- {
2

NASA TECHNICAL NOTE NASA TN D-4560

.

o

LOAN COPY:
AFWL (v
KIRTLAND Al

T

NASA TN D-4560
WN ‘GV) ABVHEIT HO3L

METHOD OF CALCULATING THE
NORMAL MODES AND FREQUENCIES
OF A BRANCHED TIMOSHENKO BEAM

by Francis ]. Shaker

Lewis Research Center L

Cleveland, Obio

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION = WASHINGTON, D. C. < MAY 1968

B



TECH LIBRARY KAFB, NM

IR

0131215

METHOD OF CALCULATING THE NORMAL MODES AND

FREQUENCIES OF A BRANCHED TIMOSHENKO BEAM

By Francis J. Shaker

Lewis Research Center
Cleveland, Ohio

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

For sale by the Clearinghouse for Federal Scientific and Technical Information

Springfield, Virginia 22151 — CFSTI price $3.00



METHOD OF CALCULATING THE NORMAL MODES AND
FREQUENCIES OF A BRANCHED TIMOSHENKO BEAM
by Francis J. Shaker

Lewis Research Center

SUMMARY

A method is presented in this report for calculating the normal modes and frequen-
cies of a branched Timoshenko beam. The method is essentially a modified Stodola
method and requires an iteration procedure to determine the normal modes and frequen-
cies of the system. In this method, an arbitrary deflection, consistent with the boundary
condition, is assumed. Also, because of the presence of the spring-mass system, the
frequency is not a constant factor in the governing equations and must also be assumed.
Knowing the deflection and frequency, the corresponding shears, moments, slopes, and
new deflection can be determined by integrating the governing differential equations of
the system. The new deflection is then adjusted to satisfy the boundary conditions, and
a new frequency is subsequently calculated. The process is then repeated, and the fre-
quency is used as the criterion for convergence. Although the method can be applied for
any type of boundary conditions, particular attention was given to those boundary condi-
tions of interest in launch-vehicle dynamics, namely, the free-free beam and the
cantilevered-free beam.

In general, the iteration routine will always converge to the lowest or fundamental
mode of vibration. To determine the higher modes, the lower mode components are re-
moved from the assumed shear and moment distribution by utilizing the second orthogo-
nality condition of the branched beam. The iteration routine will then converge to the
lowest mode whose components are not removed.

INTRODUCTION

Experimental and theoretical studies have shown that a launch vehicle airframe can
be idealized as a nonuniform beam for purposes of studying its lateral bending dynamics.
When major components of the vehicle are cantilevered from the airframe, the vehicle



can be represented as a beam with cantilevered branch beams. With such a representa-
tion, the bending dynamics of the components and their effect on gross vehicle dynamics
can be studied. For example, the engine shroud or the engine thrust structure could be
idealized as a branched beam at the aft portion of the vehicle, while the payload or the
nose fairing could be represented as a branched beam at the forward portion. For multi-
staged vehicles, the engine and engine-support structure frequently are suspended in the
interstage-adapter well, and this component can be represented as an intermediate
branch.

Because of the low aspect ratio (i.e., L/D) of current vehicles, the bending dynamics
of airframes are accurately described by beam theory, only if the effects of shear flexi-
bility and rotational inertia of the beam elements are included. This beam theory, known
as the Timoshenko beam theory, is given in reference 1.

There are several methods for determining the normal modes and frequencies of a
nonuniform Timoshenko beam. For example, reference 2 presents a modified Myklestad
method which takes into account both shear flexibility and rotary inertia of the beam ele-
ments, while reference 3 gives a matrix iteration technique which accounts for rotational
inertia. Shear flexibility could also be handled in the second method by including the
shear deformation in the matrix of influence coefficients. Reference 4 gives a modified
Stodola method which also includes the effects of shear flexibility and rotational inertia of
beam elements. The effects of flexible branches could be handled by extending either of
these methods or by using the component mode method presented in reference 5. This
report extends the method of reference 4 to account for the effect of the branches on the

normal modes and frequencies of the system.

SYMBOLS
AS effective shear area
a; distance from tip of ith branch beam to center of gravity of ith rigid mass
bi length of ith branch beam
E Young's modulus of elasticity
G modulus of elasticity in shear
I bending moment of inertia
Icgi mass moment of inertia of ith rigid mass about center of gravity
J mass moment of inertia of ith rigid mass about tip of ith branch beam

Ki torsion spring rate attached to ith branch beam
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length of primary beam

th

moment distribution along i~ branch beam

th

moment transferred to end of i~ branch beam due to motion of spring-

mass system

moment distribution along primary beam

th

mass of rigid body attached to i~ branch beam

th

moment transferred to primary beam due to motion of i~ beam

natural frequency of ith spring-mass system

branch beam

shear transferred to end of ith

shear distribution along ith

branch beam due to motion of spring-mass
system

shear distribution along primary beam

th

vertical shear transferred to primary beam due to motion of i~ branch

beam
longitudinal coordinate of primary beam

longitudinal distance from the end of primary beam to attachment point of

ith branch beam

vertical deflection function of primary beam

bending deflection of primary beam assumed fixed at x =0
vertical deflection of primary beam at x=10

bending slope of primary beam at x =10

total angle of rotation of spring-mass system relative to horizontal

th

bending slope at tip of i branch beam

bending slope of primary beam at attachment of ith branch beam

th

vertical deflection at tip of i~ branch beam

vertical deflection of primary beam at attachment station of ith branch

beam

vertical deflection function of ith branch beam

bending deflection of ith branch beam assumed fixed at attachment station

angle of rotation of spring-mass system relative to static equilibrium po-
sition
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Subscripts:

bi, ei, i

j’k’ p, r’v

Consider a launch vehicle idealized as a nonuniform beam with a cantilevered branch
beam attached at station X; as shown in figure 1.
showing how a spring-mass component can be handled, assume that a rigid body mass is
attached to the end of the branch beam by a pin connection with a torsion spring whose
spring rate is Ki' The governing equations will first be developed for a primary beam
with one branch, and then the equations will be generalized to include (in principle) any

generalized mass corresponding to jth normal mode
longitudinal coordinate of ith branch beam

mass per unit length

bending slope of primary beam

shear deflection of primary beam

bending slope of ith branch beam

circular frequency

integers referring to branch beams

integers referring to normal modes

THEORETICAL ANALYSIS

number of branches.

Primary beam—
\

“-Spring-mass

N system
\ \¥B ranch beam
5
Yo ‘
-

Figure 1, - ldealized launch vehicle coordinate system,

To make the analysis more general by
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Primary Beam Equations

An element taken along the length of the primary beam is shown in figure 2. The
concentrated moment and shear transferred to the primary beam from the branch beam
are represented on the differential element by miﬁ(x - xi)dx and qiﬁ x - xi)dx, respec-
tively. The expression 6(x - xi) is the Dirac delta function. Some of the properties of
the Dirac delta function that will be used in the subsequent analysis are as follows:

. 0 x < X,

¢ i
X
4 6(x - x)dx = h(x - x;) = (1)
1 x>xi
0 x<xi
X X X
// 5(x-x.)dxdx=/ h(x - x,)dx = )
o t 0 t
x—x.1 x>xi

where h(x - xi) is the unit step function. The equations of motion of the primary beam
are determined by summing forces and moments acting on the element and neglecting dif-
ferentials of higher order. Thus, for forces,

%& + g%, )8(x - x;) = -pAY(x, 1) (3)
X

L m;d{x - x;)dx
Ipddx~ =
BM +%~z\dx

o dq
< ‘ pA Y dx q+axdx

¢ |
lqié(x - X;)dx

——dx

Figure 2. - Forces and moments acting on typical primary beam element.



and for moments,

am;z, - qx,t) - m5(x - x;) = o3 (x, t) )

Note that the rotatary inertia term in equations (1) to (4) depends only on the bending
slope &, since the shear forces produce only distortion of the cross section and no rota-
tion. From the geometry of the system (fig. 1), the bending slope is given by

B, t) = L&Y L vy (5)

ox

where Yb(t) is the bending slope at x =0 and a?/ ox is the bending slope of the beam
cantilevered at x = 0. The total slope will be the bending slope minus the shear slope.
The shear slope is subtracted from the bending slope in this case because a positive
shear force tends to decrease the total slope as shown in figure 2; therefore,

oY (x,t) _ Y (x,t) " Yb(t) - B(x, t) (6)
ox ox

From elementary beam theory, the angle of shear £ at the neutral axis is given by

Bex, t) = 110 )

ASG

where A/ is the effective shear area. Substituting equation (6) into equation (7) gives

oV (x,1) _ V(1) , o gy - A1) (8
% ax 0 AG

The moment-curvature relations for the Bernoulli-Euler beam and the Timoshenko beam

are the same; therefore,

— 2_
m(x, t) = Eliia(z’_t) - g1 YY) (9)

ax2

To eliminate the time dependency from equations (2) to (5), (8), and (9), only harmonic
motions are considered; that is, it is assumed that the shear, moment, slope, and



deflection functions are of the form
jwt icoi:j
m(X’ t) = M(X)e ) ql(t) = Qie

a1 = QEet, Y(x, 1) = y)ety

m,(t) = Mieiwt, B(x,t) = cp(x)eiwtj

(10)

From equations (3) to (6) and (8) to (10), the following ordinary differential equations are

obtained;:

~

AQF) _ Ay ) - Q;d(x - x;)
dx

§%?:Q®+Mp@-w-w%w®

o) = W&, h
dx

ay() _ ) | 4, _ Q)
dx ax 0 AG
9
M(x) = E1 Y&
dx2 J

(11a)

Equations (11a) represent the required differential equations of the primary beam. In the
Stodola method, a deflection function y(x) is assumed and equations (11a) are integrated
to obtain a new improved deflection. The constants of integration are adjusted such that
the boundary conditions are satisfied. The process is then repeated until it converges.
The values of Mi and Qi in these equations depend on the dynamics of the branch beam.

Boundary Conditions For Primary Beam

The boundary conditions for two cases will be considered: (1) a free-free beam and



(2) a free-cantilevered beam. Other types of boundary conditions can be handled in an

analogous manner.
Free-free beam. - For a beam free at x =0 and X =, the shears and moments at

the boundaries must vanish. Thus,

Q) =Q@) =0 (12)

M(0) = M() = 0 (13)

The first of equations (11a) and (12) yield the relation
2 l
" 4 pAY()dx - Q; = 0 (14)
The second of equations (11a) and (13) yield the relation
! 9
{ QE)dx + M, - w /0' PoE)dx = 0 (15)
The first of equations (11a) yields
9 X
Q) = 4 pAYE)dX - Qh(x - x,) (16)
Substituting equation (16) into (15) results in

