation (A.k4)

gives the number of excitations per unit volume and time as naKA(l,E) i
where }
w 2 )

- m, Afe - -L m g /kTa ‘
KplL,2) = 3 ( Ew ) J[‘ g~ ag e € Sgqle) (A.9) ]

g‘b
A

g, 1s defined by requiring L n gg to be the threshold energy E

required for the excitation. Since kT <« B < * m, g° , the cross

section need only be known near the excitation threshold to obtain an

accurate value of the integral in equation (A.5). Substituting

in “quation (4.5) gives the rate constant used in equation (2.7%).

P




Te

2c -T_ /T
A (kTa)3/2<-T—x+2)e ex'"a (A.6)

Jx=, °

where Tex = Eex/k' The value of CA = 7.5(10'5) cm3 erg used in this

KA(l,'c‘) =

thesis is that determined by Kelley [23].

For collisions between electrons and atoms the velocity distribu-
tion functions are given by equation (A.2) at the temperatures T, and T
respectively., Since the el2ctron and atom temperatures are of the
same order of magnitude and the electron mass is much smaller than the
atem mass, the electron velocity must be much larger than the atom

veloeity, This is the basis of the following approximations,

- =i N 2 4
g = [g. gl2 = {ve -2v, . v Y ]€
2?6.-7&
=¥ L1~ ==k ] \A.T)
v
e
495
- ea
S_(g) = (v.) + (g V)( + e
ea ea' e e dg ) g=v
;e';a dSea
* Bvyl - c ( dz ) g=v oo (A.8)
Vo e

'sing these approximations equation (A,3) becomes

o
!

b ¥ A.
n, 0 \j b v avy fe(ve) Sea(ve) (A.9)

where i m_ Vv is the tanreshold energy Eex required for the excita=-
tion. As in the previous result, the cross section need only be known
near threshold to give an accurate value for the integral in equatlon

(A.9). Near the threshold energy the cross section may be represented by




3

2
SealVe) =Celimyvy -E). (A.10)

With this approximation for the cross section equation (A.9)

gives the number of electron-atom excitations per unit volume and time

as K (1,2) n;n ~ where

e
c 3/2, T -T__/T
K, (1,2) = = (2kT ) ( r— 2) P (A.11)
e Te ;
| am,

The value ot the constant in the excitation cross section formula
employed by Petschek and Byron [1y] is Co = u.u(lo'“) cmg/erg. This

value is used for Lhe computations Iin this thesis,




APPENDIX B

RADIATIVE REACTION TRANSFER BQUATIONS

It follows from equation (A,9) in Appendix A that the number of
collisions between electrons with energy in the range 1, 1 + dy and
ions per unit volume and time is a, B, fe(q)dq where fe(q) is the

enerzy distributlon function for the electrons,

r

7oA 2n
1 Po= —-—'7= N e
e\TI, kT _‘3 2 "'\

/
-q/kTe

Let Acp dw be the probebility that in such an encounter the
electron will lose energy hy = Xp + 1 Dy ewitting radiation within a
solid angle dw of a direction specified by a unit vector i. The
electron will then be in the pth atomic state., The total radiation

intensity ewitted in the frequency interval v, v + dv per unit volume

and time by all such coullisions is
hy Acp nn fe(q) h dy dw (B,1)

In addition to the spontaneous emission just discussed emission
of radistion may be induced by the radiation field, Let Bcp be the
probability that in an ion-electron encounter the radiation fleld causes
the recombination, The radiation intensity emitted at point P within
solid angle dw of the direction -pecified by £ and in the frequency

range v, v + dv induced in electron-ion encounters is
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A
hy Bcp I(P, L, v) ng By fe(q) h dy dw (B.2)

Let ch be the probability per unit intemsity that an atom in
state p will be photoionized creating an electron with energy in the
range n, n + dn and causing a loss of radiation energy equal tC hy =
XP + 1  from the radiation within solid angle dw about the direction
specified by the vector ﬁ. The total intensity of radiation absorbed
from the radiation field within a solid angle dw of the direction

A

specified by L and the frequency range v, v + dv due to photoionization

from atomic state p at point P 1is

A
hy n(p) B I(P, L, v) dv dv (B.3)

pc ’

The rate of change of intensity at point P within solid angle
A
dw about the direction speacified by L 1in the frequency range
v, v + dv is the sum of the intensities given by equations (F.1),

(B.2) and (B.3).

