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FOREWORD 

The present report is one of a series of six reports, published simul- 
taneously, which describe analyses and computational procedures for: 1) pre- 
diction of the in-depth response of charring ablation materials, based on one- 
dimensional thermal streamtubes of arbitrary cross-section and considering 
general surface chemical and energy balances, and 2) nonsimilar solution of 
chemically reacting laminar boundary layers. with an approximate formulation 
for unequal diffusion and thermal diffusion coefficients for all species and 
with a general approach to the thermochemical solution of mixed equilibrium- 
nonequilibrium, homogeneous or heterogeneous systems. Part 1 serves as a 
summary report and describes a procedure for coupling the charring ablator 
and boundary layer routines. The charring ablator procedure is described in 
Part 11, whereas the fluid-mechanical aspects of the boundary layer and the 
boundary-layer solution procedure are treated in Part 111. The approximations 
for multicomponent transport properties and the chemical state models are 
described in Parts IV and V, respectively. Finally, in Part VI an analysis a 

is presented for the in-depth response of charring materials taking into ac- 
count char-density buildup near the surface due to coking reactions in depth. 

The titles in the series are: 

Part I Summary Report: An Analysis of the Coupled Chemically Reacting 
Boundary Layer and Charring Ablator, by R. M. Kendall, E. P. 
Bartlett, R. A. Rindal, and C. B. Moyer. 

Part I1 Finite Difference Solution for the In-depth Response of Charring 
Materials Considering Surface Chemical and Energy Balances, by 
C. B. Moyer and R. A. Rindal. 

Nonsimilar Solution of the Multicomponent Laminar Boundary Layer 
by an Integral Matrix Method, by E. P. Bartlett and R. M. Kendall. 

component Boundary-Layer Applications, by E. P. Bartlett, R. M. 
Kendall, and R. A. Rindal. 

Part I11 

Part IV A Unified Approximation for Mixture Transport Properties for Multi- 

Part V A General Approach to the Thermochemical Solution of Mixed Equilib- 
rium-Nonequilibrium, Homogeneous or Heterogeneous Systems, by 
R. M. Kendall. 

Part VI An Approach for Characterizing Charring Ablator Response with In- 

This effort was conducted for the Structures and Mechanics Division of 
the Manned Spacecraft Center, National Aeronautics and Space Administration 
under Contract No. NAS9-4599 to Vidya Division of Itek Corporation with Mr. 
Donald M. Curry and Mr. George Strouhal as the NASA Technical Monitors. The 
work was initiated by the present authors while at Vidya and was completed 
by Aerotherm Corporation under subcontract to Vidya (P.O. 8471 V9002) after 
Aerotherm purchased the physical assets of the Vidya Thermodynamics Depart- 
ment. Dr. Robert M. Kendall of Aerotherm was the Program Manager and Prin- 
cipal Investigator. 

depth Coking Reactions, by R. A. Rindal. 
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ABSTRACT 

Sel f -cons is ten t  approximations f o r  b inary  d i f fus ion  c o e f f i c i e n t s ,  m u l t i -  
component thermal d i f fus ion  c o e f f i c i e n t s  and mixture v i scos i ty  and thermal 

conduct ivi ty  a r e  presented which g r e a t l y  s implify the  so lu t ion  of multicom- 
ponent laminar boundary-layer problems. The bas i c  premise of t h e  approach is  
a b i fu rca t ion  o f  binary d i f fus ion  c o e f f i c i e n t s ,  B .  . = D/FiFj , where 
a reference d i f fus ion  c o e f f i c i e n t  and 

i . This  expression i s  exact  f o r  binary or te rnary  systems b u t  is approximate 
fo r  l a rge r  systems s ince  v ( v  - 1)/2 Bij a r e  replaced by v Fi where v i s  
the  number of species .  The Fi a r e  determined by a least-squares  co r re l a t ion  
of ac tua l  d i f fus ion  c o e f f i c i e n t  da ta .  The adequacy of t he  c o r r e l a t i o n  i s  

demonstrated fo r  a number of chemical systems. 

- - 
D i s  

13 
Fi i s  a d i f fus ion  f a c t o r  fo r  spec ies  

The primary u t i l i t y  of t he  b i fu rca t ion  approximation i n  multicomponent 
boundary-layer app l i ca t ions  is  t h a t  it enables e x p l i c i t  so lu t ion  of t he  
Stefan-Maxwell r e l a t i o n s  fo r  the  d i f f u s i v e  mass f luxes ,  j i  . 
r e l a t i o n s ,  i n  t u r n ,  permits  the  Shvab-Zeldovich t ransformation of t he  spec ies  
conservation equat ions without introduct ion of t he  concentration-dependent 
multicomponent d i f fus ion  c o e f f i c i e n t s ,  D . .  . I n  add i t ion ,  an approximation 
t o  the  modified Stefan-Maxwell r e l a t i o n s  provides the  framework fo r  t he  
r a t i o n a l i z a t i o n  of a f i lm c o e f f i c i e n t  model for  d i f f u s i o n a l  hea t  and mass 
t r a n s f e r .  

U s e  of these  

1 3  

The approximation f o r  multicomponent thermal d i f fus ion  c o e f f i c i e n t s  i s  

based upon genera l iza t ion  of a semi-empirical equation fo r  c o r r e l a t i n g  binary 
thermal d i f f u s i o n  da ta .  The b a s i c  hypothesis  i n  t h i s  genera l iza t ion  t o  mult i -  
component systems is t h a t  the thermal d i f fus ion  of each spec ies  behaves a s  i f  

it w e r e  i n  a b inary  mixture of t h a t  spec ies  and a spec ies  r ep resen ta t ive  of 
the  mixture a s  a whole. The r e s u l t  is  a lgeb ra i ca l ly  very simple and enables 
considerat ion of multicomponent thermal d i f fus ion  and d i f fus ion  thermo i n  l a rge  
complex systems with neg l ig ib l e  add i t iona l  e f f o r t  when done i n  conjunction with 
t h e  approximate formulation f o r  unequal b inary  d i f fus ion  coe f f i c i en t s .  An 

evaluat ion of t he  accuracy of the  thermal d i f fus ion  approximation i n  mult i -  

component systems has not b e e n  attempted t o  da t e .  

F ina l ly ,  approximate r e l a t i o n s  f o r  mixture v i scos i ty  and thermal conduc- 
t i v i t y  of the Sutherland-Wassilijewa type a r e  s impl i f ied  by use of the  
b i fu rca t ion  approximation fo r  binary d i f fus ion  c o e f f i c i e n t s .  

V 
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A UNIFIED APPROXIMATION FOR MIXTURE TRANSPORT 
PROPERTIES FOR MULTICOMPONENT BOUNDARY-LAYER APPLICATIONS 

SECTION 1 
INTRODUCTION 

Consideration of unequal diffusion and thermal diffusion coefficients 
substantially complicates the solution of multicomponent laminar boundary- 
layer problems when these transport properties are based on rigorous kinetic 
theory. For this reason, diffusion coefficients have often been assumed equal 
and thermal diffusion has been neglected in many situations where these approx- 
imations can in fact produce substantial errors. A correlation for binary 
diffusion coefficients, first considered by Bird!. is utilized herein which 
permits consideration of unequal diffusion coefficients for all species in a 
relatively precise manner with little increase in algebraic complexity and 
computational time relative to assumed equal diffusion coefficients. This 
correlation also provides the framework for an approximation for multicomponent 
thermal diffusion coefficients which permits thermal diffusion to be conven- 
iently taken into consideration. The correlation for binary diffusion coef- 
ficients is also employed to simplify Sutherland-Wassil jewa*-type approximate 
expressions for mixture viscosity and thermal conductivity, thus completing 
a unified theory for multicomponent boundary-layer transport properties. The 
correlation for binary diffusion coefficients is described in Section 2. The 
approximate relations for mixture viscosity, mixture thermal conductivity, 
and multicomponent thermal diffusion coefficients are developed in Sections 3 
through 5, respectively. 

SECTION 2 

A BIFURCATION APPROXIMATION FOR BINARY 
DIFFUSION COEFFICIENTS 

There have been few attempts to solve the multicomponent boundary-layer 
equations for chemical systems involving large numbers of chemical species 
while considering unequal diffusion coefficients for all species. The primary 
hindering factor has been the complex interdependence of the mass diffusion 
flux, ji, upon the species concentrations and concentration gradients. An 
approximation for binary diffusion coefficients is introduced herein which 
permits substantial simplification of the expression for ji with attendant 
simplification of multicomponent boundary-layer problems. 



I n  the  p a s t  t he  conventional approach has been t o  assume equal d i f fus ion  
c o e f f i c i e n t s  f o r  a l l  spec ies .  When t h i s  is done, t he  d i f fus ion  m a s s  f l ux  of 

spec ies  i, is  r e l a t e d  e x p l i c i t l y  t o  i t s  mass f r ac t ion  gradien t  by F ick ' s  
1 aw 

j i ,  

aKi  
j i  = - P R ~ ~  ay 

where B12 i s  the  binary d i f fus ion  c o e f f i c i e n t  f o r  t he  sys t em,  p is  the  
densi ty ,  and Ki is the  mass f r a c t i o n  of spec ies  i. This has  mer i t  f o r  some 
problems when it can be argued, f o r  example, t h a t  a l l  l i g h t  spec ies  a r e  d i f -  
fus ing  i n  the  same d i r ec t ion .  However, i n  general  it is  a poor approximation 
and i s  j u s t i f i a b l e  only as a convenience. When unequal d i f fus ion  c o e f f i c i e n t s  
have been taken i n t o  cons idera t ion , the  number of chemical spec ies  has genera l ly  
been l imi t ed  t o  a r e l a t i v e l y  small  number. For example, Scala and Gi lbe r t  
considered a nine-component model €or t he  problem of graphi te  ab la t ion  i n  a i r .  
A chemical s y s t e m  of t h i s  s i z e  does not allow cons idera t ion  of t r a c e  spec ies  
( these  can be important,  f o r  example, i n  r a d i a t i v e  hea t ing  and r een t ry  com- 
munication problems). Furthermore, it is  genera l ly  inadequate f o r  more com- 
p l i c a t e d  ma te r i a l s  such a s  re inforced  organics .  

3 

I n  the  absence of d i f fus ion  due t o  pressure  grad ien ts  and ex te rna l  forces ,  
t h e  mass d i f fus ion  f luxes  a r e  given i m p l i c i t l y  by the  Stefan-Maxwell r e l a t i o n s .  2 

where x .  is  t h e  mole f r a c t i o n  of spec ies  i, T i s  the  temperature,  Bij i s  
t h e  bina:y d i f fus ion  c o e f f i c i e n t  €or spec ies  i and j ,  and DiT is  the  m u l t i -  
component thermal d i f fus ion  c o e f f i c i e n t  f o r  spec ies  i. U t i l i z a t i o n  of these  
r e l a t i o n s  i n  conjunct ion with the  boundary-layer conservat ion equat ions i s  
awkward even i n  t h e  absence of thermal d i f fus ion  e f f e c t s  as  a r e s u l t  of t he  
i m p l i c i t  behavior of j i  on mole f r a c t i o n s  and t h e i r  g rad ien ts .  A n  e x p l i c i t  
r e l a t i o n  f o r  t h e  mass d i f fus ion  f lux  can be obtained by employing multicompo- 
nent  d i f fus ion  c o e f f i c i e n t s ,  D i j  ( see  Ref. 2) : 

axj 
miRjDij a y  

~ a a n ~  j i + D i  - = P 
a Y  nr' 

2 



where Vi$ and are the  molecular weights of species i and of t h e  system. 
Unfortunately,  each of the  (v - 1 ) v  D f j  depend upon l o c a l  concent ra t ions  and 
upon ( v  - 1)v/2 symmetric b inary  d i f fus ion  c o e f f i c i e n t s ,  where v is  the  
t o t a l  number of spec ies  being considered. Equation ( 3 )  has genera l ly  been 
used i n  preference t o  Eq. ( 2 )  f o r  multicomponent boundary-layer problems 
(e.g., Refs. 3,  4 and 5 ) .  

The reason t h a t  t he  Stefan-Maxwell r e l a t i o n s  (Eq. ( 2 ) )  cannot be arranged 
i n t o  an e x p l i c i t  r e l a t i o n s h i p  f o r  j i  without in t roduct ion  of t he  D i j  i s  
t h a t  t he  cont r ibu t ions  of spec ies  i and j t o  t he  b inary  d i f fus ion  c o e f f i c i e n t  

a r e  inseparable .  According t o  f i r s t - o r d e r  k i n e t i c  theory,  b inary  d i f fus ion  
c o e f f i c i e n t s  a r e  express ib le  as  2 

where 

T temperature ,  O K  

Ri,Rj  molecular weights of spec ies  i, j 

P pressure  i n  atmospheres 

no c o l l i s i o n  c ros s  sec t ion  for  “ r i g i d  sphere” molecule i 
i j  0 

i n t e r a c t i n g  with j ,  A 

i n t e g r a l  expression which depends upon t h e  p a r t i c u l a r  i n t e r -  
molecular p o t e n t i a l  funct ion which is  u t i l i z e d .  

n (I. * 
i) 

I n  Ref. 1, Bird showed t h a t  a b i f u r c a t i o n  of the e f f e c t s  of spec ies  i 
and j i n  Eq. (4) permits  e x p l i c i t  s o l u t i o n  of t he  Stefan-Maxwell r e l a t i o n s  

f o r  j i  
as a whole. This approximation is  u t i l i z e d  he re in  i n  the  form 

i n  terms of g rad ien t s  and p r o p e r t i e s  of species i and of the  system 

- 
D 

FiF Bij = - (5) 

- 
where D is a re ference  d i f f u s i o n  c o e f f i c i e n t  and Fi might be termed a 
d i f fus ion  f a c t o r  f o r  spec ies  i. Equation (5) is exac t  f o r  a t e rna ry  system 
b u t  approximate f o r  l a r g e r  systems, s i n c e  (v  - 1 ) v / 2  d i f fus ion  c o e f f i c i e n t s ,  
B . .  a r e  replaced by v d i f f u s i o n  f a c t o r s ,  Fi. Equation (5) should be 

looked upon as a c o r r e l a t i o n  equat ion f o r  ac tua l  b inary  d i f fus ion  c o e f f i c i e n t  
1 3  * 
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data .  
proach 

This co r re l a t ion  can be obtained by var ious means. The present  ap- 
has been t o  f i rs t  def ine  

0 
with T i n  OK, P i n  atmospheres, and u i n  A. ,(The subsc r ip t  " r e f "  r e f e r s  
t o  a reference spec ies  (o f t en  02 ,  bu t  conceivably f i c t i o n a l ) .  D is  thus the  
se l f -d i f fus ion  c o e f f i c i e n t  of t h a t  species . )  The Fi a r e  then determined by 
a least-squares  c o r r e l a t i o n  of t he  

Bij 
c a l  system of i n t e r e s t .  With t h i s  approach the  pressure  dependence and the  
majori ty  of the  temperature dependence of B a r e  absorbed i n t o  the  D so 
t h a t  the  
t u r e  dependence. A l l  spec ies  have been t r e a t e d  on an equal b a s i s  ( i . e . ,  
without the  use of any weighting f a c t o r s ) .  This  has the  decided advantage 
t h a t  the  Fi a r e  then independent of concentrat ion and can be determined 

a p r i o r i  f o r  a given s e t  of chemical species .  The accuracies  which have been 
obtained using t h i s  procedure have been su rp r i s ing ly  good as  w i l l  be shown 
l a t e r .  

