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ABSTRACT

The work presented here is a further development of the ideas ex-
pressed in this author's earlier work on the modification of Hansen's
lunar theory. We introduce here several devices which permit us to
reduce the number of quantities which must be re-computed with each
iteration cycle. We refer the motion of the satellite to an "almost ideal™
system of coordinates with two axes lying in the mean orbital plane.
These axes are selected in such a way that the differential equations of
the relative motion differ from the equation of motion in Hansen's ideal
system only by the terms of higher orders. The position of the satellite
relative to the almost ideal system is determined by Hansen's coordi-
nates 1 + v and n, 3z of the projection of the satellite on its mean or-
bital plane and by the "elevation' ({ of the satellite relative to this
plane. The position of the almost ideal system itself with respect to an
inertial system is determined by two uniform rotations, one around the
normal to the orbital plane of the sun, and one around the normal to the
mean orbital plane of the satellite., The problem of integration is re-
duced to solving a linear partial differential equation by means of suc-
cessive approximation, or to expanding the integrating operator into a
series of products of two linear operators. One of these operators is a
linear partial differential operator and the other is the inverse of a
linear partial differential operator with the constant coefficients. We
propose here, as in the previous work, to compute Hansen elements =,
T and ¥ separately and to fuse them into W bypassing Hansen's
function W.

The application of Hansen's theory to the Jovian satellites is a topic
of considerable astronomical interest and importance, M, Charnow has
programmed the modified Hansen's theory in order to produce the
yearly ephemerides of the X'" satellite of Jupiter.
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ON SOME POSSIBLE SIMPLIFICATIONS AND
CHANGES IN HANSEN’S LUNAR THEORY

by
Peter Musen
Goddard Space Flight Centevr

INTRODUCTION

This work represents a further development of possible modifications of Hansen's (1838, 1862)
lunar theory which were presented by the author in a previous work (Musen, 1963). We direct our
attention to Hansen's lunar theory because it is applicable with some changes to satellites moving
in orbits with high inclinations relative to the orbital plane of the Sun. In particular, its possible
application to the motions of Jovian satellites (Mullholland, 1965; Charnow, 1967) is a topic of con-
siderable astronomical interest and importance.

The main kinematical characteristics of Hansen's theory are: 1) the separation of the periodic
perturbations in the orbital plane from those of the orbital plane itself; and 2) the use of a fixed
rotating ellipse as an intermediate orbit. Normally, the periodic perturbations iz the orbital plane
are larger than the periodic perturbations of the orbital plane itself. These two types of effects are
not completely independent, but their mutual influence is of hisher order and it can be calculated.

The differential equations of motions of the satellite in its osculating orbital plane are referred
to a rotating reference frame rigidly connected to this plane. This frame of reference Hansen terms
as "'ideal," because the relative and the absolute velocities coincide and because the Coriolis and
the centrifugal forces cancel each other. Thus, the vectorial differential equation of the relative
motion has the same form as in an inertial system. An intermediate orbit is an ellipse of constant
shape located in the osculating orbital plane and rotating with constant angular velocity relative to
the ideal frame around the axis normal to this plane. A fictitious "auxiliary' satellite moves in
this ellipse in accordance with Kepler's laws with respect to pseudo-time. The position vector of
the real satellite at any given time is determined as its deviation from the position vector of the
auxiliary satellite in time and space.

In Hansen's theory all the angular perturbations in the orbital plane are combined into one
single angle n, 5z, the perturbations of the mean anomaly. The radial perturbations are given by
1 + v, the ratio of the radius vector of the real satellite to the radius vector of the fictitious satel-
lite. The position of the osculating orbital plane and, consequently, of the ideal system of coordi-
nates is determined by the mean position of the orbital plane and by three additional parameters
which absorb all the small periodic oscillations of the osculating orbital plane around its mean
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position. The final output in the classical form of Hansen's theory are the trigonometric expan-
sions of the perturbations in the sine of the latitude, of 1 + » and of n, §z.

The author has suggested (Musen, 1959) that the expansion of the sine of the latitude be dis-
carded if the inclination is large. Instead, he proposes to use a set of Euler's four "redundant"
parameters to determine the periodic deviations of the osculating orbital plane from its mean po-
sition, Euler's parameters, like Hansen's, carry all the periodic effects in the node, the inclina-
tion, and the position of the departure point. The position of the mean orbital plane itself relative
to the inertial frame is influenced only by the secular effects in the node, the perigee and the de-
parture point. The use of Euler's parameters makes all the angular arguments of the theory linear
relative to time from the outset and the expansion of the disturbing function becomes more sym-
metrical, as well as more algebraic in form, as compared to the expansion in terms of Hansen's
parameters.