A
_\j‘i(P,L_’V) - i 3 A
r = = [n(p) ch - nn, f.(n) h Bcp] hv I(p, L, v)
+ hy Acp nng fe(q)h
§ neni BC A
= - n(p) B__ L 1l - fe(q) n 5-2 ]hv 1(p, L, v)
i n(p) pc -
+ by :EE o £ (n) n (B.4)
upu nl p; e

Using the Xinstein relationg




S . % Ap . 2w’
BPC €e Bcp c2

vhere g, 1is the degeneracy of the free electron states (60]
3/2
ba m
Bp = 2 - en
f h2

and By is the degeneracy of the ptn atomic state, equation (3.3)

can be written in Lhe form of equation (2.88)

daIl (x,ud, v)
4 x
u-a;R --‘-;(x,v) (I(x,m, v) - SP(A,V) ] (B.5)
wiere
1 : . n(ply - hv/kTe ]
—— ., =n(p)B_ | 1= (B.6)
£oe (x,v) we L n(p) - ]
=3
n(p), ...3 , hv/kT n(p)
8(x,v) = FG)Té 24 (e ° - m‘;fg (B.7)

c

In these equations n(p‘,E 1s the population of state p which would exist

if state p were in equilibrium with the ions and electrons.

3/ .
nn, c(en m, kT,) - p/kTe {
m-r = L—B e (RO'j)
g h
Ep

The radiation energy transfer equation for rauiative excitations
can be derived in a similar wvay, Let qu be the probability for
spontaneous emission, qu that for induced emission and bpq that for
absorption for a radiative transition between atouic states p and q.

The radiation transfer equation for photoexcitation reaction between
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states p and q is
dI 2 .
= - ) - "\ A
—mds ﬂ(P)qu ﬁpq(v) I(P, L, v) + n(g)qu ﬂpq(v) + n{q) - qu(v)
Loyl %) @ B o]

= -n(p) B_(v)B_(v)I(P, L, v) - ) - = | (8.9)

s v n(p) &q n(p) g, <

where t}pq(v) is the line shape function, This may be written in the

form of equation (2,7°7],

ar{x, 4 V)
i) o 1, i A (I(x,m, v) = 5_(x,v) ] (B.10)

ix PRENR. pq

Pq
where

= =n(p) B P (v) l 1l - 9-?3% -L-R -l (B.11)
I (%, V) pq p L nip £y

pa .

Y By apy? v 8, Nl

¢ (ev) = MR I, B D (B.12)
Pq b %q & 3 \ q P4
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APPENDIX C

AVERAGE ENERGIES OF CREATED ELECTRONS

Assume the primary way in which electrons are created in the
atom-atom ionization process is by collisions between electrons and
excited argon atoms, An clectron cf energy n on collision with an
e~cited atom will produce an electron of enerpy { and lose energy

t - X. in the process,

“

+
¢ +A(2) =« A +e e (C.1)
1 ’ N -k - t)
where the energies of the electrons are indicated vy their subscripts,

It follows from Appendi. 3 that the rate at which electrons are

created is

n.n, f(n) \ Eﬂ a (n, ¢) dn at
. .

~

e » C

where 52 - c(n,g) dn df is the cross section for the process described

by equation (C.1) and f(n) is the electron energy distribution function,
-n/kT,
(n kTe)
The total rate of production of energy in the form of created
electrons is therefore

- X
w ‘q .

| t) B a4y £,e (1,8) at
n,n, Jx ) \] a, 9 E So0e (M
2

U




L9

Dividing this by the rate of production of electrons gives the

average energy of a collisionally created electron.

- n-k;
. ‘.
\/f(q)qz dn \j 4 Sa c(ﬂ, ) dag
- X, ¥
{ = . 1 n-X,
Jraint e [ s, 0
X O

<
Using the Tnompson cross section

Iy

ne

S, (Tl, ) =

o

n(x, + )

the integration over [ can easily be performed.

(C.2)

The remaining inte-

gration can be carried out by noting 1 >> kTe and expanding the

integrand about the value 7 = XC.