') X L ')
Mi+w2-{~4‘ pAy(x)dxdx-Qi[ h(x-xi)dx—wz/o- Do®dx(x) =0  (17)

It is easily shown (ref. 6) that
X L
S omvwasax= [ oac - nyeas (18)
0 0 0
Substituting equation (18) into (19) and rearranging yield

9 ol 9 sl o sl
ZEO ‘A. pAyx)dx - Qi} -w ‘4‘ IpoE)dx - w ‘{ pAXY(x)dx + QX; + M, =0 (19)

The first term in brackets in equation (19) is simply the shear at x =1, which is zero for

this case. Thus, equation (19) becomes



-

2 2 /1
w [ pAXy(x)dx + w 4‘ pox)dx - Qixi - Mi =0 (20)

Equations (14) and (20) represent the equations which must be satisfied to ensure a van-
ishing moment and shear at the boundaries of the primary beam.

Free-cantilever beam. - For a beam free at x = 0 and fixed at x =, the boundary
conditions are

QO =0 M(0)=0

21
y'() = -0 y@ =0 @0
AG

Branch Beam Equations

The governing differential equations of the branch beam can be developed in a manner
analogous to those of the primary beam. The coordinate system of the branch is as shown
in figure 1, and an element along the length is as shown in figure 2, except that the con-
centrated shears and moments q; and m; will not be present. The governing equations
of the branch, corresponding to equations (11a) of the primary beam, will therefore be

given by
\
dQ, . (%
iy w2 (pA), m; (&)
de;
dM, . (£.)
— DI Qui(ep) - ©P(Io) 4 (E)
d&i
e
i -dgi i r (22)

dﬂi(éi) _ dﬁi(éi) N ] Qbi(gi)

’y.
ds d; @A)

i bi

a7, (&)
My = (EDp; ———
dg

i



where the subscripts bi refer to the ith

bending slope at the attachment station X,

branch (for one branch i= 1) and Y4 is the

Branch Beam Boundary Conditions

To obtain expressions for the boundary conditions of the branch beam, the free-body
diagram of the branch beam shown in figure 3 is considered. In keeping with beam theory,
the slopes Bi and y; are assumed to be small (i.e., tan Bi = Bi and tanvy, = yi).

For small deflections, Newton's second law gives the following equations for the
spring-mass system in harmonic motion:

2.

Qej = "M@ [A; +2;(0; + 8]

(23)
2
Mgj = @ 1,03(05 + B)) - Qgi?y
or
2

M = K0, = w7[J;(0; + By) +ma; Ay (24)

where J 2 the mass moment of inertia of the spring-mass system about the tip of the
branch beam, may be expressed as

Free body diagram
of ith branch

Figure 3, - Coordinate system for it branch beam.

10



Solving equation (24) for 05 yields

w?
2
pP. m .a. A.
g; = —2 . By + —+1 (25)
1-%_ Ji
2
b;

Substituting equation (25) into equations (23) and (24) yields the following expressions for
shear and moment at the right side of the branch beam.

2 2
~wm . I _.w
Qg = —= |[1 - B —]a, + a8, (26)
2 K,
1-% 1
2
Pj
wZ
Me; = K5 = 5 1Py + mesdy Ay @7)
1-9
2
Pj

The shear and moment at the left side of the branch beam can be obtained by integrating
the first and second of equations (22). Thus,

9 b.
Qbi(bi) =w -{ ! (pA)bini(gi)dgi + Qbi(o) (28)
and
by 2 /P
Mbi(bi) = A. Qbi(gi)dgi -w ‘[ (Ip)biwi(gi)dgi + Mbi(o) (29)

11



The first integral in equation (29) can be written in the following form:

b. b. .
\{ ! Qbi(gi)dgi = wz ‘{ 1[{ ! @A)bini(s)d%déi + bini(O)

b,
= bini(bi) - wz A‘ ! (PA)bi’éini(«ii)dﬁi

Using this relation in equation (29) yields

b. b.
Mbi(bi) - Mbi(o) + bini(bi) - w2 [/0/. ! (pA)biéini(éi)déji +-{ ! (Ip)bizpi(gi)dgi]

For the adopted sign convention,

Mp;(0) = -M;

i@ =

Then, from equations (26) to (29) and (32),

Mpi(by) = Mg

Qpi®;) = Qg

1

b.
Qi = ‘wz ‘4- ! (PA)bini(Ei)dé’i + Qei

b. b.
Mi = -Mei + biQei - wz l:j ! (DA)biEini(Ei)d‘Ei + 4 ! (Ip)b1w1(€1)d£1J

Eliminating M ei and Qei from these last two equations yields

~

b. m .

2 i
Qi =-Ww <‘4\ (pA)bi”i(gi)dEi + c:)z
1 - =

g g

12

h

(30)

31)

(32)

(33)

(34)

(35)



f.

b. b, .
M; = - ﬁ{ " (0A) sk n; (£ A +_{ ") (€ az,

-
2
m . .
ci _cgi 1
+ a; + (1 - bilA; + (Ji + mciaibi)ﬁi> (36)
1-9" i 1-9"
2
Py p
! J

These two equations represent the shear and moment transferred to the primary beam as
a result of the dynamics of the branch-beam and spring-mass system.