Developing the theory of satellites in terms of Brendel's coordinates (Brendel, 1925), the
author has noticed (Musen, 1967) the existence of an "almost ideal” reference frame in the mean
orbital plane, such that the differential equations of motion of the satellite relative to this frame
differ from the equations in the ideal system only by the terms of higher orders. The use of the
mean orbital plane instead of the osculating one, as well as the introduction of the ""almost ideal"
system, permits one to discard the use of Hansen's or Euler's parameters. In addition no ''re-
dundant” parameters appear in the reformulation of the theory. The position of the satellite is
determined by Hansen's coordinates of its projection on the mean orbital plane and by its "elevation"
{ relative to this plane. This elevation is very small and its use permits one to contract the iteration
process considerably. This system leads to an expansion of the disturbing function such that the
coefficients of { and 1 + » remain unaltered from the iteration to iteration. This circumstance,
consequently, represents a substantial simplification as compared to the system based on the use
of Hansen or Euler parameters.

Hansen's original lunar theory contains the derivatives of the disturbing function relative to
the eccentricity and relative to the parameters associated with the position of the osculating orbital
plane. Evidently, the literal expansions of the disturbing function and of its derivatives are required
before the process can be made completely numerical. We retain here our previous system (Musen,
1963) which makes use of expansions of the components of disturbing force and which somewhat
resembles Hansen's planetary theory. This system permits the numerical substitution of the mean
eccentricity and of the mean inclination from the very start. We expand the disturbing force into
an infinite series in terms of the mean anomalies of both the satellite and of the sun, and in powers
of 1 +» and {. Expansion in terms of the disturbed eccentric anomaly E of the satellite and of the
true anomaly f' of the sun is also possible. The advantage of this last expansion is that the dis-
turbing function can be represented as a series of trigonometric polynomials in E and f’'. However,
if the higher order effects are being sought, then the problem of integration is much simpler if the
mean anomalies are employed. The determination of the mean motion of the perigee in Hansen's
theory involves division by the eccentricity. Thus, an inconvenience arises if the mean eccentricity
is very small. The situation can be remedied by keeping the first power of the eccentricity in
literal form—in other words, by representing each term of the trigonometric series as a "vector”



Ac +B, with the following laws of multiplication for the "unit vectors":

€1 = 1-°-¢€¢ = €, 52=ee0,

where e, is the numerical value of the mean eccentricity. The motion of the perigee is obtained
from the condition that no constant for the form eA is present in the derivative of Hansen's element
¥. After the work is completed ¢ should be replaced by e,.

The main charm of Hansen's lunar theory is that all the perturbations in the orbital plane are
determined by one single function W. As an auxiliary step Hansen introduces a second functionw.
In this second function the "elliptic' mean anomaly, which describes the motion of the fictitious
satellite, and the mean anomaly taken as the argument in the expansion of perturbations are sep-
arated. Then the differential equation for W depends only upon the derivatives of the osculating
elements, but not upon the motion of the fictitious satellite directly. After the integration of the
expansion of dW/dt is completed, the distinction between the two types of mean anomalies is removed;
and by applying Hansen's ""bar-operator' W becomes W. With respect to these two functions we take
the same approach as before (Musen, 1963): only W has a divect kinematical meaning; W is merely
an artificial device to blend three independent series into one.

However, neither the number of terms nor the computing time can be diminished by using w
instead of the independent three series. We propose here, as in the previous work, to compute the
three series for Hansen's elements E, T, ¥ separately, without forming the wW-function. After they are
computed, we fuse them together to form the W-function. We suggest the method of iteration to
solve the problem, partly because the starting approximation might include some perturbation ef-
fects already, and thus the input information might go beyond Hansen's moving ellipse, and partly
because the programming is more uniform if the iteration process is employed. An additional
reason for employing the process of iteration is its close association with the fixed point theorems
in the modern theory of differential equations. These theorems are now being used widely to es-
tablish the existence and the properties of solutions.

A considerable portion of Hansen's lunar theory constitutes the expansion in powers of the
perturbations in the mean anomaly n, 8z . Almost every step requires this expansion and the de-
termination of W even requires the expansion in powers of n, 5z twice. We can abbreviate the proc-
ess of expansion considerably by developing the theory in terms of the disfurbed mean anomaly
directly without resorting to the expansion in powers of n, 5z at almost every step. Then the problem
of integration relative to time can be reduced either to solving of a linear partial differential equa-
tion by means of successive approximations or by expanding the integrating operator (d/dt)”! into
a series of products of two linear operators. One of these operators is a linear partial differential
operator and the other is the inverse of a linear partial differential operator with constant coef-
ficients at the operators of the partial derivatives with respect to the four basic arguments.

Several numerical inaccuracies were found in Hansen's expansions of the coordinates of the
Moon. However, this circumstance does not affect the correctness of his basic theoretical thought.



The theory is applicable to the natural planetary satellites when solar effects are dominant. Several
small, but observable and physically important effects of non-solar origin, which are so important
in the motion of the Moon, have no significance in the computation of yearly ephemerides of the
satellites of the outer planets.