~
]

©
| -n/kT X
e (ln L - (1- =))a
. , n
X~ e
o =
t =
@ /
'-e-“/kT i—-( 1l - fé ) dn
J X ;
3= -
-x':/kTe ;m -n/ KT
= J e 2 (F)%+ ... ]a
! 2
-X_/KT_ -N/KT
i . oid c { . ! e 4
T J e (I}Q + ... ) dy




- E/u'e kT, 2
e kTe [( -i—-—)+ 2he ]
e
= B = k‘l'e iR 5)
1 -XZ’kTe kT,
e kT_ [ ( T )t e ]
Vot o~

Consider next the electrons produced by photoionization from the
ground :tate, Assume the radiative intensity is given by the Planck
funciion. The numoer of absorptions producing electrons with energy in

the range §, { + d{ i. then (c.f. Appendix B).

h(l) B
lc E&
hy Bv (Te) n

Tne average energy of photoelectrons created by photoionization

from the grouni state is therefore

® B
{ le d
J b Es B i
E = : (C.h4)
f B
J 5oy
(@]

Making the followinyg substitutions

£ = hv - X
v
1.2
Bie * By ( v )
-nv/kT
hy” =
BV(Te) = o°

equation (C.4) can be written as

4

B - TS TR IS TN T



o -hy ,"k're
J (hv - X) e
_ Y1 kT_
¢ - = T
J e-hv/kTe “
1
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(C.5)

As in Chepter II assume the excited states are closely spaced

and hydrogenic., Assuming the ,[adiative intensity to

Planck function, the rate of produc.ion of electrons with energy in

be given by the

the range , £ + df from a group of excited levels having energy in

tir range A, X + dX below the ionization limit is
3 z ';/kTe
. K A >
n’ . h - ¢ g axat (C.6)
¢ (2n m kT )7/ 2n°x X+t
e e

The rate of production of electrons with energy in the range
£, £ + df from all the excited levels is
h’ k2 L/kT ' ax
Pe 3/2 g, © as X -1
Z(enm KT )7/~ 2n°R
e e o

no

Therefore the averages encrgy of an electron created by photo-

ionization from the excited states of the atom is

o -;/kTe ¢
+ \
lge m( ,ki;___/' at
T = T
/e'g’”ﬂ w( 20
\ J




o 5 ; X/KT, + U
j Ue 1ln \ U ) al
0
T /KT + U Gl
+
f e.U ln< XM eU > du

o

Numerical integration of the integrals in cquation (C.7) for the

representative value XM/kTe = b gives

T = .64s KT, (C.8)

The average energy of electrons created in the atom-stom ionization
process or by photoicnization is of the order kTe or les as was stated

in Chapter II.
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APPENDIX D

CAICUIATIORAL DETAILS

As explained in Chapter II, the radiative terms are made arti-
ficially small by a multiplying factor. Such a factor multiplies each
of Ql»’ QMl’ QoM and QéM' Starting with the radiationless so.ution
the factors for Ql- and QMl may be immediately set to one since they
have iittle effect on the solution behind the shock discontinuity. The
factors for QoM and QéM must be small, however, since these terms
control the radiative cooling and ionization rate. The procedure used
was to keep the factor for QéM small (usually zero) until the solution
was found for which the factor for QoM was one. In this way the long
quasi-equilibrium region caused by the radiative ionization rate op-
posing the collisional icnization rate near equilibrium need not be
calculated each time, resulting in a considerable reduction in computer
time.

Successive steps in the solution are shown in Figure D.l where
the degree of ionization in the radiative cooling region is shown. The
degree of ionization is only slightly affected by the excited state
radiation elsewhere. Curve number 1 is the solution obtained with the
QoM factor .l and using as the previous solution that obtained with the

QoM factor zero. Curves 2 and 3 show the solutions obtained when the

QoM

factor is increased to .% and then to .5 each time using the previous
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solution to estimate the radiative terms. (The larger value of the
degree of ionization for curve 2 was caused by an error in the input
values to the computer program, subsequently corrected.) The factor
was then held at .5 and convergence was rapidly obtained resulting to
curve 4, Using this solution and increasing the QoM factor to .7
results in curve 5, The QoM factor was then made one and the average
of the latest solution and the previous solution was used to generate
the next solution. Convergence was rapid., The factor for Q&M was
then made one. The solution was little changed excepi for the delay
of equilibrium which occurred., The result is shown as curve 6,

1t required about thirty minutes of IBM 7044 computer time to

reach the final solution,
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