Orthogonality Conditions

To determine the orthogonality conditions for the branched Timoshenko beam, elimi-
nate m and g from equations (3) and (4) by using equations (8) and (9) to obtain

-~
KA <EI QQ) + ASG<§X - 5) - mié(x - Xi) = Ipri

ox ox 0x
> (37)
2 lac(&- 6) - qb(x - x;) = pAY
15):4 ox
J
For a system vibrating in the jth normal mode,
Wit Wit
Y(x,t) = yj(x)e1 It m,(t) = Mi].e1 ]
(38)

B(x, 1) = 0;e™, qy(t) = Qe™T

13



From equations (37) and (38),

1! 1 _ 2
(EIgoj) + [ASG(yj - <pj)] - Mi].6(x - Xi) = -w; ngaj
(39)

2

I_ASG(Yj - 90])] - Qija(x - Xi) = "wj PAY]-

where

vi = y]-(X), ?; = qﬂj(X)

and the primes denote d/dx Let yp. and Py represent the deflection and slope of the
beam vibrating in the k th | srmal mode. Then, multiplying the first of equations (39) by
[ dx and the second by Yk dx, integrating over the length, and adding the resulting

equations yields
2 Z oy Z t
et ‘4‘ (DAijk + IPQDj(Pk)dX + Mij"ik + Qb4 = /01 (EI<P]') ¢y A
l A G 'y, dx !
+~4- s (y] - QDJ) Yk +‘4‘ [ASG(yj - on)(pk dX] (40)
Integrating the first two integrals on the right side of equation (40) by parts yields

L
2 i
—w / (0AY;Yy + @0y )dx + Mysyy + Q6 = [El‘ﬂi‘ﬂk]o - /0‘ Elgjoi o

1
+[AGO] - qo)yk / AGY] - 95)v% dX+/0~ AGE] - oo dx (41)

Now, for conventional boundary conditions (i. e., free, pinned, or fixed), the terms in
brackets in equation (41) vanish. Thus,

14




2 /A
-wS / (pAYy; i+ Ip(p]<pk)dx + Muy]k + Ql] ik = '4‘ EI(pi(pl'{ dx

l
- [ AL} - 0)0 - ogax (@)

Following the same procedure for the branch beam, the equation corresponding to equa-
tion (41) will be

-¢5 { [A),n4515, + 0¥ 45¥ i 1AE; = [(EDy @i il +[(AQ), O} ij)nﬂ{]o

b. b.
- [ ey a - J( FagG), (3 - Wity - VyddE  (43)

Evaluating the terms in brackets

1

b,
[(EI)bllp'l‘]W ik]ol = Meijﬁik - (_Mijyik)

s (44)

b, _
(A8, W55 ”ij)”iklol =-(Qgji A~ sdin)
W,

then, substituting equations (44) into equation (43) and adding the resulting equation to
equation (42) gives

2 L b.
oF {4 (PAYij + IPQDjQDk)dX + ‘{ 1 [(pA)binijnik + (Ip)bitl/ijd/ik]dgi}

l
= l [Elpjo) + ASGE] - ¢) g - ¢ ]ax

/ [(ED# 3% e+ (A50), (0} =¥3 bty - )ldE; - Moy By +Quyi Ay (45)

Also, from equations (23) and (24)

15



GIJBIk Q 1k_ @5 elk(Jl ij + M3 Au)

2
+w].[I

cgi%ij%ik * mci(A. +2,0.) (A, +a,04,)] (46)

i ij

From equation (24),

Jiai] +m .a. A.. =

ci®i 2ij 2 (47)

Substituting equation (47) into equation (46) and substituting the resulting equation into
equation (45) gives

{'[l (pAy; Vgt Ipo. QDk)dX + / [(‘)A)b1n1]n1k + (o), ¥ 1]”[/1k] £+ Icgl ij%ik

+ mci(Aij + aio’ij)(Aik + 2,0 } {/ [Elp! ok + A G(y ng)(yk @) ]dx

All the terms which appear in equation (48) are symmetric with respect to j and k ex-
cept w].z. Therefore, if the system is c?lrllsidered to be vibrating in the k™ mode and the
same procedure is followed as for the j~ mode, an equation identical to equation (48) is
obtained except wjz will be replaced by wﬁ, that is,

A b.
w}%{_[ (PAYkY]- + Ip(qupk)dx +-'0/ ' [(PA)binijnik + (Ip)biwijwik]déi + Icgiaijaik
l
+ mci(A. + alozlJ)(A]k + alalk)} 4‘ [EIq)j(pl'{ + ASG(y]! - 90]-) (v - @) ]ax
R0 + f [(ED ¥ i¥ g + Ay 0} - V3 (0}, - wlk)]de} (49)

16
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Subtracting equation (49) from equation (48) and assuming wjz # wl“i gives

/ AV, + Iogyp, ) + / (oA 155 + W00y 350 5 JdE;

+ Icgiaijaik + mci(A. + atlozl])(Alk +ae,)=0 (50)

Equation (50) represents the first orthogonality condition of the branched beam. To obtain
the second orthogonality condition, multiply equation (48) and (49) by wé and w2

]’
spectively, and subtract. Then, for w] ;éwk

re-

L
'{ [Elpjo) + AGGE] - @) () - @)]dx + K604

+f e, g + (AgQ), (3 - Wy)lny, - wy)ldg; =0 (51)
An alternate form for the second orthogonality condition is obtained by using the relations
M = Elp', Q= AG(p - ¥
My = EDp ¥l Q= (A8, 05 - 1)

in equation (51). Thus,

A
Q. 1 M, ..M
J k dx + ] ~bij bik dgl
0 As (EI)bl

le]lek dg eikMeij -0 (52)
(A G)bl K;