- 

f o r  a l l  d i f fus ing  p a i r s  i n  the  chemi- 

- 
i j  

a r e  independent of pressure and have only a secondary tempera- Fi 

The development of the  e x p l i c i t  r e l a t i o n  f o r  j i  from the  Stefan-Maxwell 
r e l a t i o n s  (Eq. ( 2 ) )  is  presented i n  Appendix A. The r e s u l t  can be expressed 
as  

where 

Zi = Rixi/Fiu2 = nMi/Fiu2 

u 2  = 1 R ~ x ~ / F ~  = m 1 K ~ / F ~  

4 



The Zi 
mass fraction and a mole fraction, whereas u 1, p2 and u4 are properties 
of the system as a whole. It will be shown that it may often be consistent 
with the level of the approximation to consider the 
perature. In this case Eq. ( 7 )  reduces to 

is a quantity for species i which sums to unity and lies between a 

Fi independent of tem- 

In the absence of thermal diffusion and assuming aZi/ay to be large 
compared to [(Zi - Ki)/p2]a~,/ay, Eq. (12) simplifies to 

~ 9 - 1 ~  azi 
VU, ay 

ji --- 

The accuracy of this approximation is assessed in Appendix B. The approxi- 
mate Eq. (13) provides the basis for rationalizing a film-coefficient rela- 
tion for diffusional mass transfer in the multicomponent boundary layer. 
This model is described in Appendix B and represents an extension of the 
model presented in Ref. 7. 

The choice of Eq. (11) , (12) , or (13) depends upon whether or not the 
additional approximations embodied in the latter two equations are satisfac- 
tory for the particular chemical system under consideration and the desired 
degree of accuracy. Equation (12) is recommended for boundary-layer calcu- 
lations and is utilized in Ref. 6. Equation (13) is appropriate for heat 
and mass transfer calculations utilizing overall convective transfer coeffi- 
cients. 

The accuracy of the correlation (Eq. (5)) was investigated by Bird' for 
a five-component mixture of N2,  02, C 0 2 ,  CO, and H2 and shown to be surpris- 
ingly good, the maximum error in any Bij being 4 percent. In order to 
establish more generally the adequacy of the approximation, correlations 
have been performed for several larger chemical systems. In order to inter- 
pret the results of these correlations, it is pertinent to first briefly 
review elementary procedures for predicting binary diffusion coefficients. 

5 



The 
simplest 
n . .  (1 ,I)* 

1 7  
ties and 

ij. is o 

law 

kinetic theory relation for Bij was presented as Eq. (4). In the 
and crudest of approximations, the model of rigid spheres, the 
is unity by definition. Since T and P are thermodynamic proper- 
the ?ili are known constants, the only additional information required 
For the rigid sphere model, this is given by an additive combining 

where u and u are determined empirically or estimated for each molecu- 
lar species i and j individually. 

i j 

There are several improved models for the intermolecular potential func- 
tion with additional empirical constants. Probably the most popular is the 
Lennard-Jones model which has two empirical constants. The R !'. * for 
this model are tabulated2 in terms of a reduced temperature, TTj, defined as 

1 7  

where cij is the maximum energy of attraction of the two molecules i and 
j, and k is the Boltzmann constant. The eij/k is the order of 100 for 

varies from 1.44 for T* = 1.0 to 0.42 most simple molecules and 
for T* = 400. The 0 . .  and E /k are not well known for many interactions 
so they are often estimated by Eq. (14) for 

(l,l)* 
'ij 

1 7  ij 

oij 
and 

The Lennard-Jones model is not always accurate, especially for nonsymmetric 
molecules (such as polarized molecules or long chains) and at high tempera- 
tures (where ionization and excitation occur). On the other hand, this model 
is useful for preliminary calculations of complex chemical systems, since the 
two empirical constants can, in the absence of experimental data, be estimated 
by various correlation techniques, a situation not always possible with more 
sophisticated models. 

Results of a correlation for a 9-component (36 B . . )  0-N-C system, rep- 
resentative of the boundary layer over graphite ablating into air, are pre- 
sented in Table I. The Fi were obtained by employing a least-squares.fit 

to Bij for all diffusing pairs based on the Lennard-Jones potential using 

1 3  
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TABLE I.- CORRELATION OF BINARY DIFFUSION COEFFICIENTS FOR AN 
OXYGEN-NITROGEN-CARBON SYSTEM BASED ON THE LENNARD-JONES 
POTENTIAL WITH FORCE DATA FROM SVEHLA (Ref. 8) . 
TEMPERATURE = 12,000%, PRESSURE - 1 ATM. 

Bi. FROM PRES- ERROR USING ERROR I F  ALL 
Fi E d  CORRELATION PRESENT 

S P E C I E S  

i j (ft2/sec) x 100 

0 02 
O N  
0 N2 
0 co 
0 c 0 2  
o c  
0 c 3  
0 CN 
02 N 
02 N2 
02  co 
02 c 0 2  
02  c 
02  c 3  
02  CN 
N N2 
N CO 
N C02 
N C  
N C3 
N CN 
N2 CO 
N2 C02 
N2 C 
N2 C3 
N2 CN 
co c 0 2  
co c 
co c 3  
CO CN 
c02 c 
c 0 2  c 3  
C02 CN 
c c 3  
C CN 
C3 CN 
CN 

5.6458 
7.3372 
5.3995 
5.4662 
4.4638 
8.0754 
5.1820 
5.3620 
5.6566 
3.96 11 
4.0028 
3.1637 
6.3129 
3.7100 
3.9623 
5.4277 
5.4763 
4.5136 
7.9727 
5 2069 
5.3784 
3.8943 
3.1114 
6.0528 
3 .6214  
3.8603 
3.1390 
6 .  1184 
3.6584 
3.8938 
4.9902 
2.8753 
3.1245 
5.7767 
6.0033 
3.6276 

AVERAGE ABSOLUTE ERROR 

0.7394 

1.0000 

0.7383 

1.0323 

1.0220 

1.2700 

0.6643 

1.0927 
1.0350 

CORRELATION 
(ft2/sec) x 100 (PERCENT) 

5.5575 
7.5274 
5.3837 
5.4379 
4.3762 
8.3663 
5 0859 
5 3697 

3.9834 
4.0235 
3.2380 
6.1902 
3.7630 
3.9731 
5.3953 
5 . 4496 
4.3857 
8.3844 
5 0969 
5.3813 
3.8977 
3.1367 
5.9967 
3 .6454  
3.8488 
3.1683 
6.0570 
3.6820 
3 0  8875 
4.8745 
2.9632 
3.1286 
5 6649 

3.6359 

5.5695 

5.9811 

- 1.6 
2.6 - 0.3 - 0.5 - 2.0 
3.6 - 1.9 
0.1 - 1.5 
0.6 
0.5 
2.3 - 1.9 
1.4 
0.3 - 0.6 - 0.5 - 2.8 
5 - 2  - 2.1 
0.1 
0.1 
0.8 - 0.9 
0.7 - 0.3 
0.9 - 1.0 
0.6 - 0.2 - 2.3 

0.1 - 1.9 - 0.4 
0.2 

3.1 

1.3 

.bi’ ARE AS- 
SUdED EQUAL 

PERCENT 1 

- 16.8 - 36.0 - 13.0 - 14.1 
5.2 - 41.9 - 9.4 - 12.4 .. 16.9 

18.6 
17.3 
48.4 - 25.6 
26.6 
18.4 - 13.5 - 14.2 
4.0 - 41.0 - 9.8 - 12.7 

20.6 
51.0 

- 22.4 
29.7 
21.7 
49.7 - 23.2 
28.4 
20.6 - 5.9 
63.4 
50.3 
18.7 - 21.8 
29.5 

24.2 
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molecular p rope r t i e s  suggested i n  Ref. 8. U t i l i z i n g  these  Fit d i f fus ion  

I t  can be seen t h a t  s u b s t a n t i a l  improvement over the  equal d i f fus ion  coe f f i -  
c i e n t  model i s  obtained, t he  average absolute  e r r o r  i n  
by more than an order  of magnitude. Even more s i g n i f i c a n t ,  however, i s  the  
comparison with the  o r i g i n a l  Bij, the  average absolute  e r r o r  being 1.3 per- 
cen t  and the  maximum e r r o r  i n  any one s ing le  Bij  5 .2  percent .  Bet te r  accu- 

r ac i e s  than t h i s  a r e  probably of academic i n t e r e s t  i n  view of the  uncertain-  
t i e s  i n  the  d i f fus ion  c o e f f i c i e n t s  themselves. 

c o e f f i c i e n t s  were computed from Eq. (5) and compared t o  the  o r i g i n a l  Bij .  

Bij 
being reduced 

Although t h i s  c o r r e l a t i o n  is  very encouraging, it was obtained with 
cons i s t en t  use of a s i n g l e ,  admittedly crude model and thus may not  be a 
severe t e s t  of t he  c o r r e l a t i o n  procedure. Therefore, a 6-component (15 B . . )  
hydrogen-oxygen system was inves t iga ted  f o r  two d i f f e r e n t  sets of 
based on the  Lennard-Jones model and ( 2 )  da ta  recent ly  compiled by Svehla 

based on improved models fo r  the  intermolecular  p o t e n t i a l s  fo r  the  H-0 system. 
The Fi f ac to r s  and the  r e s u l t i n g  e r r o r s  i n  B . .  a r e  presented for  these  

two s e t s  of d i f fus ion  da ta  i n  Table 11. The more r e l i a b l e  set  of d i f fus ion  
da ta  (Table I I ( b ) )  is  seen t o  c o r r e l a t e  b e t t e r  than do the  da t a  where the  
Lennard-Jones p o t e n t i a l  and combining r u l e s  (Eqs. (14) and (16) )  a r e  employed 
cons i s t en t ly  (Table I I ( a ) ) ,  the  average absolute  e r r o r  being reduced from 10.8 
t o  4.8 percent  and the  maximum e r r o r  i n  any one d i f fus ion  c o e f f i c i e n t  being 
reduced from 47.6 t o  11.3 percent .  The primary reason f o r  t h i s  is t h a t  the  
improved Bij f o r  H - H2 (based upon the  recent  high-temperature ca lcu la-  
t i o n s  of Ref. 10) is  higher  and thus more i n  l i n e  with the  value required f o r  
a good leas t - squares  f i t .  The c o r r e l a t i o n  of Table I I ( b )  is  considered reason- 
ably good i n  view of the  molecular weight va r i a t ion  of 3 2  t o  1. 

1 3  

9 
B i j : ( l )  da ta  

1 3  

Resul ts  f o r  a 16-component (120  B .  .) 0-N-C-H system, r ep resen ta t ive  of 
the  boundary l aye r  over graphite-phenolic ab la t ing  i n  a i r ,  a r e  presented i n  
Table 111. These Bij were based on the  procedures suggested by Svehla. 
I n  t h i s  system, 98 of the  120 Bij a r e  represented within 5 percent ,  the  l a r -  

ges t  s i n g l e  e r r o r  i s  16.7 percent  and the  average e r r o r  i s  3.7 percent .  Again 
the  c o r r e l a t i o n  is  deemed successfu l  consider ing t h a t  120  numbers a re  repre- 
sented by 16 numbers and t h a t  the  molecular weight v a r i a t i o n  is  44 t o  1. 

1 3  

9 

One s e t  of d i f fus ion  c o e f f i c i e n t  da ta  was considered which did not  cor- 
r e l a t e  wel l ,  namely, the  da ta  u t i l i z e d  i n  Ref. 3 fo r  the  same 0-N-c system 

s tudied  i n  Table I. 

I n  t h i s  case the re  i s  about a 25-percent improvement over assumed equal d i f -  
fusion c o e f f i c i e n t s  r a t h e r  than the  usual  order-of-magnitude improvement. 
The explanat ion f o r  t he  lack of co r re l a t ion  i s  as follows: the  Lennard-Jones 

model was used f o r  i n t e r a c t i o n s  involving two polyatomic spec ies ,  bu t  the  

The r e s u l t s  of the  c o r r e l a t i o n  a r e  presented i n  Table IV. 

8 



TABLE 11.- CORRELATION OF BINARY DIFFUSION COEFFICIENTS FOR A 
HYDROGEN-OXYGEN SYSTEM USING PRESENT METHOD - 
TEMPERATURE = 12,000%, PRESSURE = 1 ATM. 