The Hill-Brown lunar theory makes use of the variational solution as an intermediary orbit, This
solution is free from the influence of the eccentricity and of the inclination and represents a natural
start if one wants to expand the coordinates and the frequencies in powers of the constants of in-
tegration. This does not mean, however, that in general the variational solution contains the effects
which are the most important numerically. The choice of the rotating ellipse as an intermediary is
a natural one in a purely numerical approach, because this ellipse introduces the mean motions of
the node and of the perigee from the start, and because the large terms in the perturbations have
the eccentricity of the satellite as a factor.

The unorthodox manner of treating the perturbations, the absence of the direct appeal to the
method of the variation of the astronomical constants and, especially, the use of the "disturbed"
time, and the rather difficult style of Hansen's exposition, make the reading of Hansen's work rather
demanding to modern readers. But the reader willing to overcome these obstacles will in the final
analysis find Hansen's basic idea to be admirably clear and well adaptable to the use of modern
electronic machines. M. Charnow (1966) has programmed an accurate expansion of Hansen's per-
turbations using the modified Hansen's theory as developed by the author. On the basis of his ex-
pansion the yearly ephemerides of the Xt satellite of Jupiter are being computed. Since 1958 this
satellite was not observed because of the absence of the accurate theory and of the ephemerides.
On the basis of Charnow's ephemeris the satellite was re-found in 1967 by E. Roemer in Arizona.
The application of this expansion to the X1t" satellite of Jupiter is being planned.

DIFFERENTIAL EQUATIONS OF MOTION OF THE SATELLITE

Let k be the unit-vector normal to the orbital plane of the planet and let us consider this plane
as fixed., LetP be the unit-vector along the ascending node of the mean orbital plane, R be the
normal to this plane and Q = RxP. The mean elements are selected in such a way that no purely
secular or mixed terms will appear in the expansions of the rectangular coordinates. The mean
orbital plane rotates around k with constant angular velocity

where n,, the mean anomalistic motion of the projection of the satellite on the mean orbital plane,
must be given in advance as a constant of the theory. Let I be the inclination of the mean orbital
plane toward the orbital plane of the planet; it is also one of the basic constants of the theory. We
have:

ngy = n0[30+n0aR 1)



where

a T wycosl , B = ysinl. (2)

Let E be the mass of the planet, m’ the mass of the sun, r the position vector of the satellite, and ¢’
the position vector of the sun. The gravitational constant is put equal to one. We consider the mass
of the satellite as negligible. The mutual distance |r’ - r| between the sun and the satellite we des-
ignate by A. The equation of motion of the satellite relative to the rotating frame (P, Q, R) has the
form:

-d?y dr E
mw‘Zno'yxaE = —r—§r+EgradrR (3)
where
2
B ‘f1 r-r' 1 "o 2
R = gl\n~ 35 )T2E (rxm)7. (4)

Let p be the projection of r on the mean orbital plane and { be the "elevation" of the satellite
with respect to this plane. We have

r = p+{R. (5)

Substituting Equation 5 into Equation 3 and taking Equation 1 into consideration, we have

dZp dp dg E
gz " 2noaRx Gp t 2ng BP ¢ T ;3 Pt Eerad,R (6)
and
d? ¢ dp _ E JR
SR T - SUrEgT (1)

In the mean orbital plane we choose a second reference frame rotating with the constant velocity
-n, a relative to the frame (P, Q) around the R-vector. In accordance with the basic rules of kine-
matics we have to replace in the Equations 6 and 7

d,
ac by f—noaﬂxp,



d?p d’p dp
a2 by el 2n,aR x gp - n02a2p s

where dp/dt and d? p/dt? now designate the relative velocity and the relative
satellite in the new rotating system.

Equation 6 takes the form:

d2p

E
= -—p+E®,
dt2 p3p
where
2n0a dé
d = gradpQ—TngtanI
and
m' [1 r-r' 1 1 n02
“4oe T(K'T> (5-5) + 2% loxm2-a2p?]

Let £, n, { be the coordinates of the satellite relative to the system (P, Q, R): then

r = £P+1Q+ LR,

p = (P +nQ.

Let us define the mean semi-major axis of the orbit of the satellite by means of the equation

or, in a more convenient form,

acceleration of the

(8)

(9)

(10)

(11)

(12)

(13)

(14)

SRR B B



Substituting Equations 11 through 14 into Equations 9 and 10 we deduce:

_ 20 [s14
a,® = gradPaOQ—n azpatanl,
)
and
o - (i- E)zii(l =ox)
) m +E/™ ad A £'3
(1 1) 53_[1(2 2) 27 - ]
+ ag T % +802 7\ + %) tan? 1 n{tanl
where

and «, is the parallactic factor

(15)

(16)

All the terms in Equations 15 and 16, excepting the first term in Q, are of higher orders. Thus the
equation of motion in the form given by Equation 8 differs from the corresponding equation of mo-
tion in a nearly ideal system by the terms of higher orders. This is why we designate the second

rotating system of coordinates as an "almost ideal.”