Generalized mass. - Equations (50) to (52) are valid for w;.z # wlz(. To obtain the gen-

eral expression for these orthogonality conditions, let

17



l b
_ 2 102\ 2 2
By = .{ (pAyJ' * Ip¢j> +,4' [(p )b17713 + (Io)p ¥ 1J:ldg +logi®ij + mci(Aij + aiaij)
(53a)

where u. is referred to as the generalized mass of the system vibrating in the jth nor-

mal mode. Then, interms of the generalized mass, the first and second orthogonality

conditions become

A b,
’4‘ (pAYij + IPQDj(Pk)dX + 4‘ ! [(PA)binijnik + (Ip)b1¢’1]¢/1k]d‘g1

+ Icgiaijaik +m, (A + alau)(A +a, a]k) = U, 6]k (54a)

and

/ [Elplol + AG] - ¢ - ¢1ax + K;0,:0,

b.
' ' 2
+‘4. ! [(EI)blwl_]l‘Ulk + (ASG)bi(nij - IPIJ)(’n]k - w]k)]dgl = wJ‘ Hjéjk (552)

where 6jk is the Kronecker delta function defined by
1 i=k

ik~
0 j#k

Equations (54a) and (55a) satisfy equation (48) for j = k and equations (50) and (51) for

jzk
Natural frequency. - An expression for the natural frequency of the system can be

obtained by setting j =k 1in equation (48). Thus,

18



L b.
2 2 i 2 2 2
M? @ MZ.. Q7. MZ..
3 + _J ax + bl] + bl] ‘Ei + €e1]
EI AG EDy; (AG),; K;
E I 0 T
b.
2 2 i 2 2 2 2
.4‘1 (pij + ngoj)dx +A’ [(pA)binij + (Ip) ¥ ij:ld‘gi + Icgiaij + mci(Aij + aiai].)

(56a)

Primary Beam with Several Branches

The equations developed on the preceding pages are for a primary beam with one
branch. The results can be immediately generalized to include any number of branches

by replacing Q;5 x - x.) and M5 (x - x,) with 2 QP - Xi) and E M5 (x - xi), respec-
i i

tively, in the equilibrium equations. The development will then proceed in the same man-

ner, and the resulting equations will be similar to those previously developed, except that

the branch beam parameters will be summed over all the branches. For example, as-
sume that there are n branches. Then, a summary of the pertinent equations will be as

follows.

Governing differential equations of primary beam:

)

n
‘_i% = wszy(x) - Z Q;0x - x;)
i=1

dlY‘I}:X) = QE) + ZM o(x - X) -w ngD(X)

i=1
P x) = ay(x) Yo - (11b)
dx
dy(x) _ dy(x) , g - Q)
& dx 0 AG

19



The last three equations are independent of the number of branches and are included
herein only for later reference.

Free-free boundary conditions:

9 1 n 7
w A‘ pAyx)dx - z Qi= 0
i=1
> (53b)
9 y) 9 Y n n
w /0' pAxy (x)dx + @ /0' oo (x)dx - Z Qs - 2 M; =0
i=1 i=1 J
Generalize mass:
= Z(Ay-2+1p 2>dx+i fbi oAy 2 + (o), 2 o
M= P TP i S (PN bi¥ ij]°%1
1=
n
2
+ Z [Icgloz1J +m, (A + aiaij)zJ (53b)
i=1
Orthogonality conditions:
(pAyy +lpos0 )dX+ [(PA) N + IOV ¥ )94
k k bi'ij'ik bi 1] i
n
+Z [Logisii + Mei(@ +2503) By + 24 0] = 13y (54b)
i=1

[ [Elpjof +AGS - @ (g - ¢p)lox + Z K639
i=1

L b,
1t ' ' 2
¥ 21 A‘ HED, 1Y + A0, (Y - il - WydldEy = @Fudy,  (55b)
1=

20



Frequency equation:

L /[ 9 9 n b, [ 4 9
MS @ Mz, QZ.. M=..
3+ 3 lax + bij | “bij dgi +_eij
I AG (EDp; (A0, K,
0 =1 W0

we = - . . - -
J

b
{[ [(PA)blﬂ + (o), ¥ 2 lag, 1+ Tegi®iy * My (8 +a1au)}

N
o
>
~
+
=)
S
S~—
=

(56D)

MODIFIED STODOLA METHOD

In the previous section, the governing differential equations of a branched
Timoshenko beam have been developed. Also, the boundary conditions for the free-free
and the free-cantilevered primary beam have been expressed in integral equation form.

In this section, a modified Stodola method will be applied to solve the differential equa-
tions of motion subject to the free-free and free-cantilevered type boundary conditions.

The Stodola method, as applied to beam vibration, starts by assuming a deflected
shape of the beam which satisfies the boundary condition. Based on this assumed deflec-
tion, the corresponding shears, moments, slopes, and new deflections can be determined
by integrating the governing differential equations. Then, by using the boundary condition
equations, the new deflection is adjusted to satisfy the boundary conditions. At this point,
the natural frequency of vibration can be determined. Using the new improved deflection,
the process is repeated until the natural frequency converges. If the branched beam has
an attached spring mass, as in the case considered in this report, it is also necessary to
assume a frequency of vibration at the start of each iteration. The reason for this is that
the frequency does not appear as a constant factor in the governing equations as developed.
This point will be clarified as the Stodola method is applied in detail.