(a) Diffusion c o e f f i c i e n t s  ca l cu la t ed  using Lennard-Jones 
p o t e n t i a l  with force  d a t a  from Svehla (Ref. 8) 

S P t C I E S  B i '  FROM Fi B i *  FROM PRES- E R R O R  USING E R K I I K  I F  ALL 
K I N E T I C  T H E O R Y  EN? COKKELATION PRESENT B ; ;  A K k  A S -  

CDRKELAT ION SU?(FI) FIJIIAI. 2 ( f t  /sec) X 100 (PERCENT) ( P E R C E N T )  2 i j ( f t  /sec) x 100 

H H2 
H H2U 
H O  
H 0 2  
H OH 
H2 H2O 
H2 0 
H2 0 7  
H2 01-1 
H20 0 

H20 OH 
0 0 2  
I J  OH 
I17 0H 
0 t i  

~ 2 0  112 

36.0260 
25.9891 
26.6238 
22.8038 
26.4341 

17.7 166 

17.5759 
7.092fl 
5.2795 
6.9078 
5.6458 
7.2643 
5.4946 

17.3862 

15.0085 

0.24713 53.1613 
23.7639 
24.7360 
19.7757 
24.3147 

0.3720 15.7877 
16.4335 
13.1381 
16. 1537 

0.8322 7.3461 
5 8730 
7.2210 

0.7995 6.1132 

1.0000 6.0091 
0.8133 

7.5163 

47.6 
- f l . 6  
- 7.1 
-13.3 
- 8.0 
- 9.2 - 7.2 
-12.5 
- 8.1 

3.6 
11.2 
4.5 
R.3 
3.5 
9.4 

- 63.1 
- 4H.9 
- 50.1 - 41.7 
- 49.7 
- 23.5 - 24.9 
- 11.' - 24.4 

t ( 7 . 4  
151.6 

42.4 
135.4 

82.9 
141.Q 

AVERAGF AHSOLUTE ERROR 10.8 h R . 6  

(b) Diffus ion  c o e f f i c i e n t s  ca l cu la t ed  using- va lues  f o r  c o l l i s i o n  
c ross -sec t ions  suggested by Svehla (Ref. 9) 

H H2 
H H2U 
H O  
ii 0 2  
H OH 
1-12 H2[1 
H2 G 
H2 0 2  
H2 OH 
H20 0 
tl2U 0 2  
t i20 OH 
o 02 
n OH 
0 2  IIH 
UH 

67.6000 

27.7200 
28.32OO 

24.55GO 
29 5900 
19.5 800 
23.6000 
17.1900 
20.lhOO 

8 2950 
5.7150 
7.1450 
6.8500 
8.6060 
5.5 5 2 0  

0.2208 74  4024  
27.0030 
30.8482 
22.5734 

0.3034 19.656H 
27.5549 

22  4 5 6 0  
16.432 3 
20.0586 

0.8360 8.1500 
5.9638 
7.2799 

0.7317 heH131 
8.3166 

1.0000 6.0857 
0.8192 

10.1 
- 4.7 

11.3 
- 8.1 
- 6.9 

0.4 
- 4 . H  
- 4.4 
- 0 . 5  - 1.7 

4.4 
1.9 - 0.5 

- 3 . 4  
9.6 

- 77.1 
* 45.4 - 44.3 
- 37. )  
- 47.8 
- /1.1 
- 3 4 . 5  
- 10.1 
- 23.3 

H 6 . 3  
1 7 ( ~ .  /i 

1 1 6 . 3  
125.(> 

7 9 . 6 
17H.3 

A V E R A G E  AHSCJLUTE E H K O K  4.8 73.1 
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S P E C I E S  

i 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
02 
02 
02 
0 2  
0 2  
0 2  
0 2  
0 2  
0 2  
02 
0 2  
02 
0 2  
0 2  
N 
N 
N 
N 
N 
N 
N 
N 
N 
N 
N 
N 
N 

j 

0 2  
N 
N2 
c o  
C@2 
C 
c 3  
CN 
H 
H2 
HZO 
OH 
CH4 
CZH 
HCN 
N 
N2 
co 
c 0 2  
C 
c 3  
CN 
H 
H2 
t i20  
OH 
CH4 
CZH 
HCN 
N2 
co 
COZ 
C 
c 3  
CN 
H 
H2 
H20 
OH 
CH4 
C2H 
HCN 

TABLE 111.- CORRELATION OF BINARY DIFFUSION COEFFICIENTS FOR AN 
OXYGEN-NITROGEN-CARBON-HYDROGEN SYSTEM BASED ON DATA OF SVEHLA 
(Refs. 8 and 9). TEMPERATURE = 12,000%, PRESSURE = 1 ATM. 

Bij F R O M  ~i Bij F R O M  P R E S -  E R R O R  USIN(, E R w K  it- A L L  
K I N E T  IC T H E O R Y  Eb lT  C U K K t L A T I O N  P K E S E N T  Bij A t ’ €  US- 

(ft /sec) x 100 
C O R R E L A T I O N  SlJI.IED FUlJAC 

(ft2/sec) x 100 ( P E R C E N T )  I PkHCEbIT  1 
2 

6.8500 
7.3312 
5.3995 
5.4662 
4.4638 
8.0754 
5.1820 
5.3620 

27.7200 
23.6000 

8.2950 
8.6060 
5.8190 
4.8947 
4.8625 
5.6566 
3.9611 
4.0028 
3.1637 
6.3129 
3.7100 
3.9623 

24.5500 
17.1900 

5.1150 
5.5520 
4.4735 
3.6310 
3.5678 
5.4277 
5.4763 
4.5136 
1.9727 
5.2069 
5.3784 

25.5139 
17,1218 

6.9743 
7.1732 
5.7836 
4.9083 
4.8645 

0.1393 6.0528 
7.6554 
5.6277 
5 a 6846 
4.6277 
8.3865 
5.3597 
5.5958 

29.8 130 
20.431 1 

7.5057 
7.7923 
6.0848 
5.0977 
5.0401 

1.0000 5.6595 
4. 1604 
4.2025 
3.4212 
6.200@ 
3.9624 
4.1369 

22 a0402 
15.1043 

5.5489 
5 7607 
4.4984 
3 a 7686 
3.7260 

0.7901 5.2620 
5.3153 
4 1  3270 
7.8416 
5.0115 
5.2323 

27.8700 
19 1036 

7.0181 
7.2861 
5.6895 
4.7665 
4.7126 

-11.6 
4.3 
4.2 
4.0 
3.7 
3.9 
3.4 
4.4 
7.6 

-13.4 - 9.5 - 9.5 
4.6 
4.1 
3.7 
0.1 
5.0 
5.0 
8.1 - 1.8 
6.8 
4.4 

-10.2 
-12.1 - 2.9 

3.8 
0.6 
3.8 
4.4 - 3.1 - 2.9 - 4.1 - 1.6 - 3.8 - 2.7 
9 . 3  

11.6 
0.6 
1 a6 
1.6 - 2.9 - 3.1 

- 4.5 - 10.8 
21.1 
19.7 
46.5 - 19.0 
26.2 
22.0 - 76.3 - 72.2 - 21.1 - 24.0 
12.4 
33.6 
34.5 
15.6 
65.1 
63.4 

106.7 
3.6 

76.3 
65.1 - 73.5 - 62.0 
14.5 
17.8 
46.2 
80.1 
83.3 
29.5 
19.4 
44.9 - 17.9 
25.6 
21.6 - 74.4 - 61.8 - 6.2 - 8.8 
13.1 
33.3 
34.5 
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TABLE 111.- Continued. 

F R O M  P R E S -  E R R O R  USING E R R O R  I F  A L L  
C O R R E L A T I O N  P R E S E N T  

S P C - C I E S  Ai FROM 
K I N E T i C  THEORY 

i 

N2 
N2 
N2 
N2 
N2 
N2 
N2 
N2 
N2 
N2 
N2 
N2 
co 
co 
CO 
co 
co 
co 
co 
co 
co 
CO 
co 
c 0 2  
c 0 2  
COZ 
c 0 2  
co’, 
c 0 2  
c02 
c c 2  
c 0 2  
co 2 
C 
C 
C 
C 
C 
C 
C 
C 
t- 

2 j (ft2/sec) x 100 (ft /sec) x 100 

co 
CO2 
C 
c 3  

H 
H2 
H2O 
OH 
CH4 
C2H 
H C N  
c 0 2  
C 
c 3  
C N  
H 
H2 
H2O 
OH 
C H 4  
C2H 
H C N  
C 
c 3  
C N  
H 
H2 
H20 
O H  
C H 4  
C2H 
H C N  
c 3  
C N  
H 
H2 
H2O 
OH 
CH4 
C2H 

c ri 

L H C N  

3.8943 
3.1114 
6.0528 
3.6214 
3.8693 

21.3750 
14.1671 

5.0300 
5.2629 
4.3182 
3.5367 
3.4655 
3.1390 
6 .1194  
3.6584 
3.8938 

21.6122 
14.2296 

5.1001 
5.3305 
4.3595 
3.5690 
3.5023 
4.9902 
2.8753 
3.1245 

18 .4881  
12 .2917  

4.1217 
4 .3441  
3.5835 
2.8635 
2.7965 
5 a7767  
6.0033 

26.1719 
18 .0635  

7 .5630  
7.9334 
6.3330 
5.3831 
5.3406 

1 a 0 7 5 6  3.9074 
3.1809 
5.7645 
3.6840 
3.8463 

20.4922 
14 a043 5 

5.1591 
5.3561 
4.1824 
3.5039 
3.4643 

1 a0647  3.2131 
5.8229 
3.7213 
3.8853 

20.6996 
14.1856 

5.2113 
5.4103 
4.2248 
3.5394 
3.4994 

1 a 3 0 7 9  4.7402 
3.0294 
3.  1 6 2 9  

16.8510 
11.5481 

4.2424 
4.4044 
3.4393 
2.8813 
2.8488 

0.7219 5 a490  1 
5.7319 

30  a 5 3 8 0  
20.9280 

7.6883 
7.9818 
6.2328 
5.2217 
5 1 6 2 6  

C O R R E L A T  IC1W 
( P E R C E N T  1 

0.3 
2.2 - 4.8 
l a 7  - 0.4 - 4.1 - 0.9 
2.6 
1.8 - 3.1 - 0.9 - 0.0 
2.4 - 4.8 
l a 7  - 0.2 - 4.2 - 0.3 
2.2 
l a 5  - 3.1 - 0 .8  - 0.1 - 5.0 
5.4 
1.2 - 8.9 - 6.0 
2.9 
1 a 4  - 4.0 
0.4 
l a 9  - 5.0 - 4.5 

16.7 
15.9 

1.7 
0.6 - l a 6  - 3.0 - 3.3 

B i j  A P E  A S -  
S l l M E D  E U l l A L  

( P E R C E N T  1 

68.0 
110.2 

8.1 
80.6 
69.4 - 69.4 - 53.8 
30.0 
24.3 
51.5 
84.9 
84.8 
99.2 

9.9 
72.0 
64.8 - 66.9 - 50.4 
27.1 
22.3 
51.5 
80.9 
82.9 
35.0 

111.3 
102.4 - 59.4 - 39.1 

58.7 
50.6 
82.5 

128.0 
133.9 

13.2 
8.9 - 75.0 - 63.8 - 13.5 - 17.5 
3 . 3  

21.5 
22.5 
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TABLE 111.- Concluded. 

S P E C I E S  Bi. F R O M  F R O M  P R E S -  E R R O R  U S I N G  E R R O R  I F  A L L  
K I N E T I C  T H E O R Y  C O R R E L A T I O N  P R E S E N T  B ; ;  A R E  A S -  

i 

C3 
c 3  
c3 
c 3  
C ?  
c 3  
c 3  
C? 
CN 
CN 
CN 
CN 
CN 
CN 
CN 
H 
H 
H 
H 
H 
H 
H2 
HZ 
H2 
H2 
H2 
H2O 
H20 
H2O 
H20 
OH 
OH 
OH 
CH4 
CH4 
CZH 
HC N 

CN 
H 
H2 
H2O 
OH 
CH4 
C2H 
HCN 
H 
H2 
H Z 0  
OH 
CH4 
C2H 
HCN 
H2 
H2O 
OH 
CH4 
C2H 
HCN 
H20 
OH 
CH4 
C2H 
HCN 
OH 
CH4 
C2H 
HCN 
CH4 
C2H 
HC N 
C2H 
HCN 
HCN 

3.6276 
2 1  00069 
13.9792 

4.8271 
5.0416 
4.1210 
3.3265 
3.2583 

70.9403 
13.R853 

4.9948 
5.2299 
4.2953 
3.5330 
3.4626 

67.6000 
2 8 3200 
29.5900 
20.3467 
18.6611 
18.8560 
1 9  05  800 
20.1600 
1 3  07590 
12.5045 
12 595 3 

7.1450 
5.4665 
4.5559 
4.5242 
5.6987 
4.7817 
4.7388 
3.9244 
3.8677 
3.1729 

A V E R A G E  A B S O L U T E  E R R O R  

1.1293 

1.0817 

0.2030 

0.2963 

0.8064 

0.7767 

0 09948 

1.1874 
1 02009 

C O R R E L A T I O N  S c d E D  EQUAL 
( P E R C E N T  1 

2 ( f t  /sec) x 100 ( P E R C E N T )  

3.6632 
19.5166 
13.3749 

4.9135 
5.1011 
3.9833 
3.3371 
3.2994 

20.3763 
13.9641 

5.1300 
5. 3259 

3.4841 
3.4447 

74.3967 
27.3309 
28 3745 
22.1568 
18.5624 
18.3525 
18.7301 
19.4453 
15.1843 
12 72 1 0  
12.5771 

7.1436 
5.5782 
4.6733 
4.6205 
5.7912 
4.8517 
4.7969 

3.7457 
3.1381 

4.15e8 

3.78e6 

1.0 - 7.1 - 4.3 
1.8 
1.2 - 3 . 3  
0.3 
1.3 - 2.7 
0.6 

1.8 - 3.2 - 1.4 - 0.5 
10.1 - 3.5 - 4.1 

8.9 - 0.5 - 2.7 - 4.3 - 3.5 
10.4 

1.7 - 0.1 - 0.0 
2.0 
2.6 
2.1 
1 06 
1.5 
1.2 - 3.5 - 3.2 - 1.1 

3.7 

2.7 

8 0 . 3  - 68.9 

35.5 
29.7 
58.7 
96.6 

100.7 - 68.8 - 52.9 
30.9 
25.1 
5 2 r 3  
85 .1  
88.9 - 90.4 - 76.9 - 78.0 - 68.0 - 64.9 - 65.3 - 66.7 - 67.6 - 52.4 - 47.7 - 48.1 - 8.5 
19.6 
43.6 
44.6 
14.8 
36.8 
38.0 
66.7 
69.1 

106.1 

50.9 

- 5 3 d  
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TABLE 1 V . -  CORRELATION O F  BINARY D I F F U S I O N  C O E F F I C I E N T S  FOR AN 
- OXYGEN-NITROGEN-CARBON SYSTEM BASED ON DATA OF SCALA AND GILBERT 

( R e f .  3). TEMPERATURE = 12,000%, PRESSURE = 1 ATM. 