Equation 7 can be written in the form:

d?¢ a1l d¢
dc? = Ea*(v”’r 2nga g tanl

Making use of Equation 13 we can write this equation in the form:

dz(C/ao) é(aOQ) d¢/a,
de? = ng a({/a0 * 2nga TG tanl .

(17)



To facilitate the integration we put this last equation in the form:

dz(C/ao) E 4 ) a(aOV) d§/ao
__dt,z = —_—3-a—o+nom+2noaT tan1I , (18)

where

The Equation 8 of motion relative to the almost ideal system of coordinates of the projection
of the satellite on its mean orbital plane has the same external form as the equation of the disturbed
planar motion in an inertial or in an ideal system. It is clear, that because of this identity of forms
the process of integration of Equation 8 will go formally along the same line as, say, in the ideal
system of coordinates. Similarly, as in the ideal system, all theory of osculation, and the defini-
tions of the elements as well as of Hansen's intermediary ellipse and of Hansen's coordinates, can
be transferred automatically to the motion in an almost ideal system. Of course, the elements
which we introduce are rather the constants of integration and they are not identical to the osculat-
ing elements of motion in an inertial system. In the following exposition when referring to the
"elements' we shall understand consistently such ""relative elements in the almost ideal frame.

The intermediary orbit in our theory is the ellipse of constant shape rotating uniformly with
constant angular velocity n,y relative to the almost ideal system around the normal to the mean
orbital plane. The auxiliary satellite P, is moving in this ellipse in accordance with Kepler's laws
and its position in the ellipse is determined by the standard set of equations:

a_o cosf = cosE - €, > (19)
L2 f = y1-e? sinE
a, sin e, sinE , (20)
Py
Eg -1 e, cosE , (21)
E - e;sinE = ngz(t) + ¢y , (22)

where a, is the semi-major axis of the auxiliary ellipse, e, its eccentricity, and T, f,E,nyz+ ¢
respectively the radius-vector, the true, the eccentric and the mean anomalies of P,. At a given
time t the projection of the real satellite P on the mean orbital plane will have the same direction
as the position of P, at the time z. Designating by r(t) the position vector of P, by p(t) the position

8



vector of the projection of P on the mean orbital plane, and by r(z) the position vector of P, we
can write the basic relations of the theory in the form:

r(t) = p(t) + (R, (23)
p(t)y = (1+v)p(z) , (24)
z = z(t) . (25)

The position of the perigee of the auxiliary ellipse relative to the x~axis of the almost ideal system
is 7, +n, yt, where 7, is a constant. Designating by v the polar angle of the projection of P with
respect to the x-axis of the almost ideal system, we can split Equation 24 into two standard rela-
tions of Hansen's theory:

(1+v)p (26)

v = F+770+n0yt. (27)

We introduce now the elements osculating relative to the almost ideal system in a sense we
discussed before. Let a be the relative osculating semi-major axis, e the relative osculating ec-
centricity, y the longitude of the relative osculating pericenter reckoned from the x-axis of the
almost ideal system. The osculating mean motion is defined as usually by the equation:

B E
n o (28)
We also make use of Hansen's elements
h
0 h
+ and h, (29)
and
hg h h e cos (X—-Wo—noyt)—eo
= - 1 - - + 2 _ - _— .
& h B, ~ 3% T, 1-eg?
h
_ 0 h 3
S T l-R 2R 7T, (30)

2 ’ (31)



~ h e sin (X""To n, yt)
y o= 2 hy Hl-ef . (32)
where
h o= V/E - na
a(l— ez) 1-e? (33)
and, similarly,
h = {_E = no ao .
° a, (1—e02) 1—e02 (34)

Designating by ES the radial component of the disturbing force and by ET its orthogonal component
we have (Hansen, 1838) with some small changes in notation:

dfo M0
dt h ° - pag T) (35)
1-eq
dr 2n (ao h? 1 & h? a _
e n v+ — + f + ) + in f -
dt oY 1_802 o h02 1—e02 cos _e02 h02 p(ao ) o sin p(aOS) (36)
@ AU B 2no Jf20 w2 1\ < 0 ¢
dE T T Doy +2h0 1—e02 + — > + h02 . 1—e02 s1nf'p(aOT)—7 cosf'p(aOS) . (37)
0
From the expression (15) for a,® we obtain:
. (a8 9) a0 ag
PlagS) = o a® = pgp mom g g Stan T (38)
a(a, )
0 2a d{
p(aOT) = R-pxa;® v +mﬁntanl . (39)

Designating by o the angular distance of the ascending node of the mean orbital plane from the
x-axis of the almost ideal system of coordinates we have:

o = noat+<7

0 (40)
10
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where o, is a constant, and taking Equation 27 into consideration

u

™
I

p cos (v =0) (1+v)pcos (f+w) ,

u

p sin(v ~o) (1+v)psin(f+w) ,

where we set

w = (770—00)+n0(y—a)t .