For the free-free case, the iteration routine is started by assuming that the deflected
shape of the primary beam is a polynomial of the form

v=p
760 = YO0 - W [ - ( v ﬂ (57)
p+2
v=1

21



where the superscript (o) refers to the first iteration and the subscript p referes to the
mode being determined. For a cantilevered beam, clamped at x =7, the initial assumed
primary beam deflection can be taken as

p
v =¥P0 - -0 | | (-] (58)
v=1

A deflection must also be assumed for each branch beam. For the ith

flected shape can be taken as

branch, the de-

= 2
1) =50 450, 4 (59)
where ggo) is the deflection of the primary beam at the attachment station and
(0) _ v+ (0)
i’ = Yb (xl)

is the slope at the attachment station.

Before starting the iteration routine, it will be convenient to normalize the deflection
to unity at the tip of the primary beam. The branch beams should be multiplied by the
same normalizing factor as the primary beam. Also for convenience, wz, which appears
as a factor, is set equal to one, since the mode shapes can only be determined to within a
constant factor. The w2 terms which do not appear as a factor are set equal to one in
the first iteration and then for subsequent iterations, the value determined by the previous
iteration is used.

First, consider the iteration routine of the i
the shear and moment at the tip of the branch beam is given by equations (26) and (27) as

th branch beam. For the assumed shape,

Q.. = Mei 1- _Icgi w2)a, +2.8 (60)
ei 5 - it 2Py
w i
1-Y
2
by
1
ei™ 5 Uy + meidy &) 61)
w
1-9
v}
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Then, the shear and moment at the attachment station will be given by equations (33) and
(34), respectively.

b,
Q; = -‘{ " A m;(EPdE; + Qg (62)

bi bi
M, = - 4‘ (0A)yEm; (E)AE; + K (Ip)biwi(gi)déi} * QeiPy - Mg (63)

Since zpi or Bi is not known in the first iteration, it is set equal to zero, and for subse-
quent iterations the values from the previous iteration are used.

The shear and moment distribution along the branch beam can now be calculated by
integrating the first and second of equations (22) and noting that, for the adopted sign con-
vention,

Qbi(o) = Qi’ Mbi(o) = _Mi (64)
Therefore,
'
Q) - { L (o) g1, (EdE, + Q (65)
£. £.
M, (&) = { Lyt - T G k- My (66)

When the shear and moment distribution is known, a new improved deflection of the
branch beam can be determined by utilizing the third, fourth, and fifth of equations (22);
thus,

51 M, () Q)

PRV b 4 (67)
EDy 1 A,

771@1) =

and
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M b (e
n,) = i bl(‘f) £, dE, - le_(gl)dgi + 45 +3i (68)
(EDp; (ASG)b_
1

To determine the values of Ei and y; in equations (67) and (68), the deflection and slope
of the primary beam at the attachment point of the i~° branch must be determined. This
can be done by an integration procedure similar to that used for the branched beam.

For the primary beam, the shear and moment distribution can be determined by in-
tegrating the first and second of equations (11b). Thus,

aw - f payea - znlj Qjhtx - x) (69)
™
and
M(x) =/0'X .{X pAY(x)dx dx - /O‘X Too(x)dx - Zn; Q /O'X hx - x,)dx + anz Mh(x - x,
i= i=
(70)

X
where h(x - x;) and / h(x - x,)dx are given by equations (1) and (2), respectively.
0
Then, from the third, fourth, and fifth of equations (11b),

X
y(x) = / / M(x) dx dx - / Q=) dx + YoX + Y (72)
A A G

The constants of integration Yy and Yo must now be adjusted to satisfy the boundary
conditions. First, for compactness, the following quantities are defined:

X
(x)—//M(x)dxdx <b(x)=/ QR gx
AG

0
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5 E M (8 ° Qu;(t;)
7 (£,) = PIPE g¢. ag, et = D g
i\°i (ED,; i1 i (ASG)bi

i

Using these substitutions, the deflection and bending slope of the beam can be written as

V(&) =¥&) - $&) +ypx +7, A

P = y'(x) + vy
- (73)

ni(ﬁi) = 51(51) - c1(‘51) + [?' (xl) + Yb]gi + [g;(xl) - tI)(Xi) + bei + yO]

‘J/i(Ei) = 77;(51) + [Y'(Xi) + Yb] J

For the free-free beam, the boundary constants ¥h and Yq must be adjusted to satisfy

equations (14) and (20). The expressions for Q; and M;, which should be used in these
equations, are given by equations (35). Therefore, the following equations must be sat-

isfied

2
L n ' m . 1w
i cgl _
{ pAY(x)dx + Z 4 (A (¢, + / cwz <1 K, >Ai+aiﬁi =0
1-=—

i=1
o}
i=1
n b, n b,
A‘l pAxy(x)dx +-/0‘l pe(x)dx + Z A‘ (pA)bi(Xi + Ei)ni(éi)déi + Z: A‘ (Ip)bilpi(gi)dgi - (74)
i=1 j=1
n n
M Lgi” b 1 b,) +3.]6: = 0
+ 5 1- < (x5 + D +aglag 5 [mciai(xi +by) + ;18 =
1-2 1 1-2-
piz p?
i=1 i=1 )
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If equations (73) are substituted into equations (74), two equations in two unknown con-
stants are obtained, namely, yb and Yo Note that in equations (74) the expressions

for Ay and Bi are given by

Ai = ni(bi) = ;’-i(bi) = Ci(bi) + [y'(xl) + yb]bi + 37(Xl) - (I)(Xi) + ybxi +Yo
(75)
Bi = "Ui(bi) = ﬁ(bl) + y'(xi) + Yb