S P E C I E S  

i j  

I 1  n 2  
CI N 
0 N2 
0 c o  
0 coz  
O C  
D c 3  
0 CN 
0 2  N 
02 N2 
02  G O  
02  c 0 2  
02  c 
0 2  c 3  
0 2  CN 
N N2 
N C O  
N C02 
N C  
N C3 
N CN 
N2 C O  
N2 CO2 
N2 C 
N2 c 3  
N2 CN 
C O  c 0 2  

co c3  
C O  CN 
c 0 2  c 
c 0 2  c 3  
GO2 CN 
c c 3  
C CN 
C3 CN 
CN 

cn c 

B i j  F R O M  Fi ’ij FROM PRFS- FRROR (ISING E R R O R  I F  ALL 
K I N E T I C  THEORY FNT CORRELATION PRFSENT B . .  A R E  A S -  

COKRtLATIOM S h d b D  EUIJAL 
100 (ft2/sec) x 100 (PERCENT) (PEPCENT I 

2 ( f t  /sec) x 

3.1562 
4.6732 
3.0323 
3.1813 
2.7041 
4.0859 
3.0408 
3.3160 
3.3859 
3.9602 
4.0369 
3.1653 
3.0433 
3.6900 
4.2103 

3.4055 
2.9097 

3.2441 

4.3167 
3.2668 
3.5468 
3.9652 
3.1396 

3.6396 

3.1932 
3.0579 
3.7092 
4.2087 
2.6492 
2.8901 
3.3357 
2.9450 
3.1740 
3.8720 

2.9238 

4.127’4 

AVERAGE AtlSOLlJTE E R R O R  

1.0707 

1.0000 

1.0007 

1.0264 

0.9953 

1.2194 

1.1156 

1.0663 
0.9551 

3.4987 
3.4962 
3.4086 
3.5154 
2.8691 

3.2811 
3.6631 
3.7433 
3.6495 
3.7639 
3.0719 
3.3578 
3.5130 
3.9221 
3.6469 
3.7612 
3.0697 
3.3554 
3.5105 
3.9193 

2.9928 

3.1361 

3.6670 

3.2713 
3.4226 
3.8211 
3.0866 

3.5298 

2.7536 

3.3738 

3 9408 

2.8809 
3.2163 
3.1490 
3.5156 
3.6782 

10.8 
-25.2 

17.4 
10.5 

h e  1 
-23.2 

7.9 
10.5 

- 7.8 
- 6 . R  - 2.9 

10.3 - 4.8 
- 6.8 

12.4 
10.4 

5.5 
-22.3 

7.5 
10.5 - 7.5 

- 4.7 
11.9 - 6.0 

- 7.4 
- 3.3 

10.3 - 4.0 - 6.4 
3.9 - 3.2 

- 3.6 
6.9 

10.8 
- 5.0 

10.6 

8.9 

H.9 
- 26.9 

12.7 
7.4 

76.5 
- 16.9 

12.5 

0.9 - 13.8 
- 15.5 

7.9 
12.3 - 7.5 

- 19.0 
5.3 
0.3 

17.4 
- 17.6 

4.6 
- 3.7 - 13.9 

R.8 
16.8 

- 6.7 
- 17.3 

7.1 
11.8 - 7.9 - 1fc.9 
29.0 
18.2 

2.4 
15.9 

7 . 6 
- l l . H  

3 .0  

12.1 
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r i g i d  sphere model was used when one o r  two monatomic spec ies  were involved. 

This procedure, i n  e f f e c t ,  means the  use of d i f f e r e n t  values  of f o r  
polyatomic spec ies ,  depending upon whether they are i n t e r a c t i n g  with o the r  
polyatomic spec ies  o r  with monatomic spec ies  ( e . / k  = 2670 i n  the  former case  
i n  order  t o  y i e ld  
i n  the  l a t t e r  ca se ) .  I n  order  t o  assess t h e  v a l i d i t y  of t h i s  model, Table V 

l i s t s  Bij f o r  t h e  hydrogen-oxygen system u t i l i z i n g  the  values suggested by 
Svehla,' u t i l i z i n g  the  procedure followed i n  Ref. 3, and using t h e  Lennard- 
Jones model. The Bij  computed using the  method of Ref. 3 can be seen t o  
d i f f e r  b y  a f ac to r  of approximately two from the  compilation of Svehla for 
each case involving a monatomic species. Thus one can conclude t h a t  t he  re- 
s u l t s  presented i n  Table I V  represent  an u n r e a l i s t i c  t e s t  of t he  approximation 
procedure and should not  be considered i n  the  eva lua t ion  of t h e  accuracy of  
t h e  technique. I t  a l s o  suggests  t h a t  t h e  co r re l a t ion  equation (Eq. ( 5 ) )  may 
have some m e r i t  f o r  a s ses s ing  the  a u t h e n t i c i t y  of d i f fus ion  c o e f f i c i e n t  data .  

c i / k  

1 
n!':')* = 1.0 f o r  the  temperature considered, and e i / k  FZ 100 

1 3  

I n  t he  preceding paragraphs co r re l a t ions  have been presented f o r  four  
chemical systems. The representa t ion  of Bij d a t a  for these  systems can prob- 

a b l y  be considered s a t i s f a c t o r y  f o r  most purposes, i n  view of t he  u n c e r t a i n t i e s  

assoc ia ted  with the  es t imat ion  of d i f fus ion  coe f f i c i en t s .  The quest ion natu- 
r a l l y  a r i s e s  as  t o  the  genera l  a p p l i c a b i l i t y  of t he  c o r r e l a t i o n  Equation (5). 

Further  i n s i g h t  i n t o  t h i s  mat ter  can be obtained by rearranging the  k ine t i c -  
theory expression f o r  Bij (Eq. ( 4 ) )  a s  follows 

where 

As mentioned previously,  the  i n t e g r a l  
approximation. I t  is shown i n  Fig. 1 fo r  t he  Lennard-Jones model, toge ther  
with a logari thmic curve f i t  which is  seen t o  be quite accura te  over t h e  range 
of T*.  of i n t e r e s t  i n  high-temperature boundary-layer s t u d i e s  

ni can be se l ec t ed  a r b i t r a r i l y  i n  order  t o  achieve a good co r re l a t ion .  
0 . .  " " ) *  i s  un i ty  f o r  t he  r igid-sphere 

1 3  

1 3  

N 1.07 (T*.) '0.159 4 < TTj < 400 (1 ,I)* 
" i j  1 3  

The Bij is  thus given b y  
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TABLE V.- BINARY DIFFUSION COEFFICIENTS FOR A HYDROGEN- 
OXYGEN SYSTEM AS PREDICTED BY THREE DIFFERENT METHODS. 
TEMPERATURE = 12,000°  R ,  PRESSURE -5 1 ATM. 

S p e c i e s  

~ 

i 

H 

H 

H 

H 

H 

H2 

H2 

H2 

H2 
X20 

H2° 

H2° 
0 

0 

O2 

~ 

j 

H2 

H2° 

O2 

H2° 

O2 

O2 

O2 

0 

OH 

0 

OH 

0 

OH 

OH 

OH 

D i f f u s i o n  c o e f f i c i e n t ,  Di - 

R e c e n t  
Comp i 1 a t  i on 
of S v e h l a  
( R e f .  9 )  

67 .6  

28 .3  

27 .7  

24.6 

29.6 

19 .6  

23.6 

17 .2  

20.2 

8 . 3  

5.7 

7 . 1  

6.8 
8.6 

5 .6  

L e n n a r d - J o n e s  
P o t e n t i a l  U s i n g  
F o r c e  C o n s t a n t s  

of S v e h l a  
( R e f .  8,) 

36 .O 
26 .O 
26.6  

22 .8  

26.4 

17 .4  

17 .7  

15 .0  

17.6 

7 . 1  

5 .3  

6.9 

5.6 

7 .3  

5 . 5  

Method of 
S c a l a  a n d  

G i l b e r t  
(Ref. 3 )  

17 .5  

15 .6  

14.1 

11 .3  

13 .2  

17 .4  

9.6 

15.0 

17 .6  

4.7 

5.2 

6.9 

3 . 1  

4.0 

5 .3  
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where K is  ze ro  f o r  t h e  rigid-sphere model and u n i t y  f o r  t h e  Lennard-Jones 
model. Equation (19) has been arranged so t h a t  the t e r m s  i n  b racke t s  can 
be considered l i k e  D, l/Fi, and l /Fj ,  r e spec t ive ly .  Note t h a t  a l l  t e m -  
pe ra tu re  and p res su re  dependence i s  contained i n  t h e  D i f  t h e  ni a r e  con- 
s t r a i n e d  t o  be cons t an t s .  A success fu l  c o r r e l a t i o n  thus  r equ i r e s  f ind ing  a 
set  of ni such t h a t  

- 
- 

is  nea r ly  cons t an t  f o r  a l l  species i and j i n  t h e  chemical system of  i n t e r e s t .  
I t  can be seen t h a t  success  of  t h i s  c o r r e l a t i o n  cannot be p red ic t ed  i n  general ,  
s i n c e  t h e  constancy of G ( i , j )  depends upon t h e  s p e c i f i c  chemical system of 
i n t e r e s t .  The c l o s e s t  t h i n g  t o  a gene ra l  v a l i d i t y  check, then, is  t o  s tudy a 
system of  species s e l e c t e d  by a random process encompassing widely d i f f e r e n t  
types and s i z e s  of  species. This has  been done f o r  a 9-component system 
(36 J . . )  u t i l i z i n g  the rigid-sphere model.* The species considered and the 

r e s u l t i n g  values  of  nit chosen by t r i a l  and e r r o r ,  are shown i n  t h e  follow- 

i n g  t abu la t ion .  

I? 

i 

H2 
K r  

co 

CC14 

SF6 

Br 2 

ASH3 

2H4 

C2H50H 

'i 

2.016 

83.8 

28.01 

153 -858 

146.066 

159.832 

77.934 

28.032 

46.048 

U i 

2.915 

3.61 

3.706 

5 -881 

5.51 

4.268 

4.06 

4.232 

4.455 

"i 
F i r s t  Second Third 

I t e r a t i o n  I t e r a t i o n  I t e r a t i o n  

1.0 1 .01 1.006 

1.0 0.86 0.820 

1.0 1 .01 1.062 

1 .0  1.08 1.107 

1.0 1.04 1.040 

1.0 0.80 0.766 

1.0 0.94 0.928 

1.0 1.19 1.212 

1.0 1.15 1.165 

*The species w e r e  s e l e c t e d  from a table o f  a i  from R e f .  2 ,  pp. 1110-1112. 
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F i r s t ,  t he  r a t i o  of (Ri + R.) ' / (ui  + a . ) "  was computed f o r  each of the  36 
combinations of i and j (i.e.,  ni = n j  = 1 .0 ) .  Values of ni w e r e  

then assigned t o  each spec ies  i n  an attempt t o  improve the  co r re l a t ion .  The 

i t e r a t i v e  process w a s  then repeated a second t i m e .  A t  t h i s  po in t  t he  36 
values  of 

average absolu te  e r r o r  of 6.2 percent .  This c o r r e l a t i o n  is considered s a t i s -  
fac tory  consider ing t h e  s e v e r i t y  of t he  tes t .  Furthermore, the  accurac ies  

could probably be improved somewhat by u s e  of a systematic  least-squares  pro- 
cedure.  

I 3 

4 
ninj(Ri + R . )  ' / (u i  + a . ) "  var ied  from 0.1362 t o  0.1816 with an 

3 3 

Equation (17)  demonstrates t h a t  the  Fi can be considered as  temperature 
independent i f  t h e  ni 
chemical system. One might be ab le  t o  improve c o r r e l a t i o n  by allowing 

t h e  ni and thus t h e  Fi t o  be temperature dependent. In  order  t o  inves t i -  
ga te  t h i s  p o s s i b i l i t y ,  ca l cu la t ions  w e r e  made a t  s eve ra l  temperatures f o r  
d i f fus ion  c o e f f i c i e n t s  based on the  Lennard-Jones model. The r e s u l t s  a r e  pre- 
sented i n  Table V I  i n  t he  form of an average 
percent  devia t ion  from these  values .  The l a r g e s t  s i n g l e  e r r o r  l i s t e d  i n  t h i s  
t a b l e  i n  assuming Fi independent of temperature is 0.7 percent .  The average 
absolu te  e r r o r  i s  only 0.13 percent ,  approximately one order  of magnitude 
lower than t h e  maximum e r r o r s  introduced by the  o r i g i n a l  approximation. Thus 

it is  cons i s t en t ,  a t  l e a s t  when the  Lennard-Jones model is  employed, t o  con- 
s i d e r  t h e  Fi a s  temperature independent and t o  absorb t h i s  add i t iona l  e r r o r  
i n t o  the  o r i g i n a l  approximation. 

are constrained t o  be a se t  of cons tan ts  f o r  a given 

Fi f o r  each spec ies  and t h e  

As one f i n a l  cons idera t ion ,  it can be seen from the  da t a  t h a t  have been 
presented and from Eq. (19) t h a t  t h e  Fi tend t o  increase  as the  Vi i s  in- 
creased. A c o r r e l a t i o n  of t h e  Fi obtained f o r  t he  var ious chemical s y s t e m s  
considered i n  t h i s  r epor t  (0-H, 0-N-C and 0-N-C-H) suggested the  following cor- 
r e l a t i o n  between Fi and 7fi: 

This c o r r e l a t i o n  is  shown i n  Fig. 2. Such an approximation is not  recommended 
f o r  genera l  use s ince  the  
leas t - squares  c o r r e l a t i o n  of d i f fus ion  c o e f f i c i e n t  data .  The c o r r e l a t i o n  
Eq. ( 2 1 )  toge ther  with Eq. (5)  may be of i n t e r e s t ,  however, f o r  crude e s t i -  
mation of d i f fus ion  c o e f f i c i e n t s  when they are unavai lable .  

Fi can be accura te ly  determined q u i t e  simply by  a 

I n  summary, an approximation f o r  b inary  d i f fus ion  c o e f f i c i e n t s  has  been 

introduced where (v - 1 )v /2  Bij a r e  replaced by v d i f fus ion  f a c t o r s  Fi. 
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TABLE VI.- VARIATION WITH TEMPERATURE OF DIFFUSION FACTORS 
FOR AN OXYGEN-NITROGEN-CARBON SYSTEM BASED ON LENNARD-JONES 
POTENTIAL USING FORCE DATA OF SVEHLA (Ref. 8) . 

