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ABSTRACT 

The resul ts  of vibration tes t s  on a concentric-tube fuel-element support s t ructure  
for the Tungsten Water-Moderated Reactor a r e  presented. The assembly i s  a composite 
mater ia l  inner tube separated from a concentric aluminum outer tube by springs. The 
tes t s  show that the assembly must be supported on both ends and at  the center of the 
aluminum tube by the reactor  s t ructure .  With a cold reactor ,  only one spring i s  neces- 
s a r y  to ensure that the support tube will withstand la teral  vibrational loads. When the 
reactor  i s  hot, three springs a r e  required. S t ress  distributions and parameters  affect- 
ing bending vibration response a r e  discussed. 
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STUDY OF VIBRATION INDUCED STRESSES IN DESIGN OF FUEL-ELEMENT 

SUPPORT ASSEMBLY FOR TUNGSTEN WATER-MODERATED 

NUCLEAR REACTOR 

by I van  B. F iero and Donald W. Adams 

Lewis Research Center 

SUMMARY 

The Tungsten Water -Moderated Reactor (TWMR) for rocket propulsion application 
incorporates long thin-walled stainless steel-molybdenum-tungsten tubes in which the 
nuclear fuel elements are positioned and supported. In order  to provide insulation be- 
tween this hot support tube and the water moderator, an aluminum tube is positioned con- 
centrically about the support tube with the annular space filled with stagnant gas. Thin 
corrugated springs a r e  used within the annular space to ensure separation of the tubes 
while under lateral loads and to prevent excessive heat loss,  as would be the case with 
solid supports between tubes. The springs can also accommodate the relative thermal 
expansion between the support tube and the aluminum pressure  tube. 

In order  to check the feasibility of this design approach two models of the support 
tube were fabricated: (1) a model to simulate cold support-tube properties for boost vi- 
brations and (2) a model to simulate the hot support-tube properties for flow-induced vi- 
brations during reactor operation. Configurations of each model were tested with differ - 
ent numbers of corrugated springs, with and without pressure-tube lateral supports, 
presence o r  absence of water moderator, and variations in amplitude of the input forcing 
function. 

The tests of both models indicate that the design is feasible f rom the standpoint of 
resonant bending stresses. The test resul ts  indicate that the cold tungsten tube is rigid 
enough that only one spring is necessary to prevent excessive lateral  displacement and 
stress. The less rigid hot model required three springs. 

consequently, decreases  the stresses. Because a spring is located relatively near  the 
lateral support location, the support tube also responds as though it had a simple support 
at midspan. The effect of the corrugated springs is to couple the support tube and pres-  
su re  tube together. 

(1) buoyancy decreased the displacement, (2) hydraulic drag tended to decrease the dis- 
placement, and (3) the virtual mass  of the water tended to increase the displacement. 

The addition of pressure-tube lateral supports decreases the unsupported span and, 

Water surrounding the pressure  tube had several effects on the lateral  displacement: 



INTRODUCTION 

The Tungsten Water-Moderated Nuclear Rocket (TWMR) (ref. 1) is a system which 
could be used as an upper stage engine in a long space mission where high specific im- 
pulse is necessary. Because it is an upper stage, the reactor  must be capable of with- 
standing boost vibrations as well as normal flow induced vibrations associated with its 
own operation. 

The booster-induced lateral vibrations are expected to be random forcing frequen- 
c ies  between approximately 5 and 2000 hertz and have an amplitude of about 1 g and prob- 
ably not exceeding 2 g's. The reactor is essentially at ambient temperature during 
boost; therefore, the refractory metal tungsten must withstand vibration in a relatively 
brittle condition. During reactor operation, the flow of the hydrogen propellant and water 
moderator through the reactor is a potential source of vibration. Because of the high op- 
erating temperature of the reactor,  the refractory materials will lose a considerable 
amount of rigidity which might result  in large displacements and s t r e s ses .  

The most cri t ical  member within the reactor  of the TWMR is the fuel-element sup- 
port  tube (ref. 1). This tube serves  three major functions: (1) it supports and positions 
the fuel elements, (2) it se rves  as a propellant flow passage, and (3) it functions as the 
inner wall of a stagnant gas gap for  thermal insulation between the fuel and water moder- 
a tor .  

A schematic of the fuel-element support s t ructure  fo r  the TWMR is shown in fig- 
u re  1. The support structure consists of the long thin-walled stainless-steel-molybdenum- 
tungsten support tube inside of a thin-walled aluminum pressure  tube. Because of the 
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Figure 1. - Fuel-element support s t ructure of tungsten water-moderated reactor. ( A l l  dimensions are in inches (Cm).) 
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relative thicknesses of the inlet and exit headers, the inlet end of the pressure  tube is es- 
sentially a fixed (build-in) support, while the exit end is approximately simply supported. 
The pressure  tube is also simply supported near the center by a water baffle plate. An- 
other simple support is also possible at the beryllium reflector, if necessary. The inlet 
end of the composite support tube is approximately a fixed support. However, the exit 
end, which is held in place with four radial splines, is a simple support. This type of 
spline support is necessary to accommodate radial and axial thermal expansion of the 
support tube during operation. Corrugated springs in the annular gas gap between tubes 
prevent the support tube from impacting the pressure tube while under lateral vibration. 

The support-tube vibration problem was studied analytically using both analog 
(ref. 2) and digital (ref. 3) techniques. An inability to develop an accurate mathematical 
model of damping reduced the validity of the study in the vicinity of the resonant frequen- 
c ies .  In order  to establish confidence in  the support-tube design, a n  experimental inves- 
tigation of the response of the tube to la teral  bending vibrations w a s  undertaken. A study 
of the tube response would yield information on the bending stress distribution at the re- 
sonant frequency to determine whether the tube would fail and information on the effect of 
the number of springs, the additional simple supports on the pressure  tube (from the 
water baffle plate and beryllium reflector), and the water moderator. 

Two different models of the support tube were fabricated for study because drasti-  
cally different temperature distributions in  the support tube are associated with each of 
the two sources  of excitation: (1) booster vibration from a lower stage and (2) moderator 
and propellant flow induced vibration during reactor operation. The first model simulated 
the geometry and properties of the cold (ambient temperature) support tube as it would be 
for  boost phases. This model was essentially identical to that of the TWMR design in 
both geometry and materials.  The second model had nearly the same geometry but was 
constructed of different materials which, at room (or ambient) temperature, simulated 
the dynamic characterist ics of the TWMFt tube at the higher temperatures associated with 
full-power operation. 

