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On the Theory of Stark Broadening of Spectral Lines  i n  a Plasma* 

G. K. Oertel 
NASA, Langley Research Center 

The theory of Stark broadening of isolated spectral  l ines  by 

electrons i n  a plasma was developed by Grim e t  a1 (ref. l), and numer- 

i c a l  results were obtained for  a large number of neutral and singly 

ionized spectral  l ines  (ref . 2). 

and predicted widths of ion l ines  (e.g., Jalufka e t  al, ref. 3 and 4) 

b r g e  discrepancies between measured 

have led  t o  a reinvestigation of the underlying assumptions. It is shown 

that the calculated widths do not change by more than a f e w  percent as a 

result of certain corrections. The effect  of different strong coll ision 

cutoff procedures i s  as important but s t i l l  far too small t o  explain the 

experimental results for  ions. Debye shielding must often be taken into 

account i n  the  electron density determinations from broadening of neutral 

l ines  i n  typical  experiments and was therefore bu i l t  in to  a computer 

program for  electron impact widths. 

on the basis of the usual procedure (ref. 1) for estimating Debye shielding 

effects e 

!The results are compared with estimates 

3F 
An abstract of t h i s  paper was presented at 8th Annual Meeting of the 

American Physical SOC., Div. of Plasma physics; Boston, Bhss.; Nov. 2-5, 1966. 
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1. INTRODUCPION 

A sizable discrepancy between experjment and ,,,eory i n  the Stark 

broadening of l ines  emitted by singly charged argon ions has been 

reported previously (refs. 3 and 4). The measured l ines  were wider by 

factors of typically 2.5, 

The Stark broadeningtheory fo r  isolated l ines  has been reviewed 

c r i t i ca l ly  i n  an e f for t  to determine the cause of t h i s  dfscrepncy. 

J. Cooper and the author are cooperating i n  the  development of a gen- 

eralization of the relevant Stark broadening theory (ref. 1 )  which has 

succeeded i n  removing the discrepancy for a l l  cases for which numerical 

results are now available (for a different approach see a l so  ref. 5 ) .  

While it would be premature t o  present details of t h i s  most recent 

develupment it is considered to be appropriate t o  report some refinements 

t o  the theory as published i n  reference 1 (GBIZD), 

1 

II. THE: SPARK BROADEI'?IE FUNCTIONS 

The functions A(z) and B(z)  which arise from the first 

nonvanishing term i n  the Dyson series i n  GBKO are defined by 

'at JIM, Boulder, Colorado 
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Width and sh i f t  due t o  electron impact broadening are proportional t o  

thermal averages over the functions a (z)  and b(z), respectively, which 

are defined by 
- 

While A(z) had been expressed i n  terms of modified Bessel functions 

i n  GBKO the important function a(z) 

d ig i t a l  computer. 

analytically, and that  the result ing a (z)  is consistently smaller than 

used i n  GBKO: 

had been obtained numerically on a 

It turns out that the integral  can be evaluated 

As i n  GBKO, KO and 3 are modified Bessel functions. Figure 1 shuws 

a ( z )  along w i t h  its asymptotic forms fo r  small and large z and w i t h  the 

numerical results of GBKO for comparison. 

Since most of the broadening comes from z <C1 where the  correct 

asymptotic form was used i n  GBKO one would expect l i t t l e  effect on the 
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numbers computed there and i n  later reports by Gr iem.  This is i l lus t ra ted  

by table 1 which shows some widths computed Mth the old and new functions. 

The change of about f ive  percent or less is probably negligible compared 

t o  the uncertainties i n  the ma;trix elements. 

comparable uncertainty is  introduced by the choice of the strong col l is ion 

cut off . 

It m y  a lso  be noted tbt a 

TABU 1 

a (z )  From: G B ~  

Cutoff I (see footnote 2) 173 

" 11 (see footnote 3) e 183 
HE5876 { 

I { I1 
AR I1 4806 

360 

.377 

omo 
* O B 2  

Present Form 

348 

3Gg 

o0g5 

o n 6  

The f'unction B(z) is obtained numerically via the principal value 

integra,l 

'as recalculated by this  author. 

2as i n  reference 1. 

3as i n  reference 2. 
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J, 2 dz' 
22 
Y t  

B(z) = - P,V, 

Revised values of B(z)  between 0 S z 5 5 are within typically one 

percent of those i n  GBKO. However, b ( z )  had t o  be increased by nearly 

20 percent for  small values of Z. 

B(z) and b(z) are plotted along w i t h  b(z )  as given i n  GBm. 