Temperature, OR 
Pressure, atm 

D X102, ft2/sec 
- 

4000 
1 

0.6657 

Percent error in 
Fi for: 

Fo = 0.7399 

= 1.0000 

FN = 0.7378 

= 1.0315 

FCO = 1.0217 

F = 1.2690 

FC = 0.6692 

F = 1.0928 

FCN = 1.0343 

FN2 

c02 

=3 

-0.06 

- .07 
.04 

.04 

- .04 
- .19 

.42 

- .15 
. 03  

8000 
1 

2.0980 

-0.05 

- .05 

-03 

. 0 3  

0 

- .18 
.35 

- .16 
.04 

12,000 
1 

4.1160 

0.04 

.05 

.ll 

.12 

.07 

.12 

- .70 
.04 

.12 

16,000 
1 

6.6462 

0.05 

.06 

- .19 
- .19 

- -03 
.25 

- .06 
-27 

- -17 
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Figure 2 .  - Corre la t ion  of Diffusion Factors  with Molecular Weight. 
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The primary advantage of  t h i s  approximation is t h a t  t h e  d i f f u s i o n a l  mass f l u x  
of spec ie s  i can then be expressed e x p l i c i t l y  i n  t e r m s  of g rad ien t s  and prop- 

er t ies  of spec ie s  i and of  t h e  system a s  a whole. This,  i n  t u rn ,  permits 
s u b s t a n t i a l  s i m p l i f i c a t i o n  of t h e  boundary-layer equations.  The Fi a r e  
independent of pressure and a r e  only s l i g h t l y  temperature dependent. 

more, they can be considered t o  be independent of concentrat ions.  This has  
t h e  advantage t h a t  t h e  

molecular spec ie s ,  becoming simple inpu t  da t a  i n  a numerical so lu t ion .  It  

was shown t h a t  t h e  a c t u a l  binary d i f fus ion  c o e f f i c i e n t s  are approximated 

within a f e w  percent  with t h e  following exception. 
of spec ie s  i and j d i f f e r  by an order  of  magnitude, t h e  Bij determined 

by t h e  least-squares  curve f i t  can d i f f e r  from t h e  a c t u a l  Bij by a s  much a s  
15  percent  o r  so.  It can thus be concluded t h a t  t h e  approximation procedure 
is  q u i t e  accurate  f o r  t h e  majori ty  of  d i f f u s i n g  p a i r s  and i s  within t h e  range 
of  c e r t a i n t y  of  d i f f u s i o n  c o e f f i c i e n t s  f o r  most i f  no t  a l l  o t h e r  species. 

Further- 

Fi can be determined a p r i o r i  f o r  a given set  of  

When t h e  molecular weights 

SECTION 3 

MIXTURE VISCOSITY 

The v i s c o s i t y  of  a multicomponent mixture according t o  r igorous f i r s t  
order  k i n e t i c  theory i s  given by Hirschfelder ,  Cur t i s s ,  and Bird' a s  

= -  
'mix 

H1l 

H1 2 

H l v  

x1 

H1 2 

H22 

H2v 

2 X 

. . .  

. . .  

. . .  

. . .  

H1 v 

H 2 V  

Hvv 

X 
V 

1 

2 

X 

X 

xV 

0 

H 1 2  H22 - - - H2 v 

H l V  H 2 v  * - vv 
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where xi is  the  mole f r a c t i o n  of species  i, v is  the  number of molecular 
spec ies ,  and the  Hii and H i j  a r e  given by 

with P t he  pressure,  T t he  temperature, R t he  universa l  gas cons tan t ,  
and Ri t he  molecular weight of spec ies  i. Bij is  the  binary d i f fus ion  

c o e f f i c i e n t  f o r  pure spec ies  i and j given b y  Eq. (4) ,  pi is  t h e  v i s c o s i t y  

of t he  pure spec ies  i which can be expressed i n  t e r m s  of t he  se l f -d i f fus ion  
c o e f f i c i e n t  Rii as 

A t j  is  def ined as 

n (" , * (T? . ) 
A*ij = 

i 3  13 

p i s  the  dens i ty ,  T? is  a reduced temperature given by Eq. (15) ,  and 11 
(' * (T* .) a re  i n t e g r a l s  f o r  ca l cu la t ing  the  t r anspor t  

'i ('#')*(T*.) j 13 and n i j  13 
c o e f f i c i e n t s  (given f o r  s eve ra l  molecular p o t e n t i a l  models i n  Appendices t o  

Ref. 2,  f o r  example) . 
Hirschfelder ,  e t  a12 show t h a t  Eq. (22)  can be expanded as 
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The primary contribution to the mixture viscosity is given by the first term 
in this expansion which represents the diagonal terms in the determinants of 
Eq. (22). In fact, all but the first term vanish for A* = 5/3. With this 

approximation, the expression for mixture viscosity becomes 
Ij 

pmix = c  
i=l 

pmix = t 
i=l 

XiMi 
R W i  

PRi 'ij 
x + 1.385 - f, i 

j =1 

L 

X.2 1 
I 1 

2 V 

xi + c 2x.x - vi j=l 1 j pRiBij RT I 
j#i J 

This equation does not predict mixture viscosities well because of the unrea- 
listic value* assumed for A* and, consequently, the neglect of higher 
terms in the expansion of Eq. ( 2 7 ) .  Buddenberg and Wilke" have shown by an 
extensive analysis of experimental data that Eq. (28) describes mixture vis- 
cosity if the theoretically determined constant 112" is replaced by an empiri- 
cal value "1.385". 
approximation to Eq. (22) is given by the semi-empirical equation 

11 

Consequently, Hirschfelder et a12 recommend that a good 

V r  

L j#i 

Introducing the correlation equation for diffusion coefficients (Eq. (5)) 
into Eq. (29) yields 

'mix 
i=l 1 XiMi 

x + 1.385 -- RT FiMi 2 XjFj 
p~ 'i j =1 

j# i 

i 

Utilizing the definitions of the system properties p1 and p 2  given by 
Eqs. (9) and (10) , respectively, Eq. (30) becomes 

* A  better value for ATj is 1.1 to 1.2. 
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The equation of  s t a t e  f o r  t h e  mixture is  given by 

R P = % p T  

where is  t h e  molecular weight of t h e  mixture. S u b s t i t u t i n g  Eqs. (32).  
( 2 5 )  and (5) i n t o  Eq. (31) and rearranging y i e l d s  t h e  following r e s u l t  f o r  
the v i s c o s i t y  of the multicomponent mixture 

V 

i=l 

X i l i  - 
F: ‘ 

xiFi 1 7 - q -  6ATi l;li - 1.385[ 
1.385 + - 

P1 

(33 )  

It  should be noted t h a t  c a l c u l a t i o n  of t h e  mixture v i s c o s i t y  thus  has  been 
reduced t o  a s i n g l e  summation involving system p r o p e r t i e s  which appear 
elsewhere i n  t h e  boundary-layer equations 

SECTION 4 
MIXTURE THERMAL CONDUCTIVITY 

The thermal conduct ivi ty  i n  a polyatomic gas mixture has  been shown by 
Hirschfelder l ’  t o  be represented by 

- 
’mix - ‘mono-mix + ‘ i n t  

is  the thermal conduct ivi ty  i n  a mixture computed neglect-  where ‘mono-mix 
i s  t h e  con t r ibu t ion  t o  the i n g  a l l  i n t e r n a l  degrees of  freedom and 

thermal conduc t iv i ty  of t h e  mixture due t o  t h e  i n t e r n a l  degrees of  freedom 
of  t h e  molecules. 

’ i n t  
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is given by Hirschf 'der e t  a12 a s  The 'mono-mix 

X L1l L 1 2  - - - L l v  1 

L 2 l  L22 * - L2v x2 

Lv2 . . . L X 
Lvl  vv v 

0 
V 1x1  . . .  x 

'mono-mix = 4  1 L1l L12 - - - L l v  

L 2 1  L22 - - L2v 

Lv1 Lv2 - Lvv 

where 

4xi2 
Lii = - - 

'i mono 

U 

16 T - -  
25 P 

k = l  
kf i 

r 1 

(35) 

with himono 
t e r n a l  degrees  of freedom of t h e  molecules 

t h e  thermal conduct iv i ty  of  t h e  pure spec ies  neglec t ing  a l l  in- 

15 
4 ni 'i 

- -  - 
mono 'i 

and B'r def ined  as 
I j  
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Approximate expressions can be developed f o r  thermal conduct ivi ty  i n  a 
manner analogous t o  the  procedure f o r  v i scos i ty  descr ibed i n  Sect ion 3. 

Several  formulations are referenced by Hirschfelder .  For the  present  pur- 
pose a method suggested by Mason and Saxena13 and discussed by Brokaw14 i s  
adopted. However, the same procedures could be appl ied t o  o ther  r e l a -  
t i ons .  

Mason and Saxena showed t h a t  an equation analogous t o  Eq. (29)  w a s  
appl icable  f o r  Xmono-mix by rep lac ing  the  pi which appears i n  the  numer- 
a t o r  by 

1.065, t h a t  is, 
X i m o n o  and rep lac ing  the  empir ical  c o e f f i c i e n t  1.385 by 1.385 x 

i=l 

V r  1 
X . X  i i  mono 

x + 1.065 x 1.385 - i 
i =1 

L ; p i  J 

Subs t i t u t ing  f o r  himono from Eq. (38),  f o r  ui  from Eq. (25) and f o r  
Bij from Eq. (5) y i e l d s  

5 15 R xi 
6ATi 4 Tv -- 

x + 1.065 x 1.385 + a 5 1 f X F 
i=l i p 6ATi Fini j j  =T[ j =1 

j # i  

‘mono-mix 

Using the  equat ion of s ta te  (Eq. (32))  and t h e  d e f i n i t i o n  of p1 (Eq. (9 ) )  

and rear ranging  y i e l d s  

v r  
15 I?pD Xi/Fi - -  I_ xiFi [ 6A!i Ri 

1.065 x 1.385 + - -- - 1.065 x 1.385 5 7 1 1  G l  

The con t r ibu t ion  t o  t h e  thermal conduct iv i ty  from the  i n t e r n a l  degrees 
of  freedom hint is  given by Hirschfelder”  a s  
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Xi(Ai - A i  )/’ii 
mono 

i n t  p- 
i=l ’ij j 81 

, (43) 

w h e r e  A i m o n o  is given by Eq. (38) and X i  is  the t r u e  thermal conduct ivi ty  

of the  ith species .  An expression f o r  X i  t ak ing  i n t o  account t he  i n t e r n a l  
s t r u c t u r e  of a polyatomic molecule w a s  f i r s t  given by Eucken. 
r e l a t i o n  suggested by Hirschfe lder  e t  a12 has t h e  form 

An improved 

P pii P pii (44) 
X i  = [[ 15 - 6 -1 p i  C P i  - 115 - 10 -) p i  cVi] ui  

where p i  is  t h e  dens i ty ,  Cpi t h e  s p e c i f i c  h e a t  a t  cons tan t  pressure,  and 

Cvi U t i l i z i n g  
t h e  r e l a t i o n s  

t h e  s p e c i f i c  heat at cons tan t  volume f o r  t h e  pure spec ies  i. 

and 

v i  
P i  = PF 

it follows tha t*  

S u b s t i t u t i n g  i n t o  Eq. (43) and u t i l i z i n g  the c o r r e l a t i o n  Eq. (5) y i e l d s  

V 

i n t  
i=l 

*This form is  suggested d i r e c t l y  by Hirschfe lder  as Eq. (59) of Ref. 12 .  
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it is convenient u2‘ 
It is shown in R e i .  6 that in adciition to 
in multicomponent boundary-layer problems to i l c i i n c  

p1 anri 

N zicpi 
P 

and 

(49) 

where Zi is defined by E q .  (8). Substituting these into E q .  ( 4 8 )  yields 

= 3 1“. - 5 RcL3) 

1v int 

The mixture conductivity is thus given by the sum of E q s .  (42)  and (51)  

i 1 5  X -- 
- Fi 4 “l 

‘mix = ‘lg [1.065 x 1.385 + - xiFi [ - 6Ari - qi - 1.065 x 1.185i  

5 v  p 1  

As with mixture viscosity, the mixture conductivity can thus be computed by 
a single summation involving no new system properties other than which appear 
elsewhere in the boundary-layer equations. 
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SECTION 5 
MULTICOMPONENT THERMAL DIFFUSION COEFFICIENT 

T h e  m u l t i c o m p o n e n t  t h e r m a l  d i f f u s i o n  coef f ic ien t  i s  given by H i r s c h f e l d e r ,  
2 C u r t i s s ,  and B i r d  as 

00 01 Lll . . . Loo lv L1l - 

DiT = 
ami - -  
5R 

O1 0 Lvv L v l  - - - Lvv Lvl . . . 00 00 01 

10 11 11 
L l v  x1 Lll . . . 10 

L l v  Lll . . . 

V 
x 10 10 11 

Lvv L v l  - - - Lvv Lvl . . . 
. . . xvbvi 0 . . .  0 

O I  

00 00 01 01 

10 10 11 11 
Lvv L v l  - - vv Lvl . . . 
L l v  L1l - - - L l v  Lll . . . 

I .  . I  

10 10 11 11 
Lvl . . . Lvv L v 1  - - - Lvv 

(53) 

w h e r e  
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Ljk 10 = - 3 Lol 
nj jk 

and L;: ( j  # k) are the same as Lii and Lij which appear in 
Lj j 

the equation for thermal conductivity of a mixture of monatomic gases (Eqs. 
(36) and (37))with a change of subscript from i to j ,  j to k ,  and 
k to a ,  and 

This expression could be simplified somewhat by employing the approximation 
for Bij (Eq. (5)) into Eqs. (36) , (37), and (55) through (57) . To illus- 
trate, Eq. (55) can be reduced to 

Introducing pl, defined by E,q. (9), yields 
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However, t he  ca l cu la t ion  of multicomponent thermal d i f fus ion  c o e f f i c i e n t s  
would s t i l l  he a lgeb ra i ca l ly  q u i t e  complex. Therefore,  it would be very 
des i r ab le  t o  develop an approximate r e l a t i o n  f o r  t h e  Di , i f  poss ib le .  
might expect a t  l e a s t  f a i r  success s ince  the  s i t u a t i o n  i s  somewhat analogous 
t o  the  problem of ordinary (concentrat ion)  d i f fus ion .  As i n  t h e  case  of t he  
B .  ., t h e  DiT i s  independent of t he  d i f f u s i v e  and thermal f luxes.  In  the  
former case  it was found (see Eq. (5)) t h a t  one b inary  d i f fus ion  c o e f f i c i e n t  
can be used t o  represent  unequal d i f fus ion  c o e f f i c i e n t s  f o r  a l l  spec ies  with 

the unequal d i f f u s i o n  e f f e c t s  taken i n t o  account through t h e  d i f fus ion  fac- 
t o r s  Fi. Thus it might be poss ib le  t o  represent  multicomponent thermal d i f -  
fusion by a s i n g l e  binary thermal d i f fus ion  c o e f f i c i e n t  D w i t h  t he  e f f e c t s  

of t he  unequal thermal d i f fus ion  c o e f f i c i e n t s  taken i n t o  account through 
thermal d i f fus ion  f a c t o r s  Gi analogous t o  t h e  Fi. I f  one is  for tuna te ,  
i n  f a c t ,  it might t u rn  ou t  t h a t  the  Gi a r e  t he  same a s  the  Fi o r  c lose ly  
r e l a t ed ,  b u t  t h i s  is  not  a p r i o r i  evident  nor is  it necessary f o r  a successfu l  
approximate formulation. 