Only lateral input vibration was considered. However, the amplitude of the input was 
varied up to as high as 3 g's for the tube design with the la teral  supports, springs, and 

as it would appear in the TWMR. water moderato 

DESCR PTION OF TEST MODELS, EQUIPMENT, AND INSTRUMENTATION 

Model Descript ion 

Cold vibration model. - During chemical booster operation of the other stages of the 
vehicle of which the TWMR would be a par t ,  the TWMFt is expected to be subjected to 
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Figure 2. - Typical corrugated spring. 
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Figure 3. - Cold support-tube vibration model. (All dimensions are i n  inches (cm).) 

booster-induced lateral vibrations with a random forcing frequency between 5 and 2000 
hertz. For all practical purposes, the reactor is at ambient temperature during the boost 
phase. Thus, the model must simulate the properties of the fuel-element support tube at 
ambient temperature. 

The cold vibration model was fabricated essentially identical to the specifications of 
the TWMR support-tube design in material, geometry, and weight, but with some minor 
modifications for the joint braze and for the fuel-element supports. Rather than high- 
temperature braze or  welding, all support-tube joints were silver soldered. Reinforcing 
s t raps  0.015-inch (0.038-cm) thick were utilized for added strength. These s t raps  pro- 
vided local reinforcement only and had negligible effect of the overall tube behavior. It 
was decided to  employ one pin support per  fuel element and to mount this pin in a set of 
holes on the neutral bending axis of the support tube. This arrangement avoids possible 
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large stress concentrations around the pin holes because the only stresses present on the 
neutral axis will be the pin bearing stress. Any pin bearing holes in the TWMR design 
were locally reinforced to eliminate the high stress concentration. A preliminary vibra- 
tion test of the fuel element indicated that it was  structurally sound and had a rigid body 
behavior with respect to the support tube. Therefore, 26 solid dummy weights (0.86 Ib 
(0.390 kg) each) replaced the actual fuel elements. 

of the first stainless-steel-tube section was increased to 0.2 inch (0.5 cm) to simulate 
the weight effect of the plug. The additional rigidity is negligible because the inlet end 
has built-in characterist ics.  

Three 1.00-inch (2.54-cm) wide corrugated tungsten springs (shown in fig. 2) were 
located in the axial positions as shown in figure 3. These springs are fabricated from 
0.005 inch (0.013-cm) thick sheet stamped into 11 corrugations and formed into a cylin- 
drical  shape by stapling the ends together. 

The geometry and materials used for  the support-tube model are also shown in fig- 
u r e  3. 

The aluminum pressure  tube is identical to that of the TWMR design. 
For  the tes ts  on the cold model, the lateral supports from the water baffle plate and 

the beryllium reflector were not used. 
- Hot vibration model. - During reactor  operation the flow of the hydrogen propellant 

and water moderator are potential sources of mechanical vibration. The high operating 
temperature of the support tube results in a decrease in the elastic modulus and, conse- 
quently, a loss in rigidity of the tube. Because of the problems associated with a vibra- 
tion test at  the operating temperature, the model must simulate the high-temperature 
properties of the support tube at room temperature. 

the associated elastic modulus (fig. 5) were f i rs t  determined. Then, using appropriate 
geometry parameters ,  the support-tube flexural rigidity was calculated as a function of 
axial position. Figure 6 shows a comparison between the flexural rigidity for the model 
at room temperature and the actual support tube at operating temperature. In addition, 
other modeling parameters  include the tube mass  distribution and end constraints. Ap- 
pendix A contains a detailed description of the modeling theory. The s t ra ins  in the model 
multiplied by the local modulus of elasticity of the actual support tube at operating tem- 
perature yields the operating stresses as shown in appendix A .  The geometry and ma- 
terials used in the model are summarized in figure 7.  

The five tube sections were joined by shrinking on a 0.25-inch (0.635-cm) wide by 
0.015-inch (0.038-cm) thick stainless-steel band at  each butt joint. A l l  joints were then 
furnace copper brazed at 2000° F (1095' C) . Dummy weights were used to simulate the 
fuel elements as had been done with the cold model. Corrugated molybdenum springs 

Rather than machine a beryllium plug for the inlet end of the tube, the wall thickness 

In order  to develop an accurate model, the axial temperature distribution (fig. 4) and 
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Figure 4. - Support-tube temperature d is t r ibut ion (from ref. 1). 
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0.75-inch (1.91-cm) wide by 0.005-inch (0.013-cm) thick were located at three axial po- 
sitions as shown on the schematic of the hot model (fig. 7). These molybdenum springs 
simulate the elastic properties of the hot tungsten. The springs were also located further 
apart  and nearer the hot exit end in this model because of experimental results obtained 
from the cold vibration model. These springs contained 12 corrugations rather than 11, 
but this wi l l  have a very negligible effect on the spring constant. 

The aluminum pressure tube is the same one used with the cold support-tube model. 
A lateral support for the  aluminum pressure  tube was located near the position of the 

inlet end reflector and another located at approximately midspan to simulate the water 
baffle plate. Although both supports are effectively simple supports, the bearing surface 
of the reflector support is twice that of the baffle plate. Also, the supports for the model 
are not circumferentially continuous, but are in three approximately 68' strips around the 
periphery. This was as large as practicable and still enabled strain-gage leads to be 
placed along the outer surface of the tube. 

Test Fixture and Support Arrangement 

The vibration test holding fixture (shown in fig. 8) was fabricated from structural 
aluminum components. Wooden blocks were added between the fixture webs to increase 
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Figure 8. - Aluminum support fixture. 
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lateral and torsional stability. The fixture was bolted to a 28 000-pound-force (125 000-N) 
rated, electrodynamic vibration exciter. Vibration tests indicated a first-mode resonance 
of the fixture at approximately 500 hertz, much higher than the fundamental frequencies 
of the pressure-tube - support-tube configurations. The volume of water within the f ix-  
ture  after the pressure tube is inserted is approximately 0.1  cubic foot (2800 cm?, which 
is equivalent to the amount of water surrounding each individual tube in the TWMR. 

The fixture shown in figure 8 was later modified to incorporate the pressure tube 
lateral supports used for tests on the hot model. These lateral supports (shown in fig. 9) 
are simply small  plates inserted through slots in the sides of the fixture and held in posi- 
tion with bolts. The ends with circular a r c s  a r e  in contact with the surface of the alumi- 
numpressure tube. 

L, 

i-- Bearing surface-, 
\ / 

Midspan support assemblies Inlet-end support assemblies 

C-67-24 

Figure 9. - Pressure-tube lateral supports. 

End mounting plates are used to support the tubes inside the fixture and provide a 
water-tight seal when the fixture is filled with water. These plates provide the approxi- 
mate clamped-simple support arrangement for both the pressure and support tubes. A 
schematic of the end plates is shown in figure 10. Both plates consist of two pieces: the 
inlet end plate is split into halves, and the exit end consists of the plate and a support- 
tube centering support. The build-in support for both the pressure tube and support tube 
is provided by clamping the halves of the inlet plate together onto the tubes. In addition, 
the support tube is securely fastened with a stud through the end as shown in the figure. 
When the mounting plate is fastened to the fixture, the inlet ends of the tubes are essen- 
tially fixed. The simple support of the exit end of the support tube is provided by the 
beveled surfaces of the plate and centering support. The pressure tube also has a sliding 
fit in the exit plate which will give a simple support. Both ends of the pressure tube a r e  
sealed with rubber O-rings. 