Substituting Equations 41 and 42 into Equations 38 and 39 we obtain:

98,0 g1y d(Uag)

o " (aOS) = P TEs T n, dt ptanI ,
C 98,0 puc14 4y d(Uag)

o - (aOT) = PY + n, at gtan I ,

where we set

_ P =
p - a—ocos(f+w),

P . F
o f+ .
a, sin ( w)

1

Making use of Equations 44 and 45, the Equations 35 through 37 take the form:

d "o 0 2(1+ v)aq d(C/aO)
dt h ~ ’ 7 )

= dat tanI ,
l—eo2 d )/_l—eD2

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

11



4y . <r+2 e, > s 2n, (ao . h2 i T a(aOQ) a . B(aOQ)
bkl - v — — = ntf - — - .
dt 0 h 1- e02 1- e02 P hoz 1- 602 s1 of 0 Ccos P ap
N 4a . 1+vw ﬁ inF d(é/ao)
——1 - e02 cos w ——1 — eoz h02 gsin —q¢ tenlip (50)
Making use of

and of the basic relation

Sl

- .z _
R p* sinf o — 2
sin f +a—21—e02 = J'<2—a—0cosf+3e0>d/%'yl—eo )

0

where 4 is the disturbed mean anomaly

£ = noz+c0,

we can transform Equations 48 through 50 to a form resembling that contained in the author's

previous work (Musen, 1963), but with some additional terms. They appear because we choose the

almost ideal system to be the basic reference frame, instead of the ideal one. We obtain:

dar 8(309) 9 (ag Q) dt/a,

dt -~ Trnoy¥ M 7% *Nyp T, K Tae

dv h €o a(aoQ) a(a‘oQ) d{/a,
dt - _noyT+2h_o'1_eoz My, T T Nye T P K, Tqe
PR 3(a, Q) d(ay ) d/a,

dt h - My T gp T t Ny T H Ky Tae

where

12
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(52)

(53)

(54)
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q -

2n -
- 0 sin f ap h2 a,
N, = 1-¢2 ai 1-= 11-:7/_(_5_1 :_1) '
€o 0 l—eo2 hy, p
_ 4a h2 1+v —
K, = - smw+h—2 . 1——e2 q(cosf+eo) tan1 ,
1- e, 0

o

[N]

2n, - = _ (nh2 2
M, - J‘<2ﬁcosf+3e>d{~Tl;—v'aﬁsinf‘f('—é‘l)'
l—eo 1—e 0 hg )

K - 4a ( Lh? 14w - .
. - = cos wt =5 ~—— gsin tan
1_602 hO 1 eo
_ N, ;2
My = 1-e2 52
€0 4g
., B n, P eq,sin f
3 7 T .- .2 &, -
1-e, g 1_602
20 (1+ v
K, - A*8 ant
1-e

EXPANSION OF THE DISTURBING FUNCTION AND THE FORCE-COMPONENTS

(55)

(56)

. sin f ,
1—602 (57)

dfpo . 2\ [n? o sinf df3
L ey Vl—eo2 a‘,{f(ao s:nf)+(h—02—1> e()a—0 )/i__@(ﬁcosfﬂ (58)

(59)

(60)

(61)

(62)

Let the x-axis of the inertial system be directed along the line of apsides, toward the pericenter

of the sun, the y-axis be normal to the line of apsides, in the plane of the solar orbit. The z-axis

will be normal to this plane.
ascending node of the mean orbital plane of the satellite. We have

' —

w' = w) - ngyt .

The position vector p’ of the sun can be represented as

. - ’ —

r' = p' =

Pp'cos (f'+w') + k x Pp' sin(f' +a') ,

Let o' be the angular distance of the pericenter of the sun from the

(63)

(64)

13



where f' is the true anomaly of the sun, Substituting

k = QsinI + RcosI
into the last equation we deduce
p = Pp'cos(f'+tw') + Qp' cosIsin(f’'+w') - Rp'sinIsin(f'+o’) . (65)
Y
The position vector of the satellite can be represented in accordance with Equations 41 and 42 as:
)
r = Ppcos(f+w) + Qpsin(f+w) + R{ . (66)
Making use of the two last equations we deduce:
r-p = pp'cosH=- p'{sin(f'+w')sinI
and
A2 = Jr-p'|2 = (p2+p'2—2pp' cosH) + 2p" {sin(f' +w')sinI + {2, (67)
where
cosH = cos(f+w)cos(f'+aw') + sin(f tw)sin (f'+aw’')cos I . (68)
Setting
1+ _’9.2_ -2 ﬁ H = A2 69
12 pl cos o ( )
ay a, a,
— = s, — cos (f'+w') = p', — sin(f'+to') = ",
. . ( ) . ( ) = a (70) A