Substituting equations (73) and (75) into (74) yields

n
Lo Meifi -
4 PAITE) - B() + Tx + Tgldx + —L [0y + 76 + 9]
1-%
2
B
7/
i=1

n b. _ _ —
+ Zl '4‘ ! (pA)bi{”i(‘gi) - Cl(gl) +[Y'(Xi) +Yb]§i ‘*'Y(Xi) - ‘I’(Xi) +bei +y0}d£i
1=

n
Mei Icgiwz o
¥ S (1 {1y - 25009
1-2 IiPj
2
bj
i=1
+[370x)) + Vplb; +F(x) - @,65) + v, +vo} = 0 (76)
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n s _ _ n _
J( PAX[T() - B(x) + yjx + Voldx + [ (Y + yplax + > [ Flodmi(e) + 716 + vplde; + f Upat + {7 - 5,6
i=1 i=1

n
_ _ m_. 1 iwz _ _ _
+[y'(x) + vhlE; + V) - Bk + YE; + yo}déi + mz 1- _ch (x; +by) +a; {"i(bi) = L0y + [V (%)) + yplby + ¥(x;) - Bxy) + ypx; + yo}
1-% J3P
o}
i=1
n
» L [megay sy +) + T +7°61) + Yg] = 0 (77)
1-9
o}

i=1
Collecting terms in Yo and Yo and rearranging yields equations (78a) and (79a).

Shear boundary condition:

m

2

Ay no_ b m . I, _.bw
ST+ Y T é 1 (A ks dE; +—— Wb, way - B
2 7! 2 K,
1-9_ i=1 1-97 i

n N
f PA[F() - EJdx + Y [ oA 708 - Eytep e, +
i=1

pf p?
i=1
n
m . I iwz _ n. bi
+ —C‘E 1- —cf( ;) - 8500 +F(x) - B(x)] + Z [¥xy) - é(xi)][[ (oA)y,; dEg
1-2 i =1
o
=1
f n

. L i d Moy b Icgi (b, +x )wz
+yps f pAxax e A0y + £4)dE; + Y B R Rl e Rl
= 1 Ky

i=1

z i Moy T
+Y0[ PAdX-FZf oA}y d&; + — 3 I'K—i =0 (783.)
i=1 w

i=1
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Moment boundary condition:

n . n .
[ pAXY(x) - ®(x)]dx + [ By )dx + Z [ P oA, + £JM(Ep - £,(E)1dg; + Z [ R CONCHERLTN
i=1 i=1

n

[m_ax; +b; +a5) + Icgi]ﬁ'i(bi)

n b,
300 - 9] Ayl + £+ L fmega;
i=1 1-%
o}
=1
n
Mei Tegi 2 = - o, by
+ 2 (xi + bi + ai) - E (xi + bi)w [ni(bi) - ti(bi) + Y(xi) - @(Xi)] + Z y (xi) 4' OJA)bi(xi + gi)gi dgi
L i=1
! 2
Py

i=1

b 1
"'l (Ip)bi dEi +
w2

2
Py
n
I b, n m .
i i 2 1 2 ci
+ E l (Io)y; 9; + Z ,{b (AY 5, + &) dg; + - m ;0 +2; +b)% + Icgil:I -
i1 i=1 1-9° i
o}
i=1
n N
n b. m . I .
+¥g [ pAX dx + Z ,{ oAy by + £)dE; + “2 '}i +a; +b, - Ic{_g‘ & +bi)w2:,r= (]
i=1 1-@8 i
o}
=1 J
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To put equations (78a) and (79a) into a more convenient form, suitable for calcula-
tions, we define the constants given in the appendix. The subscripts r which appear
with the constants K in this appendix signify that K depends on the particuiar mode be-
ing sought. The other constants are independent of the mode and depend only on the mass
and geometric properties of the system. Using the appendix, equations (78a) and (79a)
can be written as

AqrY0 + Aoy¥o = Cop (78b)
Agr¥p +A1r¥o = Cor (79b)
where
n
1 T, qi02
— . cgi
A1r - N0 + Nbi + 9 ci K
w i
1-%
2
i Py |
i=1
n
Mg Icglw2
A2r =mg + my. o+ 5 1- -
1.9 i
2
bj
L _ /7 L -
i=1
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A, =M, +P, + P.+M 1 Im . +1 1Mdiw2
sr= ot o bi " Vpit o | ci T egi X
w 1
1-¥
2
by
i=1
n
Cir=Kip Z Kyri = Kyri * Kopi + Kori - Kigrs)
-1
n
Cor = Ko - K3 + Z (Kori = Kspi - Kgri + Kypg + Kgpi - Kypp9)
i1
Solving equations (78b) and (79b) yields, for yp and Yo
C1r A2r Alr Clr
. _ [Cor  Arr _ |A3r Cor 50
yO = YO = A A (80)
Ay Agyp 1r for
A3r Alr A3r Alr

Equations (80) give the boundary constants for the free-free case. For the free-
cantilevered case, we obtain from equations (21) the following expressions for YH

and Yo'

¥y =-y'0) V=20 -y@) +1-5'Q) (81)

After the integration constants have been determined from either equations (80) or (81),

a new deflection can then be obtained from equations (73). The frequency of vibration can
now be calculated from equation (56b). Before starting the next iteration, it will be nec-
essary, in general, to recalculate Yo and yb for the free-free case based on the new
improved frequency. This is required because the assumed deflection must satisfy the
boundary conditions. Then, after determining a new improved deflection, the deflection
is normalized, and the process is repeated until two successive frequencies are equal.