9 



r Exit-end mounting 
plate (simple support) 

Pressure tube 

Centering and clamping stud 

Figure 10. - Support arrangement of fixture mounting plates. 

Figure 11. - Split copper weight for simulating water virtual mass. 
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Alternate backing plates were provided in order to mount the tubes on the outside of 
the fixture. The purpose of this was to enable copper weights (fig. 11) to be fastened to 
the pressure  tube to simulate the effective mass  of the water. The derivation for the ef- 
fective mass  of the water using the mass of the copper weights is given in appendix B. 

Model Variations 

Several variations involving different numbers of corrugated springs, p ressure  -tube 
lateral supports, and presence o r  absence of water for both the cold and hot models were 
tested. 

For the cold vibration model, a test  was performed on the support tube alone, and 
then on the tube-assembly configuration (both tubes together). The assembled configura- 
tion was tested with and without the presence of the water moderator, each with zero to 
three corrugated springs in position. All  these tests were frequency sweeps at approxi- 
mately 1-g level. 

A s  was the case for  the cold model, the hot model was tested as an individual tube. 
The aluminum tube was also tested by itself. In addition, the aluminum tube was tested 
singly in a water environment, and both with and without lateral supports at midspan. 
The effect of the displaced water mass  was  investigated by vibrating the aluminum tube 
with copper weights spaced along the axis. The assembled pressure  and support tubes 
were tested with one to three springs in position, with and without a water environment 
and with and without la teral  supports. An additional variation was without a lateral sup- 
port  near the inlet end but with the midspan support in position. Most of the cases  were 
with 1-g input lateral load; however, the configuration that appeared to be the most prom- 
ising candidate for  the final design was also vibrated with an input lateral load of 2 and 
3 g's. 

The natural frequency of the various assemblies was found by a sweep from 5 to 2000 
hertz,  and then the amplitude response was  found by conducting constant-frequency tes t s  
at several  incremental frequencies spanning the resonance. For  the cold model, only 
sweeps through the frequency band were performed. 

I nstr urnentation 

Both the support tube and the pressure  tube were instrumented with s t ra in  gages; 
this enabled a direct  determination of the bending s t r e s s  distribution in both tubes. The 
strain-gage leads could not be located in the annular gap between tubes because of the cor- 
rugated springs and also because the relative displacement between tubes would be se- 
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Figure 12. - Location of instrumentation for cold support-tube model and aluminum pressure tube. (A l l  dimensions are in  inches (cm).) 

verely affected by the leads. Consequently, the support-tube leads were placed inside the 
support tube and the pressure-tube leads were placed on the outer surface of the pressure  
tube. The position of the strain-gage leads not only required the compromise of the con- 
tinuous lateral supports mentioned previously, but also they had a small  but undeter- 
mined effect on the drag of the tube in the water. In addition to the bending stress distri-  
bution, acceleration data were required in some tests; therefore, miniature piezoelectric 
accelerometers were employed. These accelerometers were installed in the simulated 
fuel elements. The strain-gage and accelerometer data were used to determine the na- 
tural  frequency, strain magnitude, and phase relations. 

Figure 12 shows the location of the s t ra in  gages and accelerometers on the cold vi- 
bration model. The gages were located on the maximum bending fiber of the tubes at 
various axial locations. A t  each location, four s t ra in  gages formed a four-arm active 
Wheatstone bridge. The bridge output voltages were amplified by high-gain amplifiers and 
fed into an oscillograph recorder with optical galvonometers, producing a photographic 
record of the strains.  A time-mark generator within the oscillograph allowed s t ra in  as a 
function of frequency to be determined. A l l  components had a flat frequency response 
over a 2-kilohertz frequency band. The oscillograph records were resolvable to about 
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Figure 13. - Location of instrumentation for hot support-tube model and aluminum pressure tube. (All dimensions 
are in inches (cm).) 

Figure 14. - Instrumented hot support-tube model. 
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2 A00 psi (69 N/cm ) in addition to an instrumentation e r r o r  of ;4 percent, which was well 
within the limits of interest. 

Figure 13 shows the locations of the strain gages and accelerometers on the hot vi- 
bration model. Because the lateral supports to the pressure tube were used on this 
model, the s t ress  pattern would be more complex, consequently more strain gages were 
used. Figure 14 is a photograph of the instrumented support tube with the inlet end- 
support plate in position. The instrumented pressure tube is shown in figure 15. 

Figure 15. - Instrumented aluminum pressure tube for hot model. 

The vibration exciter table was operated in two different modes. In a searching 
mode, the frequency sweep was from 5 to 2000 hertz at the rate of 2 octaves per  minute. 

Above a value of 10 hertz, the acceleration was automatically controlled to approxi- 
mately 1 g. In most cases, after the resonance of a particular assembly had been deter- 
mined by a frequency sweep in the search mode, a more detailed investigation of the res -  
onance range was performed under constant-frequency manual control. 

The vibration exciter control has an automatic gain control circuit which operates 
from an accelerometer sensor located on the exciter table to provide a feedback signal to 
maintain the desired g level at the exciter table. The automatic gain-control circuit has 
a variable time constant (or time lag) which determines the rate with which a sudden 
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change at the exciter table is regulated back to normal. The following table gives these 
time lags relative to the operating frequency: 

Frequency 
range, 

HZ 
~ 

5 to 30 
30 t o  100 

100 to  300 
300 to 1000 

1000 and above 

Time 

sec/dB 

.003 

.OOl 

Normally the accelerometer sensor is mounted on the exciter table. but in these ex- 
periments better control of the g level was obtained with the accelerometer mounted on 
the tes t  fixture. Typical examples of the fixture response to the fixture control signal 
are shown in figure 16. The left curve is for a model (the single, bare support tube) in 

VI 

- i  

2 

.4 ! .2 .1 
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which the resonances are so sharp that, with the time lags previously quoted, the accel- 
eration cannot be accurately regulated to 1 g automatically. The right curve is for a 
composite model (the complete assembly) in  which the resonances are sufficiently broad 
to be regulated to 1 g. 

DISCUSSION OF TEST RESULTS 

The s t ress  distributions in  all the configurations tested are plotted in figures 17 
to 25. The elastic modulus used for calculation of the stresses in the hot support-tube 
assembly is shown in figure 5 as a function of axial position. The elastic moduli of the 
stainless steel, molybdenum, and tungsten sections in the cold-tube assembly are given 
in references 4 to 6. 