14



From the last equation we obtain:

a, _ OLosl +® _lj(_é)j aioiSIjP (q: sin1I )
S Dy Z( ) ay Af i s’ 4, ) (71)
=0
Taking into account
[j/2]
P, (x) = Z (CLRA, xR
k=0
where
S (2j - 2k)! ’
A T 5 T kNG R (G -TEROT
we have
a, +© . é ; . [3/2] § o - S'2k+1
n - ag Z (-1)} (a—o) ao’ Z (-1 Aj,k(q sinI)’ Ao2j_2k+1 ’ (72)
j=0 k=0
Making use of the expansion
1 + @ n
TN T Z il; C:\(cos H)
0 n=0 P
in terms of Gegenbauer polynomials, we deduce
+o . +o  [5/2)
) , (LY X ' -2k 1 2K PN ke
A T ags Z(—l)l a, ag Z Z(—l) A, (@ sinI)" s . ? c) (cos H) . (73)
=0 n=0 k=0
We set
P
S; = & 'y cos(f-f'tw-w') = pp’ +aq, (74)

15



’

R _
S; T om, T grocos(frfirese’y = pp’ -aq’,
I I 5 2
0
S0 = Slcos2-2—+stin2—2— = a—po ;—cosl—l,

where the first term in Equation 76 is the main part,

and

We deduce from Equation 73

+® . +00
o _ : i (LY Z : o] n
A T ags (-1)! a, al ™ (1+v) Qj'n ,
ji=0 n=0
where
(/2]
Qj’n = (‘1>k Aj'k (ql sin I)j—2k S'2k Tnj'k+1/2 ,

k=0

the useless term Qo = +1 can be omitted. From

[n/2]
Cn>‘ (cosH) = % -n" B:\'m cos"?2"H |
m=0

where

Y _ 202 (N, n-m)
n,m - m! (l’l' 2m)‘
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(77)

(78)

(79)

(80)

1
!



and taking Equations 76 and 77 into account, we deduce the formula which is convenient for obtain-
ing the expansion of T:‘ on the electronic computer:

(n/2]
Tn>\ = Z (_l)m B:\,m Son'Zm K02m . (81)

m=0

We have the following relations between the series Tnx which are a paraphrase of the recurrent
relations between Gegenbauer polynomials:

Th, = —nra SoTo - avz KZT) (82)
TN = 3;5 (s, TN - k2T, (83)
TN = T (TS, T M) (84)
Tn)\ -0 11121\ S Tn>\—1 - 2%\ (K02 —Soz)Tn>\——21 ’ (85)

The application of the relations in Equations 82 through 85 can simplify the actual expanding of Tn>‘
into trigonometric series with four basic arguments: 4, 4', v, ’. The expansion on the computer
can begin with the expansion of the basic expressions

3

i} = - _ r
£y T a, cos f , T © a, sinf , s = a—o
and
a/ a, a,’
0 0 0
éo' = > cos f' | 770' = — sinf' , s’ 7 —
P j2 2
into trigonometric series in terms of £ and respectively of £’. Then
P = &,cosw ~ nysinw , q = £ysinw t nycosw ,
p' - rfo' cos w' -~ 770’ sinw’ , q’ = §O' sinw’ + 770' cosw' ,

are formed. After that in succession are formed

17



and powers of q' sinI and s’ and, finally, Q; , and a, /A. The expansions are trigonometric series
in four basic arguments and with purely numerical coefficients. The numerical values of the mean
eccentricity of the satellite, of the eccentricity of the solar orbit, of the mutual inclination 1 and of
the parallactic factor a; can be substituted from the outset.

For the indirect term of the disturbing function we have

r-p' p cosH 14 . , b .
a ; = a 7>~ 3 sin(f'+w')sinI
0,3 0 [ 0’2 0'2 }
or, in a slightly different form,
a, TP o Lagr (1vmya, - L a
0,3 0 0,1 ag “‘ro0 - (86)

Substituting Equations 79 and 86 into Equation 16 we obtain

E +@ C ] +@
w0 = (o )ets o (&) ) erraira,
m )

i=0 n=0

-+ 23

=1
241 2.2 Z\? 2 4
+afqy [(1+v)*pt+ a, tan I—(1+v)q;(; tanI - (87)
where

G ﬂf'l)” §~2i"1
j 2i ]!

and for a, vV we obtain, after an easy transformation:

+m . +0o
v = {1- _ m?s’ (-1)} LY a2 (1+0)7Q
0 m/ +E ao 0 3n

j=0 n=0
1/7\2 _ 3v L3 - (g)zi o
ST ORI S

+a2[l<£)2tan21-(1+v) i'tanI
2 \3, 93, . (88)

18

B T e = =



In the expansions in Equations 87 and 88 we set:

(ap0) E . N NEAUR <« N 99,
ot T \lT /™S 2 :(’1)’ a, 2 ag TR (1) g
j=0 n=0

r\?n o dow
SNCINRRE

2
+ az[%(lJru)z %—p{ tanzI-(1+V)%% . a—co : tanI} (89)