This is illustrated i n  figure 2 where 

Unlike the values i n  GBKO the revised values were obtained by inte- 

from z t o  infinity.  An excellent check is provided 2 grating over 

by the known value b(o) = ?! (GBIID). The revised value is equal t o  31/2 

within better than one percent although (see eq. 3 )  the integration over 

B(z)/z z (0 t o  O J )  t o  obtain 

b(o). Although the new values differ most from the GBKO values for  z < 2, 

the resulting changes by typically 10 percent i n  the sh i f t  are not c r i t i c a l  

because of the inherently much larger uncertainties i n  a l l  computed sh i r t s .  

2 

m u s t  be carried out over the ent i re  range of 

The successful redetermination of b(z) was made possible by a much 

extended asymptotic expansion of B(z)  and b(z). It can be shown that 

the asymptotic expansions of B(z) and b ( z )  fo r  large z are 

an 
2n-1 B(z) = C - 

n=l z 

and 

an 
k 

b(z )  = c 
n=l 2n-1 

(2n - 1)z 
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respectively, with 

CD 

an = &  
x -x 2 1  

f(x19x2) is the same as i n  equation 1. 

It can now be shown with a considerable amount of algebra that 

n+l 
2 

- -  i 

i-1 

j=1 j=l 

- - i  Ili-1 
2 

x II (n+2j) * ( ~ 1 - 2 j )  
n+l-i w2-1 

j=l j-1 

(9 )  

This expression is best  evaluated on a computer. 

are listed i n  table 2. 

The first f e w  coefficients 
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COEFFICIEP?YS OF TRE: ASYMFTCrrIC EXPANSION OF B(z) 

n 

1 

3 

an 

fi/4 = 7854 

9d32 = 8836 

4.142 

42.28 

750.4 

A t  z = 5 the asymptotic value for B(z) t o  order z - ~  agrees w i t h  

the  revised value f rm the principle value integration wi"chin .02 percent. 

III. DEBYE SHIELDING 

Debye shielding is  often only a correction and may be taken in to  

account approximately by the procedure outlined by GBKO. 

w may be estimated frm the tabulated unshielded width wo by 

A shielded width 

S 

where a is  the separation ( in  angular frequency units)  of the closest 

Perturbing level, % the plasma frequency, v the mean thermal electron 
atrc' - 
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the minimum impact parameter. Since a zaaf should be speed, and pnzin 

reduced by a zal 

p is  cut off at the Debye length pD rather than extended t o  a, the r a t io  

on the right side should estjma,te the effect  i f  a typical  v and the most 

important leve l  a' are used. 

( min) - 
, which means that the integration over impact parameters (") 

This procedure overestimates the reduction of the width not only 

because it neglects the other perturbing levels a', but also because the 

width vanishes even fo r  a single level  a' as soon as p approaches max - - 
is smaller than at v = v, "min at v = V. However, for v > T, 'min 

so that a f i n i t e  contribution t o  the width remains. 

important, that is, if  the plasma frequency becomes of the order of the 

If Debye shielding is 

leve l  spacing cf) between the i n i t i a l  (or f ina l )  state and the perturb- 
a' 

ing level a', the effect  of %bye shielding should be subtracted from the  

contribution of each perturbing level  separately, and before the thermal 

average is taken: 

t h  
ws - 

A comparison has been made between ws 
for the He I 5876 l ine.  Figure 3 shows the ra t ios  w/N, and s/w versus 

electron density. 

t o  be reliable fo r  width reductions of about 25 percent i n  th i s  instance, 

The shif't is  considerably more sensitive t o  Debye shielding. 

Debye shielding m u s t  be considered if  the  first order independence of the 

according t o  equations (10) and (11) 

The estimated r a t i o  "/Ne is also shown and can be seen 

In particular,  



- 9 -  

shift lwidth r a t i o  is t o  be ut i l ized fo r  electron temperature determinations, 

, ‘even if  t h i s  plasma thermometer, first suggested by D. D. Burgess (ref. 6 ) ,  

i s  calibrated experimentally. 

The measurements of argon 11 broadening (refs. 3 and 4) were carried 

electrons/cm density where Debye shielding i s  negligible *or 17 3 out at 10 

the He 7876 l i ne  which served for the density determination. 

In  summary, the fac ts  reported today are refinements t o  the mathematics 

involved i n  the GBI(I0 theory and point t o  a need for  l ine  broadening calcu- 

lations which include Debye shielding. 

Langley. 

fail  fo r  isolated l ines  of singly charged ions. 

satisfactory theory is i n  progress. 

Such calculations are i n  progress at  

It is also concluded that the GBKO theory i n  i ts  present form does 

The develqmnt  of a more 
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