Feasibility of TWMR Support Tube 

The concentric design of the TWMR fuel support tube and pressure tube requires 
that some support, such a s  corrugated springs, be provided in the annulus between the 
tubes. Thermal growth and excessive heat transfer to the aluminum pressure  tube pre-  
vent the use of thick rigid supports. A corrugated spring can provide the necessary 
rigidity and also keep heat loss to a minimum. Because the support tube is more rigid 
at room temperature, it is possible to use  fewer springs than on the hot support tube. 
The springs can be designed such that they come into contact only when the tube thermally 
expands. This is important because springs located on the extremely hot portion of the 
tube could create excessive compressive loading if  they were already in contact at am-  
bient temperature conditions. 

The vibration test  data support such a corrugated spring design. Three springs lo- 
cated on the outlet end of the tube are sufficient to prevent excessive displacement and 
stress of the tube while it is hot. The test data also indicate that a single, centrally lo- 
cated spring would be sufficient for the cold support tube. Consequently, the two springs 
closest  to the outlet end need not come into contact until the support tube expands. A s  can 
be seen from figure 17(a), the maximum stress fo r  the cold model with only one spring 

2 (and without water) is 8760 ps i  (6040 N/cm ), well within the yield stress fo r  tungsten 
(ref. 4). It is assumed that the yield stress is satisfactory design criterion at the re -  
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quired operating conditions. S t ress  with water present is approximately the same as that 
without water. This test was conducted without the aluminum pressure tube lateral sup- 
port  that was added for the hot model vibration tests. The midspan support would further 
reduce the stresses and displacement. 

The maximum s t r e s s  fo r  the hot support tube is 9640 ps i  (6650 N/cm ) (fig. 18(a)) 
for the single spring configuration. The yield s t ress  at this point (as shown in fig. 26) 
indicates that this configuration would fail. The increase in s t r e s s  for the hot model is 
due to the lack of rigidity of the tube while it is hot. 

The use  of additional springs in the hotter regions of the support tube reduced 
s t r e s ses  down to levels which appear acceptable, depending on the degree of end fixity 
and the presence o r  absence of water (figs. 18(b) and (c)). Two lateral  supports (at the 
inlet reflector location and the baffle plate) on the pressure tube plus the added springs 
eliminated this dependency (figs. 19(b) and (c)). Figure 19(c), with three springs, indi- 

2 2 cated a maximum stress of 2900 psi  (2000 N/cm ) without water and 1100 psi  (760 N/cm ) 

2 

60x ld  
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with water, respectively. These tests would indicate that such a design offers enough 
stress margin to be considered a feasible design for the assumed operational require- 
ments. 

Effects of Var ious  Parameters o n  Tube Bending V ib ra t ion  Response 

The tests conducted to establish the feasibility of the TWMR support tube design for 
both boost and hot operating conditions covered a range of structural  parameters  which 
have an effect on fuel assembly vibration response. An examination of the resul ts  of 
some of these tes ts  was made in an attempt to obtain a better understanding of the effects 
and interrelations of these parameters.  Such additional conclusions from the test resul ts  
are limited by the inability to adequately control such variables as spring tightness, 
spring constant, and mounting end conditions fo r  some of the tests. 

Comparison of cold and hot support tubes. - The cold support tube by itself has a 
fundamental resonance frequency of about 40 hertz. The stresses in the cold support tube 
can be determined approximately from cases  tested with no springs between tubes for the 
assembly configuration; this stress should be reasonably close to the actual stress. The 
tubes should not have affected each other except for the sliding f i t  a t  the entrance end, 
which would act  slightly to stiffen the tubes and lessen the s t resses .  These configura- 
tions indicate a maximum stress (fig. 20) near 29 000 psi  (20 000 N/cm ). 

The hot model support tube, when vibrated by itself, had a fundamental resonance 
frequency of about 30 hertz. This decrease in frequency from that of the cold model is 
due to the decrease in rigidity of the tube materials while hot (as simulated). The maxi- 
mum stress shown in figure 20 is about 25 000 ps i  (17 200 N/cm ), also a decrease from 
that of the cold model. Deflections and, consequently, s t ra ins  are la rger  for the hot 
model but the stress is lower due to the much smaller  modulus of elasticity in the hot 
portion of the tube. The hot-tube model was not tested within the aluminum tube without 
any springs as w a s  done for the cold-tube model because of the expected large lateral 
deflections. 

su re  tube affects the lateral bending response in three ways: 

2 

2 

Presence of water and tube response. - The water surrounding the aluminum pres-  

(1) The motion of the tube through the water introduces viscous drag  damping. 
(2) The water moving with the tube adds to the mass  of the tube and tends to decrease 

(3) The water was vibrated in the fixture at the same g-level and in phase with the 
the natural frequency and increase the displacement amplitude. 

tube. Consequently, a pressure gradient w a s  set up in the water which creates  a buoy- 
ancy force on the aluminum pressure tube that tends to reduce displacement. This same 
condition would exist during boost phase of flight but might not be present during opera- 
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tion of the reactor .  The effects of these pressure gradients were not included in the fol- 
lowing calculations. 

aluminum pressure  tube. The tests shown in figure 21(a) were made on only the pressure 
tube. Maximum stress near the center of the tube without water was 367 psi  (253 N/cm ), 
and the natural frequency was 167 hertz. When water was present around the aluminum 
tube, the stress value was 559 psi  (385 N/cm3, and the natural frequency was 43 hertz. 
The effect of the mass  and viscosity of the water was calculated using the technique de- 
scribed in appendix B. The resulting virtual mass increase was calculated to be 32.6 
pounds (14.79 kg), which is quite large compared with the 2.5 pounds (1.13 kg) for the 
pressure  tube alone. Mass was then added to the dry tube in the form of copper collars 
clamped in a fairly uniform spacing along its length. A natural frequency of 42 hertz was 
observed in tests with 25.1 pounds (13.20 kg) added to the dry tube. This value agrees 
well with the value fo r  the effect of mass  only of the water (32.0 lb mass  (14.50 kg)). 
During the test run with copper weights, the damping and buoyancy effects of the water 
were not present. A comparison of stress values for this run and the run in which these 
effects were present indicates that the buoyancy and damping reduced the stresses at the 
midpoint of the tube by a factor of approximately 6 (fig. 21(a)). The net result of the 
presence of water on the bending response of the pressure tube is still a large decrease 
in natural frequency and a significant increase in  stress. 

when the tube has two additional supports along its length. The dry tube had a natural 
frequency of 325 hertz compared with 80 hertz with water (fig. 21(b)). 