+00

8(a Q) 0 i
e (1‘mIE+E)"‘25'Z<‘”j(a_i> D nagirarere

j=0 n=0

4 2n Can-
- Z(a—()) (2n+ 1) (1 +v) " la)n

g
2 2 42 27—
t a [(1+V) g*tan‘I-(1+v)q ag tanI:| ) (90)

+@©

3(a, V) E - NEatE .
3 L/ao = (1- o +E)m2 s ZJ (-1) (?0> Z a0n+1"2 (1+v)" Qj,n

ji=1 n=0

3 3 i 2j-1
+—§‘ s73 Y 2 T z + § 2j (—) (1+v) 2 o
20 (1+v) (1+v)3 39 i

i=2

+ a? [aio tan?I~(1+v)qtan I] - (91)

In fact, only few powers of {/a, are to be kept in the expansions in Equations 89 through 91. The
explicit form of OQj, n and of Tn>\ which are sufficient for the purpose of the actual expansion up to
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the fourth power in ¢/ a, are:

.......

1/2
TV?

[ 3/2
(q@"sinI)T ,

3 . . 1,
7 (q sinI)2T 52 ~ 5 s'2T32 |

5 3
3 (q'sinI)3T 7?2 - 5 (¢’ sinI)s'2T 3?2,

35 15 3
T (@'sinD*T%2 - F (q'sinI)? s 2T 72 + g "4 T2

T11/2 = So ,

T2 = 387 - %Koz ’

’1‘31/2 = % 503 B % 3o Ko2 ’

T,V? = %}; st - %4—5 SZKS + ’g K},
T2 = 38, ,

T2 = 175 S22 - -23— KZ .

T2 = %§ s - l2§ S,K2 .

T15/2 - 5 So ,

1,7 = %5— S - %Koz g

T,/ = 78, ,

--------




R ]

THE PROBLEM OF INTEGRATION

The integration of the differential Equations 51 through 53 and Equation 18 can be accomplished
by their reduction to integral equations and then by applying the method of iteration. The operator

dngz 4 d

D:T‘:}c:d—ta—,€+nolﬁ+d§;+‘l’la%7’ (92)
where
w = n, (y-a), ' = njasecl ,
can be represented as a sum of the operators
D 8 D, + D,
where
D :ni+n’i+&)i+w'8
0 0 92 " o Hp e do’ (93)
and
dng sz 4
b, = Ta— ot (94)

and the value of dn 5z/dt is given by Equation 97. Each of the differential Equations 51 through 53
and the equation for dn, §z/dt have the form

ar - (I>(/C, 2w, w14y, {/ao;h/hO,T,‘P).

They can be re-written as integral equations of the form

¢ = D' (®-D, o)

to which the method of iteration can be applied.

The process of formal integration of Equations 51 through 53 and of the equation for the per-
turbations of the mean anomaly is thus reduced to the simple application of the inverse of a linear
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partial differential operator with constant coefficients to trigonometrical series. In the lunar
problem each series is either a purely sine or a purely cosine series in four basic arguments. If
the result of the integration is a cosine series, then an additive constant of integration must be in-
troduced. Such constants appear in ho/h and in T, The series for ¥ andn, §z are pure sine series
and additive constants are equal to zero. The value of n, y at each integration step is obtained in
such a way that no constant term appears in the right side of Equation 52. This is done to avoid

the presence of a secular term in ¥. The iterative process is continued until the computation of
series of 1 +v, n; 8z, {/a,, ho/h, T,¥, y and « leads, with accepted numerical accuracy, to the same

results.

At this step we shall introduce Hansen's W function in a manner similar to the classical theory.
We set

— - 3
w = E+T(—cosf+—2'eo>+‘ll—a’* sin f . (95)

The analogy is however, only external, The W function as defined above is no¢ identical with the
corresponding function of the classical theory. The classical W is associated with the perturbations
of the auxiliary satellite moving in the osculating orbital plane and the influence of the periodic
perturbations appears in W only indirectly. Our W is associated with the perturbations of the auxil-
iary satellite moving in the mean orbital plane and the influence of the periodic perturbations of
the osculating orbital plane is reflected in our W directly by the presence of terms of the form

K, (d¥/a,/dt) in Equations 51 through 53.