T One 

1 7  

- - T  

On a microscopic bas i s ,  t h e  mean thermal d i f fus ion  ve loc i ty  of a s t a t i s -  
T t i c a l  se t  of molecules, 

set as  it r e l a t e s  t o  t h e  remainder of t h e  system. Since t h i s  se t  can be con- 
s idered  extremely small  on a macroscopic bas i s ,  the  "remainder of t he  system" 
can be considered as the  system as  a whole. Thus one can pos tu l a t e  

Vi , must r e s u l t  from some c h a r a c t e r i s t i c  of t h i s  

- 
where G represents  some mean value of the  property Gi f o r  the  system as 
a whole. The thermal d i f fus ion  c o e f f i c i e n t  represents  a t o t a l  mass f lux  of 
spec ies  i, the re fo re  

w h e r e  pKi is  the mass concentrat ion of spec ies  i. I t  is  required,  however, 

t h a t  

f q = o  
i=l 

Equations (63) and (64) l ead  t o  t h e  requirement 
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Thus the  following r e l a t i o n  i s  proposed as  a b a s i s  f o r  c o r r e l a t i n g  thermal 
d i f fus ion  da ta  

V , 

Di 
j =1 

where, as  mentioned e a r l i e r ,  E T  
Gi 
t i v e l y ,  t o  t h e  D and the  Fi f o r  ordinary d i f fus ion  (see Eq. ( 5 ) ) .  

i s  a property of t he  system a s  a whole and 
i s  a thermal d i f fus ion  f a c t o r  f o r  molecular spec ies  i, analogous, respec- - 

I n  order  t o  eva lua te  the  v a l i d i t y  of t h i s  expression and, i n  p a r t i c u l a r ,  
t o  a s c e r t a i n  appropr ia te  expressions f o r  
taken t o  thermal d i f fus ion  da ta  and ca l cu la t ions  ava i lab le  i n  the  l i t e r a t u r e .  
As a l o g i c a l  f i r s t  step i n  the  v e r i f i c a t i o n  of the  proposed model, da ta  f o r  
b inary  systems have been inves t iga ted .  

Gi and ET, recourse has  been 

Thermal d i f fus ion  da ta  f o r  binary systems a r e  sometimes presented (e.g., 

Ref. 2) i n  terms of a thermal d i f fus ion  r a t i o  kT def ined as  

The quan t i ty  kT is  so  def ined such t h a t  when k > 0 component a moves 
t o  the  cold region, and when kT < 0 component a moves t o  the  ho t  region. 
Cons is ten t  with t h e  usual  oonvention spec ies  a i s  he re in  considered t o  
be t h e  heavy spec ies  so t h a t  under normal condi t ions 

T 

kT i s  usua l ly  pos i t i ve .  

Asecondand more use fu l  form f o r  the  presenta t ion  of b inary  thermal d i f -  

fusion da ta  is  the  thermal d i f fus ion  f ac to r ,  aab. def ined by 

T 
- kT Da 

ab - Xa% Ka%PBab 
- - =  a 

This has  t h e  advantage over 
I n  terms of a&, 
as 

kT t h a t  it is  much less concentrat ion dependent. 
t he  b inary  thermal d i f fus ion  c o e f f i c i e n t  DaT is expressed 
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- 
The Bab can be el iminated from t h i s  equation i n  favor of D and Fi by 

the  use of Eq. ( 5 ) ,  which is exact  f o r  a binary gas mixture i f  t h e  
properly chosen. This y i e lds  the  r e s u l t  

Fi a r e  

- Ka Kb DaT = UabpD -- 
Fa Fb 

Likewise, t he  c o r r e l a t i o n  equation proposed i n  Eq. (66) becomes f o r  a binary 
system 

o r  from Eq. (70) 

Use w i l l  be made of these  r e l a t i o n s  l a t e r .  F i r s t ,  however, it i s  p e r t i n e n t  
t o  review the  behavior of uab. 

15 

suggests t h a t  t h e  method of Kihara16 be used i n  preference t o  t h e  o the r  ava i l -  
able  approximations. The Kihara equation can be w r i t t e n  i n  t he  form 

There a r e  seve ra l  ava i l ab le  t h e o r e t i c a l  approximations f o r  uab. Mason 

= (6CL - 5) XaSa - XbSb 

X / Q a  + Xa%Qab + %‘Ob 

where 

(73) 
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with 

and Atj, C t j ,  and (5 the same as defined previously. The relations 
for Sb, Qb, and Dg are obtained from the above by interchange of sub- 
scripts. 
perature dependence of aab comes from the factor (6Czb - 5), whereas the 
term involving the S and Q determines the composition dependence of aT, 
but depends only slightly on temperature. This is an important feature which 
will be utilized later. 

ij 

As pointed out by Mason,15 the principal contribution to the tem- 

M~~~~~~ presents aab computed using Eq. (73) for several binary mix- 
tures of gases (primarily noble gases) as: 1) a function of concentration 
(from 0 to 100 percent) for a constant temperature (327'K) (his Fig. 5) and 
2) a function of temperature (0 to 600'K) for equivalent mole fractions (nomi- 
nally 50 percent) (his Figs. 3 and 4 ) .  Typically, the following observations 
can be made: 

1. aab 
higher value at 100 percent light gas in a manner which appears to 
behave consistently with molecular weight ratio; 

increases from a finite value at 0 percent light gas to some 

2 .  At a given mole fraction, aab increases as the ratio ?ila/% is 
increased (recall that a refers to the heavy gas): 

3. The aab tends to become quite insensitive to temperature for tem- 
peratures above 300 to 800'K depending upon the particular pair of 
gases under consideration. This is consistent with the observation 
that the primary temperature dependence of aab is contained in 
the term (6Czb - 5), since Czb tends to become uniform at ele- 
vated temperatures.* 

On the basis of these observations, it is seen that aab, as a first 
approximation, can be considered to be independent of temperature for tem- 
peratures above 1 0 0 0 ° K  or so, depending only on concentration and molecular 
weight. 
tween the Gi and the Fil correlation was attempted with the ratio Fa/Fb 

In anticipation of the desirability of forming a relationship be- 

*For example, the C* for the Lennard-Jones potential is shown by Hirsch- 
felder et a12 to beab0.9483 for T* of 30 to 400 (the highest value of 
T* tabulated) . 
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r a t h e r  than na/% 
approximately with 

s ince ,  as shown i n  
molecular weight as 

An i nves t iga t ion  of t he  boundary-layer 
s impl i f i ca t ion  r e s u l t s  i f  

Sect ion 2, t h e  d i f fus ion  f a c t o r  v a r i e s  

0 . 4 6  1 

equations revealed t h a t  tremendous 

a ab = c t q q q  (79) 

with ct a constant .  The b inary  thermal d i f fus ion  ca l cu la t ions  of Mason 
a r e  co r re l a t ed  with Eq. (79) i n  Fig. 3. 

The d a t a  po in t s  correspond t o  molecular weight v a r i a t i o n s  of 1.98 t o  
32.8 f o r  t h e  following mole f r a c t i o n s  of t he  heavy species:  

and x a +  1.0. These w e r e  obtained i n  the  following manner. F i r s t  t h e  asymp- 
t o t i c v a l u e s o f  aab a t  h igh  temperature f o r  x w 0.50 w e r e  es t imated di-  
r e c t l y  from Fig. 5 of Ref. 15. 

[ aab (x+  l . 0 ) l T  = 3270K 
ence. These w e r e  then cor rec ted  i n  an approximate manner by mult iplying by 

the  r a t i o  of [aab(x c 0.50)]Asympt t o  [aab(x 0.50)IT = 3 2 7 ~ K .  These 
ca l cu la t ions  a r e  summarized i n  Table V I I .  

x a +  0, x M 0.50, a 

a 
Then values of [ aab (x+  O)IT = 3 2 7 ~ K  

w e r e  obtained from Figs.  3 and 4 of t he  same re fe r -  

and 

I t  can be seen t h a t  t he  da ta  f o r  t he  absolu te  value of t he  absc issa  less 

than un i ty  c o r r e l a t e s  quite w e l l  with a s t r a i g h t  l i n e  through t h e  or igin* with 
a s lope  of -0.5 corresponding t o  ct = -0.5. The s c a t t e r  i s  of t h e  same order  
t h a t  experimental  da t a  shown by Mason scatters from h i s  ca l cu la t ed  values.  
The c o r r e l a t i o n  appears to begin t o  f a i l  f o r  values  of (1 - Fa/Fb)/C1 - x,( l  - 
Fa/Fb)] of un i ty ,  overpredic t ing  aab by about 30 percent  f o r  t he  th ree  

da t a  po in t s  shown i n  t h i s  range. I n  order  t o  eva lua te  t h e  ser iousness  of 
the  r e l a t i v e l y  poor c o r r e l a t i o n  a t  l a rge  values  of t h i s  parameter, t he  param- 
e t e r  i s  presented i n  Fig. 4 i n  terms of and xa. Recal l ing t h a t  t he  

subsc r ip t  a r e f e r s  t o  t h e  heavy spec ies ,  it can be seen t h a t  t h e  thermal 
d i f fus ion  of a small  concentrat ion of a spec ies  with l a rge  molecular m a s s  

* I t  m u s t  go through the  o r i g i n  a s  aab must vanish when molecular weights 
a r e  equal.  
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r e l a t i v e  t o  the  gas mixture (say xa < 20 percent  and ma/?)$, > 10) o r  a 
l a rge  concentrat ion of a spec ies  with low molecular m a s s  r e l a t i v e  t o  the  
gas mixture a r e  not  accura te ly  represented.  Fortunately,  t h i s  i s  not a 
s e r ious  shortcoming f o r  most boundary-layer problems. The former is not  a 
p r a c t i c a l  problem because few boundary-layer spec ies  have molecular weights 
10 t i m e s  g r e a t e r  than the  s y s t e m  molecular weight. The l a t t e r  i s  unrea l i s -  
t i c ,  s ince  a l a r g e  mole f r a c t i o n  of a l o w  molecular weight spec ies  would 
not  permit a l a r g e  molecular weight r a t i o  betwen t h a t  spec ies  and the system 
a s  a whole 

A s tudy of t h e  t h e o r e t i c a l  work of Laranjeira17 (see Appendix C) l eads  
t o  t h e  conclusion t h a t  t h e  aab should behave a s  

The aab 
The d a t a  appears t o  c o r r e l a t e  b e t t e r  f o r  l a rge  values  of 

a t  lower values  i s  somewhat grea te r .  On the  basis of t h i s  cursory study, 
Eq. (80) appears t o  o f f e r  l i t t l e  i f  any improvement i n  the  accuracy of t he  
c o r r e l a t i o n .  Therefore,  s ince  Eq. (79) leads  t o  s u b s t a n t i a l l y  g r e a t e r  alge- 
braic s impl i c i ty ,  it is  t e n t a t i v e l y  recommended a s  the  c o r r e l a t i o n  equation. 
Further  s t u d i e s  should be performed with add i t iona l  thermal d i f fus ion  da ta .  

of Mason are co r re l a t ed  i n  accordance with t h i s  equat ion i n  Fig. 5. 
aab b u t  the  s c a t t e r  

Comparison of t he  c o r r e l a t i o n  Eq. (79) with the  proposed r e l a t i o n  f o r  
b i n a r y  systems (Eq. (72))  i nd ica t e s  

Ga = l/Fa , Gb = l/Fb (81) 

c D  ET = t 
XaFa + XbFb 

A r igorous extension of t hese  r e s u l t s  t o  multicomponent s y s t e m s  would r equ i r e  
the  inves t iga t ion  of multicomponent thermal d i f fus ion  da ta .  Such da ta  could 

be generated by parametr ic  so lu t ion  of Eq. (53) .  For t h e  present ,  however, 
it i s  noted t h a t  t he  p a r t i c u l a r  form of Eqs. (81) and (82) suggests  t he  fo l -  
lowing gene ra l i za t ions  f o r  multicomponent s y s t e m s  

1 Gi = - 
Fi 
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and 

- CtD 
DT = 

V 
n 

x . F .  
3 3  

j =1 

The t h e o r e t i c a l  work of 

t i o n  (see Appendix C). 

aran j e i r  a’’ appears 0 S T  s t a n  i a  D t h i s  general iza-  

S u b s t i t u t i n g  Eqs. (83) and (84) i n t o  t h e  proposed c o r r e l a t i o n  Equation 
(66) y i e l d s  t h e  r e s u l t  

V 

C t pDKi [e - zl - ?] 
DiT = 

V - 
X i F i  

j =1 

U t i l i z i n g  t h e  previously def ined q u a n t i t y  I A ~  (Eq. 9 ) )  y i e l d s  

Furthermore, using t h e  d e f i n i t i o n s  of  p 2  (Eq. (10)) and zi (Eq. (8 ) )  

y i e l d s  t h e  r i d i c u l o u s l y  simple r e s u l t  

Upon s u b s t i t u t i o n  of Eq. (87) i n t o  t h e  expression f o r  d i f f u s i v e  f l u x  of 
t h e  ith molecular species ,  j i ,  and i n t o  t h e  energy equation, t h e  processes 
of  thermal d i f f u s i o n  (Sore t  e f f e c t )  and d i f f u s i o n  thermo (Dufour e f f e c t )  a r e  
both taken i n t o  account with s u r p r i s i n g  ease,  thus allowing t h e  inc lus ion  of  
t h e s e  effects with e f f e c t i v e l y  no inc rease  i n  computational t i m e  compared t o  
t he i r  complete neglect .  To i l l u s t r a t e ,  t h e  expression f o r  mass d i f f u s i v e  
f l u x  f o r  Fi assumed independent of temperature (Eq. ( 1 2 ) )  s i m p l i f i e s  t o  

This r e l a t i o n  is  developed i n  Ref. 6. Modification of t h e  boundary-layer 

equat ions t o  include t h i s  approximation f o r  multicomponent thermal d i f f u s i o n  
c o e f f i c i e n t s  is a l s o  presented i n  Ref. 6 .  
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APPENDIX A 

(5) 1 
mass 

DEVELOPMENT OF APPROXIMATE RELATION FOR 
MASS DIFFUSION FLUX 

S u b s t i t u t i n g  the approximation f o r  binary d i f f u s i o n  c o e f f i c i e n t s  (Eq. 
i n t o  the Stefan-Maxwell r e l a t i o n  (Eq.  (2))  and r ewr i t i ng  i n  t e r m s  of  
f r a c t i o n s  y i e l d s  

where, f o r  convenience, a t o t a l  d i f f u s i o n a l  mass f l u x  has  been def ined a s  
the sum of  the molecular and thermal d i f f u s i o n a l  f luxes.  