smaller  par t  of the total mass  and its effect on natural frequency was small .  The water 
caused a decrease in the natural frequency in all configurations tested including varia- 
tions in the number of springs (from one to three) and in the number of lateral supports 
(from none to two). The effect of the water on s t resses  during these tests of the assem- 
bly was not as consistent. With no lateral  supports on the pressure  tube, the presence 
of water resulted in large reductions in peak s t ress  with any number of springs (fig. 18), 
contrary to the pressure-tube-only results. Evidently in these cases,  the damping and 
buoyancy forces  due to the water were relatively more effective in reducing amplitudes 
than the virtual mass  was in increasing amplitudes. 

minor effect in  reducing stress levels in the support tube. This is shown in figures 
19(a) and (b) and 22. An apparent exception appears in the three-spring configuration, 
the stress distribution of which is plotted in figure 19(c). A comparison between tes ts  
with and without water in figure 19(c) should indicate the same effect of the water shown 
in figures 19(a) and (b). An examination of results from the tests without water in figures 

Water effects are demonstrated in the several test runs on the hot model and the 

2 

The effect of the water on the natural frequency of the pressure  tube is just as large 

In vibration tests of the entire fuel assembly, the mass  of the water was a much 

When the lateral supports were added to the pressure tube, the water had a very 
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19(b) and (c) suggests the possibility that the third spring was not tight in the latter test 
and was therefore ineffective. The test  with water in figure 19(c) indicates that the third 
spring was working, perhaps having been tightened by the shrinkage of the pressure  tube 
when the cool water was added around it. 

and the support tube tend to join the two tubes and make their  deflections the same.  The 
extremes in the support-tube response (considering variations in number of springs only) 
a r e  that of the two tubes moving entirely together and that of the tungsten tube moving by 

if a large number of infinitely stiff springs joined them. The effect of the addition of any 
given spring depends on the existing relative deflections of the two tubes before the spring 
is added. 

In tests on the cold vibration model, the addition of the first spring reduced the peak 
s t r e s s  in the tungsten tube by more than a factor of 3 and increased the natural frequency 
from 41 to 53 hertz (figs. 20 and 17(a)). Adding the second and third springs within ap- 
proximately 1 3  inches (33 .0  cm) of the first had no significant effect on either s t r e s s  
level o r  natural frequency (figs. 17(b) and (c)). In other words, with the relative stiffness 
of the pressure tube and the tungsten support tube, the first spring added to connect the 
two tubes resulted in deflection curves so  nearly the same that any additional springs did 
not further change the relative deflections. 

Tests  on the hot vibration model show anamalous behavior. The relative rigidity of 
the support tube with respect to the pressure  tube is much less for the hot model than it 
was for the cold model. It is logical, therefore, that the additional springs might be 
more effective than they were for the case of the cold model. A second spring does, in 
fact, increase the natural frequency from 46 to 53 hertz. The third spring (fig. 18(c)), 
however, resulted in a decrease in natural frequency to a value even l e s s  than that ob- 
served with no spring. An examination of the stress curves for the pressure tube (fig. 18) 
indicates less reverse  bending for the three-spring model and, consequently, the hot end 
support was not as fixed during the three-spring test as it was during the one- and two- 
spring tests. This would tend to account for  the apparent descrepancies in behavior. 

Amplitude of forcing function. - During the course of the testing, several  tests were 
made in which the effect of varying the amplitude of the forcing function could be ob- 
served. For example, tests on the tube assembly as shown in figure 12(b) without water 
had input g-levels of 1.28 and 0.50 (an input ratio of 2.56); however, the stress ratio is 
less than 2. These resul ts  for the assembly without water indicate that the system damp- 
ing was more effective at larger  displacement (larger g-levels) than at the smaller  dis- 
placement (smaller g-levels). It can be seen from the nonlinearity of the springs dis- 
cussed in appendix C that this behavior could be expected. Large spring deflections on 
the order  of a few mils result  in a large hysteresis curve. An example of the order  of 

I 

Number of springs. - The springs placed in the annulus between the pressure  tube 

I itself with no springs joining it to the pressure  tube. The two tubes would move together 

I 
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magnitude of the deflection curve for the model of figure 18(c) (three-spring model under 
1.00-g lateral load) is shown in figure 27. The relative deflection between tubes is ap- 
proximately 2 mils (0.05 mm), large enough to develop a considerable amount of damp- 
ing. The deflection curve was obtained by the method outlined in appendix D using mea- 
sured s t ra ins  for  the figure 18(c) dry test .  

With water damping and buoyancy forces present (fig. 18(b)), the ratio of the stresses 
and the ratio of the input g-levels were more nearly equal, indicating that the damping ef- 
fectiveness with water present was less dependent on the input g-level than when there  
was no water surrounding the tube. 

tube. A series of tes ts  were made in which one support was used (figs. 23 and 24). 
The previously mentioned runs were made with no lateral supports to the pressure  

P r i o r  to the start of these tests, new springs were installed. Two test  runs were 
made in order  to compare the behavior of the new springs with that with the first se t  of 
springs. These tes t s  and the previous test  a r e  shown in figure 25. The natural frequency 
with the new springs was approximately 48 hertz compared with 44 hertz with the old 
springs. The difference may be due to differences among the sets of springs, tightness 
of the springs in the tubes, o r  fixity of the end support. The maximum s t r e s s  levels 
were essentially the same in these three runs.  

After these reference runs were made, the assembly was tested without water at 
g-levels f rom 0.58 to 3.50 (fig. 23). There was a large variation in natural frequency 
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Figure 28. -Variation of frequency and maximum bending stress 
with input g-level. 

over this range of inputs (see fig. 28) which may be the resul t  of the nonlinearity of the 
spring constants of the corrugated springs as discussed in appendix C. It may also be 
that the natural frequency varies because the spring closest to the lateral  support was 
slowly deforming as a result  of the increasing g loads. A comparison of the stress dis- 
tributions for the cases  without water and those with water (figs. 23 and 24) indicates that 
the spring at  the lateral  support was becoming softer o r  loosening as the testing pro- 
gressed. Upon disassembly it was noted that this spring was permanently distorted. 

Pressure  tube lateral support. - The rigidity of the pressure  tube is greatly in- 
creased by the addition of the lateral support at midspan. Comparison of figures 18(a) 
and 22 indicates an increase ir natural frequency from 38 to 52 hertz for the tube assem- 
bly with water and a single sprint  The second lateral support near the entrance end has 
practically no effect on natural frequency and stress (figs. 19(a) and 22). It was  decided 
therefore, that the second lateral  support could be removed from the TWMR design. 

For  these cases  with one corrugated spring, the peak stress in the pressure  tube 
shows the same pattern of behavior as the natural frequency. Maximum stress is 155Opsi 

2 (1069 N/cm3 with no support and drops to approximately 400 psi  (276 N/cm ) with either 
one o r  two additional supports. 