Thus, in the present theory the W function represents a more or less formal device whose in-
troduction is suggested by the form in Equation 8 of the equation of motion of the satellite in an
almost ideal system of coordinates. Equations of type 8 permit one to transfer to our problem
all the formalism of the classical theory, or at least that which concerns the perturbations of the
radius vector and of the mean anomaly of the projection of the satellite on its mean orbital plane.
We have, for example, the Hill formula (1881) in the form

dngéz W2 ngy 02

(96)

or
dngéz _oongv?(1+w) ney 52
= w —_- T .
dt n, W + 1- 02 }/I‘_e(; aO2 (97)
Let
h,

[?} : (1, [¥)
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e TR

be the values obtained by the formal integration toward the end of an iteration step. Of course,
these values will be different for each specific cycle of the iterative process, but in order not to
complicate the writing we shall use these symbols indiscriminantly for all cycles. Similarly as in
the previous modification of Hansen's theory and in accordance with the remarks made above, we

have

ii

h, h,
"y 1+c, tIgHl = 1+4,

c, + M1 and w = [¥

-
i

where ¢, and c, are the constants of integration. From Equation 30 we obtain

where we set

(gl - —{¥]~%eOW]+AM—N+~Q

(98)

(99)

(100)

(101)

and A2, A3, . . . may be taken from the previous iteration. Taking into account Equations 99 and 100

and setting

Wl = [5 + <a_p cos f + % eo) (r] + % sin f {¥]

we have

and Equation 97 takes the form

anBZ

3
dt - —n0(3c1+§e0c2)+n0c2<a
where

[W) npv?(1+W)  ngy
= + - p—
Q 1

_2 C 2
v 1_e2 a

(102)

(103)

(104)

(105)
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The constants ¢, and ¢, must be determined in such a way that the constant term and the term of
the form A cos£ do not appear in the right side of Equation 104. The determination of these con-
stants is fully discussed in the author's previous paper and therefore is omitted here. The integral
equation tg be solved by the method of iteration has the form:

- 3 ) - 3
n, éz = Dol{_no(3cl+Eeocz)“"ocz(?o C°S¢’+Teo)+Q'D1“oSZ}’ (106)
or
. 3 P _ 3 dn, 8z dn, oz
ngdz = Dy iyng\3c; t 5 e5c,)4ngcy, a, cos Pt 5 e 1¥Q - g i [ (106")

The values of v2, W and of n, 8z in the right sides of Equations 105 and 106 again can be taken from
the previous cycle of iteration.

The perturbations in the radius vector are obtained without integration, as in the author's pre-
vious work, using the formula

voo= %(A—W) —%(Z\+W)V .

The integration of the differential Equation 18 requires some special considerations. We re-
write this equation in the form which favors the application of the variation of constants:

(1)2+:E‘)~‘Z = Z
o "3/ 3, ’ (107)
where
zZ = noz%:)+2noad<ld_ty>ptan1—D2aio’ (108)
and
D, = D,D, +D,D, +D? .

The solutions of the homogeneous equation corresponding to Equation 107 are

7o
-

™
[§]

>
!
el
2
|
Q0

o
o
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By

By applying the method of variation of constants we obtain the integral equation

= = ﬁl_[qno‘wpzrpno‘l(qm],
0 1—602 (109)

which we shall solve, by the method of iteration. At each iteration step the approximation to n; «
must be determined in such a way that no term of the form A sin ({ +») appears in {/a,. The con-
vergence of the iteration process for {/a,, because of its smallness, is fast as compared {o the
speed of convergence for n, sz. In fact, only a few powers of {/a, are to be kept in the right side
of Equation 109.

COMPUTATION OF THE POSITION VECTOR

The computation of the position vector at the given time t is based on the numerical evaluation
of 1 +v,n, 5z and { using the corresponding series. It starts with the determination of £ and n, 3z
by means of successive approximation using the expression

4 = n,t+c

o T ngdz (110)
and the series for n; 3z, and beginning with

4 = nyt + ¢

as the first approximation. The numerical values of three other basic arguments, £, » and «' are
obtained from Equation 92. After ¢ and n, 5z are computed we evaluate the numerical values of

1 + v and ¢ from their series. Then the position vector of the satellite is obtained by using the
formulas:

(1+v)a, (cos E—eo)

r = A (-w') © A (cosI) * Ay (w) (1+v)a0y1—e02 sinE |,

g
E - e, sinE = 4,
where A, and A, are matrices of the form:
+1 4] 0 + cos a - sina 0
A (a) = 0 +cosa —sina |, Ay (o) = | tsina + cosa
0 +sina - cos a 0 0 +1
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There is no real necessity to invert the series for 1 +v, n; $zand { in order to represent the per-
turbations in terms of four arguments linear in time, because the solution of Equation 110 for 4
can be accomplished very rapidly and without any inversion using an electronic computer.

CONCLUSION

By referring the motion of the satellite to an almost ideal system of coordinates it is possible

to put Hansen lunar theory into a form which gives the coordinates in a more direct manner. The
number of auxiliary constants is less than in the classical version and it is also less than in the
author's previous version. The necessity of a literal expansion of the disturbing function is re-
moved and the development is made a purely numerical one,

We decided to use the general perturbations method to represent the motion of satellites be-

cause such a method, when it can be used, gives a better physical description of the motion as an
oscillatory process, as compared to the method of numerical integration. The proximity of Jupi-
ter X in 1967 to its predicted position serves as a check of the theoretical thought and shows that
the machines can be used to perform analytical expansions in celestial mechanics.

Goddard Space Flight Center
National Aeronautics and Space Administration
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