Ji = j i  + Di 

Multiplying each s i d e  of  Eq. (A-1) by Ri/Fi, summing over a l l  i, and 
no t ing  t h a t  the sum of t h e  d i f f u s i v e  f luxes is  zero and the sum of t h e  m a s s  
f r a c t i o n s  is  u n i t y  y i e lds :  

S u b s t i t u t i n g  Eq. (A-3) i n t o  Eq. (A-1) r e s u l t s  i n  

A t  t h i s  p o i n t  it i s  convenient t o  d e f i n e  several new q u a n t i t i e s .  

(A-3) 

(A-4) 

(A-5) 
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7Rjxj/Fj 
p 2  (A-7) 

Multiplying Eq .  (A-5) by p 2  and d i f f e r e n t i a t i n g  t h e  r e s u l t  w i t h  respect 
t o  y y i e l d s  

S u b s t i t u t i n g  Eqs. (A-2) and (A-5) t 
t h a t  2 .  = 1.0 and t h a t  the Fi 

3 
j 

ap 2 a zi 
+ 'i - u2 ay - (A-9) 

rough (A-9) i n t o  Eq. (A-4) and not ing 
are funct ions of temper-ture only 

This is  the d e s i r e d  exp l i c i t  r e l a t i o n  f o r  
p r o p e r t i e s  of  species i and of the system a s  a whole (Eq. (7) of  r e p o r t ) .  

j i  i n  terms of  g rad ien t s  and 

44 



APPENDIX B 

A FILM-COEFFICIENT APPROXIMATION FOR 
MULTICOMPONENT DIFFUSIONAL MASS TRANSFER 

In this Appendix, an approximate relation for evaluating diffusional mass 
transfer rates in a multicomponent gas mixture is presented, the magnitude of 
the errors introduced by the approximation are assessed, and a film-coefficient 
relation for extending the expression to mass transfer in a multicomponent chem- 
ically reacting boundary layer is proposed. The film-coefficient approximation 
is based upon arguments introduced in Ref. B-1, and represents an extension to 
the results presented therein. The approximate relation for mass diffusion 
flux in a multicomponent mixture is presented in Section B.l. A description 
of the proposed film-coefficient approach is presented in Section B.2. 

B.1 A MODIFIED FICK'S LAW FOR DIFFUSIONAL MASS FLUX IN A MULTICOMPONENT 
MIXTURE 

It was shown in Appendix A that the bifurcation approximation for binary 
diffusion coefficients yields the following explicit relati.on for the diffu- 
sional mass flux in a multicomponent gas mixture, ji, in the absence of thermal 
and pressure diffus on and if the diffusion factors, Fi, are assumed indepen- 
dent of temperature 

In the event that all binary diffusion coefficients, R.. are equal ( B . .  = b ) ,  

the Fi can be set equal to unity. Then Zi = Ki, D = Rl2. p2/p1 = q, and 
Eq. (B-lj reduces to Fick's Law: 

- 1 7 '  1-J 12 

aKi 
ji = - o12 ay 

It is noted that the form of Fick's law provides the motivation for express- 
ing the diffusional flux in terms of a film coefficient (involving tlic product 
pJ12) and a driving potential, AKi. 

Examination of E q .  (B-1) for multicomponent diffusional mass transfer 
reveals that an equation similar to Fick's law (Eq. (B-2)) results if the 

4 5  



second t e r m  i n  E q .  (B-1) can be ignored. The r e l a t i v e  magnitudes o f  t h e  
f i r s t  and second terms i n  E q .  (B-1) have been examined for s e v e r a l  multi-  
component gas mixtures and it  has been found t h a t  t h e  second term is indeed 

r e l a t i v e l y  small .  The accuracy checks w e r e  performed i n  t h e  following manner. 

The f i r s t  s tep was t o  se lec t  a chemical system, mole f r a c t i o n s ,  x .  and 
1' 

d i f fus ion  f luxes,  j i ,  s a t i s f y i n g  t h e  requirements t h a t  T x i  = 1 and 

t h e  Stefan-Maxwell r e l a t i o n s  (neglect ing thermal d i f fus ion )  
F j i  = 0.  The mole f r a c t i o n  g rad ien t s ,  axi/ay, w e r e  then computed from 

Recal l ing t h e  d e f i n i t i o n s ,  

and 

enabled forming an expression f o r  t h e  " Z "  grad ien t  i n  t e r m s  of  t h e  mole frac-  

t i o n  g rad ien t .  

The I 'Z"  grad ien t  was then computed from Eq. (B-6), employing t h e  s p e c i f i e d  
mole f r a c t i o n s  and t h e  mole f r a c t i o n  g rad ien t s  computed from E q .  (B-3). The 
Fi ls  w e r e  taken t o  be proport ional  t o  3: i n  t hese  s tud ie s .  Neglecting t h e  

3p2/ay term i n  Eq.  ( B - 1 ) ,  t h e  d i f f u s i o n a l  mass f l u x  is given by 
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The approximate ji computed by Eq. (B-7) were then compared to the spe- 
cified ji to assess the accuracy of Eq. (B-7). 

Several chemical systems were examined as described above. The results 
of one of the more severe tests are presented in Table B-1 for the system 
H2, 0, CO, and C02 (representing a molecular weight variation of 2 to 44). 
Based upon the average absolute error of 6.85 percent and maximum error of 
18.37 percent, it can be concluded that Eq. (B-7)  is reasonably good for 
representing diffusional mass transfer in multicomponent gas mixtures. It 
is noted that when all diffusion coefficients are assumed equal, Eq. (B-7)  

reduces identically to Fick's law (Eq. ( B - 2 ) ) .  

It is emphasized that Eq. (B-1) is more accurate than Eq. (B-7) and, as 
such, should be employed for detailed computation of mass transfer events. 
When an approximate treatment is adequate, such as for many engineering ap- 
plications, an integrated form of Eq. (B-7) may be employed for detailed 
computation of mass transfer events. When an approximate treatment is ade- 
quate, such as for many engineering applications, an integrated form of Eq. 
(B-7) may be employed with fair accuracy. The integrated form or "film 
coefficient" representation of diffusional mass transfer processes in the 
multicomponent boundary layer is considered in the next section. 

B.2 A FILM-COEFFICIENT APPROACH 

In this section, the approximate relation (Eq. (B-7)) developed above is 
utilized to formulate a film-coefficient representation of mass transfer in 
the multicomponent boundary layer. An "Ohm's Law" type expression of the 
form, ji = CAP is desired, where C is a film-coefficient and AP is a 
suitable driving potential for mass transfer. A form for the driving poten- 
tial is rationalized in Section B.2.1 whereas an approach for evaluating 
the film coefficient is presented in Section B.2.2. 

B.2.1 The Driving Potential 

In order to rationalize a form for the driving potential it is appro- 
priate to consider the boundary-layer conservation equation for molecular 
species in the absence of thermal diffusion. 

a ( azi ) + Jli 
a Ki a Ki 

p u a s + p v -  = - ay P'eff 
aY 
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TABLE B - 1  

ERRORS I N  DIFFUSIONAL MASS FLUX INTKODUCED BY 

NEGLECT OF a k ~ ~ / d y  TERM I N  EOUATION B-1 

S p e c i e s  
i 

‘I2 
o 
co 

c02 

H 2  
0 

co 

c02 

H 2 
0 

co 

c02 

H2 
0 

co 
C 0 2  

H2 
0 

CO 

c02 

H2 
0 

co 

c02 

2 
0 

co 

c02 

H2 
0 

co 

c02 

Mole F r a c t i o n ,  D i f f u s i o n  
X i 

.076923 

-076923  

-76,9230 

.076923 

-062500  

.062500 

.625000 

.25ooon 

.OG2500 
- 6 2 5 0 0 0  

.250000 

.062500 

-052631  

.526315 

.210527 

.210527 

- 2  50000 

.625000 

.062500 

.062500 

.210527 

.526315 

.052631 

.210527 

.210527 

.526315 

.210527 

-052631  

.181818 

.454546 

-181818 

.181818 

Average  A b s o l u t e  Er ror  % 

F l u x ,  j i  

- .225000 

- 1.025000 

.375000 

-875000 

- .225000 

-1.025000 

.37  5000 

.875000 

- .225000 
.375000 

-1.025000 

.875000 

- -225000 

-375000 

-1.025000 

- 8 7  5000 

- .225000 

-375000 

-1.025000 

-875000 

- -225000 

.37  5000 

-1.025000 

.875000 

- .225000 

.375000 

-1.025000 

-875000 

- .225000 

.37  5000 

-1.025000 

.E75000 

D i f f u s i o n  F l u x ,  P e r c e n t a s e  A b s o l u t e  
j i, N e g l e c t i n g  
ap2/hy Term 

- .234988 

-1 .013632 

-338282 

.910338 

- -233771  

-1.022300 

.306095 

.949976 

- .233236 

.331520 

- .997998 

.8997 14 

- .232314 

.315384 

-1.017707 

-934637 

- -259263  

.360266 

-1 .011923 

.910921  

- .256334 

.322715 

-1 .020750 

.954369 

- .254236 

, 3 4 6 7 1 1  

- .992857 

.go0383 

- .251650 

-327074 

-1.013292 

.937868 

Er ro r  i n  ji With  
?qi3/;y Term N e g l e c t e d  

& 

4 . 4 4  

1.11 

9 . 8 0  

4 . 0 3  

3 . 8 9  

0 . 2 6  

1 8 . 3 7  

8 . 5 6  

3 .66  

11.59 

2 .63  

2 .82  

3 . 2 5  

1 5 . 8 9  

0 . 7 1  

6 . 8 1  

15 .24  

3 . 9 2  

1 . 2 7  

4 . 1 0  

1 3 . 9 1  

1 3 . 9 4  

0 . 4 1  

9 . 0 7  

1 2 . 9 7  

7 .54  

3 .  14 

2.89 

11 .82  

17 .77  

1.13 

7 .  I H  

6 . 8 5  
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I n  t h i s  equation, d i f f u s i o n a l  t r anspor t  is  represented by t h e  approximate 

Equation (B-7) and an e f f e c t i v e  d i f fus ion  c o e f f i c i e n t  has  been def ined as  

The frozen, o r  "nonreact ing",  case w i l l  be considered f i r s t ,  f o r  which the  
c rea t ion  term, $ i  = 0. 

I t  w i l l  be use fu l  f o r  subsequent analogy arguments t o  consider  a l s o  the 
boundary- l aye r  

t i o n s  and with 

spec ies  conservat ion equation i n  the  absence of chemical reac- 

a l l  d i f fus ion  c o e f f i c i e n t s  equal.  

a K i  aKi  a a K i  

ay p 1 2  F )  P U  as + pv- - a Y  - 
(B-10) 

For simple Couette flow (with constant  p rope r t i e s  and no pressure  grad ien t ) ,  
the  terms on the  lef t -hand s i d e  vanish and Eq. (B-10) may be in t eg ra t ed  d i -  
r e c t l y  t o  y i e l d  the  spec ies  mass f lux  a t  t he  wal l ,  

channel he ight ,  6 .  

ji,, i n  t e r m s  of the  

j i  = p u C (Ki - Ki ) 
W W e e e M  (B-11) 

where the  simple Couette flow f i lm c o e f f i c i e n t  f o r  mass t r a n s f e r ,  p u C = e e M  
pBl2/o - Thus, f o r  simple Couette flow, the  mass-transfer c o e f f i c i e n t  i s  

r e l a t e d  d i r e c t l y  t o  the  d i f fus ion  c o e f f i c i e n t ,  J12. When the  convective 
t e r m s  on the  left-hand s i d e  of Eq. (B-10) cannot be ignored, t he  film-coef- 
f i c i e n t  dr iv ing-poten t ia l  Eq. (B-11) i s  s t i l l  appropr ia te  f o r  ca l cu la t ing  
the  spec ies  mass f lux .  The d r iv ing  p o t e n t i a l  is c l e a r l y  represented by the  
m a s s  f r a c t i o n  d i f f e rence  across  the  boundary layer  (Kiw - Kie), b u t  t he  

f i lm c o e f f i c i e n t  m u s t  now include the  e f f e c t  of mass t r a n s f e r  by both con- 
vec t ive  and d i f f u s i v e  mechanisms. The r e s u l t s  of a 1.arge number of experi-  
mental i nves t iga t ions  and da ta  c o r r e l a t i o n s  are summarized and presented by 
Spalding (Ref. B . 2 )  where it may be noted t h a t  f o r  boundary-layer flows the  
mass-transfer c o e f f i c i e n t  depends approximately on a"/" i f  a l l  o the r  
th ings  remain unchanged. The a c t u a l  exponent v a r i e s  hetween 1 / 2  and 3/4 

f o r  t h e  wide range of condi t ions considered, t h e  2/3 exponent being a rep- 
r e sen ta t ive  average value.  Thus f o r  boundary-layer flows, t he  d i f fus ion  
events ,  represented by the  right-hand s i d e  of Eq. ( B - l o ) ,  depend upon the  
2/3 power of the  d i f fus ion  c o e f f i c i e n t  and s i g n i f i c a n t  mass t r a n s f e r  
r e s u l t s  from convective events ,  represented by the  left-hand s ide  of E q .  

(B-10). 

1 2  
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Examination of Eq. (B-8) f o r  nonreacting multicomponent Couette flow 
suggests a f i lm-coe f f i c i en t  d r iv ing -po ten t i a l  r e l a t i o n  f o r  mass t r a n s f e r  
s i m i l a r  t o  Eq. ( B - 1 1 ) ,  b u t  with a "Z" r a t h e r  than a "K" d r iv ing  p o t e n t i a l .  