This stiffening of the pressure  tube does increase the effectiveness of adding springs 
between the tubes. With no lateral supports, a second spring increases  the natural fre- 
quency 15 percent (figs. 18(a) and (b)) for the dry tubes. With two supports (figs. 19(a) 
and (b)), the second spring increases the natural frequency 53 percent. 
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CONCLUSIONS 

The TWMR fuel support assembly incorporates three springs in  the annular space 
between tubes and a lateral support to the pressure tube at midspan. The two springs at 
the hot end a r e  designed so that they are in contact with both the tungsten support tube and 
the aluminum pressure  tube only after the support tube is hot. This prevents an excessive 
load on the tube and springs due to thermal expansion. Stresses at the resonant modes 
indicate that the assembly design is satisfactory from the standpoint of boost and flow- 
induced lateral bending vibrations. 

the test; however, the maximum stress was 8760 p s i  (6040 N/cm ), a value less than the 
yield s t r e s s ,  and indicates satisfactory boost operation. Tes ts  on a configuration de- 
signed to model the hot vibration characterist ics of the assembly show that the support 
tube experiences stresses no higher than 1100 psi (760 N/cm ) in regions where the ex- 
pected yield strength is 3600 psi (2480 N/cm ) . This measured stress should be conser- 
vative because there  is evidence that, in the test, the spring closest  to the inlet end had 
loosened and lost  some of its effectiveness. The TWMR support tube design is, there- 
fore,  considered feasible for assumed operating requirements. 

tube assembly; (1) virtual mass  adds to the tube m a s s  and, consequently, increases dis- 
placement amplitude, (2) viscous drag  opposes displacement, and (3) the buoyancy de- 
c reases  displacement amplitude. The overall effect of the water on stress was negligible 
for the support tube under boost conditions (i. e.,  under conditions with no lateral  sup- 
ports  on the pressure  tube). However, for conditions at the operating temperature, the 
s t r e s ses  were decreased somewhat. In both cases, the natural frequencies were de- 
creased slightly by the presence of the water. 

to the cold support tube, which was tested without lateral supports, was very minor. It 
appears that the additional springs do, in general, decrease s t r e s ses  in the hot support 
tube. Due to a complicated relation among the number of springs, the water, and the 
pressure  tube lateral supports; however, a few exceptions to this generalization were 
observed. Three springs gave the lowest stress under the required design conditions. 

The single-spring cold model that was tested did not have a midspan support during 
2 

2 
2 

Water surrounding the pressure  tube has three separate effects on the behavior of the 

The effect on the stress and frequency of addition of more than one corrugated spring 
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I The addition of lateral supports to the aluminum pressure tube greatly increases its 
rigidity, and, as such, reduces lateral displacements of the tungsten support tube when 
springs are  installed to couple the tubes together. However, it was found that only one 
lateral support at midspan w a s  necessary. 

Lewis Research Center, 
National Aeronautics and Space Administration, 

Cleveland, Ohio, January 25, 1968, 
122-28-02-04-22. 
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APPENDIX A 

MODEL DYNAMIC SIMILARITY 

The two most important characterist ics of the model for the support-tube prototype 
are the deflection curve and the natural frequency. These parameters should be iden- 
tical for both model and prototype. The deflection curve may be found from 

d2y - MO 
&2 E1 
--- 

where y is the lateral deflection, x is the position along tube axis, Mo is the bending 
moment, and E1 is the flexural rigidity. (A more complete definition of the symbols is 
provided in appendix E.)  It is assumed that the deflections are small  and that the dynamic 
and static deflection curves differ only by some constant multiplication factor. 

The model and prototype are essentially identical in overall s ize  and mass  distribu- 
tions. Consequently, imposing the same boundary support conditions will result  in iden- 
tical deflection curves,  providing that the model flexural rigidity (EI) is equal to the pro- 
totype flexural rigidity along the entire tube length. 

Flexural rigidity can easily be determined for the prototype as a function of axial 
position, and the model can be tailored to match th is  flexural rigidity (fig. 6) by varying 
the material  and/or wall thickness of the support tube. The mass  of the simulated fuel 
elements within the tube is much greater than the mass  of the tube; a s  a result, a devia- 
tion in wall thickness will not result in any significant e r r o r  because of the slight devia- 
tion in mass .  

is given by 
The natural frequency of a beam, found from energy methods as given in reference 7, 

2 w LZ y2dm X 

where mx is the mass distribution along tube and 2 is the tube length. It has been 
shown that the deflection curves y(x) for the model and prototype will be the same be- 
cause the flexural rigidity and the tube mass distribution for each tube a r e  the same.  
These are the only variables that appear in the frequency equation (eq. A2)) .  Therefore, 
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the requirement of identical natural frequencies is satisfied. 
The model must then satisfy the following requirements in order  t- obt 

in displacement and natural frequency: 

(1) (EOm = 

in simil  

P (3) (Boundary conditions)m = (Boundary conditions) 

The s t resses  in the model and prototype will  differ by ratio of the moduli of elas- 
where the subscripts m and p are the model and prototype, respectively. 

ticity. Stress in the outermost fiber is given by 

rity 

(T = -  
I 

Substitution for the moment Mo from equation (Al)  gives 

(T = E a  - d2Y 

dx2 

Because the deflection curves a r e  the same 

If am = a then 
P 

CJ P 

Om 
(T = -  EP 

Em 
P 

The measured s t ra ins  can be multiplied by E to give the values of (T directly. P P 



APPENDIX B 

DETERMINATION OF VIRTUAL MASS EFFECT OF WATER 

The presence of a fluid around the aluminum pressure tube will have three known 
effects: (a) viscous damping, (b) virtual mass  increase, and (c) buoyancy. The buoyancy 
effects were neglected in the calculations. 

For  an inviscid fluid and for  a very large container in comparison with the dimen- 
sions of the beam, the virtual mass  increase is equal to the mass  of the fluid displaced by 
the beam (ref. 8). This virtual mass  increase is an effecti-re drift mass  of the fluid which 
has been displaced because of the flow movement around the cylinder. The virtual mass  
increase is given by 

where m' represents an increase in effective mass of a cylinder of mass  m as it moves 
through a fluid of density p .  Corrections a r e  required for viscous fluids and for con- 
tainer walls near  the beam. 

similar to that given in reference 8 for concentric spheres using velocity potentials. The 
parameters  used in the derivation are shown in sketch (a). 