A flow chart of the iteration routine is given in figure 4.
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High Modes of Vibration

The iteration routine described in the previous section will always converge to the
first or fundamental mode of vibration. To determine the higher modes of vibration, it is
necessary to remove all lower mode components from the assumed shape. Let y;_k(x) and
nl’f, ;(§) represent the assumed shape of the ' mode. Assume that the mod:zhshapes of
allthe v=r - 1 modes are known and that it is required to determine the r~ mode.
Since any arbitrary shape can be represented by a series involving the normal modes of

the system,

y;(x) = Clyl(x) + Czyz(x) +. ..+ CVyV(x) ...
(82)
n*(8) = Cmy;(8) + Comgy(€) + . . . + Comyy(8) +. . .

where the CV'S are unknown constants that must be determined. The shear and moment
distribution, corresponding to the assumed deflection, can be expressed by the series

N

Q;E(x) = ClQl(X) + C2Q2(x) ..+ CVQV(X) + ..

M;'f(x) = ClMl(X) + CzMz(x) ..+ CVMV(X) +. ..
- (83)

Qri(g) = ClQli(g) + Czin(g) +. ..+ Cvai(g) +. ..
Mri(g) = ClMli(é) + C2M21(§) +.. .+ CVMVi(g) +.. J
For £ = bi’ the last equation becomes

M¥.i=CMgq; + CoMggj+ - -+ +C M i+ . (84)

Next, multiply the first of equations (83) by [Qv(x) /AqG]dx, the second by
[M, (x)/ET]dx, the third by [Qvi(g)/(AsG)deg, and the fourth by [M_,(£)/(ET),;]ds,, and
integrate over their respective lengths. Then multiply equation (84) by M evi /Ki‘
These operations yield the following set of equations:
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i 2
1QV1dg C ot B ' PN _%’i—dg+...* (85)
(Ag8) 1 (A v (AG)
bi
b.
A [

2
MgrlMevi -C MeliMevi CvMevi
=Cy ...+,
K, K; K, )

Adding equations (85) and using the second orthogonality condition which is given by equa-
tion (55b) yield

b.

/Z M;Mv + Q;Qv ax + ' M;1Mv1 + Q;'kini at +M;riMevi

A EI A SG (EI)bi (ASG)bi K,

v = - : (86)
Cyty

Wheret th is the natural frequency of the vth mode and By is the generalized mass of

the v~ mode given by equation (53b).
For n branches, equation (86) becomes
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i
M;Mv QI‘QV dx + M;‘ini + Q;ini d : +MgriMevi
EI A SG (EI)bi (ASG)bi Ki
c,- ) i=1 _ . — (87)
2
wv“v

Knowing - the purified shear and moment distribution becomes

q-1 )

Q. =Qf - ZCVQV

T (88)

Qi = Qi - Z CyQui

= M*. -
Mri Mri ZCVMVi

Equations (88) represent the shear and moment distribution which must be used in the
iteration routine to determine the higher modes of vibration (i.e., 2, 3, . . .).

CONCLUDING REMARKS

A computer program, based on the analysis presented in this report, has been writ-
ten for finding the normal modes and frequencies of a branched Timoshenko beam. Sev-
eral test cases have been run and the results obtained show that the iteration routine con-
verges in a reasonable length of time. A flow chart showing the iteration routine is given
in figure 4. An examination of this flow chart shows that a number of integrals must be
evaluated during each iteration. Any of the standard methods of numerical integration
can be used to evaluate these integrals, and the best method will depend, in general, on
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the mass and stiffness distribution along the beam. The summation method, which is
thoroughly covered in reference 7, is particularly suitable for most practical cases.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, October 23, 1967,
180-06-06-03-22.
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APPENDIX - DEFINITION OF CONSTANTS USED IN EQUATIONS (80)

b,
Np; = _{ T oA, + EdEy

Nci = mci(xi + bl + ai)

L 9
MO=/ pAx® dx
0
b, 2
My; = .4 (pA)y;(x; + €))7 d&;

2
Mci = mci(xi + bi + ai)

P0=/0~ZIpdx

!
Py = /0’ () A8;

_ 2
My; = m ;05 + b)

di



l —
Kip= f pAL20) - TEox
bi _
l —
Kop = f PAXEE) - FEI0x
bi
{
= v! dx
K. _{ Ipy'(®)

b.
K3I‘i = { ! (Ip)blﬁ;(£1)d‘£1

Kypg = V&) Ny - R H 5 i
1-% i
2
191
W2
- ci cgi = i
K51‘1 - ——?: - [ci(bi) Tli(bi) + (I’(Xi) Y(Xi)]
1-2 i
2
Py
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K, .=y &)XM, .- N x. +P : + 1 M., -N x +1 —Icgiz(M -
6ri = Y E¢\Vbi” “biti tbi 2 ci” Veii T legi T T di
1-Y 1
2

Kopi = [8(x) - Y&)IN;

1 Icgi“’2 _ _
K8I‘i = 9 Nci - Ndi [51(51) - Tli(‘ii) + é(xi) - Y(xi)]
1-2 i
2
b3
Kgpi = Mpi 8%) - ()]
m .a
ci®i |,
Kiori = 5 109
[0))
1-%
2
b;
K ! N a +1_J70)
11ri 9 v oci’i cgl77 i
1-%
2
by
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