= P U C ( Z i  - z i l  
e j i  e e M  

W 

(B-12)  

where t h e  mass-transfer c o e f f i c i e n t  i s  obtained by d i r e c t  i n t e g r a t i o n  of 

Eq .  (B-8) with t h e  left-hand s i d e  set  t o  zero.  

(B-13) 

Equations (B-12) and (B-13) c l e a r l y  r ep resen t  a s o l u t i o n  t o  t h e  multicomponent 
nonreacting species conservation equations f o r  Couettc flow. Attent ion w i l l  

now be d i r e c t e d  to species  conservation i n  t h e  boundary l aye r .  

Examination of Eq. (B-8)  and considerat ion of t he  above discussion sug- 

g e s t s  t h a t  d i f f u s i o n a l  mass t r a n s f e r  i n  a multicomponent nonreacting ( q i  = 0) 
boundary l a y e r  may be represented by a "Z" p o t e n t i a l  and convective mass 
t r a n s f e r  by a m a s s  f r a c t i o n  p o t e n t i a l .  I t  would s e e m  reasonable t o  expect 
t h a t  t h e  o v e r a l l  mass t r a n s f e r  r e s u l t i n g  from both d i f f u s i o n a l  and convective 
events can be represented by some kind of an average p o t e n t i a l  involving both 
Zi  and Ki. For example, t h e  d r iv ing  p o t e n t i a l  could be represented by 

A ( Z X K i - Y )  
of  d i f f u s i o n a l  t r a n s p o r t  f o r  t h e  p a r t i c u l a r  s i t u a t i o n .  For Couette flow, 
y = 1 .0 ,  whereas f o r  boundary-layer flows, y < 1.0.  The proper value of y 
f o r  boundary-layer flow i s  no t  apparent and may be e s t ab l i shed  with confidence 
only a f t e r  t e s t i n g  t h e  pos tu l a t ed  p o t e n t i a l  by c o r r e l a t i n g  e i t h e r  experimental  

d a t a  o r  exac t  numerical so lu t ions  of t h e  boundary-layer equations.  Recal l ing 
t h e  e a r l i e r  discussion on boundary-layer mass t r a n s f e r  f o r  equal  d i f f u s i o n  
c o e f f i c i e n t s ,  it i s  pos tu l a t ed  t h a t  t h e  r e l a t i v e  con t r ibu t ion  of mass t r a n s f e r  
by d i f f u s i o n a l  and convective processes can be taken i n t o  account by use of a 
2/3 power dependence on t h e  d i f f u s i o n  c o e f f i c i e n t .  On t h e  basis of  t h i s  
observat ion,  a y of 2/3 i n  t h e  Z,  K d r i v i n g  p o t e n t i a l  would t ake  proper 
account f o r  t h e  r e l a t i v e  mass t r a n s f e r  by d i f f u s i o n a l  and convective events.  
The f i lm-coeff ic ient  equation f o r  mass t r a n s f e r  i n  t h e  multicomponent, non- 
r e a c t i n g  boundary l aye r  may then be w r i t t e n  a s  follows 

where t h e  exponent, y, would depend upon t h e  r e l a t i v e  s i g n i f i c a n c e  

j i  W = peuecM(z; W - z; e ) (B- 14) 
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where 

(B-15) 

and y = 2/3 f o r  boundary-layer flow. The normalizing summation is  included 
so tha t  t h e  Z z  w i l l  sum t o  uni ty .  

The above f i lm-coe f f i c i en t  approach f o r  t h e  nonreacting boundary l a y e r  
may be extended t o  the r e a c t i n g  boundary l a y e r  i n  t h e  following manner. By 
applying the Shvab-Zeldovich transformation t o  Eq. (B-8) (mul t ip l i ca t ion  by 
the m a s s  of element k i n  molecule i, a k i ,  and summation over a l l  spec ie s  
t h e  c r e a t i o n  t e r m ,  Q i ,  i s  eliminated. As a consequence, t h e  r e s u l t i n g  equa- 
t i o n  f o r  conservat ion of  chemical elements i n  a r e a c t i n g  boundary l a y e r  t akes  
the same form a s  t h e  molecular species conservation equation f o r  t h e  nonreact- 
i n g  (frozen) boundary l a y e r  

B- 3 

where 

(B-16) 

(B-17) 

i 

It  follows t h a t  t h e  f i lm-coe f f i c i en t  equation f o r  mass t r a n s f e r  i n  t h e  multi-  
component, chemically r e a c t i n g  boundary l a y e r  is  t h e  same as Eq. (B-14) with 
t h e  2; replaced by Z$ 

N 

(B-18) 

where jk is  t h e  mass t r a n s f e r  rate of chemical element k ,  independent of 

molecular configurat ion.  

Equation (B-18) is t h e  des i r ed  form f o r  a f i lm  c o e f f i c i e n t  approach t o  
mass t r a n s f e r  i n  t h e  chemically r eac t ing ,  multicomponent boundary l aye r .  I t  

includes a d r i v i n g  p o t e n t i a l  t h a t  has  been r a t i o n a l i z e d  on a phenomenological 
b a s i s .  I n  the next  s e c t i o n  an approach f o r  eva lua t ing  t h e  mass-transfer co- 

e f f i c i e n t ,  peueCM, is  described. 
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B.2.2 The Mass-Transfer Coeff ic ien t  

The mass-transfer " f i lm-coef f ic ien t"  is  expressed as the  product of t he  
I boundary-layer-edge m a s s  ve loc i ty ,  peue, and a Stanton number f o r  m a s s  t rans-  

f e r ,  CM. 

t h e  multicomponent boundary l aye r  is  r e l a t e d  t o  the  Stanton number f o r  h e a t  
t r a n s f e r ,  CH, i n  t h e  same manner a s  f o r  a binary mixture 

It  seems reasonable t h a t  t he  Stanton number f o r  mass t r a n s f e r  i n  

(B-19) 

where the  Lewis number is def ined i n  t e r n s  of t he  e f f e c t i v e  d i f fus ion  coef- 
f i c i e n t  def ined e a r l i e r  (Eq. (B-9)) 

Le = - a (B- 20) 

with CI t he  thermal d i f f u s i v i t y .  Since the  e f f e c t i v e  d i f fus ion  c o e f f i c i e n t  
is  a property of t he  mixture a t  a poin t ,  it w i l l  genera l ly  vary throughout 

the  boundary l a y e r  and some boundary-layer re ference  s t a t e  should be employed 
f o r  i t s  eva lua t ion  as is  o f t en  done f o r  t he  eva lua t ion  of a l l  p rope r t i e s  i n  
t h e  compressible boundary layer .  For low-speed flows, t h e  re ference  s ta te  
could be taken as the  a r i t hme t i c  average between wal l  and boundary-layer 

edge 
t h a t  

B- 1 

B- 2 

B- 3 

B-4 

condi t ions,  whereas f o r  high-speed flows, a re ference  s t a t e  such as  
descr ibed by E ~ k e r t ~ - ~  would s e e m  appropriate .  
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APPENDIX C 

A REVIEW OF THE LARANJEIRA MODEL FOR MULTICUiMPONENT 
THERMAL DIFFUSION COEFFICIENTS AS I T  RELATES 

TO THE PRESENT MODEL 

I n  Ref. C-1, Laranje i ra  p re sen t s  3 th3ory f o r  thermal d i f f u s i o n  f ac to r s  
based on f r e e  pa th  concepts. On t h e  b a s i s  of  h i s  phys ica l  model, he then 
pos tu l a t e s  a f i r s t - o r d e r  approximation t o  h i s  theory which bears  a s t r i k i n g  
resemblance t o  t h e  approximate model f o r  developed i n  t h e  present  re- 
po r t .  A thorough evaluat ion of t h e  r a t h e r  complex d i s s e r t a t i o n  of Laran- 
j e i r a  has  y e t  t o  be accomplished. However, a t  t h e  p re sen t  time it can bc 
s a i d  t h a t  t h e  Laranje i ra  model tends t o  s u b s t a n t i a t e  t h i  n s j o r  assumptions 
which w e r e  made i n  t h e  development of t h e  present  model, n.xnely: 1) the  
proposed equat ion f o r  Di (Eq. (66) ) , and 2) t he  gene ra l i za t ion  of Eqs. 
(81) and (82) f o r  a b inary  s y s t e s  to  Eqs. (83) and (84) f o r  a multicomponent 
system. H i s  r e s u l t s  suggest  t h a t  a phys ica l ly  more sound c o r r e l a t i o n  f o r  

DiT 

T 

thermal d i f f u s i o n  d a t a  might be Gi = l /(Fi) '  r a t h e r  than Gi = l/Fi. HOW- 

ever ,  u n t i l  f u r t h e r  d a t a  c o r r e l a t i o n  r evea l s  t h a t  t h e  former i s  indeed more 
accura te ,  t he  l a t te r  i s  cu r ren t ly  favored s ince  it leads  t o  s u b s t a n t i a l l y  
simpler r e s u l t s .  

The f r e e  path theory of Laranjeirac-'  is  an extension of t he  earlier 

I t  is c- 2 c-3 work of Frankel,  Furry, F&tht'4 and Whalley and Winter!-5 
based on two mean f r e e  paths:  one, ai ,  being t h e  mean d i s t ance  over which 
the  molecules of  kind i should ca r ry  t h e  a t t r i b u t e  of t h e  number dens i ty ;  
and t h e  o the r ,  
root-mean square of t he  thermal v e l o c i t i e s .  H e  pos tu l a t e s  t h a t  these  a r e  
r e l a t e d  by 

a i ,  being t h e  mean d i s t ance  t o  c a r r y  t h e  a t t r i b u t e  of the  

where 
c o l l i d i n g  molecules. Spec i f i ca l ly ,  he po in t s  ou t  t h a t  ai can be thought 
of as  depending upon the  "hardness" of molecular i n t e rac t ions .  H e  i nves t i -  
gated a r a t h e r  ex tens ive  se t  of b inary  thermal d i f fus ion  d a t a  f o r  t he  rare 
gases and found t h a t  

ai would be expected t o  depend upon t h e  force  laws ac t ing  between 

ai u sua l ly  f e l l  between 0.10 and 0.40. 

Although f r e e  pa th  theory is mathematically inexac t  (see Ref. 6, p. 106), 
t he  equation f o r  d i f fus ion  v e l o c i t i e s  is shown f o r  b inary  mixtures to be 
formally i d e n t i c a l  t o  t h a t  given by the  exac t  Chapman-Enskog theory when 
expressed i n  t e r m s  of t h e  c o e f f i c i e n t s  f o r  concent ra t ion  d i f fus ion ,  thermal 
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i l i f fusion,  dnd pressure d i f fus ion .  The inexactness en te r s  from tlie f'1c.L 

t h a t  these c o e f f i c i e n t s  a r c  expressed in terms of mean f r e e  pdt1i-i ~m11 l l i r i b  

a r e  not i d e n t i c a l  with the  exac t  form obtained by evaluat ion of t h e  vl.1oclL.y 

d i s t r i b u t i o n  function. He does, however, u s e  a h ighly  re f ined  form tor  the  
mean Free path (near ly  equivalent  t o  Maxwell's mean f r e e  path cor rec ted  f o r  
pers i s tence  of v e l o c i t i e s  a f t e r  c o l l i s i o n ,  see Ref. 6, Chap. 5 ) .  Larcnje i ra  
po in ts  out t h a t  t h i s  form has  been s a t i s f a c t o r y  when comparing experiments 
with Chapman-Enskog's theory.  

A t  t h i s  po in t ,  h i s  equation o f f e r s  l i t t l e  i f  any s impl i f i ca t i an  t o  rigor- 
ous theory fo r  multicomponent thermal d i f fus ion .  However, he thtsn employs a 
f i r s t - o r d e r  approximation t o  t h e  'i 

where K is a cons tan t  f o r  a gas mixture 

1- 
K -  1.16 TT 1 X j O j R j 4  

24 
j 

and 

n = E n .  
1 

j 

(C-4) 

where n i s  the  number dens i ty  of spec ies  j .  Subs t i t u t ing  i n t i ,  his more 
r igorous equat ions,  he obta ins  the  following r e s u l t  f o r  binary mixtures.  

j 

1 - a  % - A :  ab 
[aab]l = 2 XaAa + XbAb 

where 

Aa = na' a a  

1 - a ,  U 

A: = Aa - aab 
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0; = l - 3 3  
1 - aab 'a 

I f  the aa = % = a ab is presumed to be constant and 

c = (1 - aa)/2 t 

Equation (C-5) reduces to 

1 1 - Va4Ua 
p.b], = t xaPai4oa + Xb7?$pb 1 

Aa behaves very much like '2 Fa * Not ing t 11 at 

Fb2  ?- - Fa + 
xaFal 3 + xbFb'' 

ct is defined as 

(C-10) 

(C-11) 

(C-12) 

This should be compared to the empirical correlation E q .  (79) developed in 
the present report 

Fb - Fa = c -  ab t xaFa + xbFb (C-13) 

Laranjeira shows that Eq.  ((2-5) reduces to his own more refined theory at the 
asymptotic limits 

( j-) 

(ii) 

At 

'i 

;ria - ;rib and oa -, ub 

ntcrmediate cond tions, he shows that the effect of the approximation of 
is such as to yield a somewhat different concentration dependence. 

Laranjeira then extends his elementary theory to multicomponent mixtures, 
developing qeneral expressions in terms of Ak and ak (again using E q .  
(C-1)). Following the same procedure as for binary mixtures, he obtained 
the result 
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(C-14) - ai - ai -' xk% Aj - Ai k 

2 XkAk 2 [ai j], = 

k 

If the ai are again considered as a universal constant, Eq. (C-14) becomes, 
with the aid of Eqs. (C-10) and (C-11) 

(C-15) 

The [a..] i s  related to 
he defined by 

KT , a multicomponent thermal diffusion ratio which 
1 3  i 

(C-16) 

The relation between his multicomponent KT and DiT has not been studied 
at this time. It is significant to note, however, that the form of Eq. (C-15) 
is such that it does tend to corroborate the generalization from Eq. (82) to 
(84) which, although logical, was done without physical justification. 

i 

Laranjeira generated thermal diffusion data for several isotopic ternary 
mixtures. He used this data in an attempt to substantiate his multicomponent 
theory with moderate success. To quote his general conclusions, "In spite of 
the elementary character of our treatment and the approximations which have 
been introduced in order to obtain simple equations, the most important fea- 
tures of thermal and pressure diffusion are satisfactorily explained and the 
agreement with experiments is reasonable." Further study of his correlations 
is required in order to assess the meaning of the word "reasonable." 
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