The correction for the nearness of the container wall can be derived by a technique 
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For  fluid motion that is irrotational, a Scalar potential exists such that 

32 = v s  
as 

V = grad cp 

Impulses a r e  supplied to the cylinder and container to create motions U and V, respec- 
tively. Motions a r e  assumed to be steady state and a t  the initial instant that the centers 
coincide. Boundary conditions are 

* = -U cos e 
ar 

at surface a 

9 = -V cos P 
ar 

at surface b 

A unit vector in the direction of point p is 

-e - 
i cos 8 + j sin 8 

and a unit vector along the direction of velocity V is 

- -e 

i cos CY + j sin a, 

The scalar product of these vectors is 

y = r cos 8 

z = r sin 8 

then 

cos P = cos e cos a, + sin 8 sin a, 

Because 

Z cos p = Y cos CY + - sin CY 
r r 
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The potential cp is the result of rectilinear flow with doublets, both of unknown strength. 
The relation for cos P and the boundary conditions suggest cp of the form 

cp = A l r  cos 8 + B1 - ‘Os e + A 2 r  sin 8 + B2 - sin 0 
r r 

and 

= A1 cos 8 - B1 + A2 sin 0 - B2 ~ sin 6 
2 r 2 r ar 

Evaluating at the boundary gives 

A1 - - cos e + A - - sin 6 = -U cos e ( 3 ( 2  3 
A - - cos e + A2 - - sin e = -V cos P ( 3 ( :$ 

These equations must hold at any e on boundary a and b. Consequently, the right and 
left sides of the equations are identically satisfied. Therefore, the coefficients must be 
equal, o r  

- -u B1 
A 1 - T -  a 

- 0  B2 
A 2 - T -  a 

and from the second equation and equation (B6) 

B.  
A1 - - -  I - -v cos (Y 

b2 
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- V sin LY A 2 - - - -  B2 

b2 

Solving for the constants gives 

A1 = (Ua2 - b2V cos a) 
b2 - a2 

B1 = a2b2 (U - v cos a) 
b2 - a2 

V sin LY b2 

b2 - a2 
A2 = - 

B2 = - a2b2 v sin a 
b2 - a2 

which defines the potential for concentric cylinders at the instant that the boundaries are 
concentric. Finally, the potential must satisfy Laplace's equation 

Taking the derivatives 

and 

~ ~ = - k ~ + : ) c o s o  2 - (.Z+>)sinR 

,e2 

Therefore, Laplace's equation is satisfied. 
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Now, if CY = 0, which is the case in these tests, 

The impulsive pressure on a surface with potential cp is defined as 

= Pcp772 

On surface a 

N 

0, = PVa772 

and on surface b 

o r  

N 

oa = p cos e 

The impulsive pressures  can be integrated to obtain an impulsive force of the liquid on 
the boundaries in the direction of motion. Impulsive force on the beam (surface a) is 

j a = 2 f za cos 8 t a  dB 

2 2  - a  
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and the impulsive force on the outer surface (container wall) is 

(b2 + a2) Vb 
2 2  

The impulsive force of the boundary on the fluid is the negative of equations (B29) 
and (B30). 

? 

/ a =-la 

/;= -lb 

The difference in impulses is equal to the change in momentum of the fluid 

2 2 
j g  - 1; = apa ZU-apb 1V 

? ? 

= maU - mbV 

I ? 

where ma represents the mass  of fluid displaced by the inner cylinder, and mb repre- 
sents the mass within the container if filled with a fluid of density p. The difference be- 
tween the impulse to start the inner cylinder motion, defined as J, and the impulse of 
fluid on the inner cylinder, ja, will represent the momentum of the cylinder itself, o r  

J - 3  = m U  0334) a 

If the motion of the container V = 0 (only relative motion U considered), then 

Substituting equation (B35) into equation (B34) gives 

38 



The virtual mass  increase of the cylinder, including the effect of the nearness of the con- 
tainer wall, is then 

Note that, as b becomes very large compared with a ,  the corrective te rm goes to 1 
and the virtual mass  increase approaches m . 

The correction for viscosity on the virtual mass increase may be found from ref- 
erences 9 and 10. The correction, involving the fluid viscosity, period of oscillation, 
and size of the cylinder, is in the form (where higher order t e rms  a r e  neglected) 

? 

where X = ( p ~ / s p ) l / ~  is the penetration depth, T is the period of oscillation, p is the 
absolute viscosity, p is the fluid density, and a is the cylinder radius. The virtual 
mass  increase 

is replaced by 
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An overall correction te rm for  viscosity and wall effects may now be defined as 

- a  

Therefore, the virtual mass  becomes 

M = m + kom' 

Evaluating the penetration depth h for a frequency of 40 hertz and for water yields 

h = 1. 19X10-2 in. (or 3. Oa<10-2 cm) 

so that the viscosity correction is 1.02. Similarly, the wall correction may be deter-  
mined. Because the container used in the test  had a square c ros s  section, the radius b 
must be evaluated between the l imits of 1.5  and 2.12 inches (3 .81 and 5.38 cm), the dis- 
tance to the center and corner,  respectively. For  a tube radius of 1.25 inches (3.18 cm), 
the correction factor varies from 5.53 to 2.07, depending on the equivalent container ra- 
dius. If the container is equated to a cylinder with the same  cross-sectional area, the 
correction f o r  the wall  effect is 3.4.  The mass  of the displaced water m' is 9 . 4  pounds 
mass  (4.26 kg) and the virtual mass  increase, including both the viscosity and wall effect, 
is 32.6 pounds mass  (14.79 kg). Considering wall effect alone, the calculated virtual 
mass  increase due to water is 32.0 pounds mass  (14.50 kg). 

The virtual mass  directly affects the natural frequency of a beam. Consequently, an  
expression relating the mass  and frequency, such as given in reference 11, can be used 
to estimate the virtual mass  from the natural frequency of the tube in  water. This meth- 
od depends on exactly evaluating end conditions. Applying the expression to the test of 
the aluminum pressure tube, results in an approximate virtual m a s s  increase of 26.3 
pounds mass (11.93 kg). 

With this a s  a starting point, a number of copper weights of approximately 1.26 
pounds mass (574 g) each were distributed along the tube to simulate the mass  of the 
water. The number of weights were varied until the natural frequency of the dry tube 
with weights matched that of the wet tube. This occurred when 29.1 pounds mass  
(13.20 kg) were added to the tube and shows good agreement with the corresponding cal- 
culated value, neglecting viscosity and buoyancy effects, of 32.0 pounds mass  (14.50 kg). 
This agreement indicates that buoyancy did not have a large effect on the natural fre- 
quency of the pressure tube surrounded by water. 
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APPENDIX C 

CORRUGATED S PRlNG CHARACTERISTICS 

150 

100 
z 
-0- 
m 0 -1 

50 

Tests were performed to determine the characteristics of the corrugatec, spring used 
in the TWMR fuel-support design. 

To determine the spring constant, corrugated tungsten springs 1.00-inch (2.54-cm) 
wide by 0.005-inch (0.013-cm) thick were held between two aluminum cylinders whose 
spring contact dimensions were the same as the TWMR pressure tube and support tube. 
The loading was  applied with a yoke on the inner cylinder such that uniform loading across  
the width of the spring would occur. Deflections were read directly on two dial indicators, 
-+vhich read in increments of 0.001 inch (0.0025 mm). 
force (22.2-N) increments. 

Four different springs were tested: each had a different degree of tightness between 
the cylinders representing variations in manufacturing tolerances. The static load de- 
flection curves are shown on figure 29. The tighter the f i t ,  the higher the initial loading 
required to initiate a measurable deflection. A loose fit appears to require no initial 
load. For  example, a 0.002-inch (0.005-cm) loose fit started to deflect immediately on 
load application. The preload is required for a tight fit because the spring is compressed 
at each lobe and to initiate deflection requires an initial loading to overcome friction. The 
spring lobes initially act  as columns requiring a high loading for a small  deflection. A s  
the spring flattens under load it acts  as a cantilever spring and the spring rate changes to 

Loads were applied in 5-pound- 
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Figure 29. - Load-displacement characteristics of 1.00-inch (2.54-cm) wide by 0.005-inch 
(0.013-cm) thick 11-lobe corrugated tungsten spring. 
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a lower value. A l l  the springs had parallel constant slopes but were displaced by the ini- 
tial friction preload. 

When the load was reduced, contact friction caused displacement lags, resulting in a 
hysteresis curve. Al l  the spring unloading curves were approximately the same once the 
initial preload was removed. 

The initial spring rate was an average of 50 000 pounds pe r  inch (87 600 N/cm) drop- 
ping off to a standing spring rate of approximately 3000 pounds per  inch (5250 N/cm) . 

The tighter fits caused greater hysteresis losses and therefore have greater damping 
in a vibration environment. Not only does the fit affect the spring constant, but also a 
tight fit may result in permanent deformations in the spring lobes. This indicates that 
the specification of a manufacturing tolerance is quite important for  this application. 
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APPENDIX D 

DEFLECTION CURVE CALCULATIONS 

The deflection curve fo r  the support tube and aluminum pressure  tube can be calcu- 
lated from the s t ress-s t ra in  relations for  bending of beams (ref. 12). The s t ra ins  ob- 
tained experimentally from the strain gages a re  related to the radius of curvature of the 
beam by 

where R is the radius of curvature, E is the strain at the surface of the tube, and a is 
the radius from neutral axis to tube surface. The radius of curvature is also related to 
the deflection by the relation 

dx2 

where y is the deflection and x is the axial position. The deflection can be found from 
integration of equation (D2) 

The integration can be accomplished numerically if a sufficient number of values of the 
radius of curvature a r e  known along the length of the beam. The equation reduces to 

~ ~ = i ( f ; ~ A x ~ t C ) ~ A x .  J + C 2  

j = O  i = O  

where the constant C 
C1 determines the rigid body rotation of the neutral axis. For purposes of comparing 
relative deflections along the beam, C2 can be set to zero,  and C1 found from a con- 

determines the rigid body translation of the tube neutral axis and 2 
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stant slope resulting from the differences between deflections of the ends of the beam. 
Good accuracy can only be obtained if the number of points for which the radius of 

curvature is known is high. There are enough variations in materials.  diameters,  e tc . ,  
along the tungsten tube and aluminum tube that 10 gage locations are not sufficient, espec- 
ially at the inlet end, to accurately determine its radius of curvature. Differences in 
assumed radius of curvature are apparent in the deflection curves of figure 27 in the ap- 
parent crossover point of the tubes at approximately midspan. Because an annular gap 
does exist between the tubes, such behavior is possible. However, the relative displace- 
ment between tubes should be taken only as approximate. 
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APPENDIX E 

SYMBOLS 

A1, 2 

a 

B1,2 

b 

c1 

c2 

E 

E1 

fn  
I 
J 

J' 

e 

i 

J 

4 

j 

strength of rectilinear flow po- 
tentials, in. /sec; cm/sec 

radius from tube axis to outer 
surface, in.; cm 

strength of flow doublet poten- 
3 3 tials, in. /sec; cm /sec 

inside radius of container, 
in.; cm 

constant of integration repre- 
senting rigid body rotation of 
tube neutral axis, radians 

constant of integration repre- 
senting rigid body translation 
of tube neutral axis, in.;  cm 

N/cm2 
modulus of elasticity, psi; 

flexural rigidity, (lb)(in. 5; 
(N) (cm2) 

natural frequency, Hz 

moment of inertia, in. 4; cm 

impulsive force of fluid on 

4 

boundaries, (lb) (sec) ; (N) (sec) 

impulsive force of boundaries on 
fluid, (lb)(sec); (N)(sec) 

unit vector in direction y 

impulsive force required to start 
tube into motion, (lb)(sec); 
(N) (set) 

unit vector in direction z 

kO 

1 

M 

MO 

m 

mX 

r 
m 

R 

r 

S 

U 

v 

vS 

+ v 

virtual mass  correction factor 
for both viscosity and nearness 
of container wall 

tube length, in. ; cm 

virtual mass ,  lb mass; kg 

bending moment, (in.)(lb); 
(cm) (N) 

tube mass,  lb mass;  kg 

mass distribution along tube, 
slug; kg 

mass of displaced water, lb 
mass;  kg 

radius of curvature of de- 
flected tube, in.;  cm 

radius to any point within the 
fluid between the tube surface 
and container wall, in. ; cm 

general direction coordinate for  
velocity potential 

lateral velocity of tube, 
in. /sec; cm/sec 

lateral velocity of container, 
in. /sec; cm/sec 

velocity in direction s derived 
from the first derivative of the 
velocity potential, in. /sec; 
cm/sec 

velocity vector of fluid 
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X 

Y 

z 

cy 

P 

E 

71 

72 

e 

x 

46 

position along axis of tube, 
in.; cm 

lateral displacement of tube, 
position coordinate, in. ; cm 

position perpendicular to direc- 
tion of motion of tube, in. ; cm 

angle between relative motion of 
tube and container) radians 

angle from direction of motion of 
container to some point in the 
fluid, radians 

strain, in. /in. ; cm/cm 

unit conversion factor, 
12 in./ft; 100 cm/m 

unit conversion factor, 

1 (lbforce)(sec 2 ) . 1 (N)(sec2) 
7- 

~- 
386 (lb massxin.) 100 (kg)(cm) 

angle f rom direction of motion of 
tube to some point in the fluid, 
radians 

penetration depth, in. ; cm 

IJ absolute viscosity of fluid, 
lb mass/(sec)(in. ) ; 
kg/(sec) (4 

P density of fluid, lb mass/in. 3; 
kg/cm3 

s t r e s s ,  psi;  N/cm 2 
(T 

7 period of oscillation, s ec  

P 
2 velocity potential, in. /sec; 

2 cm /sec 

0 angular frequency, rad/sec 

0 local impulsive pressure,  
(psi) (sec) ; (N/cm ) (sec) 

N 

2 

Subscripts: 

a tube outer surface 

b container inner surface 

i ith location 

j jth location 
th k k location 

m model 

P prototype 
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